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A NOTE ON RIEMANN-LIOUVILLE FRACTIONAL SOBOLEV

SPACES
ALESSANDRO CARBOTTI! AND GIOVANNI E. COMI?

ABSTRACT. Taking inspiration from a recent paper by Bergounioux et al., we study the
Riemann-Liouville fractional Sobolev space W}‘;’f,a L(I), for I = (a,b) for some a,b €
R,a < b, s € (0,1) and p € [1,00]; that is, the space of functions u € LP(I) such that
the left Riemann-Liouville (1 — s)-fractional integral I, *[u] belongs to WP(I). We
prove that the space of functions of bounded variation BV (I) and the fractional Sobolev
space W*1(I) continuously embed into WI‘;’Ll)a +(I). In addition, we define the space
of functions with left Riemann-Liouville s-fractional bounded variation, BV3; . (I), as
the set of functions u € L(I) such that I.;°[u] € BV (I), and we analyze some fine
properties of these functions. Finally, we prove some fractional Sobolev-type embedding

results and we analyze the case of higher order Riemann-Liouville fractional derivatives.
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1. INTRODUCTION

The goal of this paper is to analyze in detail the connection between some functional
spaces defined through the Riemann-Liouville fractional operator and the classical Sobolev
and BV spaces on an interval I = (a,b) of the real line.

The intuitive idea of defining a fractional version of the derivative and integral operators
is as old as calculus itself, having being mentioned for the first time in an epistular
exchange between Leibniz and de 1'Hopital which dates back to 1695 [26]. Fractional
integrals and derivatives have proved to be useful in applications, since they arise naturally
in many contexts such as viscoelasticity, neurobiology and finance, see for instance [2,3,9,
17,18]. Therefore, different examples of such operators are present in literature. Among
these ones, Riemann-Liouville and Caputo fractional derivatives are the most exploited
in the one-dimensional applications. Given a sufficiently smooth function v on an interval
(a,b) and s € (0, 1), the left and right Riemann-Liouville s-fractional derivatives of u are

defined as

Dy, [u] (z) == CZEF(ll— ) /: u(®)

(x—t)
s o d 1 b u(t)
D [u] (z) := CdzD(1—s) /ar; (t — :E)Sdt’

respectively, where I' is Euler’s Gamma function. On the other hand, the left and right
Caputo s-fractional derivatives of u are set to be

C s o 1 v ul<t)
Daclul@) = 57— / @t
°Dj_[ul(x) = —ml_ 5 / (t“f’z)s dt.

It is easy to notice that Caputo s-fractional derivatives are just given by a commutation
in the order of the operations of the left and right (1 — s)-fractional integrals,

B 1 0 B 1 b u(t)

[ - / dt and I~ - / dt,

o 1@ =55 |, o @ d B = m T ) Gy
and the classical differentiation which define the Riemann-Liouville s-fractional deriva-
tives. Indeed, it is possible to show that the difference between these two notion of frac-
tional derivatives depends only on the values of u on the endpoints a, b: more precisely,
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for any u € C'([a,b]) we have

D u)(x) = D% u(w) + =Yz a),

a T(1— )
Di () = i ule) + s (b= )

These relations can be used to derive, at least formally, an interesting relation between
these notions of derivatives and the fractional Laplacian on the whole R (as it was done in
[11]). Indeed, by sending a — —oo and b — +00, we see that the Riemann-Liouville and
Caputo fractional derivatives coincide for functions in C>°(R) (or even C}(R)). Therefore,
we can define the “improper” left and right Riemann-Liouville fractional derivatives of u

with fixed base points oo as

D _ [ul(x) := dci]i;f[u](x) _ F<11_ 5 /_xoo (J:u/_(tg)s n
D7 Jul(z) == —CZE&;S[U]@) = _F(ll—s> / e (:L(%S "

Then, using the equivalent Marchaud formulation (see for instance [30, Section 13]), we
can prove that

D? ul(z) + DY Jul(x) =

L a et ),

I‘(l _ S) ys+1
B s +oo 2u(x) —u(r +y) — ulx —y)
= = /- Ml w
- 2¢,I'(1 — s) (=4)% (),

where (—A)% denotes the fractional Laplacian of order 5 and

' +oo 1 — cos(w) -
(T

In addition, as it has been pointed out also in [33, Section 1], it is easy to see that

D (o) = Diclulle) = g [ e = e o)

where

I°v)(z) :== v, /+oo o(t) dt,

—00 |$ - t|170’
is the Riesz potential of order o € (0, 1) of a function v € C2°(R), and

")

VA (s)
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This suggests that we may define a fractional derivative operator on the whole R for
u € CX(R) by setting

Vsu(x) — Ius/+°° Ul(t) dt = Hs [178[1/](:6‘),

—00 |l‘ - t|s - Vi—g
for some multiplicative constant u, > 0, so that

D [ul) = D cfull@) = = V(o)
This is indeed the one dimensional case of the new notion of fractional gradient on the
whole R, suitable also for a meaningful extension to R", for all n > 1, which has been
investigated in some recent papers, as [13,14,31-34], with the aim of generalizing classical
vector calculus rules to the fractional setting, and thus providing a way to define weakly
fractionally differentiable functions.

In the case of a bounded open interval I = (a,b), the left (and right) Riemann-Liouville
fractional derivatives for regular functions have been widely studied in the literature (we
refer the interested reader to the monograph [30] and the bibliography therein), while
in recent years it has been considered the case of LP-functions which admit left (and
right) Riemann-Liouville fractional derivatives in a weak sense, thus defining the left (and
right) Riemann-Liouville fractional Sobolev spaces W7 . (1) (and W7, (1)) [7,8,25].
In this paper, we answer some questions posed in [7]; namely, we extend [7, Theorem 4.1]
from SBV to BV by proving that BV (I), continuously embed into WE’E@ +(I) (Theorem
3.4). We actually show also that the embedding W*(I) — WE’Llﬂ L (I) is continuous
(Proposition 3.7). The continuity of these embeddings can be useful in many variational
models involving this kind of fractional operators. In addition, we advance the study of
the spaces Wgy ., (I) by proving Sobolev-type embedding theorems (Theorem 6.1) and by
considering also the case s > 1. Furthermore, we introduce the space BVg; ., (I) of the
functions with left Riemann-Liouville s-fractional bounded variation; that is, functions in
LY(I) with (1—s)-fractional integral in BV (I). Then, we study some of its properties. For
instance, we show that a function u € BVj . (1) belongs to Wg’é,ﬁ([) if and only if its
distributional left Riemann-Liouville fractional derivative D;, [u] is absolutely continuous
with respect to the one-dimensional Lebesgue measure £ (Proposition 4.3). In addition,
we extend the case p = 1 of the fractional Sobolev-type embedding by proving that
BV, o (I) <> LT5°(I) (Theorem 6.3).

Since both left and right Riemann-Liouville fractional Sobolev spaces behave exactly
in the same way for the results that we are interested into, we shall consider only the left
ones. We specify further in the Remarks 2.20 and 2.31 how the two spaces are related
and, with a simple counterexample, we show that they do not coincide.
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The paper is structured in the following way. In Section 2, after having set some nota-
tion and recalled definitions and preliminary notions, we prove some representation for-
mulas for Riemann-Liouville fractional Sobolev functions and duality relations involving
the Caputo fractional derivative. Section 3 is devoted to the aforementioned embedding
results, and, in addition, to the analysis of the asymptotics as s — 1~ of the Riemann-
Liouville fractional derivative D7, [u] for a function v € BV(I). We also provide an
extension result for the Riemann-Liouville fractional integral to the space of finite Radon
measures on an open bounded interval I, and a counterexample to the embedding re-
sults in the case in which the interval is instead unbounded. In Section 4 we define the
space BVj; ., (I) and we prove that it strictly contains WIS{’LIM (/) and hence, thanks to
Theorem 3.4, also BV (I). Moreover, we show through an example that, despite the regu-
larization properties of the fractional integral, the fractional derivative measure D;_ [u] of
a function v € BVy; . (1) does not enjoy any particular absolute continuity property in
general, since it may involve Dirac delta measures. In Section 5, we study the continuity
of the (1 — s)-fractional integral in the Sobolev space W'P(I) for 1 < p < co. As a
corollary, we obtain the well known result on the inclusion relations between Riemann-
Liouville fractional Sobolev spaces. In the case p = 0o, we show through a simple example
that, if the function does not vanish in the initial point, its Riemann-Liouville fractional
derivative cannot be essentially bounded, even if the function is locally analytic. We con-
clude the section with some results on the improved differentiability properties of I7, [u]
for Sobolev functions u € W'P(I). Then, in Section 6 we prove some fractional Sobolev-
type embedding theorems for W57 . (I) and BVj; ., (I). In Section 7 we extend some
results obtained in the rest of the paper by taking into account higher order fractional
derivatives; namely, we prove the continuity of the fractional integral between Sobolev
spaces of greater integer order and the inclusion of the space of functions with bounded
Hessian in a higher order Riemann-Liouville fractional Sobolev space. We conclude the
work with some open questions in Section 8.

2. NOTATION AND PRELIMINARIES

Through this paper we shall work on bounded open intervals I = (a,b) in R, for some
a,b € R, a < b. Following the usual notation, the map I' : (0,00) — (0,00) is Euler’s
Gamma function, see [6]. As it is customary, we denote by M(V') the space of Radon
measures on some Borel set V' C R, and we will consider mainly M (I) and M(T), where
I = [a,b]. We shall say that p € C°((—1,1)) is a standard mollifierif p > 0, p(z) = p(—=x)
and /11 pdx = 1. In addition, for all € > 0, we set p.(x) := ip <Z) For k € N, h € Ny,
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p € [1,00] and 8 € (0,1) we define the following spaces

a

CAT) = {ue C"(T):uP(a) = 0 for all j € {0,..., h}},

WEr(I) == {u e W(I) : u9(a) = 0 for all j € {0,... .k —1}},

where

CMB(T) := {u e C"(T) : u'M € COP(T)}.
We employ analogous definitions when the left endpoint a is replaced with the right
endpoint b.

For the convenience of the reader we recall in this section the definitions and some

properties of a few well known functional spaces.

Definition 2.1. Let 1 < p < oco. We say that a measurable function u belongs to the
weak LP-space LP>°(1) if

supt? L {x €1 : |u(x)] >t}) < .
>0

The function
(0,400) 2t = L' {z el : |u(z)| >1t})

is called the distribution function of u. The space LP*°(I) is equipped with the quasi-norm

||| Looo (1) = stl;%))t.,iﬂl({x el : |u(z) >t})r.

We recall a well known result on the embeddings of the weak LP spaces on sets with
finite measure (see [22, Exercise 1.1.11]).

Lemma 2.2. For all 1 < r < p we have the continuous embeddings
LP(I) — LP™>(I) — L"(I),
with the estimates
[ull Lo 1y < lull oy for all w e LP(I),

and

S =

_%||u||Lp,oo(I) for all w e LP>(1).

1
p s
[ul[zr) < (p—r) (b—a)

2.1. BV functions on the real line.

Definition 2.3. Let U be an open set in R. We say that u € BV (U) if u € L*(U) and
its distributional derivative Du is a finite Radon measure on U; that is, if there exists
p € M(U) such that

[ u@)d @z =~ [ ow)du(z),
U U
for all ¢ € C}(U), in which case we have y = Du.
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The space BV (U) is a Banach space when equipped with the norm

[ull gy @y = llull g1y + |Dul(U).

In addition, BV functions on the real line are essentially bounded: we recall the statement
in the case in which U is a segment.

Lemma 2.4. We have BV (I) — L*>(I) with a continuous embedding. In particular,

1
[|u] oo (ry < max {17 b—a} ullBv ), (2.1)
for allu e BV(I).

Proof. Thanks to [20, Proof of Lemma 5.21, Claim 3], we know that, for all w € BV (I)

and ZL'-ae. z€1,

() < 5 [ luga)]do -+ |Dul(1).

Hence, (2.1) follows immediately. O

As a consequence, it is not difficult to show that, if u € BV (I) and we set

w(x) ifxel,

0 if reR\ I,
then @ € BV(R). In addition, we may prove that, if u € BV (I), the approximate limits
of w in a from the right, u(a+), and in b from the left, u(b—), exist and they coincide with

the precise representative of 24 on those points. In other words, we have
1 ratr 1 b
u(a+) = lim — u(z)dr and u(b—) :=lim — u(z) dx,

r—=0 71 Ja r—=0 1 Jp—r

so that, thanks to Lemma 2.4, we obtain
1
masx{fu(a-+)] (o)} < max {1, ==} flulvin. (2.3)

In addition, thanks to [4, Corollary 3.80] it is possible to see that, for any standard
mollifier p, we have

b
(p. * u)(a) — “(‘;ﬂ and (p. * u)(b) — “(2 ), (2.4)

Finally, it is easy to notice that, consistently with [7, Remark 4.1],
Di = Dul_ I +u(a+)d, — u(b—)dy, (2.5)

where 0 is the Dirac delta measure; while clearly D = 0 in R\ 1.
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Remark 2.5. It is well known that WP (I) < BV (I) for all p € [1,00], so that, thanks
to Lemma 2.4 and Holder’s inequality, for all Sobolev function u € W'?(I) we have

1 _1
[ull oo (ry < max {17 b—a} lullpvy < max{(b—a),1} (b—a) ?|lullwrr.

As a consequence, the approximate limits of v in a from the right, u(a+), and in b from
the left, u(b—), exist and satisfy

max{u(a+)], [u(b=)[} < max {(b— a), 1} (b— ) [[ullwro);

In particular, Sobolev functions on an interval I admit absolutely continuous representa-
tives in AC(I) (see [4, Theorem 3.28 and Definition 3.31] and the subsequent observations
therein). Therefore, in the following we shall identify Sobolev functions with their abso-
lutely continuous representatives, and write u(a), u(b) instead of u(a+), u(b—).

Now, we recall some known facts from Measure Theory. If 4 € M(I), then, by the
Radon-Nikodym Theorem, we can split it into an absolutely continuous part (with respect
to the Lebsegue measure) fi,., and a singular part g, such that g = pa. + ps. Moreover,
we can decompose the singular part s into an atomic measure p; and a diffuse measure
lte; in this way, we have

M= fac T fs = Hac + i + He-
In particular, this decomposition induces an analogous decomposition on BV functions on

the real line, which does not have a counterpart in higher dimensions. Namely, following
[4, Corollary 3.33], for any u € BV (I) we have

U = Uge + Uj + U,

where u,. € WH(I), u; is a jump function and wu,. is a Cantor function; that is, they
satisfy
(D) ge = ), ", (Du); = Duy and (Du). = Du,.

2.2. Fractional Sobolev spaces on the real line. We recall here the definition of
Gagliardo-Slobodeckij fractional Sobolev space. For an exhaustive exposition of this the-
ory, we refer the interested reader to [16].

Definition 2.6. Let s € (0,1) and p € [1,00). We define the fractional Sobolev space
WeP(I) as

WeP(I) = {u e LP(I): (z,y) — u’(x)—’u() € LP(I x [)}
r—yr

We define the Gagliardo-Slobodeckij seminorm of u as

/p
ju(@) — @)\
e = (/ / |x—y|sp+1 g — et 0Ty :
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The space W*P(I), endowed with the norm

[ellwsn iy = Nullzoy + [ulwsr ),
is a Banach space, which is Hilbert when p = 2 (see [16]).

Remark 2.7. In the case s > 1, s = m + o for some m € N and o € (0, 1), we say that
u belongs to the fractional Sobolev space W*P(I) if v € W™P(I) and u'™ € W7P(I).

We recall that the density of smooth compactly supported functions in W*P(I) is en-

sured only in some cases.

Theorem 2.8 ([27], Theorem D.2.1.). Let I a bounded open interval, s € (0,1) and
1 < p < oo such that sp < 1.
Then, we have CgO(I)H'HWS’p“) = W*P(I); that is, C>(I) is dense in WP(I).

Remark 2.9. As a byproduct of Theorem 2.8, we have that also C}(T) is dense in W*!(1).

Now, we recall a fractional Hardy inequality introduced in [19]. For the sake of sim-
plicity, we state it only in the one dimensional case for open bounded intervals, though
the result holds in any dimension and for any open bounded set with Lipschitz boundary;

see also [27, Theorem D.1.4] for a different proof.

Lemma 2.10. [27, Theorem D.1.4] Let s € (0,1), p € [1,00) such that sp < 1 and
I = (a,b). Then, there exists ¢ = c(s,p,a,b) > 0 such that
b p
()
a [or(x)]*
where |07(x)| = dist(z,dI) = min{z — a,b — z}.

< cllulfyysniyy for allu € WP(I),

2.3. Fractional integrals.

Definition 2.11. Let u € L' (I) and s € (0,1). We define the left and right Riemann-
Liouville s-fractional integrals as

Iyl ()= g [ e 26
and
I u] (z) = ris) / (tfgls dt. (2.7)

Remark 2.12. It is not difficult to check that definitions (2.6) and (2.7) are well posed
for all w € L'(I) and s € (O 1). Indeed, we have

Moy Tlull 2y = @ —t 1 S dtdr = S)/ / @ —t —— - dedt
o b—a)y
|(b—1)* 1
sr / fu®) STt 1)”“”L o
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so that %, [|u|] € L'(I), which implies I? [u] € L'(I) with the same bound on the L'-
norm. In particular, I?, [u] (x) is well defined for #'-a.e. x € I. A similar argument
shows that also I} [u] € LY(I), with

(b—a)
['(s+1)

so that I7_[u] is well defined almost everywhere in .

W5 [u] [y < w211y

For the ease of the reader, we summarize in the following Propositions 2.15 and 2.18
some results on the continuity properties of I3, presented in [30, Section 3] and [24, The-
orem 4]. As a preliminary result, we recall here the known fact that s-Riemann-Liouville
fractional integrals are continuous mappings from L'(T) into Li’oo(f ), in analogy with
the continuity properties of the Riesz potential of order s on the whole R, defined as

(e —+o00 v
Pl(e) = 2\/(?;()2)/00 |x_(§|)1_sdt, (2.8)

for v € L*(R), for which we refer to [35, Chapter 5] and [23, Chapter 1], for instance.

Lemma 2.13. Let s € (0,1). The fractional integral I; is a weak type (1, 1—19) operator;
namely, there exists Cs > 0 such that

7 ({x el |1 [ul(z)] > t}) < Cs (Huuf(l)) - for alluw € L*(I). (2.9)

Proof. Given u € L*(I), we set
u(z) if zel
0 it v¢1,

and, for ¢ € R, we set H.(z) := H(xz — ¢), where H denotes the Heaviside function
H(x) := X(0,4+00) (). Clearly, we have

||U||L1(1) = ||a||L1(]R) = ||aHa||L1(R)'

Now, we notice that, for Z'-a.e. x € I,

15 [u)(2) = I3 [a](),
and
I, [u)(z) = ((uH,) * (KH))(z), (2.10)

1
where * denotes the usual convolution operator on R, and K (y) := ——————. In addition,

- D(s)lyl-e
for all x € R we have

T2l < (Ul « 1) = s [ O at () o),
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where I° is the Riesz potential of order s on the whole R, as defined in (2.8), and
2o/l (3)
I(s)T (15%)
1

Thus, thanks to the weak type (1 —) estimates for the Riesz potentials on the whole R

S

(see [35, Chapter 5, Theorem 1] and [23, Theorem 1.2.3]), there exists a constant Cs > 0
such that, for all ¢ > 0,

2 ({wel: |5 u@)] >t)) =2 ({z eI |1 @) > t})
< L' ({z eR: e, I (|a|Hy)(z) > t})

1 1

This ends the proof. U

Cs =

IA

Remark 2.14. We notice that also I;_ is a weak type (1, i) operator. Indeed, using
the same notation as in the proof of Lemma 2.13, it is enough to observe that

Iy_la] = (aH,) « (KH-),
where Hy(x) := H(b— ) and H_(z) := H(—z). Then the proof is analogous.
Proposition 2.15 (Continuity properties of the fractional integral in LP spaces). Let
€ (0,1). The fractional integral 13, is a continuous operator

(1) from LP(I) into LP(I) for all p € [1, 0],

(2) from LY(I) into Li’oo(]), and so into L"(I), for all r € [1, i),

(3) from LP(I) into L"(I) for all p € (1, %) and r € [1, 1_%})],

(4) from LP(I) into C’O’S_%(T) for allp € (%, oo),

(5) from L'*(I) into L"(I) for all v € [1,00),

(6) from L>=(I) into C**(I).
Proof. Point (2) is a straightforward consequence of Lemmas 2.13 and 2.2, while the other
points follow from [30, Section 3| and [24, Theorem 4]. O

Remark 2.16. We notice that point (i) of Proposition 2.15 is a consequence of a gener-
alized Minkowski inequality, as observed in the proof of [30, Theorem 2.6.]. Alternatively,
we may use the fact that /2, is bounded from L'(I) into L'(I), thanks to Remark 2.12,

and from L>(I) to L*°(I), thanks to the trivial estimate
s (b — a)s
15, [u](z)] < TG D) [l ooy for Lrae zel,

so that we can apply the Riesz-Thorin Theorem [22, Theorem 1.3.4] to get the continuity
from LP(I) into LP(I) for all 1 < p < co. In particular, since the constants of continuity
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from L'(I) into L'(I) and from L*°(I) into L°°(I) coincide, the Riesz-Thorin Theorem
gives a bound for the constant of continuity Cy, from LP(I) into LP(I), namely,
(b—a)’
Cop <~ Y forall pell, ol
This shows that C;,, is uniformly bounded in p € [1, o0].

Corollary 2.17. Let s € (0,1). The fractional integral I, is a continuous operator from
BV (I) into C**(I).

Proof. The statement follows by combining Lemma 2.1 and the last point of Proposition
2.15. OJ

Proposition 2.18 (Continuity properties of the fractional integral in Holder spaces). Let
s €(0,1) and o € (0,1]. The fractional integral I7, is a continuous operator

(1) from C%*(I) onto CO*T(I) if a+ s < 1,

(2) from C%*(I) onto HY(I) if a + s =1,

(3) from C%*(I) onto CroT=1(I) if a+s > 1,
where HM(T) is the space of functions f € C°(I) that satisfy f(a) =0 and admit w(h) =
|h||log |h|| as a local modulus of continuity; namely, for which there exists C' > 0 such
that

|f(x+ h) — f(x)| < C|h||log |h|| for all h € (a —xz,b—x)\ {0} and x € T.

Proof. We refer to [30, Theorem 3.1}, [30, Lemma 13.1] and the subsequent remark therein
for the proof of the continuity of 7, in the cases a +s < 1 and a + s > 1 respectively.
Then, we have that the operator 12, is also onto by [30, Theorem 13.17], which actually
holds for functions with a more general modulus of continuity and that vanish in the
endpoint a. O

We recall now the semigroup law, one of the most useful property of the fractional
integrals, for which we refer to [30, Section 2.3, formula (2.21)] (see also [30, Theorem
2.5]).

Lemma 2.19 (Semigroup law). Let o, 8 € (0,1) such that o+ < 1 and u € L'(I).
Then, we have
I§+[If+[u]] = [31’8[“]7

where 1, [u](z) := /x u(t)dt.

Remark 2.20. As stated in [30, Section 2.3], the operators I, and I;_ are related by a

simple change of variable through the following formula

Lo [u)(Q(2)) = I} [ug()](z),
where Q(z) :=b+a — x and ug(-) :== u(Q(+)).
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We recall now a simple duality relation between I, and I;_, which shall prove to be

useful in the sequel.

Lemma 2.21. Let u,v € L'(I) and s € (0,1). Then we have

/ab Lo ul(z) v(z) do = /abu(:c) I;_[v)(z) d. (2.11)

Proof. By Fubini’s Theorem, we have

/abLfHu](x)v(:c) dr = Fzs)/ab/j (xﬁ(gl_sv(x) dt da

O

We conclude this section by recalling a well known result on the convergence of I, to
the identity operator as s — 0.

Lemma 2.22. For anyu € L'(I) we have ||IZ, [u]—u|| 1) — 0 as s = 0F. In particular,
if ue CHI), then I:, [u)(x) — u(zx) for all z € I and it holds that

w(a) s [ - o (2.12)

15 [u](z) = T (z—a)’ + Ts+1)

(s+1)

Analogous statements hold for I .

Proof. We start by assuming that u € C(I), then, thanks to a simple integration by
parts, equality (2.12) immediately follows. Thus, letting s — 07 we immediately obtain
pointwise convergence, and by Lebesgue’s dominated convergence theorem we have con-
vergence in L'(I). Otherwise, if u € L'(I), for any € > 0 there exists v € C*(I) such
that

o —ullLa) <e.
Then, by Remark 2.12, we have

Hailu] = ullay < Moyl = ol + e (o] = vl + llv =l

b—a)®

< max{la M} lv = wllery + 12 [o] = vlleay
b—a)’

< max {1, I(M} €+ ||I§+[U] - UHLl(I)‘

This implies that

limsup |13 [u] — ul| 1) < e,
s—0+

so that the claim is proved, since ¢ is arbitrary. 0
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2.4. Fractional derivatives.

Definition 2.23 (Riemann-Liouville fractional derivatives). Let s € (0,1). For any
u : I — R sufficiently smooth, so that I;1*[u] and I}~*[u] are differentiable, we define the

left and right Riemann-Liouville s-fractional derivatives of u as

D5, [u] () o= 115" [u] (2), 213)
and p
Di- ) (2) =~ 1= u) (). 214)

Remark 2.24. As a consequence of the preceding Proposition 2.18, for 0 < s < a < 1
and u € C%*(I), we have I *[u] € C1*~5(T). Therefore, a-Holder continuity with o > s

is a sufficient condition to ensure the existence of (2.13) and (2.14).

If one applies the Riemann-Liouville fractional integrals to the first derivative u’, when-
ever this operation makes sense, one has the following alternative definitions of left and

right fractional derivatives.

Definition 2.25 (Caputo fractional derivatives). Let s € (0,1). For any u € C'(I) we
define the left and right Caputo s-fractional derivatives of u as

Dy ful(e) = 1) = e [ e (215)

“D; [u)(z) = —I"*[u)(x) = T =) /xb i ~dt. (2.16)

We notice that the minimal functional spaces in which (2.15) and (2.16) are well defined

are given by

ol = {f:(a,+oo)—>R: f e Ac((@D)

(2.17)
and O, € L' ((a, t)), for all ¢ > a}.
and
Cls = {f (—0.b) = R: e AC({ED))
(2.18)
and W, 5, € L'((t.0)), forallt < b}.
where
(a,t) 27 = Oy (1) = f/(T)<t —7)7°
and

(t,0) 27 = W, p4(7) = f/(T)(T —t)%
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see e.g. [10] for more details about this fact. We remark that, in the notation of [10], the
space C’;j is the space C*# with k = 1 and 8 = s, while the function Oy s, is Oy 4 s

For u € AC(I), a simple computation relates Riemann-Liouville and the Caputo frac-
tional derivatives. Indeed, by formula (2.12) with 1 — s in place of s we have

1 z U(t) _La)a?—al_s ; acu, . -
= (z—a) ™+ [ e -0 (219)

[(1—s xr —t)* ['(2—5s) I'2-s
Hence, differentiating in = on both sides of (2.19) we obtain the following formula
s s u(a) s
D, [u](z) = “ D}, u(x) + m(x —a)”’. (2.20)
Analogously, for right derivatives we have
s s u(b) s
D [u](z) = “D;_u(x) + m(b — )% (2.21)

Therefore, Riemann-Liouville and Caputo fractional derivatives coincide for all u € AC(I)
that vanish in the initial point a for left derivatives, or in the final point b for right

derivatives.
We also notice that, if u € AC(I), we can exploit formula (2.20) to obtain another
representation of the left Riemann-Liouville fractional derivative:

s _ u(a) 1 = /()
Dailul(z) = r'l—s (x—a)5+F(1—s)/aL (x—t)sdt

T ra Z C(La)c —a)® " F(ll— s) /j v (S /:c:a et (z —1 a)s> “

)
(
)
(z) s—1
[(1—s)(x—a)s 1—3 / / ()& dtde
(
)
(
)

u(z)

mu(r) —u(r = §)
['(l—s)(x—a)* + F(l —3) /0 st dg
) L )/ju(m)—u()dt

(l‘ _ t)s—',—l

8

F'l—s)(x—a)* T(1-s

8

(2.22)

This different representation formula of the left Riemann-Liouville fractional derivative is

known as the left Marchaud fractional derivative:

M s _ u(z) s vu(z) —u(t)
Dy [ul(x) == T(l-s)(z—a) + I'(1-—s) / (x —t)s+! dt;

For a precise treatment of this fractional differential operator, we refer to [21] and [30].

Now, we recall the notion of LP-representability.

Definition 2.26. Let 1 < ¢ < oo and u € L(I). We say that u is LP-representable if
we Id (LP(I)) or uw e I (LP(I)) for some 1 < p < gand s e (0,1).
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From Proposition 2.15, we see that, for all 1 < p < oo and s € (0,1), we have
Lo (LP(I)) = LP(I).

However, the above definition is nontrivial since the inclusion is strict, as it is shown by

the following example.
Example 2.27. Consider

for some s € (0,1). Then we have u € LP(I) for all 1 < p < 1=, and, for all z € I, we
see that

1) = F = —15)F(5) [t —ay e - = e _15)r(5> /01 511 — 0)~*do
B(s,1—s)
SO (2:23)

by the properties of FEuler’s beta function B (or Euler’s first integral, see [6]). Therefore,
we conclude that

D} [u](x) =0 forall z €, (2.24)

while the left Caputo s-fractional derivative is not well defined. We prove now that the
equation

150 = u (2.25)
has no solution in LP(I). In fact, suppose by contradiction that there exists f € LP(I)

satisfying (2.25). If we apply the (1 — s)-fractional integral on both sides of (2.25), thanks
to Lemma 2.19 and (2.23), we get

[ s dt = 1L = L)) = 15T = 1,

for all z € I. Therefore, differentiating on both sides of the equation, we obtain f = 0,
which is clearly a contradiction.

The next lemma gives a characterization of LP-representability. We are going to state
and prove it only in the case of left fractional integral, the other case being analogous.

Lemma 2.28 (LP-representability criterion). Let ¢ € [1,00], v € L(I), s € (0,1) and
p € [1,q]. We have thatu € I:, (LP(I)) if and only if 1,7 °[u] € WHP(I) and I, *[u](a) = 0.

Proof. If w € I3, (L?(I)), then u = I}, [f] for some f € LP(I); therefore, using Lemma
2.19, we get

L lul(@) = L[5, [l () = Loy [f](2) :/ f(t)dt € WH(I),

a
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and I,7°[u](a) = I1,[f](a) = 0. On the other hand, if I;;°[u] € W*(I) and 1} °[u](a) =
0, then I,;°[u] admits an absolutely continuous representative, its pointwise derivative
Ds . [u] is well defined £'-a.e. and satisfies

) = [ Ds 0t = 1Dl @) = L D3 lle), (2:20)

where we used Lemma 2.19 in the last equality. Therefore, by applying D.* to both
sides of the equation and exploiting (2.26), we conclude that, for £t-a.e. x € I,

u(r) = ["ute) it = Tl @) = D))

= D, Loy [ (D5 [ulll] () = CZ15+[fif[fi+[DZ+[U]]]](w)

= [T R DL )0 de = 13,13, ) (2),

with D2, [u] € LP(I), since I, °[u] € WP(I); so that u € I3, (LP(I)), and this concludes
the proof. 0

2.5. Riemann-Liouville fractional Sobolev spaces. We introduce now the left Riemann-
Liouville fractional Sobolev spaces.

Definition 2.29 (Riemann-Liouville fractional Sobolev spaces). Let p € [1,00] and
s € (0,1). We define the left Riemann-Liouville fractional Sobolev space of order s and
summability p as

Wik oy (1) i={ue L (I): L7*[u] € W(I)} . (2.27)

Remark 2.30. Clearly, it is possible to define in an analogous way the right Riemann-
Liouwille fractional Sobolev spaces

Wik, (1) ={ue L’ (I): [,=*[u] e W'*(I)}.

Remark 2.31. We notice that, if u € W ., (I), we have ug € Wy, (I), thanks to
Remark 2.20. However, this does not necessarily imply that u € Wé’i,bf(f ). Indeed, let
I =(0,1) and consider

By Example 2.27, we have I;;°[u](z) = 1 for any x € I, and so I3 *[u] € WY1((0,1)).
On the other hand, we have

1-s o 1 ! s—1 —s _ 1 % s—1 —s
I [u](x)—r(l_s)r(s)/mt (t— ) dt—r(l_s)r(s>/l o w — 1)dw,
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and this function belongs to L' ((0,1))\W!1((0, 1)). Tt is easy to check the L'-summability.
On the other hand, for any ¢ € C!(I), we have

/Ollll_s[u](x)go'(x)dx: 1—3 // Yw—1)"%¢(2) dw dx
= T = 5T() // Yw —1)"%¢ () do dw

‘m—lsm/l o1 (w) d
— F(l_ls)r(s) /01 751 = 1) (7) CZ’
- I'(1 _15)F(8) /0 7(1 1 T)SSO(T) ar,

which means that the weak derivative of I{~*[u](z) is

1 1
['(1—s)(s)z(1 —x)s’

and so we conclude that
1
(1 —s)I'(s)z(1 —x)®

Dy _[u](x) = ¢ L'(I).

Remark 2.20 actually shows that v € WpT .. (1) if and only if ug € Wi7, (1), where
Q(r) = a + b — x, though Remark 2.31 clarifies that Wy, (1) # Wg7, (I), in general.
Nevertheless, since our results are analogous both for left and for right fractional integrals
and derivatives, from this point on we shall work with the left Riemann-Liouville fractional
Sobolev spaces.

It is not difficult to see that the space Wgy ,, (I), endowed with the norm

(2.28)

lellwse o =1 Pl g,

RL+

is a Banach space.
In the light of Definition 2.29, we may rephrase Lemma 2.28 in the following way.

Lemma 2.32. Let s € (0,1) and p € [1,00]. Then, u € I; (LP(I)) if and only if
€ Wit oo (I) and I5*[u)(a) = 0.

We consider now a version of the fundamental Theorem of Calculus for left Riemann-
Liouville fractional derivatives. A similar result was stated in [8, Proposition 5], however
we provide here a short proof, for completeness.

Lemma 2.33. Let s € (0,1) and u € LY(I). Then, for £'-a.e. x € I, we have

u(x) = Dy o [u]](2). (2.29)
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Ifue sz’iﬁ([), then, for £'-a.e. x € I, we also have

uu>:EJD;wmw+J@§g“%x—@*P (2.30)

Pinally, if u € Wi . (1) N I3, (LY(1)), then
u(x) = D; [I; [ul](x) = I, [D; [u]](x) for Lrae x el (2.31)

Proof. If w € L*(I), we have I{, [u] € L*(I), by Remark 2.12, and, by Lemma 2.19,

T

Loy [ul)(2) = I [u] (x) =/ u(t)dt € WHH(I).

a

Therefore, for #'-a.e. x € I, we get

D3 13, [0l () = LTI Bl (2) = (7 ) = ().

T

In order to prove (2.30), we notice that I3 *[u] € Wh(I) with weak derivative DS [u] €
LY(I), so that, for Z'-a.e. z €1,

L) = [ D3t + 12 ul()

1-s
— LUz o) + 2 | - 0 (o),
s)
by Lemma 2.19 and (2.23). We notice that, by Remark 2.12, I? [D: [u]] € L'(I), since
D:_ [u] € LY(I) by assumption. Therefore, we apply Da7® to both sides of the equation
and use (2.29) to obtain (2.30). Finally, if u € Wé’i’%(l_) NI (L'Y(I)), then, by Lemma
2.28 with p = ¢ = 1, we have I, *[u](a) = 0, and this ends the proof. O

We notice that, in an analogous way, it is possible to find a version of the Fundamental
Theorem of Calculus for right Riemann-Liouville derivatives (see [8, Proposition 6]).

Remark 2.34. It is worth noticing that these equalities are stable when s — 1~ for
u € CY(I). Indeed, we have

s—1—

u(z) = lim D [I], [u ( > ; o' (t)dt + u(a)
o lul(

= lim I, [D;_ [u]](x )+ “ )(x—a)s’l,

s1- F(s)
where the second equality exploits Lemma 2.22.
We point out that there is a duality relation between the left Riemann-Liouville frac-

tional derivative and the Caputo right fractional derivative, as shown in the following

lemma.
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Lemma 2.35. Let u € WE’;M(I), v e CHI) and s € (0,1). Then we have

/a " D2, [u]() () dz — / (@) €D [o](x) da. (2.32)

a

Proof. Integrating by parts, and using Fubini’s theorem, we have
b b
| Dilil@e(@)de = — [ 15 ul(@) /(@) da
1 borrou(t)
=—— dtd
r(1—s)/a / @ (@dtde

B 1 borb ' (x)
T —S)/a /t (x — 1) u(t) do dt
- / " ult) CDEol(1) dt.

O

We notice that, in light of the continuity of the fractional integral in LP given by
Proposition 2.15, the norm in (2.28) is equivalent to the one given by

lull == {lull o) + HDZ+[U] Le(ny

Therefore, one could define the space Wg7 ., (I) simply requiring that v € LP(I) has
a weak fractional derivative in LP([). This would mean that there exists a function
w € LP(I) such that

/ab u(z) ¢ Dy_[v](x) do = /ab w(z)v(z) de,

for any v € C!(I), in analogy with the duality formula (2.32).

3. MAIN EMBEDDING AND ASYMPTOTIC RESULTS

We start with a technical result concerning the action of the fractional integral on
M(I). In what follows, for any € M(I) and x € I, we shall use the notation /x fduto
denote the integral on the open interval (a, z) of some Borel measurable functiofl f. This
choice is justified by the fact that |u| ({x}) = 0 for all but countably many x € (a,b),
thanks to the nonconcentration properties of Radon measures. As a consequence, there

is no ambiguity when integrating the function = — / fdup in dx over I.

Proposition 3.1. Let s € (0,1). The map I, can be continuously extended to a map
from M(I) into L*(I), by setting

s _ Lo dp(®)
L@ =55 [ Gras
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for pe M(I). Then, I, satisfies the following bound:

(b —a)

I ;+ (1]

for all p € M(I).

Proof. Since the function (x — ¢)*! is continuous in ¢ € (a,z), for any fixed x € (a,b),

the integral of this function against any nonnegative measure u € M(I) is well defined,

L) =5 [ Gl

(s) Ja (z—t)t=s
Then, a simple computation similar to the one in Remark 2.12 shows that

. L e dul) du
lez/a Ia+[“](x)‘d””_r(s)/a / @—ti |’ // s
Fzs) aute) | b @ ‘ f)ls = sFl(s) /ab(b_t)sd”(t)
(b—a)* (b —a)
< Tt / alt) = gy D

In the general case of u € M(I), we consider the Jordan decomposition y = ™ — = and

and we set

Ioy [11]

we set
Llpl(@) = L pt](z) = Ly ) (@) = r§s> A udffﬁ_s,

by the linearity of the integral. Therefore, arguing as above, for any u € M(I) we get

Las il g —r // xd’—MtlS <F<b(1_f):)|“|(l>’

which ends the proof. 0J

It is not difficult to see that Lemma 2.21 can be extended to couples of measures and
essentially bounded functions.

Lemma 3.2. Let p€ M(I), ¢ € L*>°(I) and s € (0,1). Then we have

[ i@ oty de = [ 1 16)@) du(z). (3.2)

Proof. Notice that, by Proposition 2.15, I} [¢] € C%*(I), so that it is continuous and
bounded, in particular. This implies that the integral on the right hand side of (3.2) is
well defined. In addition, notice that

[ [ 2L o ar < ol [ [ -0 dedio
(b—a)*

< 1@l oo (ry lw|(1) < oo.



RIEMANN-LIOUVILLE FRACTIONAL SOBOLEV SPACES 22

Therefore, we may apply Fubini’s theorem, and we obtain

/ das— de:f‘zs)/ab/tb(a:f(t))dzdu()

= /a I3 161(8) di(t).

Another interesting consequence of Proposition 3.1 is that we can generalize Lemma
2.13, by proving the continuity of I3, from M([) to Lﬁ’w(l).

O

Lemma 3.3. Let s € (0,1). Then I3, maps continuously M(I) in Ll%s’oo(f); that s,
there exists Cy > 0 such that

7 ({:1: el :|I;, [u(x)| > t}) Cs <|,u]( >> for all p € M(I).

Proof. Given u € M(I), we denote by [i its zero extension to the whole R; that is, the

measure defined by

a(B) = pu(BNI) for all Borel sets B C R.

1
As in the proof of Lemma 2.13, we set H(x) := X(0,+00)() and K(z) := () el It is
S)|lx|*—F
then obvious that
|l (1) = |7l (R).

It is also clear that, for #t-a.e. x € I,

Loy [pl(z) = 15, [A](x) = (px (KH))(2). (3.3)
Let now p € C((—1,1)) be a standard mollifier. Thanks to [4, Theorem 2.2], we have

o= fill gy < [[(R) = |pl(1), (3.4)

while, by (2.10) and the standard associativity properties of convolution, for all x € I we
get
I3 [pe * l(x) = ((Ha(ps * ) * (KH))(x)
= (pe x o= (KH))(z) + ((Ha — 1)(pe * ) * (KH))(2)
= (pe * L5 [1]) (%) = ((X(a-e.a) (0= * 1)) * (K H))(), (3.5)
since (pe * fi)(x) = 0 for all x < a — ¢, and (1 — X(4,400)) X(a—z,+00) = X(a—s,0)- By (2.9) and
(3.4), there exists Cs > 0 such that, for all £,¢ > 0, we get

1
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Finally, we recall that there exists a suitable subsequence €, — 0 such that
(P * Lo [0) (2) — I3 [f)(2) = I3 [p(z) for Z'-ae. z €1,

since I¥, [u] € L'(I), by Proposition 3.1, and by (3.3). As for the term (x(q—c,0)(pe * 1)) *

(K H), we notice that it converges to zero in L'(I), since

oo ) * K < [ [ Xaea ) mr><y>m dyda

—/ / Pe * ‘M‘ ()( )1—3 drdy
:M/ (p-* i) () (b—y)* — (a—y)*) dy

(b—a+e¢)® yte
<Ol " - dlle) dy

3+1
b_Sa‘:_1€ /a 25/z € dyd|[l|( )
_(b=a+e)
WW((@—Q&CHL&))

_(b—a+e)
- I(s+1)

as € — 0. Hence, up to passing to another subsequence, we obtain that

Lailpey x f)(2) = (pey * Loy [ () = (X(a—epa) (P, ¥ 1)) * (KH))(2)
— I3 [](z) for L' -ae. x €I

|ul((a,a +€)) =0

Hence, exploiting the lower semicontinuity of the distribution function (see [22, Exercise
1.1.1]) and (3.5), we get

L ({w e |15, n()] > t}) < lim inf 2" ({z € 1113, [pe, * B(2)] > t})

<c, (W) o

and this ends the proof. O

We notice that, as a byproduct of the proof of [7, Theorem 3.3], formula (2.20) has
been extended to the case of Sobolev functions. Now, we generalize this relation to the

case of BV functions, and, by doing so, we also immediately prove the inclusion of BV (I)
in WIL;%,aJr(I)'

Theorem 3.4. Let u € BV (I). Then, for all s € (0,1), we have u € WE’LI’H(I) with

1 u(a+)
I'(l—38)(z—a)

Dy [ul(z) = 17" [Du(x) + (3.6)
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In particular, we have BV (I) < Wf%iﬁ([) for all s € (0,1), with

b—a)™® 2(b—a)~®
() < max {1 + ( ) ( ) } |u|l v (n)- (3.7)

||u||WIS%lea+ F(Q—S) 9 F(2—S)
In addition,
D [u]L — Du+u(at)d, as s— 17 in M(I). (3.8)

Proof. By Remark 2.12, we obtain immediately that 123 °[u] € L*(I), since u € L'(I). Let
us now assume that u € AC(I). For all z € (a,b), formula (2.20) yields

i L=stol(x) = IV 5T/ 1 u(a)
dl’Ia+[]() [a-i-[ ]()+F(1—8)<l’—a)

Now, let w € BV (I) and @ be its zero extension to R given by (2.2). Let p € C°((—1,1))
be a standard mollifier. It is well known that p. * a € C*(I) N BV (I), so that p. x @ €
WH(I) < AC(I), in particular. Then, for any ¢ € C}(I) we have

/ab L3 lpe* @) ¢ do = — /ab (Iif[pg « Dil] + = (11_ 3 (?x*_“c)bg )> bdi.

By (2.11), we get

/Ilspa*Du ¢dx_/1 é| (p. * D@) dx.

Then, since Proposition 2.15 applies also to I}~® (thanks to Remark 2.20), we have
I}7%[¢] € C°(I). Thanks to (2.5), we obtain

(pe * Dit)(x) = (pe * (DuL1))(2) + u(at)p=(x — a) = u(b=)p(b — ).

Since I~ *[¢] € C°(I), we have

/ab L= [¢l(x)ulat)pe(x — a) do — U(?—)Iz}—_s[ﬁb](a) = 2;(({1—_1_)5) /ab (fﬁ?)ﬂm

and

[ Bl 2 — " pginy = o

since [!, pdr = 1 and p is even, and

s 0]y o 1 _ el —s
|I5[¢] ()] < F(l—S)/z (t—:z:)sdt_ F(2_8)(6—33)1 —0asz —b—.
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Then, Fubini’s theorem implies that
/ab[g_s[qﬁ](x)(ps*(Dul_I dw—/ / =5[] (x) p(x — y) dDu(y) dz
—/ / I () (y — z) dx dDu(y)
o / 11=*[6)(y) dDu(y),

where in the last step we employed well known convergence properties of mollifications of

continuous functions. All in all, we get
b b
/ 1=°[6) (p.  Dii) d = / =[] (p. % (Dul_T)) dar+

b
+ [ B2 l(@) (ula+)poa — @) = ub=)p.(b — 2)) d

u(a+)
2

= ["otw) (Iif[Du](x) T e 2&“1*3)5) d.

N / " =516 dDu + 1=*[¢)(a)

where the last equality follows from (3.2) and the definition of I;~*. On the other hand,
we also obtain

b b
[ 1ol ¢l de = [ (pe @) 200 do
b b
= [un=9)de = [ 150 ¢ dr,
by (2.11) and Lebesgue’s dominated convergence theorem, since I} *[¢/] € L'(I) and

[0 * @l oo (ry < [|ullroe(ry < Capllullpvn

by (2.1). Now, since (p. * @)(a) — @ by (2.4), we get

e—0

[ 1) @) e = g [ 12w () ()

— lim bI [¢](x) (po + Da)(x) +

e—0

= [ ot (Il-swu]( )+ T Sﬂgffafcf)s) dit

1—5/2x—a )d:c

i (11 “[Du( : u(a+>s> o) dr,
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which yields (3.6). Thus, D, u € L'(I), with

(b—a)*”
v = TR —s)

by (3.1). Then, thanks to (2.1) and (2.3), we get

~(1Dul(1) + [u(a+))

s
HDa-‘r

(b—a)~*

= |lullzr@y + HDa+U T@—s)

[[ll s < el + (1Dul(1) + [u(a+)[)

RL,at+( L1 —

- <111(_2Ci>s_) ('D“KI) 5 - Nullzr + UMU))

= (14 T )l + 255 ula

< lullzrn

which easily implies (3.7) and the continuity of the embedding BV (I) — WE’AG ().
To prove the second part of the claim, we choose ¢ € C'(I) and exploit (3.2) and (3.6)

in order to obtain

/ D, [u)(x)¢(x)dx = / " [ (D () () dr + rl(biaj)s) / b <x¢£x;)sdx
_ / 11=°[6) (x)d Du(z) +
ri=n (¢< "= [0 a).

Therefore, by Lemma 2.22 and Lebesgue’s dominated convergence theorem, we get
b

lim Ds Jul@)(@)de = [ o(@)aDu(z) + u(a+)o(a).

s—1— a
Then, the claim plalnly follows by the density of C'(I) in C(I) with respect to the
supremum norm. ]

Lemma 3.5. Let s € (0,1). If u € W*(I), then D, [u] is well defined, belongs to L'(I)
and Di_ [u](z) = MDs  [u](z) for £L*-a.e. x € 1.

Proof. If u € W*(I) N AC(I), the computations already done in (2.22) hold true.
Otherwise, if u € W*(I), we exploit the density of C}(I) in W*'(I) (Remark 2.9),
which means that there exists a sequence u, in C!(I) such that ||u, — ullyysn(y — 0 as
n — +o0o. Now, we prove that
1 U () s T U () — un(t)
D2, [up)(z) = / dt 3.9
a 1] () Tl—s)@—ay TO=5Ja (-t (3:9)

converges in L'(I) and, up to a subsequence, pointwise Z*-a.e. in I to Di_ [u](z).

For the second term in the right hand side of (3.9), we proceed as follows: we set

fo(z) := /a“f tn) = tnlf) — ul) + ulh) dt.

(.Z' _ t)erl
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The sequence f,, converges to 0 in L'(I). Indeed
b
/ | fo(2)|dz < [up — ulweary < (un — ullypeny =0 as n— +oo.

Therefore, up to a subsequence, f, converges pointwise .Z!-a.e. to 0 in I, so that

)= wlt) k) )
a (.CE - t)erl

for #'-a.e. x € I. Conversely, for the first term in the right hand side of (3.9), up to

a subsequence, we have convergence Z!-a.e. in I thanks to the convergence of u, to

n1—1>I—Poo a (x — t)5+1 t

u in W*1(I) and hence in L*(I), which implies pointwise convergence .#*-a.e., up to a
subsequence.

For the L' convergence, we argue as follows: employing the fractional Hardy inequality,
Lemma 2.10, with p =1, we get

/ |un = / |un|6 — )|dx<C'Hun uns,l(l) —0 as n— +oo.
To conclude, we notice that, for any gzb € CY(I) it holds that
/MDa+un dx—/Da+un o(z)dx

- /11 S| 2)dz — — /11 S[u](z) ¢ (x)dx,

since u,, — w in L*(I) and I.;® is continuous from L!(I) to L'(I). On the other hand,
we have just proved that D5 [u,] — ™ D$_ [u] in L'(I), and so we conclude

b
/a MDs [u)(z)p(x)dz = — / 172 (2) () dx,
and this implies u € W§%7a+(1) with ¥ D5 [u](z) = D [u](z) for a.e. z € I. O

Remark 3.6. We notice that Holder’s inequality cannot be exploited in order to estimate

[ v,
.73—&

in the proof of Lemma 3.5, so that we need to employ the fractional Hardy inequality of
Lemma 2.10. Indeed, since u,, —u € W*%!(I), the fractional Sobolev embedding Theorem
(see e.g. [16, Theorem 6.7.]) implies that w, —u € LI(I) for any ¢ € {1, = s}

Therefore, we get

[ ) ([ )

Now, ¢ < = 1mphes sq’ > 1, and so

[ = oo
o (x—a)d ’

the term
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and thus this estimate is not useful.
Proposition 3.7. For all s € (0,1) the embedding W' (I) — W}%’LI@JF(I) is continuous.

Proof. Since u € L*(I), in particular, we have I, °[u] € L'(I) by Remark 2.12.
Thanks to Lemma 3.5, we have that the left Riemann-Liouville fractional derivative of

u coincides with the Marchaud one, and so

1 u(z) s @ u(x) — u(t) 1
D; = / dt for L'aex € 1.
@) = T T T =) e (g G or LA €
For the second term on the right hand side, it holds that
Pl e ulz) —u(t)
/a /a Wdt dx S [U]Ws,l(]). (310)

While for the first term, using Lemma 2.10 with p = 1, we have

b u(z)| b Ju(z)]
< ———dx < o1 A1
/ —ap @=L, o = G lelwaa (3.11)

for some C' = C(s,a,b) > 0.
All in all, using (3.1), (3.10) and (3.11), we obtain that there exists a positive constant
C = C(s,a,b) such that

sz o

) < Cllullypeay -
O

We notice that, thanks to the continuous embedding BV (I) — W#!(I) (see for in-
stance [27, Proposition 1.2.1]), Proposition 3.7 actually implies the continuous embedding
BV (I) — W;ﬁa (1), also given by Theorem 3.4. However, the proofs of these two results
exploit different techniques, both of them interesting in their own way.

Remark 3.8. We notice that Proposition 3.7 does not hold for unbounded intervals.
Indeed, the function u(z) := 2 belongs to W ((1, 4+00)), therefore u € W/21((1, 400)),
but we have

a1 [log(x) +2log (1+/5)  a—1
Il+ [U](.T) - ﬁ 27:3/2 + T

This example shows also that the continuity of the fractional integral in LP for 1 < p <2

¢ L'((1,+00)).

fails for unbounded intervals.
Actually, we can prove that the inclusion of Proposition 3.7 is strict.

Proposition 3.9. For all s € (0,1) the space Wé’ijw([) strictly contains W*(I), and
so it strictly contains BV (I).
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Proof. We claim that the function

u(z) = T

belongs to WE%,QJF(I) \ W*(I). By Example 2.27, we know that v € L'(I) and that
I [u)(x) = 1 for all » € I, so that I, *[u] € WH(I), which implies that u € WE’iaJr(I),
by definition. Then, we need to prove that the Gagliardo-Slobodeckij seminorm of u is
infinite. We see that

() [u)wsns // |$—a|x1 (y —a)*” 1’dxdyzlxza+(b—a)x}

—yltt y=a+(b—a)

s—1 51‘

et -y e
_// z — y[st! drdy = [r = // ‘Z_l‘erl 1dedy

min4 1, 51_1
_// { }‘Z |ddz:+oo

1‘s+1

since 1/y ¢ L'((0,4)), for any § > 0. Finally, we recall that W*!(I) contains BV (I) and
this ends the proof. O

Remark 3.10. In particular, we see that, for all s € (0, 1), all the inclusions
BV(I) = WHI) = Wy o (1)
are strict: indeed, if we consider
Vo (@) == (x — a)”"!
for some o € (s,1), then, arguing as in the proof of Proposition 3.9, it is easy to see that
e Ws(I)\ BV(I).
Now, we recall the fact that W*!(I) is a real interpolation space; namely,
W (I) = (LNI), WD),
More generally, we have that, for s € (0,1), 1 <p <00, 1 < g < 0, it holds that
(LP(1), WHI(I))sq = By 4(1),

where B, (1) denotes the Besov space; in particular, if p = ¢ we have B, (I) = W*P(I).

In light of this observation, we can extend Proposition 3.7 in the following way.

Corollary 3.11. For0 < s <r < 1,1 <p < o and 1 < q < oo, we have that the
embedding B} ,(I) — Wé’iw([) is continuous.

Proof. Using [28, Proposition 1.4], we have that, for r, s, p,q as given in our claim, the
Besov space By ([ ) is continuously embedded in By, (I) = W*!(I), which is continuously
embedded in WR It (1) thanks to Proposition 3.7, and this proves the claim. O
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Remark 3.12. Unfortunately, Corollary 3.11 does not cover the case r = s for any
choice of p and g. Therefore, in the particular case p = g we are unable to conclude that
Proposition 3.7 extends to W#P(I) for any p > 1. Indeed, in [29] the authors prove that
for 1 <g<p<ooands>0,s¢N, wehave W*P(I) Z W=(I).

Now, we extend Proposition 3.7 to the case p > 1.
Proposition 3.13. Let p € [1,00) and s € (O, %) Then it holds that
WTP(I) = Wi o (1), (3.12)
for allr € {5 + z%’ 1), where p' denotes the Hélder conjugate of p.

Proof. First of all, setting o := s + z%’ we notice that, since s < %, we have s < 0 < 1.
Moreover, since WP (I) < W?P(I) for any r € (0,1) (see e.g. [16, Proposition 2.1.]), we
reduce ourselves to prove that W?(I) — Wgy . (I).

Now, the case p = 1 follows immediately from Corollary 3.11 with ¢ = p

Then, let p > 1 and u € WoP(I). By [28, Proposition 1.4] we have u € W*!(I), and
so, using Proposition 3.7 and Lemma 3.5, it follows that u € W§’£7a+(l) with D;_ [u)(z) =
MDs | [ul(x) for Z-ae. z €I

To conclude, it is sufficient to estimate the LP(I)-norm of

Do) =D l(0) = s i 4 s [y

Since sp < 1 and ¢ > s, using Lemma 2.10 and [16, Proposition 2.1], for the first term in
the right-hand side of (3.13) it holds that

u
/a (l’(—gl‘)d$ < Cllullivssm < Cllulliyon - (3.14)

for some constant C' > 0.
As for the second term in the right-hand side of (3.13), we exploit Holder’s inequality

[

to get
dx < / / \u @) dt(z — a)?"' dx
(v — t)spte

p 1 |U
<-ay [ |x—t|SP+P i

Therefore, since sp +p = op + 1, we have

/" / u(@) —ult) .,

(LC — t)erl
By combining (3.14) and (3.15), we immediately obtain
|Dz 1], < max{(® = )7, C} lullyars).

dw < (b= @)’ ulfyonry: (3.15)

and this concludes the proof. 0
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Remark 3.14. It is interesting to notice that some inequalities of Poincaré type hold

true in the fractional context, for which we refer for instance to [5, Chapter 17|. However,

in general it is not possible to retrieve the classical Poincaré inequality by estimating the

L? norm of the difference between u and its average with the LP norm of its Riemann-

Liouville derivative. Indeed, let us consider the function u(z) := (z — a)*~! for some
€ (0,1). By Example 2.27, we have u € LP(I) for all 1 < p < ;- and

I 7°u](z) =T(s) and D;_ [u](xz) =0 for all z € I.

Therefore, u € WRL or(I) for all p € [1, l—is) Thus, being u not constant, we cannot
hope for any sort of Poincaré inequality of the type

/]u—u1|pd:v<0/ | D [u]|P dx,

where

= [uw)dr = (o ap
ul.—b_aaux x—s a )

4. THE SPACE BV, .. (1)

In analogy with the previous definition of left Riemann-Liouville fractional Sobolev
spaces, we introduce now the natural extension to the BV framework.

Definition 4.1. Let s € (0,1). We define the space of functions with left Riemann-
Liouville fractional bounded variation as

BV o (1) ={ue L' (I): 1,;"[u] € BV(I)}.

From the definition, it follows immediately that u belongs to BVy;, ., (I) if and only if
there exists a measure p* € M(I) satisfying

[ 1) ¢ ) = — [ o) due ()

for any ¢ € CH(I), and we call Di, [u] = DI, °[u] := p* the left Riemann-Liouville
distributional s-fractional derivative. In order to avoid any ambiguity, we denote with
Dy [u] the density of the absolutely continuous part of D}, [u] with respect to the Lebesgue
measure £

It is not difficult to see that the space BVy; ., (1), endowed with the norm

o 1—s
= Nllpay + |10, )

HU“BVI;L o

is a Banach space.
Arguing analogously as in Lemma 2.35, we derive a duality relation between the left
Riemann-Liouville weak s-fractional derivative and the right Caputo s-fractional deriva-

tive.
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Corollary 4.2. A function v € L'(I) belongs to BV ., (I) if and only if there eists
p® € M(I) such that

b b
| @) Dy gl da = [ (@) du ()

a

for every ¢ € CX(I). In that case, we have D [u] = pi.

It is natural to ask what we can say about the decomposition of the measure D;_ [u]
for a function u € BVj; . (I). We start with the following result.

Proposition 4.3. Let uw € L'(I) and s € (0,1). Then u € Wé’i,ﬁ([) if and only if u €
BV o (I) and D3 [u] < Z*. In particular, the embedding W;iw([) — BV . () is
continuous, and D, [u] = D [u]l.Z" for any u € Wé’i’ﬁ(]). In addition, if u € BV (I),
then

Drlul = (D0 + o ) 2

Proof. 1f u € Wf_-é’i,ﬁ(]), Lemma 2.35 implies that

/ab u(z) “Dy_[¢)(z) da = /b ¢(z) Dy, [u](z) dx

a

for every ¢ € C}(I). Thus, Corollary 4.2 implies that v € BV}, ,, (I) with
D;.[u] = D, [u]. £

This immediately implies that the embedding Wf%’i’a +(I) = BV, (I) is continuous.
On the other hand, if u € BV}, ., (I) and D [u] < £, then I, *[u] belongs to W' (I),
and so u € W;%7a+([). By Theorem 3.4, if uw € BV(I), then u € W;iﬁ([), and the

representation formula is a trivial consequence of (3.6). U

In the spirit of Lemma 2.33, we can obtain a version of the Fundamental Theorem of

Calculus for functions in BV, . (1).
Lemma 4.4. Let s € (0,1) and u € BV, (I). Then, for £'-a.e. x € I, we also have

Lo:*[u](a+)

u(x) = D, [ [ull(z) = 13, [Py [ull(z) + I'(s)

(x —a)"". (4.1)

In addition, ifu € BV, ., (NI, (LY(I)), thenu € Wi o (DNIE, (LX), Ly [u)(a+) =
0 and (2.31) holds.

Proof. The first equality in (4.1) follows immediately from (2.29). The second one can be
proved as (2.30). Indeed, if u € BVy .. (I), then I}7%[u] € BV(I) with weak derivative
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D:, [u]. Therefore, by [4, Theorem 3.28], for Z'-a.e. x € I, we get

L7 T() = [ D [l () + 15Tl (at)

1-s
A O e e [

by (2.23). We notice that D, [u] € M(I), and so, by Proposition 3.1, I, [D:_ [u]] € L'(I).

Thus, it is enough to apply Dé;s to both sides of the equation and use (2.29) to obtain

(4.1). Finally, if u € BVjj . (I) N I3, (L'(I)), then, by Lemma 2.32 with p = 1, we have

u € WE’,%’H(I), I.7%[u](a+) = 0, and so it satisfies the hypotheses for (2.31). This ends

the proof. 0

Remark 4.5. As a trivial consequence of Proposition 4.3, we see that, if u € Wg7 ., (I)
for some p > 1, and s € (0,1), then u € BV ., (I), and D} [u] < £*, with density
given by the left Riemann-Liouville weak s-fractional derivative.

We show that the inclusion of W]‘f’z’ia +(I) into BV3 . (1) is strict, by constructing an
example of a function u such that the measure D7 [u] is not absolutely continuous with
respect £

Example 4.6 (BVj;, . (1) \W}%’i’a+(1) # (). Let s € (0,1), J = (¢,d) with ¢,d € R such
that a < ¢ < d < b. We define the following function

0 if a<z<e,

_ A\s—1
u(zx) == @I“(Cs) if c<x<d,
0 if d<x<b.

Now, we compute I, *[u](z). Clearly, when x € (a, c), I.:*[u](z) = 0. On the other hand,
for x € J by (2.23) we obtain

1)) = F(s)le—s) [t - a=1

Therefore, for any x € I, we have

0 if =€ (a,(
1 ful(a) = {1 d £ zeed
o -9 e i ae (@)

In other words, we have

L Tul(2) = xo(2) + F(@)xn (@) for Liac. a e,
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where ) .
== t—c) o —t)4dt.

F@) = fra =g L - @)

It is not difficult to see that
1
d)=———— 1—s)=1
and f € C([d,b)) N C>=((d,b)) N W((d,b)). Hence, we deduce that
Dpy[u] = 0. = da+ ['xanZL" + f(d)oa= 0.+ [ L L (d,b)

so that I, °[u] € BV(I)\ Wh(I). Thus, u € BV, .. (1) \ Wi ar(D).
Proposition 4.7. Let s € (0,1). Then, the inclusion WR’L’H(I) — BV (1) is strict.
Proof. 1t is an immediate consequence of Proposition 4.3 and Example 4.6. U

Thanks to Example 4.6, we see that, given u € BV . (1) \ WRL ot (1), the measure
D; [u] can have a jump part. It is natural to ask whether it admits also a Cantor
part, in general. To this purpose, we exhibit an example of u € BVj; ., (I) such that
I}7%[u] € BV(I)\ SBV(I), where SBV (I) is the space of special functions of bounded
variation, for which (Du). = 0.

Example 4.8. Consider the classical ternary Cantor function C(x), and let I = (0,1). It
is well known that C' € C%¢(T)N BV (I), where a¢ := log; 2, and DC' is a singular mea-
sure without atoms which means that DC' = (DC').; in particular, up to a multiplicative
constant, DC' = H*C | see e.g. [4, Example 3.34].

Now, since C'(0) = 0, we can use Proposition 2.18 to conclude that C' is representable
as the (1 — s)-fractional integral of a function in Cg***™*~'(T), provided s € (1 — a¢, 1).
This implies that there exists u € Cy** ™ 1(T) such that I};°[u](z) = C(z), and so
u € BV o, (1), with D§, [u] = DC = (DCO)...

5. ACTION OF THE FRACTIONAL INTEGRAL ON SOBOLEV FUNCTIONS

Now we analyze regularizing properties of the fractional integral when it acts on func-

tions in the Sobolev space WP (I) for some p > 1. We start with the following statement.

Proposition 5.1. Let 1 < p < oo and s € (0,1) such that sp < 1. Then I,7° is a
continuous operator from WP(I) into W' (I), with

. b-a)— 1 | 1
Mo lellwrn = 5= (1—s+maX{1’b }(1—829) )Hu”ww o B

for allw € WYP(I). In addition, I.* is a continuous operator from W P(I) into WP (I)
for all s € (0,1) and p € [1,00], with

(b _ a)l—s
I'2-ys)

||1'1 ulllwreay < lullwrecry for all u € WP(I). (5.2)
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Proof. Thanks to Proposition 2.15 and Remark 2.16, I, *[u] € LP(I), and

(b—a)t~*
Loy = m HUHLp(I)-

L[]

(5.3)

Now, we prove that D [u] € LP(I). Recalling Remark 2.5, we have v € W'P(I) <

BV (I); hence, using Theorem 3.4, for all s € (0,1) we get
u(a) 1 1—sp, 1
D; = I,7° 5.4
a—&—[u](x) F(l—s) (x—a)s + a+ [U](ﬂ?), ( )

where u' denotes the weak derivative of u. Therefore, again by Proposition 2.15 and

Remark 2.16 we get

s w@| (0 de \r -
Dzl < i ([ )+ s Il

Now, since sp < 1, the first term in the right hand side is finite, and we obtain

(e R GO L
ey (1—sp)ir(1—s)| @l L2 —s) el (55)

Thus, summing up (5.3) and (5.5), and exploiting Remark 2.5, we deduce (5.1). Finally,
if u e WIP(I), we have u(a) = 0, so that (5.4) reduces to D2, [u] = I, *[u/]. Therefore,
Proposition 2.15 and Remark 2.16 imply

H‘DZ+ [u]

< (b _ a)lfs
- T'(2-y9)
This concludes the proof. [l

oy Tulllweray = a3 [wlll oy + a3 [l e (el oy + Il zocay) -

Corollary 5.2. Let 1 <p < g < oo andr,s € (0,1) such that sp < 1 and r > s+ z%’
where p’ denotes the Hélder conjugate of p. Then we have

WLt () = WEL o1.(1).

Proof. Since Wi} (1) — WgT .. (I), we are left to prove that I,°[u] € W'P(I) for
u € Wit . (I). We notice that, thanks to Lemma 2.19,

L [u)(@) = L1 Tl (@) = Ly [v](@),
where v := I,7"[u] and v := 1 — r + s. Thanks to Proposition 5.1, since v € WP(I) we
have I, "[v] € W'P(I) provided vp < 1, and this condition holds since r > s + 1%' O

Remark 5.3. We notice that Proposition 5.1 covers the case p = oo if and only if u(a) = 0.
On the other hand, if u(a) # 0 we have neither continuous embedding, nor inclusion.
Indeed, let us consider I := (0,1) and u(x) := cos(z) € W'*°(I). By Theorem 3.4, we

see that N ) | . - sin(t) )
0+[u]($) = m (xs —/0 (1) ) .
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We notice that x=* is not bounded when x is close to 0, while it is easy to see that

T 1 T 3 T 1—s
/ sin(?) | < / | sin(t)| it < / 1 g— T 1 .
o (x—1t)° o (z—1t)° o (z—1t) l—s~ 1—s
Thus, we conclude that D§, [u] ¢ L>(I).

Remark 5.4. We notice that the continuous embedding given by Corollary 5.2 can be
obtained as a byproduct of [25, Theorem 31], which shows that the embedding is compact.

Now, we show that the fractional integral actually improves the (weak) differentiability

of a Sobolev function. To this purpose, we start with a simple remark.

Remark 5.5. Depending on the summability of a Sobolev function u we notice that
I;7°[u] enjoys different improvements in regularity. In particular, we distinguish the case
p =1 and the case p > 1.
(1) Casep=1
If w € WHL(I), using Sobolev Embedding Theorem u € L%(I) for any 1 < q <

00, and so, thanks to Proposition 2.15, I *[u] € () C’O’s_é(f).
g>1/s
(2) Case p >1

If uw € WHP(I), again by Sobolev Embedding Theorem, we have u € oy (I).
1
Using Proposition 2.18, for any u € O (I), we have
el
e Il €GP i s+ > 1,
o I,°[u] € HYY(I)if s+ 5 =1,
el
e Il e TP ifs+ 1 <L,
In the third case, it follows that D?, [u] € 00’1_5_%(7).

Now, we are able to prove that when we apply the fractional integral I, * to a function
in WHP(I) for some p > 1, we gain more differentiability. This means that the function

I, 7%[u] belongs to a higher order fractional Sobolev space.

Proposition 5.6. Let p > 1 and s € (O,min{%,%}). For all w € WYHP(I), we have
7 [u] € WeLP(T).

Proof. We notice that the conditions sp < 1 and s + % < 1 are satisfied, and so, by

Proposition 5.1 and Remark 5.5, we get I, *[u] € W'P(I) N C’;’PS*;(T).

Now, we prove that D7 [u] € W*P?(I). Namely, we have to prove that

bt 1Dgylul(z) = Dy [ul(y)]
I :

p
T — g dzdy < oo.

Now, we use the Holder continuity of D}, [u] to say that

|Da[ul(@) = Dy ul(y)lP < Cla =y~
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for some C' > 0 and for any x,y € [.
Therefore, we have

bt IDalul(z) = Dy [ul(y)l” b 1
/a /a | dzdy < C’/a /a z _y’2sp—p+2d$dy’

z — ylPH!

where the integral on the right hand side converges since s < %. O

Corollary 5.7. Letp > 1, s € (O,min{1 D}) and v € WHP(I). Then we have

p’ 2p
1, P }
1—sp

Proof. By Proposition 5.6, we have I, °[u] € W*T1*(I), so that D2, [u] € W*P(I). Hence,
thanks to the fractional Sobolev Embedding, since sp < 1, we have D;  [u] € L"(I) for all
r e [1, 1%})]. Therefore, I, *[u] belongs to W (I) for all r € [1, 1%;; , and this proves

the claim. O

u € Wgp o (I) for all r €

6. SOBOLEV-TYPE EMBEDDING THEOREMS FOR W37 . (I) AND BV, .. (1)

In this section we show a result analogous to the Sobolev embedding Theorem for
Riemann-Liouville fractional Sobolev spaces. To the knowledge of the authors, this is an
original result in this setting, which improves [8, Proposition 7]. We refer the reader e.g.
[1, Chapter 4] for the classical Sobolev embedding Theorem for Sobolev spaces of integer
order or [16, Theorem 6.7] for Sobolev spaces of fractional order.

Theorem 6.1 (Riemann-Liouville fractional Sobolev embedding). Let s € (0,1), 1 < p <
oo and u € nggﬁ([). We have the following cases:
(1) ifp=1, thenu € Lﬁ’oo(]), and in particular w € L™ (1) for any r € [1, i),
(2) if p>1andue Wgr, (I) NI (L)), then
(a) if l<p< %, u € L'(I) for any r € {1’1—%;9]7
(b) if sp=1, we L"(I) for any r € [1,00),
(c) if sp>1, u€ CO(I) for any B € {0, s — %]

Proof. It u € WE’LI,QJF(I), by Lemma 2.33 we have

Los*[u](a)

u(x) =I5, Dy [u]](z) + [(s)

(x —a)*! for L'ae xel

It is clear that (- —a)*™! € Ll%s’oo(l), while Lemma 2.13 implies I3, [D3_ [u]] € Li’oo(l),
since D$_ [u] € L(I). Then, it is enough to apply Lemma 2.2 to obtain point (1). Then,
for p > 1 we use the additional assumption u € I, (L'(I)) together with Lemma 2.33 to
obtain the improved representation formula

u(x) = I3, [D:, [u])(z) for £ -ae. x €l
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In addition, D;, [u] € LP(I) since u € Wyt ., (I). Therefore, the result follows directly
from points 3, 4 and 5 of Proposition 2.15. 0

Remark 6.2. If we remove the L!'-representability assumption for the case p > 1 in
Theorem 6.1, we still obtain an improvement in summability if and only if 1 < p < i
and s € (%, 1). Indeed, if w € Wg7 (1) \ I3, (L'(I)) for some p > 1, we clearly have
u € W§’£7a+(1)\fj+(L1(I)), so that w € L"(I) for any r € [1, 1%5) On the other hand, the
term (z — a)*! in the representation formula (2.30) prevents us from obtaining a better
result, since (- —a)*~* € L"(I) if and only if 1 < r < t=. Thus, we gain summability if
and only if 1 < p < ﬁ Let us now consider separately the cases sp < 1 and sp > 1.
fl<p< %, we obtain an improvement in summability if and only if (p, ﬁ) 2 (p, %)
Then, it is enough to notice that

1 1 1
> — ifand only if — <s < 1.
1—5 s 2

On the other hand, in the case sp > 1, we have

1 1
7§p< )
S 1—s

so that it must be again s € (%, 1).

In addition, we can prove a similar results for functions with left Riemann-Liouville
s-fractional bounded variation, which can be seen as the (one dimensional) “Riemann-

Liouville version” of [14, Theorem 3.8].

Theorem 6.3. If u € BV, . (1), then u € Ll%s’oo(l), and in particular w € L"(I) for
allr € {1, ﬁ)

Proof. By Lemma 4.4, any u € BVj; . (I) satisfies

L5 [u)(at)

u(m) = ]§+[DZ+[UH($) + F(S)

(x —a)* ! for L'-ae vl

It is immediate to check that (- —a)s™! € Lﬁ’oo(l), while Lemma 3.3 implies
1 o0
Loy Doy lul] € LT==(1),
since D7 [u] € M(I). Then, it is enough to apply Lemma 2.2 to conclude the proof. [

We notice here that the embedding in Theorem 6.1 is sharp. The continuity of the
fractional integral I3, from LP(I) into L"(I), with 1 <p < I and1<r < 75 has been
proved by Hardy and Littlewood in [24, Theorem 4], but in the limiting cases p = 1 and
p= % the continuity fails, as shown by the following examples.
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Example 6.4. Let s € (0,1), 1 < 5<2—35,1=(0,1) and

1

f(x) = | #llog@)]?
0 if

if 0<z<i

A
—_

<x

N[ =

Let u := I3, [f]. Clearly, u € I3 (LY(I)) = I3, (L*(1)) N Wy (1) since f € LY(I).
However, for all x € (0,1/2), we have

() 1 /x dt - 251 /oc dt 1 x8_1|]o (gj)|1_5
u(x) = — :
O(s) o log(O)P( =0~ ~ T(s) o tflog(O)P ~ T(s)(B-1)" '™*
so that
1 1 % 1 1/2 dx
| lu@)de > [ ute) P de > e(s) [T = 4ec,
0 0 o /log(@)]
since =—— < 1. Thus, u ¢ Li(l).
-3
Example 6.5. Let s € (0,1), I := (0,1) and
0 if0<az<g,
= 1
fe) if  <z<1.

(1 —=)*[log(1 — )]

Now let u := I3, [f]; since f € LY*(I), by Lemma 2.28 we have u € I3, (LY*(I)) —

WE’H&(I) NI, (L*(1)). Now, we notice that

y (z) 1 /1 dt n
1m = = oo
et T sy e (1= 1) Tog(1 — 0)] ’

which implies that u ¢ L>°(I).

7. HIGHER ORDER FRACTIONAL DERIVATIVES

In this section, we point out that some of the results presented in the paper can be
extended to higher order fractional derivatives.

Definition 7.1. Let &k € N, s € (k — 1,k) and u be such that the fractional integrals
I575[u] and IF*[u] are sufficiently smooth. We define the Riemann-Liouville s-fractional

derivatives of u as

D3 [u](2) 1= o T o).

Dj_[ul(x) = (~1 - 1),
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We observe that [f;s and If__s are the left and right fractional integral operators,
respectively, as defined in (2.6) and (2.7), since k—s € (0,1) forall k € Nand s € (k—1,k).
From this definition, for u € C*(I), we immediately obtain a definition for higher order
Caputo fractional derivatives:

NG L) (a |
D) = sy [ et = D) - X -y,

and

CDE b L0 |
Di (o) = p gy [, frayemdt = Diclul(e) = S s - )

These higher order fractional derivatives allow to define, forp > 1, k € Nand s € (k—1, k),
higher order left Riemann-Liouville fractional Sobolev spaces

Wik o (1) = {uw € WEIP(1) 2 I8 [u) € WHP(I)}

Proposition 7.2 (Continuity of the fractional integral in higher order Sobolev spaces).
Ifk>21<p<ooands € (k - 1Lk—-1+ %), then the fractional integral Iclf;s s a
continuous operator from WFP(I) N WHF-LP(I) into W*P(I). Moreover, for k > 1 and for
all s € (k—1,k), 1¥7° is a continuous operator
(1) from WkP(I) into Wkp(l) for allp € [1,00],

(2) from Wr(I) into WHT= 11v+s’°°([), and so into Wk (I), for all r € {1
(3) from WFP(I) into W (I) for allp € ( i) and r € [1
(4) from WE»(I) into C*F5~ ( ) forallp € (k S,oo),
()

)

1
? 1—k+s )’

)

5) from Wa'F F==(I) into W (I) for all v € [1,00),
(6) from WFeo(I) into C**=5(T),

where Wk (1) := {u e WhL(I) nWk=teo() - u® € L% ’OO(I)}.
Proof. We recall that W*P(I) — AC*(I), for all 1 < p < oo and k € N, where
uw € AC* (1) if w € C*Y(I) and u* € AC(I). Hence, we see that the following

representation formula obtained via iterated integrations by parts holds:

1 xT k-1 X .
If;s [u](z) = =——— Cs,k;,k/ u® (t)(z — t)Qk_s_ldt + Z cs,k,iu(l)(a)(x — CL)k_sJrZ ,
P(k? — S) a i—0
where
1 if h=0,
Cskh =

(M k—s+D) it h>1.

Therefore, it is not difficult to check that I *[u] admits weak derivatives in LP(I) up
to order k if w vanishes in a with all its derivatives up to order k — 2. Indeed, if u €
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WHrP(I) N WELP(]), for all j € {0,...,k} we have

(IF o [u]) (2) = F(C]ij’liss) /j u® () (x — t)* 51 at + F((Z’liss)u(k_l)(a)(a: ) R
(7.1)

where

I_(2k — s — i)
2k — s

It is clear that the second term belongs to LP(I) for all j € {0,...,k} if and only if

s<k—1+ %. As for the first term, we notice that

djks = Cskk

1

’ : Cr u®
rE gl Ve - e < - [ e

= (b= a) I [u®)(2),

so that Proposition 2.15 and Remark 2.16 imply

([

1
xT . p P .
/’MM@xx—w“H*PWﬁ\MQ < (b—a)t =7 || IEo[juM]]

Lr(I)

—j (b_a)k
< (b-a)* m” ul®)

|22 (1)

Therefore, (I57°[u])¥) € LP(I) forall j € {0,...,k},1 < p <ooands € (k: -1,k—1+ %)
Thus, for all u € WkP(I) N WE=1P(I) we get

752 wllwsotry < Crapas (1P llzsan + 1D @) < Cllullwsssy

thanks to Remark 2.5, since u*~1) € WHP(I). Furthermore, if k > 1 and u € WP (1), we
have u*~Y(a) = 0, so that (7.1) reduces to

()9 @) = s [ = (7.2

for all j € {0,...,k}. In particular, if j € {0,...,k — 1}, then (x — ¢)?**=*=177 is bounded
for all z,¢ € (a,b) and s € (k — 1,k); so that IX[u] € C*~1(T), with

| flllweroeny < Clu® ey < Cllullwrs
for all p € [1,00] and w € WFP(I). On the other hand, if j = k, (7.2) yields
(I lu))® = dyp s 07 [u),

so that we can apply Proposition 2.15 to u® replacing s with k — s € (0,1) in order
to conclude the continuity of I¥7* from W¥P(I) into suitable Sobolev or Holder spaces,
depending on the values of k, s, p. O
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Remark 7.3. The first part of Proposition 7.2 in the case k = 1 is covered by Proposition
5.1, where a homogeneous initial condition is not necessary to prove the continuity of the
(1 — s)-fractional integral from W'P(I) to WP(I).

Remark 7.4. Using the same counterexample of Remark 5.3 in the case k = 1, we see
that, in the case p = 0o, homogeneous conditions in the initial point for all the derivatives
up to order k — 1 are necessary in order to show that I *[u] € W5 (I).

The introduction of higher order Riemann-Liouville fractional Sobolev spaces allows us
to prove the following proposition involving the space

BH(I) := {ue W"'(I)|u' € BV(I)},

which is known in the literature as the space of functions with bounded Hessian in I. Orig-
inally introduced in [15], BH is the natural setting for second order variational problems
with linear growth (see e.g. [12] for applications in image analysis). For our purposes,
we consider the subspace BH,(I); that is, the space of functions v € BH(I) such that
u(a) = 0, which is well defined, since u € AC(T), being a Sobolev function.

Proposition 7.5. Let u € BH,(I), then u € Wy . (I) for all s € (1,2).

Proof. By definition, u € W1 (I) and v’ € BV (I). Therefore, thanks to Theorem 3.4, we
have v’ € WEiH(I) for all o € (0,1), and so I, %[u'] = “DJ, [u] € WHL(I). Now, since
u(a) = 0, we have “D7, [u](x) = DI [u](z) for all z € I by (2.20), since u € Wh(I)
implies the existence of a representative of u in AC(I). This implies that I, [u] € W2(I)
for all o € (0,1). Now, if we set 0 := s — 1 for s € (1,2), the claim plainly follows. O

8. OPEN PROBLEMS

As noticed in Remark 3.12, we are not able to prove (or disprove) that for s € (0,1)

and p > 1 the inclusion
W) = WEE o1 (1) (8.1)

holds.

In addition, Proposition 3.13 does not cover the case r € [S, s+ i) In any case, we
think that, in order to prove the inclusion in (8.1), the condition sp < 1 is essential.

Indeed, if sp < 1, thanks to Remark 2.9, the set C'}(I) is dense in W*?(I). Therefore,
firstly one should be able to prove an analogous of Lemma 3.5 for functions in W*?(I),
and once proved that

5 B 1 u(z) s = u(x) — u(t)
Dacldl®@) = s =g @—ar T Ta =5 / (z — t)s1

one could estimate the L” norm of the first term in the right-hand side thanks to the

dt for L'ae. zel,

fractional Hardy inequality (Lemma 2.10). However, it is not yet clear to us how to
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handle the second term. Indeed, thanks to Holder’s inequality, a slightly rough estimate

yields

bl u@) — u(t) . [u(z) — u(t)|? B

I S < p _ _ »
/a /a (z —t)st at dx / / |x — t|5p+p dtdz = (b—a)’”" (51 + %),
where
lu(w) = w(H)” _ L
51 '_/ /11 |9: — t|8p+p dt dz, Ii(x) = {t € (a,b) : |x — | > 1},

and

/ /I ’u ( )‘p dt dz, [2([E) = {t € (a’ b) : ‘:U _tl < 1}‘

|z — t’sz%p

As for Sy, we see that

Ju(z) — u(t)]”
51 </ /11 :C—t|8p+1 dt dz < [u ]W”(I)

However, we are not able to prove (or disprove) the existence of a constant C' = C'(s, p, I) >
0 such that an estimate of the form

or its weaker formulation
So < Cllullfysm(ry »

holds true.
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