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In this appendix we provide

1. The conditions under which the joint profits of the firms are concave in the input prices

(Section 1).

2. The “proofs available upon request” concerning the derivations of the optimal contracts

(Sections 2 to 5).

3. An explanations of the mechanics linking (non-)contingency and the determination of the

outside options (Section 6).

For the sake of readability, we have not introduced further notation unless strictly necessary to

avoid confusion. The ensuing pages are landscape-oriented to contain the cumbersome formulas.



1 Concavity of the joint profits

Here we show the conditions under which the concavity of the joint profits of the two production channels in the input prices is obtained under passive

beliefs. The profits accruing to the firms (gross of the the transfers ¢;,7 = h,l which do not influence neither the input nor the retail prices) are

Xi(plwpl) = Di(phupl)(pi - wi)7 1= hala
Y(pn,p1) = Dn(pn,p)wn + Di(pn, pr)w.

The optimal retail are prices
uh[Q(uh —u; + wh) —+ U)l]

4uh — U

ul(uh —u; + 'LUh) + 2upwy
4uh — U ’

» o Di(wp,wy) =

pr(wn, wi) =

At these prices, the profits to the downstream firms under passive beliefs, gross of transfers, are

% 2
X () = el 2t w)) ]
(uh — ul)(4uh — ul)2

Xi(w,w) = up, [up(u — 2wp) + w(wi +wy — ug)]2
! ho ul(uh — ul)(4uh — ul)2 ’

where (wj;, w]) are the candidate equilibrium input prices. The profits of each of the two channels under passive beliefs are thus

Ch(wn,wr) = Dy (pr(wh, wy), pr(wn, wy))wp, + Xp(wp, w]') =

_un {4“2 —‘,—471,2L (w] —2u;)4up [4ul2 — 4w (wtwp ) +2uwp — 4wy, (wp —wy)+(w; )2} —ugwp, (2u; —2wp +w; —2w] )}
- (uhfu;,)(4uh7u;,)2




and
Ci(wn, wy) = Dy(pn(wp, wy), pr(wn, wy))w + Xq(wy,, wy) =

h [uzz (up —urtw})? fupuyw (u+4wp, —4wy,) —2upw] (2up) —ufw (w+wp *QUJZ,)]
uy (uhful)(4uh7ul)2

Under a contract equilibrium the solution to the system
ICw() _ 0
ow,
8
301() —0 (8)
8wl
returns the candidate optimal input prices, namely w; = % and w; = . The joint concavity of the profits relative to the input prices requires the
h did 1 ly wy + and w; To j v
evaluation of the leading principal minors of the following matrix
P(Ch() +Ci()  P(Ch() + i) o
3 _ up (2un—ur) 2up
2y — ow;, owp 0w, _ (un—uy) (Aup —u)2 41/,%/—25uhul+ul2 9)
P(Ch() +Ci(+)  *(Ch() +Ci(4) . 2up A Qua—w) :
811)2 4ui75uhul+ul2 w (up—ug) (dup —ug)?
l

awlawh
Direct inspection reveals that the first-order leading principal minors are negative, whereas the determinant of the matrix, namely

det[H] = 4u? (16u3 — 32uiu + 12upul — u)
ul(uh - ul)2(4uh - ul)4

is positive, in the admissible parameter range 0 < u; < up, for up > 1.53908u; ~ 1.54w;.



2 Derivation of (TN, TN)
Consider the first order conditions on the logarithm of NP (-) with respect to ¢; and wy,.

alog[NP,{V(-)] - _A(4uh—ul)((ul—4uh)[2t;LA—wlB+2w;LF+w12(ul—3uh)]+u{w12[—<1Oui—7uhul+u12)]+wl(ui(6ul+8wh)—7uhul2+u2°’)+4uh(uh—ul—&-wh)F}) —0 (11
- - bl

otp [chAfwlB+2wh,F+wl2(ulf3uh,)] [th A(u;—4up )2 —E?]

dlog[NPN ()] _ 4tnA(dun—u){(2un—wt) E+pun [un (wi —4wn +2wi) —ui (u —2wn )|} =2 B { pA { dufy +2u], [wi —2(wi+wn) 1+ 2un (wiwn +2uwi —2w] ) furw (wi—u) } = (2up —w) (—wi B+2w, T+wi (w—3un)) | 0 (12
owp, - [2th A—w; B+2wn T+w? (uy—3un )| [t A (u —4uy )2 — E2] -

where A = (4u} — Supw +uf), B = (2ui — 3upuy — dupwy, +uf) and I = [2uF — 2up (w + wp) + wwp ], A = up—uy, E = {20} + wp[w — 2(w 4+ wy)] + wwp }-
The solution of (11) with respect to ¢, is

_ —_w? _ _ o2 2 2 2 _ 2 3
th(wh,U)l): (4A)(wlB 2w, T —wi (ug 3uh)) u{ wl(10uh2A71(L;lu_lZ;:))2+wz[uh(ﬁuz-i-&uh) 7uhul+ul]+4uh(A+wh)F}. (13)

This can be plugged back into (12) which, after simplification, reduces to

duy, [uh(ul — 4wy, + le) — ul(ul — Qwh)]

=0 14
w? [— (10u} — Tupw + u?)] 4+ wy [uf (6w + 8wp) — Tupud + uf] + 4up (A + wp)I (14)

)

its solution with respect to wy, is

upu; + 2upw; — ul2
= . 15
wp(wn) 2(2up, — w) (15)




Now consider the first order conditions of the logarithm of NP (-) relative to ¢, and wy.

alog[NPlN(.)] o _uzA(4uh7u1,){p{74uiwf(2uh7ul)7u? [ui,+uh(5whfu1,)7ulwh][72u%+2uh(ul+wh)7ulwh]+2uiulwl(ulA+4uhwh)}f(4uh7ul)(2tluhu1A+Z)}

oty (Qtlu;LulA-i-Z){tlulA(ul—4uh)2—uh[uh(ul—le)-‘ru[(—ul-‘rwh-‘rwl)]z} = 07 (16)
alog[NPlN(~)] . 2uh{tluhulAH—I{uﬁ(ul—2wl)(uul—4wl)+uiu1K+uiul2{uu12—ul[(GM—S)wh+(u+2)wl]+(6—4u)wi+4whwl+2wl2}—(1—u)uhu?wh(ul+5wh)+(1—u)u?wi}} —0 (17)
Ow, N (2tiunu A+ 2){ tiw A(u—4up)? —up [up (w —2wi)+uw (—w+wp+w))? ’
where Z = {u?wh [u}% — up(ug + 3wy,) + ulwh] + 2uiulwl(A + 2wp,) — Qu,zlwlz@uh - ul)},
H = {4u[ur — 2(p + Dwi] + upw[(p — 6)uy + 4(u+ Dwn + 4(p + 2)wi] — uf[(p — 2)u + 2(wp +wy)] },
I = up(u — 2wy) + w(—w +wp +wy)], K = [—2pu? + (5p — 2)wgwp, + 3(p + 2)wwy — 8wy (wy, + wy)].
The solution of (16) with respect to t; is
tl(wh, wl) _ Zui(ul72101)[Muz*2(27;1,)71)1,]72uiuz/\+uiu?{2uu?7uz[(9;1‘7S)gzji(zai)}jﬂ_l];?l((SfSu)wi+2wh,w;,+w12]}7(lfu)uhu?wh(u;,+7wh)+(17u)u?wi (18)

where A = {2uu12 —uy [(4p — 2)wp, + (p + 5wy + 2w (2(2 — p)wp, — (3 — ,u)wl)}. This can be plugged back into (17), which, after simplification, writes

2u,21{{78u;21wz Fupug[ug+4(wp+w; )]},u?}

Aud w? (uy —2un)+u2 [—u2 +up (w —5wn)+ugwn | [-2u2 +2up (w+wn) —wiws | +2u2 ww (w A+dupwy,) -9 (19)
whose solution with respect to w; is , s
Solving the system defined by (15) and (20) returns
o =8 N = M (21)



The last step to obtain (T}, T}V) is to substitute (21) back into (13) and (18) and simplify.
As far as the second-order conditions are concerned, the Hessian matrices relative to the two maximizations, evaluated at the optimal contracts (Tév , TlN )
are:

0?1og[NPN ()] 9%log[NPY(-)] B 128u3 [4(2 — p)(1 + p)ui — Suwpup — ufp(l — p)] B 1024u}
4N w3 Owy, Oty _ A(dup, — up)?(2up, — ul)2§2uh +u)?2(1 — p)p (2up, — )3 (dup — wp) (2up +up)2(1 — p)p
h 0?1ogINPN ()] 9%log[NPY(-)] B 1024w, B 1024w}
Oty 0wy, ot (TN 1) (2up, — wp)3(dup, — wy) (2up + ug)2u(l — p) Qup, — w)*(2up + w)?w(l — p)
(22)
and
0?1og[NPN ()] 9%log[NPN(-)] 3 128uf (2up — w) [2(2 — ) (1 + p)ui + w(p(l — @) — 6)up + 2u?] B 512u3 (2up, — w;)
N ow? Ow, 0t _ Au(dup, — w)?(2up 4+ w)?(1 — p)p (dup, — w)ud (2up + w)?(1 — p)p
! 0?1og[NPN ()] 9%log[NPN(-)] B 512u? (2up, — wy) B 1024u?
ot 0w ot? (TN TN (dup, — w)ud (2up 4+ w)?(1 — p)p u? (2up +w)?(1— p)p
(23)

It is a matter of simple calculations to ascertain that first-order principal principal minors at (T,{V , TlN ) of Hj, and H; are negative for all u, > u; > 0 and
0 < g < 1, and that the determinant at (7Y, T}V) of the matrices

131072u]
det = h
Ml ] (1= 1) pARup — w)®(dun — w)?(2un + w)? 24
and
131072u3 (2up, — uy)
det = b ( 2
ey 2] = Tt A — w2 Cun + ) (25)



are positive instead, ensuring the local concavity of the Nash Products, which, together with the uniqueness of the solution, guarantees its optimality.

3 Derivation of (T, T¢)
Consider the first order conditions on the logarithm of N PN (-) with respect to t; and wy,.

dlog[NPE ()] _ A{4thwA(dun—w)’+4(dun —w) [trug Adwywn Tun ww; (un —u+2wn ) +upwi (wi—2un) |[+pO+p’uf A(u —4un)? }

= 2
Ot [thA(ul—4u;,)2—Mz][N+uul2(ul—4uh)A] 0, ( 6)
dlog[NPE (. —8tpui A{pup [ug(u;—2wp ) —up (u—4wp +2w;)]— (2up—u )M }—2M |4(1—p) tjug —8u‘2—&—14uiul—7uhul2+ul3 +4(2uh—ul)E+uAP—u2ule(Quh—ul)(4uh—ul)
g[ w ()] — =0 (27)
Qwp, [thA(ulféluh,)szz][N+,uu12(ulf4uh,)A]

where M = {2ui + up(w; — 2(uy + wp)) + ulwh},
N=14 {ul [(th +1)A - w}%(2uh —w) + 2uhwhA] + upwgw (up, — up + 2wyp,) + uhwf(ul — 2uh)} — ,uul2(4uh —up)A,
== [ulwh (—2u% + 2up (up + wp) — ulwh) — upwwy(up, — uy + 2wp) + uhwf(Quh — ul)],
0= {ul {—A [4tl (dup, —up)? + 16u% — 8uhul2 + u?] + 8uhw}2b(2uh —uy) — SuhulwhA} — dupugwy (8u% — upu; + dupwy, + “12) + 4uhu}12 (Sui — Tupu; + “52) },
R= [ul (SU% — 8uwy, + 2upu 2wy, — 3uy) + u?) — dupwi (dup, — wp) + dupugw (Sup, — ul)].
The solution of (26) with respect to tj is

74(4uh,7u1)[tlu1A+ulth+uhulwl(uh7ul+2wh)7uh,wl2(2uh7u,)]+p‘{ul [A278uhwi (Zuh7ul)+8uhulwhA]+4uhulw, (Sui79uh,ul+4uhwh+ul2)74uhw12Y}7u2ul2A(u,74uh)2

th(wp, wy, ) = T A (A, —u)? ’
(28)
where ¥ = (4tl(ul — dup)? + 16u; — Supul + u?), Y = (SU% — Tupuy + u%) This can be plugged back into (27), which, after simplification, writes
Bupuy[up (ug —4wp +2wy) —uy (u —2wp )] -0 (29)
4tlulA(4uh—ul)2+4uh{ulwl(Sui—Quhul+4u;Lw;L+ul2)—wl2Y+2ul(A-‘rwh)[Qufb—Quh(ul—i-wh)—f—ulwh]}—uu?A(4u;L—ul)2



Its solution with respect to wy, is
upU + 2upw; — ul2

= 30
wp(wy) 2(2up, — ) (30)
Move now on the first order conditions of the logarithm of N Plc() relative to t; and wy.
810g[NPLC(.)] _ “lA{_4(1_“)th“lA(4“h_"1)2—4(4“h_“l)¢+l‘{“l{_4wgyy_“’lA[32uhwh_16“i+4uh"l+3“l2]}—8“2“’?(QUh,—uL)+4uhuzwz(UzA+4uh,wh)}—,u2uhulA(4uh—ul)z} o (31
ot - [tlulA(4uh7ul)27uh12](N7p,uhulA) - ( )
Blog[NPlC(')] . 2uh{4(17u)thul(7Sui+14uiul77uhul2+u?)[wl(2uh7ul)7ul(uh7ul+wh)]+2tlulAX+I[4(2uh7ul)\I’+uulAQ+u2uhulA(2uh7ul)(4uh7ul)}} —0.(32
Ow; - [tlulA(4uh—ul)Q—uhIQ](N—uuhulA) - ( )
where ® = [t A + wwpl + wpww (A + 2wy) — upw? (2up, —w)], X = {{p [-8uiw + wpw(w + 4wy, +wi)| — uf } + 2(2up — w)1},
U = [wwpT + upwwi (A + 2wy,) — upwd (2up, —w)], @ = [—8uj + 4u (v — 4wy + wy) +up, (uf + 2wwy, — 2uw; + 16w}) — dywi].
The solution of (16) with respect to #; is
tl(wh, wl) _ (1—,u)[16;Luiul—4th,ulA(4uh—ul)2]+4u2F+u%ulG+uhul2{4;11(;;—}-3)%27—41121(Qwh,—}-,uwl+wl)+4[(7p—6)w§+2whwl+wl2]}+4(1—p)uf’w§ (33)
1A (dup—up)

where F' = [pu(6p — 5)uf — 8(1 — p)wgwy, — dwgw; + 4(2 — p)w?] and G = { (1 — 9p?) uf + 4y [(10 — 8p)wp, + (1 + 5)wi] + 8 [4(1 — p)wi — 2(2 — p)wpw; — (3 — p)wi] }.
As before, this can be plugged into (32) to obtain, after simplifying

4uh{8u}21wl —upuy [ul+4(wh+wl)]+u?}
4uy { —Altn (dup—ur)2+upu Al+w? (8“;21 —Tupu+u? ) —SuiwhA}-i-Suiw? (2up—uy)+4upuiw; [U? —up (uy +4wh,)} Fpupur A(dup —up)?

=0, (34)

its solution with respect to w; is

2 3
upuy + dupuiwy — u;

= . 35

wi(wn) dup (2up, — uy) (35)




The solution of the system defined by (30) and (35) is

2
w c_ Y

w§ = 7 W= Ty (36)
The last step to obtain (T, T) requires, as above, to substitute (36) back into (28) and (33) and simplify.
Let us now move to the second-order conditions as before, the Hessian matrices evaluated at the optimal contracts are the following.
9%log[NPE(-)] 0*log[NPE(-
g{g - w ()] 8g[ 5 n ()]  —64Qup—w) (2= p) (4Q2—p)uf +un (u43) Bp—8)ui—4uj 2—p)*(1+p)) 256(2up —u1) (2= p)*
HE = W, wn Oty = Alur—4up)? Gur+dup (2—1))2(1—p) (@, —wp) Gu+au, 2=p)2(1—p)p
h O?log[NPF ()]  0%log[NPE(-)] 256 (2u), —uy) (2— 1) -~ 256(2—11)2
9.0 G (dup—u) (Guy—4up (2—p))2 (1—p)p (bur—4up (2—p))2(1—p)p
hOWh h (TthTzc)
(37)
and 2 C 2 C
0% log[N PF (- 0% log| N PF (-
og| 5 L ()] og[N P ()]  —64up —w) (2—p) [(4p° = Tp® +ptd ) uf —3ui 2—p)up +uf (2—p)] 128(2up —ur) (2— )
4C — uw; w0ty _ —AuZ(u,—u)? 3—4p)2 (1—-p)n @un—u)uZ B4 (- (38)
b | 9% log[NPE()] 9% log[NP()] 1252 )2 250’
) —(dup—w)ui (3—4p)?(1-p)p —uy (3—4p)? (I—p)p”
Ot 0w 3tl2 (TS TC) ! l
Their determinants are, respectively
16384(2 — p)3up (2up, — uy)
det[Hh|(T;?7TLC)] - — (39)

(1 — p)p(up, — wy) (dup, — wp)?[5ug — 4(2 — p)ug)?



0T

and 16384(2 V3u2 (2 )
— M) U 2Up — U
det[H,; =— 40
il )] = = a8l — ) — P o
Inspection reveals that a necessary and sufficient condition for (40) to be positive is that 0 < p < %. If this condition is met, (39) is positive as well and
the first-order principal minors of (37) and (38) are negative, which guarantee concavity of the two Nash products. When % < i < 1 the bargaining power
distribution is such that firm D; suffers losses at the contract described above. Non-exclusive contingent contract can be constructed by imposing that the
fixed fee ¢; is set so as to satisfy firm D;’s participation constraint with equality. This amounts to solving the following program (for the sake of readability,

we are not going to introduce further notation).

max NPC(Ty,, TC), max[II(TC,T)) + #(Ty,ws)], and #,(T}, wS) 2 0. (41)
wy

Wh,th

It is clear that the first-order conditions IV Phc (+) w.r.t tp, and wy, coincide with those above analyzed. The last two are, instead

uh[uh(ul — 2wl) —+ ul(+wh —+ w; — ul)]2

ulA(4uh — ul)2

2
U (A4 wp) B
wi(wn) = dup (2up —wy)’ fuloon, wr) =

)- (42)

By solving the system defined by this set of equations one obtains the optimal contracts in this case, which write

w dupp+w (=3 + (3 —4p)p)
¢ = wh) = (% A , (43)
T7C _ c oy (U w(un—w)
l - (wl 7tl ) - 4uhv 16uh . (44)

In the appendix 1 of the paper we show that the profit to firm & under (43) and (44) is lower than that with an exclusive contract with firm Dj,.



1T

4 Derivation of (TM, TM)
The first order conditions on the logarithm of NP} (-) with respect to ¢, and wy, are as follows

dlogNPM ()] A{dtnwA(dup —w)?+4(dun —w) [trug A+ugwn T+upwgwg (un —u+2wp) +unwy (u—2up) | +pO+p°uf Alu —4up)?}

otp, [th,A(uzféluh,)szz}[N+p,u12(ulf4uh,)A} 0’ (45)
alog[NP}ILW(J] . —SthulA{,uuh[ul(u1,72wh,)7uh(ul74wh,+2w1,)]7(Zuh,7ul)M}721W[4(17,u)tlul(78u‘2+14uiu177uhul2+u?)+4(2uh7ul)E+,UJAP7,U,2U?A(2U;17ul)(4uh,7ul)} —0 (46)
Qwp, - [thA(ul—4uh)2—M2][N+uul2(u1—4uh)A] -

The solution of (45) with respect to ¢, is

—4(4uh—ul)[tlulA+ulth+uhulwl (uh—ul+2wh)—uhwl2(2uh—ul)]+u{ul [AE—8uhw,2L (2uh—u1)+8uhulwhA]+4uhulwl (8u,2L—Quhul+4uhwh+ul2)—4uhwl2Y}—uzqu(ul—4uh)2

th(wp,wy, ) = Tui A (dup—up)2
(47)
This can be plugged back into (46), which, after simplification, writes
Bupuy[upn (u—4wp+2w;) —u; (ug—2wp)] -0 (48)
4tlulA(4uh—ul)2+4uh{ulwl(8ui—Quhul+4uhwh+ul2)—wle+2ul(A+wh)[2ui—2uh(ul+wh)+uzwh]}—pqu(éLuh—ul)Z
Its solution with respect to wy, is
upuy + 2upw; — u?
wp (wy) = L (49)

2(2uh — ul)

Notice here that (45) and (46) coincide with (26) and (27) respectively, therefore also (47) coincides with (28) and (49) to (30).
Consider now the set of first order conditions in the negotiation for 7M.



¢l

dlogINPM ()] wA(up—u){pf —4ufwi (2un—wi) —uf [uf +un (Swn —w) —wiws ] [~ 2uf, +2un (witwn) —wwn ] +2uf wiw (w A+ dupwn) = (dun —w) tiupw A+ 2) }

ot - (2tluhu1A+Z){tlulA(ul74uh)27uh[uh(ul72wl)+ul(7ul+wh+wl)]2} = 07 (50)
alog[NPlM(-)] _ 2uh{t,uh,u1AH71{ui(ul72wl)(,u,ul74w,)+uiu,K+uiul2{p,u127uz[(6;1,73)10;1+(u+2)w,]+(674p‘)wi+4whwl+2wl2}7(17#)uh,u?wh,(ul+5wh,)+(17p‘)u?wi}} —0 (51)
Ow; B (2tluhulA+Z){tlulA(ul—4uh)2—uh[uh(ul—2wl)+ul(—uz+wh+wl)]2} o
The solution of (50) with respect to t; is
Qui(ul—le)[,uul—2(2—u)wl]—2uiuZA+uiul2{2uulz—ul[(9u—5)wh+2(u+1)wl]+2[(6—5u)w,21+2whwl+wl2]}—(l—u)uhuf’wh(ul+7wh)+(1—u)u?w,2l
tl (U}h, wl) = 2uhulA(4uh7ul)2 (52)
This can be plugged back into (51), which, after simplification, writes
Zui{{78uiwl+uh,ul[uz+4(wh+wl)]}7u?} —~0 (53)

A w? (uy—2un)+u? [—u2 +un (w—5wn)+ugwn | [-2u2 +2un (w+wn) —wws | +2u2 ww (u A+dupwy,)

whose solution with respect to w; is
2 3
upuy + dupuwy, — uj
= . 4
wl(wh) 4uh(2uh - ul) (5 )
In the case, (50) and (51) coincide with (16) and (17), whence (52) coincides with (18) and (54) with (20). Solving the system defined by (49) and (54)

returns

2
wil = hal wM = ZTlh (55)

As above, substitution back of (55) into (47) and (52) and simplification yields the optimal contract. Let us now consider the second-order conditions. The
Hessian matrices evaluated at (T, TM) are



el

0? log[NPéw()] 0? log[NPi{w()] 128u,21(2uh7ul){78(27;4)(p,+1)u,21+2ul [u(73u2+u+2)+12]uh+ul2[(17;1,)2;178}} 1024u? (2up, —uy)
yM ow? Owp Oty _ A(dup—ur)2 (1—p) (83 —2u (Bp+2)up —ud (1-p))” (dup, —u) (1—po) o [8u2 —2uy (Bu+2)up, —u2 (1—p)]”
h 0?1og[NPM ()] 9%log[NPM(-)] B 10240 (2u, —w) B 102402
At Ow, 81% (T (4uh—uz)(1—#)ﬂ(8ui—2uz(3u+2)uh—uf(l—#))2 (1—p)u[8ui—2ul(3u+2)uh—u?(1—u)]2
h 71
(56)
and
2 M. 2 M.
0 10g[N1;l ()] O logINAT()] 128w, (2un—u) { 22— ) (+Dup +w [(1-p)pt6lup—2u7 } 5122 (2up, —u;)
yM — dwy w0ty _ A (ur—dup)? (Zun +u)? (- D @un—w)w? Qun+u)* A—pn (57)
l 92 log[NPlM(~)] 92 log[NPlM(-)] _ 512752,(2%7%2) _ 10241;,21 '
ot 0wy ot? ’ (2 1oty (dup—w)ui (Qunr+ur)?(1—p)p W2 (2up+u)(1—p)p

Their determinants are
131072uf (2up, — uy)

(1 — p)plun, — w)(dup, — w)? (8ui — 2(3p + 2)upuy — (1 — p)u?)

det[Hh|(T317TLM)] = 3 (58)

and
131072uj, (2up, — )

(1 — p)puf (up, — wp) (dup, — w)?(2up + w)3

det[H”(T}{u,TlM)] = (59)
It is easily checked that, while the first-order principal minors of H; |(T My Are negative and its determinant is positive for all up, > u; > 0and 0 < p < 1,

this is not always the case for H}«L|(T}IL\/I7TLA1). However, it is a matter of calculations to ascertain that its determinant is positive for u; < up < gul and

2 2
pn < %‘7:27)’” < loru, > 2y and 0 < g < 1 and that, under either of these conditions, its first-order principal minors are indeed negative. In
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.. . . 5 8ui—4uhul—ul2
the remaining parametric constellation w; < up < Fu; and i Gun—u)

constructed by imposing that ¢, satisfies with equality the participation constraint of this firm. The new maximization program is thus

< p < 1 firm Dj, earns negative profits, yet, this contract configuration

max NPM (T, T7), - max({1(Th, 1) + fn (T, )], and iy (T, w) 2 0.

wy,ty
The firs-order conditions on NP (-) coincide with those above analyzed, the remaining two are

2
upuy + 2upw; — u? B {202 + upw — 2(wy + wy)] + wwp }

= t =
) = ey ) Altun —
The solution to this set of FOCs is
™ - (w}]LVIJ’JLVI):(Zl’Uh;UZ)M
ui w2 — (3 — p)ug)
TlM = (wl]\47ti\/j) = (4,;}17 32uy, ) .

As pointed out in the paper, the profit to firm & under these contracts is lesser than that obtained with an exclusive contract with firm Dy,.

5 Derivation of (T, T/)

This mixed case as well is a combination of cases C' and N. The first-order conditions of N PhZ w.r.t. t, and wy, are

can be

(60)
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810g[NP,1Z(~)] _ _A(4uh—ul)((ul—4uh)[chA—wlB+2th+wl2(ul—Suh)]+p{wl2[—(1Oui—7uhul+uf)]+wl(ui(Gul+8w;1)—7uhu12+ulg)+4uh,(uh—uz+wh)r}) -0 (64)
- - b

Oty [2thA7wlB+2th+wl2(ul73uh)][thA(ulf4uh)27E2]

dlog[NPZ ()] 4thA(4uh7ul){(2uh7ul)E+p,u;,,[uh(ul74wh+2wl)7ul(ul72wh)]}72E{uA{4ui+2ui[wl72(ul+wh)]+2uh(u,wh+2u,wl72w'f)+ulw,(w,7ul)}7(2uh7ul)(7wlB+2th+wl2(ul73uh))} (65)

owy, [chA—wlB+2wh1"+wl2(ul —Suh)] [thA(u—4up)2—E2)

The solution of (64) w.r.t. ¢, is

th (1, 1) = (AA) (wy B—2wp T —w} (u;—3up) ) —p{ —w} (10u] —Tupwi+u? ) 4w [uf (6u+8wp ) —Tupuf +uf | +4u, (A+w,)T }
hA%hs T 24 (ug—4up)? ’

This can be plugged back into (65) which, after simplification, reduces to

4uh[uh(ul — 4wy, + 211)[) — ul(ul - 2wh)]
w? [— (10u? — Tupuy + u?)] 4wy [uf (6w, + 8wy) — Tupui + u] + dup (A + wy,)T

)

whose solution with respect to wy, is
upu; + 2upw; — ul2

2(2uh — ul)

wh(wh) =

Equations (64) and (65) coincide with (11) and (12) respectively, therefore (66) coincides with (13) and (68) with (15).
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Let us now consider the first-order conditions on the logarithm of to the

dlog[NPZ ()] _ _ulA{—4(1—,u)thulA(4uh—ul)2—4(4uh—ul)<b+/t{ul{—4in—uhA[32u;lwh—16u%+4uhul+3ul2]}—Suiwlz(2uh—ul)+4uhulwl(UzA+4uhwh)}—lt2uhulA(4uh—ul)2} - (69)
oty - [tluZA(4uh7u1)27uh,12](N7p‘uh,uzA) -

dlog[NPZ ()] __ 2un{4(1—p)tnur(—8uj +14upu—Tunui +uf ) [wi(2un —ur) —wi (un —wi+wn)+2tu AX +1[4(2un —u) U+ pu AQ+pup w A(2un —w) (dun—w)|} 0. (70

Jw; - [tru A(dup —ug)2 —up I2](N—pupu A) - Y% ( )

The solution of (69) with respect to t; is

_ (1—p) [16uuiul —4tpu A(4duy —ul)z] +4u,31 F+u,2lul G+uhul2 {u(u+3)ul2 —4u; (Qwp+pw;+w; )+4[(7;A—6)wi+2w;sz +w12] }+4(1—u)u?w,2l

ti(wp,wy) = dui A(dup,—up)2
As before, this can be plugged into (70) to obtain, after simplifying

4uy, {Suiwl —upug[u+4(wp+w; )]+u?}
4y { — Aty (dup—ug)?+upu; A]—&-wfb (8ui —Tupug +u12 ) —SuiwhA}—i-Suile (2up—uy)+4upugw; [u? —up (ug +4wh)] FpupuA(duy —up)?

:0,

its solution with respect to w; is
uhul2 + dupuywy, — u?

wl(wh) - 4uh(2uh — ul)
The solution of the system defined by (68) and (73) is
2
wl =Y =

4uh'

The last step to obtain (T, T/?) requires, as above, to substitute (74) back into (66) and (71) and simplify.

(71)
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Let us now move to the second-order conditions as before, the Hessian matrices evaluated at the optimal contracts are the following.

0?10g[NPZ ()]  9%*log[NPZ (")

0 B Ot 128} (4(u=2) (ptD)uj +8urun—uf (u—1)p) 1024u
Z _ h hUYn — up—ur) (up—4up )2 (u;—2up )2 (2up+uy)? (p—1 2up—uy)3 (dup—ug) (2up+ug)2(p—1
Hi, 8210g[NPhZ(-)} (‘32log[NPhZ(-)] = (un—ui)(ur—4un) 1012471%}1) Quntuw)?(p=Dp  un—ur)3( hlozlzL(L‘}L ntu)?(p—1)p (75)
ot,owy, o2 (Qup—u1)3 (dup—w) (2up+ur)? (p—1)p (wr—2up)*(2up+ur)?(p—1)p
h (TZ,T?)
and
0? 10g[NPzZ(')] 0 10g[NPzZ(')] 128u, (2un —u) (2(20° —3p° +u+2)uf +2u ((p—1) p—3)un —u (u—2) (1> +1)) 5120t (2up —u;)
Wz — aw? w04 _ (Uh—uz)u?(ul—4un)Q(H—l)u((4lt—2)ui+2uz(M—l)uh—uf(u—l))2 (4un—ul)u?(u—l)u((4u—2)ui+2m(u—l)uh—uf(u—l))z
! 0?10g[NPZ(-)]  9%log[NPZ ()] 512uj (2up—wr) 1024u
at,0w; atlg s o (4uh—ul)u%(;L—l)/z((4u—2)ui+2ul(;L—l)uh—uf(u—l))2 u%((2—4;1,)u%—2ul(/L—l)un+u12(/L—l))z(/t—l)/t
h 1
(76)
heir determinants are .
131072u
det = h s
¢ [Hh|(ThZ’TlZ)] (1 — p)pAQup — wp)d(dup, — uwp)?(2up, + wp)3 (77)
and 8( )
131072us (2up, — u;
det[Hl|(T57le)] = - L 3 (78)

(1 oyt Ay, — wn)? (g — 2)u — 201 — pyupur + (1 — p)ed]

Direct inspection reveals that while the first-order principal minors of Hy| (17 17) are negative and its determinant positive for all up > u; > 0 and
0 < p < 1, this is not the case for Hl|(Thz’le). Yet, calculations show that, in this case, a necessary and sufficient condition to guarantee concavity is

2 2
u < m%. When this condition is not met, the low-quality downstream firm reaps a negative profit at the above contracts. In this case, the
h 1
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optimization problem is modified such that t; satisfies the participation constraint of firm D;:

max NP (T, T7), max[Il(TZ,T)) + #/(wf,T))], and #;(w?,T;) £ 0.
wy

Whth
The FOCs relative to N PZ () coincide with those above, the remaining two are

uh[uh(ul — 2U)l) + ul(—ul —+ wp, + wl]2
ulA(ul — 4uh)2

uhul2 + dupuywy, — uf’

wy(wp)

th (wp, wy) =
8uz — dupw n(wn, wr)

The solution to (79) is

77— (wff) = (M 8pujy — 4(1 + puju +2(1 — plupuf — (1 — pyuf

h Whoth 4 3202 ’
u? wy(up — ug)

17 = (ufof) = (o, M)

Calculations show that the profit reaped by firm U under this contract falls short of that earned with an exclusive relationship with firm Dj,.
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6 Behavior of Outside Options

Let us consider the total profits of firm U (res. firms Dj and D;) at the bargaining stage as the sum of the profits from the sales of the input to the
downstream firms (res. the profits from the sales of the variants of the good to the consumers) and of the fixed fees as in the following.*

Ty, Th) = V(wn,w;) + tn +t1,  7n(Th,wr) = o (wn, wy) = tn,  71(Th,wn) = 0y (ws, wy) — t. (83)

As pointed out in the paper, neither V() nor 9;(+),4 = h,l depend on the fixed feeds t; and ;.
Let T = (w},t7),* € {N,C, M} be the sub-game equilibrium pre-contractual arrangement executed between firm &/ and D;, and d} the induced outside

option for firm U in the negotiation with firm D;,i = h,l,i # j. The Nash products write

I —

It is here worth noticing that, within each N P;(-), no outside option depends on the ongoing negotiation between firm U and D;, indeed, in the case of
contingent contracts d$ = £24 | in the case of non-contingent contracts dN = I, (TjN )= Vm(wJN )+ tév and the case of mixed contracts being a combination
of case N and C.2

As is well known (see e.g. ?), the maximization of (84) with respect to T;,7 = h,l can be split in two steps: first identify the w; that maximizes the
joint surplus, then apportion the maximized surplus it according to the bargaining weights. The first-order conditions with respect to ¢; yield

tiwi w)) = by (wi,wf) = (1= ) [V(wiw)) + —di], i =hLi#j, (85)

1See the paper, eqgs. (13) - (15).
2See the paper, eq. (7)
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which can be plugged back into (84) that, in turn, reduces to
(1= ) [V (i, wf) + B, w)) + 8 — df (86)

It is straightforward to observe that choosing w; to maximize (86) amounts to choosing the input price to maximize the sum V(wz, w3) + vi(wi, wy),i =

h,l,i1 # j, which, as observed above, does not depend on the transfers and thus on the type of non-exclusive pre-contractual arrangement. At the optimal

input prices (w;, w}), equations (85) define the subgame equilibrium transfers (¢, 7).

6.1 Non-contingent contracts

Under non-contingent contracts d¥ = Vin (wjv )+ tév , so that, in NPN(-), t; cancels out, which implies that

t = ol w) = (L= ) [Vl wl) = V)], i=hli# (87)

This last equation shows that, under non-contingent contracts, the fixed fees are independent one from the other. Furthermore, it is easy to ascertain that,
as u tends to zero, the subgame equilibrium value of each outside option tends to

lim dY = Vi (wl) + Vi (wY) = V(wl, wl) (88)

pn—0

which is positive by Lemmata 1 and 2 (see the paper).

6.2 Contingent contracts

Under contingent contracts, we have lim,_,o d$ = 0.
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6.3 Mixed contracts
In this case we have that d)) = p% and d = Vi (W) + M whence in NPM(-) tM cancels out, while in NPM(-) tM does not. The subgame equilibrium

transfers are

1 =u{ (L= [ = V(i wl) = u(w) wl)] + o (w) wl)} = (1= )2V (),

N . (89)
" =pon(wy,wi) — (1= )V (wi!, w) = Vi (wy)]-
It is a matter of simple calculations to observe that, in this case as well the values of the outside options for firm U tend to zero as p tends to zero:
lim d™ = 0,i = h,1. (90)

n—0



