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1 Introduction

Loop integrals are crucial ingredients for our theoretical understanding of quantum field
theory. They contribute to precise phenomenological predictions about the fundamental
interactions of nature, which are essential to match the uncertainty of modern experiments.
They are also used for new approaches to classical theories — including gravity — which
are increasingly important due to recent improvements in experimental observations. Due
to the rich mathematical structure they exhibit, they are also an interesting subject for
mathematical studies, which in turn we may exploit to improve our capability of making
higher-order theoretical predictions in perturbation theory.

The set of loop integrals which contribute to a theoretical prediction are generally not
independent. They satisfy linear relations, such as symmetry relations and, most importantly,
Integration By Parts (IBP) identities [1, 2], which can be found via purely algebraic means. By
finding and solving such relations, this set of integrals is reduced to a linear combination of an
independent subset of them, called master integrals (MIs). The reduction to master integrals
is an essential ingredient of most higher-loop theoretical predictions. Besides drastically
reducing the number of integrals which need to be computed, it casts amplitudes in a form
where many of its properties and symmetries are manifest, and it enables the method of
differential equations [3, 4] for computing the master integrals themselves.

IBPs are traditionally found using the momentum-space representation of loop integrals.
However, many other representations of these integrals are known, including the Feynman,
Schwinger, Baikov [5] (and its loop-by-loop variant [6]) and Lee-Pomeransky [7] representations.
Different representations offer different tradeoffs, hence their usefulness is highly dependent
on the problem at hand.

The Baikov representation, for instance, is used — among other things — in modern
approaches to IBP reduction, combined with syzygy techniques, for finding simpler identities
among loop integrals which do not contain higher-powers of denominators [8]. The Lee-
Pomeransky representation has also been used in the context of integral reduction, most
notably using the approach of parametric annihilators [5, 9, 10]. The latter proved to
be extremely efficient in certain contexts, e.g. for reducing high powers of denominators
(see e.g. [11]) which often appear in integrals having desirable properties, such as quasi-
finiteness [12, 13] or a pure functional form [14]. More recently, integral reduction in the
Feynman representation has also be considered [15].

The method of parametric annihilator has been extensively described in [10] for twisted
Mellin integrals and in particular for the Lee-Pomeransky parametrization of loop integrals.
It consists in finding differential operators in the integration variables which annihilate the
multivalued integration kernel appearing in such integral representation. These operators
are thus used to find linear identities obeyed by loop integrals.

The main goals of this work are the following. We review and elaborate on the method of
parametric annihilators for finding integral identities, with a focus on parametric representa-
tions of loop integrals. We formulate the method in more general terms, extending its range
of applications to different integral representations — including Schwinger and loop-by-loop
Baikov which had not been used in this context. In particular, we find the Schwinger repre-
sentation yields very efficient systems of identities in some cases. We also illustrate a similar



technique for finding differential equations satisfied by the master integrals. We provide a
description of these methods in a language that is accessible to the scientific community of
theoretical particle physics and phenomenology, in particular the one focusing on higher-order
perturbative corrections, avoiding mathematical language that is not common knowledge in
these fields. We describe and provide an implementation of annihilators and other important
differential operators based on modern linear solvers which rely on cutting edge finite-field
techniques [16, 17]. This implementation is distributed as a MATHEMATICA package named
CALICO, which we believe can be a useful tool for studying a broad variety of integrals,
including loop integrals in various parametric representations. Finally, we introduce a new
way of characterizing and finding relations between duals of loop integrals [18-20] — which
play a crucial role in the study of loops within the framework of intersection theory [21, 22]
— compatible with the approach discussed in this paper.

The paper is structured as follows. In section 2, we set some notation and describe the
method of parametric annihilators in a way that covers a wide class of functions having
a suitable integral representation. We also clarify the connection between this approach
and others based on syzygy equations. In section 3, we describe two methods for deriving
differential equations, the second of which also relies on finding suitable differential operators
in the integration variables. In section 4, we illustrate a method for computing annihilators by
solving linear constraints, which is suitable for applying modern linear solvers and finite-field
methods. In sections 6 to 9, we describe several applications of this approach, including
different representations of loop integrals — namely the standard and loop-by-loop Baikov,
Lee-Pomeransky and Schwinger representations — as well as duals of loop integrals. In
section 10, we describe the basic usage of the CALICO package. Finally, in section 11 we
draw our conclusions and in appendix A we provide more details on the definitions of the
polynomials which appear in the integral representations we use.

2 Integral families and parametric annihilators

In this section we set up our notation and review the main concepts we use in this paper, namely
parametric annihilators and their usage in finding linear identities within integral families.

2.1 Basic definitions and notation

We use a multi-index notation. Given an n-dimensional multi-index o = (g, ..., ) and
a list of n variables z = (z1,..., 2,), we define the monomial
n .
=11+ (2.1)
j=

and its total degree
n
laf =) aj. (2.2)
j=1

When this does not cause ambiguity, we define the derivative operator as



We consider an integral family, whose elements are linear combinations of integrals
of the type

I, = /d”z 0o (z)u(z), (2.4)

where u(z) is a multivalued function common to all integrals, also known as twist. In most
of our applications, u takes the form

z) = HBJ-(Z)W, (2.5)
J

where Bj(z) are polynomials and +; are generic exponents, which typically depend on
regulators. Other forms are however possible, such as

u(z) = exp F(z HB (2.6)

where F'(z) is a polynomial or a rational function.

The functions ¢, (2z) in eq. (2.4) are identified by the multi-index a and contain n rational
factors raised to the integer exponents a = (v, . .., ap). In most cases @, is a rational function.
We assume the family of functions ¢, to be closed under differentiation and multiplication by
monomials. In other words, both 9jp(z) and z°p,(z) are linear combinations of functions
of the same form as ¢,(z). Explicit examples are given in later sections.

The integration domain never varies in our applications and is thus left implicit in this
section. We also understand that u and ¢, may also depend on additional free parameters
(other than regulators). In the context of loop integrals, for instance, these are generally
kinematic variables. If x is one of these free parameters, we assume that 0,p.(z) either
vanishes or belongs to the same space of functions ¢,. The integrals I, are thus special
functions of the regulators and these parameters.

In this paper, we are interested in finding and solving linear relations satisfied by integrals
having the general form in eq. (2.4). An important ingredient, in this context, are Integration
by parts identities (IBPs), which read

/d"z (000 (2)) u(z)—i—/d"zgpa(z) 9; log u(z /d”z8 (Calz)u(z)).  (27)

The right-hand side (r.h.s.) is a boundary term. Even in cases where the boundary term
does not vanish, it can be rewritten as an integral in fewer integration variables and thus
belonging to a simpler integral family. In all our applications, the boundary term can be set
to zero, hence it will be neglected in the remainder of this paper. By carrying out derivatives
explicitly on the left-hand side (1.h.s.) of the previous equation, we obtain non-trivial integral
identities. However, in most applications, the term 0;logu(z) contains denominator factors
which cannot be absorbed in the family of functions ¢, (z), hence the Lh.s. is generally
not a relation within the original integral family. When w(z) has the form in (2.5), as an
example, the term 0; logu(z) generates rational functions with B;(z) as denominator factor
or, equivalently, integrals with shifted exponents v; — 7; — 1, also known as shifted integrals
(or dimensionally shifted integrals in the context of loop integrals). In principle, we can



deal with these by writing down recurrence relations [23-25], which relate integrals with
shifted exponents. It is generally more convenient, however, to write down identities for
integrals within the same family and without shifted exponents. In the following, we review
how to achieve this by using the method of parametric annihilators. We will expand on
recurrence relations again in section 3.

2.2 Integral identities via annihilators

In this section we review the method of parametric annihilators (henceforth simply annihilators,
for brevity). These are operators that annihilate integration kernels of special functions,
including various parametric representations of loop integrals, which can be used to derive
linear relations between them (see e.g. [5, 9, 10]).

An annihilator of order o of u(z) is an operator of the form

+ZCJ ) 95 + Z Cjrja(2) 05,05y + -+ + Z Cjrjo(Z) Oy -+ 0j, (2.8)

J1<j2 J1<<Jo

with polynomials cj, j,... in z, such that
Au(z) = 0. (2.9)

For any annihilator A, we have infinitely many integral identities

/ 4"z po(z) Au(z) = 0 (2.10)

for any multi-index a. We thus obtain non-trivial identities within the integral family in
eq. (2.4) by integrating by parts derivatives. More explicitly, neglecting boundary terms,
we obtain

/u(goaco)fz/u(ajcj%w-- ° 3 /uajl-- o (Chioupa) =0, (2.11)

J1<<Jo

where we omitted the integration measure and the z dependence for brevity. Under our
assumptions, all integrals in eq. (2.11) belong to the integral family in (2.4).

In general, for each annihilator fl, we use eq. (2.11) to write a template identity, which
is an identity valid for generic, symbolic exponents «. At a later stage, identities valid
for specific integrals are obtained from the template identities, by replacing the symbolic
« with a list of integer exponents. A multi-index of integer exponents «, or the function
v and integral I, it identifies, is called seed or seed integral in this context. A common
strategy consists in applying each template identity to a large number of seed integrals and
thus obtain a linear system of equations.! Additional relations, such as symmetry relations,
may also exist. These are changes of integration variables which map integrals into linear
combinations of integrals of the same family. In applications where more than one integral
family is considered, symmetry relations relating integrals of different families may also exist.

Tn the context of loop integrals, this is known as the Laporta algorithm [26].



By solving this system of linear relations, one can reduce all integrals within a family
(or several families) to a linear combination of a smaller subset of independent integrals,
called master integrals (Mls)

Io= Y capls, (2.12)
BeMIs
where, with a slight abuse of notation in the summation, we confuse the (master) integrals
with the multi-index that identifies them. The reduction to MIs is a crucial step in many
theoretical and phenomenological studies in particle physics and other fields, including
classical gravity and cosmology.

It should be noted that, whenever a system is solved, an order must be introduced between
the unknowns, which determines which unknowns are substituted with higher priority. In this
context, such an order is expressed in terms of the so-called weight, which can be regarded as
an estimate of the complexity of the integrals [26]. While solving the system, more complex
integrals (i.e. with higher weight) are eliminated in favour of simpler integrals (i.e. with lower
weight). The list of MIs also depends on this weight, although their number does not. For
a choice of weight used in several modern calculations see e.g. [27].

We now review a few basic properties of annihilators. Linear combinations of annihilators
are obviously also annihilators. Moreover, if A is an annihilator of u(z) then

7’ A and ijl (2.13)

are also annihilators. Using the language of algebraic geometry, this means than the set
of annihilators of u(z) is a D-module. In the second expression, we understand that the
derivative 0; acts on everything on its right, namely both the polynomial coefficients inside
A and the function A is applied to. However, we can easily see that these two annihilators
are not needed, since

/d"zgoa(z) ﬁAu /d" )Au( )
/d"zgpa(z) 8 Au(z /d z (0jpa(z )Au(z) (2.14)

Since, under our assumptions, the space of functions ¢, (z) is closed under monomial multi-
plication and differentiation, all the identities we can obtain from z” A and ajfl with seed
©va(2z) can also be obtained as identities generated by A applied to a suitable set of seeds
which span z%p,(z) and 0j¢a(z). Hence, we are generally interested in finding a set of
generators that is minimal, namely a set of annihilators A that are independent modulo
linear combinations of operators obtained as in eq. (2.13).

2.3 Connection with syzygy-based approaches

Before we further elaborate on the method of annihilators and related techniques, we make an

observation about the relation between this and another method that is commonly used in the

literature to avoid the appearance of shifted integrals. The latter relies on syzygy equations.
For simplicity, we focus on a twist of the form

u(z) = B(z)", (2.15)



i.e. defined by just one polynomial B(z). The most general IBP relation one can write for
an integral of the corresponding family reads

. (2.16)

”iaj(wa (2)a;(2)) + B(2)"¢a(2) ( En: 2)9; B(z )

J=1

where a;(z) are polynomials in the integration variables. The first term in the second equality,
under our assumptions, is a linear combination of integrals within our family, since the space
of functions ¢, is closed under differentiation and monomial multiplication. The second term,
instead, is proportional to a shifted integral, with v — v — 1, due to the denominator 1/B(z).
The denominator however simplifies if a special choice of a;j(z) is made, namely such that

Xn:aj(z)ajB(z) = b(z) B(z) (2.17)
j=1

for some polynomial b(z). This is a syzygy equation for the unknown polynomials a;(z) and
b(z), which can be solved with methods of algebraic geometry (we will further elaborate
on this in section 4). After plugging a solution of eq. (2.17) into eq. (2.16), we obtain and
identity that is free of shifted integrals

/d”zB

This method has been used with the Baikov representation [8] and the Lee-Pomeranski

i i(¢a(2)a;(2)) +70a(2)b(z) | =0. (2.18)

representation [28] of loop integrals, both of which have the form in eq. (2.15), although
one can easily generalize it to a more complex twist.

The strategy we just reviewed is equivalent to the method of parametric annihilators
when the latter is restricted to first-order operators [29]. First, consider a first-order operator
(0 = 1) of the form in eq. (2.8). Multiplying eq. (2.9) by B(z)!™7, for our choice of twist, we
obtain that the condition the annihilator must satisfy is equivalent to the following relation
for its polynomial coefficients c;(z)

co(z) B(z) + 7 _ c;(z)9;B(z) = 0. (2.19)
j=1

By comparing this relation with eq. (2.17) we immediately see that there is a one-to-one
correspondence between first-order annihilators and syzygy solutions of (2.17), via the
identifications

b(z) = —co(z),  aj(z) = ve;(a). (2.20)

Second, by inserting this relation into eq. (2.18), we obtain the same first-order integral
identity we get from eq. (2.11) by setting o = 1. This shows that the syzygy method yields
the same integral identities as first-order annihilators.



Additional syzgy equations can be used to further constrain the form of the identities
that are generated, e.g. such that certain kinds of integrals do not appear (see e.g. [8, 30-32]).
These additional constraints can be applied to both the solutions of eq. (2.17) and the ones
of eq. (2.9) regardless of the order o of the annihilator.

Hence, the method of parametric annihilators generalizes the one based on syzgy equations.
In cases where first-order annihilators are sufficient for the solution of a problem, the two
strategies are equivalent. This seems to be the case when the standard Baikov representation is
used, as we are not aware of counterexamples. When second-order or higher-order annihilators
are needed (examples in the Lee-Pomeransky representation have already been reported [11]
and more, for various representations, will be given in this work), the method of annihilators
superseeds the one based on syzgy equations. The two methods may become equivalent, if
the syzygy method is generalized to include higher-order derivatives in eq. (2.16), but this
goes beyond the way it is commonly formulated.

3 Differential equations

As we already mentioned, integrals in the form of eq. (2.4) typically also depend on additional
free parameters. A very effective approach for both studying the analytic structure of these
integrals and evaluating them either analytically or numerically is the method of differential
equations (DEs) [3, 4].

Let x be a free parameter the integrals depend on. By reducing the derivative of MIs
with respect to x to Mls, we can write a system of differential equations satisfied by the
MIs themselves

Oula =Y Myplg,  for a € Mils. (3.1)
BeMIs

In the following, we describe two strategies for deriving DEs. The first is based on recurrence
relations, while the second is based on building suitable differential operators in the integration
variables.

3.1 Differential equations via recurrence relations

The most straightforward way of computing DEs for integrals of the form in eq. (2.4) is by
differentiating directly under the integral sign, which leads to the need of recurrence relations.
For simplicity, we consider a twist u of the form of eq. (2.15), but generalizations to other
forms of u are straightforward. By differentiating at the integrand level we obtain

0,1, = / 4"z (0upn(2)) B(z) +1 / 4"z 0a(2) (0, B(z)) B(z)". (3.2)

Under the assumptions outlined in section 2.1, the first term of the r.h.s. is an integral
belonging to the original integral family. The second term, however, belongs to an integral
family of shifted integrals, i.e. a family obtained from the original one by shifting exponents,
namely v — « — 1. In order to reduce the r.h.s. to a linear combination of integrals in
the original family, with unshifted exponents, we need to derive a recurrence relation that
shifts back the exponents from v — 1 to . While in some cases there are closed formulas



for such recurrence relation [23-25], in the most general case a direct relation of this form
is not available. Deriving a recurrence relation for the opposite shift, namely from ~ 4 1
to v, is however straightforward. Indeed, it simply consists in multiplying the function
o by the polynomial B:

10+ — / 4"z (B(2)¢a(z)) B(z)", (3.3)
Lg;/)

where = Ia|y—+- By writing such a relation for all MIs and reducing the r.h.s. of it

back to MIs we obtain a matrix R which realizes the recurrence

o =3 Raﬁ v) 15,  for a € MIs. (3.4)
BEMIs

By inverting R(*) and shifting ¥ — v — 1 we obtain the recurrence relation we seek
V=% Raﬁ v) 15,  for a € MIs, (3.5)
BeMIs
with

RG ) = [ROG-1)] .

We thus reduce the second term in eq. (3.2) to shifted MIs with exponent v — 1 and then

(3.6)

use recurrence relation (3.5) to rewrite the shifted MIs in terms of unshifted MIs. We thus
obtain a DE for the (unshifted) MIs of the original family, as in eq. (3.1).

While the strategy we just outlined is viable, the appearance of shifted integrals in
intermediate stages and the need of finding and using recurrence relations make it quite
involved. In the following, we present a method where shifted integrals do not appear at
any stage of the calculation.

3.2 Differential equations via differential operators

A more elegant method of deriving differential equations, that better fits the general approach
we follow in this paper, consists in deriving an operator O, that realizes differentiation with
respect to . In other words, we find an operator O, of order o

O, = —I—Zc 2)0+ Y. & (20,0, + -+ > & (@80, (3.7

J1<72 J1<<Jo

with polynomials c( ; _, such that

N

O, u(z) = 0y u(z). (3.8)

Once such an operator is found, since it contains only derivatives with respect to the
integration variables, differentiation with respect to x can be obtained by integrating by
parts all derivatives in OAx, namely

8xIa = /(Oxu) Pa +/U(aa:€0a)
- Jotend?) - [ v 5 fuy e

J1<<Jo

+ / w (D). (3.9)



Under our assumptions (see section 2.1), all integrals on the r.h.s. of the last equality belong
to our integral family and can thus be reduced to MIs. This reduction yields the DEs in
eq. (3.1). This is our preferred method for computing DEs in the context of this paper.

It is worth observing that the operator O, satisfying eq. (3.8) is not unique, but the
difference between two operators satisfying eq. (3.8) is a parametric annihilator. Hence, we
can say that O, is unique modulo the addition of parametric annihilators of wu.

4 Computing annihilators via linear constraints

In this section we illustrate a method for computing parametric annihilators up to a certain
order and polynomial degree. The method has been implemented in the CALICO package.
It consists in two steps. The first translates the annihilator equation in eq. (2.9) into a
syzygy equation for the polynomials c;,...;, (z) in eq. (2.8). The second step finds syzygy
solutions by constraining a polynomial ansatz.

4.1 From annihilators to syzygies

A syzygy equation is an equation of the form

£(z) - g(z) = 0 (4.1)

where
f(z) = {f1(2),..., fn(2)} (4.2)

is a list of known polynomials and

g(z) = {91(2), .., gn(2)} (4.3)

is a list of unknown polynomials to be found. If gi¥) (z) are a set of solutions of eq. (4.1), then

Z pi(z) g™ (z (4.4)

where pg(z) are arbitrary polynomials, is also a solution. In the language of algebraic geometry,
we say that syzygy solutions form a module. We generally wish to find a set of generators
{g(k)z)}k that is minimal, i.e. that are independent of each other with respect to combinations
of the form in eq. (4.4). Finding a complete set of generators is however often unnecessary.
We can, indeed, generally limit ourselves to a subset of generators which is sufficient for the
solution of a certain problem, for instance all independent generators up to a maximum degree.

One can easily use eq. (2.9) to identify polynomials ¢;, . j,(2z) of an annihilator of order
o (see eq. (2.8)) as the unknown polynomials g(z) of a suitable syzygy equation. We first
rewrite eq. (2.9) as

Au(z) = 0. (4.5)

After inserting eq. (2.8), with symbolic unknown polynomials ¢;, .._j, (z), into the previous
equation and simplifying out non-rational terms, we collect the resulting rational expression

,10,



on the Lh.s. under a common denominator. By imposing the vanishing of the numerator of
such expression we obtain a syzygy equation for the polynomials ¢;, ., (2).

The strategy can be clarified by means of an explicit example. Consider first-order
annihilators (i.e. with o = 1) of a twist having the form in eq. (2.5), which is the most
common in our applications. Inserting eq. (2.8) into eq. (4.5) we obtain

- aBk

co(z) + > ¢ Z W= =0, (4.6)
j=1

which is a rational equation. After collecting under common denominator and setting the
numerator to zero we obtain

Z) H Bk(Z) + i C] Z ’yk 6 Bk H Bl (4.7)
k j=1

14k

which has now the form of eq. (4.1) by identifying

{HBk Z% (02, Bi(z)) [[ Bi(2), -, > 7 (02, Bi(2)) | [ Bilz }

14k k 14k

g(z) ={co(z),c1(2),...,cn(z)}. (4.8)

The same strategy can be applied to higher-order annihilators and annihilators for twists
having a different form, e.g. having an exponential factor as well.

4.2 Solving syzygy equations via linear constraints

Syzygy equations are often solved via techniques of computational algebraic geometry, such
as Grobner basis techniques. However, they can also easily be reduced into a problem of
linear algebra by turning them into linear constraints for the coefficients of a polynomial
ansatz. We prefer the latter strategy, as it allows us to exploit efficient sparse linear solvers
based on finite-field techniques and functional reconstruction routines. Moreover, as already
mentioned, we are generally interested to find solutions up to a maximal degree, which in
turn can be easily achieved by writing an ansatz having this property.

The strategy of finding syzygy solutions via linear constraints is well known and has
already been used in the context of loop integrals (see e.g. [33]). Here, we give a brief review
of it. Given a syzygy equation of the form in eq. (4.1), we make an ansatz for its solution?

z) = Z Z Cja 2 €; (4.9)

with €; being the unit vector in the j-th direction. The second sum is over all the multidi-

mensional exponents « such that || < d for some maximum degree d.

2In our ansatz the coefficients ¢jo are rational functions in the external parameters « and regulators. In
principle, without loss of generality, one could also make a polynomial ansatz with respect to these additional
parameters, in terms of rational unknown numerical coefficients (see e.g. [34]). We however found that our
strategy is generally more efficient when combined with finite-field techniques and functional reconstruction
algorithms, besides being slightly easier to generalize to polynomial decomposition problems (see eq. (4.12)).

— 11 —



After inserting this ansatz into eq. (4.1) we impose that the coefficient of each monomial
in z on the Lh.s. of the equation vanishes. This yields a linear system of equations for the
coefficients ¢j,. Each independent solution of this system yields a syzygy solution. Since
the linear system is homogeneous in the unknowns cj,, we can distinguish two cases. The
first is when there’s no solution but the trivial one, cj, = 0 for all j, . In this case there’s
no non-trivial syzygy solution compatible with the ansatz. In the second case, the system
has a non-trivial solution which constraints a subset of the coefficients ¢, — which we call
dependent coeflficients — to be specific linear combinations of a second subset — which we
call independent coefficients. More explicitly

Cjo = ) Ujkap Ckp) (4.10)
k7ﬁ

where sum over k£ and  on the r.h.s. runs over the pairs of indexes and exponents which
identify the independent coefficients cig, while ajiq.p are rational functions of the free
parameters of the problem.

Hence, we obtain a list of syzygy solutions by substituting eq. (4.10) into the ansatz (4.9)
and setting all independent coefficients but one to zero and the remaining coefficient to an
arbitrary non-zero value (typically 1), for all possible choices of the non-zero independent
coeflicient.

Since we are solving an underdetermined system, the list of independent coefficients and
thus the explicit form of the solution depend on the order of the unknowns, namely on which
unknowns are eliminated with higher priority. Unknown coefficients c;, which compare lower
are eliminated with lower priority and are thus preferred to be in the independent subset.
Notice that, via the procedure described before, terms which correspond to independent
coeflicients appear less frequently in the syzygy solutions, since in all but one they are set to
zero. There are two criteria that determine the order of the coefficients that we use. The first
criterion is based on the monomial order. In particular we have c;o < cig if z% > z?. This
means that, monomials that compare higher generally appear less frequently in the syzgy
solutions. At the time of writing, the CALICO package uses the degree reverse lexicographic
order to compare monomials. The second criterion is the position, namely c;o < cig if j > k,
which means that terms in the rightmost positions of the solutions appear less frequently than
terms in the leftmost positions, in the syzygy solutions. By default CALICO uses a term over
position order, meaning the first criterion takes higher priority, while the second is used as a
tie-breaker. The opposite, namely the position over term order, can also be optionally used.

The syzygy solutions found as we just described are not guaranteed to be independent
modulo combinations of the form in eq. (4.4), except for the case where p; are all constants.
In order to obtain a minimal set of generators for the syzygy solutions, it is thus convenient
to filter out some of them, by restricting the ansatz in eq. (4.9). This is discussed in the
next subsection.

4.3 Filtering out solutions

As explained in section 2.2, we are interested in finding a minimal set of generators of para-
metric annihilators, from which other annihilators can be derived via monomial multiplication,
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differentiation with respect to the variables z and combinations thereof. Annihilators are, in
turn, mapped into solutions of syzygy equations, which we find by turning them into linear
constraints applied to the coefficients of an ansatz. In order to remove, from these, solutions
that are not independent upon monomial multiplication and differentiation, we generally
want to further constrain the initial ansatz in (4.9).

We generally find annihilators in multiple steps. In each step, we compute annihilators of a
specific order o and degree d. The latter is identified as the degree of the polynomials ¢;, ,...(2)
in z. We proceed from lower to higher orders o. Furthermore, annihilators of the same order
are computed from lower to higher degrees d in the variables z. When finding annihilators of
order o and maximal degree d, we generally want to exclude solutions which can be found by

o differentiating annihilators of lower orders,
o multiplying solutions of the same order but lower degree by a monomial z®

and linear combinations of the above, since they are generated by solutions found in previous
steps. Before finding annihilators of order o and degree d, we thus generate a list of annihilators
of the same order and maximal degree generated by those already known, as we outlined in
the two points above. Each o-th order annihilator, via the method described in the previous
subsection, can be mapped into a solution of a suitable syzygy equation. After this mapping,
it takes the form in eq. (4.9), now with known coefficients c;o. Each syzygy solution is, in
turn, in a one-to-one correspondence to a linear equation, namely

ZCja z“ éj — ZC]'Q Yoj = 0, (411)
J,o e

where y,; are the unknowns of this equation. By solving the system of equations generated this
way from all the known solutions of order o and maximal degree d, for instance using Gaussian
elimination, we are — via the mapping above — effectively taking linear combinations of
the syzygy solutions. For all dependent unknowns y,; of the solutions, we thus set to zero
the corresponding coefficient c,; in the ansatz in eq. (4.9). This guarantees that the new
syzygy solutions, found as described in the previous subsection, are independent of those
which are already known. The order we use for the unknowns y;, in this system is reversed
compared to the one described above for the cjq.

4.4 Computing other differential operators

Besides annihilators, in this paper we are also interested in other differential operators, such as
those that are equivalent to differentiation with respect to external parameters, as explained
in section 3. Their calculation is similar to the one of annihilators, with some important
differences that we quickly illustrate below.

Consider, for instance, the differential operator O, defined in eq. (3.8). Similarly to the
case of annihilators, we insert the general form of an operator of order o given in eq. (3.7)
into eq. (3.8), divide by u(z) and put everything under common denominator to obtain a

(=)

polynomial equation for the polynomial coefficients ¢ (z). This has a form that is similar

J1-Jk
to the one of a syzygy equation, except that it has a non-vanishing right-hand side
f(z) - g(z) = h(z), (4.12)
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where f(z) and g(z) are lists of known and unknown polynomials respectively, as above,
while h(z) on the r.h.s. is also a known polynomial. Note that we generally need only one
solution for this equation. Any other solution can be obtained by adding to it a solution
of the syzygy equation (4.1).

Once again, we clarify this by means of an example. Consider a twist of the form in
eq. (2.5). Following the steps outlined above for a first-order operator OAJ;, we obtain

n

Céw) (Z) HBk(Z) + Z Z’yk 8 Bk H Bl Z’yk 8 Bk H Bl , 4 13)
k

j=1 I#k l#k

which has the form in (4.12), identifying

{ H Bi(z),> v (0, Bi(2) [[ Bi(2). ..., > % (82, Bi(2)) [ | Bi(z }
K Ik K Ik
g(Z) = {c”(2),c1(2),.... ) (2)}

(z) nyk (0:Bi(2)) [ Bi(z) (4.14)
I#£k

Eq. (4.12) can be mapped into a problem of linear algebra, following a similar strategy
to the one we described in the previous subsections. This has also been implemented in
the CALICO package. We still make an ansatz of the form in eq. (4.9). If solutions of the
corresponding syzygy equation (4.1) are known, they can be used to constrain the ansatz
as already described for syzygy equations. This is not strictly necessary, because only one
solution is needed, but it can improve performance. By inserting the ansatz into eq. (4.12)
and matching the coefficients of each monomial z® appearing on either side of the equation, we
obtain a linear system of identities for the coefficients c¢j,. This time, however, the system is
not homogeneous in the unknowns, hence it may have no solution. If the system is impossible,
then there’s no solution compatible with the ansatz and we may proceed by making a more
general ansatz with a higher maximum degree d or searching for an higher-order form of the
operator O,. If there is at least one solution, we set to zero any independent coefficient c;q
that has not been constrained by the system of equations, thus obtaining the solution we
seek. Once one solution has been found, the algorithm successfully terminates.

4.5 Finite-field methods and implementation details

We now provide additional details about an implementation of the methods we outlined, which
we publish with this work as the MATHEMATICA package CALICO, whose usage is described
in more details in section 10. CALICO relies on the FINITEFLOW [17, 27] program for
solving linear systems. The latter uses a numerical sparse solver over finite fields to efficiently
solve the system for numerical values of the input parameters, combined with functional and
rational reconstruction techniques to recover the full analytic form of the solution.

The strategy we described starts with an analytic preparation which converts equa-
tions (2.9) and (3.8) into polynomial equations of the form in (4.1) and (4.12) respectively.
This is done using a Computer Algebra System (CAS), in our case MATHEMATICA. The
main non-trivial optimization we optionally make here is avoiding the use of the explicit
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expressions of the polynomials which define the twist until after the equation has been cast
into a polynomial form (see the function CATTwist described in section 10).

After eq. (4.1) or (4.12) has been obtained for a given o-th order operator, we need to make
an ansatz for g(z), as in eq. (4.9) and generate a linear system for the unknown coefficients
Cjo appearing in it. If implemented naively, this step can easily become a bottleneck due to
the size of the expressions involved, especially when using a CAS such as MATHEMATICA that
is not optimized for handling large expressions. Communication between MATHEMATICA and
FINITEFLOW can also cause significant overhead when many large expressions are present.
These issues are mitigated by exploiting the general form of the equations as well as the
features available in FINITEFLOW, such as the possibility of combing core algorithms into
more complex ones by defining them via computational graphs.

The known polynomials appearing in our equations can be written as

f(Z) = Z bja z“ éj
Jjo

h(z) = Z boa 2%, (4.15)

where bj, are known rational functions (typically polynomials) of the free parameters of the
problem. We notice that, when these expressions are inserted in equations (4.1) or (4.12),
different coefficients b;, always multiply either different unknowns c;, or different monomials in
z which correspond to different equations, hence they never mix. Indeed, each entry of the
matrix that defines the system of equations for the coefficients c;, coincides with one of the
coefficients bj,. We thus exploit this by first loading the coefficients b;, in a computational
graph of FINITEFLOW (after removing duplicate entries) and then using this to define the
system for the unknowns cj, via list manipulations, whose performance is vastly superior
to algebraic manipulations. These manipulations are meant to identify which coefficient b;,
corresponds to each entry of the matrix which defines the system, without performing any
symbolic algebra. Moreover, the same set of coefficients b, is reused for all choices of the
maximum degree of the ansatz for g(z). This greatly increases the performance, especially
when many free parameters or many integration variables are present.

In our implementation, the maximum order and degree of annihilators to be found is
specified by the user. In realistic applications, one would need to adjust these until either no
more annihilator is found or one is convinced that the ones which have been found are sufficient
for the reduction to master integrals (this is analogous to how one normally chooses the seeds).

Finally, the filtering described in 4.3 is performed numerically, i.e. by replacing all free
parameters with arbitrary numerical values while solving the corresponding system, since
the only information we need from it is a list of coefficients and corresponding monomials
to exclude from the ansatz.

5 Hypergeometric functions

Families of integrals in the general form we defined in section 2.1 are found in all sorts of
applications. They include classes of special functions, integrals representing expectations
values of operators in quantum mechanics, correlation functions in quantum field theory,
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and loop integrals (see e.g. ref. [35]). In this section we present some application of the
formalism we implemented to hypergeometric functions.

Function o F;. As a simple application, consider the family of univariate integrals

1
o= [ dzga(z)u(2)
Yalz) = 2° w(z) = 22271 (1 — 2)P b2l (1 — g 2) b, (5.1)
which is related to the hypergeometric function 9F} by

B F(bg + a)F(bg — bg)
- F(bg + a)

1, QFl(bl, bo + a, b3 + a; iL') (5.2)
The parameters b; are analytic regulators, while z is a free parameter. Since the integral is
univariate, « here is an integer exponent rather than a list of exponents.

We first find annihilators of the twist u(z). Using the algorithm described above, we
find that first order annihilators are generated by

A

A=co(z) +c1(2) 0, (5.3)
with

co(z) =1—by+ (bg—2+ (ba— b1 — 1)) 2+ (2+ by — bg) x 2°
c(z) =z— (1+z) 2%+ 225 (5.4)

Using this annihilator, eq. (2.11) yields
—(a+b)lo+(a+bs+(1+a—by +bo)x)lqy1+ (b1 —bs—1—a)x e =0, (5.5)

which can be solved to express, say, Io+2 in terms of I,41 and I, or alternatively I, in
terms of 1,11 and I,42. By using this relation for several values of «, it is straightforward
to see that this family has two MlIs, which we can choose as Iy and I;. As an example of
such a reduction identity, we have

bz (bl—bQ—l)ZL‘—b3

I, = 1
2 (bl—bg—l)l‘ o+t (bl—b3—1)$

L. (5.6)

The integrals depend on the free parameter z and we can derive differential equations
with respect to it. In order to do that, as explained in section 3, we first compute the
corresponding differential operator Ow, which we find to be

O = i (2) + 4(2) 0. (5.7)
with
. by — 1)+ (2+ by — bs) 2
cg)():(Q ) 1(_x1 3)
z 22— 2
A9(z) = (5.8)
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Using eq. (3.9) we thus obtain

o+ by by — b3 —
xIOc: Ia Ia . .
0, T + - +1 (5.9)

Applying this to both MIs Iy, I; and using eq. (5.6) to reduce Iy to MIs, we obtain a system
of differential equations satisfied by the MIs

Il blf—bB 7b2 Il
ax< >: ((1 e o | L (1) (5.10)
n) = )

Alternatively, we can use this relation to treat 9,y as a new master integral which replaces

I,. This change of basis yields® a second-order differential equation satisfied by Iy, namely

82
x (1 — :L') @ Iy = ((bl + by + 1) xr — b3) Oz Iy + (b1 bg) Iy, (5.11)

which is the well-known differential equation satisfied by the hypergeometric function
o F'1 (b1, b, bs; ).

Functions ,41F,. As a generalization of the previous example, we consider the integral
family defined as in eq. (2.4) with

u(z) = 2%, u(z) = <1 —x ﬁ zj>an+1 11 {z;j_l(l — zj)bfaj*l] , (5.12)
=1 :

J=1

where the integration contour is z; € (0,1) for j = 1,...,n, while a; and b; are analytic
regulators and z a free parameter.

These integrals are related to the hypergeometric functions ,,41F, by

I'a; + a;))I'(b; —a;
e TP

J=1

X ne1Fn(ar + o1, ..o an + Qnyans1;01 + 0, .. by + g ). (5.13)

We empirically find that, for various choices of n, one or more first-order parametric annihila-
tors of u(z) of degree 3 and n + 2 exist. Higher-order generators of annihilators also exist
for n > 1 but, even though their generators are independent, the identities they generate
are not independent of the ones obtained from first-order annihilators — as we empirically
verified they do not add independent constraints among the integrals.

Using eq. (2.11) we generate identities satisfied by the integrals I,. The solution of the
linear system yields n + 1 independent master integrals, which we may choose as

{Loo} U{Le; i1 (5.14)

3Given a system of equations 0,G; = Zj M;; G and a new basis G, = E]. Ti; Gj, the latter satisfies the
new differential equation 0,Gy = Zj Mi]’ éj with M = (0.T) - T=' 47T .M T~ In our example, the new
basis is (9zlo, Io) where 9,1 can be read from eq. (5.10). The new first order DE satisfied by (9,10, Io) is
equivalent to a second-order DE satisfied by Io.
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We are also able to find a first-order differential operator O, of polynomial degree n + 1 in z
which implements differentiation with respect to the parameter z, defined as in equations (3.7)
and (3.8). With this, we find differential equations for the n + 1 MIs. These identities have
been checked against numerical evaluations of the hypergeometric functions. Similarly to
the previous case, this can also be cast as a (n + 1)-th order differential equation for the
master integral Ij...o.

6 Loop integrals

As already stated, the formalism we described can be applied to a wide variety of problems.
The main focus of our work, however, is the study of loop integrals in dimensional regulariza-
tion. These are commonly organized into families. A family of loop integrals includes linear
combinations of integrals that, in momentum space, have the form

¢ ad
ddk; 1
Joo = oo = /]1;[1 /2 DO Dan (6-1)

for any multi-index of integers o. The denominators D; in the integrands are functions of
the £ loop momenta k1, ..., ks and the e linearly independent external momenta p1, ..., pe.
These integrals generally contribute to scattering matrix elements or Green functions with
e + 1 external momenta, one of which is fixed as a linear combination of the others by
momentum conservation. The integral is performed in a generic number d of dimensions
and it is an analytic function of d.

Each loop integral family is thus defined by the set of generalized denominators D;. For
each integral J,, we split these into two disjoint subsets: proper denominators are D; with
a; > 0, while drreducible scalar products (ISPs) are D;j with a; < 0 (i.e. contributing to the
numerator of the integrand). The denominators D; typically have the quadratic form

Dj = lj2 - m?, (62>
but one can also use the bi-linear form

where m; are internal masses, [; are linear combinations of loop momenta and external
momenta, while v; are linear combinations of external momenta only. For loop integrals
appearing in scattering amplitudes or Green functions in Quantum Field Theory (QFT),
the bi-linear form is only allowed for ISPs.

When computing loop integrals or deriving linear relations for them, it is useful to
partition them into subsets called sectors. We define sectors

S = Say-an s with o; = 0,1 (6.4)
such that

Jo € S0(a1-1/2)--0(an—1/2) (6.5)
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with © being the Heaviside step function. Each sector can also be identified by its corner
integral, that is the only integral J, of the sector with a; € {0,1} for all j. Given two sectors
So and Sg, we say that S, is a subsector of Sg if a # 8 and «; < 3; for all j.

It is also common to define, for each integral J,, the number

t=> 0(a; —1/2), (6.6)

which is the same for integrals belonging to the same sector, as well as the degree or rank
s of the numerator

Z a;0(—a; ) (6.7)

and the numbers of dots, that is the sum of the powers of denominators in excess with respect
to those of the corner integral of the same sector, namely

Q5 — 1)@(Oéj - 1/2) (68)
1

n
j=
These numbers are often used to characterize the complexity of an integral.

In an integral family, we identify one or more top sectors. These are a minimal set of
sectors such that all integrals of interest, for solving a particular problem, either belong
to those sectors or to their subsectors. In the examples illustrated in this paper, we focus
on families with just one top sector.

Linear identities among loop integrals are often found using IBPs in momentum space [1, 2],
which read

ddk oM
/H 7Td/2 8k“ Dot + =0, with o = k', p/". (6.9)

By carrying out the derivatives explicitly, we obtain a non-trivial linear combination of
integrals that vanish. These integrals, however, generally belong to the same family in
eq. (6.1) only if we are able to rewrite all scalar products of the form k; - k; and k; - p;
as linear combinations of generalized denominators. This implies that the number n of
denominators must be

nzﬁ@—i—wgl), (6.10)
which we can achieve by defining a suitable number of ISPs and adding them to the list
of denominators that appear in the loop propagators of the amplitude or Green function
that is being computed. In the applications we will describe later, however, we will see
that, when using parametric representations of loop integrals combined with annihilators, we
are able to find integral identities without having to introduce a full set of ISPs. This can
drastically simplify the problem in some applications, by allowing a number n of generalized
denominators that is lower that the one in eq. (6.10).
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7 Baikov representations

7.1 Standard Baikov representation

The first parametric representation of loop integrals we discuss is the Baikov representation [5],
where loop integrals take the form in eq. (2.4), namely

Jo = K 1, (7.1)
with 1
T — / "z — B(z)" (7.2)
V7
with v = #. This is equivalent to the identifications
1
Pa= i ul5) =B (73)

in eq. (2.4). The prefactor K is the same for all integrals within a family, hence completely
irrelevant when finding linear relations. However, it generally contains a factor B]" — with
~0 a function of d and By independent of z but dependent on the external kinematic variables
— which must be taken into account when deriving DEs. The integration contour is not
important for the purposes of this paper, except for the property that boundary terms in
IBPs can be set to zero.

The standard Baikov representation requires a full set of ISPs, such that the number n of
generalized denominators, equal to the number of integration variables in eq. (2.4), is given
by eq. (6.10). Identities between integrals in the Baikov representation have already been
extensively discussed in the literature, mostly using syzygy approaches, which we showed in
section 2.3 to be equivalent to using identities generated by first-order annihilators. Since
a complete set of syzygy solutions for this parametrization is known in closed form [36],
we conclude that first-order annihilators (just like syzgy solutions) are generated by n + 1
generators, all of which have degree 1. We are not aware of examples where higher-order
annihilators are needed for a complete reduction to master integrals in this representation.

We also recall that, as already stated in section 2.3, additional syzgy equations or
constraints are often used to exclude integrals with higher power of denominators from
the identities. This strategy can be applied within both approaches but its discussion is
outside the purposes of this work.

7.2 Loop-by-loop Baikov representation

A closely related representation of loop integrals is the loop-by-loop Baikov parametrization [6].
This consists in applying the Baikov parametrization one loop at the time. The two main
differences with the standard Baikov parametrization are:

« the twist u(z), up to a common overall factor, takes the form in eq. (2.5), more precisely
it is the product of 2¢ — 1 polynomials B;(z) raised to exponents 7; that depend on the
number of space-time dimensions d;

o the number n of integration variables is generally lower than the one in eq. (6.10), hence
fewer ISPs are generally needed to define a family.
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p1 b4

P2 p3

Figure 1. Double-box.

Via the method of annihilators, we can derive identities in the loop-by-loop Baikov
parametrization of loop integrals, thus having fewer ISPs and integration variables with
respect to the standard Baikov parametrization or the momentum representation.

Example. We consider a massless double-box integral family. Its top sector has 7 proper
denominators and corresponds to the diagram depicted? in figure 1. When IBPs in momentum
representation are used, 2 additional generalized denominators are needed, to match eq. (6.10).
In the loop-by-loop Baikov representation, instead, only 1 additional generalized denominator
is required. The full list of n = 8 generalized denominators can be chosen as in eq. (6.2)

with m; = 0 and
Iy =k, lo = k1 + p1, ls = k1 + p1 + po,
ly = k1 + ko, l5 = ko, le = ka — p1 — p2 — p3,
lz = ko — p1 — p2, ls = k1 +p1 +p2 +p3. (7.4)

For simplicity, we consider massless external legs, p? = 0. This implies there are two
independent invariants, which we may choose as

s12 = (p1 + p2)?, s23 = (p2 + p3)*. (7.5)
We consider integrals of the form in eq. (6.1) with
a; <0, for j > 7. (7.6)

By integrating out the ks-dependent loop first and k; second,’ the loop-by-loop Baikov
representation yields a twist of the form

4—d _ _
5 4—d d—>5

u(z) = C(d) By Bi(2)'T Ba(z)'7 Bs(z)'7 (7.7)

where By is independent of z, hence it is irrelevant when finding linear relations, but it depends
on the invariants s;;, therefore it needs to be taken into account for deriving differential
equations. The explicit expressions of B;(z) are reported in the examples within the public

4The conventions for the graphs depicted in this paper are: black single lines correspond to massless
particles (on-shell if external), external double lines are off-shell external momenta, coloured lines correspond
to massive particles (having the same mass, unless explicitly stated otherwise).

SWe may also chose to integrate ki first, but in this case the generalized denominator Ds needs to be
replaced with Dg, with lg = k2 — p1. Note that both Dg and Dg are instead needed for representations
satisfying eq. (6.10), i.e. requiring a total of 9 generalized denominators for our example.
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repository of the CALICO package. The factor C(d), instead, only depends on d and is
thus irrelevant for both applications.

Using CALICO, we find 8 first-order annihilators of degree 1 and 1 first-order annihilator
of degree 2. We find that these, combined with some symmetry relations, are sufficient for
a complete reduction to master integrals. We also empirically found that this twist admits
9 independent second-order annihilators of degree 1, which however are not required for
the reduction to master integrals.

For this example, we used symmetry relations found with the help of the private package
FFINTRED. For this purpose, we used the momentum representation of this integral family
and searched for shifts of loop momenta which map generalized denominators into each
other — modulo permutations of external momenta which do not change the two invariants
s12 and so3. It was sufficient to generate these symmetries up to rank s = 1. These
supplementary identities generally introduce an additional scalar product ks - p; which is not
a linear combination of the 8 generalized denominators. This is, however, easily removed
by taking suitable linear combinations of symmetry relations. We thus simply generated
symmetry relations in momentum space involving integrals with rank s = 0,1, and used
Gauss elimination to remove from them integrals having the unwanted scalar product k2 - p;.

The reduction yields 8 independent master integrals, in agreement with the traditional
Laporta algorithm in momentum space. A possible choice of them is

{I111111-1, Li1111105 111010110, £111101005 1101010105 110110100, L01010100, 110010010 }- (7.8)

We also found differential operators O,,, and Os,, as first-order operators of degree 1.
Using this, we take derivatives of the master integrals (cfr. eq. (3.9)) which, combined with
the linear relations above, yield a system of differential equations for the master integrals.

8 Duals of loop integrals

In this section, we apply the formalism of parametric annihilators to duals of loop integrals.
Duals of loop integrals play a crucial role within the framework of intersection theory. The
latter defines scalar products, called intersection numbers, between integrals having a form
analogous to the one in eq. (2.4), including — as we have also reviewed in this paper —
various parametrizations of loop integrals. A review of intersection theory is outside the
scope of this paper. We refer the reader to [21, 22, 37-40] and references therein. In the
following, after some motivation, we recall only the main details that are relevant to our
application of parametric annihilators to duals of loop integrals.

The definition of intersection numbers, similarly to any other scalar product, relies on
the one of a dual vector space. While dual integrals are often studied in the context of
intersection theory, there are several reasons to appreciate an alternative method to compute
the linear relations they satisfy. We give a quick review of some of them. Modern methods
for computing intersection numbers involve deriving differential equations satisfied by dual
integrals in fewer integration variables. While these differential equations can be (and usually
are) derived using intersection numbers, our approach offers an alternative to that. Even
when such differential equations are computed via intersection numbers, one can still avoid
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the appearance of shifted integrals by expressing derivatives via differential operators as
in section 3, potentially simplifying their calculation. Moreover, once the metric, i.e. a set
intersection numbers between MIs and dual MIs, has been computed — possibly choosing the
MIs in a way that makes this calculation as easy as possible — any other intersection number
is uniquely fixed by reductions of regular integrals and dual integrals. While the intersection
numbers themselves are often used for reductions, they are also interesting mathematical
objects by themselves and can give important insights about certain classes of integrals (see
e.g. [41-43]). Hence, having an alternative method for computing them, after the metric has
been fixed, can be highly beneficial. Finally, this method enables many checks, including
consistency checks between intersection numbers and reduction identities of dual integrals.

We now briefly review how dual integrals can be defined, following the approach of ref. [20].
For properly regulated integrals, the dual space can be defined by replacing u(z) — 1/u(z) in
eq. (2.4) — which is equivalent to v — —+ in the Baikov parametrization (7.2). Unfortunately
this is problematic for loop integrals, since it yields impossible systems of equations to be
solved during the calculation of intersection numbers. When using the Baikov parametrization,
this is due to singularities at z; — 0 in ¢,(z) that are not properly regulated by the twist u(z).

In the following, up to a relabeling of the integration variables, we will assume that
(21,...,2m) are proper denominators of the top sector, while (zp,+1,...,2,) are its ISPs.
This implies that a; < 0 for j > m. A possible solution [38] to the issue above consists
in replacing the twist u(z) with

w(z) = uy(z) = u(z) z°, (8.1)

where
p=(p1,--spm,0,...,0) (8.2)

is a list of additional regulators for the proper denominators. While intersection numbers are
singular in the limit p; — 0, the coefficients of a reduction to MIs are finite. However, since
this limit can only be taken at the very end, the need of additional regulators constitutes
a major bottleneck and drawback of this approach.

In references [18, 20], different approaches to defining the space of duals of loop integrals
were presented. These sidestep the need of regulators. Here we focus on the one proposed
in [20], which exploits our freedom of choice of dual loop integrals to effectively avoid the need
of performing algebraic operations using regulators. More precisely, it consists in choosing
dual integrals I, of the form

i O(a;—1/2 n 1 _
L= ] p) /)/dzﬁB(z) 7, (8.3)
j=1

with p defined in (8.2) and systematically work on the leading coefficients of the p; — 0 limit
that yield a finite contribution to intersection numbers (see below for more details). In other
words, dual integrals are multiplied by a factor p; if a; > 0. Ref. [44] shows (as a formal
proof in the univariate case and heuristically in the multivariate one) that the approaches
of references [18] and [20] yield equivalent results for intersection numbers, despite being
significantly different in their formulation and computationally.
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While, in the context of intersection theory, the factors z;»]j are commonly absorbed into

the definition of u(z), for the purposes of this paper it is more convenient to define

1

pule) = [[ 7 L u@)=B@) (8.4)
j=1

7P’
for duals of loop integrals in the Baikov parametrization. We can similarly define duals of
integrals in the loop-by-loop Baikov parametrization, with the only difference that u(z) will
take the form in eq. (2.5) with opposite exponents v; — —y; with respect to loop integrals.
When computing intersection numbers, if ¢, is such that a; > 0, then intersection numbers
involving the dual integral I, have a 1/p; pole that simplifies their p; prefactor yielding a
finite result. Hence, when p; — 0, we can “effectively” regard a factor zj_aj of the integrand
as being O(1/p;) if o; > 0 and O(1) if o;j < 0. Our prescription of working on the leading
terms of the p; — 0 limit that yield finite contributions to intersection numbers effectively
amounts to the following rules

o

u(z) - 0 Ve, pj u(z) -0 if a; <0, (8.5)

A A
which can be implemented as substitutions at the integrand level when dealing with dual

integrals. For a more comprehensive justification of these rules we refer to section 4 of [20].

8.1 Reduction of dual integrals via annihilators

Applying the annihilator approach to dual integrals is straightforward. First, annihilators
of u(z) = B(z)™? can obviously be computed using the methods described in the previous
sections. In practice, one can use the same annihilators of loop integrals in the Baikov
representation and simply replace v — —~ (or, equivalently, d — 2 4+ 2¢ + 2e — d) in their
expression. Once a set of annihilators is known, identities are found, as before, applying
eq. (2.11). The latter requires knowing the behaviour of ¢, under multiplication by monomials
and differentiation. Our rules in eq. (8.5) imply that, for monomial multiplication, with
an exponent 3; > 0,

B; (Z) - {(paﬁjéj (Z) if aj > Bj or aj < 0 (8.6)

Z:" P
7 0 if 0 < a; < Bj.

This shows that ¢, cuts the propagators j such that a; > 0. Differentiation instead works
with the following rules:

0y palz) = 4 (% 7 Oas0) Pase; (2) Hy=m (8.7)
) Gate, (2) it j > m.

Hence derivatives follow the normal rules (as if regulators p were not present) except for

the case of zero exponents of regulated integration variables. If a; = 0 for j < m, then
0; generates the denominator 1/z;.

We stress that, in practice, we only need to implement the rules in eq. (8.6) and (8.7),

hence regulators never explicitly appear in our calculation. Of course, besides reduction

identities, one can also derive differential equations for dual integrals, following section 3.
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From equations (8.6) and (8.7) it follows that, as already noted in the literature [20],
reduction identities and differential equations for dual integrals have a block triangular
structure that is transposed with respect to the one of loop integrals. For this reason, we
find that a good choice of weight for duals of loop integrals would assign a lower weight to
integrals with higher values of ¢, i.e. with more proper denominators, which is the opposite
of what is commonly done for loop integrals.

We tested this approach on several examples and successfully compared against reductions
performed using intersection numbers, with the algorithm of ref. [20].

8.2 Computation of connection matrices

An important ingredient for computing multivariate intersection numbers using the recursive
method in [37, 38] are the so-called connection matrices. We rewrite eq. (2.4) as

Iy = / dzpyr - dzy, I (8.8)

with
Ik = /dz1 e dzg oa(2) u(z). (8.9)
The k-fold integral Lgk) has a parametric dependence on zi41, ..., z,. Hence, one can find a

)

basis of master integrals for Iék and derive differential equation with respect to zp41

d
Ik = Q") k), 8.10
dzpy1 BEZM:IS of 8 ( )

gg for duals of Feynman integrals, with & =

The calculation of the connection matriz
1,...,n — 1, is a key ingredient of the recursive method for computing (k + 1)-variate
intersection numbers in terms of k-variate intersection numbers.

The connection matrices can be computed with the formalism described in this paper,
simply by treating zpi1,...,2, as free parameters, hence following section 3 to compute
differential equation with respect to them. In particular, following this strategy, differential

operators O are written in terms of derivatives w.r.t. the first k integration variables,

Zk+1
which are thus turned into linear combinations of dual integrals using eq. (8.6) and (8.7).

A simple example. We describe a simple example for computing a connection matrix for
the dual integrals of the one-loop massive bubble family with internal mass m? depicted in
figure 2. The family is defined by the proper denominators

Dy =k —m?  Dy=(k—p)*—m> (8.11)
It has one independent external leg, p, that satisfies
P’ =s. (8.12)

The Baikov representation for dual integrals reads

I, = /dZZ va(z) u(z), (8.13)
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Figure 2. Massive one-loop bubble.

with a = (a1,a2) and

O(a1—1/2) O(as—1/2 1
S (a1—-1/ )p2 (a2—1/2) S
)

Pa(z) = (8.14)

3—d

2

u(z) = (4m23 — 5%+ 25(21 + 29) — (21 — 22)2) (8.15)

The recursive algorithm to calculate intersection numbers requires the variables to be
ordered. We choose the ordering where z; is the innermost layer. We can rewrite the bubble
integral family in the iterated form

_ 1
I, = p 1/2)/dz2 = I, (8.16)
%9
15 = / dz1 u(z) Py (21)- (8.17)
where the integral Iéll) has a parametric dependence on 29 and
O(ar—1/2) 1
o (21) = o7 TP (8.18)

1

We aim to compute the connection matrix Q) associated to the differential equation
satisfied by the 1—fold integrals Lgll):

d -q EORC))
dzfgg =Y 91 (8.19)
BeMIs

The matrix Q) is needed to express intersection numbers for the two-fold integrals in
eq. (8.16) in terms of intersection numbers for the one-fold integrals in (8.17).

As a first step, we compute annihilators for the twist containing derivatives with respect
to z1 only, since it is the only integration variable for the innermost layer we are considering.
We find one first-order annihilator

A

A =co(z) + c1(z) 04 (8.20)
with the following expression for the polynomial coefficients c;(z)

co(z) = (B3 —d)(s — z1 + z2),
c1(z) = —4m?s + 5% — 25(21 + 22) + (21 — 22)°. (8.21)
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Integral identities are thus found applying eq. (2.11), which in this case takes the form

/dzlu(z) (co(z) Vo, — 0z (c1(2) <Pa1)> =0. (8.22)

The terms in parentheses are computed by applying the rules in equations (8.6) and (8.7).
As an example, for the choice oy = 1 the equation reads

(—4m28 + 8% — 2529 + z%) Iél) —(d—=3)(s+ ZQ)I£1) =0, (8.23)

and can be solved to rewrite for Iél) in terms of }1) . Using this and other identities valid for

various integer values of a1, we are able to reduce all integrals I&ll) to two master integrals,

which can be chosen as
(M, 1My (8.24)

To obtain the connection matrix Q(), we derive the differential operator Ozg, which
realizes the differentiation with respect to za for the twist u(z) as in eq. (3.8). Once again,
since we are considering the innermost integration in 21, the operator must be polynomial in
z1 and can only contain derivatives with respect to z;. On the other hand, it may have a
rational dependence on zp, m? and d. We find the first-order operator

0., = i (z) + ) (2) 0., (8.25)
with
(22) _ d—3
o (2)= 2(m? + z3)
() 2m* —s+21+2
Cl (Z) - 2(m2 + 22) (826)

In particular, applying it to the master integrals I(()l) and [ fl), using (3.9) and again equa-
tions (8.6) and (8.7), we obtain

IO (4 — d)Iél) (2m? — s+ 22)11(1)

Oualy” = 2(m2 + z7) 2(m2 +z9)
o, 10 = B any | (24— o)L . (8.27)
= 2(m? + z2) 2(m? + 22)

(1)

By inserting the reduction of 121 to master integrals, found by solving (8.23), we finally obtain

the system of first order differential equation in eq. (8.19) where the connection matrix reads

(d*B)Z(S;ZQ% 0
o — (32—7222)78—+2 s i . (8.28)
2(m24+z3)  2(mZ+z2)

Additional examples. We tested this approach on all the connection matrices for all the
integral families with non-trivial (regulated) denominators appearing in the applications of
ref. [20]. The diagrams corresponding to their top sectors are depicted in figure 3. These
tests are published with the CALICO program.
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4

N
(a) One-loop box  (b) One-loop hard box (c) Kite (d) Equal-mass sunrise

Figure 3. Integral families with regulated denominators considered in ref. [20], for which connection
matrices of inner integration layers have been checked against the method proposed in this paper.
9 Loop integrals as twisted Mellin moments

In this paper, we define twisted Mellin moments to be families of integrals of the form in
eq. (2.4) with integration contour z; € (0,00) and

o (E ) * &)

where « — 1 = (ay — 1,...,a,, — 1). Several parametric representations of loop integrals
(see eq. (6.1)) have this form, where we identify

JO( X ICH (92)

where the proportionality factor depends on the specific representation and on the exponents .

We note that, while the space of functions ¢, is closed under monomial multiplication
and differentiation, hence satisfying our assumptions, the I'(a;) factors need to be adjusted
accordingly when converting monomials into functions ¢,. In particular, a derivative of
the twist can be converted into

| @@ 00 = — [ davas, () u(a), 93
0 0

where, after an IBP, we used I'(a;) = (a;; — 1) I'(a; — 1). It would naively appear that, in
the IBP we just used, we neglected a boundary term at z; = 0 in the special case a; = 1.
However, one can check that the equality one finds assuming a; > 1 (such that the boundary
term does not contribute) is analytic in o and can be continued® to a; = 1 and, in fact, also
to a; < 0. Indeed, the dimensionally regulated integrals J, can be analytically continued in
the exponents a; and, for generic d, have non-singular limits for integer values of a;. This is
also true for the integrals I, we just defined, since the proportionality factor in eq. (9.2) is
non-singular in these limits, as we will see below. We can thus write template equations from
annihilators for generic exponents, neglecting boundary terms in IBPs, and then analytically
continue them to any value of «;, including zero or negative integers.

SFor the special case a; =1, one can easily check that only the boundary term at z; = 0 contributes to
the IBP identity. However, in parametric representations of Feynman integrals, setting a; = 1 and z; =0
in the whole integrand (including the twist) corresponds to removing the j-th denominator, which in turn
corresponds to setting the exponent a; = 0 in eq. (6.1). Hence, eq. (9.3) is still valid in the limit a; — 1, once
written in terms of J,.
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9.1 Lee-Pomeransky representation

The Lee-Pomeransky representation of loop integrals is related to the twisted Mellin moments
with the special choice of twist

u(z) = G(z)~? (9.4)

where d is a regulator. The loop integrals in eq. (6.1) can be written in this form, up
d
r(s)

—1)lel
BRI R R

to a prefactor

Jo =

(9.5)

by identifying d with the space-time dimension and the polynomial G(z) as the sum of the
two Symanzik polynomials ¢ and F (see appendix A for a definition),

G(z) = U(z) + F(z). (9.6)

This is known as the Lee-Pomeransky parametrization of loop integrals [7]. Parametric
annihilators in this integral representation have already been extensively discussed in [10].

In this section, as well as in the CALICO program presented in section 10, we deal with
Mellin moments of the form in eq. (9.1). Converting a reduction of the form in eq. (2.12)
for Mellin integrals into one for the corresponding loop integrals

Jo= Y GusJs (9.7)

BeMIs

is straightforward by identifying

p(EDd g
. g(”z”d - a; Cag- (9.8)

Cap = (—1)lBl=l

Note that, because both || and |3| are integers, the arguments of the two Gamma functions
in the ratio above differ by an integer number, hence it is always a rational function of d.
The latter can be found by recursively applying the relation I'(¢ + 1) = tT'(¢) to shift the
argument of one of the two I' functions until they simplify yielding simple rational factors. In
practice, we find more convenient to apply this relation directly at the level of the template
equations, to translate the identities in terms of loop integrals before they are solved.
The Lee-Pomeransky parametrization of loop integrals has a number of advantages
compared to other representations, such as Baikov’s or momentum space. First, it only
involves n integration variables, where n is the number of loop denominators, with no need of
introducing ISPs — although the latter can also be added if required. Moreover, the degree
of the polynomial G is always deg G = £+ 1 at £ loops (see e.g. appendix A). For comparison,
the degree of the Baikov polynomial is deg B = min(¢ + e, 2¢), where e is the number of
independent external momenta, hence deg B > deg G for e > 1. This makes this method
particularly efficient in some contexts, as already observed in the literature (see e.g. [11]). Its
main drawback is that, in the presence of ISPs, the number of independent annihilators is
comparatively large and it is thus less convenient than other representations.

— 29 —



9.2 Schwinger representation

The Schwinger representation of loop integrals is related to twisted Mellin moments with twist
u(z) = exp [ — F(z) [U(z)] U(z) > (9.9)

and the integral I, corresponds to the loop integral in eq. (6.1) up to a sign
Jo = (D)ol 1. (9.10)

As before, d is the space-time dimension, while ¢ and F are the Symanzik polynomials.

The Schwinger representation shares many properties with the Lee-Pomeransky represen-
tation, including the fact that it consistently works without the need of ISPs — although, in
both cases, they can be included when needed. Moreover, we empirically find that annihilators
generally have lower degree in this representation, as compared to Lee-Pomeransky. When
a full set of ISPs is used, for instance, first-order annihilators in the Schwinger representa-
tion all have degree one. However, due to a more complex twist, which also includes an
exponential factor, finding such annihilators can sometimes be harder, depending on the
specific problem. Moreover, we empirically find that we need to use second-order annihilators
in this representation more often than in others, which can significantly add complexity to
a calculation. On the other hand, template identities are generally fewer and simpler in
this representation, compared to Lee-Pomeransky or others, hence they often yield simpler
systems of equations and more efficient reductions to master integrals.

9.3 Examples

The methods described in this work have been checked in several non-trivial examples using
both the Schwinger and the Lee-Pomeransky parametrization. We tested reductions both
with and without including a full set of ISPs in the definition of the integral families. The
relations we derive agree with those obtained with the Laporta method in momentum space.

In particular, by using annihilators obtained by defining, for each sector, a family of
twisted Mellin moments with only its proper denominators and no ISP, one can efficiently
obtain reductions with very high powers of denominators [11]. These can be, in turn, useful
because some of these integrals have good properties such as (quasi-)finiteness [12, 13] or
uniform trascendental weight [14].

Several non-trivial examples have been checked via a preliminary interface between the
CALICO package (presented in this work) and the private FFINTRED package for integral
reduction, which we plan to share in a future work. One of them is the reduction of all
integrals with trivial numerators (i.e. s = 1, defined in section 6) and up to 3 dots (u = 3) for
the integral family in figure 4. The latter contributes to top-pair plus Higgs production at
hadron colliders at two loops accuracy. We computed the annihilators numerically and used
them for generating a linear system solving the integral relations, combined with symmetry
relations found with the FFINTRED package. We tested this, on a modern laptop, using
both the Lee-Pomeransky and the Schwinger parametrization. For the latter, computing
the annihilators and figuring out the correct seeding — which turned out had to include
seeds with s = 1 — was more complicated, also due to the need of using some second-order
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Figure 4. Pentabox contributing to top-pair plus Higgs production.
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D3
Figure 5. Two-loop sunrise with different internal masses.

annihilators. However, after the system had been generated and independent equations had
been filtered out by the FINITEFLOW solver, this method combined with the Schwinger
parametrization yielded an extremely efficient system of equations. This contained about
20’000 equations and could be solved numerically in a few hundredths of a second on a
laptop, which is orders of magnitude more efficient than what we were able to obtain using
other approaches or integral representations.

While we leave a detailed description of complex examples of this kind to future works,
the core ideas behind this approach are also illustrated in the two simple applications we
discuss in detail below. An implementation of them can be found in the public repository
of the CALICO program.

The two-loop sunrise with different masses. As a first simple example, consider the
two-loop sunrise with different masses (depicted in figure 5), i.e. the family of loop integrals
defined by the denominators

2 2
Dlzkl_ml

Dgzk%—mg

D3 = (k‘l + ko — p)2 — mg (911)
These integrals depend on four invariants, namely the three squared masses mj2 and
s = p- (9.12)

We immediately observe that, in order to produce integral identities via IBPs in momentum
space for this family, two ISPs are needed. However, using annihilators in the Lee-Pomeranski
or Schwinger parametrization of loop integrals, ISPs are not needed.
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Figure 6. /-loop banana graph.

Using the Lee-Pomeranski representation, we find 3 generators for first-order annihilators
of degree 2 and 6 of degree 3. Using the Schwinger representation, we find instead 5 first-
order generators, as well as one second-order generator, all of which have degree 2. This
second-order annihilator is needed to obtain a complete reduction to master integrals in the
Schwinger representation, which would yield one additional master integral otherwise. As
explained, each generator yields a template equation for the integral family, using eq. (2.11).

We further observe that this family has one top sector and 3 non-zero subsectors. The
proper denominators of these subsectors factorize into products of one-loop vacuum integrals
(a.k.a. tadpole integrals). In principle, we can limit ourselves to using the same template
identities defined above, considering seeds with zero or negative exponents as well. However,
for the subsectors, we also consider identities obtained from annihilators of one-loop vacuum
integrals identified by the denominator

Do = k* —m? (9.13)

with m replaced by any of the m;. For this, we obtain one first-order generator, of degree
2 for Lee-Pomeranski and degree 1 for Schwinger. After replacing m — m; with j =1,2,3
we thus obtain 3 more template identities valid for subsectors. Of course, this is of no
importance in this simple example, but the same principle applied to more complex examples
may substantially decrease the complexity of a reduction.

For all sectors we use seed integrals with trivial numerators and find 7 Mls in the whole
family, which can be chosen as

{J112, J121, J211, J111, Jo11, Jio1, J110 }- (9.14)

Differential operators Oy and Omz are found following section 3, which we use to find DEs
J

satisfied by the MIs. These have been checked against a calculation that uses the Laporta

algorithm.

Equal-mass £-loop banana integrals. The /-loop banana integral family with internal
mass m is defined by the set of denominators

Dj:ka—mQ forj=1,...,¢
Deyyr = (k1 + -+ ke —p)* —m®. (9.15)
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This family depends on two invariants, namely m? and s, with the latter defined as in
eq. (9.12). These integrals are of great interest due to their analytic structure. For £ > 2, they
are indeed among the simplest non-factorizable ¢-loop integrals which cannot be expressed
in terms of generalized polylogarithms.

Despite their apparent algebraic simplicity, deriving differential equations for these
integrals can actually become challenging as the number of loops ¢ grows, when using IBPs
in momentum space. This is due to the need of adding a large number of ISPs (namely
(¢ +2)(¢ —1)/2), which grows quadratically in ¢, to have a complete set of generalized
denominators. As an example, at six loops we would need 20 ISPs. The representations of
loop integrals reviewed in this section, however, do not require introducing ISPs and can
work just the £+ 1 denominators in eq. (9.15), drastically simplifying the problem. We tested
this examples for several choices of the loop order ¢, finding the general patterns which we
describe below. We recall that alternative efficient algorithms for computing the Picard-Fuchs
operator of ¢-loop banana graphs exist (see e.g. [45—47]) but the one we use here is much
more general and not limited to this integral family.

In the Lee-Pomeransky representation we find first-order annihilators up to degree £ + 1.
In the Schwinger parametrization we find first-order annihilators up to degree £, as well as one
second-order annihilator of degree 2 which is required for a complete reduction. Besides the
top sector, we have ¢ + 1 subsectors, whose integrals with trivial (i.e. constant) numerators
factorize as products of £ one-loop integrals with one denominator as in eq. (9.13).

This integral family also has a clear symmetry. Integrals Z, are symmetric under any
permutation of the indexes aq,...,a, (where here n = £ +1). We can simply implement
this by sorting the indexes identifying an integral, say, from higher to lower. By doing this,
all the integrals are mapped to the two sectors Sjy..; and Sj..10.

By combining these symmetries with identities generated using annihilators and seeds
with trivial numerator, we find £ + 1 master integrals, that can be chosen as

{Ts..011, I..2111, - - - Lo11, L1, Ly 10 ) (9.16)

Differential operators O, and Omz are also found as first-order operators with maximum
degree 2 (or 1 for £ = 1). Combined with the identities above, we thus easily find DEs
satisfied by the MlIs. We successfully checked these against a calculation that uses the Laporta
algorithm in momentum space up to £ = 5 loops, although the approach described here
is orders of magnitude more efficient, since it does not need ISPs. Indeed, even at ¢ = 6
loops we are able to find annihilators and template identities in a couple of minutes on a
modern laptop, after which deriving the DEs (including the generation of the system of
equations, the derivative operators and the analytic reconstruction of the matrices) takes
no more than a few seconds.

Although this is a relatively simple example, it shows that for specific applications the
approach of annihilators can outperform state-of-art alternatives, as already seen in the
literature (see e.g. [11]).
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10 The CALICO Mathematica package

In this section we give a general description of the CALICO program and its features. The
package is open source and it is available at

https://github.com/fontana-g/calico

where several examples with detailed comments can also be found. Here we describe the
core features of the package and we refer to the builtin examples, and comments therein, for
more details about using it in non-trivial applications. These include most of the examples
illustrated in the previous sections.

The package depends on the FINITEFLOW [27] program,” which is used for solving
linear identities constraining the coefficients of annihilators and other differential operators
(see also section 4.5).

We load the package with

<<CALICO

All public symbols exported by the package are prefixed by CAT (as in “Computing Annihi-
laTors”) to avoid conflicts with other packages or builtin symbols.

The most important function of the package is arguably CATAnnihilator, which is
used as follows

ann = CATAnnihilator [u(z),{21,-.-,2n } ;dmax ,Omax | ;

where u(z) is the twist, while dyax and omax are the maximum degree and order of the
generators of the annihilators to be found. The output of the function contains the coefficients
Cj1 jo--(2) which define the annihilators as in eq. (2.8). Its exact form is reported later, but
it is unlikely to be important for most users, since we already provide functions which use
the output ann to produce integral identities for many types of integral families. However,
it is worth mentioning that

Length[ann [[o,d+1]]]

returns the number of generators of order o and degree d which have been found. The
annihilators returned by this function are, by default, cast as polynomials in both z and
in the free parameters appearing in the twist. This yields integral identities that are easier
to manipulate, but in principle annihilators only need to be polynomials in z. Casting
them in the default form however requires additional algebraic manipulations, such as
computing the least common multiple of polynomials in the free parameters. The option
"PolynomialInParameters"->False can be specified, saving some algebraic manipulations,
if annihilators are not needed to be cast in this form. We also clarify that CALICO does

TCALICO’s performance can benefit from new features of an upcoming release of FINITEFLOW which, at
the time of writing, are available in the experimental branch exp of the public FINITEFLOW repository.
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not provide a way of choosing dpax and omax. In most applications, one may wish to adjust
these values either until no more annihilators are found beyond a certain o and d (see also
the previous code block), or until one can check via other means that the generators that
have been found are sufficient to solve a certain problem.

Sometimes, one may need to compute annihilators in multiple steps. As an example, after
computing ann as before, we may wish to increase dpax Or Omax to seek additional solutions,
without recomputing again the generators that are already in ann. This can be achieved using

annextra = CATAnnihilator [u(z),{z1,...,2n},d
"KnownSolutions"—>ann | ;

! /
max ’Omax ’

U

/
hax and order of .. that are

after which annextra will contain generators up to degree d
independent of those in ann. A similar call can also be used to exclude solutions generated by
operators ann that are known or defined by any other mean. The options "MinDegree" ->din
and "MinOrder"->oni, are available to specify the minimum degree and order at which
the search for a solution is started (by default they are 0 and 1 respectively). The two

solutions can thus be merged using

ann = CATAnnihilatorMerge [ann, annextra |;

after which ann will include generators previously contained either ann or annextra.

The other main function of the package is CATDiffOperator, which is used to compute
differential operators in the integration variables that are equivalent to differentiation of the
twist with respect to an external free parameter. If z1,...,z,, are external parameters, then

diffop = CATDiffOperator [u(z),{z1,..-,2n},{Z1,- -, Zm } ,dmax ,Omax ,
"KnownAnnihilatorSolutions"—>anmn|;

returns a list of m elements having, at position i, analytic data about the differential operator
O,, defined as in eq. (3.8), or CATImpossible if no such operator was found (in such case
one may wish to try again with higher values of dyax Or 0max). The inputs other than x; have
the same meaning as before. The option "KnownAnnihilatorSolutions" in the second line
is not required but it can improve performance, since CALICO will use known annihilators
ann of the twist u(z) to trim the ansatz for the differential operators.

Both functions we just described use the functional reconstruction techniques of FINITE-
FLOW to reconstruct analytic results from numerical evaluations over finite fields. The user
can specify the maximum total degree (in the free parameters, including the regulators)
and the maximum number of prime fields to use for the reconstruction via the options
"MaxRecDegree" and "MaxRecPrimes" respectively. Similarly, the option "NThreads" can
be specified to control the number of threads used in multivariate reconstructions. The
option "Substitutions" takes instead a list of substitutions in the free parameters that
is performed right before solving the syzygy or polynomial decomposition equations. It
may be used e.g. to set one dimensional variable to one (later recovering its dependence via
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dimensional analysis), which improves performance of reconstruction algorithms, or to test
the calculation for rational numerical values of the free parameters.

The calculation of annihilators and differential operators might take a substantial amount
of time for very complex applications. CALICO can optionally print information about the
ongoing calculation. This is done when the verbosity is set to True, which is achieved calling

CATVerbose [ True] ;

before the call to these functions.

The twist u(z) taken as input by the functions above can be passed just by using its
analytic expression, but CALICO has many functions for building twists for a wide variety
of integral families. These cast the twist into a form that is optimized for the analytic
manipulations performed internally by these functions, as briefly mentioned in section 4.5.
The wrapper function CATTwist is used to signal this optimized form to CALICO. Users can
also build twists in such a form, as described later when more advanced use cases are discussed.

We will now give an overview of basic functions that can be used to

o define the twist u(z) and the polynomials it depends on;
e convert annihilators into template equations, for various forms of ¢,;
o generate lists of seeds, to which the template equations can be applied;

o convert differential operators into derivatives of integrals, as functions of their exponents,

for various forms of ¢,

We first review the functions we provide for building polynomials and twists related
to various integral families.
For the Baikov parametrization

{baikov ,zs} = CATBaikovPoly |

Hly,m?},... . {l,,m2}}, (¥ generalized denominators x)
{k1,...,ke}, (* loop momenta x)

{p1,.--,pe}, (* linearly independent external momenta x*)
replacements ,

Z

sets baikov to the Baikov polynomial and zs to the list of integration variables
{z[1],...,z[n]}.

The pairs {l;, m?} identify the generalized denominators in momentum space, as in eq. (6.2),
with [; being linear combinations of the ¢ loop momenta k; and the e independent external
momenta p; (excluding the one fixed by momentum conservation which must not appear in
the [;). Bilinear generalized denominators, as in eq. (6.3), may be specified using {l;,v;, m?}
instead. The input replacements should be a list of rules of the form p;p; — ... converting
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scalar products (specified as normal products in the rules) of external momenta into invariants.
The corresponding twist is obtained using®

CATBaikov [baikov ,d, ¢ e, zs]

with d being the number of space-time dimensions (typically a symbol d or 4 — 2¢), ¢ the
number of loops and e the number of independent external momenta. Similarly, the twist
for dual loop integrals in the Baikov representation is obtained with

CATBaikovDual [ baikov ,d ¢ e, zs]

whose inputs have the same meaning.
For the integral parametrizations discussed in section 9, we need the Symanzik polynomials
U and F, as well as G = U + F. In CALICO we compute them using

{u,f,g,zs} = CATUFGPolys|
H{imi},... {ln,m3}},
{k17"'7kf}>
replacements ,

Z

I;

where the inputs have the same meaning as above. This sets the symbols u, £ and g to
U(z), F(z) and G(z) respectively and assigns the list of integration variables to zs, as before.
The twist is returned by the call

CATIP[g.d,zs]

for the Lee-Pomeransky representation and

CATSchwinger [u,f ,d,zs]

for the Schwinger representation.
Another function, that can define the twist in a wide variety of cases, is

CATMultiBaikov [{ Bi(z),B2(z),...} ., {71 ,72,-.-},2];

to define a twist with the form in eq. (2.5) or

CATMultiBaikov [{ B1(z),B2(2),...} {7 ,72,--.},F(2) ,2]

8Note that CATBaikov only depends on the Baikov polynomial, hence it does not include the external
prefactor, which depends on the kinematic invariants and is needed to derive the differential operator O,. For
this purpose, one should use CATMultiBaikov instead, including all kinematic-dependent factors.
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to define a twist with the form in eq. (2.6) if F'(z) is a polynomial. This form covers, in
principle, all cases illustrated in this paper except for Schwinger parametrization, although we
generally prefer dedicated routines for most of them. CATMultiBaikov is however the function
we use for hypergeometric functions and the loop-by-loop Baikov parametrization. For the
latter, CALICO does not provide functions for computing the polynomials B;(z) and the
exponents 7; but this functionality is already available in the public BAIKOVPACKAGE [48].
In the builtin example that uses this parametrization, we explicitly show how the input for
CALICO can be generated using BAIKOVPACKAGE.

Once the twist has been computed, it can be used to compute parametric annihilators
and differential operators O, as already discussed above. We thus typically need to turn these
into integral identities. This translation effectively implements equations (2.11) and (3.9),
which depend on the specific form of the integrand ¢,. CALICO has several functions
which perform this translation for different forms of ¢,. For this purpose, the package
uses the symbolic function

CATInt [F ,{a1,...,0p }]

to represent either . or the corresponding integral I, identified by the multi-index of
exponents « = (ayq,...,a,). The first argument F' can be any symbol or expression (even
a string) and it is used to identify the integral family, so that integrals belonging to more
than one family can co-exist in an expression. The function CATInt also automatically
performs the substitutions®

CATInt[F,a] CATInt[F,B] — CATInt[F,a+ (]
CATInt[F,al]™ — CATInt [F,nal

that are consistent with a; being exponents of rational factors of the integrands ¢,. In the
following, we describe CALICQ’s functions that convert annihilators ann and differential
operators O, denoted as diffop as before, into integral identities of a family F'. Moreover,
z corresponds to the list of integration variables, while x = {x1,...,2,,} is a list of free
parameters for which we need differential operators Omj.

The simplest case is when ¢, is just a (Laurent) monomial

Pa(z) =27 (10.1)

In such case, template integral identities can be obtained from annihilators using

tmpids = CATMonldsFromAnnihilators [F ,ann,z];

The returned value tmpids is an anonymous function [49] of the exponents such that, for
each seed o

9After these substitutions are performed, prefactors might need to be manually adjusted, depending on
the explicit form of . (see e.g. eq. (8.4) and (9.1)). This is only relevant when users implement their own
identities, since CALICO already takes care of adjusting prefactors in the template identities it generates.
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tmpids [ay,...,a,]

returns a list of linear combinations of integrals which vanish, namely the Lh.s. of eq. (2.11)
for each generator. Similarly, derivatives of integrals can be generated with

deriv = CATMonldsFromDiffOperators [F ,diffop ,z];

whose return value deriv is also an anonymous function of the exponents. For each seed «
derivlar,...,an] = {05 Za,-.,05,, Lo},

with each entry obtained as the r.h.s. of eq. (3.9).

Completely analogous functions are available for different forms of ¢,. Since they have
the same behaviour and take the same inputs as the ones we just described, we simply
list them here.

o For inverses of (Laurent) monomials
palz) =279, (10.2)

used e.g. in the Baikov representation, we have

tmpids = CATInvMonIdsFromAnnihilators|[...];
deriv. = CATInvMonldsFromDiffOperators|...];

o For duals of loop integrals, with ¢, defined as in section 8, i.e. implementing eq. (8.6)
and (8.7), we need to first specify which denominators are regulated (i.e. can appear
with positive exponent) using

CATDualRegulated [F] = {o1,...,0n };

where 0; =1 (0; = 0) if the j-th denominator is regulated (not regulated). Then, the
identities are found with

tmpids = CATDuallnvMonIdsFromAnnihilators[...];
deriv. = CATDuallnvMonIdsFromDiffOperators|...];

o For Mellin moments with ¢, defined as in eq. (9.1) we have

tmpids = CATMellinldsFromAnnihilators|[...];
CATMellinldsFromDiffOperators|[...];

deriv
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The Mellin integrals defined in eq. (9.1), while closely related to loop integrals, generally differ
from them by an a-dependent prefactor. It is generally convenient to convert the template
identities and rewrite them directly in terms of loop integrals. We achieve this in CALICO
by using, instead of the code snippet of the previous block,

tmpids = CATSchwingerldsFromAnnihilators[F ,ann,z];
deriv. = CATSchwingerldsFromDiffOperators[F ,diffop ,z];

for the Schwinger representation and

CATLPIdsFromAnnihilators [F ,ann,z,¢,d];
CATLPIdsFromDiffOperators [F ,diffop ,z,¢,d];

tmpids
deriv

for the Lee-Pomeransky representation. Note that, for the latter, the two functions also
take, as input, the number of loops ¢ and space-time dimensions d, since the prefactors to
be adjusted depend on them.

Once template identities are available, we typically want to apply them to a list of seeds
to generate systems of identities to be solved, as explained below eq. (2.11). Generating seeds
and the corresponding system is up to the user. A typical strategy involves generating, for
all sectors Sg (with §; = 0,1, defined as in section 6) all seeds up to a certain numerator
degree s (or rank) and a certain number of dots u. CALICO can help to obtain this list via

CATGenerateSeeds [, {tmin s Umax } »{ Smin » Smax } |

which generates all seeds a such that I, € Sg and umin < U < Umax, Smin < 5 < Smax-

Once the system of identities is generated from the template identities, we need to
choose an ordering, or a weight (see section 2.2), in order to solve it. It is generally useful
to list all integrals appearing in an expression (for instance, a system of equations), sorted
by weight. This is achieved with

CATIntCases[expression , weight ]

which returns a list of integrals, identified by the symbolic function CATInt, sorted by the
specified weight as if using

SortBy [ “list of integrals in the expression” , weight |

with weight being a suitable function. CALICO includes several implementations for the
function weight tailored to loop integrals. Here we list them with the most important
criteria they use:

e CATIntMellinDefaultWeight eliminates numerators, i.e. negative exponents, of loop
integrals, and it is more conveniently used with the representations of loop integrals as
twisted Mellin transforms, described in section 9;
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e CATIntInvMonDefaultWeight is conveniently used with Baikov representations (see
section 7.1) and prefers integrals with lower u, or lower ¢ as a tie-breaker;

e CATIntDuallnvMonDefaultWeight is conveniently used with duals of loop integrals in
Baikov representations (see section 8) and still prefers integrals with lower u, but prefers
higher values of ¢ as a tie-breaker.

These functions sort higher-weight integrals on the left, as required when using the linear
solver of FINITEFLOW — although any other solver or definition of weight can be used.

As already stated, the integrals in a family may also obey additional relations, such as
symmetry relations, which cannot be found by the methods described here and thus have
to be found and implemented by the user.

We refer to the builtin examples for a description of how to combine all these ingredients
in several applications.

Finally, CALICO also exposes functions for solving syzygy equations, since this can be
useful for a much broader set of problems, both within and outside physics. Generators of
syzygy solutions for eq. (4.1) up to a maximum degree dpyax can be obtained using

g = CATSyz[{ fi(z),..., fx(z)} ,{z1,---,2n } ;dmax ]

which can also take most of the options of CATAnnihilator. The returned value g is a list
which contains, at position d + 1, all the generators of degree d that have been found. Each
generator is in turn a list of polynomials g(z) that satisfy the syzygy equation.

Similarly, a solution g(z) for the polynomial decomposition in eq. (4.12) can be ob-
tained using

g = CATPolyDec[{ f1(z),...,fx(z)},{h1(2),...,hm(z)} {21, .-, 20} ,dmax ]

which returns a list of length m, whose i-th entry is a solution of eq. (4.12) for h(z) = h;(z),
or CATImpossible if no such solution was found.

Advanced usage. Users who wish to implement custom identities that are not already
supported by the package may need to understand the form of the output of the function
CATAnnihilator. The format is

{
{A10,A11,..., Al s
{AQO 7A21 goao aAldmax } ’

{Aomaxo 7A0max1 poooc 7Aomaxdn]ax}
}

where A,q is the list of generators of order o and degree d which have been found. Each element
Aoql[k]] of Agg is itself a list containing the coefficients ¢, j,...(z) which define the annihilator
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as in eq. (2.8). More precisely, the i-th element of the list A,4[[k]] is the polynomial which
multiplies the differential operator

[1@;)e (10.3)
j=1

where {a;1,...,ain} is the i-th element of the list returned by

Join@@Table [ CATExponentList [o,n],{0,0,0max }]

Similarly, more advanced use cases may require a better understanding of the output of
CATDiffOperator. As already stated, this is a list of length m, where m is the number of
free parameters which we need differential operators for. Each entry of this list corresponds
to the solution for the i-th parameter and contains either the symbol CATImpossible, to
signal no solution was found, or a rule of the form

0o —> {ng)(z) ,ch)(z) .

where o is the order of the operator that has been found and the list on the right contains the
coefficients c§f32(z) that define the operator as in eq. (3.7). In particular, the i-th element of
such a list is the polynomial that multiplies the differential operator defined as in eq. (10.3).

As already stated, the twist u(z) taken as input by the functions above can be passed
just by using its analytic expression. It is, however, sometimes convenient to use symbolic
polynomials, inside the twist, in a first stage of the analytic preparation performed by such
functions, then substitute their analytic expressions only at a later stage. For this purpose,

one can specify the twist in the following form

CATTwist [u(z,x) ,{B1—>...,B—>...,... }]

where z are the integration variables and x are the list of free parameters, while u(z,x) is
an expression for the twist where all polynomials that define it are replaced by symbolic
functions of the form B;(z,x). The second argument is a replacement rule or a list of them
that is used to replace the polynomial functions B; with their explicit expression. Note that
this replacement will be done on expressions that depend on both the polynomials B;(z, x)
and their (first or higher-order) derivatives with respect to z; — and also with respect to x;
when computing operators Oxj. Hence, the replacement should involve the heads B; rather
than the functions evaluated at specific arguments (z,x). All twists computed by CALICO’s
functions are in this form, hence we suggest examining any of those for explicit examples.

11 Conclusions and outlook

In this paper we reviewed and expanded on the method of parametric annihilators for finding
linear relations among functions having a suitable integral representation. We illustrated this
approach in a way that applies to a broad class of integral families. These include loop integrals
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in several parametric representations. We applied it to examples involving hypergeometric
functions, loop integrals in the Lee-Pomeransky or Baikov representation (for which this
or similar approaches had already been formulated [8, 10]), as well as to the loop-by-loop
Baikov and Schwinger representations which, until now, had not been systematically used for
the purpose of integral reduction. Building on similar principles, we illustrated a method to
derive differential equations for the independent master integrals. We also showed that our
formulation applies to duals of loop integrals, which play a crucial role in intersection theory.

We described algorithms for computing annihilators and the differential operators needed
for differential equations which exploit modern sparse linear solvers and finite-field techniques.
We released an implementation of it, in the public MATHEMATICA package CALICO. At
the time of writing, the CALICO package can be useful for theoretical studies involving
various representations of loop integrals and special functions.

In the future, on top of implementing additional optimizations, we plan to release an
interface between it and the FFINTRED package (also to be published) for the systematic
generation of identities needed for the reduction of loop integrals contributing to a process.
CALICO numerically computes and analytically reconstructs the analytic dependence of
differential operators on external parameters using nodes of FINITEFLOW’s computational
graphs. In the future, we plan to add an interface which enables using these nodes in a
custom graph to generate identities. This would sidestep the need to reconstruct complex
template identities for multiscale processes, while still benefitting from this method for
computing linear relations.

We believe the techniques and applications illustrated in this paper, as we as the CALICO
package we released, could become highly beneficial to numerous future applications, including
studies that rely on the strengths of several representations of loop integrals.
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A Representations of loop integrals

In this appendix, we review the definition of the polynomials appearing in the twist u(z) of the
representations of loop integrals used in the paper. In the following, we consider an £—loop
Feynman integral with e 4+ 1 external legs — out of which only e are independent because
of momentum conservation. Loop integrals are defined as in eq. (6.1), with n generalized
denominators with the form in equations (6.2) or (6.3). In the following z = (z1,..., zn)
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is the list of integration variables that these polynomials depend on, in the parametric
representations we consider.

Baikov polynomial. The Baikov representation results from a change of variables from the
d-dimensional loop momenta to the generalized denominators. By inverting equations (6.2)
and (6.3), we rewrite every scalar product of the form k; - k; or k; - p; as a linear combination
of generalized denominators

n
ki-kj = dijo+ Y dijm Dnm
m=1
n
ki-pj = e€ijo+ Y €ijm Dm, (A.1)
m=1
where d;jn, and e;j, are functions of external invariants. This inversion requires a full set
of n generalized denominators, with n given in eq. (6.10). The Baikov polynomial is a
Gram determinant. We recall that, given a list of vectors {v;}7L,, their Gram determinant
is defined as

Gram(vy, ..., vy,) = detV, with Vj; = 2v; - v;. (A.2)

The Baikov polynomial B(z) is given by the Gram determinant of the loop momenta k; and
external momenta pj, after rewriting each scalar product involving loop momenta as a linear
combination of generalized denominators (as in eq. (A.1)) and replacing each denominator
D; with the variable z;. More explicitly,

B(z) = Gram(ky, ... kg, p1, ..., De)

n .

ki-kj — dij0+zm:1 dijm Zm
n

ki-pj — eijo-l—zm:l €ijm Zm

This polynomial enters the Baikov representation in equations (7.1) and (7.2).
We also add that the proportionality factor K in eq. (7.1) is proportional to another
Gram determinant, namely

—d+e+1

K = C(d) Gram(pi,...,pe)~ 2 . (A.3)

In the standard Baikov representation, this prefactor is irrelevant in linear integral identities,
since it is the same for all integrals within a family. In the loop-by-loop Baikov represen-
tation [6] — which consists in applying the Baikov parametrization one loop at the time
— the external legs of a subloop generally depend on the other loop momenta. The Gram
determinant in the last relation thus contributes to the twist in this case, except for the one
corresponding to the last loop integration that is rewritten in this parametric form. Hence,
in the loop-by-loop Baikov representation, we obtain a twist u(z) with the form in eq. (2.5)
with 2¢ — 1 polynomials B;(z) and exponents «y;, where the latter are linear functions of d.
The external prefactor, which we wrote as BJ° in the example in eq. (7.7), must however
be included when finding DEs, e.g. via differential operators O, as described in section 3,
since it depends on the external invariants zx.
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Symanzik polynomials. The first and second Symanzik polynomials, respectively denoted
as U(z) and F(z), appear in the twists of both Lee-Pomeranski (9.4) and Schwinger (9.9)
representations. They also appear in the well-known Feynman parametrization. We briefly
recall how they can be computed algebraically. Given the structure of the generalized
denominators Dj, the sum of the denominators D; weighted by the variables z; has the
following dependence on the loop momenta,

n n l
Sz D= Ay(ki-kj)+2> (Bj-kj)+C, (A.4)
i=1 ij=1 j=1

which defines the symmetric matrix A;;, the Lorentz vectors B;f and the scalar C, all of
which have a linear dependence on z. The vector B;-‘ and the scalar C' also depend on the
external kinematics. The polynomials ¢(z) and F(z) are thus obtained as

U(z) = detA, (A.5)

Flz) =U(z) En: AN (Bi-By) - C |, (A.6)

2,j=1

with A~! being the inverse of the matrix A. Note that detA x A~! is a polynomial function
of A;j, hence F(z) is also polynomial in z.
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