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S.1 Introduction

This supplement contains additional Monte Carlo results and proofs for our paper “Quasi-
Maximum Likelihood Estimation and Bootstrap Inference in Fractional Time Series Mod-
els with Heteroskedasticity of Unknown Form”. Equation references (S.n) for n > 1 refer
to equations in this supplement and other equation references are to the main paper.

The supplement is organised as follows. Section S.2 presents additional Monte Carlo
results and in Sections S.3 and S.4, respectively, we give proofs of the preliminary lemmas
in Appendix A and of the variation bounds lemmas in Appendix B. Additional proofs for
the QML estimator and the asymptotic tests are provided in Section S.5 and additional
proofs for bootstrap inference are in Section S.6. All additional references are included
at the end of the supplement.

For this entire supplement, all stated results and derivations shall be taken as condi-
tional on o(-). Due to the stochastic independence of {o;} and {z:}, see Assumption 1(b),
and given the simple structure of conditional distributions on product spaces, this implies
that {0} can be treated as fixed. In order to avoid repetition, this will not be repeated
on every occasion. Where convergence obtains to a limit which does not depend on o(-),
it should be recalled that the stated convergence result also holds unconditionally.

S.2 Additional Monte Carlo Results

Tables S.1 and S.2 report results relating to tests on the autoregressive parameter a in
(30). In particular, results are reported for the asymptotic LMy, LRy, Wy and RWr tests
of Hyo : a = 0 against Hy : a # 0, along with their restricted wild bootstrap (Algorithm
1) and unrestricted wild bootstrap (Algorithm 2) counterparts. Finite sample size and
power results are reported for @ = 0 and a = 1 4 5/4/T, respectively, in (30). Table
S.1 relates to the case of a one-time shift in volatility, while Table S.2 reports results
for the conditionally heteroskedastic Models A-I outlined in Section 5.3. Tables S.3 and
S.4 report corresponding results for the joint tests of Hyps : d = 1 Na = 0 against
Hy3:d# 1Ua # 0, with finite sample size and power results reported for d = 1,a = 0
and 0 = (1,5/3),in (1) and (30). Finally, Figure S.1 reports finite sample power functions
for the bootstrap tests of Hy; : d = 1 against Hy; : d # 1 for a range of values of 4 in
d=1+6/ VT. The Monte Carlo DGP and set-up of these experiments are exactly as
detailed in Section 5.1.

S.3 Proofs of Preliminary Lemmas

S.3.1 Proof of Lemma A.1

The result for condition (ii)(a) follows from Theorem 2.3 of McLeish (1974) and the
comments in the two paragraphs following it. For condition (ii)(b) the result is Theorem
2.2 of Dvoretzky (1972).

S.3.2 Proof of Lemma A.2

The result for moments follows because E (22—, =+ 2t—r,_, ) = E(E (2| Fom1) 2t—ry =+ Zt—ry_y) =
0 by the law of iterated expectations and the martingale difference property of z;. To
show the result for cumulants, we first have ko(t,t — 1) = E(22;—,) = 0 because r > 1.
When ¢ > 3 we use the relation (22—, -+~ 2—r,_,) = >, [ per £(B), where m runs
through the list of all partitions of {0,ry,...,7,—1} and B runs through the list of all
blocks of the partition . The required result then holds by induction on ¢ because it has
already been shown to hold for moments and for ¢ = 2.



Table S.1: Tests of Hj 2: simulated size and power with one-time shift in unconditional volatility

size power
T v T A LMT LRT WT RWT LMT LRT WT RWT
Panel A: asymptotic tests
1 100 1.00 6.32 7.93 8.93 10.34 4473 59.89 4536  53.25
1 250  1.00 5.47 5.49 5.17 5.68 69.57 7464 67.29 61.51
1 oo 1.00 5.00 5.00 5.00 5.00 8791 8791 8791 8791
1/4  1/3 100 2.33 1721  18.63 19.48  14.97 17.88 36.43 29.53 42.11
1/4 1/3 250 2.33 19.29  19.10 18.67 7.85 34.95 47.00 39.56  42.32
1/4  1/3 ['s) 2.33 19.95 1995 19.95 5.00 53.57  53.57  53.57  53.57
1/4 3 100 1.24 9.18 11.25 12.45 12.00 36.67  52.71  29.50  41.33
1/4 3 250 1.24 8.27 8.27 7.82 5.72 59.46  65.89 58.03  54.23
1/4 3 00 1.24 7.90 7.90 7.90 5.00 80.12  80.12 80.12  80.12
3/4 1/3 100 1.24 9.20 1041 10.88 11.38 36.78  54.29 43.87  51.60
3/4 1/3 250 1.24 8.17 8.26 7.68 5.67 60.36 67.61 60.03 56.65
3/4 1/3 00 1.24 7.90 7.90 7.90 5.00 80.12  80.12  80.12 80.12
3/4 3 100 2.33 19.31  21.29 22.73 16.61 14.07 32,55  20.12 33.64
3/4 3 250 2.33 19.56  19.66  19.15 8.31 31.65 4431 3554 38.14
3/4 3 oo 2.33 19.95 1995 19.95 5.00 53.57 53.57  53.57  53.57
Panel B: wild bootstrap tests (Algorithm 1)
1 100 1.00 5.38 5.28 5.24 5.24 45.11  60.40 44.88  51.63
1 250  1.00 5.06 5.03 5.14 5.26 69.58 74.63 67.68 62.30
1 oo 1.00 5.00 5.00 5.00 5.00 8791 8791 8791 8791
1/4 1/3 100 2.33 6.31 6.43 6.08 5.39 20.86 39.55 31.03  42.21
1/4  1/3 250 2.33 5.88 5.97 5.87 5.12 36.70  48.28  40.22  42.24
1/4  1/3 oo 233 5.00 5.00 5.00 5.00 53.57  53.57  53.57  53.57
1/4 3 100 1.24 5.01 5.13 5.32 5.24 3498 51.83 31.33 41.30
1/4 3 250 1.24 5.13 5.12 5.06 5.06 58.54  65.74 H7.76  54.19
1/4 3 00 1.24 5.00 5.00 5.00 5.00 80.12  80.12 80.12  80.12
3/4 1/3 100 1.24 5.85 5.59 5.06 5.03 38.86 55.98 4284 50.54
3/4 1/3 250 1.24 5.00 5.09 5.17 4.93 59.96 67.61 59.65 55.69
3/4 1/3 00 1.24 5.00 5.00 5.00 5.00 80.12  80.12 80.12  80.12
3/4 3 100 2.33 6.05 6.36 5.44 5.24 15.20 33.89 20.86  33.87
3/4 3 250  2.33 5.60 5.73 5.57 5.21 32.69 45.70 36.66  38.96
3/4 3 oo 2.33 5.00 5.00 5.00 5.00 53.57  53.57  53.57  53.57
Panel C: wild bootstrap tests (Algorithm 2)
1 100 1.00 6.07 8.72 7.05 6.70 4783 7284 31.10 39.56
1 250  1.00 4.57 4.43 3.33 3.49 63.58 70.35 18.33 18.95
1 s} 1.00 5.00 5.00 5.00 5.00 8791 8791 8791 8791
1/4 1/3 100 2.33 9.34 11.73 7.69 7.00 43.02 60.12 19.10 37.37
1/4  1/3 250 2.33 5.51 7.23 4.72 3.72 33.37  54.72 14.12 18.53
1/4  1/3 oo 233 5.00 5.00 5.00 5.00 53.57 53.57  53.57  53.57
1/4 3 100 1.24 6.50 9.64 8.21 7.96 4547  68.69  29.03  40.55
1/4 3 250 1.24 4.42 4.86 3.47 3.52 50.12  62.99  14.78 15.56
1/4 3 00 1.24 5.00 5.00 5.00 5.00 80.12  80.12  80.12 80.12
3/4 1/3 100 1.24 6.60 9.44 6.94 6.48 46.98 70.86 28.87  40.22
3/4 1/3 250 1.24 4.65 4.78 3.31 3.03 53.03 65.09 17.29 17.72
3/4 1/3 00 1.24 5.00 5.00 5.00 5.00 80.12 80.12 80.12  80.12
3/4 3 100 2.33 1042 10.84 8.70 8.78 4191 52.38 17.80  37.52
3/4 3 250  2.33 5.19 7.18 4.88 4.19 29.06  52.17  13.66 18.27
3/4 3 s} 2.33 5.00 5.00 5.00 5.00 53.57  53.57  53.57  53.57

Notes: Entries for finite 1" are simulated rejection frequencies of the tests. Entries for T' = oo are calcu-
lated as described in Remark 4.10. Power is measured at § = 5 and is size corrected for the asymptotic

tests, but not for the bootstrap tests. All entries are based on 10,000 Monte Carlo replications.



Table S.2: Tests of Hy 2: simulated size and power with conditionally heteroskedastic Models A-I

size power
T LMy LRy Wr  RWrp LMy LRy Wr  RWrp
Panel A: asymptotic tests
Model A 100 12.88 13.78 14.42 12.18 24.12 43.50 31.57 47.63
250 13.81 13.85  13.09 6.23 42.18  51.95  42.65 50.61
Model B 100 14.44 15.23 15.83 13.05 22.76 42.59 30.39 46.32
250 18.04 18.08 17.16 7.52 28.33 39.96 30.25 46.19
Model C 100 11.66 12.95 13.65 12.21 27.20 46.13 35.38 46.52
250 15.37 15.27 14.65 6.90 39.26 49.22 40.53 45.16
Model D 100 12.29 13.78 14.39 12.61 27.32 44.11 32.20 44.39
250 19.30 19.31 18.42 8.72 27.75 40.50 31.22 41.66
Model E 100 16.39 1728  17.76 13.78 16.42 3597  29.51 45.83
250 20.08 20.02 19.22 7.87 27.08 40.91 32.27 42.34
Model F 100 15.68 17.03 18.05 13.71 18.16 38.68 26.60 41.67
250 23.28 23.18 22.82 9.19 22.06 34.90 27.77 38.90
Model G 100 14.68 16.48 17.15 13.91 19.60 37.53 26.52 39.62
250 21.08 21.35 20.49 8.23 25.56 39.47 30.03 42.24
Model H 100 24.55 26.77 27.43 18.58 8.10 20.02 17.44 35.72
250 35.58 36.05 35.79 12.85 8.68 17.51 15.66 29.81
Model 1 100 23.48 25.82 26.82 18.33 8.43 22.57 15.96 32.56
250 27.38  27.73  26.74 9.20 1591 3041 2329  33.97
Panel B: wild bootstrap tests (Algorithm 1)
Model A 100 6.04 6.35 5.88 5.20 3099 48.76  36.41 47.84
250 5.88 5.78 5.83 4.93 47.24 56.80 47.52 50.01
Model B 100 6.57 6.10 6.05 5.62 30.51 47.90 36.29 47.70
250 6.52 6.57 6.67 5.77 43.74  53.95  44.87  47.84
Model C 100 5.72 5.72 5.29 4.98 30.78  48.83  34.86  44.83
250 5.27 5.76 5.50 5.01 42.46 52.97 44.50 45.20
Model D 100 5.69 5.58 5.23 5.02 29.66  47.78  34.84  44.79
250 6.68 6.59 6.66 5.83 39.31 49.98 41.99 44.10
Model E 100 6.45 6.32 5.57 4.91 23.94 42.24 32.12 43.95
250 5.95 5.96 5.95 5.22 3534  46.48  38.67  42.38
Model F 100 6.01 6.08 5.70 5.18 24.10 42.24 31.58 41.83
250 6.25 6.43 6.39 5.54 31.81 43.06 35.80  39.76
Model G 100 5.91 6.34 5.97 5.64 2495  43.32  32.75  43.66
250 5.70 5.48 5.74 5.15 36.02 47.22 39.34 42.78
Model H 100 6.76 7.27 6.32 5.75 15.53 31.11 25.21 39.10
250 6.98 7.11 7.21 6.02 18.40 29.85 24.85 32.86
Model T 100 6.63 7.26 6.10 5.49 13.75  29.71 19.98  33.43
250 6.27 6.52 6.52 5.64 23.50  36.85 28.83  35.00
Panel C: wild bootstrap tests (Algorithm 2)
Model A 100 8.70 10.53 7.70 7.10 47.96 65.68 23.12 38.38
250 5.99 6.46 4.60 3.49 47.14 61.42 16.13 17.53
Model B 100 949  11.08 8.19 7.54 49.29  63.18 21.79  38.10
250 6.94 7.62 5.38 4.25 45.13  58.62  16.63 18.64
Model C 100 7.58  10.21 7.38 7.09 4498  65.80 24.77  38.66
250 4.93 6.43 4.09 3.61 39.65 56.41 14.98 17.82
Model D 100 7.90 10.10 7.41 7.13 45.32 64.33 23.88 38.18
250 6.56 7.76 5.06 4.48 38.69 55.01 14.40 18.47
Model E 100 9.52 11.18 7.80 6.82 45.44 61.11 21.03 36.92
250 6.47 7.50 4.78 3.66 3742  54.36  13.93 18.25
Model F 100 8.82 10.49 7.83 7.43 44.70 61.64 22.01 37.45
250 6.75 8.00 5.23 4.37 33.54 51.87 13.12 18.57
Model G 100 8.81 11.11 8.04 7.73 44.96 62.65 22.88 37.77
250 6.03 7.31 4.55 3.92 37.10  54.98  13.82 19.30
Model H 100 13.54 12.14 8.53 8.64 45.57 51.34 15.17 35.51
250 9.53  10.31 6.33 5.41 31.01  42.05 9.83 19.29
Model 1 100 13.42 12.40 8.95 9.51 43.72 47.81 14.78 36.28
250 7.51 9.33 6.09 4.95 29.67 47.84 11.56 17.97

Notes: Entries are simulated rejection frequencies of the tests. Power is measured at § = 5 and is size
corrected for the asymptotic tests, but not for the bdotstrap tests. All entries are based on 10,000 Monte

Carlo replications.



Table S.3: Tests of Hj 3: simulated size and power with one-time shift in unconditional volatility

size power
T v T A LMy LRy Wr  RWrp LMy LRy Wr  RWrp
Panel A: asymptotic tests
1 100 1 7.73 6.50 9.89  12.53 61.46 68.19 43.14  32.92
1 250 1 5.91 5.39 5.77 6.28 65.53  69.32 64.89  63.80
1 00 1 5.00 5.00 5.00 5.00 70.33  70.33 70.33  70.33
1/4  1/3 100 2.33 2546 2332 27.03  20.06 29.92 4228 21.10 12.96
1/4 1/3 250 2.33 27.27  26.06 26.56  11.08 32.89 39.43 31.17  21.50
1/4  1/3 s} 2.33 2770  27.70  27.70 5.00 35.24 3524 3524  35.24
1/4 3 100 1.24 12.39  11.13  15.22  14.43 51.35 60.51 17.82  13.66
1/4 3 250 1.24 10.61 9.54 10.23 7.29 56.25  60.44 54.47  51.81
1/4 3 oo 1.24 9.01 9.01 9.01 5.00 60.13  60.13 60.13  60.13
3/4 1/3 100 1.24 12.30 1040 1394  14.25 49.18 59.45 33.59  23.29
3/4 1/3 250 1.24 9.87 9.16 9.39 7.23 56.98 61.84 55.31  51.39
3/4 1/3 ['s) 1.24 9.01 9.01 9.01 5.00 60.13 60.13 60.13  60.13
3/4 3 100 2.33 2840 26.30 31.056  21.87 26.24  40.12 1453 11.84
3/4 3 250  2.33 2756  26.84 26.93  11.82 31.00 37.83 28.66 19.49
3/4 3 oo 2.33 2770 27770 27.70 5.00 35.24 3524 3524 35.24
Panel B: wild bootstrap tests (Algorithm 1)
1 100 1 5.45 5.06 5.20 5.12 62.06 68.10 40.31  33.03
1 250 1 5.22 5.15 5.11 4.92 66.00 69.13 64.79  62.66
1 00 1 5.00 5.00 5.00 5.00 70.33 70.33 70.33  70.33
/4 1/3 100 2.33 7.28 7.49 6.22 5.34 3471 45.72 2512 14.56
1/4  1/3 250 2.33 6.54 6.27 6.29 5.29 35.75  41.49 3342  22.35
1/4  1/3 00 2.33 5.00 5.00 5.00 5.00 3524 3524 3524 3524
1/4 3 100 1.24 5.51 5.47 5.54 5.32 52.29  60.57 2238  17.57
1/4 3 250 1.24 5.26 5.28 5.17 5.06 56.80  60.56  H4.72  51.22
1/4 3 oo 1.24 5.00 5.00 5.00 5.00 60.13  60.13  60.13  60.13
3/4 1/3 100 1.24 6.27 6.08 5.33 5.23 53.47  61.75 34.36  23.72
3/4 1/3 250 1.24 5.61 5.30 5.44 5.30 57.65 62.09 56.27 51.82
3/4 1/3 00 1.24 5.00 5.00 5.00 5.00 60.13 60.13 60.13  60.13
3/4 3 100 2.33 7.16 7.79 5.68 5.19 30.04 43.15 1738 13.04
3/4 3 250  2.33 6.24 6.52 6.48 5.70 34.38 40.31 32.02 21.84
3/4 3 oo 2.33 5.00 5.00 5.00 5.00 3524 3524 3524 35.24
Panel C: wild bootstrap tests (Algorithm 2)
1 100 1 5.40 6.63 5.97 5.73 59.50 70.81 23.94 17.82
1 250 1 4.82 4.94 3.86 3.76 64.73 67.84 53.59  48.69
1 00 1 5.00 5.00 5.00 5.00 70.33 70.33 70.33  70.33
1/4  1/3 100 2.33 8.38 8.66 7.63 6.63 37.11 48.74  21.61 14.43
1/4 1/3 250 2.33 6.20 6.81 5.05 3.76 34.06 42.98  21.54 9.97
1/4  1/3 oo 233 5.00 5.00 5.00 5.00 3524 3524 3524 35.24
1/4 3 100 1.24 6.00 7.47 7.29 7.12 51.16  64.42 2226 17.62
1/4 3 250 1.24 4.91 5.32 3.92 3.61 54.82  59.62 36.76  30.14
1/4 3 00 1.24 5.00 5.00 5.00 5.00 60.13 60.13 60.13  60.13
3/4 1/3 100 1.24 6.47 7.67 6.02 5.56 51.91 6494 2315 15.84
3/4 1/3 250 1.24 5.25 5.28 4.05 3.70 56.55  61.22  43.37  34.56
3/4 1/3 oo 1.24 5.00 5.00 5.00 5.00 60.13  60.13 60.13  60.13
3/4 3 100 2.33 9.31 8.70 8.49 8.28 3499 4586 21.08 17.25
3/4 3 250  2.33 6.07 7.23 5.15 4.07 3249 41.83 17.86  10.80
3/4 3 00 2.33 5.00 5.00 5.00 5.00 35.24 3524 3524  35.24

Notes: Entries for finite T are simulated rejection frequencies of the tests. Entries for T = oo are
calculated as described in Remark 4.10. Power is measured at 6 = [1,5/3] and is size corrected for
the asymptotic tests, but not for the bootstrap tests. All entries are based on 10,000 Monte Carlo

replications.



Table S.4: Tests of Hy 3: simulated size and power with conditionally heteroskedastic Models A-I

size power
T LMy LRy Wr  RWrp LMy LRy Wr  RWrp
Panel A: asymptotic tests
Model A 100 19.87 18.05 20.98 15.47 33.65 42.68 21.37 17.13
250 21.71 20.42 20.84 9.12 33.38 37.22 31.97 27.24
Model B 100 23.15 20.87 24.11 17.24 29.41 38.24 19.39 15.65
250 28.15 26.92 27.41 11.17 21.07 25.05 19.82 22.55
Model C 100 16.90 14.75 18.51 15.92 40.67 51.81 25.13 17.37
250 21.49 20.42 21.12 9.74 34.78 40.13 32.04 28.54
Model D 100 17.84 15.57 19.64 16.24 37.35 47.97 22.00 16.58
250 26.11 24.98 25.59 11.24 25.06 31.29 23.08 23.05
Model E 100 23.92 21.63 24.80 17.83 28.73 39.72 20.13 15.40
250 29.48 28.24 28.91 11.07 25.09 30.88 23.13 20.32
Model F 100 22.60 20.24 24.08 17.74 31.49 41.58 17.85 12.76
250 32.62  31.61  32.07 12.35 21.36  26.53  19.58 16.63
Model G 100 21.58 19.52 23.06 18.21 29.23 40.78 17.60 12.57
250 29.97  28.57  29.38 11.36 22.40  27.79  19.63 16.84
Model H 100 38.16 37.24 40.48 26.25 15.18 25.09 12.01 10.60
250 53.11 52.29 53.24 20.04 10.11 13.86 9.17 8.62
Model 1 100 36.30 35.21 39.21 24.39 16.12 24.88 13.07 11.24
250 41.17 39.82 40.48 14.15 16.34 20.71 14.68 11.49
Panel B: wild bootstrap tests (Algorithm 1)
Model A 100 7.13 7.31 6.24 5.15 41.76 50.46 29.35 18.82
250 6.89 6.79 6.91 5.65 41.30 45.70 40.48 30.64
Model B 100 8.21 8.92 7.19 5.68 41.80 50.30 31.42 20.63
250 8.75 9.09 8.94 6.20 38.46  42.33  38.10 28.06
Model C 100 6.39 6.50 5.32 4.90 45.76  55.31  29.20 19.90
250 6.12 6.20 6.15 5.38 42.07 47.41 40.52 31.65
Model D 100 6.42 6.49 5.38 5.19 44.25 54.09 29.11 20.55
250 7.22 7.24 6.93 6.09 38.96 44.23 37.21 28.55
Model E 100 7.07 7.79 5.91 4.92 37.63 48.20 27.25 17.24
250 6.62 6.46 6.48 5.33 34.73  39.94  33.71 22.83
Model F 100 6.55 7.06 6.08 5.50 38.78  49.18  26.03 16.67
250 6.98 6.84 6.84 5.41 31.90  37.15  30.39 20.35
Model G 100 6.68 6.68 5.85 5.60 37.58  47.85  25.36 17.51
250 6.34 6.35 6.49 5.72 32.44 37.84 31.18 22.10
Model H 100 8.66 10.12 7.85 6.15 26.63 39.18 22.18 14.54
250 9.13 10.00 9.12 6.28 23.11 29.36 22.35 13.67
Model 1 100 8.43 9.68 6.98 5.49 24.54 36.25 18.66 13.16
250 8.07 8.44 8.18 5.80 26.27  31.19  24.76 15.06
Panel C: wild bootstrap tests (Algorithm 2)
Model A 100 7.58 8.80 7.71 6.22 41.75 53.33 23.74 14.47
250 6.78 7.21 5.73 4.06 40.36 46.25 32.16 17.36
Model B 100 9.09 9.99 8.58 6.92 41.89  52.52  25.69 15.25
250 8.72 9.39 7.53 4.66 37.71  43.16  31.31 15.86
Model C 100 7.10 7.81 7.01 6.34 45.74 58.42 23.29 16.21
250 5.99 6.58 4.81 3.85 40.88 48.11 29.44 18.10
Model D 100 6.99 7.74 6.88 6.43 45.10 56.94 23.19 16.47
250 7.09 7.56 5.81 4.64 37.78 45.11 26.83 16.47
Model E 100 8.12 8.97 7.59 6.02 39.02  50.87  23.25 15.21
250 6.60 6.95 5.50 3.77 34.29 41.21 24.88 12.41
Model F 100 7.61 8.14 7.51 7.06 40.09 51.94 22.51 15.68
250 7.13 7.29 5.85 4.30 31.23 38.47 21.43 11.02
Model G 100 7.79 7.89 7.60 7.13 38.87 50.89 21.80 15.79
250 6.34 6.94 5.47 4.29 31.66 39.23 22.09 11.96
Model H 100 10.49 10.93 9.40 8.99 30.29 41.67 20.53 15.20
250 9.89  10.41 8.23 5.69 24.18  30.99  17.25 9.01
Model 1 100 10.34 10.48 10.03 9.34 28.66 38.31 21.86 17.18
250 8.42 8.97 7.40 4.91 25.75 32.83 16.86 8.22

Notes: Entries are simulated rejection frequencies of the tests. Power is measured at § = [1,5/3]" and is
size corrected for the asymptotic tests, but not for Ghe bootstrap tests. All entries are based on 10,000

Monte Carlo replications.



Figure S.1: Finite sample power functions of bootstrap tests of Hp; with weakly dependent errors
(a) Homoskedastic, a = —0.8 (b) Homoskedastic, a = 0.8
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Notes: Entries are simulated rejection frequencies of the tests measured at § € {0.0,0.5,1.0,...}. The
notation (R) and (U) denotes the restricted and unrestricted bootstrap algorithms, respectively. All

entries are based on 10,000 Monte Carlo replications.

S.3.3 Proofs of Lemmas A.3 and A.4

For the proof of Lemma A.3, see Lemma A.1 of Nielsen (2015) and Lemma B.3 of Johansen
and Nielsen (2010), and for the proof of Lemma A.4, see Lemma B.4 of Johansen and
Nielsen (2010).

S.3.4 Proof of Lemma A.5
First notice that

T — T
6 &0 -7 ; 5
n t—nOt— mgt n,m Ut n mgt n,m
=1 n,m=1 n,m=1
T t—1
T 1 2
U §n§ Ot—nO0t—m — Oy )gt,n,m
t=1 n,m=
T t—1 t-—1

KT~ Z Z 1Enl1|Eml|ot—nTt—m — Ut2||gt,n,m| = K(rir + rar),

t=1 n=1 m=



where the inequality follows by Assumption 1(b)(i) and by symmetry in n and m, and
where we defined

qr T
rr = 33 el S gm0 3 10001 = 7],
n=1 m=n t=m+1
T
Tor ‘= Z Z ||§n||||£m|| sup |gt,n,m|T_1 Z |gt—n0t—m - Ut2|
n=1 m=max(n,qr+1) t t=m+1

Let qr := |T7| for s € (0,1) and G := sup,¢; 0y, which is finite by Assumption 1(b)(i).
Then

|Ut—n(7t—m — U?’ < 04 |0ty — 0| + Oty |0t — 04| < G (|O4—p, — O¢| + [0y — 04])

such that, for m >n > 1,

T—m
Z |0t—nOtm — 07| <G Z (|ot—n — Ot + |Ot—m — 03]) <2GZ|at+m— e
t=m+1 t=m+1 t=1
Hence, using the fact that o, = o (¢/T) € D([0,1]) for t = 1,...,T, see Assumption
1(b)(ii),
T T—m

sup T71 Z |t O — at|<2G sup T Z|ot+m—0t|—>0asT—>oo

n,m=1,...qr t=m+1 Ty qr t=1

(S.1)
by Lemma A.1 in Cavaliere and Taylor (2009). Now write

T
< T — o}
[BVAIS sup ‘O—t—nat—m 0t| T

n,m=1,....,qr {1
with riur o= sup, D00 30 &l ll|genm| < oo by assumption. Because the first
factor in 77 converges to zero as T'— oo by (S.1), it follows that 717 — 0 as T' — oc.

The term 797 is bounded as, by another application of Assumption 1(b),

T—-1 T—1
rr<AGTY 3 (el lsup gl

n=1 m—max(n qr+1)

<AG? Z Zufnuusmusup\gmmy%

m=qr+1 n=1

as T — oo because it is a tail sum (gr — 00) of the convergent sum » % [|€,[][[&m]| sup; [g2n.m-
This completes the proof.

S.4 Proofs of Variation Bounds Lemmas

We first present a lemma which contains uniform bounds on coefficient summations,
which are used to prove the variation bounds in Lemmas B.1-B.3.

Lemma S.1. Let &r(u, v, k) := maxi<p m<r ZtT:maX(mm) |Ct—n(—u, k) (—v, k)| for co-
efficients C;(u, k) satisfying Co(u, k) = 1 and (;(u, k) < c(logj)kj*=t for j > 1, where
¢ > 0 does not depend on u, k, or j. Then:



(i) Uniformly for min(u + 1,v + 1,u +v + 1) > a, it holds that

c(1 +1log T)2kT— jf a <0,
<
brlu, v, k) < { c ifa>0,

where the constant ¢ > 0 does not depend on w,v, orT.
(ii) For any u > 0,v > 0 it holds that

> (Gl (=1, K)G (v, k)| < c(log [n])F|n[mex-u=tmr=h),
t=0

where the constant ¢ > 0 does not depend on u,v, or n.
S.4.1 Proof of Lemma S.1

Part (i) is Lemma A.7 of Johansen and Nielsen (2012). To show part (ii) when n > 0 we
split the summation and find the bound

[n/2] n o0
Z ’<|t—n|<_u7 k)ct(_vvk)‘ + Z |<|t—n\(_u?k)<t(_v>k>’ + Z Kt*n(_uv k)Ct(_U7k>|
t=0 t=[n/2]+1 t=n+1
Ln/2] n
<e Y (n—t)"log(n— )"t (logt) + ¢ Y (n—t)"" " (log(n — 1))t (logt)*
t=0 t=|n/2|+1
3 () loglt — ) log
t=n-+1
Ln/2] n
< c(n/2)" H(log(n/2))* Y 17 (logt)" + e(n/2) " (log(n/2)* Y (n— 1) (log(n —1))*
t=0 t=|n/2]+1
+c(n+1)"""log(n + 1))* Z (t —n)""(log(t —n))*

< c(logn)k max(— ufl,fvfl)‘

When n < 0 we find the bound

c Z “log(t —n))*t ™ (logt)*

< c(—n)"""log(— Zt "logt)* < cn|™* (log|n|)k.

t=0
S.4.2 Proof of Lemma B.1

The proof is given in Lemma C.3 in Johansen and Nielsen (2010), which also applies
under Assumption 1 on &; in place of their i.i.d. assumption.

S.4.3 Proof of Lemma B.2
We prove that, uniformly in —1/2 —k <v <u < —1/2 4+ &,

|| Mignr(u)|la < c(log T)T /2R N2 (S.2)
|| Myant (1) — Mionr(v)|]2 < clu — v|(log T)?T /2 N1/2n, (S.3)
[ Myinr(u)|la < c(log T)T—H/2NY2H2x, (S.4)
||Myinr(u) — Myinr(v)]|2 < clu — v|(log T)?T /2 NY2+2% (S.5)



where the constant ¢ > 0 does not depend on w,v, or 7. Using the condition on «, the
right-hand sides of (S.2)—(S.5) all converge to zero. Pointwise convergence in probability
then follows from (S.2) and (S.4) and tightness on the interval |u+1/2| < & follows from
(S.3) and (S.5) using the criterion (S.38). Together this implies uniform convergence in
probability.

Proof of (S.2): First evaluate

EMIQNT _T 2EH Z Z Z 7Tnk ka(_u)gtk—nkgtk—mk-

k=1t,=N+1np=0mi=N

The term E([];_, €1, —nyty—m,) is non-zero only if the two highest subscripts are equal,
see Lemma A.2. However, n, < N < my, such that t, — n, > t, — my for k = 1,2. This
leaves only one possibility, i.e., t{ —n; = ty—ns, in which case we eliminate no = to—t;+mn,
and note that [t; — 3] = [n; — na| < N. In this case EMonr(u)? is

T N—-1 t;1—1 to—1

oY > > T (=) Tty by, (— ) Ty () Ty (—0)

t1,to=N+1n1=0 m1=N mo=max(N,ta—t1+n1)
|t17t2‘§N

2 2
X Utl—nl Ot1—mq Utz—sz(Ztl —nq Zt1—my Fta—mo ) (86)

If, in this expression, t; —m; = toy—msy we eliminate mqy = t2—t1 —I—ml and the expectation is
Tiny—ny,mi—ns - Lhen, with &r(u, v, k) defined in Lemma S.1, an o Ty (W) Tyt (—0) <
En(u,u,0) and ijl Ly Ty (=) Ty oy (=) < Ep(u,u,0) by (A.1) of Lemma A.3, so
the contribution to EMlgNT( )? is bounded by

T

I § éN(u, u, O)é-T(UH u, O)
t1,ta=N+1
‘t17t2|§N

The result when t; —m; = ta — mgy now follows from Lemma S.1(i). If, on the other hand,

tl —my 7é t2 — M in (S6>, the expectation in (86) is H4(t1 — Ny, tl — Ny, tl —ma, tz - mg)
and the contribution to EMisn7(u)? is bounded by

Z i 7rn1(_u)ﬂtQ*thm(_u)WN(_u)Q

t1,to=N+1n1=0
|t1—t2|<N

t1—1 to—1

X Z Z |ka(ts — na,ty — ny, By — my, ta — mo)|

m1=N mo=max(N,ta—t1+n1)

T
< > Ev(uu 0N

t1,ta=N+1
[t1—t2| <N

using Assumption 1(a)(iii),(b), and this proves the result.
Proof of (S.3): Next consider ||Mian7(u) — Mianr(v)||2 which is bounded by

17713 (i) = wu@)wa(@)llo + 1T D7 wip(v) (wa(w) = wau(v))]
t=N+1 t=N+L

10



For the first term write w(u)—wq(v) = ZnN;Ol(ﬂn(—u)—ﬁn(—v))et_n = (u—v) Zg;ol Co(—u, 1)ei_p,

see (A.3) of Lemma A.3 and Lemma S.1. Now apply the same proof as for (S.2), noting
that only a log-factor is added. The same proof can be used for the second term.
Proof of (S.4): Note that

T T N-—1
E(T_l Z w%t) :T_l Z ﬂ-nl( U’)T‘-RQ( )E(gt 7’L1€t ng)
t=N+1 t=N+1ni,n2=0
T N-—
- T_l Z ﬂ-n( u)Qatz—n
t=N+1 n=0

such that the second moment of Mjjyr(u) is

T
EMnr(u)? = B(T! Z w?)? — T2 Z Z T (=) T (—u) 07, _ 07 -
t=N-+1 t1,t2=N+1n,m=0
(S.7)
Now,
T 2 T N—-1 N—
E(T_l Z w%t)QZT_QEH Z Z Z ﬂ—mk( )gtk_”kgtk_mk7
t=N+1 k=1t,=N41n,=0m=0

where again the two highest subscripts in Hizl Et,—npEty—m, have to be equal by Lemma
A.2. By symmetry, there are three cases, which we now enumerate.

Case 1) Suppose first that t; —n; = t1 —my, i.e. ny = mq. If also t9 —ny =ty —my the
contribution is 7-2[;_, Ztk Nt1 an o Tny (—)?0%, _,. , which cancels with the second
term of (S.7). If to — ny # ty — my, then both these terms have to be no greater than
t1 — ny by Lemma A.2, so that t5 < t; — ny + ny and my > ty — t; + ny. In this case the
contribution is

—1 max(T,t1—ni1+n2) N-1
2
E § E E 7Tn1<_u) an(_u)ﬂm2<_u>
=N+1n1,n2=0 =N+1 mo=max(0,t2—t1+n1)

2
X Utl_mUtQ—nQUtg—mQM(tl —ny,t1 — Ny, ty — ng,ty — my)

<t Y (cu(—u)

tl—N+1 ni,n2=0

< CT_ Z n—2u 2 u—l S 07-7—1]\71/2-1-3,‘-67

ni,n2=0

where the first inequality is by Assumption 1(a)(iii),(b).
Case 2) If t; — ny = to — ng > t;, — my the restriction |t; — to| = [ng —ng| < N is
implied such that the contribution is

N-1

Z Z Z Z 7TN1(_U)7Tt2—t1+n1(_U)Wml(_u)wm2<_u>

t1,t2=N+1 n;=max(0,t1 —t2) M1=n1 ma=max(0,t2—t1+n1)
|t —ta| <N

2 2
X Otl —nq Ot1—m1 Ota—mo E(Ztl —nq Zt1—mq Rta—ma ) .

11



If also t; —my = to — mg, the expectation is 7,,, —pn, m,—n, and contribution is bounded by

iy (Z_m<—u>m2tl+n<—u>)

t1,ta=N+1 n=0
\t17t2|§N

T
<cr? Z En(u,u,0)? < T ' Néy(u,u,0)? < c(log T)* T NS

t1,ta=N+1
|t17t2|§N

by Assumption 1(b) and Lemma S.1(i). If instead ¢; — my # to — mao, the expectation is
Ky(th — ny,ty — ny, ty — my,ta — mo) and the bound is

T N-1
T2 N2 N2
c Ty ( u) Ttg—t1+n1 ( u)

t1,ta=N+1n4 :max(O,tl —t2)
|t1 —t2 ‘ <N

N-1

N—1
X Z Z |ka(ts — na, 01 — na, t — ma, ta — my))|

m1=ni mo=max(0,ta—t1+n1)

T N—-1
—2 2 2 -1
< T E g Ty (—U) Ty —ty 4y (—u)° < T N.
t1,to=N+1n;=max(0,t1 —t2)
‘tl—t2|§N

Case 3) If t; — ny =ty — my and t; — my = ty — ny the contribution is

T N—-1 N-1

T_2 Z Z Ty (_u)ﬂt2—t1+m1 (_u)ﬂ-ml (_u)ﬂ-tQ—tl-i-m (—U)O'th —n1 0t21 —mq Tmi—n1,mi1—ny
t1,ta=N+1n1=0m1=0
‘tl—t2|SN

S C(log T)QT—1N1+4H

and if t; — ny =ty — mg and ¢ — my # ty — ng (both no greater than t; — n; by Lemma
A.2) the contribution is

N—-1 N-1 N-1

T72 Z Z Z Z 7T711(_u)ﬂ'ﬂh(_u>7rn2(_u>7rt2*t1+n1(_u)

t1,to=N+1n1=0 mi1=n1 ng=max(0,t2—t1+n1)
|t1 —tQ‘SN

2
X OF Oty —my Oty —nykia(ts — ny, t — na, by — my, ty — ng)

T N-1
< CT_2 Z Z Wnl(_u)%rb—tl-i-?h(_u)g < CT_lN

t1,to=N+1n1=0
‘tl—t2|§N

in the same way as in case 2).
Proof of (5.5): Apply the same decomposition as in the proof of (S.3) and then use
the same proof as for (S.4) with an extra log-factor.

S.4.4 Proof of Lemma B.3

The proof is given only for k,l = 0 since the derivatives just add a log-factor, see (A.1),
which does not change the proof. Rearranging the summations the product moment

12



T-1 T
T 7 (—up) i (—uz) Z Cin (V) Com (1 Z Et—j—nEt—k—m
J,k=0 n,m=0 t=max(j,k)+1
T-1 00 j+n T
=T mu) Y Y @) Tem(u) Y,
Jj=0 n=0 m=max(0,j+n—T+1) t=max(j,j+n—m)+1
(S.8)
min(T,j+nfm)fl T
+ 27 Z 77] U,1 Z Cln CZm Z 71-k(_UQ) Z Et—j—nEt—k—m-
n,m=0 k=0 t=max(j,k)+1
(S.9)

Smce T max(ijsn—m)t1 Ei—jn = Op(1) uniformly in j, n, m it holds that sup,, .., sca [(S-8)]
is

T—1+n min(7T—1,T—1+m—n)
Op| sup Z Yo lGn@)Gn@) > | (=) || —m (—u2)|
(u1,u2,9)€0 =0 = max(0,n—T+1) j=max(0,m—n)
oo T—1+n min(T—1,7—14+m—n)
=0y | swp D> > ()G (¥)] > R R
(u17u27¢)€® n=0 m:max(O,n7T+1) j=1+max(0,mfn)

If a > 0 the summation over j is bounded and then sup,, ., e [(5-8)] = Oy(1) because
5% o 1Cin ()] < oo uniformly in ¢ € ¥,i = 1,2, showing (B.3) for (S.8). If a < 0 the
summation over j is O,((log7)7'~*) which is then also the bound for the supremum of
(S.8), showing (B.4) for (S.8). In the case of (B.5), the summation over j is now

min(7T-1,T—-1+m—-n) . P
G S e = R
j=14max(0,m—n) T I
min(7T—1,T—1+m—n)

D D e RS

j=14+max(0,m—n)

because k1 > 0, as seen easily by integral approximation, which shows (B.5) for (S.8).
Next, we analyze (S.9). Summation by parts yields

min(T,j+n—m)—1 T
E 7Tk(_u2) § Et—j—n€t—k—m
k=0 t=max(j,k)+1
min(T,j+n—m)—1 T
= Tmin(T,j4+n—m)—1 (_u2) E E Et—j—nt—k—m
k=0 t=max(j,k)+1

min(7T,j+n—m)—2

I T
N Z (i1 (—u2) — m(—u)) Z Z €t—j—nEt—k—m; (S.10)

=0 k=0 t=max(j,k)+1
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where

min(7T,j+n—m)—1 T
E sup ~ |(510)| S sup ~ |7Tmin(T,j+nfm)71(_u2)|E Z Z 5t—j—n5t—k—m
(u17u27'¢))e® (u17u27'¢})69 k=0 t:max(j7k)+1

min(7T,j+n—m)—2

l T
+ Y sup |ma(—ug) —m(—w)|E (Y D jonfikom|-

1=0 (u1,u2,)€O k=0 t=max(j,k)+1

l T - T—m . L j+n—m
Note that Zk:O Zt:max(j,k)—i—l Et—j—nCt—k-m = Zs:max(l—m,l—‘r]’—l—m) Us with Us *=Es 2 = j+n—m—I Es—k
being an uncorrelated sequence that satisfies £(v?) < K1, such that

2 2

l T T—m
E Z Z Et—j—nt—k—m S E Z Vs S K(T + [ — ])l
k=0 t=max(j,k)+1 s=max(l—-m,1+j—l—m)

It follows that Esup,, ,, »eo [(5:9)| is bounded by a constant times

sup Zlﬂ-] —U | Z |C1n CZm >||7rmin(T,j+nfm)fl(_u2)| (S]_l)

(u17u27w)€®j =0 n,m=0

T—2
+ sup  T- Zm U1’Z|C1n )Com (¥ |Z|m+1 —u3) — m(—ua)|(T + 1 — )42,

(u1,u2,1)€60 n,m=0

(S.12)

The result for (S.11) follows as in the analysis of (5.8). To prove (B.3) and (B.4) for the
term (S.12) we use (A.5) and that Y 7 |G (¥)| < co uniformly in ¢ € ¥,i = 1,2, to
obtain the bound

T-1 T-2
sup T*l Zj*luflzl Ug— 3/2(T+l )1/2
(u1,u2,)€EO j=1 =1
T+Il-1
<c sup T° Zl“"’ 3/22j“11T+l )1/2
(u1,u2,%)€O
T-2
<c¢ sup c(logT)T_lZZ_W_?’/Q(T—I—l)max(l/2’1/2_“1)
(u1,u2,9)€0 =1
T-2
<c sup C(lOg T)T_1/2 ZZ—UQ—?)/Q—&-max(O,—UJ)’
(u1,u2,)€0 =1

where the second inequality follows from Lemma A.4 and the third because (7+4-1)max(1/2:1/2=w) —

(THD)V2(T1)maxO0—u) < ()2 max(0.—u1) - Since —uy—3/2+max (0, —u;) = — min(ug+

1, ui+uy+1)—1/2 < —a—1/2, the right-hand side is bounded by c(log T)2T~1/2max(0.1/2=a) —
c(log T)?Tmax(=1/2.=0) if g > 0 and c(log T)T~Y2T"/?=% = ¢(log T)T~* if a < 0. To prove

(B.5) for the term (S.12) we note that (7'+1— j)'/2 < (27)'/? and find the simple bound

T-1 . T2 T-1 . T2
sup -1 Z(l)—ul—lT—l Z( —u2=3/2 < Z )~U/2Hmp=1 Z(_)—Hm < 00
— T T
(u1,u2,9)€O j=1 =1 =1 =1

because k1 > 0, as seen easily by integral approximation.
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S.5 Proofs for QMLE and Asymptotic Tests
S.5.1 Proof of Theorem 1

The residual in (6) is given by £,(8) = 201 b (’(/))Ad T 4y, and clearly the convergence
properties of Qr(6) in (8) depend on hmT_m d — dor = d — dy. Define the untruncated
processes

er(¥) == (L, )er = Y en($)ern, (S.13)
n:(0) = Ad_do@t(@/]) = Z ©on(0)et—n, (S.14)

where 7,(0) is well-defined for d — dy > —1/2 and where we used

c(z,9) = b(z,¥)alz,Yor) = (= ¢OT ch : (S.15)
= Z 7Tm(dO - d)cn—m(d])- (8-16)

Again, we have suppressed the T subscript on the triangular arrays e;(¢) and 7,(f) and
on the coefficients ¢, (¢) and ¢, (6).
From Assumption 3 and Lemma A.4, there exists a Ty > 1 such that the coefficients

cn () satisty
lca ()] = O(n™27) uniformly in ¢ € ¥ and T' > Ty,. (S.17)

From Lemmas A.3 and A.4 the coefficients ¢, () then satisfy
|00 ()] = O(nmx(d0=d=1.=2=0) yniformly in ¢ € U and T > Ty, (S.18)

such that, in particular, when d — dy > —1/2, n,(0) is a linear process with square
summable coefficients. Note that the uniformity in 7" in (S.17) and (S.18) obtains from
the uniform bound on a,(¢) in (5), when 7 is sufficiently large that 1y, € .

Let the deterministic function () denote the pointwise probability limit of Q7(f),
shown subsequently to be given by

fO 2C|S n 0 @0,71(9)2 if d— do > —1/2,
Qo) { if d— do < —1/2, (5:19)

where ©o,,(0) == > 0 o Tm(do — d) D" bie(¥)an—m—r(1o) is the same coefficient as in
(S.16), but evaluated at 1)y instead of 1y r. According to (S.19) the parameter space
© is partitioned into three disjoint compact subsets, ©; := O1(k;) = Dy x ¥, Oy =
Oy(k1,ke) = Do x U, and O3 := O3(ky) = D3 x ¥, where Dy := Dy(k1) = DN{d :
d—dy < —=1/2— K1}, Dy := Do(k1,k2) = DN{d: —1/2—r1 <d—dy < —1/2+4 Ky}, and
Dj := D3(ke) = DN{d : d—dy > —1/2+ ks }, for some constants 0 < kg < k1 < 1/2 to be
determined later. Here, special care is taken with respect to ©,, where the convergence
of the objective function is non-uniform, as evident in (S.19). Clearly, 6y € O3 and if
dy > do — 1/2 then the choice kg = dy — dp + 1/2 > 0 implies that ©; and O, are empty
in which case the proof is easily simplified accordingly.
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The proof proceeds as follows. First, it is shown that for any K > 0 there exists a
(fixed) R > 0 such that

P inf f)>K)—1lasT — oo. S.20
(eé@l(f{l)U@Q(lﬂ,Rg) QT( ) ) ( )

This implies that P(f € Os(ky)) — 1 as T — 00, so that the relevant parameter space
is reduced to ©3(&2). From Theorem 5.7 of van der Vaart (1998) the desired result then
follows if, for any fixed ko € (0,1/2),

sup  |Qr(0) — Q)] B 0as T — oo, (S.21)
06@3(,‘{2)

9) > Q) for all > 0. 5.2
96@3(“2)%?949*90\26}@( ) Q( 0) or all € ( )

Condition (S.21) entails uniform convergence of the objective function on ©3, and condi-
tion (S.22) ensures that the optimum of the limit function is uniquely attained at the true
value. For the proofs of (S.20) and (S.21) we make repeated use of the following lemma,
which is the non-bootstrap version of Lemma D.4 and shows that the problem can be
simplified by considering the sum of squares of Ai‘d"et(w) rather than that of £,() in
the analysis of Q7 (6). This serves two purposes: First, the truncation in the residual in
the definition of Qr(f) can be dispensed with in the asymptotic analysis. Secondly, the
fractional order of e;(1)) is dy — d, which is fixed and corresponds to the definitions of the
parameter sets D;, while the fractional order of £,(0) is dy 7 — d, which depends on 7.

Lemma S.2. Under the assumptions of Theorem 1 and 0 < k; < min(1/2,(/2+1/4) it
holds that

T
sup [Ty "¢, (0) — T do)z Ad=doe, (1)) B 0, (S.23)
t=1

USCH —1

T T
sup (AL Pe 2l 5. S.24
Z Z (S.24)

9€92U@3

S.5.1.1 Proof of Lemma S.2 First decompose

S

t

T T
D a0 =) (AT e (y th — ) (AP b, (P)up ) (S.25)
t=1 t=1 t=1

= n=0

~+

T T
+ Y (AT by ()urn)? = D> (AT e, (1)),
t=1 n=0 t=1
(S.26)
By the mean value theorem we find that
2 R
9 Il v
(5.25) Z (A Zb utn) <%A+ ;bn(w)um)

for some intermediate value v between d — dor and d — dy. We can apply Lemma B.3
directly to the right-hand side in both the non-stationary case (S.23) with normalization
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T2d=d0) and in the nearly-stationary and stationary cases (S.24) with normalization 7.
In either case, (S.25) is immediately shown to be uniformly negligible as required.
Next we write (S.26) as

(5.26) Z Al Z b ()t (AT by ()t — AP (1)) (S.27)
m=0

t
3 A A S — A (5.28)
t=1 n=0
and note that
t t—1 o) 0
Aiﬁdo Z bn(w)utfn - Aiidoe Z w)utfnfj - Z ¢tmutfm7
n=0 J=0 n=t—j m=t

where ¢y, := — Z;;E 7;(do — d)b,—; (1)) satisfies, see (5) and Lemmas A.3 and A.4,

oo t—1

supZ|¢tm| <) ) gt m— )
m= t] 0
< cZydO —d- I =< c(l—l—logt)tmax(do —d=0)= (S.29)

Rewrite the term (S.28) as

T t—1 00 o)
(528) => " "mi(do—d) > ba(¥) Y bum(t—jnti—m — E(uyjptiy—))  (S.30)
t=1 7=0 n=0 m=t
T t—1 o) [e%¢}
+3 > wildo = d)D " 0u (W)Y bpn Bt jnttp—m)- (S.31)
t=1 j=0 n=0 m=t

The proof for (S.27) is identical to that for (S.28), except the summation over n in (S.27) is
from ¢ to co. For (S.31) we note that sup, | E(uits—n)| = sup; | > oo am (Vo) am—nWor)ot_ | <
> m ¢ (m—n)"2¢ < cn~* ¢ where ¢ > 0 is given in Assumption 3(ii), such that

D 1B jontiem)| < clt —j —n| 7

m=t

Using also (S.29) it holds that

su mE(u nUi—m) < (su m E(ui—i_nUi—m
%52@ intem) S (50 D m N 1B (gt
< (1 +log t)tmax(do_d’_o_llt —j—n|7C

It also holds that

supZ\b )t =5 —nl[" <<czn Pt = =T <t =)
we\PnO n=0
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by (5) and Lemma S.1(ii). Consequently,

T t—1
sup|(S 31 | < CZ 1 +10gt)tmax(do d,—¢)—-1 jdofdfl(t_])flfc
pev t=1 3=0
T
S CZ(l + IOg t)QtQmax(do—d7—C)—2
t=1

by Lemmas A.3 and A.4. Thus, supyeg, 724 %)|(S9.31)| < c(logT)*T~' — 0 as T — oo
and supgee,ue, 7 '|(S.31)| < c(log T)*T~1*21 — 0 as T — 0.
Changing the order of the summations, (8.30) is

min(m,T)— min(m,T)
- ij dy — Z Z Z Ti(do — d)bmi(t) > v, (S.32)
m=j+1 t=max(j,k)+1

where the summand v; 1= w—j_pU—m — E(Ut—j_nUt_p,) s mean zero with autocovariances

[e.e] o0

Evwv, = Z Z Qg WO,T)CLI@ (%,T)Clll (%,T)% (wO,T)Utfjfnfkl Ot—m—koOs—j—n—110s—m—Iy
k1,k2=011,l2=0
X [E(thjfnfkl Zt—m—koRs—j—n—Iy Zsfmflz) - E(thjfnfkl thmfl@)E(Zsfjfnfll Zsfmflg)]-
The expectations are non-zero only if the two highest subscripts are equal (Lemma A.2).

Routine calculations using (5), Assumption 1, and Lemma S.1(ii) show that |Fvw,| <
min(m,T")

t—max(jok)+1 has at most m terms it follows that

c|s —t|727¢. Since the summation

min(m,T") min(m,T") min(m,T")

E( Z v)? = Z E(vws) < ¢ Z It —s|727¢ < em

t=max(j,k)+1 t,s=max(j,k)+1 t,s=max(j,k)+1

such that E| Z?”I;Z;r‘gk vt < em!/2. Using Lemma A.3 and supy,cq Yoo |bn(1)] < o0,

it now follows from (S.32) that (S.30) satisfies

E sup |(S.30)] <CZ]d0 =1 sup Z deo =1p,, ()| m? (S.33)

pev VEY =it k=1

+chd° ~Lsup i deo by, (1) /2 (S.34)

YEY T k=1

For (S.33) change the order of the summations,

T-1 T
sup Z deo d— 1|b |m1/2 < deo d—1 Z m—3/2—<
VEY =i+l k=1 k=1 m=max(j,k)+1

< ¢(log T)Tm‘”‘(do_d’o) (j+ 1)_1/2_4.
Then the bounds for (S.33) are

T—-1
sup T2(d do)(log T)Tmax (do—d,0) Zjdo d—3/2—¢ < C(lOg T) T*1/2+max(fm,*o’
deDy =
T—1
sup T~ (log T)Tmax (do—d,0) Zjdo —d—3/2—¢ < C(lOg T) 2p=1/2+k1+max(0,k1 — C)’
deDsUDs3 =

18



which shows the result for (S.33). Similarly, for (S.34),

sup i deo d— 1|b ‘ml/z <de0 d—1 Z m’3/2 ¢

VEY T k=1 m=T+1
< C(lOgT)TmaX(O’dO d)—1/2— (’

which gives the bounds

T-1
sup T2(d—do)(log T)Tmax(O,do—d)—1/2—C Zjdo—d—l S c(log 7—1)27—v—1/2—g7
dEDl j:].
T-1
sup T*l(log T)Tmax(o,dofd)fl/ch Zjdofdfl S C(].Og f]’v)2/1’171/2744*2/{17
deDsUD3 j=1

showing the result for (S.34) and hence concluding the proof.

S.5.1.2 Convergence on O;(k;) First, if 6 € ©O;(k;) then £(0) should be nor-
malized by T4 %+1/2 and by Lemma S.2 the difference between T24=90)*1Q.(0) and
T2(d=do) Zthl(Ai_doet(@/)))z is negligible in probability uniformly in # € ©, so it suffices
to consider the latter product moment. We apply the Beveridge-Nelson decomposition
(C.4) and decompose the relevant product moment as

T 2 T
2(d—do) Z Ad doe <ch ) T2(d—do) Z(Ai‘d%t)Q (S.35)

t=1 t=1

o (Z cnw)) T2 zm dOEtzcn At
n=0

(S.36)

By the Cauchy-Schwarz inequality, (S.36) is bounded by

T 1/2 T . 1/2
(Z Cn ) (TQd do) Z(Ai—dost)2> (TQd dop) Z Zé Ad do+1 _n)2> ‘

t=1

The term in the first parenthesis satisfies 0 < | >~ ¢, (¢)| < 0o uniformly in ¢ € ¥ for
T sufficiently large by Assumption 3. For the term in the second parenthesis we define
Myp(d) = T4} 2T (A9™d0c)2 which is O,(1) by Lemma B.1. To strengthen this
to hold uniformly in d € D, it is sufficient to show that Mp(d) is tight as a function
of the parameter. We prove tightness using the moment condition in Billingsley (1968,
Theorem 12.3), which requires showing that My (d) is tight for fixed d € D; and that

[ M7 (ur) — Mr(uz)||2 < clur — usl (S.38)

for some constant ¢ > 0 that does not depend on T', uq, or us. The tightness condition in
(S.38) is satisfied by Lemma B.1, and hence the second term in (S.37) is O,(1) uniformly
in d € Dl.
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The term inside the third parenthesis in (S.37) can be rewritten as

T o) i—1
T2(d—do) Z Z Enl Z mi(do —d — D)mp(do — d — 1)et—j—nEt—t—m

t=1 n,m=0 7,k=0
T-1 T
_ 2(d—do)+1 Z § : -1 E
=T ( 0) 7'('] —a— 1)7Tk(d0 —d— ].)T Et—j—nEt—k—m,
n,m=0 j,k=0 t=max(j,k)+1

where E(T1 Ethmax(j,k)H Et—jnEi—k—m) < cuniformlyin 0 < j,k <T—land ), [¢,(¥)] <
oo uniformly in ¢» € W. Thus, the term inside the third parenthesis in (S.37) is a non-
negative random variable with expectation

T oo
E (sup T3d=do) Z Zé P)Addotle, n)2> < ¢ sup T2d-do)+ (Z |7 (do — d — 1)|>

0cO, t=1 n=0 de D1
T-1
< ¢ sup THd—do)+1 Zydo ~=H2 < ¢(log T)?T %
deDl ] =0

by application of Lemma A.3, thus showing that (S.36) converges to zero in probability
uniformly in 6 € ©;.
Next, the term (S.35) is analyzed. By the Cauchy-Schwarz inequality,

T
T2(d do Z Ad dog Z T2(d*d0)fl(z A(j_*dogt)Q — (Td*dofl/QAifdoflgT)Q’
t=1 t=1
and we can write T4 d0-1/2Ad D1, — pd—do=1/2 Z 70 7i(dog—d+1)er_j = T-d0=1/2 Zt L r—t(do—
d+1)e; and apply Lemma A.1 with UTt = Td—do— 1/27TT,t(d0 d+1)e;, which is a martingale
difference array by Assumption 1. Firstly, the Lindeberg condition (i) of Lemma A.1 is
satisfied by Lyapunov’s sufficient condition because S, EU&, = T4 40)=25"T 70 (dy—
d+1)'otEzt < cT231 (%)4@0—(1) < Tt — 0as T — oo. Secondly, we verify con-
dition (ii)(a) of Lemma A.1 by showing Lo-convergence. Thus,

T T 2 T T
E <Z Up—E) U%) =Y E(UU;) - ) E(UZ)E(U2)
t=1 t=1 t,s=1 t,s=1
T
= THO2N "y y(do — d+ 1) mr_s(do — d + 1)°0702[E(2]2]) — E(2])E(22)]
t,s=1
A(d—do)~ ZWT W(dy —d+ 1o} E(z — B(22)?] (S.39)
T t-—1
+ 272NN " y(do — d + 1)*mp_g(do — d+ 1)°0702[E(2/22) — E(2))E(22)).
t=2 s=1
(S.40)
By Assumption 1(a)(ii),(b) and Lemma A.3, the term (S.39) is bounded by
T
cPHAm 2N (T — ) H = h) < P,
t=1
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The term (S.40) is

T t-1

97 *4(d—do) ZZZWTtdO_d—i_l) Tr— t+r(d0_d+ )20}20-162 r'%4<ttt t—T’)
t=2 r=1
T 2(dg—d) 2(do—d) t—1
T—t T—-1
—9 -1
- - t, 6,0 —rt— < =0
> T) (T) > bttt =it =) <

using Assumption 1(a)(iii),(b) and Lemma A.3. Finally,

T T
EZ U72“t — 2(d=do)-1 Z"TT—t(dO —d+ 1)202
t=1 t=1

1 T

t=1

[(dy —1d +1)2 /0 (1= 5@ Do (s)*ds = V(d),

and we conclude from Lemma A.1 and the above analysis that

T
Gr(d) = T 01y " Addog,)? = (T4 dm 12T DT ey BV (d)xT,  (SA1)

t=1

for any fixed d € Dy, which shows the pointwise limit.

To strengthen the pointwise convergence in (S.41) to weak convergence in C(Dy),
denoted =, it is sufficient to show that Gr(d) is tight (stochastically equicontinuous) as
a function of the parameter, which follows by the tightness condition (S.38) and Lemma
B.1. Hence the convergence in (S.41) is strengthened to Gr(d) = V(d)x? in C(D;). B
the continuous mapping theorem applied to the inf,cp, mapping, which is continuous
because D; is compact, it then holds that infsep, Gr(d) — infsep, V(d)x?, which is
positive almost surely. It follows that

it Qr(8) = inf (37 ealw) PTG (d) + 0,(1)

and, for any K > 0,

P( jn ( :’0 D)2 TG (d) > K) — 1 as T — o0

because infypey(d o2 c,(10))* > 0 by Assumption 3 and 2(dy — d) — 1 > 2x; > 0 for
d € D;.

S.5.1.3 Convergence on O(k1, ky) First note that by (S.24) of Lemma S.2 it suffices
to prove the result for 71 ZL(A‘fdoet(w))Q. Letting v :=d—dy € [-1/2 — k1, —1/2+
kal, Rar(v) := T71 30,1, (A%er)?, and Rop(v,v) = T~ 32, (AYer) (ot én(9) AL e ),

and applying the decomposition (C.4), the relevant product moment is

T (A% (v)’ > (Z cn(¢)> Rip(v) +2 (Z o ) Ror(v,1b).

t=1
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The second term, Ryr(v,v), is Op(1) uniformly in [v+1/2| < k; and ¢ € ¥ by Lemma B.3
with & = W, (1, (1) = Loy Gon () = (), us =0 > —1/2 — kpus = 1+ 0 > 1/2 — iy
such that a = min(1/2 — k1,1 — 2k9) > 0.

To analyze Ryr(v) decompose A ¢, as

Zﬂ-n 5tn+Z7Tn €tfn:wlt+w2t7t2N+17

for some N > 1 to be determined. It then holds that

T T T
RIT Z Z Z T_l Z w%t + QT_l Z W1tWot. (842)
t=N+ t=N+1 t=N+1

Setting N = Np := [T with 0 < o < mm(%;;:i , 1/21422&1), noting that such an « exists
because 0 < k; < 1/2, it follows from (B.2) of Lemma B.2 that the second term on the

right-hand side of (S.42) converges in probability to zero uniformly in |v+1/2] < k; and

that
T T
'y E( > )

t=N-+1 t=N+1

sup 5 0asT — .

lv+1/2|<k1

Thus, the right-hand side of (S.42) minus E(T'3 . L w},) converges uniformly in
probability to zero as T" — oo. It follows, see Assumption 1(b), that

(chw)) Rir(v) (chw)) E(T—l > wu> + pur(6)

n=0 t=N+1

ch(¢)> Ty Z_ﬂ-n(_v)%jtzfn_'—/ﬁlT(e)

t=N+1 n=0

v

I
3
g

> (inf U(S)2> (Z%(W) T~YT — N)Fn(v) + par(6),

where Fy(v) = Y0, (—0)? and pyp(8) 2 0 as T — oo uniformly in |v 4 1/2] < &,

and ¢ € V.

S.5.1.4 Proof of Eqn. (S.20) Because of restrictions imposed on the &; in the analysis
of the sets ©;, we need to be careful in the proof of (S.20). We need to show that, for
any K > 0,17 > 0, there exists a ko > 0 and a 7j such that

B inf Qr(f) < K) <n

96@1(51)U@2(K1,R2)

for all T > Tj. Since infyce,u0, Q7 (0) < 25:1 infgeo, Q7 (), the two sets ©; and O, can
be considered separately.

First consider the set ©1(k1) with k; = Ry satisfying 0 < &1 < min(1/2,(/2 + 1/4),
and define ©; := ©y(k;). It holds from Section S.5.1.2 that P(infyeq, Qr(0) > K) — 1
as T' — oo, ie., for any K > 0,7 > 0, there exists a 7} such that P(infycq, @Qr(0) <
K) <n/2forall T >T.
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Second, having already fixed k1 = R, consider Os(F1, ko). From Section S.5.1.3 with
k1 = k1 and a = 1/6,

Qr(0) > (ogéa ) (Z n( ) HT = TY%) Frije(d = do) + pr(6),
where pr(8) = O,(1) as T — oo uniformly in d € [dy —1/2 — Ry,dy — 1/2+ k1] D D;
and ¥ € U. As in Section D.1.2, Frs(d — do) > 1+ ¢(2r9)7H(1 — (T — 1)72%2/6) and
(2k2) 721 — (T — 1)722/%) — o0 as (ke, T) — (0,00). Because (307 c,(¥))? > 0
uniformly in ¢» € ¥ and info<,<; 0(s)? > 0, it follows that for any K > 0,17 > 0, there
exists kg > 0 (small) and Ty such that, with Oy := Oy(R1, k2), P(infycq, Qr(d) < K) <
n/2 for all T > Ts.
Combining these results, for any K > 0,7 > 0, there exists a ko > 0 such that

2 2
P( inf K) < P(inf =
(11, 01 0) <) < 3Pl 050) <) < Y

for all T' > max (11, T2) = Tp, which proves (S.20).

S.5.1.5 Convergence on O3(ry) and Proof of Eqn. (S.21) First, by Lemma S.2,

it suffices to demonstrate the result for 77137 (A%™%¢,(¢))2. In this case, recall
the untruncated process 7;:(6) defined in (S.14), and note that 7,(6) — AL e, () =

Yo Taldo — d)er—n (V) =307, on(0)er_p, see (S.16), with
E(m(6) — A e ()P = 3 a0k, < 3 ntmil 20 < oty
n=t

for all 8 € O3 (pointwise), using (S.18) and Assumption 1(b). It follows that

Z 1:(0)% + 0,(1 (S.43)

Next,
T T o0 T o0
ET'Y (0 =T on(0)P0r =T ) ot Y a0+ ) Y ul6)*(0
t=1 t=1 n=0 t=1 n=0 t=1 n=0
Let gr := |TX] for some x € (0,1). Then the last term is bounded as
T o0 qT
TlZZQOn _‘7t2)<290n )*T" Z‘Utn_at (S.44)
t=1 n=0 n=0
o0 T
n=qr+1 t=1

. =T - 1T
Notice that T™' 37, loi, —of| = T 320 [oi, — 0| + T 320 o, — of
T 2nsup,e,0f +T7! ZtT:nH lo2_,, —o?|. Therefore, because g7 = o (T') and sup,c;, 07
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M < oo by Assumption 1(b)(i), we have

sup T Z!atn af\gTAQquugat sup T Z|at+n o
,,,,, te

= sup T Z]UHn ol +0(1) =0,

.....

where the last convergence follows from Cavaliere and Taylor (2009, Lemma A.1). Be-
cause Y o 0, (0)? < 07 en(f)? < oo uniformly in 0 € O3, see (S.18), it thus
holds that |(S.44)] — 0. Next, by Assumption 1(b)(i) and by (S.18) we have, re-
spectively, sup,c; 02 < M < oo such that sup,c, TS0, |02, — 02| < 2M and

D g1 Pn(0)? < e p2max(do—d=1,-2-¢) < cq*2"‘2 — 0 uniformly in § € O3,
and therefore [(S.45)] — 0. Because T-1 Zt L0F — fo 5)%ds by Assumption 1(b)(ii)
we thus have that BT~ 7,(0 fo $)2ds > 7 s on(0)* + o(1). To prove

Y om(®) - /0 o(s)’ds Y pa(8)” 50, (S.46)

pointwise in 6 € Og, it suffices to show Ls-convergence. In a similar way as in (S.39) and
(S.40), we find that

B (Tl S noy — BT Zm(e)2> =173 Em(0)n.(0)) — 77 Y E(m(6))E(n.(6)")

t,s=1 t,s=1

S apID VD ol || CHUSRURSY

t,s=1n1,n2=0m71,m2=0 \i=1

X [E(thnl Zt—noRs—my Rs—msy ) - E(Zt7n1 Rt—no )E(Zsfml Zs—mea )} )

where the expectations are zero unless the two highest subscripts are equal (Lemma A.2).
By symmetry, we only need to consider three cases, which we now enumerate.

Case 1) t —ny =t —ny = s —my = s — mgy, in which case the expectations and the
o¢’s are uniformly bounded by Assumption 1 and we find the contribution

T e 2 0o 2
CT_2 Z (Z (zon(e)Q) < CT7_1 (Z n_1_2:"€2> < CT_I 0
=1 n=0 n=0

using (S.18).
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Case 2) t —ny =t —mny > s —my > s — my, where the contribution is

o0

ZZ > S 0u(0) 20, (0) s (9)

=0 m;=max(0,s—t+n+1) ma=m1

X Ut,nUs—ml%—mgM(t —n,t —n,s—my,s —my)

T 00
< T2 Z Z n 122 max(0,s —t +n+ 1)1
t,s=1 n=0

X Z Z |ka(t —n,t —n,s —my, s —ms)

mi=max(0,s—t+n+1) me=mq

T oo T
< T2 Z Znil*%z max(0,s —t +n+ 1)1 < T2 Z [t —s| 717 <l =0

t,s=1 n=0 t,s=1

using Assumption 1(a)(iii),(b) together with (S.18).

Case 3) t —ny = s —my >t —ng > s — my, where we distinguish between the two
subcases:

Case 3a) t — ny = s — my with the contribution

T Z Z Z Py (0)ns ( )Sps—t—&-m(0)908—15-1-712(9>J152—n10t2—n27—n2—n1,n2—n1

t,5=1 n;=max(0,t—s) ne=n1+1

T o 0
D DR D e CE R el W S CE R b

t,s=1 ny=max(0,t—s) nz=ni+1
T 00 o0
< 2 Z Z nflm_m(s O Z n2_1/2_”2(8 —t+ny) A
t>s=1ni=t—s ng=nj+1
T
< T2 Z Z DR s — ) TR <Rt s) TR < TP 0,
t>s=1ni=t—s t>s=1

where we once again used (S.18) and Assumption 1(a)(ii),(b).
Case 3b) t — ny > s — my with the contribution

Y Y Y Y en0en@ee i (B)pn)

t,s=1 nlzmax( s) no=ni1+1 m=s—t+no+1

X Op p,Ot—nyOs—mba(t —n1,t —ni,t —ng, s —m)
T o)
_ —1/2-2 “1/2— _
< T2 E Z nl/ s —t4ny) 2R < (T 50
t>s=1ni=t—s

as in Case 3a). This shows that (S.46) holds pointwise for all § € Os.
Comparing the pointwise limit found in (S.46) with the definition of Q(€) in (S.19),
it remains only to show that

sup Z ©n(0)” — Z 900,n<9)2 — 0. (S.47)
n=0

0€O3 n=0
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By the mean value theorem, the term inside the absolute value on the left-hand side is

Z (Z m(do — Cn—m(w)) - (Zm(do—d)z_:bk(@b)an_l(@bo))

n=0 =0

3

—m n n—

25¢ Z Z 7Tm bk an m— k 77;) Z 7Tl(d0 — d) bj<¢)dn—l—j (¢)7

n=0 m=0 k=0 =0

<.
Il
o

where 1) is an intermediate value between 1), and Y. Taking the supremum of the
absolute value we first find, using Assumption 3(iii) and Lemmas A.3 and A.4, that
SUPyey g 105 () dn—1-5($)| < ¢ 323205 (n =1 =) < e(n — 1)1 and
SUPyey Do [Ok(W)|an—m—k(V)] < 375" kT2 (n—m —k)*7¢ < ¢(n—m)~*~¢. Thus,
the left-hand side of (S.47) is bounded by

sz 1/2— Iign m —2— (Zl 1/2— r{gn l Zn—l/2 R24) —1/2— n2<ﬁ

nOmO

Combining (S.43), (S.46), and (S.47), we obtain the pointwise limit, i.e.

Qr(9) % Q(0). (S.48)

The result (S.48) can be strengthened to uniform convergence in probability by showing
that 771327 (AT%e,(1))? is stochastically equicontinuous (or tight). From Newey
(1991, Corollary 2.2) this holds if the derivative of Q7(f) is dominated uniformly in
§ € ©3 by a random variable By = O,(1). From Lemma B.3 with v; = uy = d —dy >
—1/2+ K9, a = 25y, and ¥ = W it holds that By = SUPgeo, | 5T S (AT e (1)) =
O,(1) (noting that only summability of the linear coefficients is assumed in Lemma B.3
and this is satisfied uniformly on © by the derivatives of ¢, (1)) by Assumption 3(iii)).
This shows that 71 31 (AT %¢,(1))? is stochastically equicontinuous on O3 and hence
that (S.48) holds uniformly in 6 € ©3 in view of Lemma S.2. Since the result holds for
any ks it proves (S.21).

S.5.1.6 Proof of Eqn. (S.22) Since Q(6y) = fol o(s)?ds it is sufficient to prove that

inf ngn > 1 for all € > 0 and all ky € (0,1/2).

0eO3N{0:|0— 90‘>e}

Because ¢o(f) = 1 for all # € O3 by Assumption 3, it is clear that Y - ¢,(0)* =
1437 ¢u(0)* > 1, and by Assumption 4 the inequality is strict for all 6 # 6y, which
proves (S.22) by continuity of ¢,(-) and compactness of Os.

S.5.2 Proof of Theorem 2

By consistency of 0, the asymptotic distribution theory for the QML estimator is obtained
from the usual Taylor series expansion of the score function. That is,

0Qr(0) _ 12 0Qr(00r) | 1/20Qr(0)
a0

_ /2
0=1 00 06006’

(0 — bo.1), (S.49)
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where @ is an intermediate value satisfying |0; — Oori| < |é, —Opqi| fori=1,...,p+1.
Recalling the definition of &,(0;,6;) in (D.38), we note for this proof that, for exam-
ple, &,(60,0) = 22 gee (S.14) and (S.16). We also define &, = &.(60,0)) =
[—=n~1 4, ()], which satisfies

Z ||€o,n|| = O(log s) and Z(fom)g =0(1) forany ¢ > 1,s >2,i=1,...,p+1, (S.50)
n= n=0

by Assumption 3(iii) and (5).

S.5.2.1 Convergence of the Score Function The normalized score function evalu-
ated at the true value is

0Qr (0 - a
0Qr(or) _ 2T_1/2Z€t (Bo.1)010-1 With Jg 1 = 20(F)

t=1

€t<00,T)-

Define also Sy := 27-1/2 Zthl ey14-1, where yj, 1 = 22;11 SomEt—n- That is, the
first element of y;, 4 is —Zf:l n~le,_, and the remaining p elements are given by
Zf:l Yn(10)€t—pn. Similarly, the first element of ¢, 1 is — Z; 11n et—n(for) and the
remaining elements are Zf:l b (Vo.1) Ut

We next show that

TWW — Sy = o (1). (S.51)

The left-hand side of (S.51) is

90 (0 T ) T )
Tl/Q—QTa(eo’T) — Sp=27"1/2 Z(et(Ho,T) —e)U1-1 + 2T 1/2 Z e(Yri—1 — Y14-1),
t=1 t=1

where
(90T — & = Zb %T Ut—n

and

Uli—1— Y1,i-1 = { B z;;}ll-n_l Z’it;’g bk(wO’T)utfnfk } .
7 ’ Zn:l bn(l/fo,T) Zk:t ak(wO,T)gt—k

The first term on the right-hand side of (S.51) is then

T oo
_2T71/2 Z Z bn (wO,T)utfngl,tfh

t=1 n=t

which has second moment

471 Z Z Z b (Vo.1) b (Vo 1) E(W—n 01 t—1Us—mT1,5—1)

t,s=1 n=t m=s

T oo 00 T
SKT' Y N ba(Wor) [bm (o) < KT #7747 < KT 7% 0,

t,s=1 n=t m=s t,s=1
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see (5). The second term on the right-hand side of (S.51) is

{ —2T1/2 Zt 16t Zn 1 N Yt (Y0, Ut (5.52)
21123 e 30 ba(tor) Xoney an(tor)er s | |

The first term in (S.52) has second moment

T t—1
471 Z Z
t,s=1 1

S— o0 o0

1
n_lm_l Z Z bk (wO,T)bl (¢O,T)E(gtgsut—n—kus—m—l)
1

n=1m= k=t—nl=s—m
T 00 o) o lNe's)
= 47" IZ Z n~tm™! Z Z bk ¢0T bz %T ZZCLT %T Qyq Y%T)Utat k—n—r0t—l—m—q
t=1 n,m=1 k=t—nl=t—m r=0 gq=0
(m(t,t,t—k—n—rt—l—m—q)—i—@(tt)ﬁg(t k—n—rt—101—m—q))

T 0o 00
< KT~ 12 Z n~tmt Z Z bk (Yo.7) |01 (Yo,r) |ZZ|% Yo,r)|laq(or)|
t=1 n,m=1 k=t—nl=t—m r=0 ¢=0
T t-1 o) 00
KT Y am Y Y ke
t=1 n,m=1 k=t—nl=t—m
T

T
SET'Y ) n'm i (t—n)"(t—m) S KTTY P < KT 0,

t=1 n,m=1 t=1

where the first two inequalities use Assumption 1(a)(iii),(b) and (5), and the fourth
inequality uses Lemma A.4. The second term in (S.52) has second moment

T t—1 s—1 co 00
4T 2—1; bn %T m(Yo,1) kzIZClk(wo,T)al(%,T)E(éfté?s%?tk€sl)
T

T

Wb_ﬂg iM

using Lemma A.2, Assumption 3(iii), and (5). Thus, each of the terms in (S.52), and
hence those in (S.51), converge to zero in Ly-norm and therefore in probability.

Because y; -1 is measurable with respect to the sigma-algebra F;,_; := o({es,s <
t —1}), it holds that vy, := 27'/%¢, Zf;ll Eonttn = 2T V20,2 22;11 Con0t—nZtn 1S a
MDS with respect to the filtration ;. To apply the central limit theorem for martingales,
see Lemma A.1, we first verify the Lindeberg condition (i) via Lyapunov’s sufficient
condition that Zthl El|v¢][*T¢ — 0 for some € > 0. Thus,

t—1 t—1 2+-€
€ € € € € 1/(2+€)
T PE|on|[* < KE <|Zt\2+ O léomlllze—nl)* ) <K <Z [1€0.nll (B(122]2-n])**) >
n=1 n=1
2+4¢€

t—1
<K (z ugo,nu) < K(log T
n=1

using Assumption 1(b), Minkowski’s inequality, (S.50), and Assumption 5 with e chosen
such that 2¢ +4 < 8. Tt follows that 3./ Eljvp|[*** < KT~</*(log T)** — 0.
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Next, we verify condition (ii)(a) of Lemma A.1. The sum of squares of vy is

t—1
47" Z Oy Zt Z 50 n€0 mIt—nO¢— mRt—n<t—m

n,m=1

t—1
=4T" Z Oy Z &] ngo mOt—nOt—mTnm (853)

t=1 n,m=1
T t—1

+ 4T_1 Z O-tQ Z £Ovnév(l)ﬂno-t_n0-75_"71(2132’2’(15—71Z15—’m - Tn,m)- (854)

t=1 n,m=1

The second moment of the (i, j)’th element of (S.54) is

T s—1 t—1
167 Z i} Z Z(go,m)i(&),n)j(&),k)i(SO,Z)jas—nas—mat—kat_lCOU(Z?Zt_kzt_l,Zgzs_nzs_m)
t,s=1 n,m=1k,l=1
T s—1 t—1
< Z Z Z | (zz?zt—kzt—l’ Zgzs—nzs—m”
t,s=1n,m=1 k,l=1
T t— t—1
= Z Z > omlll€onllll€osl11olllCOV(E 2t nzt-m, 221 k200)] (S.55)
t=1 nym=1k,l=1
— s—1 t—1

Z Z [1€o,m €0l [1€0,k1€0. | |Cov (2 24—k 211, 22 Zs—nZs—m)|-

t=2 s=1 n,m=1k,l=1

(S.56)
For (S.55) we find the simple bound

KT~ Z <Z waH) < KT '(logT)* — 0
t=1 =

using (S.50) and that z; has finite eighth order moments by Assumption 5. The covariance
in (S.56) is a combination of the cumulants of z; up to order eight, where, apart from the
eighth order term, each term is a product of two cumulants whose orders sum to eight.
For the term with the eighth order cumulant we find the bound

T t—1 s—1 t—1
T72Z Z|K'8ttt _Z,S,S,S—H,S—m)ngTflé()

t=2 s=1 n,m=1k,l=1

by Assumption 5. There are no seventh order cumulants in (S.56) because they would be
multiplied by a first order cumulant, which is zero. For the terms with products of sixth
and second order cumulants we find, for example,

-1

Yy S S s

t=2 s=1 n,m=1k,l=1

t-1 s—1 t—1
( |ke(t,t, s, 8,8 — n,s—m)]) (Z|’§o,k’|2> < KT '(logT) — 0
k=1

s=1 nm=1

~+~
|
_
»
|
H.

(t_ kat—l)"f6<tat75>573 -n,s —TTL>|

29



by (S.50) and Assumption 5. Another example is

T t—1 s—1 t—1
T2 30 > omlllléonllllokl[€oalla(t, 6)|re(t =kt = 1,5, 5,5 = n,s —m)]
t=2 s=1 n,m=1k,l=1
t—1 t—1 t—1—k

< KT7?

]~

Yo NeomllliéonlllléonlPlre(t =kt —&,5,5,5 = n,s —m)|

k=1 n,m=1 s=max(n,m)+1

T t-1 t—1 s—1
+ET2Y Y > > Neomllll€onlllléon!ll[€oalllrs(t — kit =15, 5,5 —n,s —m)|

t=2 k,l=1s= t—min(k 1) n,m=1
t—1—k

t_
S KT~ 22 H&)k” Z Z |H6(t_k)t_k787878_n’8_m)|
t=2 k=1

n,m=1 s=max(n,m)+1

t

[|
N

T—1t-1 sth—1  s—1 -1
+KT72ZZ||§OJ€|| Z szﬁt—kt l,s,8,8 —mn,s —m)|
s=1 k=1 t=max(k,s)+1n,m=1 I=k

using Lemma A.2 and symmetry. Here, both terms are clearly O(T(logT))) by (S.50)
and Assumption 5. The remaining products of sixth and second order cumulants, as well
as products of lower order cumulants, are treated similarly, thus proving that (S.56) and
hence (S.54) is 0,(1).

By Lemma A.5 with gt,m = Tom, (S.53) is, apart from a o(1) term,

AT Zat Z §0n£0m7nm—4T Zat Z fOnmeTnm AT Zat Z £0n£Oanm7

n,m=1 n,m=1 n,m=t

where the first term on the right-hand side is 4407~ Zt Lot = 4Ap fo s)ds and the
second term on the right-hand side is bounded by KT ! Zt 1 Dt |10l | | |§0 ml||Trmls
which converges to zero because it is the Cesaro mean of the sequence Y [|€o.4|[l[§0.m!|7n.m|;
which itself converges to zero as ¢ — oo since it is the tail of a convergent sum, see As-
sumption 1(a)(iii) and Remark 4.6.

It follows that the sum of squares of vy, satisfies

t—1

1
4T ZUt Zt Z §0mE0nTt—mOt—nZt—mZt—n —>4A0/0 (s)ds. (S.57)

m,n=1

Hence, by the central limit theorem for martingales, see Lemma A. 1 we have Sp —
N(0,4A fo (s)ds) and therefore also T1/2MZOT) % N(0,4A, fo (s)ds) by (S.51).

S.5.2.2 Convergence of the Hessian The second derivative in (S.49) is tight (stochas-
tically equicontinuous) by Newey (1991, Corollary 2.2) if its derivative is dominated uni-
formly in d € D3, € Ns(1hy) by a random variable By = O,(1). From Lemma B.3 with
u = us = d—dor > —1/2 + ko/2 (for T sufficiently large) and U = Nj(vh) (noting
that only summability of the linear coefficients is assumed in Lemma B.3 and this is
satisfied uniformly on Nj(ty) by the derivatives of ¢,(¢)) by Assumption 6) it holds that

Br = SUD e py e (o) |6388(T;)0 | = O,(1), showing that the second derivative in (S.49) is

tight. This result, together with |§ — 67| 2 0 (Theorem 1), implies by Lemma A.3 of
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Johansen and Nielsen (2010) that the second derivative in (S.49) can be evaluated at the
true value, 0y . Hence, we examine

0*Qr(fo,r)

9000’ =27~ Zet QQT yQt 1+2T Zylt 1y1t 1

t=1

and by the same argument as for the score, it is enough to consider Hy := 271 Zthl EtYat—1+
271 Zthl yl,t—lyi,t_r Because 95— is measurable with respect to F, €921 is a MDS,
and it has finite variance such that the first term of Hr is 0,(1).

The second term of Hr is 27T~ 121: 12 150 n€t-n&0mEt—m, Which converges in
Lo-norm, and hence in probability, to 2B, fo s)ds exactly as in Section D.2.2 (just
replacing & with &,).

S.5.2.3 Proof of (17) To prove the result for A we write

T ~ ~ ~ A
A _ 8&(9 (3'2) 8&(6 O' c%t ‘9 (%t(@)
A — T 1 ) ) — T
; 20 o0 Zét 06
T A A
1 _ ~ 28815(0) 88,5(9) 1 2~ ~
== (T 1;&(9) 5 a5 T ;gt(em D19t (S.58)
1 T T
+ 5 T Z 5t(00,T)2fg1,t—1g17t—1 -7 Z S?yl,t—lyll,t—1> (5.59)
=1 t=1
1 T
+ gT_l ; gtzyl,t—lyll,t—l' (S.60)
First of all, 62 = Qr(0) 5 Q(6,) fo s)ds by the uniform convergence in (S.48),

Theorem 1, and Johansen and Nielsen (2010 Lemma A3).
Next, we decompose the (i,7)’th element of (S.58) and apply the Cauchy-Schwarz
inequality,

T A A T A A
0e,(0) 0g,(6) 1 __ 0g4(0) 0g4(0) . o
T 1 Z et(0)° — (0o T) ) 20, 09; + ET 1 ;&,(90 T)2 20, 89;- —Yt-1iY10-1,5
T 1/2 T R o\ 2\ V2
1 _ A N Oei(0) 04(0)

< — |7 (at(e)Q—gt(eo,T)Z‘)Q) T ( : , (S.61)

T 1/2 T R R 2\ /2
1 _ _ 5’&}(9) 8&(0) “ N
1 (T 1 tzlgt(907T)4> T 1 tzl ( 90 o0’ - yl,t—lth—l . (862)

The proofs for (S.61) and (S.62) are nearly identical, so we give only the former. The
second large parenthesis in (S.61) is O,(1) by Lemma B.3. By the mean value theorem,

T il d e, (0)
T 12 > —&(bor)?) —429 — Oor))T ! > —e(0or)?) a
t=1

t=1




for an intermediate value, #, between 6 and o, r. By another application of the Cauchy-
Schwarz inequality,

T Oe 9 T T 9e @
T 12 —€t QOT)) t T 12 —€t 90T 1/2 Z t 1/2
t=1 t=1 t=1

which is also O,(1) by Lemma B.3. Because (6; — 6p.1;) = O,(T~"/?) by Theorem 2
and 6* 5 (fol o?(s)ds)?, it follows that (S.61) is 0,(1). Next, (S.59) is negligible by the
exact same argument as in the proof of (S.51), and ﬁnally (S 60) is 6‘4 S vph /4D
fo s)ds) 24, fo s)ds = AAg by (S.57) and using 62 fo s)ds. It follows that

A —> >\A0
For the second result we find that

- #Lr(0,6%) 1 82Qr(0,6) , 1 by
B=— ’ = - 2B ds =B
9000" %2 0606 9 T2 (s)ds /0 o (s)ds = Bo
by the proof in Section S.5.2.2 and using 62 5 fo s)ds. Finally, it now follows

straightforwardly, using Assumption 7 and Slutsky’s Theorem, that C' % Cp.
S.5.3 Proof of Theorem 3
Consider first the Wald statistic. From (16) of Theorem 2 we find, under H; r, that

VT(M'6 —m) 5 N6, M'CoM).

It follows by (17) and the continuous mapping theorem that Wy - Y'F,Y. For the
robust Wald statistic, the result follows in the same way by Theorem 2 and the continuous
mapping theorem. Finally, the proofs for the LM and LR statistics apply standard mean-
value or Taylor series expansions; for a textbook treatment, see for example Hayashi
(2000, Section 7.4).

S.5.4 Proof of Theorem 4

Again, consider first the Wald statistic. Under the fixed alternative H; in (3) the true
value is 6, i.e. 09 = 0, and is such that M'0y = m # m. From Theorem 2 we then find

VT(M'G —m) + VT (m —m) = N0, M'CyM).
Since B % By by (17), it follows that

(\/_(m m) + Oy(1))' (M'By ' M + 0,(1) " (VT (m — m) + Oy(1))
T(m —m) (M'By ' M) (m —m) + O,(T"?).

The proofs for the LM, LR, and robust Wald statistics again follow by standard expan-
sions.
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S.6 Additional Proofs for Bootstrap Estimator and Tests
S.6.1 Proof of Lemma D.1

Recall that &,; = &,(0) — T~ Zs 1Es(0 )) and decompose as
T T T A
Tt Z(éit —e) =71 Z(st 24 (Tt 255(9))2 — 25,(0)T Zes —e2)?
t=1 t=1 s=1
T A T ) A T A
=T (@) =)+ (T () +477 Z e(0)X(T7) el(0))
t=1 s=1 t=1 s=1
(S.63)

+ cross product terms.

The cross product terms are asymptotically of the required order by the Cauchy-Schwarz
inequality, after dealing with the first three terms on the right-hand side.
First we write £,(0) = €:(0) — e1(6o.1) + €:(6or) — €1 + €, and find that

T T T T

T (eu(0) —es(or) + T (ea(bor) — ) + T es, (S.64)

s=1 s=1 s=1 s=1

N
L
Q)
»
S
D>
N—
I

where the last term is clearly O,(T~/2) under Assumption 1. Using (6), the second term
of (S.64) is T1 ZST:1 > b (Yo 1) Us—m, which has zero mean and variance bounded
by

T
CTZZZZ’? (Wo.r)bn (o) <CTQZZZm Ty s <l

t,s=1 m=s n=t t,s=1m=s n=t t,s=1

see (5), so that the second term of (S.64) is O,(T~') by Las-convergence. For the first
term of (S.64) we apply the mean value theorem,

T

T Z (es(8) — es(Bor) = (0 — o) TS 8&529)’

t=1

where 0 is an intermediate value between 6 and 6o, T By the Cauchy-Schwarz inequality
and Lemma B.3, T~ 37 aat(e <(T'2- 1(65t ))Y2 = 0,(1) when d is close to do.
Since (0 — 0g.1) = O,(T~'/?) by Theorem 2, this shows that the first term of (S.64), and
hence (S.64), is O,(T~/?). Because T-' 3] £:(0)? = 0,(1) it follows that the second
and third terms of (S.63) are both O,(T~!) such that we are left with the first term on
the right-hand side of (S.63).

To deal with the first term of (S.63), we again write ,(0) = &,(0) — e, (6o.1) +e:(6o.1) —
e; +&¢ and find that

T T
Tt Z(Et(é)Z — e =T" Z e(0) — e¢(0o1))* Z et(bor) — €t ) (S.65)
t=1 p—t

+ cross product terms.

Again, the cross product terms are asymptotically of the required order by the Cauchy-
Schwarz inequality, if the first two terms on the right-hand side are dealt with. Using
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(6), the second term on the right-hand side of (S.65) is 7! Zthl(Z;'f:t b (Vo 1)t—m)?,

which is a non-negative random variable with mean

00 T 00 T oo
T_le me ¢0T utm S Zme ¢OT SCT_IZZ —2- C
t=1 m=t t=1 m=t t—=1 m=t
T
<Ay <

t=1

see (5), which shows that the second term of (S.65) is O,(T~') by L;-convergence. For the
first term of (S.65), we apply the mean value theorem followed by the Cauchy-Schwarz
inequality,

T Z €t — €t 90T))4

p+1 T §
— 42 — Oor) T ((ee(0) — 8t(90,T))38€8tg(i9)

p+1 T 12 . T
<42 (6:=tor) (T*Z«et(é)—et(eo,ﬂf) (TZ(aae(e))> ,

t=1 t=1

where @ is an intermediate value between 6 and o r and T Zle((at(é) —&i(0p7))% 1s at
most O,(1). Since 77130, (%4 9)) — 0,(1) by Lemma B.3 and (0 — 0y.7) = O,(T~/?)
by Theorem 2, this shows that the first term of (S.65) is O,(T~'/2), and hence completes
the proof.

S.6.2 Proof of Lemma D.2

The proofs for the two cases h = k+ 1 and h < m — 1 are identical, so we give only the
former. First apply summation by parts,

k T kT
Z%(@ Z E1—jCl-k1 = Ak(0) Z Z HEN T
t=k+2

j=m Jj=mt=k+2

N

-1

=D 1@ =20)) Y > et jeiias

g=m j=m t=k+2

which implies that

k kT
E*sup |y A Z €1 j€i-k-1] < SupMk ONE" D> > erseiia
O |j=m t=k+2 j=m t=k+2
k—1 q T
+sup Y A1 (0) = M(OIE" > Y i jei|-

9 g=m j=m t=k+2

34



Next notice that, by Jensen’s inequality,
kT 2 kT 2
GDIPIEEIN| L0 3 EE I
j=m t=k+2 j—mt—k+2
k
Z Z Z Z E*(ei_jeh_ 8 —k—1E0—k—1)

j=m j'=mt=k+2t'=k+2

kK T kK T
— *( k2 _*2 _ ~2 A2
=2 § § E (5t7j5t7k71) =2 § § Cet—i€et—k—1>

j=m t=k+2 j=mt=k+2

where, by the Cauchy-Schwarz inequality,

kT k T kT
Z Z 521: —j ct k=1 S Z Z Agt ;) 1/2( Z éit—k:—l)l/Q < Zzéit = (k=m+1)0, (T).
Jj=mt=k+2 j=m t=k+2 t=k+2 j=m t=1
Therefore,
k k—1
B sup 37 0> e < sup WO 20,T2) + 50 3 [Ny 12 (6) = A, (0)]a 20,
j=m t=k+2 a=m

k
O (T1/2k9+1/2 +O T1/2 Z:qg—l/Q7
g=m

which proves the result.
S.6.3 Proof of Lemma D.3

Reversing the summations, we find M}, (u) = T2 320 () S () S 1€t n€h—m>
and we apply Lemma D.2 with g = —1/2 + &,

-1 T
E*  sup Zﬂm(—u) Z e er =0T,

lu+1/2[<k m=N t=m+1
which implies that

E* sup  [Mpnr(u)| < sup 17 Z|7Tn w)| O, (TY*T7) = O, (N"H/2r=1/2),
lu+1/2|<k lu+1/2|<k

50 that sup, o<, [T7" ZtT:N+1 wi,wy,| = 0y(1), in probability, by setting N = T with
a < (1/2-r)/(1/2+ k).
Next, we decompose M yr(u) as

T N-1

finp(w) =T Z Zﬂn 22, —0l) (5.66)

t=N+1 n=0

+ 771 Z Z Tn(—U) T (—U)E}_ 67 s (S.67)

t=N+1 n#m=0
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where

N-1 T
E* sup |[(S.67)= sup Z |70 (=) || 7o (=) | B | T 1 Z € nEi—m
jus1/2/<n fut1/2<n , S ot
N-1
<c Z n/{—1/27n;~§—1/20p(izw—l/Q):Op(]\[2.'-€—&-17v—1/2)7
n#m=0

with the first inequality following from (D.57). Thus, E*supy, s <, [(S.67)| = 0,(1)
when N =T with o < 1/(4k + 2). We decompose (S.66) as

(5.66) =T > Y m(—u)(s2, —£2,,) (S.68)
+T7 DY) ma(-w)iE,, — ) (S.69)
+T7 Y ma(—w)i (e, —or), (S.70)

and show that each of these terms are asymptotically negligible (in the sense of p—*>,, 0).
First,

N-1 T
E* sup [(S.68)| < sup Tn(—u)?E* T (&2, —€2ien)
fut1/2|<n fut1/2|<n ; tz%l
N-—1
<Y 00T = O(NFT V),
n=0

where the second inequality follows by (D.32). Thus, E*supj,12< |(S-68)] = 0,(1) for
N =T with a < 1/(4k).
Next, using €; = 024,

T

(E Til Z O-t27n<zt27n - 1)

t=N+1

t,s=N+1

T
< T2 Z kgt =yt —n,8—n,s —n)| < cT7!
t,s=N+1
by Assumption 1(a)(iii),(b). Thus,
N-1
E sup [(S70)<c sup > m,(—u)’T ' =O(N>T/?),
|lu+1/2|<k lu+1/2|<k

such that sup,;q/9)<, [(S.70)] = 0,(1) for N =T with a < 1/(4k).
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For the term (S.69), we apply the Cauchy-Schwarz inequality,

N— T 1/2
(569 < 3" ( S <>) |

n=0 t=N+1

where the last term is O,(T~'/?) by Lemma D.1, uniformly in n = 0,..., N — 1 and
N =1,...,T — 1, and the first term satisfies sup,,, /o<, SV (—u)? < eN?¢. Thus,
SUD|, 41 /2/<x (5-69)] = Op(N?**T~1/2) which is 0,(1) when N = T with a < 1/(4x).

S.6.4 Proof of Lemma D.4
The bootstrap residual is

t—1 t—n—1
= b )AT N an (e
n=0 m=0

= b (AT an (e, = AL (1),
n=0 m=0

where the first equality is the definition in (25), the second is because € = 0 for ¢t < 0
in step (iii) of Algorithms 1 and 2, and the final equality is by definition of €;(¢)) and
¢(L,v), see (D.6) and (D.7). The results (D.13) and (D.14) are trivial consequences of

g1 (0) = AT e; (v).
S.6.5 Proof for remainder in Eqn. (D.17)
With M (d) := T4 ST (A9=9e)2 we find from (D.16) that

0o 2 2
2(d— d)z Ai d t _ (Z 5n(¢)) M* 4 2= d)Z( Ad—d—&-lg:—n)
n=0
] T ]
+9 <Z ¢ > T2 (d—d) Z i : Z e, w)AifCZlegzln
n=0 t=1 n=0

such that (because the second term on the right-hand side is non-negative)

air(0) = (i )T“ g ZA‘i d€?2‘ ()AL e,

n=0 n=0

T 1/2
<2 <Zc ) )/ <T2<d R Zan( YA n)?) (S.71)

using the Cauchy-Schwarz inequality. The term in the first parenthesis satisfies 0 <
|30 o én(¥)] < oo almost surely uniformly in ¢ € W.

Next, we show that M:(d) = O;(1), in probability, uniformly in d € D;. For the
pointwise argument, first note that

T t—1
E*My(d) =T " " mj(d — dym(d — d)E* (574
t=1 j,k=0
T t—-1
THEDN"N"7i(d - d)*eR, ;= THD Z (d—d)*T™! Z S
t=1 j=0 j=0 t=j+1
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where the second equality follows by uncorrelatedness of ¢}, conditional on the original

data, the third equality by reversing the order of the summations, and where 7! ZtT: i1 éit_ =

O,(1) uniformly in j =0,...,7 — 1. Thus, by Lemma A.3,

S
S
—

E*My(d) = O,()T ™! (J/T)2(d <o,y (/1)

<.
I

o
<.
Il

o

where the inequality applies the definition of Dy and 7! Z S (/7)1 f u Ry <
oo because —1 + 2x; > —1. Thus, Mi(d) = O;(1), in probablhty, pointwise for any
d € D;. To strengthen this to hold uniformly in d € DI it is sufficient to show
that M:(d) is tight (in probability) as a stochastic process on the space of continu-
ous functions indexed by the parameter d. Using the mean value theorem, the tight-
ness condition in (D.19) is satisfied by the same proof as the pointwise proof that
M:(d) = O;(1), in probability, except the derivative means we apply (A.2) from Lemma
A.3 and find T! Zfz_ol(j/T)_H%l(l +loglj/T]) — fol w1251 (1 + log |u|)du < oo be-
cause —1 + 2k; > —1. It follows that the second term on the right-hand side of (S.71),
i.e. Mi(d), is O;(1) in probability, uniformly in d € D;.
The term inside the second large parenthesis in (S.71) can be rewritten as

T 00 t—1
T2(d7d) Z Z n Z 7-['j d d— 1 Wk(d d— )5:_j—n5:—k—m

t=1 n,m=0 7,k=0
. -1 T
— T2(d=d)+1 Z W)Y mid—d=Dm(d—d=DT" Y & e
n,m=0 7,k=0 t=max(j,k)+1
Taking the supremum we find the bound
T-1 T
sup T2+ Z En(@)em(@)] Y Imy(d=d=1)m(d=d=1)[ [T~ Y & i,
€61 n,m=0 J,k=0 t=max(j,k)+1

(S.72)
which is 0j(1), in probability, thereby implying that sup,eg, [(S.71)| = 05(1), in proba-
bility. To see that (5.72) is 05(1), in probability, note that

T T
* -1 * * —1 A ~
E™ T E : 6t—j—ngt—k—m <T E : |5c,t—j—n||5c,t—k—m’
t=max(j,k)+1 t=max(j,k)+1
1/2 1/2
T / T / T
-1 2 : ) -1 } : ) 712 : )
S T gc,tfjfn T gc,tfkfm S T gc,t'
t=max(j,k)+ t=max(j,k)+1 t=1

Then (S.72) is a non-negative random variable with (conditional) expectation

00 T-1 T
sup T 7 o @)en(@)] 3 yld—d = Dreld—d = DT D22
€61 n,m=0 k=0 t=1
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where Y7 |¢,(1)| < oo almost surely uniformly in ¢ € U. This leaves the bound

* sup 7249 Z V)AL dHlgr )2 < ¢ gup THA-D+ (Z |mi(d —d —1)] ) Z

e, t=1 n deD;

Q,M8
’ﬂ

= O, (sup T2 =D+ Z 0, ((log T)*T %)
dEDl
by application of Lemma A.3.
S.6.6 Proof for remainder in Eqn. (D.18)

By independence (conditional on the original data) of £f we find ZtT:l EX(U2\Fr,) =
T2A=d=1/2) Sy (d — d + 1)%€2,, such that

T
QQ7T(d) = T2(d_d_1/2) Z WT_t(Cz —d + 1)2(ég,t - 6?) (873)

t=1

T
ST (= d 1) = T D (= d 1)) (S.74)
t=1

T
+ TN (d - d 1) - Vi), (S.75)

t=1

Applying the Cauchy-Schwarz inequality, (S.73) is bounded as

1/2 T 1/2
|(S.73)\§<T4dd Zthd d+1)> <T12(52 &?t)> ,

t=1

where the term in the second parenthesis is 0,(1) by Lemma D.1 and the term in the first
parenthesis is bounded (uniformly for d € D;) using Lemma A.3 as ¢7—1 30, (Z2t)4Hd-4) <
T~ 1Zt 1<T t>2+41€1 < c.

To analyze (S.74), we apply the mean value theorem and note that the derivative of

F(d) == T2/ (4 — d + 1)% is bounded as
‘af(d>‘ < C(1+10g|T tDTZ(d d— 1/2)(T_t)2(d7d)

using (A.2) of Lemma A.3. Then, (5.74) = (d — d") Y|, ai;;d 2, where d is an interme-

diate value between d and df. For any € > 0, |d — d] < € with probability converging to
one, so that

T

sup [(S.70)] < |d — [T 37 (1+ log | Tt (B -2
dEDl —1
<|d—df|T! th_ (1d — d|) = 0,(1).

Finally, (5.75) is 0,(1) by the same argument as the corresponding term in Section
S.5.1.2.
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S.6.7 Proof of Bound for R, (0,7) in Eqn. (D.21)

To bound R%(0,1) we note that the summation over n can be truncated at n =t — 1
because €f = 0 for t < 0, and we decompose as

T t—1 t—1 t—n—1
Ryp(0,9) =T Y Y mi(—=0)ei_; > () Y mn(—0— Dej_,
t=1 j=0 n=0 k=0
T t—1 7j—1
=T N " mi(=0) Y e (W) mon(—0 — 1)e}?, (S.76)
t=1 5=0 n=0
T t-1 t—1 t—nm—1
TN w0 Y EwW) Y m(-o =Dl ey (ST7)
t=1 j=0 n=0 k=j—n+1
T t—1 t—1 j—n—1
+ TN T mi(=0)er ;Y (W) Y m(—0 — Dej, 4 (S.78)
t=1 j=0 n=0 k=0

We give the proofs for (S.76) and (S.77) only, since the proof for (S.78) is the same as
that for (S.77). Reversing the summations,

T-1 7j—1
(S.76) = > " mi(=0) > () mjon(—0 — )T Z e,
j=0 n=0 t=j+1

where T—! ZtT: i er? ; = O;(1), in probability, uniformly in j = 0, ..., T —1, which leaves
the bound

T—-1 Jj—
sup [(S.76)| < sup cZ] Z C. ()| (j —n) " 20;(1)
0€s (SR ——
-1 T—
= sup cZ|cn Z (j —n) 720 o(1) = 0,(1),
€02 n=0 j=n+1

in probability, using Lemma A.3 and that Z:;é |en(1)] < 0o almost surely uniformly in
Y ew.

. T—1 — T-1 ~ k—14n ~ T * *
Next write (S.77) = ! Zn 0 cn (V) k=n+1 me(—0-1) Zj:0+ 7Tj(_v) Zt:k+n+1 Ct—j€t—n—k
and apply Lemma D.2 Wlth g=—1/2+ k4,

k—1+n
Esup | S mi(=0) > i jeri| = Op(T 2 (k +n)™),
deDz | =g t=k+n+1

and hence

-1 -1

“sup [(S.77)] < sup T~ 1/QIZ% )| ST K2 (k4n)M 0, (1) < O, ((log T)T™ 211/,
because 3271 |¢,(1)| < 0o almost surely uniformly in ¢ € ¥. Thus, Supgee, |(S.77)] =
05(1), in probability.
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S.6.8 Proof of variance of (D.63)

The variance of the (i, j)’th element of (D.63) is, apart from an asymptotically negligible
term due to (D.64),

—1 -1
Z Z Z (fz)ﬂs mOs—n0t—kOi—|

t,s=1m
X [E(Zs mRs—nft—k~t— l) _E(Zs mes— n)E<Zt kRt— l)]
s—1 -

< KT~ Z > Z R MEENIE N E (Zsmm2s—nzer21-1) = E(Zs-mzsn) E(z1-rz-0)];

t,s=1m,n=1 k,l=1

using Assumption 1(b) to bound the o,’s. Here, the expectations are zero unless the two
highest subscripts are equal (Lemma A.2). By symmetry, we only need to consider three
cases as follows.

Case 1) s—m =s—n=1t—k=1t—1, in which case the expectations are uniformly
bounded by Assumption 1 and we find the contribution ¢7231 (3220, [|€1]]?)? <
¢TIt — 0 using (D.39).

Case 2) s —m =s—n>t—k >t—1, where the contribution is

T s—1 t—1
T2 NS PG Ra(s = nys = n,t — Kt = 1)
t,s=1 n=1 k,l=1
T s—1T-1
<y ETT12]168 | Z Zm s—n,s—n,t—kt—1)|<cT logT) =0
s=1 n=1 k=1 t=k+1 =1

using Assumption 1(a)(iii) and (D.39).
Case 3) s—m =t—k > s—n >t—I, where we distinguish between the two subcases:
Case 3a) s —n =t — [ with the contribution

T s—1
r? Z Z ||57Tn| | \&U | ’fz:r—s+m| | |f;r—s+n| | T—m,n—m

t,s=1 m,n=max(0,s—t)

< I Z Z ELINEIE o mlll[El il < T (log T)* = 0,

t,5=1 m,n=max(0,5—t)

where we once again used Assumption 1(a)(ii) and (D.39).
Case 3b) s —n >t — [ with the contribution

s—1 t—1

I ZZZIIST||||€T||||€k||||€z|||ff4(8—m s—m,s—n,t —1)] < cT*(logT)* = 0

t,s=1m,mn=1 [=1

as in Case 2).
S.6.9 Proofs of Theorems 7 and 8

These results follow from Theorem 6 in the same way that Theorems 3 and 4 follow from
Theorem 2.
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