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Abstract. We study quantum neural networks where the generated func-
tion is the expectation value of the sum of single-qubit observables across
all qubits. In (Girardi et al., CMP (2025), it is proven that the probabil-
ity distributions of such generated functions converge in distribution to
a Gaussian process in the limit of infinite width for both untrained net-
works with randomly initialized parameters and trained networks. In this
paper, we provide a quantitative proof of this convergence in terms of the
Wasserstein distance of order 1. First, we establish an upper bound on the
distance between the probability distribution of the function generated by
any untrained network with finite width and the Gaussian process with
the same covariance. This proof utilizes Stein’s method to estimate the
Wasserstein distance of order 1. Next, we analyze the training dynamics
of the network via gradient flow, proving an upper bound on the dis-
tance between the probability distribution of the function generated by
the trained network and the corresponding Gaussian process. This proof
is based on a quantitative upper bound on the maximum variation of a
parameter during training. This bound implies that for sufficiently large
widths, training occurs in the lazy regime, i.e., each parameter changes
only by a small amount. While the convergence result of Girardi et al.,
CMP (2025) holds at a fixed training time, our upper bounds are uniform
in time and hold even as t → ∞.
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1. Introduction

In recent years, scientific communities have become increasingly involved in
the use of Artificial Intelligence (AI) to analyze large databases [1,2]. AI cur-
rently encompasses a vast number of subfields, ranging from learning theory to
the mathematical foundations of its development. The core of AI and machine
learning lies in the recognition and identification of complex patterns within
vast amounts of data, enabling these systems to uncover hidden relationships,
make informed predictions, and generate insights that would be difficult, if not
impossible, for humans to discern on their own [3]. Among the new emerging
disciplines, quantum machine learning (QML) is an interdisciplinary field that
merges the principles of quantum computing with classical machine learning
techniques [4–6]. One of the core ideas of QML is to harness quantum algo-
rithms and the unique properties of quantum mechanics such as superposition,
entanglement, and quantum parallelism to enhance the performance of deep
neural models [7]. Quantum neural networks constitute the quantum version
of deep neural models. These new models are based on quantum circuits and
generate functions given by the expectation values of a quantum observable
measured on the output of a quantum circuit made by parametric one-qubit
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and two-qubit gates [8,9]. The parameters of the circuit encode both the input
data and the parameters of the model itself. These parameters are typically
optimized by gradient descent, which involves iterative adjustment to mini-
mize a cost function and improve the performance of the quantum circuit in
the processing and analysis of data [10].

In this paper, we study quantum neural networks applied to supervised
learning for binary classification. Let X be the set of possible inputs (e.g.,
pictures encoded as points in R

d), which we assume to be finite. Let Θ be the
vector of the parameters, and let x �→ f(Θ, x) be the function generated by
the quantum neural network. Let

{(
x(i), y(i)

)
: i = 1, . . . , n

}
be the set of the

training examples made by the training inputs x(i) ∈ X (e.g., pictures of dogs
or cats) and the corresponding training labels y(i) ∈ {±1} (e.g., y(i) = 1 if x(i)

represents a dog and y(i) = −1 if x(i) represents a cat). The goal of supervised
learning is to adjust the parameters Θ so that f(Θ, x) reproduces as closely as
possible the training examples. This is usually achieved by minimizing a loss
function such as the empirical quadratic loss

L(Θ) =
n∑

i=1

(
f(Θ, x(i)) − y(i)

)2

(1.1)

via gradient descent. For simplicity, in this paper we will consider the
continuous-time gradient flow rather than gradient descent.

Several works have focused on the analysis of quantum neural networks,
as it is believed that they can combine the computational power of quantum
computers with the capabilities of deep learning algorithms [11]. In recent
work [12], the authors had shown that an exponential quantum speed-up can
be obtained via the use of a quantum-enhanced feature space, where each data
point is mapped in a nonlinear way to a quantum state, and then classified by
a linear classifier in a high-dimensional Hilbert space [13]. Nevertheless, a sig-
nificant disadvantage lies in the need to determine the appropriate parameters
to configure the quantum circuit beforehand, and it is not yet clear whether
these parameters can be effectively obtained using a variational technique [14].
In fact, one of the primary challenges associated with training quantum neu-
ral networks is the so-called barren-plateau phenomenon, related to different
causes like entanglement in input states and the locality of observables, which
poses a major obstacle by causing gradients to vanish during the optimization
process, making it difficult to train the network effectively [15–17]. To address
this challenge, several methods have been proposed recently. For instance, in
[18], the authors consider the problem from the perspective of quantum tensor
network optimization; in [19], the authors presented a general theory based
on the Lie algebra of the circuit’s generators to describe the rise of barren
plateaus; in [20], the authors solved the problem of barren plateaus in the spe-
cific case of the Hamiltonian variational ansatz, a kind of quantum circuit used
in quantum many-body problems; in [21], an efficient state ansatz is proposed
to mitigate barren plateaus in the context of variational quantum eigensolvers;
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in [22], a lower bound on the variance of the circuit gradients is derived for
quantum circuits composed by local 2-designs.

In [23], the authors considered an untrained variational quantum circuit
and demonstrated that the associated cost function exhibits an exponentially
vanishing gradient, highlighting the difficulty of overcoming this issue. In con-
trast, the authors in [24] explored more general cost functions inspired by
the quantum generalization of optimal mass transport theory [25] developed
in [26], offering a different approach to mitigate the challenges posed by the
barren-plateau phenomenon. An important problem in the classical theory
of deep learning is the analysis of the behavior of a neural network in the
limit of infinite width. Significant progress has been made in addressing the
question of whether training can perfectly fit the training examples while si-
multaneously avoiding overfitting. A fundamental breakthrough has been the
proof that, in the limit of infinite width, the probability distribution of the
function generated by a deep neural network trained on a supervised learning
problem converges to a Gaussian process [27–29]. These recent developments
have inspired a renewed interest in this important result within the field of
quantum machine learning. Specifically, they have led to investigations into
whether quantum neural networks exhibit similar properties. In this context,
several studies have emerged. For example, [30] proves that in the infinite
width limit, trained quantum neural networks with constant depth operate in
the lazy regime (i.e., the maximum amount by which the training can change
a parameter tends to zero) and are capable of perfectly fitting the training
examples. For a contrasting scenario, see [31].

In the recent work [8], the authors rigorously generalized the above classi-
cal breakthrough to the context of quantum neural networks. They considered
quantum neural networks trained on supervised learning tasks, where the ob-
jective function is defined as the expected value of the sum of single-qubit
observables across all qubits. The authors proved, for the first time, the train-
ability in the limit of infinite width in any regime where the depth is allowed to
grow with the number of qubits (denoted by m), as long as barren plateaus do
not arise. More precisely, Ref. [8] first proves that the probability distribution
of the function generated by a randomly initialized quantum neural network
in the limit of infinite width converges in distribution to a Gaussian process
when the parameters on which each measured qubit depends influence a small
number of other measured qubits [8, Theorem 3.7]. Ref. [8] then proves that
for quantum neural networks trained in continuous time with gradient flow,
the training occurs in the lazy regime and is able to perfectly fit the training
set. The key element of the proof is showing that the dependence of the gener-
ated function on the parameters can be approximated by its linearized version
near the initialization values of the parameters. Consequently, the linearized
evolution equation has an analytic solution whose probability distribution is
Gaussian with analytically computable mean and covariance. As a result, the
probability distribution of the function generated by the trained network is
proved to converge in distribution to the aforementioned Gaussian process (
[8, Theorem 4.15]).
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1.1. Our Results

In this paper, we prove a quantitative version of the results of [8]. Our first goal
is to establish explicit upper bounds on the distance between the probability
distribution of the function generated by the quantum network at initialization
and the corresponding limit Gaussian process. We employ the Wasserstein
distance of order 1, which we denote with dW, and we provide an explicit
upper bound that tends to zero as the number of qubits diverges. Without
giving all the details, we prove the following (see Theorem 5.1 for the formal
statement):

Theorem 1.1 (Convergence at initialization, informal statement). We denote
with X the vector made by the elements of X, and with f(Θ,X) the vector made
by the associated outputs. Let K0 be the covariance matrix of f(Θ,X) when
the parameters Θ are randomly initialized. Then, there exist positive numbers{

αN,K0
m

}
given by (5.1) and depending on the number of qubits of the network

m, on the architecture of the network, on the number of possible inputs N and
on the covariance matrix K0 such that

dW

(
f(Θ,X),N(0,K0)

)
� αN,K0

m , (1.2)

where N(0,K0) denotes the centered Gaussian distribution with covariance ma-
trix K0.

To obtain the explicit expression (5.1) for αN,K0
m , we employ Stein’s

method, which is a powerful method to estimate the Wasserstein distance
of order 1 of the sum of weakly dependent random variables [32–36]. We will
prove that αN,K0

m depends on the size of the light cones of the quantum cir-
cuit and on a normalizing constant that quantifies the presence or absence
of the barren-plateau phenomenon. The dependence of αN,K0

m on N scales as
N

2
, causing αN,K0

m to diverge as the number of inputs increases: the nature of
the network introduces dependencies between different qubits, which cause the
bound (1.2) to be worse than the bound obtained for the sum of independent
random variables in the central limit theorem.

Then, we quantify the distance between the probability distribution of
the function generated by the trained network and its associated Gaussian
process. We prove a strong quantitative version of the results of [8] that can be
applied to any quantum neural network with finite width and therefore does
not require to build a sequence of networks of increasing width. As before,
without giving all the details, we prove the following (see Theorem 5.2 for the
formal statement):

Theorem 1.2 (Convergence of the trained network, informal statement). With
the same notation of Theorem 1.1, let us denote by f(Θt,X) the vector of the
outputs of a quantum neural network trained via gradient flow for a time t > 0,
where Θt is the vector of the trained parameters and X is the vector of the
possible inputs. Let X be the vector of the training inputs. Then, there exists a
Gaussian probability distribution N

(
μt(X),Kt(X, X)

)
with mean μt := μt(X)
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and covariance matrix Kt := Kt(X, X) (that will be determined analytically
in (4.17) and (4.16)) such that

d(s)
W

(
f(Θt,X),N(μt,Kt)

)
� γN,n,K0

m , (1.3)

where
{

γN,n,K0
m

}
are positive numbers given by (5.2) depending on the number

of possible inputs N , on the number of qubits m, on the architecture of the
network, on the covariance matrix at initialization K0 and on the number of
training examples n, and d(s)

W denotes the truncated Wasserstein distance of
order 1 defined in (2.57).

Let us point out that γN,n,K0
m depends on the previous constant αN,K0

m ,
and thus, its dependence on N is of order N

2
. We stress that (1.3) is valid

for any quantum neural network of finite width, unlike the results of [8] which
require to build a sequence of quantum neural networks with diverging width.
Furthermore, [8] proved the convergence to a Gaussian process at fixed train-
ing time, and such result cannot be directly extended to the limit t → ∞,
unless such limit is taken after the limit of infinite width. On the contrary,
the constants

{
γN,n,K0

m

}
do not depend on the training time, and therefore,

the bound (1.3) is uniform in time and holds for finite width even in the limit
t → ∞. Lastly, let us notice that (1.2) and (1.3) imply the convergence results
of [8].

As in [8], the proof of Theorem 1.2 is based on the following upper bound
to the maximum variation of a parameter during training (see Theorem 7.1
for the formal statement):

Theorem 1.3 (Lazy training, informal statement). With the same notation of
Theorem 1.1 and Theorem 1.2, let us denote by x �→ f lin(Θ, x) the first-order
Taylor approximation of x �→ f(Θ, x) with respect to the parameters Θ ex-
panded around their initialization values. Let x �→ f(Θlin

t , x) be the model
obtained by randomly initializing Θ and training x �→ f lin(Θ, x) via gradient
flow for time t. Then, for any 0 < δ < 1 there exist positive numbers {ηm,n,δ}
given by (7.10) depending on m,n, δ, and further constants, such that with
probability at least 1 − δ, one gets that

sup
x∈X
t�0

|f(Θt, x) − f lin(Θlin
t , x)| � ηm,n,δ, (1.4)

where X is the set of all the possible inputs.

We stress that, for any fixed n and δ, ηm,n,δ → 0 for m → ∞ if barren
plateaus do not arise. Therefore, (1.4) proves that if m is large enough, each
parameter remains with high probability close to its initialization value and
that the training happens in the lazy regime. In the formal statement of Theo-
rem 1.3, we provide two main improvements with respect to [8, Theorems 4.10,
4.12]. First, [8, Theorems 4.10, 4.12] require to build a sequence of networks
with increasing width and hold only if the width is larger than some value that
has not been computed. Instead, we want to describe the training dynamics of
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a network with finite width; therefore, we have replaced the hypotheses about
the asymptotic behavior of the network with the quantitative requirement at
finite size (7.6). Second, while the bounds of [8, Theorems 4.10, 4.12] con-
tain constants that have not been computed and that depend on the failure
probability of the training at finite width, we have provided explicit bounds.

The article is organized as follows. In Sect. 2, we introduce some pre-
liminaries, notations, and our hypotheses. In Sect. 3, we recall some known
facts about Gaussian processes. In Sect. 4, we recall some facts about the
Stein method and its relationship to the Wasserstein distance of order 1. In
Sect. 5, we state our main results. In Sect. 6, we prove Theorem Theorem1.1.
In Sect. 7, we prove Theorem 1.3, which is then used to prove Theorem 1.2.
In the same section, we prove Theorem 1.2. We conclude in Sect. 8. Lastly, for
the sake of completeness, we include appendices to discuss the regularity of the
solutions of the Stein’s equation (Appendix A) and some theorems proved in
[8] regarding the convergence of the function generated by a quantum circuit
to a Gaussian process (Appendix B).

2. Preliminaries

Let us start by introducing the notation of the present work (Tables 1 and 2).

Table 1. Notation concerning the general properties of the
circuit and the Wasserstein distance

Symbol Description Introduced in

m Number of qubits in the parameterized quantum circuit Section 2.2
L Number of layers in the parameterized quantum circuit Definition 2.1
Θ Vector of the parameters of the quantum circuit Equation 2.3
P Denotes the parameter space, so that Θ ∈ P. Here P =

[0, π]Lm
Section 2.1

|Θ| Number of parameters |Θ| := dimP = Lm Section 2.2
U(Θ, x) Parameterized quantum circuit (unitary operator) ibid.
f(Θ, x) Function generated by the quantum neural network Section 2.4
N(m) Normalization factor of the model ibid.
Mi (Extended) future light cone of the parameter i Definition 2.13
Nk (Extended) past light cone of the observable k Definition 2.7
|M| Maximal cardinality of a future light cone in the circuit Equation 2.14
|N| Maximal cardinality of a past light cone in the circuit ibid.
Pi Set of indices of the observables depending on the observ-

able i
Equation 2.22

P̃i Set representing the union of the sets Pj for those j in Pi Equation 2.26
dW Wasserstein distance of order 1 Section 2.8

d
(s)
W Truncated Wasserstein distance of order 1 ibid

ω Continuity modulus of the Hessian of the solution of Stein’s
equation

Equation A.3
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2.1. Training Data

Let X ⊂ R
d be the feature space, i.e., the set of all the possible inputs, which

we assume to have finite cardinality N = |X|. We will often use the notation
X̄ to represent the vector having as entries the elements of the input space X.
Let R be the output space. Let

D :=
{

(x(i), y(i)) : i = 1, . . . , n
}

⊂ X × Y (2.1)

be the training set. We set n = |D| to be the cardinality of D. We let P
be the parameter space, and let Θ ∈ P be the vector of the parameters. Let
f : P × X → R be a generic parametric function. As a cost function, we
consider the mean squared error on the training set D of cardinality n

L(Θ) :=
n∑

i=1

(
f(Θ, x(i)) − y(i)

)2

. (2.2)

2.2. Quantum Neural Networks

Let C
2 be the Hilbert space of a single qubit. In what follows, we denote by

m ∈ N the number of qubits of the quantum neural network. Hence, the Hilbert
space of the system is H =

(
C

2
)⊗m, and its dimension denoted as dimH is

2m. Following the notations of [8], we recall what a “layer” is.

Definition 2.1. A layer is a unitary operation U(Θ, x) ∈ L(H) resulting from:
1. the application on each qubit of a different parametrized single-qubit gate

Wi(Θ) ∈ L(C2); each parametrized gate depends on a single parameter
θi, which is different for each gate,

followed by
2. a set of one-qubit and two-qubit gates acting on disjoint qubits, that is,

each qubit can be acted at most one gate; each gate may depend only on
the input x; the resulting unitary operation will be called V ∈ L(H).

In what follows, a quantum circuit is a combination of parameterized layers
U�(Θ, x), � ∈ N. Next, we let L ∈ N be the number of layers in a quantum
circuit, which may depend on the number of qubits m.

In the next, we consider θ1, . . . , θLm be the parameters of a quantum
circuit, so that Θ will be the vector

Θ :=

⎛

⎜
⎜
⎜
⎝

θ1

θ2

...
θLm

⎞

⎟
⎟
⎟
⎠

, (2.3)

of dimension dimΘ := |Θ| = Lm. We now recall a convenient notation for the
indices of the parameters used in [8].

Definition 2.2. Each parameter index i ∈ {1, . . . , Lm} can be expressed in the
form i = m(� − 1) + k for some � ∈ {1, . . . , L}, and k ∈ {1, . . . , m}. Here, k
refers to the qubit involved in the single-qubit gate parametrized by θi, while
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� refers to the layer in which such gate acts. The following compact notation,
which we call layer-qubit representation of the parameter index i, simplifies
the above form:

i = [�m] ≡ m(� − 1) + k. (2.4)

Therefore, a layer U�(Θ, x) can be written as

U�(Θ, x) := V�(x)
(
W[�1] ⊗ · · · ⊗ W[�m]

)
(Θ)

= V�(x)W�(Θ),
(2.5)

where we have set W�(Θ) :=
(
W[�1] ⊗ · · · ⊗ W[�m]

)
(Θ). The result of the circuit

on an initial state |ψ0〉 is described by the unitary operation

U(Θ, x) := UL(Θ, x) · · · U1(Θ, x); |ψout〉 := U(Θ, x)|ψ0〉. (2.6)

2.3. Light Cones

The architecture of the network generates a causal structure where the prob-
ability distribution of the outcome of the measurement of each output qubit
can depend only on some of the parameters, and each parameter can influence
only some output qubits. Such causal structure is formalized by the notion of
light cones:

Definition 2.3. (Light cones) For any i ∈ {1, . . . , |Θ|}, we define the future
light cone L f

i of the parameter θi as the subset

L f
i := {k ∈ {1, . . . , m} : fk(Θ, x)depends onθi} . (2.7)

Analogously, we define the past light cone L p
k of the qubit k as the subset

L p
k := {i ∈ {1, . . . , |Θ|} : fk(Θ, x)depends onθi}. (2.8)

Both sets L f
i , and L f

k are useful for tracking the dependence of ob-
servables on the parameters. In general, it is difficult to provide an explicit
representation of them. For this reason, we now introduce another family of
sets that can help us to explicitly track the dependence on the parameters.
For any quantum circuit U , we define the following sets. For each layer �, and
qubit k, we set

I�,k := {k′ ∈ {1, . . . , m} : the qubit k interacts with the qubit k′ in the layer �}
∪ {k}. (2.9)

We now set,

J�
k :=

⎧
⎪⎨

⎪⎩

IL,k if � = L,⋃

k′∈J�+1
k

I�,k′ if � < L. (2.10)

In particular, J1
k is the set of qubits in the past light cone of the observable

k, i.e., the qubits involved in the computation of its expectation value.
Furthermore, we set

N�
k :=

⋃

k′∈J�
k

{[�k′]}. (2.11)
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Definition 2.4 (Extended light cones). Let us fix a quantum circuit U . Given
any qubit index k ∈ {1, . . . , m}, we define the extended past light cone Nk as
the subset of the parameter indices {1, . . . , |Θ|} given by

Nk :=
L⋃

�=1

N�
k (2.12)

Similarly, we define the extended future light cone of a parameter index
i ∈ {1, . . . , |Θ|}, as

Mi := {k ∈ {1, . . . , m} : i ∈ Nk}. (2.13)

In the next, we set

|M| := max
i

|Mi|; |N| := max
k

|Nk| (2.14)

the maximal cardinalities of the extended light cones.

Remark 2.1. We notice that L p
k ⊂ Nk, and L f

i ⊂ Mi, and thus from now on,
we can only consider the extended light cones.

2.4. Assumptions on Architecture and Initialization

We assume the following:

A 1. We consider an observable O given by the sum of single-qubit observables
Ok:

O =
m∑

k=1

Ok = O1 ⊗ 12 ⊗ · · · ⊗ 1m + 11 ⊗ O2 ⊗ · · · ⊗ 1m

+11 ⊗ 12 ⊗ · · · ⊗ Om, (2.15)

where each Ok is traceless and has the spectrum contained in the interval
[−1, 1]. We further assume that the parametric one-qubit gates of the circuit
Wi(θi) can be written as time evolutions generated by hermitian hamiltonians
Gi with spectrum in {−1, 1}, i.e.,

Wi(θi) = e−iGiθi , Gi = G
†
i = G−1

i . (2.16)

We notice that θi �→ Wi(θi) is periodic with period π up to an irrelevant
multiplicative constant, so we fix the parameter space to be P = [0, π]Lm,
and thus |Θ| = dimP = Lm. The function generated by the network is then

f(Θ, x) :=
1

N(m)
〈0m|U†(Θ, x)OU(Θ, x)|0m〉

=
1

N(m)

m∑

k=1

fk(Θ, x)
(2.17)

where

fk(Θ, x) := 〈0m|U†(Θ, x)Ok U(Θ, x)|0m〉. (2.18)
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A 2. We assume that each parameter θi is initialized independently by sam-
pling it from the uniform distribution on [0, π] and that the final layer is chosen
so that EΘ fk(Θ, x) = 0 for any k = 1, . . . , m and any x ∈ X. For any x, x′ ∈ X,
let

K0(x, x′) = E (f(Θ, x) f(Θ, x′)) . (2.19)

We assume that K0(x, x) > 0 for any x ∈ X and that N(m) is chosen such
that

max
x∈X

K0(x, x) = 1 . (2.20)

Finally, we assume that N(m) � 1 (our bounds would anyway become trivial
if N(m) � 1).

In what follows, let us set

V := {1, . . . , m}. (2.21)

For each k ∈ V , we define

Pk := {k′ ∈ V : fk′(Θ, x) is not independent from fk(Θ, x)}. (2.22)

This set is crucial since takes track of the number of random variables fk′(Θ, x)
that have correlation with fk(Θ, x). Let G = (V,E) be the graph with vertices
V , and edges E defined as follows. We say

(k, k′) ∈ E if and only if k′ ∈ Pk. (2.23)

Furthermore, we define the maximal degree D of G as the maximum
number of edges containing any fixed vertex as

D := max
k∈V

deg k = max
k∈V

|{k′ ∈ V : (k, k′) ∈ E}| = max
k∈V

|Pk|. (2.24)

Let us notice that according to the definition of Pi, we have that j ∈ Pi if and
only if i ∈ Pj . Let dist be the distance on G given by the length of the shortest
path, such that for any i ∈ V we have

Pi = {j ∈ V : dist(i, j) � 1} . (2.25)

In what follows, we set

P̃i :=
⋃

j∈Pi

Pj = {j ∈ V : dist(i, j) � 2} , (2.26)

and

D̃ := max
1�i�m

∣
∣
∣
{

(i, j) : P̃i ∩ P̃j 
= ∅
}∣∣
∣ = max

1�i�m
|{(i, j) : dist(i, j) � 4}| . (2.27)

Lemma 2.1 [8, Lemma 2.9]. For any k ∈ {1, . . . , m}, let Pk be defined as in
(2.22). Then

|Pk| � |M||N|. (2.28)

In particular,

D � |M||N|. (2.29)
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Lemma 2.2. We have

D̃ � |M|4 |N|4. (2.30)

Proof. Note that by definition of D, we have that

D̃ � D4,

and so that by Lemma 2.1, we are done. �
Remark 2.2. For any i = 1, . . . m, let

Zi :=
∑

k∈Pi

fk(Θ,X)
N(m)

. (2.31)

Then if Pk ∩ P̃j = ∅, we have that Zj is independent of Zk. This fact will be
significant when proving Theorem 5.1.

2.5. The Neural Tangent Kernel

Before presenting our main result, let us review some relevant facts about the
quantum neural tangent kernel as presented in [8]. We are interested in the
analysis of the minimization of the cost function (2.2) via gradient flow:

dΘt

d t
= −η∇ΘL(Θt) (2.32)

where η > 0 is the learning rate that can be reabsorbed by rescaling the
training time, and the initial value of Θ is given by the random sampling of A
2. Notice that

d
dt

L(Θt) =
dΘt

dt
· ∇ΘL(Θt) = −η ‖∇ΘL(Θt)‖2

2 � 0. (2.33)

We stress that in general, the loss function L(Θ) is not convex; hence, gradient
flow is not guaranteed to converge to a global minimum. Given a training set
D = {(x(i), y(i))}i=1,...,n ⊆ X×Y, we will call n = |D| the number of examples
and we will represent it in a vectorized form as follows

X =

⎛

⎜
⎜
⎜
⎝

x(1)

x(2)

...
x(n)

⎞

⎟
⎟
⎟
⎠

, Y =

⎛

⎜
⎜
⎜
⎝

y(1)

y(2)

...
y(n)

⎞

⎟
⎟
⎟
⎠

. (2.34)

Given any function g : R → R, we will often use the following notation:

g(X) :=

⎛

⎜
⎜
⎜
⎝

g(x(1))
g(x(2))

...
g(x(n))

⎞

⎟
⎟
⎟
⎠

, g(XT ) :=
(
g(x(1)) g(x(2)) · · · g(x(n))

)
(2.35)

Similarly, for any bivariate function K : R × R → R we will write K(X,XT )
to indicate the n × n matrix with entries

(
K(X,XT )

)
ij

:= K(x(i), x(j)) for
1 � i, j � n. In what follows, we denote by

X =
(
x(1), . . . , x(n)

)T

(2.36)
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the vector of the training inputs and by X the vector of all the possible inputs
in X. We set

F (t) :=

⎛

⎜
⎜
⎜
⎝

f(Θt, x
(1))

f(Θt, x
(2))

...
f(Θt, x

(n))

⎞

⎟
⎟
⎟
⎠

= f(Θt,X) . (2.37)

From the gradient flow equation (2.32) and the chain rule, the evolution equa-
tions for the parameters and the model function can be written as
⎧
⎨

⎩

dΘt

dt = −η∇Θf(Θt,X
T )∇f(Θt,X)L(Θt),

d
dtf(Θt, x) = −η (∇Θf(Θt, x))T ∇Θf(Θt,X

T )∇f(Θt,X)L(Θt) ,
(2.38)

where ∇Θf(Θt,X
T ) denotes the gradient of f(Θt,X

T ) with respect to Θ while
∇f(Θt,X)L(Θt) indicates the gradient of the cost function L with respect to
f(Θt,X). Recall that T is the transposition operator.

Definition 2.5. We define the empirical neural tangent kernel, in short empir-
ical neural tangent kernel, as

K̂Θ(x, x′) := (∇Θf(Θt, x))T ∇Θf(Θt, x
′) . (2.39)

(2.38) can be written as
⎧
⎨

⎩

dΘt

dt = −η∇Θf(Θt,X
T )∇f(Θt,X)L(Θt),

d
dtf(Θt,X) = −ηK̂Θt

(x,XT )∇f(Θt,X)L(Θt).
(2.40)

We mention that the quantum neural tangent kernel has been studied
in several works inspired by the success of the neural tangent kernels (NTKs)
in describing the dynamics of classical neural networks and the convergence
of the training processes [37–42]. In [37], a quantum NKT for deep quantum
circuits is introduced considering a first-order expansion with respect to the
parameters since, during training, for a deep enough circuit the parameters
do not move much from initialization. In [38], the authors propose the use of
efficient quantum algorithms to construct kernel functions based on properties
that are difficult to compute by classical computations. In [39], the authors
consider a class of hybrid neural networks composed of a quantum data encoder
followed by a classical network where the quantum part is randomly initial-
ized according to unitary 2-designs, and the classical part is also randomly
initialized according to Gaussian distributions, then they apply the NTK the-
ory to construct an effective quantum kernel, which is in general nontrivial
to design. In [40], neural tangent kernels for variational circuits are defined,
then the authors derive dynamical equations for their associated loss function
in optimization and learning tasks, they analytically solve the dynamics in
the lazy training regime. In [41], the authors study the connections between
the expressibility and value concentration of quantum tangent kernel mod-
els. In particular, for global loss functions, they rigorously prove that high
expressibility of quantum encodings can lead to exponential concentration of
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quantum tangent kernel values to zero. In [42], there is an analysis on the
effects of hyperparameter choice on a quantum kernel model performance and
the generalization gap between classical and quantum kernels.

2.6. The Assumptions for the Neural Tangent Kernel

In what follows, we introduce some useful assumptions to treat the behavior
of the neural tangent kernel. Before, let us recall the definition of the analytic
neural tangent kernel.

Definition 2.6. We define the analytic neural tangent kernel as the expectation
of the empirical neural tangent kernel:

K(x, x′) := E(K̂Θ(x, x′)). (2.41)

A 3. We suppose that the neural tangent kernel restricted to the training in-
puts K = K(X,XT ) is invertible. We denote with λK

max and λK
min its maximum

and minimum eigenvalue, respectively.

A 4. Let us furthermore assume that

λK
min � 96n

√
Lm|M|2|N|
N2(m)

√

log
(
2n2

√
N(m)

)
, (2.42)

Lm|M|2|N|2
N3(m)

� 1
256 log 2

1

N
2 . (2.43)

Eq. (2.42) will be needed to enforce that the empirical neural tangent kernel
is strictly positive with high probability, while eq. (2.43) will be needed to
enforce that the empirical neural tangent kernel is close to the analytic neural
tangent kernel with high probability.

2.7. The Expected Behavior of N(m) in Circuits with Logarithmic Depth

In the quantitative bounds that we are going to provide in the next sections,
the dependence on the number of qubits will appear as

(
Lαmβ |M|γ |N|δ

N(m)
(log N(m))σ

)ν

(2.44)

for some α, β, γ, δ, σ, ν > 0 according to the precise statement. As discussed
in [8], in some cases it is possible to estimate N(m), |M| and |N| so that the
asymptotical behavior of the bounds for wide circuits can be studied. In the
example provided by E. Abedi & al. in [30] we have L = O(1) and

N(m) =
√

m, |M| = O(L), |N| = O(L2). (2.45)

As we will see, in general β < 1
2 , this kind of circuit always satisfies all our

theorems. However, since dimHloc = 2O(L) = O(1), such circuit is classically
simulable, so we do not expect to achieve quantum advantages with such ar-
chitecture.

A suitable class of circuits for investigating quantum advantages is the
one studied by J. C. Napp in [43], where the following bound is provided

N(m) �
√

m

2CL
for some fixed C. (2.46)
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Furthermore, we will prove that (see (6.18))

N(m) �
√

m|M||N|. (2.47)

In a generic setting the number of qubits in the past light cone of any observable
Ok can grow as

|J1
k| = O(2L). (2.48)

Under the hypothesis of geometrical locality (i.e., each qubit can interact only
with the nearest neighbor qubits), a d-dimensional lattice of qubits has

|J1
k| = O(Ld). (2.49)

Let us assume to choose L = ε log2 m. Without assumptions on the geometrical
locality, |J1

k| = O(mε), which is an upper bound, so any growth |J1
k| = Θ(mε′

)
with ε′ � ε can be achieved by an appropriate choice of the interactions. In
this case, the dependence on the number of qubits will provide a prefactor
(2.44) asymptotically vanishing provided that ε, ε′ are small enough. Indeed,
up to multiplicative constants, (2.44) will behave as

lim
m→∞

(
(log2 m)αmβ+(γ+δ)ε′

m1/2−Cε
(log m)σ

)ν

= 0 (2.50)

since in all our bounds we have β < 1/2. However, the local Hilbert spaces
have a quasi-exponential dimension 2mε′

. In the geometrically local setting, we
can choose |J1

k| = Θ((ε log2 m)d); if d � 2, then the local Hilbert spaces have
a super-polynomial dimension, since 2(ε log2 m)d

= mεd logd−1
2 m. Besides, (2.44)

is asymptotically vanishing for ε small enough.
The fact that there are circuits such that the quantities of the form (2.44)

are asymptotically vanishing—as in (2.50)—is fundamental to understand why
both conditions of Assumption A 4 are reasonable. Since in (2.43) a quantity
of the form (2.44) appears, we immediately see that it can be satisfied by the
circuits described above when the number of qubits is large enough. Similarly,
for any fixed λ0 > 0, if we restrict the class of circuits considered above to the
ones having λK

min � λ0, then (2.42) holds provided that m is large enough.
We should mention that the exponential decrease of N(m) on the number

of layers is a manifestation of the phenomenon of barren plateaus [43]. We will
not further investigate the particular architectures which satisfy our theorems,
but our statements will be motivated by the existence of examples such as the
ones we have just presented.

2.8. The Wasserstein Distance of Order 1

In this subsection, we introduce the distance that we employ to quantify the
closeness between the probability distribution of the functions generated by
quantum neural networks and the associated Gaussian processes (for a pre-
cise definition of what a Gaussian process is, see Section 3): the Wasserstein
distance of order 1, also called Monge–Kantorovich distance or earth mover’s
distance [44–46]. The Wasserstein distance of order 1 has been introduced in
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the context of optimal mass transport as the minimum cost required to trans-
port a mass distribution into another [47,48]. It admits applications in several
areas of mathematics [25] and in the general scenario of transporting resources
in the cheapest way [49,50]. As a distance among probability distributions,
the Wasserstein distance finds natural applications in statistics [51] and ma-
chine learning [52–55] and it is also be extended to the quantum realm and
considered in the context of quantum machine learning [24,56].

Let (Ω,P) be a probability space. Let us denote by C := C (Rd) a col-
lection of Borel-measurable real-valued functions on R

d. We say that the class
C is separating if the following property holds: any two R

d-valued random
variables F,G satisfying h(F ), h(G) ∈ L1(Ω,P) and E (h(F )) = E (h(G)) for
any h ∈ C , have necessarily the same law. The distance between the laws of
F and G induced by C is

dC (F,G) := sup {|E (h(F )) − E (h(G))| : h ∈ C } . (2.51)

The Wasserstein distance of order 1 between the laws of F and G, denoted by
dW(F,G), is obtained from (2.51) by taking C to be the set of all functions
h : Rd → R such that ‖h‖Lip � 1, where

‖h‖Lip := sup
x�=y

x,y∈R
d

|h(x) − h(y)|
‖x − y‖2

, (2.52)

and ‖·‖2 denotes the usual Euclidean norm in R
d. The Wasserstein distance

of order 1 admits the following equivalent formulation:

dW (F,G) := inf
{∫

Rd×Rd

‖x − y‖2 dγ(x, y) : γ ∈ Γ(law(F ), law(G))
}

, (2.53)

where Γ(law(F ), law(G)) denotes the set of all probability measures supported
on R

d × R
d with marginals law(F ), and law(G). In (2.53), we defined the

Wasserstein distance of order 1 between the law of two random variables,
F,G. In general, this definition applies for any probability measures μ, ν on
R

d. Furthermore, the distance (2.53) can also be expressed in terms of the
so-called Monge–Kantorovich formulation [57]. Let T : Rd → R

d be a Borel
map, and denote by T#μ the push forward of μ through T defined by

T#μ(E) := μ(T−1(E)) ∀E ⊂ R
d, Borel. (2.54)

The Monge version of the transport problem is the following: Let μ, ν be prob-
ability measures on R

d absolutely continuous with respect to the d-dimensional
Lebesgue measure. Minimize

T �→
∫

Rd×Rd

‖x − T (x)‖2 dμ(x), (2.55)

among all the transport maps T from μ to ν, that is, all maps T such that
T#μ = ν. It is well-known that (2.53) is equivalently written in terms of the
minimization problem (2.55). That is, there exists an optimal transport map
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T : Rd → R
d such that

dW (μ, ν) =
∫

Rd

‖x − T (x)‖2 dμ(x). (2.56)

In what follows, given s > 0, we will also need the following truncated version
of the Wasserstein distance of order 1, denoted as d(s)

W (F,G):

d(s)
W (F,G) := inf

{∫

Rd×Rd

d(s)(x, y)dγ(x, y) : γ ∈ Γ(law(F ), law(G))
}

,

(2.57)

where

d(s)(x, y) := ‖x − y‖2 ∧ s, for x, y ∈ R
d. (2.58)

Let us denote by CLip(1),s the class of 1-Lipschitz functions with respect to
d(s), and by CLip(1) the class of 1-Lipschitz functions with respect to ‖·‖2.
Notice that CLip(1),s ⊂ CLip(1), and thus by the dual characterization of the
1-Wasserstein distance, we get that

d(s)
W (F,G) � dW (F,G). (2.59)

3. Some Relevant Facts About Gaussian Processes

In this part, we collect some of the properties needed in the study of the con-
vergence of a sequence of random variables {Xn}n∈N to a Gaussian processes.
Let us start by recalling what a stochastic process is.

Definition 3.1. A stochastic process is a collection of random variables (Xα)α∈A

defined on a same probability space, where A is a set of indices.

It is customary to write X ∼ Y when the random variables X, and
Y have the same probability distribution. We say that a random variable X
is Gaussian, or distributed according to a Gaussian probability distribution
N(μ, σ2) with μ ∈ R, σ 
= 0, if its probability density is given by

p(x) =
1√

2πσ2
e− −(x−μ)2

2σ2 , x ∈ R.

In the vectorial case, given μ ∈ R
d, and K ∈ R

d×d is positive definite matrix, we
write X ∼ N(μ,K) if X is a random vector with probability density function

p(x) =
1

(2π)
N
2

1
√

det(K)
e− 1

2 (x−μ)T K−1(x−μ), x ∈ R.

In what follows, we recall what a Gaussian process is.

Definition 3.2. A stochastic process {Xα}α∈A is called Gaussian process (GP)
if for every subset F ⊂ A there exist a vector μF ∈ R

|F |, and a positive
semidefinite covariance matrix KF such that

{Xα}α∈F ∼ N(μF ,KF ). (3.1)
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In particular, if we define the mean function μ : A → R, and the covari-
ance function K : A × A → R as

μ(α) := E(Xα) (3.2)

K(α, α′) := E ((Xα − μ(α))(Xα′ − μ(α′))) , (3.3)

then, we can consider μF , and KF as the vector, and the matrix given by the
evaluations of these functions, that is, we may set

μF = μ(F ), KF = K(F, FT ). (3.4)

An important fact about the Gaussian processes is that it can be char-
acterized by the mean and the covariance function. Then, we can refer to a
Gaussian process {Xα}α∈A by writing

{Xα}α∈A ∼ GP(μ,K). (3.5)

In what follows, we aim to recall some about the convergence in distribution
of random variables.

Definition 3.3. We say that a sequence of real random variables {Xn}n∈N con-
verges in distribution to a real-valued random variable X if for any bounded,
and continuous function f : R → R, one has that

lim
n→+∞E(f(Xn)) = E(f(X)).

In this case, we denote it as Xn
d−→ X.

4. Multidimensional Stein Methods

In this section, we recall some concepts related to Stein’s method, which we
will employ to study the closeness between the law of a function generated by
a quantum circuit and that of a Gaussian random variable. Stein’s method is a
probabilistic technique that enables the assessment of the distance between two
probability measures via second-order differential operators. Specifically, we
aim to bound the Wasserstein distance of order one using bounds on solutions
to the so-called Stein equations, which we briefly review in this section.

In what follows, we set d � 1, and denote by Md×d the set of all real
d × d-matrices. Given a positive semidefinite matrix Σ ∈ Md×d, we denote by
Nd(0,Σ) the law of a R

d-valued Gaussian vector with mean zero and covari-
ance matrix Σ. When Σ is the identity matrix, we write 1d. In what follows,
we closely follows the notation of [32, Chapter 4]. We denote the Hilbert–
Schmidt inner product and the Hilbert–Schmidt norm by 〈·, ·〉HS and ‖·‖HS,
respectively:

〈A,B〉HS := tr(ABT ), ‖A‖HS :=
√

〈A,A〉HS ∀ A, B ∈ Md×d , (4.1)

where tr(·) denotes the usual trace operator. In the next, we denote by ‖A‖op

the operator norm of A

‖A‖op := sup
{ ‖Ax‖2 : x ∈ R

d such that ‖x‖2 = 1
}

, (4.2)
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where ‖·‖2 is the Euclidean norm of R
d. The following lemma, commonly

referred to as Stein’s Lemma, will be used to derive bounds on the Wasserstein
distance of order one between probability measures:

Lemma 4.1 [32, Lemma 4.1.3]. Let Σ be a positive semidefinite d × d matrix.
Let N = (N1, . . . , Nd) be a random vector with values in R

d. Then N has
Gaussian Nd(0,Σ) distribution if and only if

E (〈N,∇f(N)〉
Rd) = E (〈Σ,Hess f(N)〉HS) (4.3)

for every C2 function f : Rd → R having bounded first and second derivatives.
Here, we have denoted by Hess f the Hessian matrix of f .

In the statement of the previous lemma, there is no need to restrict
Σ to be positive definite. However, in the next definition, we make such an
assumption.

Definition 4.1. Let Σ be a positive definite d × d matrix. Let N ∼ Nd(0,Σ).
Let h : Rd → R be such that E|h(N)| < +∞. The Stein equation associated
to h and N is the partial differential equation

〈Σ,Hess f(x)〉HS − 〈x,∇ f(x)〉
Rd = h(x) − E (h(N)) . (4.4)

A solution to Eq. (4.4) is a C2-function f satisfying (4.4) for every x ∈ R
d.

The following proposition relates Lipschitz functions with Eq. (4.4).

Proposition 4.1 [32, Proposition 4.3.2]. Let N ∼ Nd(0,Σ). Let h : R
d → R

be a function with Lipschitz constant K > 0. Then the function fh : Rd → R

given by

fh(x) :=
∫ ∞

0

E

(
h(N) − h

(
exp(−t)x +

√
1 − exp(−2t)N

))
dt (4.5)

is well-defined, it is a C2-function and satisfies (4.4) for all x ∈ R
d. Further-

more,

sup
x∈Rd

‖Hess fh(x)‖HS � K
√

d
∥
∥Σ−1

∥
∥

op
‖Σ‖ 1

2
op . (4.6)

The following theorem provides an explicit relationship between the
Wasserstein distance of order one and the bound given in (4.6).

Theorem 4.1 [32, Theorem 4.4.1]. Let Σ be a positive definite d × d matrix,
and let N ∼ Nd(0,Σ). For any square integrable random vector F with values
in R

d, we have

dW(F,N) � sup
f∈Fd(Σ)

|E (〈Σ,Hess f(F )〉HS) − E (〈F,∇f(F )〉
Rd)| (4.7)

where

Fd(Σ) :=
{

f : Rd → RisC2, and sup
x∈Rd

‖Hess f(x)‖HS �
√

d
∥
∥Σ−1

∥
∥

op
‖Σ‖ 1

2
op

}
.

(4.8)
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This theorem provides an explicit form for bounding the Wasserstein
distance of order one. However, this comes at the cost of a less favorable
bound with respect to the dimensionality of the ambient space R

d, and the
fact that the right-hand side depends on the inverse of the covariance matrix
Σ, which can be challenging to determine explicitly in certain cases [58].

4.1. The Analytic Solution for the Linearized Model

By using a linearized version of (2.40), it is possible to study the behavior of
this evolution equation directly. In particular, the first-order approximation of
the function f(Θt, ·) enables the analysis of the asymptotic properties of the
function itself [8,30]. In what follows, we consider

⎧
⎨

⎩

dΘlin
t

dt = −η∇Θf(Θ0,X
T )∇f lin(Θt,X)L

lin(Θlin
t ),

d
dtf

lin(Θlin
t ,X) = −ηK̂Θ0(x,XT )∇f lin(Θlin

t ,X)L
lin(Θlin

t ),
(4.9)

where the linearized version f lin(Θlin
t , ) of the system (2.40) is given by

f lin(Θlin
t , x) = f(Θ0, x) + ∇Θf(Θ0, x)T (Θlin

t − Θ0). (4.10)

Furthermore, Llin is the loss function L computed on D using the linearized
model function (4.10) instead of the original model function f(Θt, ·). Using
the notation (2.37), we may write the equation for f(Θt, ·), and for f lin(Θlin

t , ·)
as

d
dt

F (t) = −ηK̂Θt
(F (t) − Y ), (4.11)

d
dt

F lin(t) = −ηK̂Θ0(F
lin(t) − Y ) (4.12)

where F lin(t) := f lin(Θlin
t ,X), K̂Θt

= K̂Θt
(X,XT ), for t � 0. For one moment,

suppose that K̂Θ0 is invertible. The solution of (4.12) gives the evolution of the
linearized function evaluated at the inputs of the dataset. Since F lin(0) = F (0),
we have that

F lin(t) = e−ηtK̂Θ0 (F (0) − Y ) + Y. (4.13)

For a new input, one gets that

d
dt

f lin(Θlin
t , x) = −ηK̂Θ0(x,XT )e−ηK̂Θ0 t(F (0) − Y ). (4.14)

Therefore,

f lin(Θlin
t , x) = f(Θ0, x) − K̂Θ0(x,XT )K̂−1

Θ0

(
1 − e−ηK̂Θ0 t

)
(F (0) − Y ).

(4.15)

Based on this observation, [8] proved that the probability distribution of
{f lin(Θt, x)}x∈X converges in distribution to a Gaussian process in the limit of
infinite width. This motivates the following notations. We denote by f (∞)(·)
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the Gaussian process to which f(Θ0, ·) converges in distribution. Let us denote
by X the vectors of all the inputs of X. For t > 0, we set

Kt(x, x′) := K0(x, x′) − K(x,XT )K−1
(
1 − e−tη K

)
K0(X,x′)

− K(x′,XT )K−1
(
1 − e−tη K

)
K0(X,x)

+ K(x,XT )K−1
(
1 − e−tη K

)
K0(X,XT )

(
1 − e−tη K

)
K−1K(X,x′),

(4.16)

μt(x) := K(x,XT )K−1
(
1 − e−tη K

)
Y. (4.17)

More precisely, [8, Corollary 4.9] proved that {f lin(Θt, x)}x∈X converges to
the Gaussian process with mean and covariance defined by (4.17) and (4.16),
respectively.

5. Main Results

In this section we state our main results.

Theorem 5.1 (Convergence at initialization, formal statement). Suppose that
A 1-A 2 hold true. Let K0 := K0(X, X

T
) be the covariance matrix of the

quantum neural network at initialization. Then, we have

dW

(
f(Θ,X),N(0,K0)

)
� N

2
(

2
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op
+ 6
)

m|M|7/2|N|7/2

N3(m)
(1 + log N(m)) , (5.1)

where N(0,K0) denotes a centered Gaussian process with covariance K0.

Proof. See Sect. 6. �

Theorem 5.2 (Convergence of the trained network, formal statement). Suppose
that A 1, A 2, A 3, and A 4 hold true. Let K0 := K0(X, X

T
) be the covariance

matrix of the quantum neural network at initialization. Then, for any s > 0
and any t > 0, we have

d(s)
W

(
f(Θt,X),N(μt(X),Kt)

)

� C(N,n, ‖Y ‖2, λ
K
min,K0, s)

L2m9/4|M|11/2|N|9/2

N5(m)
(1 + log N(m)) ,

(5.2)
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where

C(N,n, ‖Y ‖2, λ
K
min,K0, s) := 96sN

2
+ 8
√

N
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op
(N

3/2
+ 4n5/2)

+ 132n2
√

N
(
2‖Y ‖2

2 + 4n
)
(

1 +
27

(
λK

min

)3

)

+ 2
(√

n + ‖Y ‖2

)
(

1
λK

min

+
6

(
λK

min

)2
√

Nn

)

,

(5.3)

and N(μt(X),Kt) denotes Gaussian process with mean vector μt(X) and co-
variance matrix Kt := Kt(X, X

T
), where μt and Kt are defined by (4.17) and

(4.16), respectively.

Proof. See Sect. 7. �

Remark 5.1. The convergence rates in Theorem 5.1 and Theorem 5.2 strongly
depends on the number of possible inputs N . We stress that, if we are interested
in only a limited set of inputs, we can improve the rates by restrict X to such
set. For example, we can choose X to be the set of the training inputs together
with a single test input and get N = n+1. Furthermore, let us notice that the
right hand side of (5.2) does not depend on the training time, and therefore,
this bound is uniform in time and holds for finite width even in the limit of
t → +∞.

6. Convergence at Initialization

In this Section, we prove Theorem 5.1.

Proof. Let h : RN → R be a Lipschitz function with Lipschitz constant equal
to one. Let X be the vector of all the inputs in X. Let

Wi :=
∑

k/∈Pi

fk(Θ,X)
N(m)

, Zi :=
∑

k∈Pi

fk(Θ,X)
N(m)

. for i = 1, . . . , m;

Xi :=
fi(Θ,X)
N(m)

for i = 1, . . . , m.

(6.1)

For the sake of a clean notation, let W := f(Θ,X), and we set Hf := Hessianf
to denote the Hessian of a generic smooth function f : Rd → R. Notice that

W = Wi + Zi. (6.2)

Let us denote by g one solution of (4.4) associated to h. Further, by Proposition
4.1 one gets that

E
(
h (W ) − h(N(0,K0))

)
= E

(〈
K0,Hg (W )

〉
HS

− W · ∇ g (W )
)
. (6.3)
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Let us now choice a further random variable θ independent from all the vari-
ables Xi and uniformly distributed in [0, 1]. By the fundamental theorem of
calculus, we write for x, u, v ∈ R

N

〈∇ g(x + v) − ∇ g(x), u〉 = E
(〈

Hg(x + θv), uvT
〉
HS

)
. (6.4)

Since Wi,Xi are independent, then we obtain

E (〈Xi,∇ g(Wi + Zi)〉) = E (〈Xi,∇ g(Wi + Zi) − ∇ g(Wi)〉)
= E

(〈
Hg(Wi + θZi),XiZ

T
i

〉
HS

)
.

(6.5)

Then, we insert this equality into (6.3) to obtain that

E
(
h (W ) − h(N(0,K0))

)

= E

(
〈
K0,Hg(W )

〉
HS

−
m∑

i=1

〈
XiZ

T
i ,Hg (Wi + θZi)

〉
HS

)

. (6.6)

Furthermore, we write

E
(
h (W ) − h(N(0,K0))

)

= E

(〈

K0 −
m∑

i=1

XiZ
T
i ,Hg(W )

〉

HS

)

+ E

(
m∑

i=1

〈
XiZ

T
i ,Hg(Wi + Zi) − Hg(Wi + θZi)

〉
HS

)

.

(6.7)

Note then that
∣
∣
∣
∣
∣
E

m∑

i=1

〈
XiZ

T
i ,Hg(Wi + Zi) − Hg(Wi + θZi)

〉
HS

∣
∣
∣
∣
∣

� E

m∑

i=1

‖Xi‖2

∥
∥ZT

i

∥
∥

2
‖Hg(Wi + Zi) − Hg(Wi + θZi)‖op . (6.8)

On the other hand, notice that by Proposition A.1 with d = N , we get for
x, y ∈ R

N ,

‖Hg(x) − Hg(y)‖op � ω(N, ‖x − y‖2), (6.9)

where ω denotes the modulus of continuity of Hg. Hence, by (6.9), and since
the maximum number of qubits involved in the definition of Zi are D as defined
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in (2.31) and (2.24), we have that
∣
∣
∣
∣
∣
E

m∑

i=1

〈
XiZ

T
i ,Hg(Wi + Zi) − Hg(Wi + θZi)

〉
HS

∣
∣
∣
∣
∣

� E

m∑

i=1

‖Xi‖2

∥
∥ZT

i

∥
∥

2
ω(N, (1 − θ) ‖Zi‖2)

� E

m∑

i=1

‖Xi‖2

∥
∥ZT

i

∥
∥

2
ω(N, ‖Zi‖2)

� DmN

(N(m))2
ω

(
N,

D

N(m)

√
N

)
.

(6.10)

Let us now proceed to bound the first term on the right hand side of (6.7).
Let us define

Ci := E
(
XiZ

T
i

)
, (6.11)

and observe that
m∑

i=1

Ci = E

m∑

i=1

XiW
T = K0 where we have used that Xi and

Wi are independent, for all i = 1, . . . , m. Since g ∈ Fd(K0), we have that Hg
satisfies (4.6), and thus

∣
∣
∣
∣
∣
E

〈

K0 −
m∑

i=1

XiZ
T
i ,Hessian g(W )

〉

HS

∣
∣
∣
∣
∣

�
√

N
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op
E

∥
∥
∥
∥
∥
K0 −

m∑

i=1

XiZ
T
i

∥
∥
∥
∥
∥

HS

�
√

N
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op

√√
√
√

E

∥
∥
∥
∥
∥
K0 −

m∑

i=1

XiZT
i

∥
∥
∥
∥
∥

2

HS

=
√

N
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op

√√
√
√

E

∥
∥
∥
∥
∥

m∑

i=1

(Ci − XiZT
i )

∥
∥
∥
∥
∥

2

HS

=
√

N
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op

√√
√
√

E

∥
∥
∥
∥
∥

m∑

i=1

Mi

∥
∥
∥
∥
∥

2

HS

,

(6.12)

where we have defined Mi := Ci − XiZ
T
i , for i = 1, . . . , m. Notice that from

Remark 2.2, by the definition of Zi, and Zj , these are independent whenever
Pi ∩ P̃j = ∅. Notice that the same holds true for Mi and Mj for any i, j =
1, . . . , m. Furthermore, since the maximum number of qubits involved in the
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definition of Zi is D as defined in (2.24), then

‖Ci‖HS ,
∥
∥XiZ

T
i

∥
∥

HS
� DN

(N(m))2
, (6.13)

so that

‖Mi‖HS � 2DN

(N(m))2
. (6.14)

Then, by inserting in (6.7), inequalities (6.10), (6.12), and (6.14), we conclude
that

E|h (W ) − h(N(0,K0))|

�
√

N
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op

√√
√
√

E

∥
∥
∥
∥
∥

m∑

i=1

Mi

∥
∥
∥
∥
∥

2

HS

+
DmN

(N(m))2
ω

(
N,

D

N(m)

√
N

)

�
√

N
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op

√
D̃m(2ND)2

(N(m))4
+

DmN

(N(m))2
ω

(
N,

D

N(m)

√
N

)

=: CN,K0
m , (6.15)

where in the last inequality, we have used that if i, j are observable such that
Mi,Mj are independent, then their components do not give any contribution
to the sum on the right hand side of (6.15) (recall that D̃ is the constant defined
in (2.27), and denotes the maximum over all possible related observables i, j).
By taking the supremum over all the functions with Lipschitz constant one,
we obtain the left-hand side of (5.1). That is,

dW

(
f(Θ,X),N(0,K0)

)
� CN,K0

m . (6.16)

It remains to bound this constant CN,K0
m . First, we notice that

K0(x, x) =
1

N2(m)

m∑

k,k′=1

E[fk(Θ, x)fk′(Θ, x)]

=
1

N2(m)

m∑

k=1

⎛

⎝
∑

k′∈Pk

E[fk(Θ, x)fk′(Θ, x)] +
∑

k′ /∈Pk

E[fk(Θ, x)]E[fk′(Θ, x)]

⎞

⎠

=
1

N2(m)

m∑

k=1

∑

k′∈Pk

E[fk(Θ, x)fk′(Θ, x)]

� 1

N2(m)

m∑

k=1

∑

k′∈Pk

E[|fk(Θ, x)||fk′(Θ, x)|]

� 1

N2(m)

m∑

k=1

∑

k′∈Pk

1 � 1

N2(m)
m max

k
|Pk| � 1

N2(m)
m|M||N|, (6.17)

where the last inequality follows from Lemma 2.1. Therefore,

1 = max
x∈X

K0(x, x) � 1
N2(m)

m|M||N|. (6.18)
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We recall that

ω(d, x) :=

{
x (C(1, d) − 2 log x) , if x � 1,

C(1, d), if x > 1.
with C(1, d) := 2

3
2

1 + 2d

d

Γ
(

1+d
2

)

Γ
(
d
2

) .

(6.19)

Recalling Wendel’s inequality [59], valid for any x > 0 and s ∈ (0, 1),

Γ(x + s)
Γ(x)

� xs, (6.20)

we set x = d/2 and s = 1/2 in order to upper bound

C(1, d) � 2
3
2
1 + 2d

d

√
d

2
� 2 + 4

√
d. (6.21)

In particular, for d � 1 we can upper bound C(1, d) � 6
√

d. Furthermore,

ω

(
d,

D

N(m)

√
N

)
=

⎧
⎨

⎩

D
√
N

N(m)

(
C(1, d) − 2 log D

√
N + log N(m)

)
if D

√
N � N(m),

C(1, d) if D
√

N > N(m),

�
{

D
√
N

N(m)
(C(1, d) + log N(m)) if D

√
N � N(m),

D
√
N

N(m)
C(1, d) if D

√
N > N(m),

� D
√

N

N(m)
C(1, d) (1 + log N(m))

� 6
√

d
D

√
N

N(m)
(1 + log N(m)) ,

(6.22)

where we have noticed that d,D,N(m) � 1. This, combined with Lemma 2.1
(D � |M||N|) and Lemma 2.2 (D̃ � (|M||N|)4), implies

CN,K0
m � 2N

√
N
∥
∥
∥K

−1
0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2
op

√
m|M|3|N|3
N2(m)

+ 6N
2 m|M|2|N|2

N3(m)
(1 + log N(m))

� N
2
(

2
∥
∥
∥K

−1
0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2
op

+ 6

)
m|M|7/2|N|7/2

N3(m)
(1 + log N(m)) .

(6.23)

where in the second inequality we have used (6.18). �

7. Convergence of the Trained Network

7.1. Quantitative Lazy Training for a Finite Size Circuit

In this section, we provide a renewed proof of some results in [8] that takes into
account the quantitative contribution of the finite-size effects and where we do
not need to build a sequence of networks with diverging width. Therefore, the
results will apply to any network satisfying the expressivity condition (7.6).
We will often need the following lemma.
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Lemma 7.1. (Lipschitzness of the gradient [8, Lemma 4.20]) The following in-
equalities hold:

|∂θi
f(Θ, x)| � 2

|Mi|
N(m)

, (7.1)

‖∂θi
f(Θ,X)‖2 � 2

√
n

|M|
N(m)

, (7.2)

‖∇Θf(Θ, x)‖1 � 2L
m

N(m)
|M|, (7.3)

‖∇Θf(Θ, x) − ∇Θf(Θ′, x)‖∞ � 4
|M|2|N|
N(m)

‖Θ − Θ′‖∞. (7.4)

Theorem 7.1. (Lazy training, formal statement) Suppose that A 1, A 2, and
A 3 hold true, and let

R(δ) := ‖Y ‖2 +

√
2n

δ
. (7.5)

Let us assume that, fixed a constant 0 < δ < 1, it holds that

λK
min � 96n

√
Lm|M|2|N|
N2(m)

√

log
2n2

δ
. (7.6)

Then, there exist a positive number λ̃min(δ) satisfying

λ̃min(δ) � 1
3
λK

min, (7.7)

whose explicit expression is provided in (7.20) below, such that, when applying
gradient flow with learning rate η, the following inequalities hold with proba-
bility at least 1 − δ over random initialization:

L(Θt) � R2(δ)
2

e−2ηλ̃min(δ)t ∀ t � 0, (7.8)

‖Θt − Θ0‖∞ � 2
√

nR(δ)|M|
N(m)

1

λ̃min(δ)

(
1 − e−ηλ̃min(δ)t

)
∀ t � 0, (7.9)

sup
x∈X
t�0

|f(Θt, x) − f lin(Θlin
t , x)|

� 132n2R2(δ)
(

1 +
(
λ̃min(δ)

)−3
)

L2m2|M|5|N|2
N5(m)

log N(m).

(7.10)

Proof. We recall Chebyshev’s inequality for a random vector V with E[V ] = v
and E[(X − v)2] = σ2:

P (‖V − v‖2 � k‖σ‖2) � 1
k2

. (7.11)

Calling F (0) = f(Θ0,X), we have E[F (0)] = 0 and E[F 2(0)] = diag(K0(X,XT )).
Let us define

R(δ) := ‖Y ‖2 +

√
2
δ

∥
∥
∥
(
diag(K0(X,XT )

)1/2
∥
∥
∥

2
(7.12)
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Hence,

P (‖F (0) − Y ‖2 � R(δ)) � P (‖F (0)‖2 � R(δ) − ‖Y ‖2)

� P

(

‖F (0)‖2 �
√

2
δ

∥
∥
∥
(
diag(K0(X,XT )

)1/2
∥
∥
∥

2

)

� δ

2
.

(7.13)

Therefore,

P (‖F (0) − Y ‖2 < R(δ)) � 1 − δ

2
. (7.14)

Using that
n∑

i=1

K0(x(i), x(i)) = n, (7.15)

we have

R(δ) := ‖Y ‖2 +

√
2
δ

∥
∥
∥
(
diag(K0(X,XT )

)1/2
∥
∥
∥

2

= ‖Y ‖2 +

√
2
δ

(
n∑

i=1

K0(x(i), x(i))

)1/2

� ‖Y ‖2 +

√
2n

δ
. (7.16)

where we have used that K0(x(i), x(i)) � 1. In particular, R(δ) � 1, which
means R(δ) � R2(δ), which will be used later.

For the sake of a lean notation, we define

g(δ) :=
16n

√
Lm|M|2|N|
N2(m)

√

log
2n2

δ
, (7.17)

ρ(m) :=
1
2

N2(m)
16nLm|M|2|N| (λ

K
min − g(δ))

(

1 −
√

1 − 128n
√

nR(δ)
(λK

min − g(δ))2
Lm|M|3|N|

N3(m)

)

� 4
√

nR(δ)
λK

min − g(δ)
|M|

N(m)
, (7.18)

h(δ) := 16n
Lm

N2(m)
ρ(m), (7.19)

λ̃min(δ) := λK
min − g(δ) − h(δ), (7.20)

where the bound follows from 1 − √
1 − x � x. Let us informally clarify the

meaning of these definitions; in particular, the following claims, which will be
formally proved later, might help to understand the idea behind the appar-
ently complicated form of (7.17)-(7.20). We call Spec(A) the spectrum of a
symmetric matrix A.
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• The minimal eigenvalue λK
min of the analytic kernel K(X,XT ) is not in

general the same one of the empirical kernel at initialization K̂Θ0 and
during the training K̂Θt

. We will need to lower bound min0�t�t1 min Spec
(K̂Θt

) and we are going to call λ̃min(δ) our estimate. t1 is a time that
will be discussed later. Of course the bound will worsen with the size of
the trajectory of Θt (0 � t � t1) in the parameter space: if ρ(m) is the
maximal possible radius that such trajectory can achieve with respect to
the starting point, λ̃min(δ) will decrease with ρ(m).

• λ̃min(δ) is made of two corrections to λK
min: the first one—g(δ)—emerges

from the fact that, even if the empirical neural tangent kernel at initial-
ization is concentrated on the analytic neural tangent kernel, they are
different matrices; the second one—h(δ)—is due to the evolution from
K̂Θ0 to K̂Θt

. The latter grows with the radius of the trajectory.
• In the proof we will study the trajectory from t = 0 to t = t1, where the

final time is the first instant when the parameter vector Θt1 is far from
Θ0 more than ρ(m) in the parameter space, where it will be crucial to
require ρ(m) to satisfy

ρ(m) =
2
√

nR(δ)|M|
N(m)

1

λ̃min(δ)
(7.21)

in order to conclude the proof of (7.8) and (7.9). Since ρ(m) linearly
appears in λ̃min(δ), in order to compute ρ(m) we need to solve the second-
order equation provided by (7.21). The solution is (7.18).

Therefore, by our definitions, we have that ρ(m) satisfies (7.21) (which can be
explicitly verified by using the definitions provided above). In particular, by
(7.18),

λ̃min(δ) =
2
√

nR(δ)|M|
N(m)

1
ρ(m)

� 1
2
(λK

min − g(δ)), (7.22)

and, by hypothesis (7.6), which can be restated as

g(δ) � 1
6
λK

min, (7.23)

we have that

λ̃min(δ) � 1
3
λK

min > 0. (7.24)

Let Br(Θ0) = {Θ : ‖Θ0 − Θ‖∞ < r} be the ball of center Θ0 and radius
r.

Let us now recall the following quantitative result about the closeness
between K̂ and K proved in [8]:

Theorem 7.2. [8, Theorem 4.7] Suppose that we initialize a parameterized quan-
tum circuit randomly, that is, the parameters θi are taken as independent ran-
dom variables. Then, for any x, x′ ∈ X we have

P

(
|K̂Θ(x, x′) − K(x, x′)| � ε

)
� exp

(
− 1

256
N4(m)

Lm|M|4|N|2 ε2

)
. (7.25)
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Let ‖ · ‖HS be the Hilbert–Schmidt norm and let us apply Theorem 7.2
to Fij := K(x(i), x(j)) − K̂Θ0(x

(i), x(j)), where 1 � i, j � n, i.e. F = K − K̂Θ0 :

P[‖F‖HS � ε] = P

⎡

⎣
n∑

i,j=1

(Fij)2 � ε2

⎤

⎦ � P

[
max

ij
|Fij | � ε/n

]

�
n∑

i,j=1

P [|Fij | � ε/n] � n2 exp
(

− 1
256

N4(m)
Lm|M|4|N|2

ε2

n2

)
,

(7.26)

whence, by (7.17),

P [‖F‖HS < g(δ)] � 1 − δ

2
. (7.27)

When ‖F‖HS < g(δ), the maximum eigenvalue of |F | is λF < g(δ), so

F � |F | � λF1 ≺ g(δ)1.

The previous equation implies that

K − K̂Θ0 ≺ g(δ)1 ⇒ K̂Θ0 � K − g(δ)1 � (λK
min − g(δ))1.

So,

K̂Θ0(X,XT ) � (
λK

min − g(δ)
)
1 (7.28)

with probability at least 1 − δ
2 . Let

t1 = inf {t : ‖Θt − Θ0‖∞ � ρ(m)} . (7.29)

For t � t1 we have, by [8, Lemma 4.22],1 we have

|K̂Θt
(x, x′) − K̂Θ0(x, x′)| � 16

Lm|M|2|N|
N2(m)

‖Θt − Θ0‖∞ � 16
Lm|M|2|N|

N2(m)
ρ(m).

(7.30)

Therefore,

‖K̂Θt
− K̂Θ0‖HS � 16n

Lm|M|2|N|
N2(m)

ρ(m) = h(δ), (7.31)

whence

K̂Θt
(X,XT ) � (

λK
min − g(δ) − h(δ)

)
1 = λ̃min(δ)1 ∀ t � t1, (7.32)

with probability at least 1 − δ (by the union bound applied to the events
described above). Recalling that

d

dt
f(Θt, x) = −ηK̂Θt

(x,XT ) · (F (t) − Y ) ,

for t � t1 we have, with probability at least 1 − δ (see eq. (7.14)),
d

dt
‖F (t) − Y ‖2

2 = −2η(F (t) − Y )T K̂Θt
(F (t) − Y ) � −2ηλ̃min(δ)‖F (t) − Y ‖2

2,

1since in the current work we do not introduce the normalization NK(m) for the neural
tangent kernel, it is sufficient to set NK(m) = 1, and Σ1 = Lm in the quoted result.
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⇒ L(Θt) =
1
2
‖F (t) − Y ‖2

2 � 1
2
e−2ηλ̃min(δ)t‖F (0) − Y ‖2

2

� e−2ηλ̃min(δ)t R
2(δ)
2

. (7.33)

Recalling also that

Θ̇t = −η∇Θf(Θt,X) · (F (t) − Y )

and using Lemma 7.1,
d

dt
|θi(t) − θi(0)| �

∣
∣
∣
d

dt
θi(t)

∣
∣
∣ =

∣
∣
∣η∂θi

f(Θ,X) · (F (t) − Y )
∣
∣
∣

� η‖∂θi
f(Θ,X)‖2‖F (t) − Y ‖2

� 2η
√

n
|M|

N(m)
R(δ)e−ηλ̃min(δ)t, (7.34)

⇒ |θi(t) − θi(0)| � 2
√

nR(δ)|M|
N(m)

1

λ̃min(δ)

(
1 − e−ηλ̃min(δ)t

)
∀ t � t1,

(7.35)

⇒ ‖Θt − Θ‖∞ � ρ(m)
(
1 − e−ηλ̃min(δ)t

)
∀ t � t1,

(7.36)

with probability at least 1 − δ, where the last implication follows from (7.21)
combined with the definition (7.24) of λ̃min(δ). If t1 < ∞, then

‖Θt1 − Θ‖∞ � ρ(m)
(
1 − e−ηλ̃min(δ)t1

)
< ρ(m) ∀ t � t1, (7.37)

with probability at least 1 − δ, but this contradicts the definition (7.29) of t1,
so we must have t1 = ∞. This implies that (7.33) and (7.36) hold for any t > 0;
so, we have proved (7.8) and (7.9). Combining the latter with [8, Theorem
4.23], we can estimate

sup
t

|f(Θt, x) − f lin(Θt, x)| � Lm|M|2|N|
N(m)

‖Θt − Θ0‖2
∞ � Lm|M|2|N|

N(m)
ρ2(m),

(7.38)

with probability at least 1 − δ. Now, we want to prove that

‖F (t) − F lin(t)‖2 � 16nR(δ)

λ̃min(δ)

Lm|M|2|N|
N2(m)

ρ(m)
(
1 − e−ηλ̃min(δ)t

)
, (7.39)

with probability at least 1− δ. We follow the strategy of [30], using our results
to improve the final bound. Let us define

Δ(t) = ‖F (t) − F lin(t)‖2

and compute
1
2

d

dt
Δ2(t)

=
n∑

i=1

(
f(Θt, x

(i)) − f lin(Θlin
t , x(i))

)( d

dt
f(Θt, x

(i)) − d

dt
f lin(Θlin

t , x(i))
)
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= −η
n∑

i=1

(
f(Θt, x

(i)) − f lin(Θlin
t , x(i))

)

×
(
K̂Θt

(x(i),XT )(f(Θt,X) − Y ) − K̂Θ(x(i),XT )(f(Θlin
t ,X) − Y )

)

= −η(F (t) − F lin(t))T K̂Θt
(F (t) − Y ) + η(F (t) − F lin(t))T K̂Θ(F lin(t) − Y )

= −η(F (t) − F lin(t))T K̂Θt
(F (t) − Y )

− η(F (t) − F lin(t))T K̂Θ(F (t) − F lin(t))

+ η(F (t) − F lin(t))T K̂Θ(F (t) − Y ) (7.40)

Noticing that K̂Θ is positive semidefinite,

−η(F (t) − F lin(t))T K̂Θ(F (t) − F lin(t)) � 0, (7.41)

so (7.40) becomes
1
2

d

dt
Δ2(t) � −η(F (t) − F lin(t))T K̂Θt

(F (t) − Y )

+ η(F (t) − F lin(t))T K̂Θ(F (t) − Y )

= −η(F (t) − F lin(t))T (K̂Θt
− K̂Θ)(F (t) − Y ) (7.42)

whence ∣
∣
∣
∣Δ(t)

d

dt
Δ(t)

∣
∣
∣
∣ � η‖F (t) − F lin(t)‖2‖K̂Θt

− K̂Θ‖op‖F (t) − Y ‖2

= ηΔ(t)‖K̂Θt
− K̂Θ‖op‖F (t) − Y ‖2. (7.43)

Therefore,
∣
∣
∣
∣
d

dt
Δ(t)

∣
∣
∣
∣ � η‖K̂Θt

− K̂Θ‖L||F (t) − Y ||2. (7.44)

By (7.33)

‖F (t) − Y ‖2 � R(δ)e−ηλ̃min(δ)t, (7.45)

and by (7.31)

‖K̂Θt
− K̂Θ0‖op � ‖K̂Θt

− K̂Θ0‖HS � 16n
Lm|M|2|N|

N2(m)
ρ(m), (7.46)

we have

|∂tΔ(t)| � 16nR(δ)η
Lm|M|2|N|

N2(m)
ρ(m)e−ηλ̃min(δ)t (7.47)

whence

Δ(t) � 16nR(δ)

λ̃min(δ)

Lm|M|2|N|
N2(m)

ρ(m)
(
1 − e−ηλ̃min(δ)t

)
,

and this proves the claim (7.39). Now we have all the ingredients to finish the
proof. We adapt to our case the strategy of [60]. Let us compute
∥
∥Θ̇t − Θ̇lin

t

∥
∥

∞ = η
∥
∥∇Θf(Θt,X

T )(F (t) − Y ) − ∇Θf(Θ0,X
T )(F lin(t) − Y )

∥
∥

∞
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� η
∥
∥(∇Θf(Θt,X

T ) − ∇Θf(Θ0,X
T )
)
(F (t) − Y )

∥
∥

∞
+ η

∥
∥∇Θf(Θ0,X

T )(F lin(t) − F (t))
∥
∥

∞
� η sup

i
‖∂θi

f(Θt,X) − ∂θi
f(Θ0,X)‖2‖F (t) − Y ‖2

+ η sup
i

‖∂θi
f(Θ0,X)‖2‖F lin(t) − F (t)‖2 (7.48)

Let us bound the previous expression term by term. Combining the Lipschitz-
ness result of Lemma 7.1 with the lazy training bound (7.36), and using the
convergence to the examples (7.33), we control the first term:

η sup
i

‖∂θi
f(Θt,X) − ∂θi

f(Θ0,X)‖2‖F (t) − Y ‖2

� 4η
√

nR(δ)
|M|2|N|
N(m)

ρ(m)e−ηλ̃min(δ)t

=: A(t). (7.49)

Regarding the second term, we need two different estimates to be used for
“small” and “large” t, as we will show soon. The first estimate is based on the
Lipschitzness of the gradient Lemma 7.1 and on (7.39):

η sup
i

‖∂θi
f(Θ0,X)‖2‖F lin(t) − F (t)‖2 � 32ηn

√
nR(δ)

λ̃min(δ)

Lm|M|3|N|
N3(m)

ρ(m)

=: B(t). (7.50)

The second estimate exploits again Lemma 7.1 and the convergence to the ex-
amples for the original model (7.39); we also need to quantify the convergence
to the examples for the linearized model; this immediately follows from the
analytic solution for the evolution of linearized model (4.10) and from (7.13):

η sup
i

‖∂θi
f(Θ0,X)‖2‖F lin(t) − F (t)‖2

� 2η
√

n
|M|

N(m)
(‖F lin(t) − Y ‖2 + ‖F (t) − Y ‖2

)

� 2η
√

n
|M|

N(m)

(
e−ηλK

mint‖F (0) − Y ‖2 + R(δ)e−ηλ̃min(δ)t
)

� 2η
√

n
|M|

N(m)
R(δ)

(
e−η0λK

mint + e−ηλ̃min(δ)t
)

� 4η
√

nR(δ)
|M|

N(m)
e−ηλ̃min(δ)t =: C(t). (7.51)

Hence,
∥
∥Θ̇t − Θ̇lin

t

∥
∥

∞ � A(t) + B(t) and
∥
∥Θ̇t − Θ̇lin

t

∥
∥

∞ � A(t) + C(t). (7.52)

Defining

t∗ =
1

ηλ̃min(δ)
log N(m), (7.53)
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we integrate

∥
∥Θt − Θlin

t

∥
∥

∞ �
∫ ∞

0

A(t)dt +
∫ t∗

0

B(t)dt +
∫ ∞

t∗
C(t)dt

= 4
√

nR(δ)
|M|2|N|
N(m)

ρ(m)

λ̃min(δ)

+
32n

√
nR(δ)

λ̃min(δ)

Lm|M|3|N|
N3(m)

ρ(m)

λ̃min(δ)
log N(m)

+
4
√

nR(δ)

λ̃min(δ)

|M|
N(m)

e− log N(m)

=
4
√

nR(δ)

λ̃min(δ)

|M|
N(m)

{(

|M||N| +
8n

λ̃min(δ)

Lm|M|2|N|
N2(m)

log N(m)
)

ρ(m) +
1

N(m)

}
. (7.54)

So, using [8, Theorem 4.23] together with (7.36) and (7.54), we conclude
by computing

|f(Θt, x)−f lin(Θlin
t , x)|

= |f(Θt, x) − f(Θ0, x) − ∇Θf(Θ0, x)T (Θlin
t − Θ0)|

� |f(Θt, x) − f lin(Θt, x)| + |∇Θf(Θ0, x)T (Θlin
t − Θt)|

� Lm|M|2|N|
N(m)

‖Θt − Θ0‖2
∞ + 2

Lm|M|
N(m)

‖Θlin
t − Θt‖∞

� Lm|M|2|N|
N(m)

ρ2(m) +
8
√

nR(δ)

λ̃min(δ)

Lm|M|2
N2(m)

{(

|M||N| +
8n

λ̃min(δ)

Lm|M|2|N|
N2(m)

log N(m)

)

ρ(m) +
1

N(m)

}

� 20nR2(δ)
λ2

min(δ)
Lm|M|4|N|

N3(m)
+

128n2R2(δ)
(
λ̃min(δ)

)3

L2m2|M|5|N|
N5(m)

log N(m)

+
8
√

nR(δ)

λ̃min(δ)

Lm|M|2
N3(m)

=: ξm(δ). (7.55)

We can use inequality (6.18) to bound

ξm(δ) � n2R2(δ)

λ̃min(δ)

⎛

⎜
⎝8 +

20

λ̃min(δ)
+

128
(
λ̃min(δ)

)2

⎞

⎟
⎠

L2m2|M|5|N|2
N5(m)

(1 + log N(m))



A. Melchor Hernandez et al. Ann. Henri Poincaré

� 4n2R2(δ)

λ̃min(δ)

⎛

⎜
⎝2 +

5
(
λ̃min(δ)

)2 +
32

(
λ̃min(δ)

)3

⎞

⎟
⎠

L2m2|M|5|N|2
N5(m)

(1 + log N(m))

� 132n2R2(δ)

⎛

⎜
⎝1 +

1
(
λ̃min(δ)

)3

⎞

⎟
⎠

L2m2|M|5|N|2
N5(m)

(1 + log N(m)) ,

(7.56)

where we have recalled that R(δ) � R2(δ) and, in the last inequality, we have
used that, for x � 0,

2x + 5x2 + 32x3 � 2x + 5x2 + 32x3 + (x − 1)2 + (x − 4)2(x + 2) = 33(1 + x3) .
(7.57)

This concludes the proof. �

7.2. The Wasserstein Distance Between f and f lin

In this part, we prove an upper bound to the Wasserstein distance of order 1
between the objective function f(Θt, x) and its linearized version f lin(Θlin

t , x).

Lemma 7.2. Suppose that A 1, A 2, A 3, and A 4 hold true. Let X be the
vector of all the inputs of X. Then, for any s > 0 we have

d(s)
W

(
f(Θt,X), f lin(Θlin

t ,X)
)

� 132n2
√

N

(
‖Y ‖2 +

√
2n
√

N(m)
)2
(

1 +
27

(
λK

min

)3

)

L2m2|M|5|N|2
N5(m)

(1 + log N(m)) +
s

√
N(m)

. (7.58)

Proof. Note that

d(s)
W

(
f(Θt,X), f lin(Θlin

t ,X)
)

� Emin
{∥∥f(Θt,X) − f lin(Θlin

t ,X)
∥
∥

2
, s
}

� Emin
{√

N sup
x∈X

∣
∣f(Θt, x) − f lin(Θlin

t , x)
∣
∣ , s

}

where N indicates the number of inputs in X. Further, let us take

δm :=
1

√
N(m)

; (7.59)

since (7.6) holds with δm, we then apply Theorem 7.1, and so that when
applying the gradient flow with learning rate η, the following inequality holds
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with probability at least 1 − δm over random initialization:

sup
x∈X
t�0

|f(Θt, x) − f lin(Θlin
t , x)| � 132n2R2(δm)

⎛

⎜
⎝1 +

1
(
λ̃min(δm)

)3

⎞

⎟
⎠

L2m2|M|5|N|2
N5(m)

(1 + log N(m)) (7.60)

where λ̃min(δm) is defined according to (7.20), and satisfies (7.7) due to (2.42)
in A 4. Let us call E the event in which (7.60) holds, and let Ec be its comple-
mentary. Clearly P(E) � 1 and P(Ec) � δm, and thus

Emin
{√

N sup
x∈X

∣
∣f(Θt, x) − f lin(Θlin

t , x)
∣
∣ , s

}

� E

⎛

⎝
√

N sup
x∈X
t�0

∣
∣f(Θt, x) − f lin(Θlin

t , x)
∣
∣

∣
∣
∣
∣
∣
E

⎞

⎠+ E (s |Ec) δm. (7.61)

Hence, by applying (7.60) and (7.61), one gets that

d(s)
W

(
f(Θt,X), f lin(Θlin

t ,X)
)

� 132
√

Nn2R2(δm)

⎛

⎜
⎝1 +

1
(
λ̃min(δm)

)3

⎞

⎟
⎠

L2m2|M|5|N|2
N5(m)

(1 + log N(m))

+
s

√
N(m)

� 132
√

Nn2R2(δm)

(

1 +
27

(
λK

min

)3

)
L2m2|M|5|N|2

N5(m)

× (1 + log N(m)) +
s

√
N(m)

, (7.62)

where the last inequality follows by (7.7). Now by the choice of δm and R(δm)
defined according to (7.16), we are done. �

7.3. The Closeness Between f lin and a Gaussian Process

Let us define the following processes:

Rt(X) := −K̂Θ0(X,XT )K̂−1
Θ0

(
1 − e−η tK̂Θ0

)
(F (0) − Y ), (7.63)

R∞
t (X) := −K(X,XT )K−1

(
1 − e−η tK

)
(f (∞)(X) − Y ). (7.64)

In the next, we show that for any t > 0, f lin(Θt,X) is close to Zt(X) that is
defined as

Zt(X) := f (∞)(X) − K(X,XT )K−1
(
1 − e−η tK

)
(f (∞)(X) − Y ). (7.65)
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Notice that Zt follows a normal probability law N(μt(X),Kt(X, X
T
)), where

μt(X) represents its mean vector, and Kt := Kt(X, X
T
) its covariance opera-

tor. These quantities are the vectorial form of (4.17), and (4.16), respectively.

Lemma 7.3. Let us fix 0 < s < +∞. Let X be the vector of all the inputs in
X, and let X be the vector of the n training inputs. For any t > 0, we set
Kt := Kt(X, X

T
) defined according to (4.16). Suppose that A 1, A 2, and A

3 hold true. Then

d(s)
W

(
f lin(Θt,X),N(μt(X),Kt)

)
� CN,K0

m +

∥
∥K(X,XT )

∥
∥

op

λK
min

Cn,K0
m

+ 2

(
1

√
N(m)λK

min

+
6

√
N(m)

(
λK

min

)2
√

N̄n
Lm|M|2
N2(m)

)

E ‖F (0) − Y ‖2

+ exp
(

− 1
256

N3(m)
Lm|M|2|N|2

1

N
2

)
s (7.66)

where CN,K0
m is defined according to (6.15), and Cn,K0

m defined as

Cn,K0
m :=

√
n
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op

√
D̃(2nD)2

(N(m))4
+

Dmn

(N(m))2
ω

(
n,

D

N(m)

)
,

(7.67)

where D, D̃, and ω are defined in (2.24), (2.27), and (A.3), respectively.

Proof. Consider 0 < s < +∞, and let h be a 1-Lipschitz function. Let us
define

f̃ lin(Θlin
t ,X) = f(Θ0,X) + R̃t(X),

R̃t(X) := −K(X,XT )K−1
(
1 − e−η tK

)
(F (0) − Y ).

(7.68)

Notice that by the triangle inequality

d(s)
W (f lin(Θlin

t ,X), Zt)

� d(s)
W (f lin(Θlin

t ,X), f̃ lin(Θlin
t ,X)) + d(s)

W (f̃ lin(Θlin
t ,X), Zt) (7.69)

and so

d(s)
W (f lin(Θlin

t ,X), Zt) � Emin
{∥∥
∥f lin(Θlin

t ,X) − f̃ lin(Θlin
t ,X)

∥
∥
∥

2
, s
}

+ Emin
{∥∥
∥f̃ lin(Θlin

t ,X) − Zt

∥
∥
∥

2
, s
}

. (7.70)

Notice that by the definition of f and f̃ lin, we have

Emin
{∥∥
∥f lin(Θlin

t ,X) − f̃ lin(Θlin
t ,X)

∥
∥
∥

2
, s
}

� Emin
{∥∥
∥Rt − R̃t

∥
∥
∥

2
, s
}

.

(7.71)

In what follows, since η is a constant, we can absorb it into the variable t, and
therefore, we will not consider it further. Hence, for each matrix Σ depending
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on X,X such that the inverse matrix (Σ(X,XT ))−1 is well defined, we define
the matricial function,

M(Σ) = Σ(X,XT )Σ−1(1 − e−tΣ), where Σ = Σ(X,XT ), and

Σ−1 = (Σ(X,XT ))−1. (7.72)

For the sake of simplicity, given a covariance matrix Σ of a set of real-valued
random variables indexed by the elements of X, we write Σ∗ := Σ(X,XT ).
Then

M(K) = K∗K−1(1 − e−tK), M(K̂) = K̂∗K̂−1(1 − e−tK̂), where K̂ = KΘ0 .
(7.73)

Notice that

dM = dΣ∗Σ−1(1 − e−tΣ) − Σ∗Σ−1dΣΣ−1(1 − e−tΣ)

+ Σ∗Σ−1

∫ 1

0

e−sΣttdΣe−(1−s)Σtds (7.74)

Let us denote by λΣ
min the smallest eigenvalue of Σ, and suppose that Σ �

λΣ
min1. Notice that

‖dM‖op � ‖dΣ∗‖op

1
λΣ

min

+ ‖Σ∗‖op ‖dΣ‖op

1
(λΣ

min)2

+ t ‖Σ∗‖op

1
λΣ

min

‖dΣ‖op e−tλΣ
min

� ‖dΣ∗‖op

1
λΣ

min

+ ‖Σ∗‖op ‖dΣ‖op

1
(λΣ

min)2

+
1

(λΣ
min)2e

‖Σ∗‖op ‖dΣ‖op . (7.75)

On the other hand, by the definition of Rt, and R̃t

Emin
{∥∥
∥Rt − R̃t

∥
∥
∥

2
, s
}

= Emin
{∥∥
∥
(
M(K̂) − M(K)

)
(F (0) − Y )

∥
∥
∥

2
, s
}

,

(7.76)

where K̂ = K̂Θ0 is the empirical tangent kernel, and K the analytic tangent
kernel. In what follows, fix 0 < ε, and we call E :={

ω ∈ Ω :
∥
∥
∥K(X, X

T
) − K̂(X, X

T
)
∥
∥
∥

op
< ε

}
. We write

Emin
{∥∥
∥
(
M(K̂) − M(K)

)
(F (0) − Y )

∥
∥
∥

2
, s
}

= P (E)E

(

min
{∥∥
∥
(
M(K̂) − M(K)

)
(F (0) − Y )

∥
∥
∥

2
, s
}
∣
∣
∣
∣
∣
E

)

+ P (Ec)E

(

min
{∥∥
∥
(
M(K̂) − M(K)

)
(F (0) − Y )

∥
∥
∥

2
, s
}
∣
∣
∣
∣
∣
Ec

)

,

(7.77)
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and thus

Emin
{∥∥
∥Rt − R̃t

∥
∥
∥

2
, s
}

� P (E)E

(

min
{∥∥
∥
(
M(K̂) − M(K)

)
(F (0) − Y )

∥
∥
∥

2
, s
}
∣
∣
∣
∣
∣
E

)

+ P (Ec) s

� P (E)E

(

min
{∥
∥
∥
(
M(K̂) − M(K)

)∥∥
∥

op
‖(F (0) − Y )‖2 , s

} ∣∣
∣
∣
∣
E

)

+ P (Ec) s.

(7.78)

Let us take α ∈ [0, 1]. By the fundamental theorem of calculus, we write

M(K) − M(K̂) =
∫ 1

0

dM(Σα)
dα

dα, Σα := αK + (1 − α)K̂. (7.79)

By (7.75) we have that
∥
∥
∥M(K) − M(K̂)

∥
∥
∥

op

�
∥
∥
∥
∥

d(Σα)∗
dα

∥
∥
∥
∥

op

1
λK

min

+ ‖K∗‖op

∥
∥
∥
∥

dΣα

dα

∥
∥
∥
∥

op

1
(λK

min)2

+
1

(λK
min)2e

‖K∗‖op

∥
∥
∥
∥

dΣα

dα

∥
∥
∥
∥

op

=
1

λK
min

∥
∥K(X,XT ) − KΘ0(X,XT )

∥
∥

op
+

1
(
λK

min

)2 ‖K∗‖op

∥
∥
∥K − K̂

∥
∥
∥

op

+
1

(λK
min)2e

‖K∗‖op

∥
∥
∥K − K̂

∥
∥
∥

op
.

(7.80)

Hence, we obtain that

E

(

min
{∥
∥
∥M(K̂) − M(K)

∥
∥
∥

op
‖F (0) − Y ‖2 , s

} ∣∣
∣
∣
∣
E

)

� ε

λK
min

E

(

min {‖F (0) − Y ‖2 , s}
∣
∣
∣
∣
∣
E

)

(7.81)

+
ε

(
λK

min

)2E

(

min
{

‖K∗‖op ‖F (0) − Y ‖2 , s
}
∣
∣
∣
∣
∣
E

)

+
ε

(λK
min)2e

E

(

min
{

‖K∗‖op ‖F (0) − Y ‖2 , s
}
∣
∣
∣
∣
∣
E

)

. (7.82)

In order to bound ‖K∗‖op and
∥
∥
∥K̂∗

∥
∥
∥

op
, let us first notice that, for a generic

real n1 × n2 matrix A such that |Aij | � a for any 1 � i � n1 and 1 � j � n2,
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by convexity of x �→ x2 we have

‖A‖op = sup
‖v‖�1

√√
√
√
√

n1∑

i=1

⎛

⎝
n2∑

j=1

Aijvj

⎞

⎠

2

� sup
‖v‖�1

√√
√
√n2

n1∑

i=1

n2∑

j=1

A2
ijv

2
j

� a sup
‖v‖�1

√√
√
√n1n2

n2∑

j=1

v2
j � a

√
n1n2 (7.83)

where v ∈ R
n2 . A uniform bound on the matrix elements of K̂D can be ob-

tained as follows. By Lemma 7.1, for any 1 � i � Lm and x ∈ X we have

|∂θi
f(Θ0, x)| � 2

|M|
N(m)

; (7.84)

therefore,

|K̂Θ0(x, x′)| =

∣
∣
∣
∣
∣
∣

Lm∑

j=1

∂θj
f(Θ0, x)∂θj

f(Θ0, x
′)

∣
∣
∣
∣
∣
∣
�

Lm∑

j=1

|∂θj
f(Θ0, x)| |∂θj

f(Θ0, x
′)|

� 4
Lm|M|2
N2(m)

(7.85)

whence

‖K̂∗‖op � 4
√

N̄n
Lm|M|2
N2(m)

and ‖K∗‖op � E[‖K̂D‖op] � 4
√

N̄n
Lm|M|2
N2(m)

.

(7.86)

Hence, we obtain that

E

(

min
{∥
∥
∥M(K̂) − M(K)

∥
∥
∥

op
‖F (0) − Y ‖2 , s

} ∣∣
∣
∣
∣
E

)

� ε

λK
min

E

(

min {‖F (0) − Y ‖2 , s}
∣
∣
∣
∣
∣
E

)

+
3
2

ε
(
λK

min

)2E

(

min
{

4
√

N̄n
Lm|M|2
N2(m)

‖F (0) − Y ‖2 , s

} ∣∣
∣
∣
∣
E

)

�
(

ε

λK
min

+
6ε

(
λK

min

)2
√

N̄n
Lm|M|2
N2(m)

)

E (‖F (0) − Y ‖2 |E) .
(7.87)

Let us now compute P(Ec). Proceeding as in (7.83) we get
∥
∥
∥K(X, X

T
) − K̂(X, X

T
)
∥
∥
∥

op
� N sup

x,x′∈X
|K(x, x′) − K̂(x, x′)|. (7.88)
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Then, by Theorem 7.2 and (7.88), one gets

P(Ec) � P

(

N sup
x,x′∈X

|K(x, x′) − K̂(x, x′)| � ε

)

= P

(

sup
x,x′∈X

|K(x, x′) − K̂(x, x′)| � ε

N

)

� exp
(

− 1
256

N4(m)
Lm|M|2|N|2

ε2

N
2

)
. (7.89)

Therefore, by (7.71) together with (7.87) and (7.89), one has

Emin
{∥∥
∥f lin(Θlin

t ,X) − f̃ lin(Θlin
t ,X)

∥
∥
∥

2
, s
}

�
(

ε

λK
min

+
6ε

(
λK

min

)2
√

N̄n
Lm|M|2
N2(m)

)

E (‖F (0) − Y ‖2 |E)

+ exp
(

− 1
256

N4(m)
Lm|M|2|N|2

ε2

N
2

)
s. (7.90)

Let us now estimate the remaining term Emin
{∥∥
∥f̃ lin(Θlin

t ,X) − Zt

∥
∥
∥

2
, s
}

. No-
tice that

f̃ lin(Θlin
t ,X)) − Zt = f(Θ0,X) − f (∞)(X)

−
(
K(X,XT )K−1

(
1 − e−η tK

)
(f(Θ0,X) − f (∞)(X))

)
,

(7.91)

and thus

Emin
{∥∥
∥f̃ lin(Θlin

t ,X) − Zt

∥
∥
∥

2
, s
}

� E

∥
∥
∥f(Θ0,X) − f (∞)(X)

∥
∥
∥

2
+

∥
∥K(X,XT )

∥
∥

op

λK
min

E

∥
∥
∥f(Θ0,X) − f (∞)(X)

∥
∥
∥

2

= dW (f(Θ0,X),N(0,K0)) +

∥
∥K(X,XT )

∥
∥

op

λK
min

dW (f(Θ0,X),N(0,K0))

(7.92)

where the last identity follows by the existence of an optimal plan. Then by
(6.16), one gets that

Emin
{∥∥
∥f̃ lin(Θlin

t ,X) − Zt

∥
∥
∥

2
, s
}

� CN,K0
m +

∥
∥K(X,XT )

∥
∥

op

λK
min

Cn,K0
m . (7.93)
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Therefore, combining (7.90) and (7.93) with (7.70), we obtain

d(s)
W

(
f lin(Θt,X),N(μt(X),Kt)

)

� CN,K0
m +

∥
∥K(X,XT )

∥
∥

op

λK
min

Cn,K0
m

+

(
ε

λK
min

+
6ε

(
λK

min

)2
√

N̄n
Lm|M|2
N2(m)

)

E (‖F (0) − Y ‖2 |E)

+ exp
(

− 1
256

N4(m)
Lm|M|2|N|2

ε2

N
2

)
s. (7.94)

Let us choose ε = 1√
N(m)

. Notice that

E (‖F (0) − Y ‖2 |E) � 1
P(E)

E ‖F (0) − Y ‖2 � 2E ‖F (0) − Y ‖2 , (7.95)

where

P(E) = 1 − P(Ec) � 1 − exp
(

− 1
256

N3(m)
Lm|M|2|N|2

1

N
2

)
� 1

2
(7.96)

which follows from A 4, and our conclusion follows. �

We now are in position to prove Theorem 5.2.

Proof of Theorem 5.2. Let us fix s > 0.
Notice that thanks to Lemma 7.2

d(s)
W

(
f(Θt,X),N(μt(X),Kt)

)

� d(s)
W

(
f(Θt,X), f lin(Θlin

t ,X)
)

+ d(s)
W

(
f lin(Θlin

t ,X),N(μt(X),Kt)
)

� 132n2
√

N

(
‖Y ‖2 +

√
2n
√

N(m)
)2
(

1 +
27

(
λK

min

)3

)

L2m2|M|5|N|2
N5(m)

(1 + log N(m)) +
s

√
N(m)

+ d(s)
W

(
f lin(Θlin

t ,X),N(μt(X),Kt)
)
. (7.97)

On the other hand, by Theorem 7.3, we obtain that

d(s)
W

(
f lin(Θlin

t ,X),N(μt(X),Kt)
)

� CN,K0
m +

∥
∥K(X,XT )

∥
∥

op

λK
min

Cn,K0
m

+ 2

(
1

√
N(m)λK

min

+
6

√
N(m)

(
λK

min

)2
√

Nn
Lm|M|2
N2(m)

)

E[‖F (0) − Y ‖2]

+ exp
(

− 1
256

N4(m)
Lm|M|2|N|2

1
N(m)N

)
s (7.98)
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Hence, combining (7.97), and (7.98) we get

d(s)
W

(
f(Θt,X),N(μt(X),Kt)

)

� s
√

N(m)
+ CN,K0

m +

∥
∥K(X,XT )

∥
∥

op

λK
min

Cn,K0
m

+ 132n2
√

N

(
‖Y ‖2 +

√
2n
√

N(m)
)2
(

1 +
27

(
λK

min

)3

)

L2m2|M|5|N|2
N5(m)

(1 + log N(m))

+ 2

(
1

√
N(m)λK

min

+
6

(
λK

min

)2
√

Nn
Lm|M|2
N5/2(m)

)

E[‖F (0) − Y ‖2]

+ exp
(

− 1
256

N4(m)
Lm|M|2|N|2

1
N(m)N

)
s. (7.99)

We recall that

Cn,K0
m :=

√
n
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op

√
D̃(2nD)2

(N(m))4
+

Dmn

(N(m))2
ω

(
n,

D

N(m)

)
,

(7.100)

where we recall that

ω(d, x) :=

{
x (C(1, d) − 2 log x) if x � 1,

C(1, d) if x > 1.
with C(1, d) := 2

3
2
1 + 2d

d

Γ
(

1+d
2

)

Γ
(

d
2

) .

(7.101)

We notice that by proceeding as in (6.23), we also obtain that

Cn,K0
m � n2

(
2
∥
∥
∥K

−1

0

∥
∥
∥

op

∥
∥K0

∥
∥

1
2

op
+ 6
)

m|M|7/2|N|7/2

N3(m)
(1 + log N(m)) .

(7.102)

Furthermore, in order to simplify (7.99), we recall (7.86)

‖K(X̄,XT )‖op � 4
√

Nn
Lm|M|2
N2(m)

, (7.103)

we upper bound

(
‖Y ‖2 +

√
2n
√

N(m)
)2

� 2‖Y ‖2
2 + 4n

√
N(m) �

(
2‖Y ‖2

2 + 4n
)√

N(m)

(7.104)
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and, by virtue of A 2, we compute

E[‖F (0) − Y ‖2]2 � E[‖F (0) − Y ‖2
2]

=
n∑

i=1

E

[(
f(Θ0, x

(i)) − y(i)
)2
]

=
n∑

i=1

(
K0(x(i), x(i)) + (y(i))2

)

� n + ‖Y ‖2
2, (7.105)

whence

E[‖F (0) − Y ‖2] �
√

n + ‖Y ‖2
2 �

√
n + ‖Y ‖2. (7.106)

Now, we know that

xe−x � 1
e

(7.107)

whence

e−x � 1
e

1
x

(7.108)

holds. Therefore,

exp
(

− 1
256

N3(m)
Lm|M|2|N|2

1

N
2

)
� 256

e
N

2 Lm|M|2|N|2
N3(m)

. (7.109)

The last ingredient is again (6.18):

N(m) �
√

m|M||N|. (7.110)

Then, it’s laborious but easy to show that

d(s)
W

(
f(Θt,X),N(μt(X),Kt)

)

� s
√

N(m)
+ N

2
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2
∥
∥
∥K

−1

0

∥
∥
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N3(m)
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(
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)3

)
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N5(m)

(1 + log N(m))
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(
1

√
N(m)λK
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(
λK
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)2
√

Nn
Lm|M|2
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)
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)

+
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e
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� s
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√
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2 Lm2|M|3|N|3

N5(m)
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K
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L2m9/4|M|11/2|N|9/2

N5(m)
(1 + log N(m)) (7.111)

where

C(N,n, ‖Y ‖2, λ
K
min,K0, s) := 96sN
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�

8. Conclusions

We have studied quantum neural networks whose generated function is given
by the expectation value of the sum of single-qubit observables on the state
generated by a parametric quantum circuit (A 1). Our main result is a quan-
titative proof of the convergence to a Gaussian process of the probability dis-
tribution of the functions generated by such networks in the limit of infinite
width for both untrained networks with randomly initialized parameters and
trained networks.

First, we have considered the probability distribution of the function
generated by a quantum neural network with untrained randomly initialized
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parameters. In Theorem 5.1, we have provided an upper bound to the Wasser-
stein distance of order 1 between such probability distribution and the Gauss-
ian distribution with the same covariance.

Then, we have considered the probability distribution of the function
generated by the network during the training dynamics via gradient flow. In
Theorem 5.2, we have proved an upper bound to a truncated version of the
Wasserstein distance of order 1 between such probability distribution and a
suitable Gaussian process. The proof of Theorem 5.2 is based on Theorem
7.1, which states that, for large enough width, the generated function can be
approximated by truncating to the first order its Taylor series with respect to
the parameters of the model around their initialization value, implying that
each parameter remains with high probability close to its initialization value
and that the training happens in the lazy regime.

Both upper bounds Theorem 5.1 and Theorem 7.1 tend to zero in the
limit of infinite width, provided that the network does not suffer from barren
plateaus. Therefore, our results provide a quantitative proof of the convergence
in distribution to a Gaussian process proved in [8].

While [8] requires to build a sequence of networks with diverging width,
our results can be applied to any quantum neural network with finite width.
Moreover, [8] proves the convergence in distribution to a Gaussian process only
at fixed training time, and such result holds in the limit t → ∞ only if such
limit is taken after the limit of infinite width. Instead, all the upper bounds
proved in this work do not depend on the training time and hold in the limit
t → ∞ for finite width.

Our results open the way to several possible research directions:

• It would be interesting to extend our results to the case of an infinite input
space, such as a subset of Rd. In particular, we would like to generalize
the functional bounds for the Wasserstein distance for classical neural
networks, see for instance [61, Theorem 1.1], and [62, Theorem 3.12].

• It would also be interesting to determine lower bounds to the distance
between the probability distribution of the function generated by the
trained network and the corresponding Gaussian process, or at least to
determine the asymptotic scaling of such corrections in the limit of infinite
width, providing a quantum generalization of the classical results in this
direction [63–66].
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Appendix A. Regularity of the Solutions of the Stein Equation

In what follows, we recall some recent result about the regularity of the solu-
tions of the Stein equation (4.4) obtained in [36]. Let us fix d � 1, and suppose
that Σ = 1d×d is identity matrix in R

d. Given h : R
d → R a 1-Lipschitz

function, we consider fh as a solution of the Stein equation (4.4).

Proposition A.1. Let h : Rd → R be a 1-Lipschitz function. Then the solution
fh of the Stein equation (4.4) satisfies,

‖Hessianfh(x) − Hessianfh(y)‖2

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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�
{

‖x − y‖2 (C(1, d) − 2 log(‖x − y‖2)) , if ‖x − y‖2 � 1;
C(1, d) if ‖x − y‖2 > 1.

(A.1)

Here, we have denoted by C(1, d) the constant given by

C(1, d) := 2
3
2
1 + 2d

d

Γ
(

1+d
2

)

Γ
(

d
2

) . (A.2)

Proof. This result was proved in [36, Proposition 2.3] in a more general case.
�

In the next, let us define ω(d, ·) : [0,∞] → [0,∞] the following function:

ω(d, x) :=

{
x (C(1, d) − 2 log x) , if x � 1,

C(1, d), if x > 1.
(A.3)

Notice that ω(d, 0) = 0, limx→0+ ω(d;x) = 0, and it is non-decreasing, then it
is a modulus of continuity.

Appendix B. Convergence Toward a Gaussian Process

In this Appendix, we briefly summarize some of the key results established in
[8]. There, the authors consider a sequence of quantum neural networks with
diverging width satisfying A 1-A 4 and the following further assumptions:

A 5. Suppose that the covariance of the generated function at initialization
converges uniformly:

lim
m→+∞ sup

x,x′∈X
|E (f(Θ, x)f(Θ, x′)) − K∞

0 (x, x′)| = 0 , (B.1)

where K∞
0 : X × X → R is a kernel such that

K∞
0 (x, x) > 0 for all x ∈ X. (B.2)

A 6. Suppose that N(m) grows sufficiently fast such that

lim
m→+∞

m|M|2|N|2
N3(m)

= 0. (B.3)

A 7. Alternatively, suppose that

lim
m→+∞

L2m2|M|6|N|3
N5(m)

log N(m) = 0. (B.4)

A 8. Suppose that there exists a positive constant NK(m) depending on the
number of qubits m and a kernel K∞ : X × X → R such that the analytic
neural tangent kernel rescaled by NK(m) converges uniformly to K∞:

lim
m→+∞ sup

x,x′∈X

∣
∣
∣
∣
K(x, x′)
NK(m)

− K∞(x, x′)
∣
∣
∣
∣ = 0. (B.5)

Further, suppose that the minimum eigenvalue of K∞ = K∞(X,XT ) is strictly
positive, and denote it by λ∞

min.
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The following is one of the main achievements of [8].

Theorem B.1. [8, Theorem 3.7] Suppose that A 1-A 2, A 5-A 6 hold true.
Then as m → +∞, the probability distribution of the generated function at
initialization converges in distribution to the Gaussian process with mean zero
and covariance K∞

0 satisfying our assumption A 5.

We notice that Theorem B.1 does not provide any convergence rate. Next,
we prove that Theorem B.1 can be derived from Theorem 5.1.

Corollary B.1. Let us suppose that A 1, A 2, and

lim
m→+∞

m|M|7/2|N|7/2

N3(m)
(1 + log N(m)) = 0. (B.6)

Then

lim
m→+∞ dW

(
f(Θ,X),N(0,K∞

0 )
)

= 0, (B.7)

so that x �→ f(Θ, x) converges in distribution to a Gaussian process with mean
zero, and covariance operator K∞

0 .

Proof. Follows from Theorem 5.1 and (B.6). �

Let us notice that to establish the convergence result Theorem B.1, in [8],
the authors used the Lévy’s continuity theorem combined with an appropriate
upper bound on the cumulants of f . This approach was necessary because the
random variables {fk}m

k=1 defined in (2.17) exhibit weak dependence, meaning
the standard central limit theorem cannot be directly applied [67,68]. Nev-
ertheless, they were able to impose the weaker convergence assumption A 6
instead of (B.6). Next, let us recall another remarkable convergence result
proved in [8] regarding the behavior of the trained objective function f(Θt, ·).
Theorem B.2. Let us consider a sequence of quantum neural networks trained
via gradient flow with learning rate η

NK(m)
{

dΘt

dt = − η
NK(m)∇Θf(Θt,X

T )∇f(Θt,X)L(Θt),
d
dtf(Θt, x) = − η

NK(m) (∇Θf(Θt, x))T ∇Θf(Θt,X
T )∇f(Θt,X)L(Θt) ,

(B.8)

and satisfying A 1, A 2, A 5, 7, A 8. Then, for any t � 0, in the limit of
infinitely many qubits m → +∞, {f(Θt, x)}x∈X converges in distribution to a
Gaussian process {f

(∞)
t (x)}x∈X with mean and covariance

K∞
t (x, x′) := K∞

0 (x, x′) − K∞(x,XT )(K∞)−1
(
1 − e−tη K∞)

K∞
0 (X,x′)

− K∞(x′,XT )(K∞)−1
(
1 − e−tη K∞)

K∞
0 (X,x)

+ K∞(x,XT )(K∞)−1
(
1 − e−tη K∞)

K∞
0 (X,XT )

(
1 − e−tη K∞)

(K∞)−1K∞(X,x′),
(B.9)
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μ∞
t (x) := K∞(x,XT )(K∞)−1

(
1 − e−tη K∞)

Y, (B.10)

where K∞ := K∞(X,XT ).

Next, we prove that the conclusion of Theorem B.2 can be obtained from
Theorem 5.2.

Corollary B.2. Let us consider a sequence of quantum neural networks trained
via the gradient flow (B.8) and asymptotically satisfying A 1, A 2, A 5, A 8,
and

lim
m→+∞

L2m9/4|M|11/2|N|9/2

N5(m)
(1 + log N(m)) = 0. (B.11)

Then, for any s > 0 and any t > 0, we have

lim
m→+∞ d(s)

W

(
f(Θt,X),N(μ∞

t (X),K∞
t )
)

= 0, (B.12)

so that the trained quantum neural function x �→ f(Θt, x) converges in dis-
tribution to a Gaussian process with mean μ∞

t , and covariance operator K∞
t

defined by (B.10), and (B.9), respectively.

Proof. Theorem 5.2 provides a bound on the truncated W1 distance between
the function generated by the trained network at finite width and the Gaussian
process with mean and covariance

K̃t(x, x′) := K0(x, x′) − K̃(x,XT )K̃−1
(
1 − e−tη K̃

)
K0(X,x′)

− K̃(x′,XT )K̃−1
(
1 − e−tη K̃

)
K0(X,x)

+ K̃(x,XT )K̃−1
(
1 − e−tη K̃

)
K0(X,XT )

(
1 − e−tη K̃

)
K̃−1K(X,x′),

(B.13)

μ̃t(x) := K̃(x,XT )K̃−1
(
1 − e−tη K̃

)
Y, (B.14)

where

K̃(x, x′) :=
K(x, x′)
NK(m)

∀ x, x′ ∈ X. (B.15)

Notice that by the triangle inequality, we have that

d(s)
W

(
f(Θt,X),N(μ∞

t (X),K∞
t )
)

� d(s)
W

(
f(Θt,X),N(μ̃t(X), K̃t)

)

+ d(s)
W

(
N(μ̃t(X), K̃t),N(μ∞

t (X),K∞
t )
)

. (B.16)

Furthermore, since (B.11) implies A 4, by Theorem 5.2, and by [8, Remark
4.7], we simply let NK(m) � 1, and then we still have that

d(s)
W

(
f(Θt,X),N(μ̃t(X), K̃t)

)
� C(N,n, ‖Y ‖2, λ

K
min,K0, s)
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L2m9/4|M|11/2|N|9/2

N5(m)
(1 + log N(m)) ,

(B.17)

where C(N,n, ‖Y ‖2, λ
K
min,K0, s) is the positive constant given by (5.3). Then

by (B.11) we obtain that (B.17) tends to zero as m goes to infinity. On the
other hand, notice that

d(s)
W

(
N(μt(X),Kt),N(μ∞

t (X),K∞
t )
)

� dW2

(
N(μt(X),Kt,N(μ∞

t (X),K∞
t )
)

(B.18)

where dW2 is the Wasserstein distance of order 2. Moreover, by [69, Equation
(4)]

(
dW2

(
N(μ̃t(X), K̃t,N(μ∞

t (X),K∞
t )
))2

=
∥
∥μ̃t(X) − μ∞

t (X)
∥
∥2

2
+ tr

(
K̃t + K∞

t − 2(K̃tK
∞
t )

1
2

)
. (B.19)

Then, by applying A 8, we conclude that

lim
m→+∞ dW2

(
N(μ̃t(X), K̃t),N(μ∞

t (X),K∞
t )
)

= 0. (B.20)

Therefore, by combining (B.6) with (B.16), (B.17), (B.20), we obtain our de-
sired convergence.

�
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[44] Ambrosio, L., Gigli, N., Savaré, G.: Gradient flows: in metric spaces and in the
space of probability measures. Springer, Berlin (2008)

[45] Villani, C.: Optimal transport, volume 338 of Grundlehren der mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer,
Berlin, (2009)

[46] Santambrogio, F.: Optimal transport for applied mathematicians. Birkäuser, NY
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Received: March 19, 2025.

Accepted: September 29, 2025.


	Quantitative Convergence of Trained Quantum Neural Networks to a Gaussian Process
	Abstract
	1. Introduction
	1.1. Our Results

	2. Preliminaries
	2.1. Training Data
	2.2. Quantum Neural Networks
	2.3. Light Cones
	2.4. Assumptions on Architecture and Initialization
	2.5. The Neural Tangent Kernel
	2.6. The Assumptions for the Neural Tangent Kernel
	2.7. The Expected Behavior of N(m) in Circuits with Logarithmic Depth
	2.8. The Wasserstein Distance of Order 1

	3. Some Relevant Facts About Gaussian Processes
	4. Multidimensional Stein Methods
	4.1. The Analytic Solution for the Linearized Model

	5. Main Results
	6. Convergence at Initialization
	7. Convergence of the Trained Network
	7.1. Quantitative Lazy Training for a Finite Size Circuit
	7.2. The Wasserstein Distance Between f and fl̂in
	7.3. The Closeness Between fl̂in and a Gaussian Process

	8. Conclusions
	Acknowledgements
	Appendix A. Regularity of the Solutions of the Stein Equation
	Appendix B. Convergence Toward a Gaussian Process
	References




