
ORIGINAL PAPER
www.fp-journal.org

UV Shadows in EFTs: Accidental Symmetries, Robustness
and No-Scale Supergravity
C. P. Burgess, M. Cicoli, D. Ciupke, S. Krippendorf,* and F. Quevedo

We argue that accidental approximate scaling symmetries are robust
predictions of weakly coupled string vacua, and show that their interplay with
supersymmetry and other (generalised) internal symmetries underlies the
ubiquitous appearance of no-scale supergravities in low-energy 4D EFTs. We
identify 4 nested types of no-scale supergravities, and show how leading
quantum corrections can break scale invariance while preserving some
no-scale properties (including non-supersymmetric flat directions). We use
these ideas to classify corrections to the low-energy 4D supergravity action in
perturbative 10D string vacua, including both bulk and brane contributions.
Our prediction for the Kähler potential at any fixed order in 𝜶

′ and string
loops agrees with all extant calculations. p-form fields play two important
roles: they spawn many (generalised) shift symmetries; and space-filling
4-forms teach 4D physics about higher-dimensional phenomena like flux
quantisation. We argue that these robust symmetry arguments suffice to
understand obstructions to finding classical de Sitter vacua, and suggest how
to get around them in UV complete models.
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1. Introduction

Effective field theories (EFTs) are partic-
ularly well-suited to the present situation
in fundamental physics. In essence, EFTs
streamline the process of making predic-
tions at energies well below a system’s
characteristic scale, M.[1,2] Being able to
do so simplifies most problems because
it allows one to ignore the myriad of ir-
relevant higher energy scales and con-
centrate on the degrees of freedom rele-
vant to phenomena at a particular scale.
Indeed, a microscopic understanding of
quarks is not important when describing
atomic or condensed matter physics, and
general principles of symmetry, locality
and unitarity bring us very far in under-
standing these phenomena without need
for an underlying theory.
Gravitational physics in general – and

string theory1 in particular – seems
not to be an exception. On one hand the observational successes
of General Relativity (GR) are understood to be robust conse-
quences of almost any theory of quantum gravity, regardless of
UV details.[3–6] On the other hand, much of what we know about
string theory was obtained by properly identifying the low-energy
degrees of freedom and their EFT description, including some of
string theory’s deepest properties like duality symmetries.
What is unusual about gravity is the enormous hierarchy

between currently accessible energies, E <∼ Ew ∼ 10 TeV, and
the much higher energies indicated by the gravitational scale
Mp = (8𝜋GN)

−1∕2 ∼ 1015 TeV. The enormity of this hierarchy has
spawned two opposite perspectives about how to understand the
world around us. A conservative extreme asserts the hierarchy
is so large that gravitational physics is irrelevant. In this view-
point the focus is on EFTs in their own right, without bothering
with possible UV completions. What makes this view difficult is
the ubiquity of gravity amongst the clues – the evidence for dark
matter, dark energy and the observed pattern of primordial fluctu-
ations – we have for how our current theories must be modified.
The other extreme — the ‘swampland’ – hypothesis[7] – in-

stead asserts that for most EFTs sensible UV completions do not
exist, so one should instead concentrate on the (more predic-
tive) subset of EFTs for which they do. The focus then becomes

1 Although nobody knows for sure what the right theory of quantum
gravity is, we here take string theory as our guide since it is the only
proposal so far within which our questions can be asked with suffi-
cient precision.
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an ever-evolving list of conjectures about the properties an EFT
must have to allow such a completion.[8] This point of view is
driven by the continued success of the Standard Model at LHC
energies, the apparent evidence that de Sitter space is relevant to
understanding both primordial fluctuations and the present-day
dark energy, and the apparent difficulty in finding either of these
within convincing UV completions.
We here pursue an intermediate point of view, that builds on a

traditional EFT strength. EFTs are powerful, but only if you build
into them all of the symmetries of the underlying physics. Once
this is done EFTs efficiently separate ‘universal’ low-energy pre-
dictions from ‘model-dependent’ ones. That is, some low-energy
predictions (e.g. the Meissner effect for a superconductor;[9] the
weak-coupling of statistically degenerate fermions;[10,11] or soft-
pion theorems for Quantum Chromodynamics (QCD)[3]) are ro-
bust consequences of essentially any microscopic description
that shares the same low-energy (quasi-)particle and symmetry
content. Other predictions (e.g. the value of the superconducting
transition temperature Tc; or the band structure of conducting
electrons) are much more model-dependent, and are therefore
more informative about what is going on over shorter scales.
Using perturbative string theory as a guide, we argue here (for

instance) that any scarcity of de Sitter vacua in string theory is
not evidence that many EFTs lie in a swampland. We instead
show why de Sitter vacua are always scarce in completely arbi-
trary EFTs that share the symmetries intrinsic to string theory
(and the symmetry reasons for this show how such vacua might
be constructed). Furthermore, these symmetries provide a robust
foundation for the hierarchies of masses and interactions often
found in explicit string constructions. Furthermore, the interplay
of these symmetries seem to provide interesting new ways to
think about naturalness problems, and why small masses and
scalar potentials are sometimes surprisingly robust to UV details.
Because our arguments rest on symmetry grounds, and because
these symmetries have striking echoes inmany of the low-energy
puzzles we seek to understand, they can also be useful for UV ag-
nostics who do not care about short-distance completions.
Approximate scale invariance plays a key role in our argu-

ments. On the phenomenological side, there are several reasons
why approximate scale invariance (more precisely defined be-
low) seems relevant to fundamental physics. One of these is the
nearly scale-invariant pattern of primordial fluctuations. Another
is the long-standing electroweak-hierarchy and vacuum-energy
naturalness problems associated with the Standard Model. Scale
invariance can be relevant to naturalness problems like these,
which hinge on the small size of a scalar mass or vacuum en-
ergy, both of which are controlled by dimensionful contributions
to a theory’s scalar potential.
This paper does not start from a phenomenological perspec-

tive, however. Instead, we argue that several specific types of
approximate scale invariance are generic predictions for pertur-
bative string vacua2 (and higher-dimensional supersymmetric
models in general) and that it is the interplay between these and
4D supersymmetry that give the resulting EFTs unusual natu-
ralness properties. They in particular provide new mechanisms
for suppressing corrections to scalar potentials, which lie at the

2 Indeed, the existence of these approximate scale invariances is not it-
self a new observation.[12–14]

root of the special properties satisfied by ‘no-scale’ supergrav-
ity models.[15–19] We show how these mechanisms arise in the
low-energy limit of explicit higher-dimensional supergravity and
string compactifications, illustrating their generic nature by us-
ing examples taken from type IIA, IIB and heterotic supergravity.
The ubiquity of scale invariance in perturbative string vacua

is easy to understand. The key observation is that because string
theory has no dimensionless parameters, all perturbative expan-
sions ultimately involve powers of fields, with the action given in
the regime 𝜙,𝜓 ≪ 1 as a sum

Seff =
∑
n,m

nm𝜙
n𝜓m, (1)

for some fields 𝜙 and 𝜓 . Any particular term in this expansion
automatically scales in a particular way Smn → 𝜆np𝜙+mp𝜓Smn under
a rescaling of the form𝜙 → 𝜆p𝜙𝜙 and𝜓 → 𝜆p𝜓 𝜓 . The double field
series of this type that we use below arises in practice because
of the generic expansion in string loops and in the generic low-
energy 𝛼′ expansion, that are always present for weak-coupling
string compactifications.3

We extend on older ideas[12–14] that show how scaling argu-
ments efficiently organize how scale-breaking arises order-by-
order within perturbative corrections. Once combined with other
accidental symmetries (supersymmetry and shift and ‘shift-like’
– defined below – symmetries), scaling arguments can account
for many of the hierarchies of scale seen in string compactifica-
tions, and underlie non-renormalisation theorems for all three
of the primary functions that define 4D  = 1 supergravities.
While this has long been known[20,21] for the superpotential,W,
and gauge kinetic function, 𝔣ab, we show how it can also be true
– in a sense more precisely explained below – for the Kähler po-
tential, K.

1.1. Scaling, Supersymmetry and Naturalness

For the present purposes scale invariance is taken to mean any
rigid symmetry that rescales the metric

g𝜇𝜈 → 𝜆2g𝜇𝜈 , (2)

and possibly transforms other fields similarly, 𝜒 i → 𝜆wi𝜒 i (no
sumon ‘i’) for someweightswi, where 𝜆 is a constant positive real
scale parameter.We call such a transformation a classical symme-
try4 if under it the Lagrangian density transforms as  → 𝜆wL,
for some weightwL. If the action contains the Einstein-Hilbert ac-
tion,  ⊃

√
−g , then wL = D − 2 in D spacetime dimensions.

We note for future use that if two such transformations are sym-
metries — distinguished from one another by acting differently
on the non-metric fields — then they can always be combined in
such a way as to write one symmetry as not acting on the metric.

3 These generic string scaling symmetries (with supersymmetry) ex-
plain why scale invariances like (2) are generic in supergravity in six
or more spacetime dimensions.[22–25]

4 Although not strictly speaking a symmetry (since the action is not in-
variant, and is usually anomalous to boot), this behaviour suffices to
ensure invariance of the classical equations of motion.
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In later sections special roles are played by fields whose non-
zero vacuum values break the scaling symmetry. Themetric need
not be one of these, despite the appearances of (2), because
a background metric can preserve scale invariance if there ex-
ists a diffeomorphism that, when combined with (2), leaves it
invariant. The infinitesimal version of the required diffeomor-
phism, 𝛿x𝜇 = V𝜇(x), defines a homothetic vector field,5 for which
∇𝜇V𝜈 + ∇𝜈V𝜇 = c g𝜇𝜈 for constant c. Homothetic fields need not
exist for generic background metrics, and it is only when they do
not that the metric becomes a scale-breaking field.

1.1.1. Scaling and Scalar Potentials

Scale invariance is perhaps the only known symmetry that can
enforce the vanishing of a vacuumenergy even if it is spontaneously
broken. This is one of the things that makes studies of scale in-
variance so compelling. Physically, this occurs because— like for
any spontaneously broken global symmetry — scale transforma-
tions continuously relate different scale-breaking field configura-
tions. That is, if ⟨𝜒 i⟩ ≠ 0 solves the classical field equations then
the scale-invariance of these equations implies ⟨𝜒 i⟩ = 𝜆wi⟨𝜒 i⟩
must also be a solution, giving rise to one-parameter families
of scale-breaking classical vacua. However — unlike for internal,
rephasing symmetries — the scale-invariant vacuum (for which⟨𝜒 i⟩ = 0) also lies in this one-parameter family (corresponding
to the 𝜆 → 0 limit). But the absence of scales forces V to vanish
when evaluated at a scale-invariant configuration, and the fact
that all the non-zero ⟨𝜒 i⟩ are related to this point by a symmetry
forces V to vanish for all of them as well.
A more formal way to see this proceeds as follows. Scale in-

variance of a potential typically means

V(𝜆wi𝜒 i) = 𝜆wVV(𝜒 i), (3)

for some non-zero6 weight wV . Differentiation of this expression
with respect to 𝜆 then implies

𝜆
d
d𝜆

V(𝜆wi𝜒) =
∑
i

wi𝜆
wi𝜒 i

(
𝜕V
𝜕𝜒 i

)
𝜆w𝜒

= wV𝜆
wVV(𝜒). (4)

Evaluating this at 𝜆 = 1 then shows why V(𝜒 i
c) necessarily van-

ishes (provided wV ≠ 0) for any configuration 𝜒 i
c that is a station-

ary point. That is, if (𝜕V∕𝜕𝜒 i)c = 0 for all 𝜒 i for which wi ≠ 0,
then V(𝜒 i

c) = 0. Clearly this in particular implies the absence of
any stationary point with V(𝜒 i

c) ≠ 0, such as would be required
for an anti-de Sitter or de Sitter minimum.
The conclusion that V(𝜒 i

c) vanishes holds regardless of
whether or not the extremum occurs at the scale-invariant point
since it does not assume 𝜒 i

c = 0. Furthermore, any scale invari-
ant point is necessarily an extremum for any field whose weight
satisfies wi ≠ wV . To see this it suffices to differentiate (4) with

5 Homothetic vector fields are special cases of conformal Killing vector
fields – i.e. vector fields for which ∇𝜇V𝜈 + ∇𝜈V𝜇 is proportional to g𝜇𝜈
– with ∇𝜇V𝜇 also required to be a constant.

6 The weightwV is typically non-zero to ensure the combination
√
−g V

transforms properly, given that the measure,
√
−g, also transforms

under the scaling (2).

respect to 𝜒 j (and again evaluate the result at 𝜆 = 1), since this
implies

wj
𝜕V
𝜕𝜒 j

+
∑
i

wi𝜒
i 𝜕2V
𝜕𝜒 i𝜕𝜒 j

= wV

𝜕V
𝜕𝜒 j

. (5)

If 𝜒 i = 0 then (wV − wj)(𝜕V∕𝜕𝜒 j) = 0, from which the result fol-
lows.
Unfortunately, despite early exploration[26] (see also [27]) these

observations have not yet proven useful for solving natural-
ness problems, for several reasons. First, Weinberg’s no-go
argument[28] states that although scale invariance can ensure V
vanishes along a family of scale-breakingminima, it cannot guar-
antee the existence of the scale-breaking minima: small radiative
corrections consistent with scale invariance can lift the flat di-
rection along which 𝜆 varies, leaving only the scale-invariant so-
lution 𝜒 i

c = 0. (See e.g.[29] for a more recent review of this argu-
ment.)
But it is usually even worse than this since quantum correc-

tions typically do not respect scale invariance at all. Although
scale invariance is easily arranged to be a symmetry of the classi-
cal field equations, it rarely survives quantisation. As mentioned
above, most often (2) does not leave the classical action invariant.
Instead one usually finds

S(𝜆wi𝜒 i) = 𝜆wLS(𝜒 i) (6)

with wL ≠ 0. Although (6) is sufficient to ensure invariance of
the classical equations of motion, 𝛿S∕𝛿𝜒 = 0, it is not a quan-
tum symmetry, so quantum corrections to S need not satisfy (6).
This is typically true even if the classical action were invariant
– i.e. if wL = 0 in (6) – since scale transformations are usually
anomalous.[30]

1.1.2. Supersymmetry and No-Scale

Although very generic, these counter-arguments in themselves
do not specify how big any quantum corrections to a would-be
flat scaling direction must be. Since supersymmetry famously
can keep flat directions flat, even including quantum corrections,
onemight hope the lifting of flat scaling directions might be sup-
pressed if scale invariance were combined with supersymmetry.
Indeed this certainly happens if scale breaking occurs without
also breaking supersymmetry, since then supersymmetric non-
renormalisation theorems[31] ensure that the scalar potential’s
flat directions remain flat. But the real challenge is when scale
invariance and supersymmetry both break (since both must in
any description of the real world).
Intriguingly, there is a broad class of supergravity models for

which the classical potential is precisely flat even though super-
symmetry breaks along this flat direction. These are models of
the ‘no-scale’ form,[15–18,32–34] whose supersymmetric Kähler po-
tential, K, by definition satisfies

Ki|̄ KiK|̄ = 3. (7)
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Here subscripts denote partial derivatives — as in Ki := 𝜕K∕𝜕Ti

and K|̄ := 𝜕K∕𝜕T
j
— and K|̄i is the inverse matrix to Ki|̄ :=

𝜕2K∕𝜕Ti𝜕T
j
.

No-scale supergravities are known to have special properties,
such as having a non-negative F-term potential, VF ≥ 0, when-
ever the superpotential W is independent of Ti: Wi = 0 (some-
thing also enforceable with axionic symmetries). To see why
recall that7

VF := eK
(
KAB̄DAWDBW − 3|W|2), (8)

where {zA} := {Ti, Za} denote a collection of fields, for which (7)
is satisfied only for the subset of fields Ti. HereDAW denotes the
Kähler derivative of the superpotential defined by

DAW := WA + KAW. (9)

Importantly, supersymmetric minima for the ‘other’ fields, Za,
satisfy DaW = 0. Using this,Wi = 0 and (7) in (8) implies V van-
ishes for all Ti at these minima, even if W itself does not. Fur-
thermore, non-zeroW implies that supersymmetry is generically
broken along these flat directions because the supersymmetry-
breaking diagnostic, DiW, typically does not vanish.
No-scalemodels turn out to arise very naturally whenever scale

invariance and supersymmetry are both present. As shown in
more detail below, if the scaling fields 𝜒 i are the real parts of
the chiral multiplets Ti, then it can happen that scale invariance
requires e−K∕3 to be a homogeneous degree-one function of the
scaling fields

e−K∕3 → 𝜆 e−K∕3 when Ti → 𝜆Ti. (10)

As is shown below — see also Appendix A of ref. [35] — when
e−K∕3 is a homogeneous degree-one function that depends only

on the real part𝜒 i = Ti + T
i
(as often happens due to axionic shift

symmetries), the Kähler potential necessarily satisfies (7).
At face value the no-scale condition (7) seems not so useful

for naturalness questions because it is usually not preserved by
quantum corrections. This mirrors the statement that scale in-
variance is itself only approximate, partly because the transfor-
mation (2) transforms the action according to (6). Furthermore,
in the higher-dimensional examples discussed below the scale in-
variance often acts only on a subset of the fields {𝜒 i} and does not
extend to act on the Za. Part of the story to follow therefore is to
track how such sources of scale-invariance breaking control the
form found for the low-energy 4D effective theory. Of particular
interest is the size of loop corrections to the effective potentials,
which are not protected by non-renormalisation theorems when
supersymmetry breaks along a flat direction.8

7 We follow standard supergravity practice and use units for which
Mp = 1.

8 In detail this happens because non-renormalisation theorems do not
protect the Kähler potential from quantum corrections, and these can
ruin the no-scale condition (7).

1.1.3. Subleading Suppression: Beyond Minimal No-Scale

Although scale invariance and the no-scale condition, (7), are not
in general preserved by loop corrections, we now argue below
that quantum corrections to the scalar potential’s flat directions
in these models can nevertheless be smaller than a generic one-
loop size. This argument relies on the loop-counting parameter
itself being one of the scaling fields.
Additional suppression turns out to arise for two reasons. First,

it sometimes happens that quantum corrections that break scale
invariance sometimes nonetheless continue to respect the no-
scale identity (7). This happens because although scale invari-
ance can be sufficient for no-scale supersymmetry, it is actually
not necessary.
Second, it also happens that the scalar potential can remain flat

even if (7) is violated, so traditional no-scale models form only a
subset of supersymmetric models with supersymmetry-breaking
but flat potentials. It turns out that the broadest criterion for flat
potentials in 4D = 1 supergravity require

detM = 0 with Mi|̄ := 𝜕i𝜕|̄ e
−∕3, (11)

where

(z, z̄) := K(z, z̄) + ln |W(z)|2, (12)

is the usual Kähler-invariant function built from K and W. We
call (11) the ‘generalised no-scale’ condition, and show below
(following[19]) that it is the necessary and sufficient condition for
the vanishing of the F-term potential, VF = 0. Equation (11) is a
‘generalised’ condition because although (7) can imply (11) (such
as whenW is independent of Ti) the converse need not be true.
Whenever the leading correction to K(T, T) satisfies (7) or (11)

it does not lift the scalar potential’s flat direction, which therefore
survives to one higher order than would naively have been ex-
pected. We now sketch a cartoon of how this actually happens in
practical examples (with concrete realisations from specific low-
energy string vacua given in later sections). In known examples
the suppression comes when the loop-counting parameter is it-

self one of the scaling fields,9 e.g. 𝜌 := 𝜒 i0 = Ti0 + T
i0 for some i0.

In this case the Lagrangian — and so also the function e−K∕3 —
arises as a series of schematic form

e−K∕3 = 0 𝜌 +1 +
2

𝜌
+⋯ , (13)

where the functions k do not depend on 𝜌 (but can depend
on scale-invariant combinations of the other fields). Because the
leading term in the action, S0∕ℏ, depends on ℏ only through the
combination 𝜌∕ℏ, the same arguments that establish that each
loop order is associated with an additional factor of ℏ ensure that
an 𝓁-loop graph computed using the first term of (13) must be
proportional to (ℏ∕𝜌)𝓁−1. Consequently tree-contributions from a
term like k∕𝜌k−1 compete with k-loop contributions computed

9 As elaborated below, it is precisely when a field is an expansion pa-
rameter that scaling symmetries arise at lowest order,[12–14] and this
is what makes approximate scale invariances ubiquitous for compact-
ifications of perturbative string vacua.
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using the 0 term, and so on. For such theories it is the large-𝜌
limit that is well-described by semi-classical methods.
However, the 𝜌-dependence given by (13) also guarantees clas-

sical scale invariance for the leading term,0 𝜌, under the trans-
formation 𝜌 → 𝜆 𝜌 with all other fields held fixed (including10 the
metric ĝ𝜇𝜈). Higher-loop contributions also scale homogeneously,
though differently than does the leading0 term, with an 𝓁-loop
contribution scaling like𝓁∕𝜌𝓁−1 → 𝜆(1−𝓁)𝓁∕𝜌𝓁−1.
Now comes the main argument: for supersymmetric theories,

the leading term, e−K0∕3 = 0 𝜌, is linear in 𝜌 and so the leading-
order Kähler potential is

K0 = −3 ln 𝜌 − 3 ln0 (14)

where0 is 𝜌-independent. As is easily checked, this form for K0
satisfies 3Ki0𝚤0

= K𝜌𝜌 = 9∕𝜌2 = (K𝜌)
2 = Ki0

K𝚤0
as an identity, and

so satisfies the no-scale condition (7) for the field Ti0 . If W is
also independent of Ti0 then the F-term potential (8) has a flat
direction parameterised by 𝜌, with all other fields, Za, fixed by
their field equations DaW = 0.
Loop corrections might normally be expected to lift this flat

direction,11 but in this case keeping both tree-level and one-loop
terms in K gives

e−K1∕3 = 0 𝜌 +1. (15)

But because 1 does not depend on 𝜌 this means the corrected
result (15) continues to satisfy the no-scale condition (7), even
though it is no longer homogeneous degree-one in 𝜌. The no-
scale condition is easiest to see by noting thatW is (by a tree-level
assumption, protected by non-renormalisation theorems) inde-
pendent of Ti0 and

𝜕i0𝜕𝚤0e
−K1∕3 = 0. (16)

Consequently lifting of the 𝜌 flat direction first arises at second or-
der in the semi-classical expansion in powers of 1∕𝜌, rather than
at first order.
The remaining sections flesh these arguments out in de-

tail by extracting the all-orders implications of the generic ac-
cidental scale invariances associated with the string loop and
low-energy expansions. We argue that these scaling symme-
tries (with supersymmetry) explain why it is fairly generic for
scale invariances like (2) to arise in supergravity in six or more
spacetime dimensions.[22–25] It also explains why no-scale struc-
ture arises so often when these are compactified to 4 dimen-
sions. The implications of scale invariance in 4D then accounts
nicely for some of the generic mass hierarchies that arise within
these models, particularly for Large Volume Scenarios (LVS)
compactifications[36,37] for Type IIB string vacua.
Along the way we provide multiple examples of the above

loop-suppressionmechanism at work in these low-energy string-
vacuum EFTs (and possibly also in Supersymmetric Large Extra

10 Themetric acquires a non-trivial transformation property like (2) once
one transforms to Einstein frame by rescaling ĝ𝜇𝜈 = 𝜓pg𝜇𝜈 to remove
all powers of 𝜌 from the action’s Einstein-Hilbert term.

11 At least when W ≠ 0 since then supersymmetry is broken along the
flat direction.

Dimensional (SLED) models[41]). For both of these types of mod-
els radiative corrections to the scalar potential are non-zero, but
are known to be smaller than normally would be expected.[38–48]

By relating the size of corrections to approximate symmetries we
hope to allow more systematic searches for circumstances where
the suppressions they provide might be more dramatic.
The fact that there are multiple field expansions (and so mul-

tiple scale invariances) is also conceptually important for evad-
ing the Dine-Seiberg problem.[49] This asks how the expansion
field itself can ever be stabilised in a regime for which the expan-
sion is valid. (That is, in the absence of a hierarchy among the
coefficients vk, a potential of the form V = v0𝜌 + v1 + v2∕𝜌 +⋯
is generically stabilised for 𝜌 ∼ (1), which is too small to trust
the 1∕𝜌 expansion.) A loophole to this argument arises once there
are multiple expansions involving both string coupling and other
small quantities, and in this case different types of fields compete
with one other in the potential without the multiple expansions
needing to break down. This kind of mechanism is realised ex-
plicitly in LVS models, with the extra-dimensional volume sta-
bilising at large values without destroying the weak-coupling or
low-energy (large-volume) expansions. In detail the consistency
of these solutions relies on the no-scale structure of the type IIB
field equations, which in turn follows from the multiple scale in-
variances.

1.2. Other Uses for Scaling and No-Scale Supergravity

Besides being useful in their own right, we now summarize how
these scaling symmetries lie at the root of some of the phe-
nomenologically attractive features of the compactifications of
string vacua, many of which build on the hierarchies of masses
that suchmodels inherit from their underlying scaling structure.

Scale-Invariant Inflationary Potentials

Scale invariant models very often produce exponential
potentials[26,50,51] whose shallowness is natural inasmuch as it is
protected by effective non-compact rescaling shift symmetries[52]

(in the same way that compact shift symmetries protect axionic
inflationary models[53]). Interestingly, these exponential poten-
tials are also known to provide more successful descriptions of
cosmological observations[54–56] than do axion-based models.
The ubiquity of scale invariance in higher-dimensional super-

gravity helps ensure these kinds of potentials also have UV com-
pletions in string theory.[57–63] Indeed the scaling arguments for
type IIB compactifications given below identify a broad class of
moduli — namely fibre moduli — that first receive masses at
high enough order in the string-coupling and 𝛼′ expansions to
that they are naturally light enough to be lighter than the infla-
tionaryHubble scale (and so are natural inflaton candidates)12.[59]

Scale invariance of supergravity is also crucial for the more
detailed consistency of the extra-dimensional versions of these
models. It is crucial because for such models the desired re-
sult (the accelerated expansion of the 4D gravitational field) is

12 For other recent discussions of no-scale inspired phenomenology and
cosmology see for instance[64] and references therein.
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the same size as (or smaller than) the physics that stabilises the
size and shape of the extra dimensions[65] (making it inconsis-
tent to neglect the physics of this stabilisation whenmodel build-
ing). But scale invariance ensures that this stabilisation physics
(typically involving the gravitational backreaction of any extra-
dimensional sources, such as branes or fluxes, that consistent
solutions very often require) is much simpler than it could have
been in that scale invariance ensures the cancellation of most ef-
fects in the 4D curvature, leaving a result largely controlled by
local physics near any source branes.[24,25]

Mass Hierarchies from No-Scale

Scale invariance and the potential’s no-scale structure also plays
a central role in the viability of the phenomenology of mod-
els based on supergravity compactifications, some examples of
which are listed here.
The first requirement to trust the low-energy limit of any 4D

string compactification is that the energy scale associated to the
scalar potential has to be lower than the string scaleMs ∼ 1∕

√
𝛼′

and the Kaluza-Klein scaleMKK ∼ Ms∕1∕6, where  denotes the
dimensionless Calabi-Yau volume in string units and direct di-
mensional reduction relates the 4D Planck massMp to the string

scale as Mp ∼ Ms

√ . However, at tree-level the Kähler poten-
tial turns out to be K = −2 ln (focusing on the type IIB case)
and the vast majority of string vacua in the landscape feature a
flux-generated superpotential of order |W0| ∼ (10 − 100).[67–69]

Therefore the scale of the tree-level scalar potential (8) would in
general be larger than the string scale since (restoring Planck
units):

VF ∼ eK |W0|2M4
p ∼ |W0|2M4

s ≳ M4
s . (17)

However the no-scale relation (7), where the sum is over the Käh-
ler moduli Ti = 𝜒i + i 𝜃i, guarantees that the EFT is still under
controls since it forces the scalar potential to vanish (and so the
coefficient in (17) is zero) after the dilaton S and the complex
structure moduli U𝛼 have been stabilised supersymmetrically at
DSW0 = DUW0 = 0. In fact, the moduli space for S, T and U-
moduli factorises at tree-level andW0 does not depend on the T-
moduli since the axions 𝜃i enjoy a shift symmetry which is exact
in perturbation theory andW has to be a holomorphic function
of the moduli. Hence:

VF = eK
[|DSW0|2 + |DUW0|2 + (Ki|̄ KiK|̄ − 3

)|W0|2] = 0. (18)

The no-scale structure is also crucial to induce a generic hierar-
chy in the moduli mass spectrum which can have several impor-
tant phenomenological applications. This can be seen fromnotic-
ing that the supersymmetric stabilisation at tree-level generates
masses for theS andU-moduli of order the gravitinomassm3∕2 =
eK∕2|W|, while the Kähler moduli tend to be generically lighter.
In fact, as can be seen from (18), the T-moduli are flat at tree-
level, and so they can be lifted by either perturbative corrections
to the Kähler potentialK = −2 ln + Kp, or non-perturbative cor-
rections to the superpotentialW = W0 +Wnp. Unless some tun-
ing of the underlying parameters is performed, the 𝜒i’s are fixed
by Kp, involving an interplay between 𝛼′ and gs corrections to K,

since at weak coupling perturbative physics dominates over non-
perturbative terms.13 Taking into account the need to go to canon-
ically normalised states and the fact that the inverse Kähler met-
ric in general scales as Ki𝚤 ∼ 𝜒2

i ,
[71] the mass of the 𝜒 -moduli is

expected to scale as:

m2
𝜒i
∼ Ki𝚤 𝜕

2VF

𝜕𝜒2
i

∼ Ki𝚤 VF

𝜒2
i

∼ eK |W0|2(Ki|̄ KiK|̄ − 3
)

= m2
3∕2

(
Ki|̄ KiK|̄ − 3

)
. (19)

This shows that the moduli tend to get a mass of order m3∕2, un-
less (7) is satisfied by the leading order Kähler potential. When
this is so, moduli masses become additionally suppressed by no-
scale breaking effects generated by Kp which are small since Kp
is an expansion in inverse powers of the Kähler moduli[38–40,72–74]

which have to be all larger than unity to be able to neglect stringy
effects, i.e. 𝜒i ≫ 1 ∀ i. Hence we obtain (see also [75] for a discus-
sion of how the no-scale relation protects moduli masses below
m3∕2 from quantum effects):

Ki|̄ KiK|̄ − 3 ≃ Kp ∼ 𝜖 ≪ 1 ⇒ m2
𝜒i
≃ 𝜖m2

3∕2 ≪ m2
3∕2, (20)

where for example 𝜖 ∼ −1 for the dominant 𝛼′ correction,[73]

𝜖 ∼ −4∕3 for the leading string loop effects[38–40,72] and 𝜖 ∼ −5∕3

for higher order 𝛼′ terms[74] (where for simplicity we consider an
isotropic limit where all 𝜒 -fields are of the same order of magni-
tude, i.e. 𝜒i ∼ 2∕3 ∀ i). Explicit examples where the mass spec-
trum of the Kähler moduli has been shown to take this generic
behaviour are [36, 40, 74, 76, 173] for a small number of T-fields,
and [63, 77] for an arbitrarily large number of Kähler moduli.
Two non-generic counter-examples where themass of the Käh-

ler moduli is instead of order m3∕2, are blow-up modes in LVS
models and KKLT moduli. In fact, as pointed out in [71, 78],
blow-up modes 𝜒bu are exceptional since they correspond to res-
olutions of point-like singularities, and so their inverse Kähler
metric scales as Ki𝚤 ∼ √𝜒bu ∼ 1∕𝜖. On the other hand, in KKLT
models, Kp is negligible since W0 is tuned exponentially small,
W0 ∼ Wnp. In this scenario, the scalar potential therefore scales
as VF ∼ eK W0Wnp ∼ eK W2

0 ∼ m2
3∕2, inducing moduli masses of

order m3∕2.

Absence of Phenomenological Problems

If some moduli in the low-energy spectrum of realistic compact-
ifications have masses near the weak scale, it is known that these
potentially introduce a number of cosmological problems[79–81]

that generally require the moduli 𝜒 i to be rather heavy: m𝜒 i ≳(50) TeV. Having moduli this heavy can also cause other prob-
lems, however, such as by reintroducing the cosmological grav-
itino problem,[82,83] that arises if the decay of 𝜒 i into gravitinos
is kinematically allowed. However, as we have seen above, the
no-scale structure of the low-energy EFT is crucial to avoid the

13 On the other hand, the 𝜃i’s are stabilised byWnp given that they cannot
appear in Kp due to the axionic shift symmetry. Hence these axions in
general turn out to be very light.[70]
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Figure 1. Summary of the nested classes of no-scale models described in the text. The precise definitions are given in § 2.1. The sample models high-
lighting the relationship between these categories are discussed in § 2.2.

gravitino problem since it makes the moduli naturally lighter
than the gravitino, and so forbids their decay into gravitinos.
A mass hierarchy m3∕2 > m𝜒 > (50) TeV raises still other

problems because in supergravity models soft-breaking terms
tend to be of order the gravitino mass, and so Msoft ∼ m3∕2 ≫(50) TeV makes supersymmetry largely irrelevant to TeV-scale
hierarchy issues14 (and tends to give rise to neutralino dark mat-
ter overproduction). This can also be ameliorated by near no-scale
structure,[70,84–86] with soft scalar masses often given by expres-
sions like

m2
0 = m2

3∕2

⎛⎜⎜⎜⎝1 −
1
3
KTT̄KT̄KT
⏟⏞⏟⏞⏟

=3+𝜖

⎞⎟⎟⎟⎠ ≃ 𝜖m2
3∕2, (21)

which, as in (20), is dominated by subleading no-scale-
breaking effects.

Sequestering

Extra-dimensional models hold out the hope of reducing un-
wanted consequences of supersymmetry breaking by allowing
this to be ‘sequestered’ from Standard Model fields by displac-
ing it at a distance within the extra dimensions.[87] The way se-
questering appears in the low-energy 4D EFT is by having se-
questered sectors ‘A’ and ‘B’ appear additively in supergravity
Kähler function: e−K∕3 = e−KA∕3 + e−KB∕3. But this type of seques-
tering has proven to be hard to realise, partly due to the effects of
bulk gravitational auxiliary fields.[88,89]

Those sequestering effects that are found in extra-dimensional
models partly rely for their existence on no-scale properties of
the low-energy supergravity.[65,90–93] We note in passing that this
is partly because the no-scale condition directly imposes condi-
tions on the quantity e−K∕3, but also partly because no-scale mod-
els constrain whether some supersymmetry-breaking auxiliary
fields in the gravitational sector – like that of the compensator

for instance – can acquire v.e.v.s. These sequestering properties
have been exploited in attempts to suppress scalar soft-breaking
masses (leading e.g. to (21)) and attempts to realise the QCD ax-
ion as part of a closed-string modulus Ti,

[70] where they can help
allow much lower axion decay constants, fa ≪ MKK,Ms, than are
usually found.[69]

This Paper: A Road Map

Wemarshal our arguments as follows. The next section, § 2, starts
by summarising the definitions of no-scale and generalised no-
scale models that are commonly used. The main focus is to ex-
tend the above arguments to include more than a single scaling
field and to generalise the concept of no-scale beyond scale in-
variance. This section closes by describing explicit examples of
concrete generalised no-scalemodels that do not fall into the stan-
dard no-scale category.We provide several levels of generalisation
of no-scale which are summarised in Figure 1 to which the im-
patient reader is encouraged to go.
This is followed in § 3, § 4 and § 5 by a variety of examples from

the heterotic, type IIB and type IIA string respectively where the
relevant scale invariances arise through dimensional reduction of
a higher-dimensional supergravity. In each case we identify the
different scaling symmetries in 10D and compactified = 1 su-
persymmetric 4D EFT, including both bulk and localised sources
such as DBI and WZ D-brane actions. We then obtain the full
information of the tree-level 4D action by fixing the Kähler po-
tential, superpotential and gauge kinetic function extending the
previous treatments[12–14,20] and comparing with explicit calcula-
tions. These sections also quantify the breaking of scale invari-
ance arising from loop corrections, to extract how loops and 𝛼′

corrections depend on the scaling fields in the low-energy 4D

14 Which at present perhaps should be regarded as a successful predic-
tion.
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effective theory. We test our general expressions for these per-
turbative corrections by contrasting them with the perturbative
corrections that have been computed so far and with the known
non-renormalisation theorems. We close in § 6 with a summary
of results and description of open directions.
We complement our presentation with a series of self-

contained appendices that cover details of some of the material
not fully covered in themain text. Appendix A exploits linearmul-
tiplets to write in a simple way a generalisation of the standard
no-scale which, which expressed in terms of chiral multiplets, is
given by Equation (226). Appendix B describes in detail the gener-
alised accidental shift symmetries of the underlying heterotic and
type IIB string theories that are behind the fact that tree-level Käh-
ler potentials depend on particular combinations of the moduli
and matter fields. Appendix C expands the discussion of the scal-
ing behaviour of different contributions to the type IIB tree-level
action including Wess-Zumino terms and non-Abelian D-brane
actions, and examines a pitfall that can complicate identifying the
scaling behaviour of a magnetically coupled brane.

2. Categories of No-Scale Supergravity

Since we argue that no-scale models play a major role in express-
ing how high-energy scaling symmetries get expressed at low en-
ergies, we start by clarifying the relationship between several dif-
ferent notions of ‘no-scale’ that exist in the literature. We place
these into four nested categories:

(Scaling no-scale) ⊂ (Standard no-scale) ⊂ (Axionic no-scale)

⊂ (Generalised no-scale). (22)

We here define these categories and show how they are related,
presenting along the way characteristic examples for each. A pic-
torial representation of this categorisation is given in Figure 1. All
of these categories share an attractive defining feature: their clas-
sical scalar potential is non-negative, V ≥ 0, often with V vanish-
ing (despite the spontaneous breaking of supersymmetry) over a
many-parameter set of field configurations.

2.1. Definitions

This section defines four categories of no-scale models that natu-
rally arise,15 starting from the most restrictive models and work-
ing our way out to the most general case.

Scaling No-Scale Models

We define ‘scaling no-scale’ models as those that satisfy:

Definition 1. A supergravity theory is a ‘scaling no-scale’ model if
there is a subset, {Ti}, of its n chiral multiplets, {zA} = {Ti, Za}, for
which the following four conditions hold simultaneously for a non-
trivial range of Ti:

15 We concentrate on F-term scalar potentials. Another generalisation of
no-scale models includes the possibility of cancellations between F-
and D-terms[94] that we do not consider here.

(i) DaW = 0 for all Za;
(ii) K depends only on the real part of the Ti;
(iii) the Ti do not appear in the (non-zero) superpotential W;
(iv) the quantity e−K∕3 is homogeneous degree-one in the Ti,

that is

e−K∕3 → 𝜆wT e−K∕3 whenever Ti → 𝜆wT Ti. (23)

Notice that conditions (ii) and (iii) can be arranged if shifts of
the imaginary parts of Ti are symmetries. This definition is mo-
tivated by the fact that (23) can be ensured by a system’s classical
scale invariances, and because (23) implies the standard no-scale
condition, (7) (see § 2.3 below).

Standard No-Scale Models

Standard (or traditional) no-scale models[15–18] are defined by:16

Definition 2. A supergravity theory is a ‘standard no-scale’ model if
there is a subset, {Ti}, of its n chiral multiplets, {zA} = {Ti, Za}, for
which the following three conditions hold simultaneously for a non-
trivial range of Ti:

(i) DaW = 0 for all Za;
(ii) the Ti do not appear in the (non-zero) superpotential W;
(iii) the Kähler potential satisfies the identity (7): Ki|̄KiK|̄ = 3.

This definition is motivated by the form of the = 1 supergrav-
ity F-term scalar potential (8). It can be shown that DaW = 0
always solves the Za field equations, and so using this to elim-
inate the Za from the scalar potential leads to the remaining
terms

VF
||DaW=0 := eK |W|2(Ki|̄KiK|̄ − 3

)
, (24)

which vanishes whenever (7) is satisfied.

Generalised and Axionic No-Scale Models

The broadest category on our list is the most general one that has
a non-negative classical F-term potential minimised along a flat
direction at VF = 0.[19] We therefore define ‘generalised no-scale’
models as those that satisfy:17

Definition 3. A 4D  = 1 supergravity is called ‘generalised no-
scale’ when the matrix

MAB̄ := 𝜕A𝜕B̄

(
e−∕3

)
(25)

16 Recently models have been called ‘no-scale’ when they satisfy the
weaker condition that Ki|̄KiK|̄ is a constant, not necessarily equal to
3.[95] We do not use this nomenclature here.

17 Notice that the terminology ‘generalised no-scale’ has also been used
with a different meaning in [96] where the authors considered a su-
perpotential which in general depends on the T-fields but effectively
enjoys a shift symmetry in the Ti when the Z-moduli are fixed super-
symmetrically.
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has a zero eigenvalue, where  is the Kähler-invariant potential de-
fined in (12). A vanishing eigenvalue equivalently implies detM = 0.

Axionic no-scale models are the special case of these generalised
no-scale models for which the imaginary parts of the moduli also
enjoy a shift symmetry that keeps the superpotential from de-
pending on Ti and keeps the Kähler potential from depending
on Im(Ti).
Condition (25) is shown in [19] to be both necessary and suffi-

cient for having a classical F-term potential that satisfies VF ≥ 0,
with non-trivial (possibly supersymmetry breaking) configura-
tions along which it is minimised at VF = 0. We pause briefly to
review their arguments, whosemain point is to express the scalar
potential in terms of the function

Ω := e−∕3 (26)

and its derivatives ΩA := 𝜕AΩ and MAB̄ := ΩAB̄ := 𝜕A𝜕B̄Ω. These
definitions imply

AB̄ = − 3
Ω2

(
ΩMAB̄ − ΩAΩB̄

)
(27)

whose inverse matrix, −1, has components

B̄A = −Ω
3

(
MB̄A +

MC̄A ΩC̄ ΩD M
B̄D

Ω − Γ

)
(28)

where MB̄AMCB̄ = 𝛿A
C
and Γ := MĀBΩĀΩB. Since Ω > 0 and since

positivity of the kinetic terms implies AB̄ is positive definite, (27)
impliesM can have precisely one non-negative eigenvalue while
all others must be negative.
Assembling these expressions, the F-term scalar potential is

then written as

VF = e
(B̄A B̄A − 3

)
= 3

Ω2(Γ − Ω)
= − 3

Ω3
det
(
− 3
Ω

−1M
)
(29)

where the second equality uses (28) and the last equality eval-
uates the determinant using det(𝛿ba + kak

b) = 1 + kak
a. Since M

can have at most one non-negative eigenvalue, it is the sign (or
vanishing) of this eigenvalue that controls the sign of VF.
This last expression reveals the scalar F-term potential to be

non-negative if Γ > Ω — or if det(−M) ≤ 0 (given that positive
kinetic terms require AB̄ and B̄A to be positive definite). But pos-
itivity of the kinetic terms also ensures

ĀBĀB =
3Γ

Γ − Ω
(30)

is strictly positive and so it must always be true that either Γ < 0
(in which case VF is negative) or Γ > Ω > 0 (for which VF is posi-
tive).18 Equation (29) can only vanish without (30) also vanishing
if Γ → ±∞, which indeed is the limit approached when an eigen-
value ofMAB̄ tends to zero.

18 Equation (29) with positive VF is particularly interesting in view of the
observational evidence for positive vacuum energies (both at present
and in the distant past). Such potentials may help understand the dis-
sonance between this and difficulties obtaining de Sitter space in stan-
dard supergravity theories.

2.2. No-Scale without No-Scale

This section explores the motivations for the above definitions
and identifies how they are related to one another. We illustrate
how each category is a proper subset of its parent by providing
concrete examples – those listed in Figure 1 – for each category
that is not also an element of the next-smaller category.

2.2.1. Scaling No-Scale ⊂ Standard No-Scale

The fact that scaling no-scale models must also be standard no-
scale (as in Definition 2), follows by direct calculation.[35] The
starting point is the observation that Definition 1 requires K to

depend only on the real parts, 𝜒 i := Ti + T
i
, and to satisfy the

property (23), rewritten here as

K(𝜆wT𝜒) = K(𝜒) − 3wT ln 𝜆. (31)

This holds as an identity for all 𝜒 i and 𝜆. As mentioned earlier,
(31) is suggestive of a scale invariance, as is explored in more
detail below.
The sufficiency of (31) for (7) is shown by direct differentiation.

In detail, taking the first and second derivatives of (31) with re-
spect to 𝜆 gives (after taking 𝜆 → 1) the following two conditions:

wT𝜒
iKi = −3wT and w2

T
𝜒 i𝜒 jKij + wT (wT − 1)𝜒 iKi = 3wT . (32)

Using the first of these in the second then implies (when wT ≠ 0)

𝜒 i𝜒 jKij = 3. (33)

Finally, differentiating the first of (32) with respect toT
j
givesK|̄ +

𝜒 iKi|̄ = 0, which when used to eliminate 𝜒 i converts (33) into (7).
To prove that not all standard no-scalemodels are of the scaling

no-scale type consider the example

K = −3 ln(T + T − Δ), (34)

with chiral fields {zA} = {T, Za}, where Δ = Δ(Z,Z) is arbitrary
(but does not depend on T) and the superpotential is a constant:
W = W0. This is not of the scaling no-scale type because the pres-
ence of Δmeans

e−K∕3 = T + T − Δ (35)

need not be homogeneous degree-one under rescalings of zA

(e.g. when Δ is constant).
For this model Ω = e−∕3 = e−K∕3|W|−2∕3 and so because W

is field-independent the eigenvalues of MAB̄ are proportional to
those of the matrix

NAB̄ := 𝜕A𝜕B̄

(
e−K∕3

)
=
(
0 0
0 −Δab̄

)
, (36)

which has an obvious zero eigenvalue for any value of the zA.
Consequently the potential VF must vanish identically. The same
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conclusion also follows from direct differentiation. The first
derivatives are

KT = KT̄ = −3 eK∕3, Ka = 3Δa e
K∕3 and Kā = 3Δā e

K∕3, (37)

and so the matrix of second derivatives and its inverse are

KAB̄ = 3 e2K∕3
(

1 −Δb̄
−Δa Δab̄e

−K∕3 + ΔaΔb̄

)
and

KB̄C = e−K∕3

3

(
e−K∕3 + 𝔫 Δc

Δb̄ Δb̄c

)
, (38)

where 𝔫 := ΔābΔāΔb, Δa := Δb̄aΔb̄ and Δā := ΔābΔb with Δāb de-
fined as the inversematrix:Δab̄Δb̄c = 𝛿ca. These expressions imply

KĀBKĀKB = 3 eK∕3
(
−1
Δb̄

)T(e−K∕3 + 𝔫 Δc

Δb̄ Δb̄c

)(
−1
Δc

)
= 3, (39)

showing that the model is of standard no-scale type.
Having established that VF vanishes for all fields wheneverW

is independent of both T and the Za, one can also ask how these
flat directions are lifted ifW = W(Z) withWT remaining zero. In
this case the F-term potential evaluates to

VF = eKKābWāWb =
1
3
e2K∕3ΔābWāWb, (40)

which is strictly non-negative whenever Δāb is positive definite.
This potential vanishes for all T once the Za are minimised by
solving the T-independent conditions Wa = 0. Notice that DaW
in general need not vanish at this solution,19 indicating that the
auxiliary fields for both T andZa break supersymmetry along this
flat direction. The existence of this flat direction is also consistent
with the Kähler potential (34), now regarded as being a function
only of T withZa = Za

0 fixed to the solutionWa(Z0) = 0, since this
is also of the standard no-scale type.
Variations of this example include some cases of practical later

interest, such as

e−∕3 =
[(T + T) − Δ(Za, Z

a
)
] |h(Za)|Ω(U𝛼 , U

𝛼
) (41)

with (T + T) a homogeneous degree-one function of its argu-
ment, h a holomorphic function of Za and Δ(Z,Z) and Ω(U,U)
real functions of a different collection of scalar fields.When h and
Ω are constants, this reduces to the example given in (34) and so
is no-scale with flat directions parameterised by both T and Za.
More generally, even in the presence of non-trivial functions h
and Ω, this is a case for which the scalar potential is guaranteed
to be non-negative — because det 𝜕A𝜕B̄(−e−∕3) ≤ 0[19] — and is
minimised for configurations along which VF = 0 corresponding
to a flat direction in the T-field direction.
As shown in more detail below, this situation is typically re-

alised in string compactifications, with the fields Za correspond-
ing to matter or D-brane position moduli while theU𝛼 represent

19 If solutions to DAW = 0 exist, they are always stationary points of
the potential.

complex-structure moduli and T is the Kähler modulus corre-
sponding to the overall breathing mode. As we shall see later,
when the fields Za are D3-brane moduli, the function Δ(Z,Z) is
given by the Kähler potential for the extra-dimensional geometry
through which the D3-branes move.

2.2.2. Standard No-Scale ⊂ Axionic No-Scale

We next show that standard no-scale models form a proper sub-
set of the class of both axionic and generalised no-scale models.
There is no mystery that standard no-scale models are a sub-
set of axionic no-scale models because standard no-scale models
assume an axionic symmetry and because generalised no-scale
models are themost general ones with flat directions inVF; show-
ing them to be a proper subset is the interesting thing. We do so
here by demonstrating that standard no-scale models satisfying
(7) do not exhaust the class of axionic no-scale models.
In detail, standard no-scale is sufficient for generalised no-

scale because the constancy and non-vanishing of W = W0 en-
sures the matrices M and N defined in (25) and (36) are related
by Mi|̄ = Ni|̄ |W0|−2∕3, and so M and N share any zero eigenvec-
tors. But direct differentiation shows that thematrixNi|̄ has a zero
eigenvalue if and only if the no-scale condition (7) is satisfied,[19]

and so the standard no-scale Definition 2 always implies the gen-
eralised no-scale property of Definition 3.
We now provide a class of examples that show that axionic no-

scale models need not also be standard no-scale (in the sense that
they do not satisfy (7)). To this end we follow[95] and focus on ex-
amples where the flat direction fields, Ti, and the other fields,
Za, do not have a simple product-manifold structure (i.e. when
the kinetic terms mix these two kinds of fields). As argued in
Appendix A, this broader class of examples is more easily built
starting from a dualised representation for which each axion, a,
is traded for a 2-form gauge potential, B𝜇𝜈 , with field strength
H = dB, according to H𝜇𝜈𝜆 ∝ 𝜖𝜇𝜈𝜆𝜌𝜕

𝜌a. For supersymmetric the-
ories this involves trading ordinary chiral supermultiplets (con-
taining a) for linear supermultiplets (containing B).[97–101] The
point of doing so is to use this construction to find examples
of flat supersymmetry breaking potentials for which property (7)
does not hold.
To this end consider an  = 1, D = 4 supergravity with

three different types of chiral multiplets: {Ti, G𝚤, Sa}, where i =
1,… , n, 𝚤 = 1,… , m and a = 1,… , p. Of these, the fields {Ti, G𝚤}
are moduli with axionic shift symmetries

Ti → Ti + i𝜆i, G𝚤 → G𝚤 + i𝜆𝚤 (42)

that ensure K = K(T + T,G +G) and that these fields do not ap-
pear in the superpotential:W = W(Sa). We further ask the Käh-
ler potential for these fields to have the ‘coordinate-degenerate’
form

K(T + T,G +G, S, S) = [Ti + T
i
+ Σi(G +G, Sa, S

a
)
]

+ K̂(Sa, S
a
), (43)

where Σi are real-valued functions of G𝚤 +G
𝚤
, Sa and S

a
.
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In general, these assumptions allow kinetic mixing between
the fields Sa, Ti and G𝚤, and it is this mixing that complicates
identifying the correct no-scale description. This is simpler to see
within the dual formulation that trades the chiral multiplets Ti

and G𝚤 for linear multiplets because the dualisation disentangles
the chiral multiplets Sa from the shift-symmetric directions Ti

and G𝚤, greatly simplifying the scalar potential (see Appendix A
for details).
In particular, a sufficient condition for the scalar potential of

this model to be positive semi-definite is

KIJ̄KJ̄KKK
I = 3, (44)

where ΨI = {Ti, G𝚤} collectively denotes all of the axionic multi-
plets, and the matrix is defined by

(−1)I J = 𝛿I
J
− KIāKJā − KaĪKaJ̄. (45)

The potential has flat directionswithVF = 0 once Sa isminimised
at a supersymmetric configuration usingDaW = 0. Equation (45)
generalises the standard no-scale condition (7), reducing to it in
the special case where Σi is independent of S, so that the Sa do
not mix with the fields ΨI (in which case KaJ̄ = KJā = 0 and so
I

J = 𝛿I
J
).

2.2.3. Axionic No-Scale ⊂ Generalised No-Scale

Finally, we provide examples that show that generalised no-scale
models need not require axionic shift symmetries, and that flat
directions can exist for which (7) does not hold when restricted
just to the flat direction fields in themselves. Among other things
this shows that standard no-scale and axionic no-scale models
form a proper subset of generalised no-scale models.
To this end consider the following concrete class of models

involving two chiral-scalar supermultiplets, X and Y . Define

Ω = e−∕3 =
[
F(X, X) − YY

] ||W(Y)||−2∕3, (46)

with the function F chosen to satisfy F > YY so Ω > 0, and|FX |2 > FFXX̄ in order to guarantee positive kinetic terms, since

AB̄ =
3
2

(
−FXX̄ + |FX |2 −FXY

−FX̄Y  + YY

)
, (47)

where  := F − YY and

det
(AB̄

)
= 9

(F − |Y|2)3 (|FX |2 − FFXX̄

)
. (48)

The standard no-scale diagnostic for this theory evaluates to

KĀBKĀKB =
3(|FX |2 − FXX̄ |Y|2)|FX |2 − FFXX̄

. (49)

The F-term scalar potential for this model then is

VF =
1

3(F − |Y|2)2
[|WY |2 +

FXX̄|FX |2 − FFXX̄

|3W − YWY |2]. (50)

This is manifestly non-negative as long as the kinetic terms are
positive and FXX̄ ≥ 0. When these conditions are satisfied the
global minimum of the potential is found by setting VF = 0,
which fixes the values of X and Y so that each of the two terms
in the square bracket of (50) vanishes. A variety of possibilities
arise, depending on the choices of the functions F andW:
Case 1: If F = h(X ) + h(X ) andW = W0 is constant, the poten-

tial vanishes for all X and Y (a special case of the standard no-
scale cancellation, as is seen by using FXX̄ = 0 in (49)). Supersym-
metry is generically broken along these flat directions ifW0 ≠ 0.
Although for generic h(X ) it might appear that no symmetries
survive in the X sector (and in particular no axionic symmetries)
this is mistaken because one may always perform a field redef-
inition from X to Z := h(X ), after which a shift symmetry for Z
does exist.
Case 2: If F = h(X ) + h(X ) and W = W(Y) is non-trivial,

then

VF =
|WY |2

3(F − |Y|2)2 , (51)

and soY = Y0 is fixed by solvingWY (Y0) = 0while theX direction
remains flat (again corresponding to a standard no-scale model).
Supersymmetry is broken along this flat direction ifW(Y0) does
not vanish.
Case 3: For general F but with W = W0 a non-zero constant,

the potential becomes

VF =
3|W0|2FXX̄

(F − |Y|2)2(|FX |2 − FFXX̄ )
, (52)

and the Y dependence comes only from the overall prefactor
(F − |Y|2)−2. Classical solutions X = Xc and Y = Yc are found by
solving VX (Xc, Yc) = VY (Xc, Yc) = 0. In the Y direction (for fixed
X ) this gives a local de Sitter minimum at Yc = 0 and a runaway
to VF = 0 as Yc → ±∞, provided F is chosen so that V ≥ 0.
In the special case that solutions to FXX̄ (Xc) = 0 exist (with

FX (Xc) ≠ 0, so the kinetic terms remain non-degenerate), the po-
tential vanishes (and so is minimised) at (Xc, Y) and the Y di-
rection is flat (and can be trusted for |Y|2 < F(Xc)). This again
gives a non-supersymmetric standard no-scale flat direction, but
this time parameterised by Y rather than X . Should the condition
FXX̄ (Xc) = 0 only fix one of the two real directions in X , then the
other combination is also a flat direction. Although this flat direc-
tion is standard no-scale in the sense that (49) is satisfied, notice
that K(Y, Y) obtained by truncating K(X, Y, X, Y) at X = Xc does
not satisfy the no-scale criterion for Y alone, since KȲYKȲKY ≠ 3.
Case 4: Suppose next that F is general but the superpoten-

tial admits simultaneous solutions to the two conditionsW(Yc) =
WY (Yc) = 0. In this case Yc represents a global minimum at zero
vacuum energy with unbroken supersymmetry. The X direction
remains arbitrary along a supersymmetric flat direction. Since F
is arbitrary there need not be any internal (phase rotation or shift)
symmetry along the X direction, in which case neither of the two
real fields in X can be dualised to a linear multiplet.
Case 5: Finally suppose there is no value of Y that satisfies

both W = 0 and WY = 0 but there is a value X = Xc that satis-
fies FXX̄ (Xc) = 0. Then both X and Y are generically fixed (as joint
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solutions to FXX̄ = 0 andWY = 0). The potential vanishes at this
point, which is therefore a global minimum (for F chosen so that
VF ≥ 0), and supersymmetry is broken because W(Yc) is non-
zero.
This example can still be contrived to have a flat direction, how-

ever, if the condition FXX̄ = 0 does not fix both real components
of X . For example, if F has the form

F = (X + X − 𝜉)3+n|X|2 + h(X ) + h(X ), (53)

with 𝜉 a real number, n a positive number and h a holomorphic
function chosen so that Re(h(𝜉)) and |hX (𝜉)| are large and positive.
Then FXX̄ = 0 whenever X + X = 𝜉, showing that VF has a min-
imum (with positive kinetic terms) at X + X = 𝜉 and Y = Yc de-
termined by WY (Yc) = 0. With these values VF = 0 for any value
of X − X , which labels therefore a flat direction even if there is
no need to have a shift symmetry for the Lagrangian describ-
ing fluctuations about this vacuum (and so no representation in
terms of linear multiplets). Furthermore, although (49) shows
KābKāKb = 3 when both X and Y are included, there is no sense
in which the potential’s flat direction defines a low-energy super-
symmetric theory (there is only one real flat direction) for which
(7) holds separately once the heavier fields are integrated out.
The above examples illustrate several things. The five high-

lighted cases provide several examples of both standard and non-
standard no-scale models (with flat directions for both X and
Y , just X , just Y or just a real flat direction – parameterised by
X − X ). Some of these have no axionic shift symmetries (though
the examples also show that the freedom to perform field redefi-
nitions can complicate deciding whether such symmetries exist).
Other choices forW and F give isolated minima with both X and
Y stabilised at a de Sitter or Minkowski minimum, with or with-
out supersymmetry.
These examples can be generalised to include many fields Y

and X whose kinetic terms and scalar potential are both positive
provided theX fields do not appear inW and the invertiblematrix
M has only one positive eigenvalue.20 Multiple fields are interest-
ing inasmuch as this is what typically arises in UV completions
(which at present are limited to string theory realisations), and
generalisations of the above models often do provide their low-
energy descriptions, as is described in more detail starting in § 3.

2.3. Specifics of Scaling Sufficiency

This section fleshes out more precisely when approximate scale
invariances can suffice for no-scale behaviour in a subsector of 4D
 = 1 supergravity, and when they do not. Although we also find
more general connections between scaling and no-scale models
in later sections, the tools developed in this section prove useful
in later sections when identifying how scaling properties of extra-
dimensional supergravities constrain the low-energy effective 4D
supergravity obtained by dimensional reduction.

20 We note in passing that the (1, N − 1) signature of the matrix M is
reminiscent of the same property for themoduli spacemetric for Käh-
ler moduli.

The implications of scaling symmetries for 4D supergravity
are most directly made using the off-shell formalism of the su-
perconformal tensor calculus.[102–106] Within this framework the
two-derivative component action can bewritten in superspace[107]

in the form

√
−g

= −3∫ d4𝜃 𝔇 + ∫ d2𝜃
(
𝔉W +𝔉g

)
+ c.c., (54)

where, when specialised to zero-derivative terms21

𝔇 = e−K∕3 ΦΦ, 𝔉W = W Φ3 and 𝔉g = 𝔣abab, (55)

wherea = 𝜆a + Fa
𝜇𝜈
𝛾𝜇𝜈𝜃 +⋯ is the gauge field-strength chiral-

spinor superfield (where 𝜆a is the gaugino) and Φ = {𝜑,𝜓𝜑, F𝜑}
is the conformal compensator chiral multiplet. K(z, z̄),W(z) and
𝔣ab(z) are functions of the chiral-scalar multiplets, collectively de-
noted zA. The compensator multiplet enters because the super-
gravity action is most easily derived for superconformal theo-
ries whose bosonic symmetries also include local scale trans-
formations (or Weyl invariance), and Φ is the ‘spurion’ super-
field that breaks superconformal symmetry down to ordinary 4D
Poincaré supergravity.
It must be emphasised that the component form for the La-

grangian density is obtained from (54) using the rules of the con-
formal tensor calculus and not simply using the rules of Grass-
mann integration for global supersymmetry. These differ for
several reasons: most notably the appearance of non-minimal
couplings to spacetime curvature (with the resulting need to
Weyl rescale22 the metric to go to 4D EF) and the appearance
of supergravity-multiplet auxiliary fields (whose elimination con-
tributes important parts to the low-energy theory).23

These supergravity complications in extracting the compo-
nent form from (54) are largely irrelevant for the present pur-
poses, however, which only ask what scaling properties of the La-
grangian density imply for the scaling of the functionsW, 𝔣ab and
e−K∕3. These can be inferred as if one used (54) in global super-
space partly because the additional terms all scale consistently
due to the scaling properties of the supergravity-multiplet auxil-
iary fields, and partly because the change in the metric scaling
weight due to any Weyl rescaling can be captured by a change in
the scaling weight assigned to the compensator Φ.
It is also true that the scaling symmetries of interest are at best

only accidental symmetries of the classical field equations, and
so themselves typically do not hold to all orders in 1∕Mp. We ad-
dress this below using the old strategy[12–14,20] of imagining the
Lagrangian (54) to arise order-by-order in small parameters (like
gs or 𝛼

′ in string examples), and following separately how each
term scales.

21 For future reference we remark that the scaling arguments used here
and in later sections apply equally well if𝔇 and 𝔉 also involve higher
superspace derivatives. All that fails in this case is the ability to recast
the conclusions in terms of its implications for K,W and 𝔣ab of (55).

22 The need to Weyl rescale is the reason the D-term is written as e−K∕3,
since this choice ensures the target-space metric appearing in the zA

kinetic terms is AB̄ = 𝜕A𝜕B̄K.
23 It can happen that leading terms as Mp → ∞ with m3∕2 fixed can be

obtained applying the rules of global supersymmetry to (54), provided
one chooses the compensator Φ judiciously.[108,109]
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2.3.1. No-Scale from Scale Invariance

Returning now to the question of the implications of scale in-
variance for supersymmetric models, we start by assuming24 the
4D supergravity action has couplings that — to leading order in
1∕Mp — enjoy a classical scale invariance in the precise sense
that

 → 𝜆wL when g𝜇𝜈 → 𝜆2g𝜇𝜈 while Ti → 𝜆wT Ti and

𝜃 → 𝜆1∕2𝜃, (56)

for some constant 𝜆 and powerswL andwT . Here g𝜇𝜈 is the 4DEin-
stein framemetric and Ti denotes a collection of 4D chiral super-
fields. The fermionic coordinate 𝜃 transforms in (56) in a way that
is correlated with the metric transformation because the fermion
kinetic termsmust be automatically scale invariant whenever the
kinetic terms of their scalar partners are. If scale invariance of
the scalar field kinetic terms requires a scalar  i to transform
as  i → 𝜆wT  i, then its fermionic partner’s kinetic term scales
correctly when 𝜓 i → 𝜆wT−1∕2𝜓 i. This difference in scaling prop-
erties precisely compensates for the replacement of g𝜇𝜈 in (𝜕 )2
by ea

𝜇 in �̄� /𝜕𝜓 . This is consistent with the superfield representa-
tion Ti =  i + 𝜃𝜓 i +⋯ when 𝜃 scales as in (56). There may also
be other fields,Za, present that do not scale but we imagine these
to be minimised at supersymmetric vacua for which DaW = 0.
One could change the value of wT by performing a field redefi-

nition amongst the Ti. We do not do so because we are interested
in cases where the imaginary part of Ti enjoys a shift symmetry,
which is not invariant under such redefinitions. The scale invari-
ance of the Einstein action fixes the scaling of the Lagrangian
wL. In particular, in d spacetime dimensions E ∝

√
−g gMNRMN

satisfies E → 𝜆d−2E and so wL = d − 2. For d = 4 we then have
wL = 2.
Our interest is in what this same transformation rule for the

terms in (54) requires for the otherwise unknown functions K
andW. We know (using d = 4 and wL = 2) that when applied to
(54) the symmetry (56) requires

Φ̄Φ e−K∕3 → Φ̄Φ e−K∕3 and Φ3W → 𝜆−1Φ3W, (57)

since (54) relates these quantities to the D- and F-term La-
grangian densities by Φ̄Φ e−K∕3 = 𝜃2�̄�2LD +⋯ and Φ3W = 𝜃2LF,
where in both cases L := ∕√−g and so  → 𝜆2 implies
L → 𝜆−2L.
Suppose we know – perhaps because it involves a specific com-

bination of fields with known scaling properties – thatW trans-
forms asW → 𝜆wWW. Then (57) implies

Φ → 𝜆−(1+wW )∕3Φ and so e−K∕3 → 𝜆2(1+wW )∕3e−K∕3. (58)

24 As we see below, descent from a higher-dimensional supergravity pro-
vides a good motivation for this assumption because scale invariance
is a very generic property of most higher-dimensional supergravities
at the two-derivative level.

This states that e−K∕3 is a homogeneous function of the Ti with
degree q, where

q =
2
(
1 + wW

)
3wT

. (59)

If K is a function only of 𝜒 i = Ti + T
i
, then (58) and (59) imply

K(𝜆wT𝜒 i) = K(𝜒 i) − 3qwT ln 𝜆, (60)

for all 𝜒 i and 𝜆, which would reproduce (31) if q = 1. In fact, dif-
ferentiating (60) and repeating the arguments used below (31)
implies

Ki|̄KiK|̄ = 3q. (61)

We see that scale invariance implies the no-scale condition only
if e−K∕3 is a homogeneous function of degree q = 1, which is the
same sufficient condition as found in § 2.2. From (59) this re-
quires

wT = 2
3
(1 + wW ), (62)

and so no-scale behaviour in this example25 requires the T-field
scaling weight to be related to the scaling weight ofW.
This above arguments establish that under some circum-

stances scale invariance can imply the scaling no-scale condi-
tion. The next three sections explore the several types of scale
invariance that are inherited from (and are generic to) higher-
dimensional supergravity,[22,23] and argue that these (with low-
energy  = 1 supersymmetry) lie at the root of the ubiquity of
(and the size of the breaking of) no-scale models in the low-
energy limit of known UV completions.

3. Descent from 10D Heterotic Supergravity

We start by asking how scale invariance constrains the  =
1 supergravities obtained as 4D EFTs from 10D heterotic
supergravity,[110–112] slightly improving old arguments.[12–14] Het-
erotic vacua are in many ways simpler than type IIA or IIB vacua
since they do not involve localised sources like D-branes or ori-
entifold planes, and much is known about their low-energy EFT
(and their corrections).[20,113–121]

3.1. Scaling in Heterotic Supergravity

The heterotic case starts with the 10D String Frame (10D SF) het-
erotic Lagrangian, whose bosonic part for the purposes of scaling
arguments takes the schematic form26

 = 1
(𝛼′)4

√
−ĝ e−2𝜙

[
ĝMN
(
R̂MN + 𝜕M𝜙𝜕N𝜙

)
+ 𝛼′ F̂2 + (𝛼′)2 Ĥ2

]
,

(63)

25 A similar argument also holds in the dualised theory using linearmul-
tiplets (see Appendix A).

26 We drop numerical coefficients here because our only interest is in
how each term scales.
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plus fermionic terms. Both F and H are field strengths given
schematically by

F = dA + fA2 and H = dB2 + A (dA + fA2), (64)

whereAM is a 10DYang-Mills potential andBMN is a Kalb-Ramond
gauge 2-form. Here f is a dimensionless parameter that depends
on how AM is normalised – useful to keep track of in what fol-
lows – and so systematically accompanies the structure constants
of the non-Abelian gauge group. In (63) hats on squared field
strengths indicate contractions are performed using the SF met-
ric, so F̂2 = ĝMNĝPQFMPFNQ and so on.
Transforming to 10D Einstein Frame (10D EF) using

ĝMN =
(

𝛼′

𝜅1∕2

)
e𝜙∕2 g̃MN = e(𝜙−⟨𝜙⟩)∕2 g̃MN (65)

where 𝜅 is the 10D Planck parameter, 𝜅 = (𝛼′)2gs, and gs = e⟨𝜙⟩ is
the string coupling set by the v.e.v. of the 10D dilaton, then gives

 =
√
−g̃
[
1
𝜅2

g̃MN
(
R̃MN + 𝜕M𝜙𝜕N𝜙

)
+ e−𝜙∕2

𝜅3∕2
F̃2 + e−𝜙

𝜅
H̃2

]
, (66)

plus fermionic terms (where now F̃2 = g̃MNg̃PQFMPFNQ and so
forth).
Following[13] we note that this action (including its unwritten

fermionic terms) enjoys the following two scaling properties:27

• Dilaton scale transformations, defined by

g̃MN → 𝜆 g̃MN, e−𝜙∕2 → 𝜆 e−𝜙∕2, (67)

with all other fields fixed, under which  → 𝜆4. Notice that
this transformation is fairly obvious in 10D string frame (63),
given that (67) implies the string-frame metric, ĝMN ≃ e𝜙∕2g̃MN ,
is invariant.

• Rescaling property, under which

FMN → 𝜉 FMN, HMNP → 𝜉2HMNP, e𝜙∕2 → 𝜉2 e𝜙∕2, (68)

with all other fields fixed, under which  → . We call this a
‘property’ rather than a symmetry in the sense used in [13].
The point is that the transformation rules are defined acting
on the field strengths, F andH, rather than as transformations
of the field potentials, A and B2. The only obstruction to pro-
moting the transformation to act on the gauge potentials is the
presence of the non-Abelian contributions to F and H in (64).
Alternatively, we can take the definition to act as BMN → 𝜉2BMN

and AM → 𝜉AM if we imagine the dimensionless parameter, f ,
to be a spurion, transforming as

f → 𝜉−1f . (69)

27 As mentioned in the introduction 10D EFTs for perturbative string
vacua have two scaling symmetries, corresponding to the two per-
turbative expansions of their UV completion: the 𝛼′ and string loop
expansions. By contrast, an EFT like 11D supergravity for a strongly
coupled vacuum has only one scaling symmetry: transforming gMN →
𝜆2gMN , and AMNP → 𝜆3AMNP scales the 11D Lagrangian as 11 →
𝜆911. This has its roots in the 𝛼

′ expansion, and is sometimes used
to redefine the 11D scale 𝜅11 (see for instance[119] and references
therein).

3.1.1. Compactified Fields

The 4D EF metric, g𝜇𝜈 is related to the 10D EF metric by

g̃𝜇𝜈 =

(
𝜅2

VE 𝜅
2
4

)
g𝜇𝜈 , (70)

where VE denotes the dimensionful extra-dimensional volume as
measured with the 10D EF metric. (We denote by V̂ the volume
measured using the 10D SF metric. Also useful is the dimen-
sionless quantity E := VE∕(𝛼′)3 obtained by normalising by the
string scale.) Since g̃MN → 𝜆g̃MN we have VE → 𝜆3VE and so

g𝜇𝜈 → 𝜆4g𝜇𝜈 . (71)

The two universal 4D moduli for heterotic compactifications are
given by [12, 13]

S = V̂
(𝛼′)3

e−2𝜙 + i a =
VE

(𝛼′)3
e−𝜙∕2 + i a = E e

−𝜙∕2 + i a

T = r̂2

𝛼′ + i b =
r2
E

𝛼′ e
𝜙∕2 + i b = 1∕3

E e𝜙∕2 + i b, (72)

where a and b are the model-independent axion fields (com-
ing respectively from B𝜇𝜈 and Bmn) and we use the notation
V̂ = r̂6 for the SF volume and similarly VE = r6

E
(also often writ-

ten e𝜎 := r2
E
∕𝛼′ so that E = e3𝜎). Because S + S ∝ E e

−𝜙∕2 and
T + T ∝ 1∕3

E e𝜙∕2, these moduli inherit the following transforma-
tion properties under the two scaling symmetries28

S →
𝜆4

𝜉2
S and T → 𝜉2 T . (73)

3.1.2. Compactified Gauge Kinetic Terms

The scaling properties of the  = 1 supersymmetric action in
4D are obtained in leading approximation by truncating the 10D
EF action given above. The Maxwell term in particular gives

g ∝
√
−g̃10 e−𝜙∕2 g̃𝜇𝜈 g̃𝜆𝜌F𝜇𝜆F𝜈𝜌 ∝

√
−g4 VE e

−𝜙∕2 g𝜇𝜈g𝜆𝜌F𝜇𝜆F𝜈𝜌.

(74)

The gauge coupling function 𝔣 can be read off from this by com-
paring to

g ∝
√
−g4
[
Re(𝔣) g𝜇𝜈g𝜆𝜌F𝜇𝜆F𝜈𝜌 + Im(𝔣) 𝜖𝜇𝜈𝜆𝜌F𝜇𝜈F𝜆𝜌

]
. (75)

Since g → 𝜆4g inherits the scaling property of the 10D action,
and since F𝜇𝜈 → 𝜉F𝜇𝜈 while

√
−g4 g𝜇𝜈g𝜆𝜌 is scale invariant, this

shows that

𝔣 → 𝜆4

𝜉2
𝔣, (76)

and so 𝔣 scales the same way as does S in (73).

28 The axions scale in the same way, as is clear for T since b is propor-
tional to Bmn, and as [13] demonstrates for a using the duality trans-
formation that relates B𝜇𝜈 to a.
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3.1.3. Superspace Transformation Properties

For the rest of the Lagrangian it is worth identifying how quanti-
ties in 4D superspace must scale. To this end we repeat the exer-
cise given in § 2.3.1, but now applied to the two heterotic scaling
transformations given above. Only the main results are quoted
here, to indicate what changes.
One change is that the 4D EF metric scales as g𝜇𝜈 → 𝜆4g𝜇𝜈

(rather than as in (56)) and so, defining  =
√
−g4 L, the trans-

formations  → 𝜆4 and
√
−g4 → 𝜆8

√
−g4 of the 4D EFT im-

ply L → L∕𝜆4. Furthermore, comparing bosonic and fermionic
kinetic terms shows that the superspace coordinate must scale
as

𝜃 → 𝜆 𝜃. (77)

Then the superspace relations𝔉 = LF 𝜃
2 +⋯ and𝔇 = LD 𝜃

4 +⋯
imply

𝔉 →
𝔉
𝜆2

and 𝔇 → 𝔇. (78)

Since both g𝜇𝜈 and  are invariant under the 𝜉 transformations,
so must also be 𝜃 and both𝔉 and𝔇. Notice that the scaling prop-
erties (78) apply not just for the derivative-independent contribu-
tions described by 𝔣ab, K andW, but also when 𝔉 and 𝔇 involve
higher superspace derivatives.
Since the field strength F𝜇𝜈 → 𝜉F𝜇𝜈 and is invariant under 𝜆-

scalings, we learn the 4D gauge field-strength supermultiplet,
 = 𝜁 + F𝜇𝜈𝛾

𝜇𝜈𝜃 +⋯ (where 𝜁 is the gaugino field) scales as

 →
𝜉

𝜆3
 . (79)

This gives a second way to compute how 𝔣 scales, since the su-
persymmetric gauge kinetic term is 𝔉g = 𝔣ab ab, so (78) and
(79) imply (76).
The transformation of the superpotential, W, and Kähler po-

tential, K, both require knowing how the compensator,Φ, scales.
To pin this down we use the result that direct truncation shows
that the leading contribution to the low-energy superpotential is
given byW = f C3 where C are matter fields that arise from the
extra-dimensional gauge potentials, C ∼ Am, and f is the dimen-
sionless spurion appearing in the normalisation of the gauge-
field structure constants defined in (64): F = dA + f A2. We have
seen that the 10D scaling symmetries act with A → 𝜉A (with A
invariant under 𝜆-scalings) provided we transform f as in (69).
Since C arises as a mode in A it transforms as

C → 𝜉 C, (80)

and consistency withW = f C3 requiresW to scale as

W → 𝜉2W, (81)

and to be invariant under 𝜆-scalings. Consistency of 𝔉 = Φ3W
with (78) then dictates the compensator transform as

Φ → (𝜆𝜉)−2∕3 Φ. (82)

Finally, the transformations (82) and (78) for𝔇 = ΦΦ e−K∕3 im-
ply the Kähler potential satisfies

e−K∕3 → (𝜆𝜉)4∕3 e−K∕3. (83)

This scaling dictates the dependence of K on the fields S and T
(once all other fields are combined into scale invariant combina-
tions), giving

e−K∕3 = (S + S)1∕3(T + T) e−Kinv∕3, (84)

where Kinv can only depend on scale invariant ratios of any other
fields (more about which below). The above expression agrees
with the result obtained by direct dimensional truncation of the
10D action:[12,13]

Ktr = − ln(S + S) − 3 ln(T + T) + Kinv. (85)

These two scaling properties do not in themselves determine how
Kinv depends on other fields, such as the field C discussed above,
beyond stating that it must be a function only of invariant combi-
nations like CC∕(T + T) or f (CC)2 (where invariance under 4D
gauge rotations of the C’s dictates they enter K only through the
combination CC, and dependence29 on the spurion f tracks the
ways in which the second scaling symmetry is broken by non-
Abelian gauge interactions). This dependence also agrees with
direct truncation of the 10D action, which is consistent with (but
do not require) the form

K = − ln(S + S) − 3 ln(T + T − CC). (86)

Because direct truncation calculations are done at leading order
in the 𝛼′ and string-loop expansions, they cannot in practice dis-
tinguish between (86) and

Ktr = − ln(S + S) − 3 ln(T + T) + 3CC∕(T + T) +⋯ . (87)

These are indistinguishable because (see below) the 𝛼′ expansion
is an expansion in powers of (T + T)−1 and direct calculations in
practice test only the leading terms. Extra information is required
to believe the ‘sequestered’ form (86) to all orders in CC∕(T + T).

Accidental Shift Symmetries

A physical motivation for the sequestered form of the Kähler po-
tential (86) starts from the observation that there should be, at
leading order, no energetic preference for any specific value for
the volume modulus T (which is, after all, what it means to be a
modulus of the leading order solutions). The sequestered form
achieves this by having the matter field appear in no-scale form,
as is easily seen by comparing (87) with the models of § 2.2.1.
Appendix B provides a separate symmetry argument in favour

of (86). This symmetry relies for its existence on the observation

29 Notice that because f always arises in 10D together with powers of the
gauge potential, in 4D f only ever appears together with powers of C
and C, allowing it to appear within K only through invariant combi-
nations like f (CC)2 [as opposed to f (T + T)2, say].
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that the axion field arises in the 10D theory as a mode of the
extra-dimensional 2-form gauge potential b(x) ∈ Bmn(x, z). But
Bmn itself only appears in the 10D action through the gauge-
invariant field strength H = dB2 − ΞCS, where ΞCS is the Chern-
Simons 3-form built from the 10D Yang-Mills potential AM. Be-
causeC(x) ∈ AM(x, z) descends from the gauge potential, the sys-
tematic appearance of B2 with A withinH implies the 4D theory
inherits an approximate global shift symmetry that relates the
complex scalars T and C.
More concretely, adopting complex extra-dimensional coordi-

nates zi, z̄|̄ (with i, |̄ = 1, 2, 3) the 4D axion b and matter field C
arise during compactification as

B2(x, z) = bI(x)𝜔
I

i|̄
dzi dz̄|̄ and Ai r(x, z) = Cr

I
(x) (𝜔I)i |̄ dz̄

|̄ , (88)

where I labels a basis of harmonic extra-dimensional (1,1)-forms
𝜔I and the index pair (ir) is an adjoint gauge label for E8 written
as a product of an SU(3) index i and an E6 index r.

30 The specific
axion appearing in T corresponds to a specific harmonic form
𝜔, the compactification’s universal Kähler form. The label i can
appear either as a coordinate or gauge index because the back-
ground gauge potentials in the SU(3) subgroup is non-zero and
identified with the extra-dimensional spin connection.
The arguments of Appendix B then show that H is invari-

ant under an accidental approximate shift symmetry of the form
𝛿Air = 𝜂r 𝜔i

|̄ dz̄
|̄ together with 𝛿B2 ∝ 𝛿Air ∧ Air+ c.c. (for constant

complex shift parameters 𝜂r). This symmetry appears to be only
approximate due to the presence of the background SU(3) gauge
field, and as a result it does not preserve terms in the 10D action
involving the non-Abelian part of the gauge interactions, such as
the commutator term in F = dA + f [A,A].

 = 1 supersymmetry requires the counterpart to this shift
symmetry in the low-energy 4D EFT to act holomorphically on
the chiral multiplets, with Cr shifting by a complex constant and
T (which contains the axion b) shifting in a way that is linear in
the C’s. This dictates a symmetry of the form:

𝛿Cr
I
= 𝜂r

I
and 𝛿T =  I

J �̄�
J
r C

r
I
, (89)

for a constant complex parameter 𝜂r
I
and an appropriate set of

coefficients  I
J (expressible, in explicit compactifications, as in-

tegrals over the harmonic forms). Invariance of K under these
transformations implies K can depend on T only through the in-

variant combination T + T −  I
JC

I

rC
r
J
, which together with the

scaling symmetry implies the sequestered form (86).
Notice that the superpotential, W = 1

6
f gIJKdrstC

r
I
Cs

J
Ct

K
, ob-

tained by dimensional reduction, is not invariant under (89),
which instead transforms as

𝛿W = 1
2
f gIJKdrstC

r
I
Cs

J
𝜂t
K
. (90)

We understand this to reflect the non-invariance in 10D of the
non-Abelian part of the field strength under the 10D shift 𝛿Air ,

30 Equation (88) focusses only on the (27, 3) states counted by h1,1,
though similar arguments apply, for example, for (27, 3) states counted
by h1,2.

since in dimensional reductionsW descends partly from the non-
Abelian part of the gauge kinetic term TrFMNF

MN in 10D (as well
as the non-Abelian part insideH2). This failure of the superpoten-
tial to preserve the shift symmetry is an artefact of the breaking
of gauge symmetries by the background gauge field in heterotic
compactifications, and is not a property of the shift symmetries
we encounter for type IIB theories in later sections.

3.2. Higher Orders in gs and 𝜶
′

To this point the discussion of heterotic scaling symmetries has
been restricted to lowest order in the string-coupling (gs) and 𝛼′

expansions. But scaling symmetries aremost informative in their
constraints on contributions at higher order in gs and 𝛼

′. In 10D
SF a broad class of these schematically look like31

nmr =
1

(𝛼′)5
√
−ĝ10 e2(n−1)𝜙

(
𝛼′ĝ◦◦R̂◦

◦◦◦

)m+1[
(𝛼′)2ĝ◦◦ĝ◦◦F◦◦F◦◦

]r
(91)

where n counts string loops whilem and r count powers ofmetric
curvature and gauge field strength (as proxies for more general
terms in the derivative expansion).
In 10D Einstein frame these become

nmr =
1

𝜅5∕2

(
e5𝜙∕2

√
−g̃10

)
e2(n−1)𝜙

(
𝜅1∕2e−𝜙∕2g̃◦◦R̃◦

◦◦◦

)m+1

×
[
𝜅 e−𝜙g̃◦◦g̃◦◦F◦◦F◦◦

]r
= 𝜅(m+2r−4)∕2

√
−g̃10 e(4n−m−2r)𝜙∕2

(
g̃◦◦R̃◦

◦◦◦

)m+1

×
[
g̃◦◦g̃◦◦F◦◦F◦◦

]r
. (92)

Two reality checks for (92) are: the case (n,m, r) = (0, 0, 0) which
gives the 10D classical Einstein-Hilbert term (fromwhich𝜙 drops
out in EF), and the case (n,m, r) = (0,−1, 1) which corresponds
to the classical Maxwell term discussed in (74) above.
As is easily verified nmr obeys the following scaling transfor-

mation property

nmr → 𝜆4
(
𝜉2

𝜆

)4n(
1
𝜉2

)m+r

nmr , (93)

which agrees with the lowest-order scaling result discussed above
when restricted to string tree level (n = 0) and terms linear in R̃
or F2. Writing nmr =

√
−g Lnmr and repeating the arguments of

the previous section then implies

Lnmr → 𝜆−4
(
𝜉2

𝜆

)4n(
1
𝜉2

)m+r

Lnmr, (94)

31 Circles are used as indices here since for scaling purposes the exact
nature of the index contractions is less useful than is the total number
of contravariant and covariant indices.
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and so once the factors of 𝜃2 and 𝜃4 are extracted to go to super-
space, the quantities K andW must scale as

𝔉nmr → 𝜆−2
(
𝜉2

𝜆

)4n(
1
𝜉2

)m+r

𝔉nmr and

𝔇nmr →

(
𝜉2

𝜆

)4n(
1
𝜉2

)m+r

𝔇nmr . (95)

Extracting the factors of2 andΦ as done earlier for the leading
terms then gives the scaling properties of K, W and 𝔣 for any n,
m and r. For the gauge kinetic function this gives

𝔣nmr →
𝜆4

𝜉2

(
𝜉2

𝜆

)4n(
1
𝜉2

)m+r

𝔣nmr, (96)

(where r is kept open since some of the F’s could be background
gauge fields, say, in the extra dimensions). Similarly, for the su-
perpotential

Wnmr → 𝜉2
(
𝜉2

𝜆

)4n(
1
𝜉2

)m+r

Wnmr . (97)

For both 𝔣 andW the contributions for generic (n,m, r) typically
vanish because of the non-renormalisation theorems. The Kähler
potential similarly satisfies

(
e−K∕3

)
nmr

→ (𝜆𝜉)4∕3
(
𝜉2

𝜆

)4n(
1
𝜉2

)m+r(
e−K∕3

)
nmr

. (98)

For comparison purposes, notice that the transformation proper-
ties (73) imply

T3

S
→

(
𝜉2

𝜆4

)(
𝜉2
)3(T3

S

)
=
(
𝜉2

𝜆

)4
T3

S
. (99)

Keeping in mind that axion shift symmetries forbid K from de-
pending on the imaginary parts of S and T we find the following
double expansion for e−K∕3 in terms of S + S and T + T :

(
e−K∕3

)
nmr

= (T + T)(S + S)1∕3
∑

nmr nmr

[
(T + T)3

S + S

]n

×
(

1

T + T

)m+r

,

(100)

with scale-invariant coefficients nmr .
In all these expressions the first term (n = m + r = 0) gives the

dependence on S, T found earlier, and the correction terms show
how S and T must contribute at any specific order. In principle
the dependence of thenmr on other fields like CC requires more
information, such as by demanding that T and CC enter only
through the combination T + T − CC (as is only appropriate if
the approximate shift symmetry of Appendix B survives at the
order of interest).
These expressions also easily generalise to include more T

moduli since every appearance of T + T can be replaced by any

homogeneous degree-one function of multiple T + T ’s. For ex-
ample, any appearance of T + T could equally well have been
written as a power of (S + S) and the Einstein-frame extra-
dimensional volume E = [(S + S)(T + T)]4∕3 (as is done for the
type IIB vacua discussed below).
Non-renormalisation theorems arise when these scaling re-

lations conflict with the requirements of shift symmetry and
holomorphy.[20] For instance, holomorphy and the scaling of 𝔣nmr
given by (96) only allows a dependence

𝔣nmr ∝ S
(
T3

S

)n
1

Tm+r . (101)

But proper transformation under the axion shift symmetries –
c.f. (72) – only allows S and T to appear linearly in 𝔣. Linearity is
only consistent with (101) for two special cases: (i) the tree-level
term arising when32 n = m + r = 0, with 𝔣 = S; and (ii) the case
n = 1 with m + r = 2, corresponding to 𝔣 = T .
These inferences are consistent with direct truncation[122]

which suggests that the n = 1 term 𝔣 = T comes from the
anomaly cancelling piece of the 10D action.[123] However the
anomaly cancelling action is not quite in the class of Lagrangians
considered above, since it is of the form

anom ∼ B ∧ F ∧ F ∧ R̂ ∧ R̂, (102)

in the string frame (with no dilaton as appropriate for 1 loop).
This gives the anomaly coupling for the axion part of T when B
and R̂ ∧ R̂ have components in the extra dimensions. This naively
has m = r = 1 and so seems to fit into the above discussion, but
the factor of B was not included when deriving the above rules.
This is easily fixed, by keeping in mind the transforma-

tion BMN → 𝜉2BMN and recognizing that the scaling of the fac-
tor 𝜖M1⋯M10 in the wedge product makes this new piece scale
like BMNĝ

MN . This corresponds to BMNg̃
MNe−𝜙∕2 in the 10D Ein-

stein frame and so requires (96) to acquire an extra factor of
𝜉2𝜆−1(𝜆∕𝜉2) = 1 (showing the scaling does not change compared
to the above, so the counting n = m = r = 1 is correct).33

Notice that a leading correction in 𝛼′ – such as computed
in [124] – to the Kähler potential correspond to n = r = 0 and
m = 1 and so gives a 1∕(T + T) correction of the form

e−K∕3 ≃ (S + S)1∕3(T + T)
[
1 + 𝔎

T + T

]
, (103)

32 Notice m + r = 0 can be consistent with r = 1, as required for the
Maxwell term, because m = −1 is allowed – corresponding to there
being no curvature terms in (91) or (92).

33 Notice that this discussion differs somewhat from that of [14], where
a similar analysis was done to identify quantum corrections in het-
erotic vacua using scaling symmetries. There the string-loop expan-
sion parameter was assumed to scale as T∕S in order to reproduce the
corrections to the gauge kinetic function coming from the anomaly
cancelling term. Here we instead find that tracking both loop and
𝛼′ expansions separately gives expansion parameters T3∕S and 1∕T .
Although[14] agrees (by construction) with our power-counting for the
one-loop correction to the gauge kinetic function, 𝔣 = S + T , the pow-
ers of T + T and S + S predicted in [14] order-by-order for the Kähler
potential contain only the subset of terms for which m + r = 2n.
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where 𝔎 is a scale invariant function of any other fields of in-
terest. Since this preserves the no-scale structure for T (once S
is minimised at a minimum for which DSW = 0), it does not
lift the flatness of the T-direction. This kind of flatness preser-
vation at subdominant order in 1∕(T + T), when encountered
for type IIB vacua, has come to be known as ‘extended no-scale
structure’[38–40] (see below).
Equation (103) also agrees with the usually quoted form for

the 𝛼′-corrected Kähler potential obtained by explicit dimensional
reduction:

K = − ln(S + S) − 3 ln(T + T +𝔎tr), (104)

where 𝔎tr is now a constant. From the point of view presented
here the correction 𝔎tr naturally appears inside the logarithm
because Equations (54) and (55) together show that when the La-
grangian comes as an expansion in powers of 𝛼′ and gs this im-
plies the same for the quantity e−K∕3 rather than for K itself.

4. Descent from 10D Type IIB Supergravity

The connection between scale invariance, supersymmetry and
no-scale effective theories also works for perturbative type IIB
string vacua, since (like all perturbative weakly curved vacua)
the 10D type IIB supergravity also enjoys the accidental classi-
cal scale symmetries whose roots lie in the underlying gs and 𝛼

′

expansions.[21,23] An important new complication that arises here
(but not for the heterotic models of the previous section) is the
important role played by localised D-brane and orientifold plane
sources, and the different dependence that these sources have on
the string coupling gs ∝ e𝜙.

4.1. Scaling in Type IIB Supergravity

Type IIB supergravity in 10 dimensions famously involves a self-
dual 5-form field, and this complicates formulating its dynamics
in terms of an action. The scale invariance highlighted here can
be formulated as a symmetry of the classical field equations, but
we instead describe it in terms of an action through the common
artifice of temporarily ignoring the 5-form self-duality condition,
which is sufficient for the purposes of identifying the scale sym-
metries.
The 10D type IIB action has the form

SIIB = Sbulk + Sloc, (105)

where Sbulk describes the supergravity degrees of freedom while
Sloc contains degrees of freedom localised on specific spacetime
surfaces, such as those associated with D-branes and O-planes.
We examine the scaling properties of each of these in turn.

4.1.1. Scale Invariance of The Bulk

The bosonic part of the type IIB bulk action in 10D EF is
(schematically)34

34 As before numerical factors are suppressed since they are irrelevant
when establishing scaling properties. We focus also on the bosonic

Sbulk = ∫
√
−g̃
{
R̃ − |𝜕𝜏|2

(Im 𝜏)2
−
|G3|2
Im 𝜏

− F̃25

}
+ ∫

1
Im 𝜏

C4 ∧G3 ∧ Ḡ3, (106)

where we use units for which 𝜅 = 1 and (as before) g̃MN denotes
the 10D EF metric (with g𝜇𝜈 reserved for the 4D EF metric g𝜇𝜈
and the 10D SF metric being ĝMN). As usual 𝜏 = C0 + ie−𝜙 is the
complex scalar 10D axio-dilaton field and G3 = F3 + 𝜏H3 is the
complex 3-form field strength, where Fp+1 = dCp, H3 = dB2 and
F̃5 = F5 −

1
2
C2 ∧H3 +

1
2
B2 ∧ F3.

This classical bulk action enjoys an accidental SL(2,ℝ) sym-
metry under which

𝜏 →
a𝜏 + b
c𝜏 + d

and G3 →
G3

c𝜏 + d
, (107)

where ad − bc = 1. Note that (107) already includes a scale trans-
formation (that does not act on the metric) as the special case
b = c = 0 and a = 1∕d. As we see in § 4.4 below, this SL(2,ℝ)
symmetry is broken by generic 𝛼′ and gs corrections, with the
subgroup of axionic shifts of C0 = Re 𝜏 thought to survive to
all orders in perturbation theory. A discrete duality subgroup,
SL(2,ℤ) (including the S-duality transformation 𝜏 ↔ −1∕𝜏 that
takes 𝜙 ↔ −𝜙 and so gs ↔ g−1s ), is also believed to survive non-
perturbative corrections, as an exact symmetry.
To identify other classical scale invariances of this system con-

sider scaling the bulk fields with weights assigned as follows

g̃MN → 𝜆wg g̃MN, 𝜏 → 𝜆w𝜏 𝜏, B2 → 𝜆wB2B2, Cp → 𝜆
wCp Cp.

(108)

Theweights of the various formfields and dilatonmust be related
to one another in such a way as to allow all terms in G3 and F̃5 to
scale the same way which requires

wC4
= wC2

+ wB2
and wC2

= w𝜏 + wB2
. (109)

Under the transformations (108) the bulk action (106) scales ho-
mogeneously

Sbulk → 𝜆4wg Sbulk (110)

provided that the various weights are related by the conditions

wC4
= 2wg, wB2

= 2wg − wC2
and w𝜏 = 2(wC2

− wg ). (111)

The above conditions leave two of the weights, wg and w := wC2
say, arbitrary (although one of these can be set to an arbitrary
conventional value as part of the definition of 𝜆). The particular
combinationwithwg = 0 corresponds to the scale transformation
included within the SL(2,ℝ) invariance mentioned above. The
other is a scale transformation that in particular scales the metric
and so changes the classical action by the non-zero factor given
in (110).

sector though we checked that the symmetries we find do extend to
the complete action involving the fermions.
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4.1.2. Scaling of Localised Sources

The action for a Dp-brane in 10D EF is Sloc = SDBI + SWZ where SWZ

denotes the Wess-Zumino-type contribution (to which we return
below) and

SDBI = −𝜇p ∫Sp

dp+1𝜁 Im(𝜏)
{
−det

[
g̃ab

(Im 𝜏)1∕2
+ Bab + 2𝜋𝛼′Fab

]}1∕2

.

(112)

Here 𝜇p is the brane tension and the integration is over the
(p + 1)-dimensional brane world-volume Sp, whose embedding
into 10D spacetime is given by xM = yM(𝜁 ), where the 𝜁a param-
eterize the brane’s world-volume. Bulk fields carry indices a, b
(e.g. the EF metric, g̃ab, and Neveu-Schwarz 2-form gauge field,
Bab) to indicate that they are pulled back to the brane world-
volume, as in

g̃ab(𝜁 ) = g̃MN𝜕ay
M𝜕by

N and Bab(𝜁 ) = BMN𝜕ay
M𝜕by

N, (113)

where the left-hand sides are regarded as functions of 𝜁a while
the fields g̃MN and BMN on the right-hand side are evaluated at
xM = yM(𝜁 ). Similar pull-back factors are not required for Fab(𝜁 ),
since this is the field-strength for open-string gauge fields defined
on the brane world-volume.
A necessary condition for (112) to be scale invariant is to

have BMN and the SF metric ĝMN = g̃MN∕(Im 𝜏)1∕2 share the same
weight, so wB2

= wg −
1
2
w𝜏 , which is an automatic consequence

of Equations (109) and (111). Furthermore, Fab must share the
same weight as the other fields in the determinant, and so

Fab → 𝜆2wg−wFab. (114)

The DBI part of the action then scales as SDBI → 𝜆wDBISDBI with

wDBI(p) = (p − 1)wg −
1
2
(p − 3)w. (115)

As shown in Appendix C.1 the Wess-Zumino part of the action
scales in precisely the same way (for all p) with no additional as-
sumptions.
The localised terms of the action therefore scale like Sloc →

𝜆wDBI (p)Sloc, which differs35 from the bulk scaling (110) for all p.
That there should be a difference in scaling is perhaps most ob-
vious in the case w = 2wg (for which the SFmetric does not scale)
since then wDBI = w = 2wg (for all p) and the transformations
Sloc → 𝜆wSloc and Sbulk → 𝜆2wSbulk simply reflect that in string
frame bulk ∝ e−2𝜙 and loc ∝ e−𝜙. In this sense Sloc can be re-
garded as just a particular piece of the action’s general expansion
in powers of gs and 𝛼

′ (as described in more detail in § 4.4).

35 In principle one might imagine arranging Sloc to scale in the same
way as the bulk by scaling the brane position fields, yM , appropriately.
In the end such attempts get thwarted by the implicit dependence on
y that the bulk fields carry because they are evaluated in Sloc at the
brane positions.

4.1.3. Dimensional Reduction

We require the implications of the above 10D scaling symmetries
for the low-energy 4D effective theory found after dimensional
reduction near a supersymmetric vacuum. Because IIB and het-
erotic supergravities have different amounts of supersymmetry
in 10D the give differing amounts of 4D supersymmetry when
compactified. In particular, the simplest Calabi-Yau constructions
used to obtain 4D  = 1 supergravity for heterotic vacua lead
to  = 2 supergravity36 when used in IIB supergravity.  = 1
supersymmetry can be obtained once D-branes and orientifold
planes are also included.
In what follows we highlight the interplay between back-

ground fluxes and the presence of source branes for = 1 vacua
because this is central to the physics of modulus stabilisation,
whose properties appear at low energies through the 4D scalar
potential.37

Similar to heterotic vacua, we consider compactifications with
metric

ds̃2(10) = −1(z)g̃𝜇𝜈(x) dx
𝜇dx𝜈 +(z)g̃mn(x, z) dz

mdzn, (116)

where(z) is the warp factor (whose detailed form plays no role
in what follows because it does not scale). The 4D burden of 10D
metric scaling (108) is shared by the 4D metric g̃𝜇𝜈 → 𝜆wg g̃𝜇𝜈 and
the extra-dimensional dimensionless warped volume moduli

 (n)
E := 1

(𝛼′)3 ∫ d6y
√
−g̃6 n for which  (n)

E → 𝜆3wg (n)
E ,

(117)

for all n [so the superscript ‘(n)’ is henceforth dropped]38 (which
uses g̃mn → 𝜆wg g̃mn). The 4D EF metric, g𝜇𝜈 , then scales as does
g𝜇𝜈 := E g̃𝜇𝜈 , while the 4D effective Lagrangian density inherits
the scaling of the 10D action, and so g𝜇𝜈 → 𝜆4wg g𝜇𝜈 and → 𝜆wL,
with classical reductions giving

wL = 4wg (bulk) or wL = (p − 1)wg −
1
2
(p − 3)w (brane).

(118)

The chiral superfields describing the orientifold-even  = 1
Kähler moduli in the 4D theory are

TI = 𝜒I + iaI, (119)

where 𝜒I denote extra-dimensional 4-cycle volumes and the ax-
ions aI arise as duals of the mixed components, C𝜇𝜈mn of the

36 Residual effects of this would-be  = 2 supersymmetry sometimes
leave a residue in compactifications, such as by producing sequestered
forms in K for the couplings between various sectors.

37 Much of the interest in IIB vacua is because this stabilisation physics
is so well developed.[125,126]

38 Including warping into the volume modulus is convenient once
branes are present because it happens that it is the warped 4-cycle
volume, ∫4 d4z2, that appears as the real part of the holomorphic
field in expressions like (119), once brane back-reaction on the metric
is included.[65,66,127,128]
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Ramond-Ramond 4-form field. These are related to the total (un-
warped) volume,  (0)

E , and the two-cycle volumes, tI, by the stan-
dard relations

 (0)
E = 1

6
𝜅IJK t

ItJtK and 𝜒I =
𝜕 (0)

E

𝜕tI
= 1
2
𝜅IJK t

JtK , (120)

that also follow from the condition that one supersymmetry sur-
vives into the 4D world. The calculable coefficients 𝜅IJK are char-
acteristic of the Calabi-Yau space of interest. The scaling weight
of ai therefore is the weight of C4, which Equation (111) implies
is wC4

= 2wg while (117) and (120) together show that 𝜒i scales
consistently, so TI → 𝜆2wg TI.
All told, the scaling of the 10D action implies the 4D La-

grangian obtained by classical reduction transforms as → 𝜆wL
with wL given by (118) under the field transformations

g𝜇𝜈 → 𝜆4wg g𝜇𝜈 , TI → 𝜆2wg TI, 𝜏 → 𝜆2(w−wg )𝜏, ZA → ZA,

(121)

with ZA collectively denoting all other non-scaling chiral multi-
plets.

No-Scale Condition

To make contact with § 2.3.1 we temporarily focus on a subset
of values for the weights w and wg . We first (in this section only)
use the freedom to redefine 𝜆 to choose wg =

1
2
since this ensures

g𝜇𝜈 → 𝜆2g𝜇𝜈 , as was the convention used in § 2.3.1.
With this choice the IIB bulk Lagrangian transforms as

bulk → 𝜆2bulk while (121) becomes

g𝜇𝜈 → 𝜆2g𝜇𝜈 , TI → 𝜆TI, 𝜏 → 𝜆2w−1𝜏, ZA → ZA. (122)

The imaginary parts of the TI also inherit a shift symmetry from
the freedom to shift C4 by harmonic forms, as was also done in
§ 2.3.1. To make the comparison with § 2.3.1 more explicit choose
the special case w = wg (=

1
2
) so that the axio-dilaton is invariant.

In this case (122) becomes (56) with the prediction wT = 1.
Furthermore, dimensional reduction of the bulk action of IIB

supergravity gives the superpotential[129]

W = ∫ G3 ∧ Ω, (123)

where Ωijk is the universal extra-dimensional holomorphic 3-
form (whose existence follows on general grounds from the re-
quirements of unbroken = 1 supersymmetry in 4D[130]). This
implies the superpotential scales39 with weight wW = w:

W → 𝜆wW, (124)

(and so wW = 1
2
given the present choice w = 1

2
).

Repeating the arguments of § 2.3.1 therefore shows that this
particular 10D symmetry implies the 4D compensator andKähler

39 We imagine all extra-dimensional harmonic forms are normalised so
they do not themselves scale.

potential must scale as in (58), which in turn implies that e−K∕3 is
a homogeneous function of degree q, so

KIJ̄KIKJ̄ = 3q with q = 2(1 + w)
3wT

= 1, (125)

where the last equality uses w = wg =
1
2
(as well as (122), which

tells us wT = 1). The no-scale structure for the (orientifold even)
Kähler moduli of 4D type IIB supergravity (once the other fields
are evaluated at their supersymmetric minima, D𝜏W = DZAW =
0) is thereby seen to be a consequence of the classical scale in-
variance of the UV theory combined with supersymmetry and
axionic shift symmetries.

4.1.4. K and W for Bulk Moduli

The two 10D scaling symmetries say much more than just that
the TI fields have a no-scale structure. Repeating the arguments
of § 3 shows that these two scaling symmetries combine with su-
persymmetry and axionic shift symmetries to completely fix how
K can depend on 𝜏 and one combination of the TI (and do so
order-by-order in the string coupling and 𝛼′ expansions).
To show this we return to general w and wg , in which case

the metric scaling g𝜇𝜈 → 𝜆4wg g𝜇𝜈 given in (121) implies the su-
perspace fermionic coordinate must scale like 𝜃 → 𝜆wg𝜃 to cap-
ture the difference between the superpartner scaling properties.
Combined with the Lagrangian scaling  → 𝜆wL it follows that
the superfields 𝔉 and𝔇 of (54) must scale as

𝔉 → 𝜆wL−6wg𝔉 and 𝔇 → 𝜆wL−4wg𝔇. (126)

To see the utility of these transformation properties consider in
turn dimensional reductions of both bulk and brane actions.

Orientifold-Even Moduli

Consider first the bulk, for which wL = 4wg and (126) becomes

𝔉 → 𝜆−2wg𝔉 and 𝔇 → 𝔇 (bulk). (127)

Since (124) implies wW = w the Kähler potential and compen-
sator scale as

Φ → 𝜆−
1
3 (w+2wg )Φ and e−K∕3 → 𝜆

2
3 (w+2wg )e−K∕3 (bulk). (128)

To see what this means for the dependence on the moduli, write
the 4-cycle volumes, 𝜒I, as a single scaling field – 2∕3

E , say, re-
garded as the homogeneous degree-one function of the 𝜒I found
by solving Equations (120) – plus a collection of scale-invariant
ratios: {𝜒I} = {2∕3

E ,𝛼}. Keeping in mind that axionic shift sym-
metries preclude K from depending on TI − TI or 𝜏 + 𝜏, compar-
ing the transformations (128) with (121) showsK at leading order
must be

e−K∕3 = 𝔎B(𝜏 − 𝜏)1∕32∕3
E , (129)

where𝔎B is an arbitrary function that depends only on the invari-
ant fields (i.e. functions of the𝛼 and of the Z

a). Equation (129)
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is consistent with the expression obtained by dimensional trun-
cation at lowest order in the string and 𝛼′ expansion

K = − ln (𝜏 − 𝜏) − 2 lnE − ln
(
∫ Ω ∧ Ω

)
, (130)

where the holomorphic 3-form Ω is independent of both 𝜏 and
the TI (which implies𝔎B does not depend on the𝛼).
Notice in particular that the transformation laws (124) and

(128) together imply that , defined in (12), scales with
weight

e = eK |W|2 → 𝜆−4wg e, (131)

and so comparison with (121) shows that e has the same weight
as does g𝜇𝜈 . This is a consistency check40 since it is necessary for
4D scale invariance, as can be seen from the requirement that
terms like

√
−g eK |W|2 ⊂ VF scale in the same way as does the

4D Einstein action,
√
−g g𝜇𝜈R𝜇𝜈 .

Orientifold-Odd Moduli: Generalised No-Scale Models

Type IIB vacua have other low-energy closed-string modes be-
sides the Kähler moduli discussed above. These other modes
include complex-structure moduli and orientifold-odd moduli
(which are distinct from the Kähler moduli discussed above by
transforming differently under the orientifold involution needed
to obtain a chiral = 1 spectrum in type IIB vacua). We briefly
pause here to describe these latter moduli because they con-
cretely realise the axionic generalised (as opposed to standard)
no-scale form.
We focus specifically on orientifold-odd (1,1)-forms can con-

tribute low-energy 4D states in this way, composed of axions dual
to 10D 2-forms where one of the axionic shift symmetries is bro-
ken by orientifolding. The holomorphic field describing these ad-
ditional moduli can be written

GÎ = cÎ − 𝜏 bÎ, (132)

where cÎ and bÎ are axions associated with C2 and B2. The
presence of these fields in the low-energy EFT changes the re-
lation between the moduli 𝜒I and the holomorphic fields TI

to [92, 131]

𝜒I = TI + TI − i 𝜅IĴK̂

(
GĴ −G

Ĵ
)(

GK̂ −G
K̂
)

2(𝜏 − 𝜏)
, (133)

where all we use about the coefficients (much like those appear-
ing in (120)) is that they do not scale. The Kähler potential is now
regarded as being a function of the non-axionic fields TI + TI and

GÎ −G
Î
.

The scaling arguments made above go through as before (with
GÎ → 𝜆wGÎ), and this is a case where the formulation with linear

40 Alternatively, (131) can be regarded as a way to infer the scaling of K
givenW’s scaling (or vice versa), in a way that avoids use of (54).

multiplets is convenient. Constructing the dual theory by dualis-
ing (TI, G

Î) to linear multiplets,41 the dual linear multiplets be-
come (in the notation of Appendix A)

LI

(T) =
tI

2E
, L(G)

Î
= − 1

4E
𝜅ÎĴ b

Ĵ , (134)

where tI are the 2-cycle volumes encountered in (120) and
𝜅ĴK̂ := 𝜅IĴK̂ t

I. The Kähler potential (and frame function, F, of Ap-
pendix A) are

K = − ln(𝜏 − 𝜏) + ln
(
4
3
𝜅IJKL

I

(T)L
J

(T)L
K

(T)

)
+ Kcs

(
UA,U

A
)

F = 16
3

𝜅 ÎĴL(G)
Î
L(G)
Ĵ

+ 642

3 Im 𝜏
𝜅IĴK̂𝜅

Ĵp̂𝜅 K̂q̂LI

(T)L
(G)
p̂ L(G)q̂ ,

(135)

where = ( 4
3
𝜅IJKL

I

(T)L
J

(T)L
K

(T))
−1∕2 and 𝜅 ÎĴ denotes the inverse of 𝜅ÎĴ

(understood as a function of LI

(T)).
These expressions have the form of Equation (227) and coor-

dinate degeneracy is manifest via the property in Equation (229).
Furthermore, eK is a homogeneous function of degree 3 in the
linear multiplets with condition (231) — i.e. wT = 2

3
(1 + w) —

satisfied for wT = 1 and w = 1∕2. This in turn implies that the
orientifold-even and orientifold-odd moduli satisfy the no-scale
relation (220) in terms of the linear multiplets LI

(T) and L
(G)
Î
, which

is equivalent to the more complicated version (44) in terms of the
original chiral multiples TI and G

Î. We see that type IIB models
with orientifold-odd moduli furnish at tree-level an example of
generalised (axionic) no-scale structure, as claimed.

4.2. Open-String Moduli

Localised sources contribute their own moduli to the low-energy
EFT, in addition to the contributions they make to the action of
bulk moduli discussed above. This section extends our earlier
considerations to include the implications of the scaling symme-
tries for these moduli. These include D3/D7-brane gauge poten-
tials and position moduli as well as D7 Wilson-line moduli.

4.2.1. Gauge Kinetic Function

The simplest light brane-localised degree of freedom to handle
are 4D gauge fields, for which scaling constrains how bulk mod-
uli can appear in the kinetic function 𝔣ab. Because these come at
leading order from classical reductions of the brane actions the
only change from the arguments used above is the need to use a
different Lagrangian scaling weight, wL = (p − 1)wg −

1
2
(p − 3)w,

given in (118).
We start with the gauge kinetic function, 𝔣ab, which be-

cause 𝔉g = 𝔣abab requires the scaling properties of a. If
F𝜇𝜈 → 𝜆wAF𝜇𝜈 then the superfield  ∋ F𝜇𝜈Γ𝜇𝜈𝜃 must scale like

41 In [92, 93] the dualisation was performed only for the orientifold-even
moduli TI . In this case also a no-scale statement holds, but it is slightly
misleading as the moduli GÎ actually correspond to flat directions in
the respective Minkowski vacuum.
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 → 𝜆wA−3wg , and so using this with (126) shows the gauge
coupling function therefore scales with weight w𝔣 = (wL − 6wg ) −
2(wA − 3wg ) = wL − 2wA. Using our earlier result (114) that wA =
2wg − w for gauge fields on Dp-branes as well as the brane
Lagrangian transformation (118) then implies 𝔣ab scales with
weight

w𝔣 = (p − 5)wg −
1
2
(p − 7)w, (136)

which for D3 and D7 branes implies the scalings

𝔣𝛼𝛽 → 𝜆2(w−wg )𝔣𝛼𝛽 (D3) or 𝔣𝛼𝛽 → 𝜆2wg 𝔣𝛼𝛽 (D7). (137)

These respectively scale like 𝜏 (D3) and like Ti (D7), consistent
with direct dimensional reduction.
The usual non-renormalisation theorems follow once the ap-

propriate transformation properties under the axionic shift sym-
metries are imposed. These state that 𝔣ab cannot depend on fields
whose shift symmetries are exact and can depend atmost linearly
on fields whose shift symmetries have a gauge anomaly.

4.2.2. Brane Contributions to The Kähler Potential

Position moduli associated with the transverse position field,
yk, of space-filling branes are perhaps the next simplest cases
of brane-localised states. Low-energy couplings of these moduli
with closed-string (bulk) modes are constrained by the scaling
properties of brane contributions to the 4D supergravity Kähler
potential K.
Repeating the arguments given shows how brane contribu-

tions in the 4D supergravity Kähler function scale. Using (128)
for the scaling of Φ and using wL from (118) in (126) for
𝔇 = e−K∕3ΦΦ shows that e−K∕3 → 𝜆wK e−K∕3 with weight

wK =
(
p − 11

3

)
wg −

1
2

(
p − 13

3

)
w. (138)

For D3 and D7 branes this implies the transformation
properties

e−K∕3 → 𝜆2(w−wg )∕3e−K∕3 (D3) and

e−K∕3 → 𝜆2(5wg−2w)∕3e−K∕3 (D7). (139)

Comparing with the transformation properties of the bulk mod-
uli (121) shows that the brane contribution to the low-energy 4D
supergravity action has the general form

e−K∕3 = 𝔎3 (𝜏 − 𝜏)1∕3 (D3) and

e−K∕3 = 𝔎7 (𝜏 − 𝜏)−2∕32∕3
E (D7), (140)

where𝔎p again denote arbitrary scale invariant functions.

D3 Position Moduli

The simplest comparison of these results is with leading-order
calculations of the low-energy action for the transverse position

field, yk, for a single space-filling D3-brane situated at a point in
the extra dimensions. For D3 branes this can be compared with
explicit truncation of higher-dimensional actions, which when
expanded in powers of yi leads to a Kähler function of the form[132]

e−K∕3 = (𝜏 − 𝜏)1∕3
[2∕3

E − 𝜔i|̄ y
iȳj
]
, (141)

where yi are the complex brane position moduli and 𝜔i|̄ is a non-
scaling extra-dimensional 2-form evaluated at the D3 brane po-
sition. The 2∕3

E term in the square bracket of (141) comes from
the bulk action, as in (129). The rest comes from the brane ac-
tion and agrees with (140), with the choice 𝔎3 = −𝜔i|̄ y

iȳj for the
scale-invariant function.
Although scale invariance in itself does not constrain at all the

dependence of K on the brane positions, other symmetries can.
Similar to the heterotic case, the sequestered form (141) can be
regarded as being a 4D residue of an underlying accidental shift
symmetry (as in § 3.1.3). Appendix B traces how this symmetry
arises from the 10D point of view, and in the simplest case where
there is only one Kähler modulus, T = 2∕3

E + ib, this symmetry
has the holomorphic form

𝛿yi = ai and 𝛿T = 𝜔i|̄ ā
jyi, (142)

to lowest order in powers of yi. Here ai is a complex constant shift
parameter. As we see below in § 4.2.3, for IIB theories these shifts
are less badly broken by background fields than in the heterotic
case, because (unlike for gauge fields) yi does not participate in
the Calabi-Yau construction’s identification of background gauge
and spin connections.
As Appendix B also argues, these symmetry arguments plausi-

bly extend beyond leading order in powers of y, modifying (142)
to

𝛿yi = 𝜉i(y) and 𝛿T = r𝜉(y), (143)

where 𝜉i(y) is the universal Reeb holomorphic Killing vector of
the supergravity target space corresponding to an R-symmetry42

under which the Calabi-Yau Kähler potential transforms as
𝛿k(y, ȳ) = r𝜉(y) + r𝜉(y). (Transformation (142) is retrieved from
(143) at leading order in the expansion about the brane’s back-
ground position, yi = yi(c) + 𝔶i(x), with ai = 𝜉i(y(c)).) This supports
the arguments of [65, 66, 128, 134] that including higher powers
of yi modifies (141) into the expression

e−K∕3 = (𝜏 − 𝜏)1∕3
[2∕3

E − k(y, ȳ)
]
, (144)

where k(y, ȳ) is the Kähler potential of the Calabi-Yau space itself
that satisfies 𝜔i|̄ = 𝜕i𝜕|̄ k. This form is again consistent with the
scaling predictions (129) (bulk) and (140) (brane) for the specific
choice for𝔎3 = −k(y, ȳ).
The virtue of having a symmetry derivation with a 10D prove-

nance is that it makes it easier to identify the leading order where

42 𝜉i is not a Killing vector of the Calabi-Yau space itself (which does
not exist) because the Calabi-Yau space is only the projection of the
supergravity target space after removal of the compensator field (see
e.g.[133]).
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symmetry-breaking effects can arise. Although a definitive de-
termination of the robustness of (144) to 𝛼′ and gs expansions
is not yet possible, one might hope that because the underlying
symmetry leading to (142) and (143) is the axionic shift symme-
try, b → b+, (constant) it might hold to all orders in 𝛼′. Explicit
calculations[76] show that symmetries (142) and (143) do not sur-
vive string-loop corrections, however, since these generate a y-
dependence in a way that does not arise purely in the combina-
tion 2∕3

E − i|̄ yiȳj.
Since2∕3

E is homogeneous degree one in the Kählermoduli TI

it provides a standard (non-scaling) no-scale example for which
both the TI and y

k are flat directions. This is most easily seen for
the case where only a single Kähler modulus exists, since in this
case the Kähler potential becomes

K = − ln(𝜏 − 𝜏) − 3 ln
[
T + T̄ − k(y, ȳ)

]
(145)

and so has the form given in (34). This is true for any Calabi-Yau
space despite its Kähler potential being potentially very compli-
cated. In this case the interplay between scaling-, shift- and super-
symmetry ensure all of the corrections in powers of y that take
one from (141) to (144) – at fixed order in 𝛼′ and gs – preserves
the no-scale structure, despite classical bulk scale invariance not
being an invariance of the brane and bulk Lagrangians, providing
an example of no-scale persistence in the presence of corrections.
As we see below this no-scale robustness also survives the leading
𝛼′ corrections to (144).
Of course, none of this says that flatness in the yk-directions

cannot be lifted in the underlying 10D theory. One way to do so
is to include supersymmetry-breaking imaginary anti self dual
(IASD) background fluxes – c.f.[135]. Another approach places
stacks of branes at coincident points in the extra dimensions, al-
lowing inter-brane open-string exchange to generate a low-energy
superpotential[132] (whose scaling can also be understood – see
§ 4.2.3 below).

D7 Position Moduli

A similar comparison exists for the moduli associated with po-
sitions of space-filling D7 branes that are wrapped about extra-
dimensional 4-cycles. The moduli correspond to expansions of
the 2-form𝜔mn(y) := Ωmnpy

p in powers of harmonic 2-forms,𝜔A
mn,

with

𝜔mn(y) := Ωmnpy
p = yA𝜔

A
mn. (146)

The natural metric for the kinetic terms of the yA in the 4D theory
is

AB ∝ ∫4
𝜔A ∧ 𝜔B (147)

where the integral is over the extra-dimensional 4-cycle 4 about
which the brane is wrapped, pulled back to its world-volume. So
far as scaling is concerned what is important is that none of yi,
Ωmnp or 𝜔

A
mn scale.

Explicit semiclassical dimensional reduction[90,91] reveals the
contribution of yA to K, which is quoted as

e−K∕3 ∝
[
𝜏 − 𝜏 − AB̄ yAȳB

]1∕32∕3
E

≃ (𝜏 − 𝜏)1∕32∕3
E − 1

3
AB̄ yAȳB

2∕3
E

(𝜏 − 𝜏)2∕3
+⋯ , (148)

where we switch to complex coordinates and the second line here
keeps only the leading powers of yA, since these are what were
actually computed. As before, the first term gives the contribu-
tion of the bulk action and the second is consistent with the scal-
ing prediction (140) for contributions from the brane action, this
time with the invariant function𝔎7 = − 1

3
AB̄ yAȳB.

The first line of (148) is again suggestive of an accidental
shift symmetry, and Appendix B indeed shows how the same
arguments used for D3 branes also produce a similar symme-
try for D7 position moduli. While in the D3 case the brane WZ
couplings realise non-linear shift symmetries for axions coming
from the field C4, the D7 case does so for shifts of the axion, C0,
that sits inside 𝜏, implying a similar accidental symmetry

𝛿yA = aA and 𝛿𝜏 = −iAB̄āByA. (149)

The result (148) is not a no-scale form, showing that D7 position
moduli are more easily stabilised by the interplay between brane
wrapping and background fluxes. As we see below they in general
also appear in the low-energy superpotential (123) generated at
tree level by extra-dimensional fluxes.

D7 Wilson-Line Moduli

Wilson-line moduli form a category of D7 moduli that also corre-
spond to flat directions (and so appear in no-scale form in their
contributions to the effective 4D supergravity.Wilson-linemoduli
are massless states that arise in the brane-based gauge sector be-
cause of the presence of harmonic 1-forms. Although harmonic
1-forms do not exist for Calabi-Yau spaces, they can exist in a 4D
sub-surface of a Calabi Yau that is spanned within the extra di-
mensions by a stack of space-filling D7 branes.
Consider then such a D7 stack wrapped around an extra-

dimensional 4-cycle 4. The zero-mode expansion of the on-
brane gauge field AM(x, z) is

A(x, z) = A𝜇(x)dx
𝜇 + aI(x)I(z) + āJ̄(x)̄J̄(z) , (150)

where x𝜇 and zm respectively denote the four large and four extra-
dimensional on-brane directions (with brane coordinates 𝜁 cho-
sen so that x𝜇 = y𝜇(𝜁 ) = 𝜁𝜇 and zm = ym(𝜁 ) = 𝜁m). Here A𝜇(x) ap-
pears as a spin-one gauge potential in the low-energy 4D theory,
while aI(x) are the spinless 4D Wilson line moduli. The I rep-
resent a basis of harmonic 1-forms that live on the surface 4.
Explicit dimensional reduction of the DBI action gives the fol-

lowing form for the Kähler potential for the D7Wilson line mod-
uli,

e−K∕3 = (𝜏 − 𝜏)1∕3
[2∕3

E − cW IJ̄aIāJ̄
]

(151)
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Table 1. Summary of scaling and no-scale behaviour of type IIB closed
string andD3/D7-brane open stringmoduli in the presence of background
fluxes.

Modulus Weight No-scale type

Dilaton 2(w − wg) Not no-scale

Complex str., D7-deformations 0 Not no-scale

Orientifold-even Kähler moduli 2wg Scaling no-scale

D3-position 0 Standard no-scale

D7 Wilson-line 2wg − w Standard no-scale

Orientifold-odd Kähler moduli w Generalised (axionic) no-scale

where cW is a constant and IJ̄ is given by

IJ̄ = ∫4
𝜔2 ∧I ∧ ̄J̄ (152)

where𝜔2 is the pull-back onto the D7 world-volume of the 2-form
𝜔2 that is Poincaré dual to the 4-cycle 4.
As usual the first term in (151) is the bulk contribution, and the

second term is the brane contribution. This once again is consis-
tent with the prediction (140), though in a slightly less trivial way:
in this case the required invariant function is

𝔎7 = −cW IJ̄aIāJ̄

(
𝜏 − 𝜏

2∕3
E

)
, (153)

which is scale-invariant because the gauge-field scaling rule (114)
implies AM (and so also aI) scales with weight 2wg − w (with IJ̄

scale invariant). Because (151) implies

K = − ln(𝜏 − 𝜏) − 3 ln
[2∕3

E − cW IJ̄aIāJ̄
]
, (154)

and this has the same form as (34) — at least once 𝜏 is elimi-
nated using D𝜏W = 0 —Wilson-line moduli provide yet another
example of a standard no-scale compactification.[90] The resem-
blance between (151) and the result (141) for D3-brane moduli
also makes sense since these moduli are related to these by T-
duality.
Table 1 summarises the no-scale behaviour of both closed and

open string moduli of type IIB 4D models with the presence at
the tree-level of background fluxes according to the classification
presented in § 2.

4.2.3. Brane Contributions to The Superpotential

The bulk transformation law (128) forΦ and the scaling rule (126)
for 𝔉 found using the scaling weight wL of (118) for the brane
Lagrangian also fixes the scaling weight of superpotential con-
tributions obtained by dimensionally reducing the brane action:

wW = (wL − 6wg ) − 3
[
−1
3
(w + 2wg )

]
= 1
2
(p − 5)(2wg − w). (155)

Recalling that (114) assigns the brane gauge fields the scaling
weight wA = 2wg − 2, this implies that brane contributions toW
scale as

W → 𝜆−wAW (D3) and W → 𝜆+wAW (D7). (156)

The first of these agrees with explicit calculations for stacks of
N D3 branes, for which the brane positions, Yi, take values in
the Lie algebra of U(N), SO(N) or USp(N) – depending on the
orientifold involution – and have a superpotential of the form[136]

W ∝ f Tr
(
Yi [Yj, Yk]

)
Ωijk, (157)

where Ωijk is the Calabi-Yau holomorphic 3-form evaluated at the
brane position. f is the dimensionless non-Abelian spurion de-
fined as in the discussion around (69) in the heterotic case (which
arises when one promotes a scaling rule for the non-Abelian field
strength F = dA + f A2 to a scaling rule for the gauge potential
A). Since f always scales to cancel scalings of the gauge field the
spurion has weight −wA. This, together with scale invariance of
the brane positions, Yk, ensures (157) is consistent with (156).
The superpotential of (157) is also consistent with a multi-

brane generalisation of the D3 shift symmetry (142):

𝛿Yi = ai and 𝛿T = 𝜔i|̄ Tr (ā
jYi), (158)

where the constant shift parameter, ai, is proportional to the
unit matrix.
A similar story goes through for D7 moduli. Direct dimen-

sional reduction of the D7 action reveals a contribution to the
superpotential of the form[136]

W ∼ ∫4
F2 ∧ 𝜔(y) (159)

where the integration is over the 4-cycle 4 wrapped by the space-
filling D7 brane and F2 is the on-brane gauge field-strength. The
2-form𝜔(y) is as defined in (146). Again we find consistency with
(156) given that 𝜔(y) is scale-invariant and (114) implies F2 scales
with weight wA.

4.3. Flux Quantisation and Space-Filling 4-Forms

Before extending the above to open-string moduli and to higher
orders in gs and 𝛼

′ we pause to highlight a part of the low-energy
EFT that plays an important conceptual role in allowing it capture
the physics of its higher-dimensional UV completion. This part
of the EFT is also worth attention because it has unusual features
that may prove to be part of any ultimately successful approach
to naturalness issues. (Some of these were flagged as potentially
useful for natural issues in inflationary models in [137].)
The starting point is recognition of the important role played

in the UV theory by flux quantisation in the extra dimensions.
Competition between flux quantisation and brane wrapping is
part of what ‘stiffens’ the extra dimensions against deformations
and thereby allows its various moduli to be stabilised.[125] Many
low-energy properties depend strongly on the values of these
fluxes (e.g. 4D supersymmetry might be broken for some values
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of fluxes and not for others). This is seen explicitly from formu-
lae like (123) which give the low-energy superpotential explicitly
in terms of extra-dimensional form-fields likeG3, whose expecta-
tion values are quantised within topologically non-trivial extra di-
mensions. Flux quantisation is also important for understanding
scaling properties since quantised background values can break
the scaling of non-trivially scaling form-fields, like Cp and B2.
From the low-energy perspective the puzzle is: how does the

4D EFT ‘learn’ about flux quantisation? It cannot do so directly
through expressions like (123), which gives W in terms of inte-
grals over extra-dimensional fields like F3, and H3 that do not
themselves appear as low-energy fields in the 4D theory. From
the 4D point of view the dependence of expressions like (123) on
low-energy fields is only given implicitly inasmuch as the back-
ground values for F3, and H3 also depend on some of the low-
energy moduli. This cannot be the whole story because the 4D
effective theory should be self-contained, and not require detailed
knowledge of UV fields that are already integrated out.
It turns out that there is a general mechanism whereby 4D

EFTs learn about extra-dimensional flux quantisation, both for
electromagnetic flux in phenomenological compactifications[48]

and for the more general higher-dimensional string vacua of in-
terest here.[138–140] They do so through the appearance in the 4D
EFT of space-filling 3-form gauge potentials, (a)

𝜇𝜈𝜆
, whose pres-

ence usually is not that interesting in 4D because it does not de-
scribe a propagating degree of freedom. But although 3-form po-
tentials do not propagate, their field strengths do capture all of
the magic of the higher-dimensional flux quantisation.

4.3.1. Space-Filling 4-Forms

Space-filling 4-forms are generic whenever extra-dimensional
form fields are present (such as those whose background fluxes
are quantised). To see why, consider the example relevant to the
IIB vacua of interest here, where the background value ∮ G3 is
quantised for some topologically non-trivial 3-cycle  in the extra
dimensions. (There are a number of such cycles, for Calabi-Yau
spaces given by theHodge numbers, h3,0 = 1 and h2,1 ≥ 0, that re-
spectively count the number of independent harmonic holomor-
phic (3,0) forms, Ωijk, and (2,1) forms, 𝛽 (a)jk𝚤 , with a = 1,… , h2,1.)
In 10D G3 dualises to a 7-form field strength,43 G7 = ∗̂G3, whose
components in the large non-compact 4 dimensions are space-
filling. In particular, the decomposition

G7 = G(0)
4 ∧ Ω +G(a)

4 ∧ 𝛽
(a)
, (160)

shows how G7 produces a variety of 4D 4-form field-strengths,
G(0)
4 and G(a)

4 in the low-energy 4D theory. At lowest order these
appear quadratically in the action in the dimensional reduction
of the G3G3 kinetic terms of the higher-dimensional bulk action.
To see how such terms influence low-energy four-dimensional

dynamics, we follow[48] and consider a stripped-down example of
the 4D Lagrangian that results if there were only one such a 4-

43 As before, the hat on ∗̂ indicates duality is performed using the 10D
SF metric.

form field:

4 = −
√
−g

[
1
2𝜅24

g𝜇𝜈
(
R𝜇𝜈 + ab 𝜕𝜇𝜒

a 𝜕𝜈𝜒
b
)
+ V(𝜒)

+ 1
2 ⋅ 4!

Z(𝜒)G𝜇𝜈𝜆𝜌G
𝜇𝜈𝜆𝜌 − 1

4!
X (𝜒) 𝜖 𝜇𝜈𝜆𝜌G𝜇𝜈𝜆𝜌

]
+ st4,

(161)

where g𝜇𝜈 is the 4D EF metric and 𝜒a represent 4D scalars (such
as moduli or axions) while G4 = d3 is the 4-form field strength.
The functions44 ab(𝜒), V(𝜒), Z(𝜒) and X (𝜒) are calculable (in
principle) by dimensionally reducing the full theory (see [48] for a
worked example of how this is done). Notice in particular that the
presence of 𝜒a in these functions – and in X in particular – gener-
ically breaks any axionic shift symmetry it might have had, bring-
ing the news to 4D of how flux quantisation effects can remove
the protection such shift symmetries would otherwise have given.
The last term in (161) is a ‘surface’ term, st4, defined by

st4 :=
1
3!

𝜕𝜇

(√
−g Z Ǧ𝜇𝜈𝜆𝜌𝜈𝜆𝜌

)
, (162)

that arises when explicitly performing the duality transforma-
tion in the higher-dimensional theory (and can be regarded as
a Gibbons-Hawking term for the 3-form potential), with

Ǧ𝜇𝜈𝜆𝜌 := G𝜇𝜈𝜆𝜌 −
X
Z
𝜖𝜇𝜈𝜆𝜌. (163)

Although (162) is a total derivative it must be kept when evalu-
ating the action at a solution to the field equations (as is done
when integrating out the 4-form) to the extent there are bound-
aries (including spatial infinity). Spatial infinity is effectively al-
ways a non-negligible boundary because the field G𝜇𝜈𝜆𝜌 does not
fall off at infinity as other fields normally would.[48,140,141,174]

The field equations for 𝜈𝜆𝜌 obtained by varying (161) are

𝜕𝜇

[√
−g Z Ǧ𝜇𝜈𝜆𝜌

]
= 𝜕𝜇

[√
−g
(
ZG𝜇𝜈𝜆𝜌 − X 𝜖 𝜇𝜈𝜆𝜌

)]
= 0. (164)

Writing G𝜇𝜈𝜆𝜌 = f4 𝜖𝜇𝜈𝜆𝜌 shows that Zf4 − X is a constant (and so
does not propagate). It is instead an integration constant,K4, with

f4 =
K4 + X

Z
. (165)

The constant K4 is fixed by matching to the full theory,[48] and
it is through this comparison – plus any quantisation of coeffi-
cients in X (𝜒) – that one learns from the UV theory that f4 takes
quantised values.45

44 These functions becomematrices whenmultiple 4-forms are present,
but the manipulations presented here go through unchanged.

45 Refs. [138, 139] note that the integration constants K4 vanish in the
examples they consider, but this is likely to be an artefact of the choices
of fluxes investigated there (in particular because of the assumption
of no IASD fluxes, so that 4D supersymmetry is broken only by fields
in the 4D effective theory). K4 ≠ 0 in the example studied in [48].
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Integrating out the 4-form field amounts to eliminating it46

using (165), leading to the first line of (161) with the replacement
V(𝜒) → U(𝜒) with

U(𝜒) := V(𝜒) + 1
2Z(𝜒)

[
K4 + X (𝜒)

]2
. (166)

This amounts to a simple change in the scalar potential, but in a
way that knows (through K4 and X ) about extra-dimensional flux-
quantisation. If flux-quantisationwere not important and if scalar
potentials were arbitrary then there would be no loss of generality
in always integrating out 4-form fields and starting with a slightly
different scalar potential.
From the point of view of scale invariance, the 4D Lagrangian

(161) scales as  → 𝜆2 when the fields rescale as

g𝜇𝜈 → 𝜆2g𝜇𝜈 , and G𝜇𝜈𝜆𝜌 → 𝜆wGG𝜇𝜈𝜆𝜌, (167)

provided that there exists a transformation of 𝜒a for which

V(𝜒) → 𝜆−2V(𝜒), Z(𝜒) → 𝜆6−2wGZ(𝜒) and

X (𝜒) → 𝜆2−wGX (𝜒), (168)

and ab 𝜕𝜇𝜒
a𝜕𝜈𝜒

b is invariant. (These transformation properties
are often inherited from the scaling properties of the higher-
dimensional UV completion.) Equations (168) imply in partic-
ular that (X2∕Z) → 𝜆−2(X2∕Z), and so scales in the same way as
doesV(𝜒). Integrating out the 4-form field can therefore preserve
scale-invariance, but only if the integration constants K4 vanish.
It is the presence ofK4 that passes the scale-breaking of flux quan-
tisation down to the 4D EFT.
Notice also that the dependence of U(𝜒) on X (𝜒) is only

quadratic, reflecting the fact that (161) depends quadratically on
G𝜇𝜈𝜆𝜌 (and so also that the 10D UV completion depends only
quadratically on the higher-dimensional form field-strength).
This quadratic dependence of U(𝜒) on X(𝜒) has a clean in-
terpretation in the supersymmetric versions of this argument,
such as those that arise in 10D supergravity compactifications
on Calabi-Yau spaces. In this supersymmetric context the 4-form
induced term in (166) corresponds to a contribution to the auxil-
iary field part of the scalar potential.[138,139] In this interpretation
X (𝜒) corresponds to auxiliary fields that are functions of light 4D
fields (and so can be described as contributions to the 4D su-
perpotential that cause spontaneous symmetry breaking purely
within the 4D effective supergravity), while K4 represents higher-
dimensional imaginary anti-self dual fluxes which breaks super-
symmetry and do not depend directly on dynamical 4D fields.
The supermultiplets whose auxiliary fields appear in X (𝜒) are

the ones whose axionic scalars also arise due to the same har-
monic forms Ω and 𝛽 (a) that appear in (160). These are the
fields that appear in the term linear in G4 in the 4D action, and
they do so because of the cross terms between the G4 ∧ 𝛽 piece
and the 𝛿C2 ∝ c(a) 𝛽 (a) and 𝛿B2 ∝ b(a)𝛽 (a) terms in the expansion
𝛿G3 = G3 − ⟨G3⟩ of G3 about its background.

46 It is for this step that the surface term, st4, plays a crucial role.
[141]

For type IIB and heterotic vacua it is the complex-structure
moduli that are associated with 3-cycles like 𝛽 (a) (in type IIB also
the dilaton is associated to Ω), and this is the reason why these
are the moduli that get stabilised by flux compactifications (and
so appear in the low-energy 4D theory’s superpotential,W). The
same does not happen for the Kähler moduli because one needs
an even-dimensional field-strength form to get a 4-form field to
interfere with a scalar supermultiplet built using harmonic two-
forms rather than three-forms.
Type IIA vacua considered in the next section are different,

however, because in this case both even- and odd-dimensional
forms exist. As a consequence both complex-structure and Käh-
ler moduli can get lifted by type IIA flux vacua (and so appear
more generically in the low-energy superpotential). For more de-
tails see [138, 139].

4.4. Higher Orders in gs and 𝜶
′

Let us now try to obtain the scaling with Im 𝜏 and E of con-
tributions to the effective Lagrangian at higher orders in the 𝛼′

and gs expansions. As we saw for the D-brane action, terms that
arise at subdominant order in these expansions no longer trans-
form as did the classical bulk action (106), but they do so in a
predictable way because string loops involve specific higher pow-
ers of (Im 𝜏)−1 = e𝜙 and 𝛼′ corrections involve higher derivatives
(and so also higher powers of gMN). The dependence on Im 𝜏 and
E that this implies for the 4D action is obtained in the same way
as above using the transformation under the two scalings of the
corresponding term in the 10D action.

4.4.1. Corrections to Bulk and Brane Actions

To see how this works we repeat the exercise performed for het-
erotic vacua in § 3.2 and consider the contribution of higher string
loops and higher orders in 𝛼′. In 10D string frame each additional
closed-string loop costs a factor of g2s ∝ e2𝜙 (just like for heterotic
loops) but each open-string loop costs only gs ∝ e𝜙. We consider
corrections of this sort to both bulk and brane actions in turn.

Bulk Action

A bulk term suppressed (relative to tree-level) by n powers of e𝜙,
m + 1 powers of curvature and r powers of the Neveu-Schwarz
3-form fieldH2

3 looks like

B
nmr ∝

√
−ĝ10 e(n−2)𝜙

(
ĝ◦◦R̂◦

◦◦◦

)m+1[
ĝ◦◦ĝ◦◦ĝ◦◦H◦◦◦H◦◦◦

]r
, (169)

where ◦ indicates appropriate index structure (whose details are
not important for the scaling arguments made here). Transfer-
ring to the 10D EF using ĝMN ∝ e𝜙∕2g̃MN and noting thatH3 arises
only within the combination G3 = F3 + 𝜏H3, this becomes

B
nmr ∝

√
−g̃10

( 1
Im 𝜏

)(2n−m+r)∕2(
g̃◦◦R̃◦

◦◦◦

)m+1

×
[
g̃◦◦g̃◦◦g̃◦◦G◦◦◦G◦◦◦

]r
. (170)
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Reality check: specialising (170) to the case (n,m, r) = (0, 0, 0)
gives the 10D classical Einstein-Hilbert term, for which 𝜙 (or
Im 𝜏) drops out completely in EF; and (n,m, r) = (0,−1, 1) is the
classical G3 kinetic term, whose proportionality to e𝜙 = (Im 𝜏)−1

agrees with (106).
Under the rescaling of (108) these transform as

B
nmr → 𝜆4wg−2n(w−wg )+(m+r)(w−2wg ) B

nmr , (171)

which displays the classical bulk scaling result (wL = 4wg ) and the
scaling factors associated with string loops and powers of R or
G2
3. The implications of these scalings for corrections to the ef-

fective 4D theory are found by repeating the exercise leading to
(58), using the compensator scaling property identified in (128).
Any contributions from B

nmr to K,W or 𝔣ab therefore scale in the
following way(
e−K∕3

)B
nmr

→ 𝜆2(2wg+w)∕3
[
𝜆−2(w−wg )

]n(
𝜆w−2wg

)m+r(
e−K∕3

)B
nmr

and

WB
nmr → 𝜆w

[
𝜆−2(w−wg )

]n(
𝜆w−2wg

)m+r
WB

nmr, (172)

if non-zero.
Keeping in mind that shift symmetries imply K depends (in

perturbation theory) only on the imaginary part of 𝜏 and on
the real parts of the moduli Ti, as well as the scaling relations
E → 𝜆3wgE and 𝜏 → 𝜆2(w−wg )𝜏, the transformation properties
(172) imply

e−K∕3 = (Im 𝜏)1∕32∕3
E

∑
nmr

nmr

( 1
Im 𝜏

)n[ (Im 𝜏)1∕2

1∕3
E

]m+r

, (173)

where the coefficientsnmr depend only on scale-invariant com-
binations of fields.

Other Fields and Spurions

At this point the dependence of the coefficients nmr on other
fields can be arbitrary, provided only that they appear in nmr
(perhaps together with 𝜏 and E) through scale-invariant com-
binations. The dependence of nmr on these other fields can
often be further constrained using additional information or
symmetries, such as the generalized shift symmetries like (143)
encountered above. For W and 𝔣ab this extra information can be
very constraining, leading in some situations to nonrenormaliza-
tion theorems.[20,21]

There can also be non-perturbative information, such as
comes when building in what is believed to be the exact SL(2,ℤ)
symmetry of Type IIB vacua. Although this symmetry is notman-
ifest order-by-order in string loops (it does, after all, include trans-
formations like 𝜏 → −1∕𝜏), it is expected to constrain the form of
K andW once non-perturbative corrections are included. See for
instance[143] for a discussion on how S-duality may provide fur-
ther insights into string perturbation theory.
We briefly comment on the analogy to other EFT setups

where spontaneously broken symmetries are present as organis-
ing principles of the EFT. The Goldstone bosons associated with
these two scaling symmetries are the overall volume modulus
and the dilatonwhich is in complete analogy to the pions inQCD.

Spurions break these symmetries explicitly (in the sense as quark
masses do in chiral perturbation theory) and make the would-
be Goldstone bosons massive. The vacuum expectation values of
the metric and the dilaton break these scaling symmetries spon-
taneously. This important class of spurion fields can appear in
thenmr coefficients. Tracking the possible spurion fields allows
to analyse how and at which scale the symmetries are broken in
the EFT.
An example of this type to consider is the non-Abelian spurion

f , encountered for heterotic vacua in (64), and for IIB vacua in the
discussion surrounding (157) above. This spurion systematically
appears in K andW only together with other non-Abelian fields,
like CI in the heterotic case or Yk for IIB vacua.
Another important class of spurions come from supersymme-

try breaking extra-dimensional fluxes, such as the expectation val-
ues for flux fields like G3. These often have nonzero background
values, and when they generate nonzero contributions to the low-
energy superpotential, they break both supersymmetry and some
of the scale invariances (through expressions like (123)).
Havingmore fields at high energies that break the scaling sym-

metriesmeans includingmore spurions in the low-energy theory,
potentially undermining the conclusions drawn above about the
form dictated by scaling for K andW.47

To see what is involved consider a spurion, W0, representing
an expectation for the field G3 itself. When W0 = 0 the dilaton
remains a massless Goldstone boson (see [176] for an explicit ex-
ample) while when the spurion W0 is non-zero, one of the scal-
ing symmetries is explicitly broken and the dilaton becomesmas-
sive. This spurion scales asW0 → 𝜆wW0, as does G3. Such a spu-
rion can, and often does, appear in the low-energy superpoten-
tial,W = W0, as found in explicit compactifications. The Kähler
potential can also acquire a dependence on W0, and it does so
through having the coefficientsnmr = nmr( ) of (173) depend
on the invariant combination

 :=
W0

(Im 𝜏)1∕21∕3
E

=
W0

Im 𝜏

[
(Im 𝜏)1∕2

1∕3
E

]
. (174)

This shows that every factor ofW0 in K comes with an automatic
suppression by precisely one string-loop factor, gs, and by one fac-
tor of 𝛼′. Notice that this ensures that  is small even if the spu-
rionW0 itself is not.
In particular, a term in e−K∕3 involving n loops, m + 1 powers

of curvature, and 2r powers ofG3 (of which s ≤ r of the (G3)
2’s are

replaced with their spurion v.e.v. W2
0 , rather than as fluctuations)

necessarily therefore also depends on 𝜏 and E as
48

47 Additional spurion fields which can lead to no-scale breaking effect
but that we did not analyse in this paper can for example originate
from non-zero v.e.v.s of gauge fluxes on D7-branes (which induce
moduli-dependent Fayet-Iliopoulos terms) or geometric and non-
geometric fluxes.

48 It can happen thatW0 dependence actually enters into the 4D action
in a way that cannot be captured by a contribution to K orW. This oc-
curs in particular when it contributes to terms that involve superspace
derivatives in the invariants 𝔇 and 𝔉. In such cases the scaling con-
clusions drawn here (e.g. thatW0 appears only through the invariant of (174)) still apply, but should instead be interpreted as applying
directly to𝔇 or 𝔉, rather than to K orW.
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e−K∕3 = (Im 𝜏)1∕32∕3
E

∑
nmr

nmr

( 1
Im 𝜏

)n[ (Im 𝜏)1∕2

1∕3
E

]m+r

 2s,

(175)

In fact, in specific compactifications such terms can actually arise
from effective 10D interactions involving powers ofG3, with each
factor of G3 replaced by its v.e.v., in which case a term involving
G2r
3 contributes as above, with s = 2r.

Brane Actions

At face value an identical argument goes through for corrections
to the brane actions, with the main difference relative to the bulk
being the scaling weight of the initial brane action is wL(brane) =
(p − 1)wg −

1
2
(p − 3)w rather than wL(bulk) = 4wg . Repeating the

same exercise as for the bulk would then give a scaling behaviour

Dp
nmr → 𝜆(p−1)wg−

1
2 (p−3)w−2n(w−wg )+(m+r)(w−2wg ) Dp

nmr , (176)

fromwhich conclusions like (172) can in principle be drawn. This
kind of reasoning has the disadvantage that it assumes the brane
and bulk contributions must enter additively in the 4D effective
theory. They of course do so at leading order, where the 4D theory
is simply the dimensional reduction of what ultimately is a local
action in the higher dimensions. But extra-dimensional locality
need not be preserved once Kaluza-Klein modes are integrated
out, because these modes have wavelengths comparable to the
size of the extra dimensions themselves. It is therefore preferable
not to build in this assumption from the get-go in the 4D theory.
A better approach uses the identity

(p − 1)wg −
1
2
(p − 3)w = 4wg − 2(w − wg ) +

1
2
(p − 7)(2wg − w)

(177)

to recognize that the classical brane action scales in precisely the
same way as does (171) in the special case n = 1 and m + r =
1
2
(7 − p) (which is an integer for p odd). This happens because

Equation (177) simply states that the brane action differs from
the scaling of the bulk because of its additional power of the 10D
dilaton (e𝜙) and its different spacetime dimension (and the as-
sociated difference in scaling weight when the SF metric trans-
forms). But since it is the scaling of these quantities that identify
the gs and 𝛼′ corrections, from the point of view of scaling be-
haviour brane contributions can be regarded as special cases of
string-loop and 𝛼′ corrections to the bulk.
From this point of view the dimensional reduction of a correc-

tion to the brane sector action suppressed by 𝓁o powers of gs ∝ e𝜙

and by s powers of 𝛼′ counts as the choice

n = 1 + 𝓁o and m + r = 1
2
(7 − p) + s, (178)

in (172) (i.e. m + r = 2 + s for D3 branes or m + r = s for D7s).
Contributions to the gauge kinetic terms in particular scale as(
𝔣ab
)
nmr

→ 𝜆2w
[
𝜆−2(w−wg )

]n(
𝜆w−2wg

)m+r(𝔣ab)nmr . (179)

Reality check: using (178) with the special case 𝓁o = s = 0 —
which gives n = 1 and m + r = − 1

2
(p − 7) — in (179) then gives

the scaling weight w𝔣 = (p − 5)wg −
1
2
(p − 7)w, as found for clas-

sical gauge kinetic function in (136).
Of course any corrections, particularly in the expansions ofW

and 𝔣ab have zero coefficient unless they are also compatible with
other symmetries, like axionic shifts; an expression of their non-
renormalisation theorems.

4.4.2. Comparison with Explicit Calculations

We next test these scaling forms against a variety of explicit calcu-
lations. Notice, when doing so, that because n counts powers of
e𝜙 in (173) an 𝓁c-loop contributions from closed-string loops have
n = 2𝓁c (because each closed-string loop carries a factor g

2
s ∝ e2𝜙),

while for open-string loops we’ve seen 𝓁o loops corresponds to
n = 𝓁o + 1. As usual the parameter m + r sets the order in the
𝛼′ expansion in the bulk, or is related to it by (178) for open-
string contributions. There are several examples of corrections
with which these scaling arguments can be compared:

(𝛼′3) Bulk Corrections

In = 2 Calabi-Yau compactifications the first 𝛼′ corrections are
known to arise at (𝛼′3) which corresponds to m + r = 3. For ar-
bitrary loop order n, (173) predicts a correction to the Kähler po-
tential of the form

K = − ln(𝜏 − 𝜏) − 2 lnE − 3 ln
[
1 + 

E

( 1
Im 𝜏

)n−3∕2]
so

𝛿K ∼
gn−3∕2s

E

, (180)

which uses gs ∝ e𝜙. This matches several explicit computations
of 𝛼′3 corrections like:

• Several = 2 string calculations using spherical string world
sheet (i.e. n = 0) in the absence of background 3-form fluxes
(i.e. r = 0) give results of the form 𝛿K ∼ g−3∕2s ∕E .

[73,142,144]

These corrections toK – believed to originate from (curvature)4

terms in 10D – change the kinetic terms for the low-energy
fields. Once combined with the spurionW0 ∝ J they also mod-
ify the 4D scalar potential of the 4D theory, with corrections to
the potential having the form V ∼ g−1∕2s |W0|2∕3

E
. Such terms

originate from R3G2
3 interactions in 10D. The existence of

these kinds of corrections to the potential plays a crucial role
in modulus stabilisation in LVS string vacua.[36–40]

•  = 2 string calculations using toroidal string world sheet
(closed string 1-loop level: n = 2𝓁c = 2), again with vanish-
ing 3-form fluxes (i.e. r = 0), give contributions of the form
𝛿K ∼ g1∕2s ∕E

[142];
•  = 1 string calculations with spherical world-sheet (i.e.
closed-string tree level: n = 0) and G3 = 0 (i.e. r = 0) give con-
tributions of the form 𝛿K ∼ g−3∕2s ∕E

[145];
•  = 1 contributions at open-string 1-loop level (i.e. n = 𝓁o +
1 = 2) for vanishing G3 (i.e. r = 0) give contributions of the
form 𝛿K ∼ g1∕2s ∕E.

[146]
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• The determination of potential corrections which come from
10D terms proportional to powers of G2

3 is a case where
the spurion W0 can play an important role, making (175)
more useful than (173). For example, (175) states that terms
with m + 1 power of curvature and r powers of G2

3 (of which
0 ≤ s ≤ r are replaced with their spurion v.e.v.) and loop order
n contribute to K (or directly to 𝔇, if contributing through a
term with extra superspace derivatives) with relative size

𝛿K = ( 1
Im 𝜏

)n[ (Im 𝜏)1∕2

1∕3
E

]m+r(
W2

0

2∕3
E Im 𝜏

)s

, (181)

and so in particular terms with m + r = 3 give

𝛿K ∼
gn−3∕2s

E

(
gs W

2
0

2∕3
E

)s

. (182)

This estimate applies in particular to tree-level corrections
(i.e. n = 0) that generate 10D interactions like R3G2

3 and R
2G4

3

and for both predicts for s = 1 the result 𝛿K ∼ g−1∕2s W2
0∕5∕3

E .
This agrees with what is found in [74, 147], both for the change
to kinetic terms generated by theR3G2

3 interactions, and for the
changes to the scalar potential generated by the R2G4

3 term.
Notice also that these are examples of higher-derivative con-
tributions to the low-energy 4D EFT since they involve higher
powers of auxiliary fields, F. For instance, the correction to the
scalar potential looks like V ∼ g1∕2s |W0|4∕11∕3

E and, as shown
in [74], scales as F4. In the limit where the superspace deriva-
tive expansion is under control, i.e. when the scale invariant
combination  in (174) is small, as derived in [148], this term
is therefore subleading to the n = r = 0 and m = 3 correction
computed in [73], but could play a role in lifting leading-order
flat directions.[63] Although it need not be true that these can be
regarded as corrections to K (see the discussion in [74, 147]),
this does not really matter for the power-counting argument
above, which applies equally well when applied to𝔇 as to K.

• There are also reports of loop-generated corrections to K
that depend logarithmically on E , rather than as a power
law.[149,150] For instance[150] find one-loop corrections to K at
(𝛼′3) that scale as 𝛿K ∼ g1∕2s lnE∕E. This kind of non-power
dependence of the Lagrangian cannot be captured by (173), but
neither should it be. Recall that the Wilsonian effective 4D La-
grangian is obtained by integrating out Kaluza-Klein energy
scales and above, but does not include the effects of loops of 4D
fields. While logarithmic dependence on expansion constants
can arise in an action — a familiar example of which is the
famous 𝛼5 ln(1∕𝛼) contribution to the Lamb shift — such non-
analytic dependence arises within a perturbative framework as
a logarithm of length scales, ln(M∕m), making them sensitive
to the IR part of the theory. Ratios of mass scales get converted
to logarithms of couplings once the relevant mass ratio is cou-
pling dependent – such as when M ∼ me and m ∼ 𝛼me gives
ln(M∕m) ∼ ln(1∕𝛼). We have not systematically assessed how
our scaling arguments apply to these lower-energy contribu-
tions.

(𝛼′2) Corrections

A crucial ingredient to obtain  = 1 4D effective field theories
in type IIB vacua is the presence of an orientifold projection, and
this can allow (𝛼′2) corrections also to arise, corresponding to
m + r = 2. For these (175) predicts an (𝛼′2) correction to the
Kähler potential of the form

K = − ln(𝜏 − 𝜏) − 2 lnE − 3 ln

[
1 + 

2∕3
E

( 1
Im 𝜏

)n−1]
so

𝛿K ∼
gn−1s

2∕3
E

, (183)

As observed in [40, 151], these types of corrections do not ruin
the no-scale form of K. This is perhaps easiest to see when (183)
is written as in (173), which becomes

e−K∕3 = (Im 𝜏)1∕3
[
2∕3

E +( 1
Im 𝜏

)n−1]
, (184)

and shows that the correction to e−K∕3 is E-independent (and so
does not remove the zero eigenvector in the E direction of the
matrix 𝜕i𝜕|̄ e

−K∕3 that was ensured by the lowest order result).
The result (183) matches explicit computations of 𝛼′2 correc-

tions in fluxless backgrounds (i.e. with r = 0), such as:

•  = 2 contributions at open string 1-loop level (i.e. n = 𝓁o +
1 = 2) of the form 𝛿K ∼ gs∕2∕3

E .[72] Because this loop correc-
tion is consistent with the no-scale result (183) at first or-
der, its contribution to the loop-corrected scalar potential van-
ishes. This cancellation of loop corrections to K within the
scalar potential has been called ‘extended no-scale structure’
within the context of LVSmodels, where it was first seen.[38–40]

This cancellation in the 4D scalar potential makes the(g2s 𝛼′2)
terms in 𝛿K negligible in V relative to those arising from
those arising at (𝛼′3) discussed above, which play the domi-
nant role in stabilizing moduli. One-loop effects eventually lift
leading-order flat directions through a scalar potential of order
V ∼ g3s |W0|2∕10∕3

E ,[38–40] with the correspondingmoduli para-
metrically light even compared with other moduli (making
them particularly attractive as inflaton candidates[59,63]).
While there is no general reason why even higher-loop correc-
tions to the potential need also vanish, one speculates about
circumstances for which e−K∕3 receives no corrections beyond
one loop, in which case all higher-loop corrections to K would
turn out to be consistent with higher orders in the expansion
of (183). If so they would preserve the no-scale property to all
string-loop orders. (This would remain interesting even if only
true for a subclass of loop corrections toK. See for example[175]

for an argument based on mirror symmetry to infer the ab-
sence of some N = 2 corrections beyond 𝛼′3.)

• The largest possible contributions of the form (184) are the
 = 1 contributions that can arise at open string tree-level (i.e.
n = 𝓁o + 1 = 1), and would be of order 𝛿K ∼ −2∕3

E . Contribu-
tions to the effective Lagrangian of this size are known to exist,
but in all known cases are understood to give corrections to
the relationship between the supermultiplet variable Ti and its
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scalar real and imaginary component moduli, 𝜒i and ai, with-
out also changing the dependence of K on Ti + Ti.

[152]

(𝛼′4) Corrections

These corrections correspond to m + r = 4 and so at a generic
string-loop order n (173) predicts a correction to the Kähler po-
tential by an amount

K = − ln(𝜏 − 𝜏) − 2 lnE − 3 ln

[
1 + 

4∕3
E

( 1
Im 𝜏

)n−2]
so

𝛿K ∼
gn−2s

4∕3
E

. (185)

This result matches the dilaton and volume scaling of the ex-
plicit computation of = 2 open string 1-loop (i.e. n = 𝓁o + 1 =
2) corrections to the Kähler potential in the absence of back-
ground 3-form fluxes (i.e. r = 0) performed in [72], which gives
𝛿K ∼ −4∕3

E . The corresponding contributions to the 4D scalar po-
tential scale like V ∼ gs|W0|2∕10∕3

E .

(𝛼′) Corrections?

To date no string corrections are known that arise at (𝛼′), even
for = 1 compactifications. However, if a 10D (curvature)2 term
were present at any string loop order (corresponding to m = 1
and r = 0), then the general result (175) would predict a correc-
tion to the Kähler potential of order

K = − ln(𝜏 − 𝜏) − 2 lnE − 3 ln

[
1 + 

1∕3
E

( 1
Im 𝜏

)n−1∕2]
so

𝛿K ∼
gn−1∕2s

1∕3
E

. (186)

Such corrections, if present, could be important for LVS
models,[151] since they contribute to the scalar potential at or-
der V ∼ gn+1∕2s |W0|2∕7∕3

E , and so for large E could dominate
the (𝛼′3) correction that is presently believed to dominate (and
which scales in the potential like V ∼ g−1∕2s |W0|2∕3

E
). A central

challenge to LVS constructions is the verification that this type of
correction is absent, especially in the case where supersymmetry
breaking background fluxes are present.

5. Descent from 10D Type IIA Supergravity

This section sketches how the scaling arguments of previous sec-
tions also go through for 10D type IIA vacua. The discussion here
is relatively brief, partly because many of the issues already arise
for the type IIB vacua discussed above. Unlike the IIB case, for
the reasons discussed in § 4.3 the Kähler moduli can, for type
IIA vacua, also appear in the superpotential and so be stabilised
much as are complex-structure moduli and the dilaton for type
IIB. We focus mostly on the parts of the argument that differ
from the type IIB section, skipping over those parts that directly
parallel our earlier description.

5.1. Scaling in Type IIA Supergravity

The type IIA action also has the form of a sum of bulk and lo-
calised brane sources

SIIA = Sbulk + Sloc, (187)

where Sloc describes the localised sources (Dp-branes with p even
and O6-planes). We examine the scaling properties of each of
these in turn.

Scale Invariances of The Bulk

The bosonic part of the type IIA bulk action[92] in 10D String
frame is (schematically — dropping numerical factors) contains
a kinetic and Chern-Simons piece, Sbulk = Skin + SCS, where

SIIA = − 1
(𝛼′)4 ∫ d10x

√
−ĝ
{
e−2𝜙
[
R̂ − (𝜕𝜙)2 +H2

3

]
+ F̃22 + F̃24 +𝔪2

0

}
, (188)

where Fp+1 = dCp andH3 = dB2 while

F̃2 = F2 +𝔪0B2 and F̃4 = F4 − C1 ∧H3 −
𝔪0

2
B2 ∧ B2. (189)

The CS term similarly has the scaling form

SCS = − 1
(𝛼′)4 ∫

[
B2 ∧ F4 ∧ F4 −𝔪0B2 ∧ B2 ∧ B2 ∧ dC3

+𝔪2
0B2 ∧ B2 ∧ B2 ∧ B2 ∧ B2

]
. (190)

In these expressions 𝔪0 is the Romans mass parameter,[153]

which can also be regarded as the contribution to the action of
a space-filling 10-form field strength. The 10D EF metric, g̃MN , is
then defined by ĝMN = e𝜙∕2g̃MN , in terms of which (188) takes the
schematic49 form

SIIA = − 1
(𝛼′)4 ∫

√
−g̃
{
R̃ + (𝜕𝜙)2 + e−𝜙H2

3 + e3𝜙∕2F̃22

+ e𝜙∕2F̃24 +𝔪2
0 e

5𝜙∕2
}
. (191)

When 𝔪0 = 0 the bulk action scales homogeneously under the
rescalings

g̃MN → 𝜆wg g̃MN, e−𝜙 → 𝜆w𝜙e−𝜙, B2 → 𝜆wB2B2, Cp → 𝜆
wCp Cp,

(192)

with the condition that F̃4 scale homogeneously requiring

wC3
= wC1

+ wB2
. (193)

49 Numerical factors are not included here since our interest is in the
action’s scaling properties.
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Defining50 wB2
= w, the bulk action (191) scales as SIIA → 𝜆4wg SIIA

under (192) provided that the various weights are related by the
conditions

wC1
= 2wg −

3w
2

and w𝜙 = 2(wg − w), (194)

leaving the two weights wg and w arbitrary.
Both scaling symmetries of the bulk action survive for non-

zero 𝔪0 only if 𝔪0 is treated as a spurion, 𝔪0 → 𝜆wm𝔪0, with
scaling weight

wm = 2wg −
5w
2
. (195)

Equivalently, only the specific transformation satisfying w = 4
5
wg

survives as a symmetry when𝔪0 ≠ 0 does not transform. This is
a 10D version of the breaking of the scaling symmetries by fluxes
described in § 4.3.

Scaling of Localised Sources

The DBI part of the action for a Dp-brane in 10D EF is the same
as for type IIB supergravity, though with different dimension
branes. The scaling transformations go through much as for the
type IIB case, with an important difference. First, because w𝜙

here differs in sign from w𝜏 as was found in the IIB, the SF met-
ric, ĝMN = g̃MN e

𝜙∕2, in the IIA case scales as ĝMN → 𝜆wg−w𝜙∕2ĝMN =
𝜆wĝMN . Consistent scaling of the DBI action (112) again requires
B2 must scale in the same way as does ĝMN , and this is an auto-
matic consequence of the definition given above for w. With this
in mind, both the DBI andWZ parts of the action then scale with
weight

wDBI(p) = 2wg +
1
2
(p − 3)w, (196)

which is to be contrasted with the corresponding result (115) for
the IIB theory.

5.1.1. Dimensional Reduction

The scaling properties under dimensional reduction are obtained
for type IIA as for type IIB, with the metric given by (116),
with scaling weights g̃mn → 𝜆wg g̃mn and g̃𝜇𝜈 → 𝜆wg g̃𝜇𝜈 , and so
the dimensionless EF extra-dimensional volume scales as E →
𝜆3wgE, as in (117). The 4D EFmetric then scales as g𝜇𝜈 → 𝜆4wg g𝜇𝜈
while the leading Lagrangian scales as  → 𝜆4wg.
For IIA compactifications the moduli are captured by the com-

plexified Kähler 2-form and holomorphic 3-form,

Jc = B2 + iJ

Ωc = C3 + iRe(ℭΩ), (197)

where ℭ := e−𝜙1∕2
S eKcs and Kcs = − log ∫ Ω ∧ Ω̄ with Ω denoting

the usual Calabi-Yau holomorphic 3-form. Here S = ∫ J ∧ J ∧ J

50 Notice this is not quite the same definition as for IIB vacua.

is the dimensionless extra-dimensional volume measured using
the SFmetric and J is the Calabi-Yau Kähler form in string frame.
For instance, the complex structure moduli and the dilaton are
extracted from Ωc through integrations over the bulk of the form

∫ Ωc ∧ 𝛽L, (198)

where 𝛽L are appropriate three-forms whose only property re-
quired here is that they do not scale (cf. [135]), and a similar state-
ment relates Jc to the Kähler moduli.
These definitions show that the 4D chiral superfield, S, that

represents the dilaton and those, Ua, representing the complex-
structure moduli both scale in the same way as does Ωc (or C3),
while those superfields, Ti, representing the Kähler moduli scale
as does Jc (or B2), implying

wS = wU = wC3
= 2wg −

w
2

and wT = wB2
= w. (199)

For toroidal compactifications expressions for S, Ti andUa can
be made more explicit[154] and are given in terms of ratios for the
respective volumes of the tori, scaling as

S ∼ e−𝜙1∕2
S + ia = e−𝜙∕41∕2

E + ia and

Ti ∼ 1∕3
S + ib = e𝜙∕21∕3

E + ib, (200)

where b is the universal axion arising from B2 while a is the uni-
versal axion arising from C3 and (as before) S denotes the SF
extra-dimensional volume. Both real and imaginary parts there-
fore scale as indicated in (199).
To determine the dependence of K and W on the moduli re-

quires knowing how the compensator scales, which normally re-
quires as input the scaling behaviour of one effective interaction
from direct dimensional reduction. The superpotential produced
by Fp and H3 fluxes is known to be given by [154–157]

W = ∫ Ωc ∧H3 +
∑
p
∫ eJc ∧ Fp, (201)

where eJc ∧ Fp represents terms like F6, Jc ∧ F4, Jc ∧ Jc ∧ F2 and so
on. All of these terms scale in precisely the same way, leading to
the conclusion that the superpotential scales asW → 𝜆wWW with
weight

wW = 2wg +
w
2
. (202)

Given that the superpotential has weight wW , repeating the ar-
guments given earlier for type IIB theories shows that the com-
pensator Φ and K must scale with weights

Φ → 𝜆−
1
3 (wW+2wg )Φ and e−K∕3 → 𝜆

2
3 (wW+2wg )e−K∕3, (203)

and so (202) implies e−K∕3 → 𝜆wK e−K∕3 with weight

wK = 2
3

(
4wg +

w
2

)
. (204)
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This is consistent with the behaviour found at lowest order in
specific examples by dimensional reduction, which for toriodal
examples gives expressions like[154]

Kl.o. = − ln(S + S) −
3∑
i=1

[
ln(Ti + Ti) + ln(Ui +Ui)

]
, (205)

since this implies e−K∕3 scales with the weight 4
3
wS + wT , in agree-

ment with (204).

5.2. Higher Orders in gs and 𝜶
′

We can now repeat the scaling analysis to the effective Lagrangian
at higher orders for the case of type IIA. The logic of the analy-
sis proceeds much as for type IIB discussed in § 4.4, though with
different weights for the scaling fields (and a greater variety of
dimension of form-fields). Plus the possible presence of the spu-
rion𝔪0.
Consider the scaling weight of a higher-dimension 10D La-

grangian term of the form

nmrsq ∝
√
−ĝ10 e(n−2)𝜙

(
ĝ◦◦R̂◦

◦◦◦

)m+1[
ĝ◦◦ĝ◦◦ĝ◦◦H◦◦◦H◦◦◦

]r
×
[
ĝ◦◦ĝ◦◦F◦◦F◦◦

]s[
ĝ◦◦ĝ◦◦ĝ◦◦ĝ◦◦F◦◦◦◦F◦◦◦◦

]t
𝔪q

0

∝
√
−g̃10 e(2n−m−3r−2s−4t)𝜙∕2

(
g̃◦◦R̃◦

◦◦◦

)m+1

×
[
g̃◦◦g̃◦◦g̃◦◦H◦◦◦H◦◦◦

]r
×
[
g̃◦◦g̃◦◦F◦◦F◦◦

]s[
g̃◦◦g̃◦◦g̃◦◦g̃◦◦F◦◦◦◦F◦◦◦◦

]t
𝔪q

0. (206)

Taking the dilaton, 10D metric, form-field and spurion scalings
from § 5.1, such a term scales as

nmrsq → 𝜆4wg+2n(w−wg )−(m+r)w+(2s+2t+q)(2wg−
5
2 w)nmrsq. (207)

Similar to the discussion for the IIB case, brane actions need not
be considered separately but can instead be regarded as instances
of higher-order corrections to the bulk action in powers of e𝜙 and
𝛼′. For example, classical contributions coming from dimension-
ally reducing Dp-brane actions scale with weight given in (196),
and so scale differently than the classical bulk Einstein-Hilbert
term (say) by one power of e𝜙 and 1

2
(7 − p) fewer factors of the

metric, and so correspond to the choices n = 1 andm = 1
2
(7 − p).

Notice in particular that m takes the half-integer values m = 5
2

for leading-order D2 branes andm = 1
2
for leading contributions

fromD6 branes. Higher open-string loops and 𝛼′ corrections cor-
respond to shifting n and m by integers relative to these (and
shifts of r, s, t by integers away from zero).
Using the scaling of the compensator inferred earlier when

deriving (172), and repeating the steps gives the following scaling
properties for the Kähler and superpotentials

(
e−K∕3

)
nmrsq

→ 𝜆
2
3 (4wg+

w
2 )
[
𝜆2(w−wg )

]n−2s−2t−q
×(𝜆−w)m+r+s+t+q∕2(e−K∕3)

nmrsq
and

Wnmrsq → 𝜆2wg+
w
2
[
𝜆2(w−wg )

]n−2s−2t−q(𝜆−w)m+r+s+t+q∕2Wnmrsq.

(208)

When comparing to the scaling behaviour (199) for the 4D fields
it is useful to consider the Lagrangian’s dependence on a single
scaling field of each weight, with all other fields written as a col-
lection of scale-invariant ratios. Using S0 + S0 and T0 + T0 to de-
note the two basic scaling fields, with weights wS = wU and wT

Equation (208) implies

e−K∕3 = (S0 + S0)
4∕3(T0 + T0)

∑
nmrsq nmrsq 𝔪

q
0

[
(T0 + T0)

3∕2

S0 + S0

]n

×

(
1

T0 + T0

)m+r[
S0 + S0

(T0 + T0)2

]2(s+t)+q
,

(209)

where the coefficients nmrsq are functions of the scale-invariant
ratios of fields and the sums run over n, r, s, q ≥ 0 and m ≥ −1
(with m taking half-integer values for D-brane contributions).
Superpotential forms consistent with the scaling behaviour

similarly are

W = S0T0
∑
nmrsq

W
nmrsq 𝔪

q
0

(
T3∕2
0

S0

)n(
1
T0

)m+r
(
S0
T2
0

)2(s+t)+q

. (210)

For instance, a leading classical bulk contributions with n = m +
r = s = t = q = 0) leads to W ∝ S0T0, while the next order in 𝛼′

corrections (from n = s = t = q = 0 and m + r = 1) give S0. Sim-
ilarly, leading classical D6 contributions (n = 1 and m = 1

2
with

r = s = t = q = 0) give T2
0 , and so on. These examples include the

superpotentials found in explicit models.[154–157]

Of course the coefficients of all terms inconsistent with any
axionic shift symmetries in (210) must vanish, but these symme-
tries are also generically broken by extra-dimensional fluxes (with
this breaking brought into the 4D EFT by space-filling fluxes, as
described in § 4.3).

6. Conclusions and Outlook

Determining the quantum corrections to EFTs having UV com-
pletions is one the main challenges to extracting robust implica-
tions from the UV theories in question. In particular, for string
effective actions, the knowledge of perturbative corrections, espe-
cially to the Kähler potential, has long been one of the obstacles
to extracting reliable predictions from these theories. The fact
that the no-scale property is ubiquitous in these theories raises at
least two important questions. The first asks for the origin of this
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no-scale property from the underlyingUV theory; the second asks
what are the dominant corrections to no-scale. Since no-scale im-
plies vanishing tree-level scalar potentials, it makes the estimate
of quantum (string loops and 𝛼′) corrections crucial, since these
can dominate the scalar potential and, therefore, most mecha-
nisms for modulus stabilisation.
In this article we address both of these questions, which we

regard to be pressing in order to assess if the current scenar-
ios for moduli stabilisation are sufficiently robust, and/or if
other scenarios could eventually emerge once further correc-
tions are found. Overall we summarise our concrete findings as
follows:

• We identify four distinct categories of no-scale property, sum-
marised in Figure 1.

• We examined the EFTs for a broad class of string vacua, and
for all of them the no-scale property (if present) arises in the
most restrictive, scaling, form that is traceable to the accidental
scale invariances of the underlying UV completion.

• Although most quantum corrections break scale invariance,
some of the known corrections preserve the no-scale property
at least to one higher order (this persistence of the no-scale
property is known in the literature as ‘extended no-scale’).

• We use well-known scale invariances of the two-derivative
higher-dimensional theory as the basis to organise quantum
corrections. In 11D supergravity there is a single scaling sym-
metry (with roots in the 𝛼′ expansion) that can (trivially) be
used to organise the standard quantum corrections. The two
scale invariances of 10D supergravity corresponding to the
known perturbative string vacua correspond to the two generic
expansions of weakly coupled vacua: the 𝛼′ and string-loop ex-
pansions. We explicitly identify the scaling in 10D for both
bulk and brane (DBI and WZ) actions.

• We use these scalings to organise the quantum corrections to
the 4D EFTs for heterotic, Type IIA and Type IIB string theo-
ries. We presented these expansions for the Kähler potentials
in Equations (100), (173) and (209) for the heterotic, IIB and
IIA respectively. They include both corrections from bulk and
brane actions.

• We test our general expressions by comparing them with vari-
ous explicit calculations in the literature and found good agree-
ment.We also identify potential quantumcorrections that have
not yet been computed, which could be relevant, in particular,
to known calculations of moduli stabilisations (in which quan-
tum corrections necessarily play a role).

• Besides scaling symmetries and supersymmetry we also iden-
tify shift symmetries coming from Kalb-Ramond tensor fields.
These include both standard axionic shift symmetries and gen-
eralised (approximate) shift symmetries. The generalised sym-
metries in particular ensure (for D3 branes in IIB string the-
ory) that the Kähler potential appears as a function of the com-
bination T + T − k(y, y), with T the volume modulus, y the D3
brane positions and k(y, y) the Kähler function of the Calabi-
Yaumanifold itself. Similar results hold for D7 branes and also
for heterotic compactifications.

• We also highlight a special role played by space-filling 4-forms
in the 4D EFT, which bring to the 4D world extra-dimensional
information about scale-invariance breaking and the presence
of (quantised) fluxes.

Our main tool is the systematic exploitation of the impor-
tance of scaling and other symmetries in the 4D effective su-
pergravity. These scaling symmetries underly the ubiquitous
presence of no-scale supergravity in string effective actions at
lowest order. Scale invariance turns out to be sufficient, and not
necessary, for being no-scale. This allows some no-scale prop-
erties (like flat potentials) to persist beyond tree-level even af-
ter scaling symmetries are broken. In order to better clarify
the relation between scale invariance and no-scale models, and
thereby to better understand their origin and implications, we
identify four nested categories of no-scale theories – summarised
in Figure 1 – of which scale-invariance ensures only the most
restrictive.
Exact scale invariance leads to zero vacuum energy – as

seen from (4)). Unbroken supersymmetry similarly prefers non-
positive vacuum energy. Anti-de Sitter vacua are obtained at lead-
ing order by badly breaking scale invariance in a supersymmetric
way (such as by using multiple nonzero supersymmetric fluxes).
Breaking supersymmetry more strongly than scale invariance at
leading order leads to flat vacua. These observations help put into
perspective the origins of tree-level no-go theorems for finding
de Sitter space in supergravity and string theories (despite super-
symmetric AdS solutions clearly existing). For instance, the scal-
ing symmetry derived in § 5 shows that it is impossible to have
metastable de-Sitter minima – see also (4) – in compactifications
of IIA string theory, in agreement with the findings of [158] (a
result which has been interpreted as evidence for the so-called
de-Sitter conjecture in [159]).
However, since these scaling symmetries are not exact it is

also clear that the absence of metastable dS is very likely only
a tree-level result. Not only do the accidental scaling symme-
tries imply that any metastable dS vacuum must arise at sub-
dominant order in perturbation theory, they also ensure the
leading-order vacuum is flat (and so within easy perturbative
reach of de Sitter). Furthermore, the scale of any perturbatively
achieved dS vacuum is necessarily suppressed relative to fun-
damental scales by the relevant small expansion parameters of
the EFT.
Put differently, if tree-level contributions to the potential in a

weakly coupled string theory are governed by the string scale,
the dynamics around a potential de Sitter minimum in such
a theory is almost inevitably governed by a scale hierarchi-
cally below the string scale (and therefore amenable to an EFT
description). Therefore, although it is intellectually stimulat-
ing to study the 10D origin of these effects outside of an ef-
fective theory, it is strictly speaking unnecessary if there is a
self-consistent understanding within the four dimensional ef-
fective field theory and its expansion parameters.51 Having an
independent 10D understanding is not a precondition to un-
derstanding low-energy dS vacua, anymore than determining
whether or not quarks are fundamental or composite at the
Planck scale is a prerequisite to understanding the value of the
QCD scale.
With this in mind, our discussion of positive scalar potentials

in section § 2 may be relevant. The most general approach to

51 A similar comment applies to decribing 4D non-perturbative effects
such as gaugino condensation, for which a 10D description is intrigu-
ing but largely beside the point.
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understand no-scale (beyond scaling symmetries) is due to the
Barbieri, Cremmer, Ferrara[19] theorem discussed in section § 2,
which states that supergravity theories give rise to semi-positive
scalar potentials if the matrix −M defined in (11) has one nega-
tive eigenvalue (with the rest positive, implying a negative deter-
minant). This is actually the situation for the no-scale breaking
of string EFTs through the presence of a cubic superpotential,
such as appears in the heterotic and IIB compactifications. (In
this case the Kähler potential is a particular case of (41) with U
corresponding to the complex structure moduli, Z the D3 brane
positions and T Kählermoduli and similar for the heterotic case.)
If the negative eigenvalue becomes zero (or the no-scale breaking
fields are stabilised at ⟨Z⟩ = 0) the potential vanishes and there is
a flat direction. This structure is a generalised no-scale model as
discussed in § 2. That section also identifies concrete supergravity
models whose F-term potentials are semi-positive and give rise
to vacua with flat directions with different levels of generality (in-
cluding with de Sitter minima). Such models might be useful as
waypoints towards obtaining de Sitter vacua from supersymmet-
ric theories with a clean UV provenance.
Amain result of this article is the use of scaling and other sym-

metries in string compactifications to constrain the form of ex-
plicit expressions for the 𝛼′ and string-loop corrections for the
low-energy effective action in both heterotic (100), IIB (173) and
IIA (209) string compactifications. In each case the combina-
tion of the dilaton and (warped) volume E is identified that play
the role of the string-loop and 𝛼′ expansion parameters in the
4-dimensional EFT. The symmetries determine how the dilaton
and E appear at each order in perturbation theory, and fix in
particular their appearance in the tree-level effective action. Our
constraints on their appearance in quantum corrections agrees
with a great many general expressions for the combined 𝛼′ and
string loop expansions.
Besides providing a book-keeping measure that organises all

the known corrections already computed, these general methods
also highlight potentially important uncomputed corrections. An
example of this type consists of the so-called F4 corrections –
that are nicely captured by Equation (175) – obtained by keeping
track of theW0 dependence in higher-order corrections of the ef-
fective lagrangian. Our derivation fully agrees with the original
calculations of [74] but also shows how they scale to all orders,
depending on the expansion parameter  = W0 (Im 𝜏)−1∕2 −1∕3

E .
This parameter is always small within the string-loop and 𝛼′ ex-
pansions, consistent with the bound onW0 derived in [148]. We
emphasise that some of the terms allowed by our scaling argu-
ments might actually not be present, either because they arise
with vanishing coefficient, or because they are allowed but re-
dundant (i.e.may be eliminated through appropriate field redef-
initions). Moreover, further features likely appear – such as the
emergence of manifest S-duality – once nonperturbative effects
are included. Further study would be needed to identify the im-
plications of any such nonperturbative information.
A number of other important questions are also left open. In

particular, if evidence were to arise that corrections withm + r =
1 in (173) exist, then they would modify substantially the current
approaches to modulus stabilisation for IIB vacua. We hope to
address more of these open questions, and to further explore the
interplay between quantum corrections and accidental symme-
tries in future work.

Appendix A: Axionic No-Scale and Linear
Multiplets

This appendix sketches how to construct axionic no-scale mod-
els that do not fall into the standard no-scale category given in
Definition 2 of the main text. To do so we follow ref. [95] and
dualize the assumed axionic scalar field, a, to a Kalb-Ramond 2-
form gauge potential, B𝜇𝜈 , and formulate the no-scale condition
using these dual variables.52 Since the natural supermultiplet for
a Kalb-Ramond potential in 4D = 1 supergravity is the linear
(not chiral) multiplet, the first step is to formulate the no-scale
condition in terms of linear multiplets.
As in the main text, we consider an = 1, D = 4 supergravity

that involves three different types of chiralmultiplets: {Ti, G𝚤, Sa},
where i = 1,… , n, 𝚤 = 1,… , m and a = 1,… , p. The three types
of chiral multiplets are distinguished from one another by the
following three conditions:

1. The fields {Ti, G𝚤} are moduli for which axionic shift symme-
tries

Ti → Ti + i𝜆i, G𝚤 → G𝚤 + i𝜆𝚤 (A.1)

restricts the Kähler potential to have the form K = K(T +
T̄, G + Ḡ).

2. None of the fields {Ti, G𝚤} appear in the superpotential:W =
W(Sa). This second condition follows automatically from the
first one if the corresponding shift symmetries are not anoma-
lous.

3. The Kähler potential for the fields {Ti, G𝚤, Sa} depends only on
a reduced number of n + p variables. More precisely we ask

K(T + T,G +G, S, S) = [Ti + T̄ i + Σi(G +G, S, S)
]
+K̂(S, S),

(A.2)

where Σi are real-valued functions of G𝚤 + Ḡ𝚤, Sa and S̄a. We
call a Kähler dependence with this reduced dependence a ‘co-
ordinate degenerate’ Kähler potential.

A special subclass of models with coordinate degeneracy are
those where m = 0 — i.e. no G fields — and the moduli space
factorises into a product of manifolds 𝔐 = 𝔐T ×𝔐S. In gen-
eral the moduli space does not factorise in this way and the fields
Sa and Ti, G𝚤 have mixed kinetic terms. It is the complications to
the no-scale description caused by this mixing that make it use-
ful to discuss the no-scale property using the dual formulation
wherein the chiral multiplets Ti, G𝚤 are traded for linear multi-
plets. As we see below, this dualisation disentangles the chiral
multiplets Sa from the shift-symmetric directions Ti, G𝚤, and so
greatly simplifies the discussion of the scalar potential. In par-
ticular, dualisation allows the no-scale property to be stated in a
much simpler form that permits the identification of all possible
models of this type.[95]

52 A brief reminder of how this duality works in 4D can be found in § B.2.
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Supergravity with Linear Multiplets: We pause to briefly sum-
marise how supergravity couples to linear and chiral multiplets.
Linear multiplets are scalar superfields that satisfy the constraint
equations53[99,160,161]

(D2 − 8R)LI = (D
2
− 8R)LI = 0, (A.3)

(where R is the chiral superfield containing the Ricci scalar).
Their bosonic degrees of freedom turn out to be {LI, B

(2)
I }, where

LI is a real scalar and B
(2)
I is a Kalb-Ramond two-form gauge po-

tential.54

To dualise consider a theory with chiral multiplets Sa and lin-
earmultiplets LI = {L(T)i , L(G)

𝚤
} that are dual to the chiral multiplets

ΦI = {Ti, G𝚤}. The Lagrangian of the theory is defined in terms of
three different functions

K̃(L(T)i , L(G)
𝚤
, Sa, S̄a), F(L(T)i , L(G)

𝚤
, Sa, S̄a) and W(Sa), (A.4)

where K̃ is a real-valued function— called the Hesse potential —
which plays a role analogous to the Kähler potential in the purely
chiral theory; F is a real-valued function related to the choice of
super-conformal frame; and W is the holomorphic superpoten-
tial. EF normalisation for the Einstein-Hilbert action fixes F to be

F = 1 − 1
3
K̃iL(T)i − 1

3
K̃ 𝚤L(G)

𝚤
, (A.5)

where (as before) K̃I := 𝜕K̃∕𝜕LI and similarly for F andW.
It is also possible to define a function K that coincides with

the Kähler potential after dualisation and consequently takes the
same name (even though in the formulation with linear multi-
plets there is no underlying Kähler geometry). It is defined as

K = K̃ + 3F. (A.6)

In terms of K the EF normalisation condition (A.5) can be rewrit-
ten as

1 − 1
3
KILI = F − FILI. (A.7)

The bosonic part of the 4D = 1 supergravity Lagrangian then
is

 = − 1
2
R ∗ 1 − K̃ab̄ dS

a∧ ∗ dS̄b̄ + 1
4
K̃IJ dLI∧ ∗ dLJ − V ∗ 1

+ 1
4
K̃IJ dB(2)

I ∧ ∗ dB(2)
J − i

2
dB(2)

I ∧
(
K̃I

a dS
a − K̃I

b̄ dS̄
b̄
)
,
(A.8)

with scalar potential

V = eK
[
K̃ab̄DaWDb̄W̄ − (3 − LIK

I)|W|2]. (A.9)

53 In this sense linearmultiplets are what is left over in a scalar superfield
once its left- and right-chiral parts are projected out.

54 We underline indices for linear multiplets to distinguish them from
their dual counterparts, and capital letters collectively denote the ax-
ionic supermultiplets: I = {i, 𝚤}.

This scalar potential is positive semi-definite with flat directions
at V = 0 if

LIK
I = 3, (A.10)

is satisfied identically for some of the fields. We use this con-
dition to define the class of no-scale models of interest, and we
show here that this is a broad enough definition to include some
axionic generalised no-scale models that are not of the standard
no-scale form once written using chiral multiplets.
Dualisation of Chiral and Linear Multiplets: To understand

how condition (A.10) relates to the no-scale definitions in the
main text, we dualise the linear multiplets to get the dual de-
scription involving only chiral multiplets. The dualisation relates
chiral and linear multiplets as follows:

Ti + T̄ i = 1
2
K̃i, G𝚤 + Ḡ𝚤 = 1

2
K̃ 𝚤, (A.11)

where (as usual) K̃i := 𝜕K̃∕𝜕L(T)i and K̃ 𝚤 := 𝜕K̃∕𝜕L(G)
𝚤
. The Kähler

potential of the chiral theory is then the Legendre transformation
of K̃, and so

K(T + T̄, G + Ḡ, S, S̄) = K̃(L(T), L(G), S, S̄) − 2(Ti + T̄ i)L(T)i

− 2(G𝚤 + Ḡ𝚤)L(G)
𝚤
, (A.12)

where L(T)i and L(G)
𝚤

are understood as functions of Ti, G𝚤, Sa, de-
fined implicitly by Equation (A.11). It is also useful to note the
inverse relations

Ki = −2L(T)i , K𝚤 = −2L(G)
𝚤
. (A.13)

These dualisation relations allow the translation of Equa-
tion (A.10) into a condition for the purely chiral theory. After
some algebra one finds that

LIK
I = KIJ̄KJ̄KKK

I, (A.14)

where

(−1)I J = 𝛿I
J
− KIāKJā − KaĪKaJ̄. (A.15)

In these expressions the right-hand side involves the shift-
symmetric chiral multiplets, ΦI = {Ti, G𝚤}, while the left-hand
side involves the linear multiplets LI = {L(T)i , L(G)

𝚤
}. Using (A.14)

in (A.10) shows that the chiral version of the no-scale condition
is

KIJ̄KJ̄KKK
I = 3, (A.16)

where the matrixK
I is as in (A.15).

For the special case with m = 0 (no G multiplets) with a fac-
torised space of moduli, 𝔐 = 𝔐T ×𝔐S, we have I

J = 𝛿I
J
and

so Equation (A.16) reduces to the standard no-scale condition
KIJ̄KIKJ̄ = 3. But in general Equation (A.10) — or (A.16) — gives
a more general relation that ensures flat directions even when
KIJ̄KIKJ̄ ≠ 3, and so generalises the standard no-scale condition
(7).
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Scale Invariance and Dualised Models

For the dual (linear multiplet) formulation, the no-scale relation
of Equation (A.10) again involves homogeneous functions. In
particular the no-scale condition turns out to require the func-
tions K and F must have the form[95]

eK = H3, F = H1, (A.17)

whereH3 is homogeneous of degree three andH1 homogeneous
of degree one in the fields LI. The dependence on the chiral mul-
tiplets Sa is arbitrary.
We now identify scale transformations that are sufficient to

ensure (A.17). From the dualisation conditions Equation (A.11)
we find that scale invariance in the linear multiplet formulation
would require

L(T)i → 𝜆−wT L(T)i , L(G)
𝚤

→ 𝜆−wGL(G)
𝚤

Sa → Sa and

g𝜇𝜈 → 𝜆2g𝜇𝜈 , (A.18)

in which case → 𝜆2. Furthermore, the condition of coordinate
degeneracy implies that K is expressed entirely in terms of L(T)i or

K 𝚤 = 𝜕K

𝜕L(G)
𝚤

= 0. (A.19)

If the superpotential scales asW → 𝜆w W, the form of the scalar
potential in Equation (A.9) then allows the deduction

eK → 𝜆−2(1+w) eK , (A.20)

and so – comparing with Equation (A.17) – the scale invariant
model is no-scale if

wT = 2
3
(1 + w). (A.21)

The remaining weights for L(G)
𝚤
(that is for the G𝚤) are unfixed.

Appendix B: Accidental Low-Energy Shift
Symmetries

This appendix sketches the more detailed arguments for the ex-
istence of accidental shift symmetries relating moduli in het-
erotic and type IIB compactifications. In both cases the argument
starts from the appearance of lower-dimension forms in the field
strengths involving the relevant 4D axion field. Typically one has

H = dB − Ξ(A), (B.1)

where B is a p-form gauge potential and Ξ is built from q-form
potentials with q < p. These lower-dimensional forms – denoted
collectively byA – have gauge transformations 𝛿A = dΛA +⋯ (ex-
terior derivative plus possible non-Abelian contributions). What
is important is that Ξ(A) is not itself gauge invariant but dΞ is:

although 𝛿Ξ is not zero, it satisfies d𝛿Ξ = 0. As a result it is lo-
cally possible to find a quantity Σ such that 𝛿Ξ = d(ΛAΣ) and as
a consequence it is always possible to ensure H is invariant by
assigning to Bp the transformation rule 𝛿B = ΛAΣ (in addition to
its own gauge invariance 𝛿B = dΛB).
These higher-dimensional gauge shifts induce a variety of shift

symmetries in the 4D EFT whenever B or A contributes mass-
less states to the low-energy theory. One way this can happen is
if quantities like ΛAΣ are non-zero when evaluated at the clas-
sical background configuration. Another relies on the existence
of extra-dimensional harmonic forms, 𝜂I, that are typically as-
sociated with the existence of massless modes. Being harmonic
means d𝜂I = 0 but there does not exist globally defined quanti-
ties, 𝜛I, such that 𝜂I = d𝜛I. Such forms allow transformations
like 𝛿B = 𝜃I𝜂

I, which is a symmetry of dB despite its not being a
globally defined gauge transformation. We discuss examples for
these mechanisms in the context of heterotic and Type IIB re-
spectively below.

B.1. Heterotic Compactifications

Consider first the combination H = dB − ΞCS that arises in het-
erotic supergravity, where55 B is a gauge 2-form and ΞCS is the
Chern-Simons 3-form built from a non-Abelian gauge potential
A. Under gauge transformations 𝛿A = dΛ (for scalar gauge pa-
rameter Λ) the Chern-Simons form transforms as 𝛿ΞCS = d(ΛF)
where F is the 2-form gauge field-strength built from A. Invari-
ance ofH requires B to transform as 𝛿B = ΛF under gauge trans-
formations of A.
The main text uses a symmetry transformation under which

an axion mode in B shifts by an amount linear in A when A
shifts by a constant. To see how this might arise in 10D suppose
𝜂 is a harmonic 1-form56 in the extra dimensions. Under the gen-
eralised (non-gauge) transformation57 𝛿A = 𝜂 the Chern-Simons
form transforms as 𝛿ΞCS = 𝜂 ∧ F (which the Bianchi identity
dF = 0 ensures would agree with its gauge transformation rule
— with Λ = −𝜛 — if there were to exist a𝜛 for which 𝜂 = d𝜛).
H can be invariant under this transformation provided that B
transforms as 𝛿B = 𝜂 ∧ A so that d𝛿B = 𝜂 ∧ F (using d𝜂 = 0).
This transformation 𝛿B is the shift linear in A that we seek.
How does this apply for heterotic vacua, given that Calabi-Yau

spaces do not have harmonic one-forms? In this case A𝛽
M trans-

forms as an adjoint under the gauge group E8, where 𝛽 is an
E8 index. For understanding the massless modes it is useful to
decompose the 248-dimensional adjoint of E8 according to its
transformation properties under the subgroup SU(3) × E6, us-
ing 248 = (1, 78) + (8, 1) + (3, 27) + (3, 27). This decomposition is
useful because a Calabi-Yau space has SU(3) holonomy, with sim-
ple compactifications identifying gauge and spin connections in
the SU(3) sector. This identification is not separately invariant
under SU(3) gauge and tangent-frame rotations, but is covari-
ant under a diagonal SU(3) subgroup that acts on both, allowing

55 All order unity numerical coefficients are for simplicity dropped from
this discussion.

56 Harmonic 1-forms actually do not exist on the Calabi-Yau spaces of
interest here, but a variation of the argument we now give nonetheless
goes through with a few complications described below.

57 See for instance.[162]
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gauge and spacetime indices in the SU(3) sector to be related by
background quantities.
It then turns out that the low-energy matter fields arise as an

expansion in terms of extra-dimensional harmonic forms of the
form

B(x, z) = bI(x)𝜔
I
mn̄(z) dz

mdz̄n̄ and Anr(x, z) = Cr
I
(x)(𝜔I)nm(z) dz

m

(B.2)

where x𝜇 and zm are respectively 4D and extra-dimensional coor-
dinates, withm, n = i, 𝚤 being SU(3) triplet (or anti-triplet) indices
and r being a gauge index that runs over the 27 of E6 (with the E8
index given as the pair 𝛽 = (n, r)). Finally, 𝜔ml is a harmonic (1,1)-
form (a family of which does exist on Calabi-Yau spaces) whose
index is raised using the Calabi-Yaumetric. The index I runs over
a basis of independent harmonic (1,1)-forms.
In terms of this decomposition the construction given above

for the accidental shift symmetry goes through as before. The ax-
ionic shift symmetries 𝛿bI = 𝜃I arise from the shift 𝛿Bmn = 𝜃I𝜔

I
mn

with constant 𝜃I. The accidental shift symmetry under coordi-
nated shifts of A and B similarly has the form 𝛿A = 𝜂 and 𝛿B2 =
�̄� ∧ A, where

𝛿Air
j = 𝜂r 𝜔i

j accompanied by 𝛿Bi|̄ = �̄�r C
r 𝜔i|̄ , (B.3)

for 𝜔I the basis of harmonic two-forms and 𝜂r a collection of con-
stant transformation parameters.

B.2. Type IIB Compactifications

This section now presents a related (but different in detail) line of
argument to establish a similar approximate shift symmetry for
type IIB compactifications. Before giving this argument we first
digress to remind the reader how axion/2-form duality works in
4 dimensions following the arguments of [163].
4D Axion Duality: In 4D the duality between an axion b and

a 2-form gauge field 𝜇𝜈 can be seen by starting from the action

kin√
−g

= − 1
2 ⋅ 3!

𝜇𝜈𝜆𝜇𝜈𝜆 + 1
3!

b 𝜖𝜇𝜈𝜆𝜌𝜕𝜇𝜈𝜆𝜌, (B.4)

where the functional integral is over an unconstrained 3-form
field and a real scalar b. Integrating b first imposes the Bianchi
identity d = 0 and so locally there exists a 𝜇𝜈 such that  =
d, resulting in the usual 2-form formulation of the theory.
The scalar dual is found by performing the functional integrals

in the opposite order, starting with . Dropping surface terms,
the saddle point is at (c)

𝜇𝜈𝜆
= 𝜖𝜇𝜈𝜆𝜌𝜕

𝜌b and so integration leaves
the Lagrangian

kin√
−g

= 1
2 ⋅ 3!

𝜖𝜇𝜈𝜆𝜌 𝜖
𝜇𝜈𝜆𝜎𝜕𝜌b 𝜕𝜎b = −1

2
𝜕𝜇b 𝜕𝜇b, (B.5)

showing that b as defined is canonically normalised. What is im-
portant is that this transformation works equally well for any La-
grangian built purely from , although in general the integra-
tion over is then more difficult to evaluate. In the applications

of interest terms cubic and higher in the fields are treated per-
turbatively, so the only terms in  that affect the saddle point are
those at linear and quadratic order.
Applications of this formalism to IIB compactifications run

into complications due to the self-duality of the 5-form field
strength. Because of its self-duality both fields b and 𝜇𝜈 appear
simultaneously in the dimensional reduction. To keep track of
such issues we adapt the framework of [164, 165] to this dimen-
sional reduction, in order to have a formulation that works when
kinetic terms of the form𝜇𝜈𝜆𝜇𝜈𝜆 and (𝜕b)2 both appear simul-
taneously.
To this end consider the following starting point as an alterna-

tive to (B.4):

−
kin√
−g

= 1
4!

𝜇𝜈𝜆𝜇𝜈𝜆 + V𝜇 V
𝜈 − 1

3!
𝜖𝜇𝜈𝜆𝜌𝜈𝜆𝜌(V𝜇 − 𝜕𝜇b), (B.6)

with integrations over the three independent unconstrained
fields b, V𝜇 and 𝜇𝜈𝜆. Integrating out V𝜇 first leads to the sad-
dle point condition

V (c)
𝜇

= 1
2 ⋅ 3!

𝜖𝜇𝜈𝜆𝜌𝜈𝜆𝜌 (B.7)

and (after integrating by parts) gives the Lagrangian (B.4). Inte-
grating this over b or then shows, as before, that (B.6) is equiv-
alent to both the Kalb-Ramond and the dual scalar formulation
described above. This same conclusion can be drawn equally well
by integrating first b or𝜇𝜈𝜆 rather than V𝜇 .
The spirit of using V𝜇 and𝜇𝜈𝜆 is that interaction terms (such

as obtained by dimensional reduction) give int(, V) involving
all possible powers of each type of field. All terms cubic or higher
are to be treated perturbatively and so do not change the saddle
point position and the rest of the arguments made above. What
is of interest is when these interaction terms contain terms that
are quadratic or linear in the fields, since these change the sad-
dle point relations and so can change the leading-order part of
the action.
D3 Dimensional Reduction: We next sketch the dimensional

reduction that produces these axion fields. Consider first the ax-
ion that appears with the volume modulus in T that comes from
C4 in the compactified form

C4(x, z) = b(x) 𝜖mnpqrs𝜔
rs(z) dzm ∧ dzn ∧ dzp ∧ dzq

+𝜇𝜈(x) 𝜔mn(z) dx
𝜇 ∧ dx𝜈 ∧ dzm ∧ dzn (B.8)

and (as before) the x𝜇 denote the space-filling on-brane directions
and zm are the 6 extra dimensions. The brane position is at zm =
ym(x) and we use the gauge where the 4 on-brane coordinates
are equated to the 4 target-space space-filling coordinates x𝜇. The
fields𝜇𝜈 and b are not independent because they are dual to one
another in the 4D sense, as is required because the field strength
for C4 is self-dual in 10D.
The kinetic term for 𝜇𝜈 comes from compactifying  ∝

F̃2
𝜇𝜈𝜆mn and F̃5 = F5+(lower-dimensional forms), where F5 = dC4.
Dimensional reduction of F̃2

𝜇mnpq also gives a kinetic term for
b proportional to (𝜕b)2. So keeping in mind these are not
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independent fields the axionic part of the total dimensional re-
duction of F̃25 can be regarded as being

−
kin√
−g

= 1
4!

𝜇𝜈𝜆𝜇𝜈𝜆 + V𝜇V
𝜇, (B.9)

where 2 comes from F̃2
𝜇𝜈𝜆mn and V2 comes from F̃2

𝜇mnpq (with
𝜕𝜇b replaced by V𝜇) once other fields are integrated out. 4D fields
are assumed to be rescaled to be normalised as in the example
above, which yields canonical normalisations once finally written
in terms of either 𝜇𝜈𝜆 or 𝜕𝜇b.
Consider now the coupling of C4 to a space-filling D3 brane,

which includes the term ∫ C4 over the brane world-volume. This
leads to the dimensionally reduced Lagrangian

C4√
−g

= 1
4!

𝜖𝜇𝜈𝜆𝜌C𝜇𝜈𝜆𝜌 ∋ − 1
3!
𝜖𝜇𝜈𝜆𝜌

(mn𝜇𝜈𝜕𝜆y
m𝜕𝜌y

n

+mnpq b 𝜕𝜇ym𝜕𝜈yn𝜕𝜆yp𝜕𝜌yq
)

= 1
3!
𝜖𝜇𝜈𝜆𝜌

(mn 𝜇𝜈𝜆y
m𝜕𝜌y

n + ̃mnpq 𝜕𝜇b ym𝜕𝜈yn𝜕𝜆yp𝜕𝜌yq
)
(B.10)

where the last line integrates once by parts and the quantities mn
and ̃mnpq are coefficients involving 𝜔mn evaluated at the brane
position. Replacing 𝜕𝜇b → V𝜇 in (B.10) and adding the result to
(B.6) then gives

−
kin + C4√

−g
= 1
4!

𝜇𝜈𝜆𝜇𝜈𝜆 + V𝜇 V
𝜇 + 1

3!
𝜖𝜇𝜈𝜆𝜌𝜈𝜆𝜌

(
𝜕𝜇b − 𝜇

)
− 1
3!
𝜖𝜇𝜈𝜆𝜌 V𝜇

(𝜈𝜆𝜌 − 𝜈𝜆𝜌
)
, (B.11)

where

𝜇 := mn ym𝜕𝜇yn and 𝜈𝜆𝜌 := mnpq ym𝜕𝜈yn𝜕𝜆yp𝜕𝜌yq. (B.12)

Integrating out V𝜇 leads to the new saddle point

V (c)
𝜇

= 1
2 ⋅ 3!

𝜖𝜇𝜈𝜆𝜌

(𝜈𝜆𝜌 − 𝜇𝜈𝜆
)

(B.13)

leading to the Lagrangian

−
kin + C4√

−g
= 1
2 ⋅ 3!

𝜇𝜈𝜆𝜇𝜈𝜆 − 1
2 ⋅ 3!

𝜈𝜆𝜌𝜈𝜆𝜌

+ 1
3!

𝜖𝜇𝜈𝜆𝜌𝜈𝜆𝜌

(
𝜕𝜇b − 𝜇

)
+ 1
4!
𝜈𝜆𝜌𝜈𝜆𝜌. (B.14)

Finally, integrating out 𝜇𝜈𝜆 using the saddle point

(c)
𝜇𝜈𝜆

= 𝜖𝜇𝜈𝜆𝜌

(
𝜕𝜌b − 𝜌

)
+ 1
2
𝜇𝜈𝜆 (B.15)

gives

−
kin + C4√

−g
= 1
2

(
𝜕𝜇b − 𝜇

)(
𝜕𝜇b − 𝜇

)
+ 1
2 ⋅ 3!

𝜖𝜇𝜈𝜆𝜌𝜈𝜆𝜌
(
𝜕𝜇b − 𝜇

)
+ 1
2 ⋅ 4!

𝜈𝜆𝜌𝜈𝜆𝜌.
(B.16)

The terms involving 𝜇𝜈𝜆 involve four or more derivatives and
so can be dropped to the extent that 2-derivative terms are of in-
terest. Notice also that b only appears in the combination 𝜕𝜇b −mn ym𝜕𝜇yn. Because of this  has the symmetry

𝛿ym = 𝜉m and 𝛿b = mn 𝜉myn, (B.17)

for constant 𝜉m (and we work in a basis where ym are real). Al-
though quantities like mn in principle depend on fields like
𝜔mn evaluated at z = y(x), they are here treated as constants be-
cause we expand ym = ym(c) + 𝔶m and at leading order mn depends
only on the background y(c) while y

m𝜕𝜈y
n = 𝔶m𝜕𝜇𝔶n at lowest non-

trivial order. In complex coordinates — assuming i|̄ = −|̄i =
 𝚤j are the only non-zero components — mnym𝜕𝜇yn becomes
1
2
i|̄(yi𝜕𝜇 ȳj − ȳj𝜕𝜇y

i) and so 𝜕𝜇b −
1
2
i|̄(yi𝜕𝜇 ȳj − ȳj𝜕𝜇y

i) is invariant
under

𝛿yi = 𝜉i, 𝛿ȳi = 𝜉i and 𝛿b = 1
2
i|̄(𝜉iȳj − 𝜉 jyi), (B.18)

for constant 𝜉i. This transformation of b = Im T is consistent
with a holomorphic transformation of T if 𝛿T = ii|̄ 𝜉 jyi.
Such a symmetry restricts how the fields T and ym can appear

in the 4D effective supergravity, implying in particular that any
appearance of T should come together with i|̄yiȳj so as to remain
invariant under (B.18). Combined with the scaling information
found in themain text this leads to a supergravity Kähler potential
of the form

K = − ln(𝜏 − 𝜏) − 3 ln(T + T − ii|̄ yiȳj), (B.19)

in agreement with explicit dimensional reduction.
Higher Orders in y: The previous section suggests that cou-

pling to a D3 brane causes the axionic shift symmetry 𝛿b = (con-
stant) to be gauged by a y-dependent connection 𝜇(y). Does this
have a deeper symmetry origin in 10D? And, if so, what can
be said about 𝜇(y) at higher orders in the D3 fluctuation field
𝔶n := yn − yn(c)?
From the 10D point of view the axionic shift symmetry starts

life as a shift of C4 by a harmonic form in the extra dimensions:
𝛿Cmnpq ∝ 𝜔mnpq. This is a symmetry of the bulk action and also
preserves the brane coupling ∫ C4 in the special case of a static
space-filling brane located at a specific spot, zm = ym(c), which does
not depend on Cmnpq because 𝜕𝜇y

m
(c) = 0. Invariance of the brane

coupling to C4 is more subtle once the brane is allowed to bend,
however, since ym = ym(c) + 𝔶m(x) allows 𝜕𝜇ym to be non-zero and so
allows the possibility that the integral over the pull-back of 𝛿Cmnpq
might be non-zero. But this apparent breaking is illusory because
it can be cancelled by acting with an appropriate diffeomorphism
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𝛿yi = 𝜉i(y), which although a symmetry of the bulk action is itself
spontaneously broken by the brane’s presence at a fixed extra-
dimensional position.
From the 4D point of view the combined shifts of both b and

ym must appear as a non-linear realisation of the original shift
symmetry.[166] Normally for coset-space sigma-models this in-
volves the appearance of a composite gauge field like 𝜇(y) whose
appearance compensates for the position-dependence that enters
into transformations due to the dependence on the local field
ym(x) when non-linearly realised. What is at first sight puzzling
is that a similar construction can also occur for the D3-position
sigma-model, given that the target space explored by ym is not a
coset space; it is instead a Calabi-Yau space having no isometries.
A y-dependent non-linear realisation of the axion shift symmetry
is nonetheless possible because the Calabi-Yau space is not really
the supergravity target space; the Calabi-Yau space is insteadwhat
the supergravity target space becomes once scaling symmetries
are projected out by fixing the compensator field Φ. Before pro-
jection the  = 1 supergravity target space always has at least
one homothetic Killing vector (corresponding to scaling) and a
Killing vector (associated with the R symmetry that transforms
all fields equally).[133] The composite gauge field required to non-
linearly realise the axionic shift symmetry is the one associated
with this R-symmetry transformation.
This connection with R transformations can be seen at lead-

ing order in 𝔶m in the previous section. We know that the lead-
ing coefficient of 𝜕𝜇ym𝜕𝜇y

n coming from the DBI action is the
Calabi-Yau metric, which in complex coordinates is proportional
to58 hi|̄ = 𝜕i𝜕|̄k, where k(y, ȳ) is the CY Kähler potential. The pre-
vious section’s discussion applies at leading order in 𝔶i for which
k ≃ 𝛿i|̄ 𝔶i�̄�j +⋯. In terms of k the ‘composite’ gauge field 𝜇 is
consistent at leading order with

𝜇(𝔶) = 1
2
i|̄(𝔶i𝜕𝜇�̄�j − �̄�j𝜕𝜇𝔶i) ∝ 𝜕|̄k 𝜕𝜇 ȳ

j − 𝜕ik 𝜕𝜇y
i, (B.20)

which is the pull-back to the brane of the Kähler connection built
from k, and is related to the R-symmetry Killing vector to this or-
der.
This is connection is suggestive because the action of an R

symmetry on k is to induce a Kähler transformation: 𝛿k = 𝜉i𝜕ik +
𝜉𝚤𝜕𝚤k = r(y) + r(y) for some holomorphic function r(y).[133] This
suggests that the appropriate non-linear generalisation of (B.18)
should be

𝛿ym = 𝜉m(y) with 𝛿T = r(y) (B.21)

as suggested by [65, 134], generalising (B.19) to

K = −3 ln
[
T + T − k(y, ȳ)

]
. (B.22)

This does indeed correctly capture the leading kinetic and kinetic-
mixing terms predicted for T and yi by dimensional reduction.
D7 Couplings: A very similar story also goes through for the

couplings between D7 position moduli and the 10D axio-dilaton

58 The proportionality constant here involves powers of the extra-
dimensional warped volume.

𝜏 = C0 + ie−𝜙. In this section lattice indices 𝜇, 𝜈 denote space-
filling 4D directions, middle-of-the-alphabet indicesm, n, p (or i, j
when complex) represent off-brane extra dimensions while a, b, c
represents on-brane extra dimensions.
The direct coupling of a D7 brane to C0 (as opposed to its field

strength) comes from the Lagrangian term ∫ Ω8, where the 8-
form Ω8 contains C0 in two ways. It appears directly through
the appearance in Ω8 of the dual C8 — where dC8 = ⋆̂dC0 —
and it also appears through the lower-dimensional piece C0 ∧
B2 ∧ B2 ∧ B2 ∧ B2 and its counterparts with B2 replaced by the
D7 gauge-boson field-strength F2. The Lagrangian therefore con-
tains both terms involvingC0 undifferentiated and others involve
only derivatives of C0 (through its dual).
In 4D the dual of C0 is a two-form gauge potential 𝜇𝜈 whose

field strength = d as usual is given by𝜇𝜈𝜆 = 𝜖𝜇𝜈𝜆𝜌𝜕
𝜌C0. The

dimensional reduction of C8 therefore contains C0 through

C8(x, z) = 𝜇𝜈(x)𝜔mnpqrs(z) dx
𝜇 ∧ dx𝜈 ∧ dzm ∧⋯ ∧ dzs (B.23)

where 𝜔mnpqrs ∝ 𝜖mnpqrs is related to the volume-form of the ex-
tra dimensions. Pulled back to the brane world volume this
becomes

C𝜇𝜈𝜆𝜌 abcd = 𝜇𝜈(x)𝜔mnpqrs(z) 𝜕𝜆y
m𝜕𝜌y

n𝜕ay
p𝜕by

q𝜕cy
r𝜕dy

s

∋ AB𝜇𝜈𝜕𝜆yA𝜕𝜌yB, (B.24)

where yA are the D7 moduli defined by 𝜔mn(y) = yA𝜔
A
mn – as in

(146) – where 𝜔A
mn are harmonic 2-forms and 𝜔mn(y) = Ωmnpy

p

whereΩ is the Calabi-Yau’s holomorphic 3-form, while the AB =
−BA involve an integral over the wrapped extra-dimensional 4-
cycle weighted by the pull-backs of various harmonic forms.
The other contribution linear in the fluctuationC0 arises in the

form

C0 ∧ B2 ∧ B2 ∧ B2 ∧ B2 ∋ ABCDC0(x)𝜕𝜇yA𝜕𝜈yB𝜕𝜆yC𝜕𝜌yD , (B.25)

where the coefficient ABCD contains integrations over the
background configuration on the wrapped 4-cycle and the y-
dependence comes from the pull back to the space-filling direc-
tions of the brane.
From here on the story goes much as it did for D3 branes, with

a few minor differences. One difference is that the kinetic term
for C0 in the bulk does not appear in its dual form but directly as
(𝜕C0)

2 coming from the 𝜕𝜏𝜕𝜏 term in the 10DLagrangian, though
this is not important when using the manifestly duality invari-
ant framework of previous sections. Ignoring the dilaton factors
(which can be re-instated later using the scaling properties of the
main text), this gives

−
kin + WZ√

−g
= 1
4!

𝜇𝜈𝜆𝜇𝜈𝜆 + V𝜇 V
𝜇

+ 1
3!

𝜖𝜇𝜈𝜆𝜌𝜈𝜆𝜌

(
𝜕𝜇C0 − 𝜇

)
− 1
3!
𝜖𝜇𝜈𝜆𝜌 V𝜇

(𝜈𝜆𝜌 − 𝜈𝜆𝜌
)
, (B.26)
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where now

𝜇 := AB yA𝜕𝜇yB and 𝜈𝜆𝜌 := ABCD yA𝜕𝜈yB𝜕𝜆yC𝜕𝜌yD. (B.27)

Integrating out V𝜇 and 𝜇𝜈𝜆 as before then again gives

−
kin + WZ√

−g
= 1
2

(
𝜕𝜇C0 − 𝜇

)(
𝜕𝜇C0 − 𝜇

)
(B.28)

+ 1
2 ⋅ 3!

𝜖𝜇𝜈𝜆𝜌𝜈𝜆𝜌
(
𝜕𝜇C0 − 𝜇

)
+ 1
2 ⋅ 4!

𝜈𝜆𝜌𝜈𝜆𝜌.
Notice that the 2-derivative terms depend only on the combina-
tion 𝜕𝜇C0 − AB yA𝜕𝜇yB and so have the symmetry 𝛿yA = 𝜉A and
𝛿C0 = AB 𝜉AyB, for constant 𝜉A (in a basis for which the yA are
real). In a complex basis — assuming the only non-zero terms
are  ĀB = −BĀ = AB̄∗ — the combination 𝜕𝜇C0 −

1
2
AB̄(yA𝜕𝜇 ȳB −

ȳB𝜕𝜇yA) is invariant under

𝛿yA = 𝜉A, 𝛿ȳA = 𝜉A and 𝛿C0 =
1
2
AB̄(𝜉ByA − 𝜉AȳB), (B.29)

which can be promoted to a holomorphic version

𝛿yA = 𝜉A, 𝛿ȳA = 𝜉A and 𝛿𝜏 = AB̄𝜉ByA, (B.30)

where C0 = Re 𝜏. Such a symmetry argues that 𝜏 and yA must
appear in the Kähler potential only in the combination 𝜏 − 𝜏 −
AB̄yAȳB, and so argues that

e−K∕3 = (𝜏 − 𝜏 − AB̄yAȳB)
1∕3(T + T − i|̄ yiȳj). (B.31)

Appendix C: Scaling in the 10D IIB Theory

This appendix goes through the scaling properties of various
terms of the 10D type IIB action, for which details are not given in
themain text. (We have also checked the fermionic terms, though
do not reproduce this here since it is not needed elsewhere in the
text.) The first part of this section shows that the WZ and the
non-Abelian DBI action both scale in the same way as does the
Abelian DBI action, for all Dp-branes, without any further restric-
tions on the scaling weights. The second part identifies a pitfall
associated with back-reaction that can arise when diagnosing the
scaling behaviour of the couplings of branes to forms (and why
this pitfall is not a problem in the present instance).

C.1. Scaling and Brane Actions

We consider first the WZ action, then turn to non-Abelian inter-
actions amongst stacks of coincident branes.

WZ Action

The Wess-Zumino part of the action is

SWZ = 𝜇p ∫Sp

Ωp+1 e
2𝜋𝛼′F, (C.1)

where Ωp+1 represents the pull-back of a (p + 1)-form given by

Ωp+1 =
∑

Cn e
B2 n = 0, 2, 4, 6, 8. (C.2)

After expanding the exponentials in (C.2), the (p + 1)-form Ωp+1
is given by a sum of terms which schematically look like

Ωp+1 =
∑
k

Cn B
k
2 with n + 2k = p + 1. (C.3)

For example for p = 3 and p = 7 the forms Ω4 and Ω8 are
schematically59

Ω4 = C4 + C2B2 + C0B
2
2, Ω8 = C8 + C6B2 + C4B

2
2

+C2B
3
2 + C0B

4
2,

where C8 and C6 are the 10D Hodge duals of C0 and C2, defined
by

dC8 = ∗̂dC0 and dC6 = ∗̂dC2, (C.4)

where the hat is a reminder that the Hodge dual is defined using
the SFmetric. All the terms in (C.3) scale in the sameway because
(109) and (111) imply

wCn
= w𝜏 +

n
2
wB2

. (C.5)

Therefore, using the constraint in (C.3), SWZ for a p-brane action
scales with weight

wWZ(p) = w𝜏 +
1
2
(p + 1)wB2

= wDBI(p), (C.6)

where the last equality uses (111) and (115). Evidently the DBI
andWZ contributions to the brane action scale the same way (for
any p). Notice that this keeps being true also when expanding the
exponential of the field strength F in (C.1) since, as can be seen
from (114), F scales with the same weight as the pull-back of B2.

Non-Abelian Brane Action

For a stack of Dp-branes, the DBI action (112) needs to be gener-
alised to the non-Abelian case. This has been derived in [168] in
the static gauge where spacetime and worldvolume diffeomor-
phisms are used to set ya(𝜁 a) = 𝜁a, for a = 0, 1,… , p, while yi,
with i = p + 1,… , 9, are identified as fluctuations around yi = 0
in the directions transverse to the brane. Notice that the yi’s are
matrix valued and transform in the adjoint representation of the
gauge group localised on the Dp-brane stack which, depending
on the type of orientifold projection, can be eitherU(N) or SO(N)
or USp(N).
Thus in static gauge the pull-back of the SF metric takes the

form

ĝab = ĝMN 𝜕ay
M 𝜕by

N = ĝab +
(
ĝia 𝜕by

i + ĝib 𝜕ay
i
)
+ ĝij 𝜕ay

i 𝜕by
j, (C.7)

59 As in the main text all numerical factors are dropped since they do not
affect scaling behaviour.
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where all the terms in (C.7) scale homogeneously with the same
weight as the metric.
The action for a stack of Dp-branes in 10D string frame and

in static gauge is Sloc = SDBI + SWZ where SWZ denotes the Wess-
Zumino contribution to which we return below, while the DBI
term is given by

SDBI = −𝜇p ∫Sp

dp+1𝜁 STre−𝜙

×
√

−det
[
P
(
Eab + Eai

(
Q−1 − 1

)ij
Ejb
)
+ 2𝜋𝛼′Fab

]
detQi

j .

(C.8)

Here Eab is the pull-back of EMN = ĝMN + BMN , the non-Abelian
field strength is F = dA + f [A,A] and Q is defined as

Qi
j := 𝛿ij +

i f
2𝜋𝛼′

[
yi, yk

]
Ekj. (C.9)

Notice that, after conversion to EF, (C.8) reduces to (112) in the
Abelian case where [yi, yk] = 0. Moreover, the appearance of the
dimensionless parameter f in front of the commutator between
two y’s is justified by the fact that the action of all Dp-branes with
p < 9 can be obtained by dimensional reduction from the D9-
brane action in 10D with the identification yi = 2𝜋𝛼′Ai.[169–171]

The two contributions in Fab scale homogeneously only if the
dimensionless parameter f is considered as a spurion field which
transforms as60

f → 𝜆w−2wg f . (C.10)

Notice that with this transformation property the term propor-
tional to [yi, yk] in (C.9) is automatically scale invariant. Therefore,
thanks to the spurion field f , the Abelian and non-Abelian DBI
actions scale with the same weight.
Returning now to the Wess-Zumino part of the action, (C.1) is

generalised to

SWZ = 𝜇p ∫Sp

Str
[
Ωp+1 e

2𝜋𝛼′F
]
, (C.11)

where Ωp+1 is now the pull-back of a (p + 1)-form given by

Ωp+1 = eif 𝜄y 𝜄y
(∑

Cn e
B2
)
, n = 0, 2, 4, 6, 8, (C.12)

where 𝜄y represents the interior product with yi. After expanding
the exponentials in (C.12), the (p + 1)-formΩp+1 is given by a sum
of terms which schematically look like

Ωp+1 =
∑
k1 ,k2

Cn B
k1
2

(
f
[
y, y
])k2 with

n + 2
(
k1 − k2

)
= p + 1. (C.13)

60 The dimensionless non-Abelian spurion arises here for reasons sim-
ilar to its presence in the heterotic discussion of § 3.1 and it can be
regarded as being associated with the structure constants of the non-
Abelian gauge group.

For example for p = 3 the form Ω4 is schematically

Ω4 = C4 + C2B2 + C0B
2
2 + f

[
y, y
](
C6 + C4B2 + C2B

2
2 + C0B

3
2

)
+ f 2

[
y, y
][
y, y
](
C8 + C6B2 + C4B

2
2 + C2B

3
2 + C0B

4
2

)
+⋯

These terms all scale in the same way because (111) combined
with (C.10) imply

f
[
y, y
]
→ 𝜆−wB2 f

[
y, y
]
. (C.14)

Therefore, using the constraint in (C.13), also the non-Abelian
WS action scales with the same weight as the Abelian DBI action
for any p since

wWZ = w𝜏 +
1
2

[
n + 2

(
k1 − k2

)]
wB2

= wDBI. (C.15)

C.2. Scaling and Back-Reaction: A Dog That didn’t Bark

The case just made for the scaling of the WZ action takes for
granted that the scaling properties of a localised source can be
read off directly from the scaling properties of its action.We close
this appendix with a description of a subtlety that could have in-
validated this type of reasoning when assessing the scaling prop-
erties of Wess-Zumino-type couplings to localised sources (but
which does not, in the above analysis).
The subtlety in doing so arises once back-reaction of the source

on the bulk fields becomes important (as if often true when us-
ing branes in compactifications). The problem arises when the
back-reaction of the localised sources causes the solutions to the
bulk field equations to vary rapidly enough near the source that
the bulk action effectively acquires localised components. When
this happens the bulk action also contributes to the complete en-
ergy density (and action) of the localised source and the complete
scaling property of a back-reacting source requires tracking all of
these contributions. This is particularly dangerous in cases where
a brane directly couples to a field strength, F = dC +⋯ (such as
can occur, for example, in the coupling of vortex lines to electro-
magnetic fields). In the examples of [46, 47] the sum of the bulk
and the naive brane contributions turn out to cancel, making the
naive scaling of the probe-brane action irrelevant to the source’s
real scaling properties.
To see why consider a simple example coming from six-

dimensional supergravity, though the details of the supergravity
embedding are not important for the purposes of the argument.
For details of the system here described see.[46] The stripped-
down bulk action of interest is given by

Sbulk = −∫ d6x
√
−ĝ

[
1
2𝜅2

ĝMN
(
R̂MN + 𝜕M𝜑𝜕N𝜑

)

+ 1
4
e−𝜑FMNF

MN

]
, (C.16)
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which is imagined to couple to a localised source with the follow-
ing action

Sloc = −𝜇 ∫ d4𝜎
√
−𝛾 + 𝜁 ∫ F4, (C.17)

where 𝛾ab is the pull-back of the metric ĝMN to the source, 𝜇 and 𝜁
are constants (tension and magnetic coupling, respectively) and
F4 =∗ F2 is the pull-back to the source of the Hodge dual of the
bulk Maxwell field.
The bulk field equations enjoy a classical scale invariance

ĝMN → 𝜆wg ĝMN, e𝜑 → 𝜆−wg e𝜑 and FMN → FMN, (C.18)

under which Sbulk → 𝜆2wg Sbulk. At face value this symmetry is
also preserved by the tension term of the source since

√
−𝛾 →

𝜆2wg
√
−𝛾 . But for 𝜁 ≠ 0 the scale invariance appears to be broken

by the flux coupling term.
But the inclusion of back-reaction makes this conclusion of

scale-breaking false: both bulk and source — including the flux
coupling term for generic 𝜁 —actually share the scale invariance
of the bulk.
The hard way to see why this is true is to explicitly solve all field

equations. When this is done the extra-dimensional components
of the Maxwell field acquire a localised component

Fmn = Fsmooth
mn + k 𝜖mn 𝛿

2(x), (C.19)

where k ∝ 𝜁 and the source is imagined to be placed at position
xm = 0 within the extra dimensions. But once this expression is
used in the bulk action cross terms between Fsmooth

mn and the delta-
function term also contribute localised contributions to the sys-
tem’s action and energy density, with the crossed contribution of
the Maxwell action competing with (and actually cancelling) the
𝜁 term in Sloc.
This competition is subtle because of the need to regulate and

understand the contribution of the delta function evaluated at the
origin. This was done in great detail in [46], essentially by comput-
ing aUV completion consisting of a Nielsen-Oleson vortex whose
confinedU(1) gauge flux,VMN , undergoes kineticmixingwith the
external Maxwell field FMN : mix = − 1

2
𝜉 VMNFMN . Since this mix-

ing is localised within the Nielsen-Oleson flux tube it is repre-
sented in the effective theory (for which the tube has vanishingly
small size) by the effective flux coupling of (C.17), with 𝜁 ∝ 𝜉.
Not surprisingly this off-diagonal mixing term in the source ac-
tion gets cancelled by its counterpart in the bulk Maxwell action
once the kinetic terms are diagonalised and written in terms of
the eigenstate field

F̌MN = FMN + c′VMN (C.20)

(with c′ ∝ 𝜉). This is the UV completion’s version of the can-
cellations between the source action and localised terms in the
bulk action.
A Remedy: When the above problem arises refs. [46, 47] also

provide a remedy. Scaling properties can be read simply from
the naive source action if bulk form-fields are chosen for which
Bianchi identities forbid the back-reaction from being localised
near the brane. This can usually be arranged by appropriately

defining the metric- and dilaton-dependence of the duality rela-
tions for bulk form fields.
For instance, in the above example the complicated story is

much simplified when the action is expressed in terms of the
4-form field found by dualising the Maxwell field in the bulk the-
ory. In this case performing the dualisation — such as along the
lines of [172] — leads to the dual field

F̌MNPQ = +1
2
e−𝜑 𝜖MNPQR TF

RT . (C.21)

What is important about this field is that its Bianchi identity,
dF̌4 = 0, forbids it from having any 𝛿2(x) components. From the
UV perspective the way this happens is that the dualisation gives
F̌MNPQ in terms of the propagation eigenstate, F̌MN of (C.20), rather
than FMN .
The absence of 𝛿2(x) terms in F̌4 forbids the appearance of any

localised terms coming from evaluating the bulk Maxwell action
using the back-reacted fields. As a result the symmetry properties
of the source can be directly read off from Sloc once it is expressed
in terms of the dual field F̌4. In terms of F̌4, the bulk and brane
actions become

Sbulk = −∫ d6x
√
−ĝ

[
1
2𝜅2

ĝMN
(
R̂MN + 𝜕M𝜑𝜕N𝜑

)

+ 1
2 ⋅ 4!

e𝜑F̌MNPQF̌
MNPQ

]
, (C.22)

and

Sloc = −�̌� ∫ d4𝜎
√
−𝛾 + 𝜁 ∫ F̌4, (C.23)

where �̌� differs from 𝜇 by a divergent renormalisation in the limit
of zero source width.
Notice that the dilaton dependence makes F̌4 not scale the

same way as does F2 or its Hodge dual F4 =∗ F2. The bulk classi-
cal scale invariance in this case is given by

ĝMN → 𝜆wg ĝMN, e𝜑 → 𝜆−wg e𝜑 and F̌MNPQ → 𝜆2wg F̌MNPQ , (C.24)

under which both Sbulk → 𝜆2wg Sbulk and Sloc → 𝜆2wg Sloc now scale
in the sameway, showing that the coupling 𝜁 does not break scale
invariance even once back-reaction is included.
In the end, the discussion given in § C.1 (and in the main text)

evades these issues for several reasons. First, WZ couplings here
are to form potentials rather than field strengths, and so the fields
generated by the source-bulk coupling tend to be longer range
and not as localised as for the examples considered in [46, 47]. Per-
forming the dualities in string frame similarly helps ensure that
form-field Bianchi identities also work against effective brane-
dilaton couplings sourcing localised configurations (even if brane
couplings directly to bulk field strengths were entertained).
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