Supplemental Material for “Statistical mechanics of transfer learning in
fully-connected networks”

I. SETTING AND NOTATION

The output of a one-hidden layer fully connected network given a data point € R™ is:
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with ¢ a non-linear function. We will use erf as an example of a symmetric, saturating function: generalization to
other nonlinearities is straightforward. Given a dataset of inputs and outputs D = {X,y}, with X the usual design
matrix X = (X),;, the loss function reads:
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where 6 = {w, v} is a shorthand for the collection of first and second layer weights.

We consider the learning problem of a one-hidden layer target network whose first-layer weights are coupled via a
parameter y to those of a previously trained source network. Let us consider three datasets X, X;, X, of size P, P,
P., respectively the training set for the source and target task, and test set for the target task, with their respective
outputs ys, yt, Yr-

Performing the quenched average over the source posterior weights of the log-partition function of the transfer
weight, we get to the following expression:

Nif = Zis/dus (ws)e—ﬁsﬁs(ws)log/dut (wp) e BeLe(we) = Flwa—uw | o
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is the source partition function. To deal with the log, we make use of the replica trick:
log Z = 71111)% A o

and we write the transfer free-entropy in terms of replicated variables as
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Eq. (7) represents a single-instance generalization of the classic disordered-averaged Franz-Parisi approach, originally

developed to study metastable states in spin-glasses. We can employ f to compute the posterior average of relevant
quantities, such as training error, weight norms and distance across weight matrices, using simple differentiation:
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The calculation of the generalization error is slightly more involved: we introduce and additional term 3,L. ({w:})
in the target Hamiltonian, where £, ({w:}) = %Zf;l [y — ¢ (8;, x)]? is the loss computed on a test set composed

of P, patterns, and evaluate the test error with the expression e, = (£,) = —%857f\5T:0.



Generalization to a one-hidden layer convolutional neural network The output of a one-hidden layer convolutional
neural network (CNN) with filters of size M and stride S can be written as:

No/S N.
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Very few changes are in order to generalize our calculation to the case of a shallow CNN, which we will thus highlight
along the way.

A. Notation

We use the 0 index for all weights and parameters involving the source, thus denoting the prior inverse variances
in each layer [ as )\? = X;; and A} = Ay for @ > 0. We thus treat (a, ) as a multi-index over a construction with
concatenated source and replicated target inputs [X,, X, ...X}], and trust the context to make the summation over y

—
n
clear. The same is done for the inverse temperatures, i.e. we have 62 = Bs and B} = B for a > 0. All sums over a
will implicitly run from 0 to n, unless specified by the subscript.

We will denote by 1,, the identity matrix in dimension m, the vector (eﬁn)i = ;5 is the canonical base vector and
(Im); = 1 the constant vector of value 1. We will usually drop the subscript when the dimension m is implied by the
context. We denote by N (h;m,C) a Gaussian distribution with mean m and covariance C' over the vector h. All
subleading factors will be discarded to reduce clutter.

II. TRANSFER LEARNING IN A ONE-HIDDEN LAYER NETWORKS

Our aim is to compute the following replicated partition function:
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We expect that the final form will read
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with Q and Q a set of order parameters whose values will be determined by saddle-point equations. The O (1)

~ h
component ¢ 25:(Q::Q:) of the replicated partition function Z™ only depends on source order parameters and will
cancel out with the term Z; ! at the saddle point.

A. Integrating first layer weights

Introducing the definition for the first-layer replicated pre-activations th = ﬁ >, wgal®, we have:
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Let us isolate the dependence over the first layer pre-activations A in the function :
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where we have defined the following coupling matrix:

Asi =Y =Y . =Y
- )\t,l 0 ... 0
Al = - 0 )\t,l (16)
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and Dw = [],,; dwi;. We thus write compactly:
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and integrate over the weights
(18)

with the definitions

Qk:z - th,k:x,uz (19)

Al _ e—% log det A ) (20)
We can write Z” in terms of the zero-mean, Gaussian distributed variables thv whose covariance matrices C' read,
for each k:
Crw = (Wihiw) = Ay Criy (21)
where C“b are replicated input covariances:
1
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We thus have:
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with Dhy, Dy, = [,,, dhfy, I1, dv.
Generalization to a 1-hl convolutional neuml network In the case of a convolutional layer, we would operate in the
same manner and find ¢%,, = ﬁ > i lm:c Siem- Note that variables ¢ carry an additional index c for each patch,

so that Qg is an N, x N, dimensional matrices, with N. the number of patches. The inter-patch input covariances
reads:

Cobid = <h“ hb;) = (A1) e (24)

nz ni' vy

ab,ij
Civ = 7 szﬁm T - (25)



B. Integrating readout weights

Introducing the definition of the readout outputs s, => F (h ) with appropriate § functions, we obtain an

expression of the form

VAR WAN /Dsw (s) (26)
where
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with the shorthand DsDs = []
weights, we have:

apk sy dSy- After a straghtforward integration over the uncoupled second-layer
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where we have introduced Ay = e~ 2 19842 yging the second-layer coupling matrix

X2 0 0 .. 0
0 M2 0 .. 0
Ao=| 0 0 No oo o |- (29)
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We are now ready to employ the factorization over the first hidden layer index k and consider the Gaussian variables
hj;,. Following the same strategy of Refs. [1, 2], we perform a self-consistent Gaussian approximation on the set of

. —a 1 —a a\ : . . g . i
variables ¢% = Ve > uSHo (hu) in replica space, with order-parameter covariance matrix:

0" = (g'¢") = > KL (30)
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and kernels:

Ky, = (o (hy) o (h‘i)>N(h;o,C) (31)
The relevant replicated kernels are
Ky =(0 (h)o (h3)>N(h707 ) (32)
Kty = (o (b)) o (h5)>/v(h;o,c) a>0 (33)
Ky = (0o (hy) o (hZ)>N(h;O,@) a>0 (34)
Kty = (o (h%) o (hﬁ))N(m sy a#biab>0 (35)



with order parameters:

Qs =% (36)
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Q=0 a>0 (38)
Qu=20" a#b ab>0. (39)

Note that, at this stage, the kernels explicitly depend on the replica number n. Introducing the definitions of the
order parameters with the help of appropriate § functions and conjugate parameters Q, we finally obtain:

Z" = AlAQ/DQ’DQe%Tr(AzQQ)—%logdet(1+Q)
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where KC is the renormalized kernel K“b Q“bK ab and (/~\2) = /A2\S. To simplify notation, we introduced a

replicated vector (s), , = sy, for the readout variables and targets yy;,» and correspondingly for the diagonal matrix

ap
B“b containing the inverse temperatures More concretely, we have:

Blp, 0 0 .. 0
0 Blp 0 .. 0
B= 0 0 Blp, (41)
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Integrating over 5 is straightforward:

zn — AIAQG_%yTBy /DQDQG% Tr(/~\2QQ)7%10gdet(1+Q)
efésT(BﬁJC*l)ersTByf%logdctIC ) (42)
Further integrating over s, we find the final form valid for integer number replicas

- / DQDQe*5(2.9) (43)

where the finite-n action is given by:

S = —Nylogdet A; —logdet Ay + Tr ([\2 QQ) — log det (1 + Q)

~ L logdet BE — 4T 44
N, logde NI (44)
with
Y=B1'+K (45)
Generalization to a one-hidden layer convolutional neural netfwork In the case of a convolutional network, we
would operate in the same manner and find qg i\,[nN ¢ = ﬁ > i Wac Sitm» from which the replicated renormalized
local kernel ICZl; =2 Qabe‘JbW is found.

C. Source and target action

As explained at the beginning of this section, the source-only action Ss can be easily obtained from the O (1) terms
in n:



_ _ 1 1
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1
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and K, the source-only first-layer kernel:
Ko = (o (hy) U(h”»/\/(h;o,fs ) (48)
s,1

The values of Q,, Q. are taken from the source-only saddle-point equations involved in determining Z,, as in the
classic Franz-Parisi approach.

The genuine transfer action is obtained collecting the O (n) terms. The algebraic details involved in the diagonal-
ization of the Q and ¥ matrices are collected in section IT F 0a. Introducing the modified kernel matrices

1
= — 4+ QK (49)

B
AYy =% — QuKy (50)

and taking the n — 0 limit, we finally have:
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where

U =2/ As 20 2QstQst + Ai2 (Q_tQt — QttQtt)
(1 + Qs) Qtt - 7zt
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Ve =yl AST ! = 2Quyl 7 Ka ATy + Q! B0 K AR KL Sy, (55)
with A = At1 + v. The three relevant kernels for the target action are the following:
Kst,y,l/ = <O‘ (hM) g (hV)>N(}L;O,C’st) (56)
Ko v = (0 () o (h)) pr(n0.64) (57)
Ktt,u,y = <U (hﬂ) O-(hy)>./\/(h;07étt,) (58)
where the source-target and target modified covariance matrices are given by
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and the inter-replica target kernel is computed using a matrix Cy; with entries
~ ~ "’/2
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where A = A1 + 7. In the case of erf activation, we use the well known expression for the NNGP kernel [3]

2 . QCMV
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D. SP equations

The SP equations for the order parameters read

Qst
V As,2 At st = = = =
2M2Get + (1 + Qs) (1 + Q¢ — Qtt) 0 (63)
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whereas for the conjugate variables we have:
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NiAe2Qr = Tr (AS;'Ky) — . .
12Qr = Tr (ASTTKy) — Qi Tr (AS] K AST Ky
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E. Norm of the weights and generalization error

The norm of the second-layer weights can be easily obtained differentiating the action with respect to A; s:

N (Io1?) = 5 + QuQu = @i 20w (69)

As explained in section I, we can compute the generalization error by differentiating the free-energy with respect
to an additional fictitious temperature 3, coupled with a loss computed on a test set. This can be easily done by
carrying out the previous calculation with an extended target dataset obtained by concatenating the input matrices
X; = [Xy, X;] and output vectors y; = [y, y-]. Accordingly, each target block in the matrix B is extended so as
to contain P; + P, diagonal entries from the vector 8, = (B, ..., B¢, Br, ..., B-). In what follows, the kernels K ;,
P P
t T
K; and Kj; are obtained from equations (56-61) using covariance matrices from the extended dataset X;. Calling
AK = @Q:K; — QuKj; and further denoting its test-test and train-test blocks respectively as AK, and AK,,, we
finally have for the generalization error:

= %Tr (AK, — AKLASTTAK,,) + % ly- — AKE AT Yy ||” +

1 - 1 -
tht T (M K) - SQATr (S KRS +
Qstysz 'K GMKES  ys — Quyl 7 K My; (70)

where the matrix M reads:

i = (A% 'AK L AKEAYY —AYTAK,,
~AKT AR 1p. '



F. Some algebraic details in our derivation

a. Useful algebraic relations. We gather here some algebraic relations involving a block-matrix F, useful in
both layer-wise integration of weights coupling and the ensuing calculations. Given four matrices A, B, C, AC with
A eRPxP1 B e RP1*P2 and C, AC € RP2*P2_we call F the (p1 4+ np2) X (p1 + np2) dimensional block matrix of the

form:
A B B B
F_ BT C+ AC C C
— | BT C C+ AC C
BT C C C+ AC

We can easily compute its inverse by first considering its lower-right n x n block

Fo=1, 0 AC+ 11T eC

where:

Fl=1AC ' +LIleF

_ 1 _ _
F=|@c+n0)T —aCT = —(aC+n0) T OACT

We have for F~! the block structure:

]:717 -7:0_1 In®]:1
“\eF F

with the Schur complements and off-diagonal term reading:
Fo=A—nB(AC+nC) ' BT

F1=-A"'B(AC+nC—-nB"A7'B)"
Fon =12 @ AC + 1,17 @ (C = BTA™'B)

1

Fol=1,0AC " + 1,17 @ % [(ac+n7) " - ac]
F,=C—-B"A7'B.

As for the determinant of F one has:

log det F,, = (n — 1) logdet AC' + Trlog (AC + nC)
log det 7 = log det F,, + Trlog (]—"0) .

We will consider the contraction of F with a vector of the form § = (yo,y, ..., ¥):
—

n

~T 71~ - -1
GTF g =yl Folyo + 20yl Fry + ny” (AC +nF2) 'y

Deriving the final action for transfer learning involves the n — 0 limits of the previously computed quantities:

log det F,, ~ nlogdet AC + n'Tr (AC’_lc)

Trlog F' ~ Trlog A — nTr (A"'BAC™*BY)

Fol~ A 4+ nAT'BAC'BTAT?
Fi~—AT'B[ACT! —nACT! (C - BTAT'B) AC™Y]
y " Fly ~ yd Fo tyo + 20yl Fry + nyT ACT Ty

(72)

(76)



b. Layer-wise integration over weights The coupling over the replicated weights involves an un-normalized Gaus-
sian with zero and inverse covariance A

o (w; A) = JJem e i (90)
ij
such that integration over the replicated weights wy; takes the form:

[P ) [ = [ et gt o, o
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In particular, we model transfer learning with an (n + 1) x (n + 1) matrix:

(As+yn AT
A= ( e (92)
with the notation A = A, 4+ . Calling ¢ = A\, — ny?2, its inverse and determinant read:
1 Y 11T
3 Aty
logdet A = (n—1)log A +1 ~nlog (At +7) + nor—— +log A, 94
ogdet.A = (n—1)log A +loge ~ nlog (h +7) + nz2 0 +log (94)
with:
3 7 T
D=\, — Il 95
1 2
Dl==Z (1 n Jlnlg) (96)
A A + Ay

c.  Details on determinants and quadratic forms The determinant of the (n + 1) x (n + 1) matrix det (1,41 + Q)
can be easily worked out by using formulas from the previous section:

det (Loy + Q) = det O, (1+ Qs — Q2ITO;1,) =

o "2,
(14 Qt — Qu) (14 Q¢ — Qu +nQx) (1 + Qs — 140, 0u+ tht> (97)

In the small n limit it has the form:

logdet (1,41 + Q) =log (1 + Qs) +

- = (1+Qs) Qu — Q%
n |log (1+ Q¢ — Qu) + = — = . 98
Q=) ) 1+ G- ) .
We recall that the replicated coupling matrix for last-layer pre-activations reads:
is Qstht Qstht Qstht
QuKl X QuKy Qi Ky
Y= QuKl QuKuy % (99)
. Qttht
QutKY QuKy QuKy X4
with ¥, = ﬂi + Q. K. In the expansion of logdet ¥ and the quadratic form y” >~ 'y, we encounter the terms
. 1 -1
¥y = <5 + Qs (K, + néKs)) ~ Y QS %K (100)

arising from K’ww = (0 (hy) o (h)) ~ Ks o + ndK, . We will however drop the O (n) terms since they do not
contribute to the SP equations for the transfer order parameters. We thus have for the two quantities:

log det (B*1 + Z) ~ Trlog X 4+ nlogdet AX; + nQy Tr (AEt_tht)

—nQ? Tr (S, Ko AY T KY) (101)
_ —1 _ _ _ _

y' (BTN HE) T y ~ S o + nQyd S Ky AT K LS o+

— QL ST Ky AS y + nyTAS Yy (102)
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IIT. TRANSFER LEARNING IN A SIMPLE REGRESSION PROBLEM

In this short supplementary section, we address the transfer learning problem in the simplest possible setting, linear
regression for both the source and the target task.

A. Derivation

The learning problem for the source vector wg is defined by the minimization of the regularized training loss:

1 & weiz*\° NA, &
22(9 Z ) + D> i (103)

i=1

which yields the known solution:
= (XTX, + NX\1n) " X7y, (104)
With the help of the Woodbury identity we get from the previous expression:
wy = ~XT Gy, (105)
N
with the definition
Gy = (\1p, +Cy) ' & 1p, — G0y = \G. (106)

The transfer learning problem for the target weight vector w; is defined by the minimization of the regularized training
loss in the presence of a source-target coupling:

1 & wmxm L, v
Et = Z Z —+ ) Z wm 7 Z ’U)t i ’l,Us 7] (107)
i=1 i1

,u, 1

yielding:

- —1
— (XtTXt + N)\lN> (XTy; + Nyw,) (108)

. . -1
with the notation A = A; + . Again, by calling G; = ()\lpt + Ct) , we have:

-1

XX, - 1 1
< ChaiaL g8 A1N> == (1N — XtTGtXt) : (109)
by N
Introducing the notations
?]s = )\sGsys (110)
Ut = 5\tht (111)
Y = [§s. §i] (112)
we write succintly:
L (L (XT-XTG.Ch) \ ¢
wy=—< ( A\ ttst)Y 113
"TONA ( Xi (113)

where we have defined Cy; = =+
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a. Norm of target weight vector The norm of w; is easily written as:

lwrll? = ——TWPT (114)
N2
defining the matrix:
A W Wst

115

W (W ) 9

W, = e [C CaGi (1p, + G, ) CF] (116)

. AN
Wt = TCSth (117)
W, =C;. (118)

b. Training and test error Inserting the solution w; in the expression for the training error we get, after some
manipulation:

1 1 - - 1 -
== llye — Xewe||* = gys TCuG2CN G, — Ll CouGri + S35 51 - (119)
2 2 \2 As 2
The error over the test set is given by the following:
1 2
5 T XT -
e — Xew|
2
’y GSTGS‘ryS
)\2/\2
5l CnCiri <04 Gsr CLL g
Lorqr- 1or
~ TG g — <yTCL g + Sy y, (120)

AsA A 2

T T
with the source-test and target-test covariances defined respectively as Cy, = XSA),(T and Cpr = X"Jf,( =~ and G, =
CST - CsthCtT-

B. A simple example of transfer regression

In Figure 1 we show an example of a transfer learning problem in a single-layer, linear version of the task shown in
Fig. 2 of the main text, in the special case with two identical teachers for the source and target tasks. We generate
the three datasets X, X; and X; with normal i.i.d. entries. The task is defined in terms of a random teacher weight
vector wy with zero-mean and Gaussian i.i.d. entries with standard deviation 1/N (we use N = 200 in this examples):
outputs for the three sets are linear functions of the inputs X, given by y, = X,wg for o € {s,t,7}. The source
weight vector wg is trained using Ps = ayN data-points, with ag = 0.8. The transfer effect is apparent in the decrease
of the generalization error as a function of the source-target coupling parameter .

IV. TRANSFER LEARNING IN A DEEP FULLY CONNECTED NETWORK

In this section, we sketch a tentative derivation of the effective action in the case of networks with L hidden layers.
In this case, all the layers except for the last are coupled among source and target, while the readout (L + 1 in
our convention) remains uncoupled. The replicated priors for the weights at each layer are defined by the coupling
matrices A;:

Asg =Y =7 . =Y As,L+1 0 0 0
- >\t,l 0 0 0 )\t,L+1 0 0

Al: - 0 )\t,l s AL+1: 0 0 )\t,L—i-l . (121)
0 0

- 0 ... 0 )\t,l 0 0 0 >\t,L+1
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FIG. 1. Transfer learning in a linear regression task defined by a random teacher vector wg. In both panels curves are theoretical
results, points are obtained by solving the source and target problem with standard optimization methods. Parameters:
N =200, P, = 10.000 A: Generalization error as a function of the coupling parameter v for different sizes of the training set
for the target problem, indicated by the ratio a; = P;/N. B: Same as A for different values of the regularization A; of the
target weight vector w;.

We are interested in the computation of the replicated partition function Z™, using index a = 1...n for replicas.
To describe a fully connected layer with weight matrix w;, we introduce the following notation for the pre-activations
at layer [ + 1:

hi = wizy, xf = o (h{) . (122)

To easily deal with the recursion over layer, let us introduce a definition for the function computed by a neural network
between any two intermediate layers [, I’:

V= (hl? {wa}l+1:l’) . (123)

The function ¢;.;; takes as inputs the pre-activations at layer [ and outputs the pre-activations at layer I’, with the
convention that hy = . We have stressed the dependence of ¢;.;» on all the weights of the layers between [ and I,
{w}i41.7, but we will immediately drop it to ease the notation. The output of the network reads ¢ (z) = ¢o.r+1 (),
and we can write the loss in terms of the pre-activations of layer [ as:

Ll = 5 30— = 3 (Grne () — v)? (124)

Iz Iz

Let us define:
1 a2
xtr (B {w}ig1ar) = exp l_Q Zﬁa (o (B —yi)™|
na

Using this convention we can rewrite the free-entropy as:

1 1

=N,z (B5) Jim On2 (125)
2= /Hle Xo:n41(z)e” 2 ol A (126)
l

. _ la T _ l,a l,b
with the shorthands Dw; = Him,l,a dwy§ . and wy Ajw; = Zilil—l Y ab wlyil'il—lAZVabwlyilil—l'

A. Integrating first-layer weights

The integration over the first-layer weights wf ; ; is straightforward, since for each i1,y the coupling is Gaussian
with inverse covariance A;. Let us isolate the integral over the first-layer weights and consider the dependence over



the first layer pre-activations:

VAL /Hlee 3 Tisa wi Avwi /Dh1X1 r+1 (h1) 4 (ha)

>1

where:

— apab, b i arpa a
¥ (hy) H/Hdhl i€ et 2an P iy M iy H/dwe_% Loy WA Vg en Pia Tuio
i0
Integrating over the weights and using the notation A; = exp{f%Nl_lNl logdet A;}, we have:

-a 1 | 6100 (R 1y ()

1120

with the definition

qg,ilio (h \/]TO Z i1 ma :
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(127)

(128)

(129)

(130)

Employing the factorization over the first layer index 4; and summing over iy, we can write the replicated partition

function as follows

=/ /Hlee Ly v A /H {Dhl o N (hy 130, )} x1n+1 ({hl}“)

>1

where, for each i1, the replicated pre-activations are Gaussian with covariance matrices Xy:

~a —1\ab ~q
Cﬂl’;:< 1N11h‘1 W1> ( 11) C'l“li

in turn depending on the replicated input covariances:

ab E
C,uu - N /uo l/7[) .

10 1

B. Recursion relation for deep FC network

Introducing the definition for the second-layer pre-activations we have:

Al/Hlee 7 Tiso wl Miwr /Dh2X2 L+1 (h2) ¥ (ha)

>2

with:
I/)(hg) = /'Dilgelﬁgh? /H{Dhlyil./\/(hul;O,Zl)}

i a ha a
/,Dw2 H e Ve > W2 igiyq ZH h2,m2‘7(h1,ml)
1911

We again introduce the quantities

@t iy, (h2) = Z 13 piin0 (05 i)

(131)

(132)

(133)

(134)

(135)

(136)

and perform the integration over the weights ws. Employing the factorization over the index 4; (and dropping the

index for clarity) we write

(137)
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with:
— _ —a _ ]‘ 7a o a
90((]1) - <1’}6 (ql,ig m EM h2,,u12 (hl,,u)> >h (138)

To deal with the extensive extensive Non number of variables §;, we employ a self-consistent Gaussian approximation
with covariance matrix

_ 1 _ _
chlf)iﬂz = <qii2(ﬁ7j2> = Fl Z hg#hKiﬁbuhgwjz (139)
pv
and kernels
Kilw = <U (hlllu) g (htlle) >/\/(h1;o,(j) (140)

thus getting:
(emtainsta) % Trig o log (14(A;7) 01,5, )
»(q1)
o~ Tralog(14(a31)" Ty 011, ) (141)

The second line of the previous equations implement a mean-field, permutation symmetric approximation, whereby
we obtained an inter-replica covariance by tracing over the Ns second-layer hidden units.

Introducing the definitions for the new mean-field inter-replica covariance with appropriate § functions, we thus
get:

¥ (h2) = Ag / DOk e der(1+A71)
/ Dhe™ 125 (N, 0 — (k)" KR (142)
Expanding the §’s and easily integrating over h we find:
¥ (ha) = Ay /DQﬂDQle% Tr(Q1Q1) 3 logdet (14451 01) A7 (1, 0, KCy) (143)

with
Ksb = QP KP (144)

The matrix Q; acts as renormalization for the kernel K7, whereby hs are Gaussian conditioning on Q;. Using a
simple recursion across layer one gets:

L L—1
7" = H A / H DQzDQleé TSN TT(ngl)fé ponare logdet(1+Al_+11Q’)
=1 =1

/Dve*%UTAHlv/DhLXL:LH (h™) v (h*) (145)

with the notation v = w41 on the uncoupled last layer weights.

C. Readout layer

Introducing the definition s = ¢r.1, 11 (hr;v) for the readout outputs, we obtain a form

L L—1
zm =1 A / [] DQDQes Tim' N Tr(QuQ1) =3 S logdet (144, Q1) / Dsi) (s) (146)
=1 =1
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with
P (s) = AL+1/DEeigTS_%(S_y)TB(S_y) /DhLN(hL;O,/CL)
/DU H e \/7 20 i 2 spo(hg, WL) (147)
ir
We again introduce the variables g* \/7 Z ( ¢ u)’ where we dropped the index i;, owning to factorization.

Employing the usual Gaussian equivalence, thelr joint distribution is a normal distribution with order-parameter
covariance matrix

- L a\T rab-
P =(a"7) = ~ G )" Kpvs” (148)
L
and kernels
K = o (08) o (h2)) g 0.xcr) (149)
We finally obtain
P (S) =Arp /DQLDQLe% Tr(Qr0r)—3% logdet(l-t,-A;_}_lQL)

/D isT 5775 ]CL+1S**(S y) B(s—y) (150)

where K v = QF PK 9. We now employ the same steps as in the case of the 1hl network, thus arriving at the final
form

. /HDQIDQle%S(Q’Q) (151)
l

with the action

N,
S = Z [log Art+ - Tr () - Zlog det (14 A5 Q1) | +

logAL+1flogdet(1+BlCL+1)fy (37 +ICL+1) 1y. (152)

The n — 0 limit can again be carried out using the expressions for the determinants and quadratic forms in section
IIFO0a. It is worth noticing that we expect this derivation to be exact for deep linear networks, as long as replica
symmetry is not broken.
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