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The one-mode quantum-limited Gaussian at-
tenuator and amplifier have (zaussian maxi-
mizers

Giacomo De Palma, Dario Trevisan and Vittorio Giovannetti

Abstract. We determine the p — ¢ norms of the Gaussian one-mode
quantum-limited attenuator and amplifier and prove that they are achieved
by Gaussian states, extending to noncommutative probability the sem-
inal theorem “Gaussian kernels have only Gaussian maximizers” (Lieb,
Invent. Math. 102, 179 (1990)). The quantum-limited attenuator and
amplifier are the building blocks of quantum Gaussian channels, which
play a key role in quantum communication theory since they model in
the quantum regime the attenuation and the noise affecting any electro-
magnetic signal. Our result is crucial to prove the longstanding conjec-
ture stating that Gaussian input states minimize the output entropy of
one-mode phase-covariant quantum Gaussian channels for fixed input
entropy. Our proof technique is based on a new noncommutative loga-
rithmic Sobolev inequality, and it can be used to determine the p — ¢
norms of any quantum semigroup.

Mathematics Subject Classification (2010). 46B28; 46N50; 81P45; 81V80;
94A15.

Keywords. quantum Gaussian channels, Schatten norms, quantum Gauss-
ian states, thinning, logarithmic Sobolev inequality.

1. Introduction

Given p, g > 1, let us consider a real Gaussian integral kernel G from LP(R™)
to L1(R™):

@GN = [ Geyfwdy, =R, ferEY. (L1

where G(z,y) is a real Gaussian function on R™*" i.e., the exponential of a
quadratic polynomial in & and y with real coefficients. The p — ¢ norm of G
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is
G fll,

o<l fllp<eo IfIl,
In the seminal paper “Gaussian kernels have only Gaussian maximizers” [42],
E. H. Lieb proved that the determination of the supremum in (1.2) can be
restricted to real Gaussian functions. If this supremum is finite, it is attained
on a real Gaussian function f; if it is infinite, it is asymptotically attained by a
suitable sequence of real Gaussian functions. This result permits to determine
the p — g norms of G and has countless applications, such as straightforward
proofs of the Brascamp-Lieb convolution inequality, the Hausdorff—~Young—
Titchmarsh inequality for Fourier integrals and Nelson’s hypercontractivity

1Glysq =

pP—q

(1.2)

theorem [12], a proof of the Entropy Power Inequality and of the Brunn—
Minkowski Inequality (see e.g. [10, section 17.8]), and Lieb’s solution [41,
] of Wehrl’s conjecture [53, 1], stating that coherent states minimize the

Shannon differential entropy of the Husimi @) representation.

In noncommutative probability, functions on R™ with n even are re-
placed by operators acting on the Hilbert space H of an n/2-mode Gaussian
quantum system, i.e. the irreducible representation of the canonical commu-

tation relations of the ladder operators (see e.g. [34, Chapter 12] or [50])
anal] =01, lanal=0.  ij=l...5.  (13)

The LP norm of a function f : R™ — C is replaced by the Schatten p norm
[19, 33] of a linear operator X : H — H, defined as the I? norm of its singular

values: )
HXH - (Tr (XTX)Z) . (1.4)
p

Integral kernels are replaced by linear maps acting on the operators on H.
For any p, ¢ > 1, the p — ¢ norm of any such map ® is [33]
= (%)
sup  ——— (1.5)
o<l %[, < [ ]|
p

12l =

and it can be either finite or infinite.

Quantum Gaussian channels [34, 35] are the noncommutative counter-
part of Gaussian integral kernels. They play a key role in quantum com-
munication theory since they model in the quantum regime the attenuation
and the noise that unavoidably affect any electromagnetic communication
through metal wires, optical fibers or free space (see e.g. [9, 5, 52] and ref-
erences therein). Quantum Gaussian channels have been conjectured to have
Gaussian maximizers since 2006 [33]: “In classical information theory the
Gaussian channels admit Gaussian maximizers; moreover, there are corre-
sponding analytic results for norms of integral operators with Gaussian ker-
nels. The problem of whether or not there is an analogue of this property for
bosonic Gaussian channels is another open question which deserves a separate
discussion.”
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We prove this longstanding conjecture for the two building blocks of
one-mode phase-covariant quantum Gaussian channels: the one-mode Gauss-
ian quantum-limited attenuator and amplifier. We prove for these channels
that for any 1 < p < ¢ the supremum in (1.5) is achieved by a quantum
Gaussian operator (Theorems 4.1 and 5.1), i.e., an operator proportional to
the exponential of a quadratic polynomial in the ladder operators (1.3). Our
result implies an upper bound to the p — ¢ norms of any one-mode phase-
covariant quantum Gaussian channel (Proposition 6.1), and we conjecture
that this upper bound is actually optimal.

So far the conjecture “quantum Gaussian channels have Gaussian max-

imizers” has been proven only for p = 1 [35] and p = ¢ [20]. The proof for
p = q follows from complex interpolation. The proof for p = 1 follows from
the proof of the Gaussian majorization conjecture [22, 44], stating that for

any phase-covariant quantum Gaussian channel the output generated by the
vacuum input state majorizes the output generated by any other positive
operator with unit trace.

We also prove that for any 1 < ¢ < p the p — ¢ norm of both the
quantum-limited attenuator and amplifier is infinite and it is asymptotically
achieved by a sequence of Gaussian operators converging to the identity.
The same sequence asymptotically achieves the p — p norm for any p > 1.
Hence, our results imply that the semigroups associated to the generators
of the quantum-limited attenuator and amplifier are not hypercontractive.
However, with a suitable different definition of the norms, hypercontractivity
holds for the semigroup associated to the generator of any one-mode phase-
covariant quantum Gaussian channel admitting a stationary state [(].

As in the classical case, the determination of the noncommutative p — ¢
norms requires the maximization of a convex function over a convex set, that
is highly nontrivial since the tools of convex analysis cannot be applied. Our
proof starts from a recent majorization result on one-mode quantum Gauss-
ian channels [15], that reduces the problem to input operators diagonal in
the Fock basis. Our proof technique is completely new in the field of non-
commutative probability. Our main result is that Gaussian states achieve the
p — ¢ norms of the quantum-limited attenuator (Theorem 4.1). The key
point to prove Theorem 4.1 is reducing the claim to a new noncommutative
logarithmic Sobolev inequality (Theorem 3.1). This inequality provides an
upper bound on the derivative of the norms of the output of the attenuator
with respect to the attenuation coefficient. The reduction of Theorem 4.1 to
Theorem 3.1 is inspired by a seminal paper by L. Gross [20], which exploits
a logarithmic Sobolev inequality to determine the p — ¢ norms of classical
Gaussian integral kernels. This is the first time that this technique is ex-
ploited in the noncommutative setting. The difficulty is increased since the
optimization of the p — ¢ norms over quantum Gaussian operators cannot
be performed analytically, and a closed formula for these norms cannot be
provided. The proof of Theorem 3.1 exploits the Karush—-Kuhn—Tucker con-
ditions for constrained local optimizers [4, 39], and proceeds along the same
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lines as the proof of the isoperimetric inequality in [17]. We then determine
the p — ¢ norms of the quantum-limited amplifier (Theorem 5.1) exploiting
that its Hilbert-Schmidt dual is proportional to the quantum-limited atten-
uator. This is the first time that this duality is exploited to prove entropic
inequalities.

A fundamental application of our determination of the p — ¢ norms of
the one-mode quantum-limited amplifier is the proof [16] of the constrained
minimum output entropy conjecture [27, 46, 24], which was open since 2008
and states that Gaussian input states minimize the output von Neumann
entropy of one-mode phase-covariant quantum Gaussian channels for fixed
input entropy. Quantum states are positive operators with unit trace. They
are the noncommutative counterparts of probability distributions on R™. The
von Neumann entropy of a quantum state p is the Shannon entropy of the
probability distribution associated to its eigenvalues, i.e.

$(p) = ~Tr[plng] , (1.6)
and plays a key role in quantum information and communication theory (see
e.g. [54]) analogous to the role of the Shannon entropy in classical information

and communication theory. A Gaussian quantum state is a Gaussian opera-
tor that is also a quantum state. The constrained minimum output entropy
conjecture is crucial to determine both the triple trade-off region and the ca-
pacity region for broadcast communication of the Gaussian quantum-limited
attenuator and amplifier [29, 28, 46]. So far, the conjecture had been proven
only for the Gaussian one-mode quantum-limited attenuator [17] or for zero
input entropy for any phase-covariant quantum Gaussian channel [ , ]
The constrained minimum output entropy of quantum Gaussian channels
has been bounded by the quantum Entropy Power Inequality [38, 12, 13, 11].
However, this bound is optimal only when the input state has the same en-
tropy as the state of the environment [12], hence it is not sufficient to prove
the conjecture. The proof of the conjecture for the one-mode quantum-limited
Gaussian attenuator of [17] is based on an isoperimetric inequality that is also
proven through the Karush-Kuhn-Tucker conditions. The extension of this
isoperimetric inequality to any one-mode phase-covariant quantum Gauss-
ian channel would imply the conjecture for these channels [47]. However,
the Karush—Kuhn—Tucker conditions are sufficient to prove the isoperimet-
ric inequality only for the quantum-limited attenuator, since for any other
one-mode phase-covariant quantum Gaussian channel these conditions admit
other solutions than quantum Gaussian states [17]. This problem has moti-
vated the exploration of the p — ¢ norms to prove the conjecture. We give
a sketch of the proof of the constrained minimum output entropy conjecture
via the p — ¢ norms of the amplifier in section 7. For a comprehensive pre-
sentation of all the proven or conjectured entropic inequalities for quantum
Gaussian channels, we refer the reader to the review [13].

The restriction of the one-mode quantum-limited attenuator to input
operators diagonal in the Fock basis is the linear map acting on discrete clas-
sical probability distributions on N known in the probability literature under
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the name of thinning [15]. The thinning has been introduced by Rényi [48] as
a discrete analogue of the rescaling of a continuous real random variable. The
thinning has played this role in discrete versions of the central limit theorem
[30, 55, 31] and of the Entropy Power Inequality [50, 37]. Our result implies
that for any 1 < p < ¢q the [P — {9 norm of the thinning is achieved by some
geometric probability distribution on N (Theorem 8.4). Moreover, for any
1 < g < p the I[P — 19 norm of the thinning is infinite and is asymptotically
achieved by a sequence of geometric probability distributions with the ratio
converging to 1. The same sequence asymptotically achieves the [P — [P norm
for any p > 1.

The paper is structured as follows. In section 2 we introduce the one-
mode quantum-limited attenuator and amplifier. In section 3 we prove the
logarithmic Sobolev inequality for the quantum-limited attenuator, and in
section 4 we apply the result to determine the p — ¢ norms of the quantum-
limited attenuator. In section 5 we determine the p — ¢ norms of the
quantum-limited amplifier, and in section 6 we determine the upper bound
to the p — ¢ norms of the thermal channels. In section 7 we sketch the proof
of the constrained minimum output entropy conjecture. The relation of the
p — ¢ norms of the attenuator with the thinning is discussed in section 8.
The conclusions are in section 9.

2. Setup

2.1. Gaussian quantum systems

We consider the Hilbert space of one harmonic oscillator, or one mode of
electromagnetic radiation, i.e. the irreducible representation of the canoni-
cal commutation relation (see [34, Chapter 12] or [50] for a more complete
presentation)

[a, al] =1. (2.1)
The operator a is called ladder operator. We define the Hamiltonian N = ata,

that counts the number of excitations, or photons. The vector annihilated by
d is the vacuum |0), from which the Fock states are built:

In) = fi%n 0), (mn) = dmn , N|n> =nln), m,neN. (2.2)

An operator diagonal in the Fock basis is called Fock-diagonal.

2.2. Quantum Gaussian states

An operator proportional to the exponential of a quadratic polynomial in a
and a' is a Gaussian operator. If the operator is also positive and has unit
trace, it is a quantum Gaussian state. If the polynomial is proportional to
the Hamiltonian afa, the Gaussian state is thermal, and corresponds to a
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geometric probability distribution for the energy:

o0

=3 (1—2)2" |n){n| = (1 —e P)e Pt (2:3)

n=0

where 8 > 0 is the inverse temperature and z = e~”. The average energy of
W, is

E(z) = Tr [N w} S (2.4)
and its von Neumann entropy is

zlnz

S(z)=—In(1—-2)— (2.5)

1—2"

2.3. Gaussian quantum-limited attenuator

The Gaussian quantum-limited attenuator £ of transmissivity 0 < A < 1
mixes the input operator X with the vacuum state of an ancillary quantum
system B through a beamsplitter of transmissivity A. The beamsplitter is
implemented by the unitary operator

Uy = exp ((dﬁ) - dI;T) arccos \f)\) , (2.6)

that satisfies
UlaUy=VXa+vV1-Xb, (2.7)

where b is the ladder operator of the ancilla system B (see [19, section 1.4.2]),
and

& (X) = Trp [UA (X ® |0>B<0|) Uﬂ . (2.8)

The quantum-limited attenuator preserves the set of Fock-diagonal op-
erators [30]. If the input is a Fock-diagonal quantum state, i.e. it has definite
photon number, £y lets each photon be transmitted with probability A and re-
flected or absorbed with probability 1— A, hence the name “quantum-limited
attenuator”.

From [15, Lemma 13], the quantum-limited attenuators form a semi-
group with generator

c (X) —aXal— % {aTa, X} , (2.9)

i.e. &+ = et* for any t > 0.
The quantum-limited attenuator sends thermal states into themselves,

i.e. 5>\ (CZJZ) = (:JZ/, with
, Az

“Thos (2.10)

z
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2.4. Gaussian quantum-limited amplifier

The Gaussian quantum-limited amplifier A4,, of amplification parameter x > 1
performs a two-mode squeezing [3] on the input operator X and the vacuum
state of an ancillary quantum system B. The squeezing is implemented by
the unitary operator

U, = exp ((&TI;T - &IS) arccoshﬁ) ) (2.11)
that satisfies R R A
UlaU,=vVEa+Ve—10", (2.12)

where b is the ladder operator of the ancilla system B (see [19, section 1.4.4]),
and

A (X) ~ Trp {Uﬁ (X ® |0>B<0\) U,'i} . (2.13)
Also the quantum-limited amplifier preserves the set of Fock-diagonal oper-
ators [30].
Proposition 2.1 ([36, Theorem 9]). For any k > 1 the quantum-limited am-
plifier A, and the quantum-limited attenuator £1 are mutually dual, i.e. for

any trace-class operator X and any bounded operator Y

k Tt [Yf A, (X)] = Tr [5% (Y) X} (2.14)
T [V & (X)) =n T [Ac (V) X (2.15)

The quantum-limited amplifier sends thermal states into themselves:
Ao (@) =@y, 2= L:_l . (2.16)

3. The logarithmic Sobolev inequality for the quantum-limited
attenuator

Theorem 3.1 (Logarithmic Sobolev inequality). We define for any0 < a < 1,
any 0 < z < 1 and any positive operator X with finite rank

F (%) = G (5],
R v1/a
S, (X) =5 (TrXXl/a> ,
Fra (X) —F, (X) + u(z,a) S, (X) : (3.1)

where L is the generator of the quantum-limited attenuator (2.9) and

)
t=0

a—1
aza —14+(1l—a)z
w(z,a) = ;( ) . (3.2)
Inza

Then,
Foa(X) £ Fra@2) - (3.3)
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Moreover,
F, (X) <l-a. (3.4)

An interesting consequence of Theorem 3.1 is the following.

Corollary 3.2. For any 0 < a < 1 and any positive operator X with finite
rank

F, (X) < Fa(@) (3.5)
where & is the thermal Gaussian state such that S, (&) = S, (X)
Proof. 1f X has rank 1, we have from Lemma 3.8
F, (X) < Fu (X*) = Fa(0)0]) (3.6)
and the claim follows since S, (X) = 0. If X has rank at least 2, then

S, (X ) > 0 and the claim follows from Theorem 3.1 with 0 < z < 1 chosen

such that S, (@.) = S, (X) Such z always exists since from (2.3)

wz

F=G (3.7)
Trwg N

When z covers the interval (0,1), z& covers the interval (0,1), too, and the
claim follows since the entropy of a thermal Gaussian state can take any

positive value. (Il

3.1. Proof of Theorem 3.1

The starting point of the proof is the recent result of Ref. [15], that links the
p — g norms to the notions of passive states. The passive states of a quantum
system [45, 40, 25] minimize the average energy for a given spectrum. They
are diagonal in the energy eigenbasis, and their eigenvalues decrease as the
energy increases.

Definition 3.3 (Fock rearrangement). Let X bea positive operator with eigen-
values in decreasing order xy > x1 > ... > 0. We define its Fock rearrange-
ment as

(o)
Xt.= an |n)(n| . (3.8)
n=0
If X coincides with its own Fock rearrangement, i.e. X=X +, we say that it
is passive [45, 40, 25].
Remark 3.4. From (2.3), any thermal Gaussian state is passive.

Remark 3.5. We have X+ = U X UT, where U is the unitary operator that
for any n € N sends the eigenvector of X with eigenvalue x,, to the n-th Fock
state |n).

The result is the following:
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Theorem 3.6. For any p,q > 1 the Fock rearrangement of the input does not

decrease the q norm of the output, i.e. for any operator X with HX

and any 0 < A <1
& (%)

Proof. From [15, Theorem 34|, &, (Xi) majorizes €y (X) Then, from [15,

Theorem 19] there exists a probability measure p on the set of unitary oper-
ators such that

< 0
P

(3.9)

<l (%)

q

& (%) = [ve (x) Uan(0) | (3.10)

Therefore,
B @), = /o (4 o] 0) - Jas (), - o
O

Lemma 3.7. F, (X) and F, 4 (X) are invariant upon rescaling X by a pos-
itive constant.

Proof. For any A > 0

F, ()\X) - %m otf ()\X)H _ % <ln)\+ln otf (X) >
a lt=0 a t=0
_ %ln oL (X)H% ~ —F, (X) , (3.12)

hence F, (X) is invariant. Since S, ()\ X) S. (X), Fia (X) is invariant,
too. O

Lemma 3.8. For any positive operator X with finite rank

F, (X) <F, (Xi) . Fia (X) < Fia (Xi) (3.13)
Proof. From Theorem 3.6,
In Hew (X) H <In Hem ()A(i) H . (3.14)
1/a 1/a
Since X and XV have the same spectrum, the two sides of (3.14) coincide at
t = 0, hence
0 d e (% d tL (%l ol
() - e (9], ] = Sl (], ) 5 ()
dt 1/a +=0 dt 1/a +=0
(3.15)

Moreover, S, (X ) =5, (X i), and the claim follows. ([
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With some abuse of notation, we define for any z € RV +!

N
Fu(z):=>n (xn |2n_g|F 71 — \xn\%) , (3.16)
" N 1 1
Sa(@) ==Y |an|= In|z,|= (3.17)
n=0
Faalx) = Fo(x) + (2, a) Se(z) . (3.18)

This choice is motivated by the following Lemma.

Lemma 3.9. For any x € RNT! with nonnegative components such that

N
> zalr =1, (3.19)

let HZON
X =)z, [n)n|. (3.20)

Then, "
Fo@) =Fa (X)), Su@=5.(X),  Feale)=Fou(X) . 321)

Proof. From [17, Egs. (V1.3), (VI.4)], we have

otf (X) - g: 2 (t) [n)(n] , (3.22)
n=0

where for n =0,..., N

ety =3 (fl) e (1—e ) (3.23)

k=n

The claim then follows from an explicit computation and from condition
(3.19). O

In the remaining part of this section, we will prove the following Theo-
rem.

Theorem 3.10. For any N € N and any x € RN with nonnegative compo-
nents and satisfying (3.19),

Foa(®) < Foo(@y) F,(z)<1-a. (3.24)
Proposition 3.11. Theorem 3.10 implies Theorem 3.1.

Proof. Lemma 3.9 and Theorem 3.10 imply that (3.3) and (3.4) hold for any
positive operator X with finite rank, diagonal in the Fock basis and with
Tr X'/¢ = 1. From Lemma 3.8, (3.3) and (3.4) hold for any positive operator
X with finite rank and with Tr X1/ = 1, and the claim of Theorem 3.1
follows from Lemma 3.7. O
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Lemma 3.12. For any v € RN satisfying (3.19),

Fiz)<1-a. (3.25)
Proof. We define for any n =0, ..., N
1
P =X, I:={ne{0,...,N}:p, >0}, E::Z:npn7 (3.26)
nel
such that
l—a
Fu(x)=> npn ((p”‘1> - 1) . (3.27)
nel Pn
From the hypothesis (3.19), p is a probability measure on I. If E = 0, then
po =1 and py = ... = py = 0, and the right-hand side of (3.27) vanishes.

We can then suppose £ > 0. Since the function s — s!=% — 1 is concave,
Jensen’s inequality implies

1—a 1—a
Npn Pn—-1 NPn Pn—1
FE E e -1 <F E —_— -1

where in the last step we have used the inequality
1+ <1+(1—a)s, s>0. (3.29)
O

Let Py C RM*! be the set of vectors with nonnegative components
satisfying (3.19). Since 0 < a < 1, F,, is continuous on RN+ and Py
is compact. Then, the restriction of F, , to Pn admits a global maximizer
T € Pn.

Lemma 3.13. The restriction of F, , to Py always admits a global maximizer
T € Py such that
To>...>xZn>0. (3.30)

Proof. Let € Py be a global maximizer of the restriction of F, , to Py.
Lemma 3.8 and Lemma 3.9 imply that

Foa(T) € Fopa (24) (3.31)
where Z' is the decreasing rearrangement of Z, i.e., :E% = Zg(n) for any n =
0, ..., N, where o0 € Sy41 is a permutation such that

Too) = - 2 Tony) 2 0. (3.32)
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Since also Z+ € Py, Z¥ is a global maximizer of the restriction of Fza to Pn,
too, and the claim follows. O

From now on, we assume that z = Z+, i.e., o > ... > Ty > 0. Let N’
be such that

Top>...2xn >0, Iny1=...=2Zny=0. (333)

Ifzg>...>Zn >0, weset N' = N. Even if N’ in principle depends on the
choice of T, we omit this dependence for the sake of a simpler notation.

Lemma 3.14. The hypotheses of the Karush—Kuhn—Tucker conditions (The-
orem B.1) for the mazimization of F,, : RN*TL — R with the constraint
functions
N
Un(z) =20, n=0,...,N, ¢a)=) |r,|7 —1 (3.34)
n=0
are satisfied in T. Therefore, T satisfies the stationarity condition (B.3), i.e.,
there exists A € R such that
8]:,2,0, A a(b

61‘ (ff): %(7) y n:07 ...,.Z\ﬂ7 (335)
a;;’“(z) < A%’(z), n=N+1,...,N, (3.36)

where N' is as in (3.33). An explicit computation of (3.35) yields

l—a l-a 1-— 1-2a 1 l-a
nzg,”; — n Tn® +(n+1) a4 Tpa1Tn® — #lz.0) (lng—c;; + 1) Tn®
a a a
)\ _17(1 ,
== Tn* n=0,...,N", (3.37)
a

while (3.36) for n = N’ + 1 yields
l—a
(N'+1)z,7 <0. (3.38)
Proof. Let us prove that the hypotheses of Theorem B.1 are satisfied.

(a). Since 0 < a < 1, both F, and ¢ are continuous on R¥*1 hence also
F . is continuous.

(b). The functions ¢ and S, are continuously differentiable on RV+1. Let
us prove that Fy is differentiable in z. If N =N or N'=N —1, F, is
continuously differentiable in a neighbourhood of Z. Let us then assume
N < N —2. Werecall that Tp > ... > Zn >0=ZTnr41 = ... = Tn.
The only terms in the sum (3.16) that are not continuously differentiable
in a neighbourhood of Z are

N

Z N Ty, |xn,1|1;a . (3.39)

n=N'+2

From Lemma A.2, the sum (3.39) is differentiable in Z, and the claim
follows.
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(c). Since ¢(Z) = 0 and Z is nonnegative and decreasing, we have Zg > 0
and
1
(@)

99

T (@) = >0, (3.40)

hence Vo(z) # 0.
(d). Wehave I = {N’'+1, ..., N}.If N’ = N, I is empty and the condition
reduces to Vo(Z) # 0. Let us then suppose N’ < N. We have for any

m=20,..., Nand any n € I

O _ O

O @) = G, () = 2 (3.41)
Since Z,, = 0 iff m € I, the gradients V¢(Z) and {V,(Z)}ner are
independent.

The conditions (3.35) and (3.36) follows from (B.3) using that ¢, (z) = zy,.
The condition (3.37) follows computing explicitly the derivatives in (3.35).
Since Ty/41 =0 and 0 < a < 1 we have

l—a

99 - _fN%+1:O,

(%cN/H a
l1—a
aSa = ‘rN%-&-l %
Tnr41=0
Moreover,
oF, B o ( , l-a 1
z) = (N'+1D)zn 1T —2xd
8xN/+1 8xN'+1 N N ZNry1=0
l-a
=(N'+1)z,y (3.43)
hence (3.36) for n = N’ + 1 becomes (3.38). O

Lemma 3.15. Let £ € Py be a global mazimizer of the restriction of F, , to
Pn such that Tg > ... > Tn > 0. Then, Tg > ... > Ty > 0, @.e., its N’
defined as in (3.33) is equal to N.

Proof. If N < N, condition (3.38) is in contradiction with Z+ > 0. O

The following change of variables simplifies the KKT stationarity con-

dition (3.37):
1

Pn=%n, n=0,..., N, p_1:=1, pn+1:=0. (3.44)
From the constraint (3.19), p is a probability measure on {0, ..., N}. We also
define for any 0 < s < 1
as?t —14(1—a)s®

Ins

, h(s):=s"1-1.
(3.45)

Ei=z7, v(s,a) = p(s",a) =
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Bringing all the terms to the left-hand side, the KKT stationarity condition
(3.37) reads

pl—a
" K,=0, n=0,...,N, (3.46)
a
where
2
’Cn:’l’Lh( Pn ) + nPn h/( Pn ) —(7’L+1) (anrl) h/ (anrl)
Pn—1 Pn—1 Pn—-1 Pn Dn
—v(&a)(lnp, +1) =X, n=0,...,N, (3.47)

and the function s + s h’(s) is set to 0 in s = 0 by continuity.
For n =0,..., N we define

Wy, 1= Pt ) (3.48)
p"L
sothat 0 <w, <lforn=0,....,N—1land wy =0. Forn=1,..., N we
have from (3.46)
OZICn_ICn—l

=nh(wp_1) Fnw,_1 M (wn_1) — (n+ 1) w2 A (w,) — (n — 1) h(w,_2)
—(n =D wp_oh (wp_2) +nw?_; K (wn_1) —v(w,a)lnw, ;. (3.49)

‘We notice that
h(s) + sh'(s) — s?h/(s)

Ins

v(s,a) = (3.50)
Then, (3.49) can be recast as
(n+1) (wy, B (wn) — wj_y I (wn—1))
=(mn—1)(Mwp_1) +wn_1 K (wn_1) — h(wn_2) — wn_o " (W _2))
+ (v(wp-1,a) — v(w,a)) Inw,_1 . (3.51)
Lemma 3.16. For any 0 < a <1 and any 0 < s < 1, the function s — v(s,a)

is strictly increasing and maps (0,1) into (—o0,0).

Proof. We have to prove

70 ala—1)s7" Y1 -s)lns—as® '+ (a—1)s* +1
dl = .52
0< 8Slj(s,a) Sn o) , (3.52)
which reduces to the inequality
?
—a(l—a)(1-8)lns—a—(1—a)s+s7*>0. (3.53)
Since the function s + s!7% is concave, we have for any 0 < s < 1
1—
ST (1—a) — (3.54)
s
Moreover,
1 1
—alns=ln—>— -1, (3.55)

s s
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and (3.53) follows since

—a(l—a)(1—s)lns—a—(1—a)s+s'7

1 1-—
>(1-a)(l—s) <S1) —a-(1-a)s+1—(1—a) Sas =0. (3.56)
For the second part, it is sufficient to notice that lims_,o v (s,a) = —oco
and limg_,; v(1,a) = 0. O

Lemma 3.17. Let £ € Py be a global mazimizer of the restriction of F, , to
Pn such that Tg > ... > Tx > 0, and let w € RN be as in (3.48). Then,
zi=E>we>w > ... > wy =0.

Proof. Let us first assume that £ < wg, hence v(&, a) < v(wy, a) from Lemma
3.16. We then have from (3.51) with n =1

2 (wi B (wy) — wi 1 (wo)) = (v(wo,a) — v(w,a)) Inwy <0, (3.57)
thus wy > wyp since the function
s s52h(s)=—(1—a)s® (3.58)

is strictly decreasing.

We will prove by induction that w, > w,_; for n = 1,...,N. This
yields a contradiction for n = N since wy = 0. The claim is true for n = 1.
We can assume from the inductive hypothesis w,_1 > wp_2 > ... > wy,
n > 2. We then have v(wy,—1,a) > v(wo,a) > v(, a). Since the function

s h(s)+sh'(s) = ¢ (3.59)

Slfa

is decreasing, we get from (3.51)

(n+1) (w% W (wn) — w?L—l h/(wn—l))
= —1)("Mwp—1) +wp_1 K (wp—1) = M(wp—2) — wp_2 "' (wy_2))
+ (V(wp-1,a) — v(w,a)) Inw,_1
< (n—1) (h(wp—-1) + wp—1 A (Wp—1) — hW(wp—2) — wp_2 h' (w,—2)) < 0.
(3.60)

Since the function s +— s2h'(s) is strictly decreasing, we have w,, > wy,_1.
We must then have wy < &, hence v (wp, a) < v(€,a). Thus, from (3.51)
with n =1,

2 (wi B (wy) — wg h'(wo)) = (v(wo,a) — v(§,a)) Inwe >0, (3.61)

thus w; < wq since the function s — s2h’(s) is strictly decreasing.
Let us prove by induction that w, < w,_1 forn =1,..., N. The claim
is true for n = 1. We can assume from the inductive hypothesis w,_; <
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Wp—g < ... < wp, n > 2, hence v (w,_1,a) < v(wg,a) < v( a). Since the
( 51

function s — h 80)’4- sh/(s) is decreasing, we get from (3
(n+1) (wi b (wg) —wi_y B (wnfl))
=(n—1) (hMwp_1) +wp_1 K (wp—1) — M(wp_2) — wp_2 W (w,_2))
+ (W(wp—1,a) —v(& a)) Inw,_1

> (Tl - 1) (h(wn—l) + Wp—1 h/(wn—l) - h(wn—Q) - Wp-2 h/(w”—Q)) 20,
(3.62)

)

and since the function s — s2h/(s) is strictly decreasing, we have w, <
Wn—1- U

We now consider the dependence on N. For any N € N, let z(V) be a
maximizer of the restriction F, , to Py such that Z ( ) > >z >,
and let p¥) and w®™) € R¥+! be as in Egs. (3.44) and (3.48), respectively.
With a diagonal argument, there exists a subsequence {N}, o such that for
any n € N

lim w¥*) = > | lim p(Me) = poe (3.63)

k—o0 k—o0

Since monotonicity is preserved in the limit, we have
1>&>wi>wi>...>0. (3.64)

Lemma 3.18. The wy° are all strictly positive and satisfy for any n > 1 the
recursive relation

(1) [ (i) B () - (w;:°_1)2 W (i)
=(n—1) (h(wp2y) +wey b (w2 ) — h(wpy) —wps o h' (wp2y))

+ (v(wpy,a) — v(w, a)) Inwy® . (3.65)

Proof. If wg® = 0, since the sequence n +— wi is decreasing we have for any

neN

lim sup w{¥*) < lim sup w(Nk) =wy® =0, (3.66)
k—o0 k—o0
hence wy® = limg_, 00 wé 2= 0 for any n. Since wle < wgﬁ) and the

)
1
function s — h(s) + sh’(s) is decreasing, we get from (3.51)

(Nk) w Nk) w(Nkl)
V(f,a) <v (w(Nk) a)—l—(n—i— 1) ( ) ( ) ) ( n- )

noy —1In wnN k)
(3.67)
Since lims_,0 s2h’(s) = 0 and lims_,ov(s,a) = —oo, the right-hand side of

(3.67) tends to —oo for k — oo, giving a contradiction.
We must then have wg® > 0. We proceed by induction on n. From the
inductive hypothesis, we can suppose
we = lim wéN") >...> lim w N"l) =wp’,>0. (3.68)

k— o0 k—oo
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Let us suppose wS® = 0. Since the function s +— s2h/(s) is nonpositive and
continuous for any 0 < s < 1, taking the limit & — oo in (3.51) with n+1 in
place of n we get

02 (n+2) (w) "W (ws)
zég;(m+l)@(w9“)+wg“h/@ﬁwv>fu@ ﬂnwww)
= h(wpZy) —wpZy W (wpZy) = o0, (3.69)

where we have used that h(s) + sh’(s) = O(s*71) and s?h’(s) — 0 for s — 0.
Since (3.69) contains a contradiction, we must have w3® > 0, and (3.65)
follows taking the limit & — oo in (3.51). O

Lemma 3.19. w;° =€ <1 for any n € N.

Proof. From (3.64) and Lemma 3.18 we have 0 < w§® < £ < 1. Since the
sequence n — wy° is positive and decreasing, it has a limit lim,,_,., wp® =
infenywS® = ¢, that satisfies

0<¢<wF<e<. (3.70)

Since the function s — h(s) + sh/(s) is decreasing and w2 ; < w ,, the
recursive relation (3.65) implies
o0 o0 o0 2 o0
(1) () W wi) = (wiy)* 1 (i)
> (V(wn 1 a )_ V(§7 ))lnwﬁoq ) (3'71)
hence
00\2 7./ ( 1,00 0o \217(s,00
(1) (w2 W) = (wiy) W (wiey)
v(€, a) < T +v(wq,a).
(3.72)
Since the function s — th’(s) is bounded and decreasing for 0 < s < 1, we
have
S (i) W) = (w32 ))* W (w3 1)) = €7 W(€) = (we) W (w?) < oo
n=1
(3.73)
Since wS® < w4, the sequence {(w;’f)z B (wee) — (w2 ) (w22 1)} .
ne
is positive and summable, hence ’
liminf (n +1) ((w;O)2 B (w®) — ()’ h'(w;;il)) —0. (3.74)
Since —Ilnwy® ; > —Inwf® > 0, we also have
N m+n0m>ww>—wwowwww
lim inf =0, (3.75)
n—00 —lnwd®

and taking the liminf for n — oo of (3.72) we get
v(§ a) <v(,a), (3.76)
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hence & < ¢’ Since from (3.70) also the converse inequality holds, we must
have ¢ = w§® = . Since the sequence n — wS® is decreasing and § = &' =
inf, ey wg®, we have w§® = & < wp® < wg® for any n, hence wi® = £. 0

Ni)

Lemma 3.20. limj_, psl =pg°&" for any n € N.

Proof. The claim is true for n = 0. The inductive hypothesis is

hm p( Ne) 5"/ , n=0,...,n. (3.77)
We then have limy,_, o p£L+1) = limy_, o0 psl ®) (N’“) = pg° "1 where we have
used the inductive hypothesis and Lemma 3.19. (I

Lemma 3.21. We have p3° =1 — £, hence limy_, oo p% - =(1-¢&¢&" for any
n € N.

Proof. We have E —0 pnN) =1 for any N € N. Moreover, since the sequence

(N)

n+— wy, ~ is decreasing, we also have

N =Vl < ()" (3.78)

We have limy,_, o, wéNk) = ¢ < 1, hence w(()N"') < (14-&)/2 for sufficiently large

k, and since p(()N) <1,
1 n
P < (?) : (3.79)

The sums S o ) are then dominated for any k € N by > (1'§£> <
00, and from the dominated convergence theorem we have

Nk o) [e%s} 00
_ 1 (Nw) _ : (Nk) _ 00 n_ Po
L= lim > pi™ =) lim pi™ =p ) &=, (3.80)
n=0 n=0 n=0
where we have used Lemma 3.20. O

We notice that for any N € N

Sa (i(N)> =S5 (p(N)> =— iv:pﬁf\” Inpv) (3.81)
n=0

Lemma 3.22. limy_, o S (p(Nk)) = S(we).

Proof. The function x — —z Inx is increasing for 0 < & < 1/e. Let us choose
ng such that ((14¢£)/2)™ < 1/e. Recalling (3.79), the sums

N
= > M Inp M) (3.82)

n=mno



One-mode quatum Gaussian channels have Gaussian maximizers 19

n
are dominated for any k € N by —>°°° % In % < oo. Then, from

n= 710
the dominated convergence theorem and Lemma 3.21 we have

lim S (p(Nk)) = — ZpglN") lnpglN"')

k—o0
n=0

- Z O (In(1—&) +nng)=5@). (3.83)

O
Lemma 3.23. lim_, o F}, (E(Nk)) = Elh—_(?
Proof. We can rewrite
Ny,
F, (;zUVk)) =3 np™) W) h (w,ﬁﬁ)) . (3.84)
n=1
For any 0 < s < 1 we have
0<sh(s)=s"—s<2, (3.85)

and from (3.79) the sums in (3.84) are dominated by 23" n (%) < 0.

Then, from the dominated convergence theorem and Lemma 3.21 we have

Jim £, (50%)) = MO Do - 9" = ﬁh_(i) . (386)

O

Since Py C Py for any N < N’, the sequence {]—'Z,a (:E(N))}NGN is
increasing. We then have for any N € N and any x € RV*! with nonnegative
components and satisfying (3.19)

Foale) < 7o (3) < 7 (207) = gim 7 (o)

= lim F (p) = 5111_(55) +u(€,a) S(e) = Fr (Ge) »  (3.87)

and the claim follows since

e = —2 (3.88)

4. The quantum-limited attenuator has Gaussian maximizers

Theorem 4.1 (p — ¢ norms). For any 1 < p < ¢ and any 0 < A\ < 1 the
p — q norm of Ex is achieved by a thermal Gaussian state & (that depends
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on A, p and q), i.e. for any operator X with HXH < 00
P

7(@

For any p > 1 and any 0 < A < 1 the p — p norm of &€, is asymptotically
achieved by thermal Gaussian states with infinite temperature, i.e. for any

operator X with HXH < 00
P

HSA(X)P<1imH&@Z)””—/\1191’—||5 |
T S ey, 0T T

1Ex (@)l

< = A
]

(4.1)

X

p—q

p

(4.2)

p—p

Foranyl <q<pandany0 < X <1 the p — q norm of €, is infinite and is
asymptotically achieved by thermal Gaussian states with infinite temperature:
_IEx @)l
lim ———— = [[&x]]

=1 @],

(4.3)

p—q

Remark 4.2. ||&||p—q = oo for any p, ¢ > 1. Indeed, & (&,) = |0)(0] for any
0 <z < 1, hence
lo@)l, 1

=l l@xllp e el

Remark 4.3. & =1, hence

=00. (4.4)

1 ifl<p<g

oo ={ oy 1SS (@5)

4.1. I1<p<q

Lemma 4.4. It is sufficient to prove Theorem 4.1 for positive operators.

Proof. From [2, Theorem 1], we can restrict to X Hermitian. From [2, Eq.

(2)], we have HE)\ ( )H HE)\ (’XD , where ‘X is the absolute value of
X. Since ‘
p
Jex ()1, _ [l (%D
P P
and the claim follows. ]

Lemma 4.5. It is sufficient to prove Theorem 4.1 for positive passive opera-
tors. In other words, if (4.1) holds for any positive passive operator X with

‘ p

< 0.
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Proof. From Theorem 3.6, the Fock rearrangement of the input does not
change its p norm and increases the ¢ norm of the output, i.e. for any X >0

with HXHp <o
NI

X X+

¢ (4.7)

A

O

Lemma 4.6. It is sufficient to prove Theorem /.1 for positive passive operators
with finite rank.

Proof. Let us suppose that

p

for any positive passive Y with finite rank. For any n € N let
Pu= Y IR)K (19)
k=0

be the projector onto the first n + 1 Fock states, and let X be a generic

positive passive operator with HX < 0. Since X is diagonal in the Fock
P

basis we have

0<P,X=XP,=P,XP, <X (4.10)
and
A ~\ P A A ~
0< (Pn X) =P, X7 < X7 . (4.11)
We then have from the dominated convergence theorem
A ~\P A A A
lim Tr [(Pn X) } = lim T [Pn XP] —Tr X7, (4.12)
n—oo n—oo
i.e.
lim PnXH - HXH . (4.13)

Since &) is a positive map and preserves the set of Fock-diagonal operators,
we also have

0< & (15” X) <& (X) (4.14)
and
0<& (P X < (X)q . (4.15)
Fatou’s lemma implies
Tr [& (X)q} < liminf Tr [& (Pn X)q} , (4.16)
ie.

(4.17)

e (%)

< lim inf HEA (Pn X)

q n—oo

q
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Finally, we have from (4.13) and (4.17)

p

where the last inequality follows from the hypothesis (4.8) applied to ¥ =
P, X. 0

Theorem 4.1 follows integrating the logarithmic Sobolev inequality (3.3).

Lemma 4.7. For any positive operator X with finite rank
i1nHXH -y (X) (4.19)
da % - a b M
where Sy is as in (3.1).

Proof. We have

., Ir [X'%lnf(]
a

ihrlH)A( :i<alnTr)A(%):1nTrX5— —
da 1 da Tr Xa
X Xa Xa
=-Tr — In — | =9 — | - (4.20)
TrXe TrXa TrXa
([

Lemma 4.8. Let us fit T > 0 and 0 < z9 < 1. We define for any 0 <t <T

etz

2(t) = ey (4.21)
such that
‘Dz(t) = et (@) (4.22)
and let a(t) satisfy
0<a(t) <1, %a(t) = pn(z(t),a(t)) , (4.23)

with p(z,a) as in (3.2). Then for any positive passive operator X with finite

rank
= @) e @,
— < Sl (4.24)

‘ 1 a(0)
a(0)

X
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Proof. We have with the help of Lemma 4.7 and of the differential equation

(4.23) for a(t)
a2 = Fuu) (ew (X)) + Sagt) (ew (X)) %a(t)

Gl (%)
= Fe(t),at) (em (X)) < Fawyae) (@=1))

N . d
= Fa(t) (et£ (wzo)) + Sa(t) (et£ (Wz0)> %a(t)
d R
= aln“et‘c (wZo)Hﬁ ) (4.25)

where we have used the logarithmic Sobolev inequality (3.3) with X replaced
by et? (X) Inequality (4.24) then follows integrating (4.25) between ¢ = 0
andt="1T. O

The claim (4.1) then follows from

Proposition 4.9. For any 1 < p < q and any T > 0 there is 0 < zg < 1 such
that the solution to (4.23), with a(0) = 1/p and z(t) given by (4.22), satisfies

a(T)=1/q.

Proof. We can extend the function (z,a) — p(z,a) to z = 1 with (1, a) := 0.
This extension is continuously differentiable for 0 < z < 1and 0 < a < 1. We
then have a(T) = a(0) = 1/p for zg = 1. Since 0 < 1/g < 1/p, by continuous
dependence of solutions of differential equations with parameters, e.g., [32,
Theorem 3.1], it is sufficient to show that there exists some 0 < zp < 1 such
that a(T) = 0.

We have for 0 <a<land 0 <z <1

a—1

az « —1
wiza) < L za). (4.26)
Inza
The function a — ¢(z,a) is increasing for z < e~2. Indeed,
l1—a
a-12a—2za +1nz a=12+1Inz
—Plza) =2 — " "> >0. 4.27
Oa (,0) =2 Inz =Z Inz — ( )
Moreover, the function z — ¢(z,a) is increasing for z < ea-1. Indeed,
St a—(1—a)l —a—(1-a)l
— (z,a):az a—( a)nzza a-(-a) 2>, (4.28)

0z

From Lemma A.1 p(z,a) < 0, hence the function ¢ — a(t) is decreasing and
therefore

zaln? 2 zaln?z
a(t) <a(0)=1/p. (4.29)
From (4.21), the function ¢ — z(t) is decreasing, and therefore

2(t) < zp . (4.30)



24 Giacomo De Palma, Dario Trevisan and Vittorio Giovannetti

1 1
Then, choosing zgp < e™2 and 2y < eT7 we have z(t) < e 2 and 2(t) < eT—»

for any ¢ > 0. Then,

n(z(t), a(t)) < ¢(2(t), a(t)) < ¢(z(t),1/p) < ¢(20,1/p) , (4.31)

where the first inequality follows from (4.26), the second inequality follows
from (4.29) since the function a — ¢(z,a) is increasing for z < e~2, and the
last inequality follows from (4.30) since the function z — ¢(z, a) is increasing
for 2 < ea-1. We then have

1
a(T) < »t ¢(20,1/p) T'. (4.32)
Since lim, 0 ¢(z,1/p) = —oco for any p > 1, for sufficiently small zg we will
surely have a(T") = 0. O

4.2. 1<p=q

With the same proof used in the case 1 < p < ¢, we can restrict to X positive
passive with finite rank. Integrating (3.4) with @ = 1/p between ¢ = 0 and

t=—1In\ we get
& ()

. a (4.33)
[
P
We can compute for any 0 < z < 1
R 11—z
[@:l, = ——— = fp(2) . (4.34)
(-
We have for ¢ — 0
=114+ 0
fl—e =5 L0 (4.35)
pP
and using (2.10)
Ey (W1_e f (1 - %6) 1-p
i WGy o PR e g
=0 [lor—cll,, =0 fp(l—¢)
4.3. 1<g<p
We have using (2.10) and (4.35)
Ex (W1_e o\l = sq=0:
g 1A=, (= xaio) _ 5. (4.37)
=0 l@r—cll,, =0 fr(l—¢)
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5. The quantum-limited amplifier has Gaussian maximizers

Theorem 5.1. For any 1 < p < q and any k > 1 the p — q norm of A, is
achieved by a thermal Gaussian state @ (that depends on k, p and q), i.e. for

any operator X with HX < o0
P

4 (%], _ 4. @)

],

L= Al (5.1)

X

p—q °

,

For any p > 1 and any k > 1 the p — p norm of A, is asymptotically
achieved by thermal Gaussian states with infinite temperature, i.e. for any

operator X with HX < o0
P
|4 (%) As (@ §
e Oz, )
’X =1 @,
P

For any 1 < g < p and any k > 1 the p — q norm of A, is infinite and is
asymptotically achieved by thermal Gaussian states with infinite temperature:

‘AK AZ
A @)

=1 e,

= oo = || Axll (5-3)

p—q °

With the same argument we used for the attenuator, we can reduce to
X positive, passive and with finite rank. In the proof we will repeatedly use

Theorem 5.2 (Holder’s inequality). For any two commuting positive matrices
A and B and any p > 1

; (5-4)

p

where p' 1= = is the conjugate exponent of p.

5.1. 1<p<q

We recalling that the dual of A, is %5 1 (Proposition 2.1), and that both A,
and &1 preserve the set of Fock-diagonal states. Then, Holder’s inequality
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gives

q

4 (%)

q

IN

IA

\5; (@)

K

71 ,
! P (5.5)

X —E
a K@l

= | ) A, (%)

where the first identity follows from (2.14) and & is the Gaussian state that
achieves the ¢" — p’ norm of & /. according to Theorem 4.1 (1 < p < ¢
implies 1 < ¢’ < p’). Then,

[4- ()], _ e @

|

Since the dual of %Sn is A, again, Holder’s inequality gives

< . ‘f’/ . (5.6)
X K;Hw”q’
P

% Hsi @) Z - [w A, (5% (@)P’*l)}
<[l |4 (2 @7 )] - (57)
hence
lex@], 4 (ex@ )],
sllell,  — H5; ©) p—1
K p/
4 (e @),
- - . (5.8)
(gl (@) !
'“ P

Putting together (5.6) and (5.8) we get that the p — ¢ norm of A,; is achieved
by the quantum state
g —1
L E@)r

= W . (5.9)

Since & is a thermal Gaussian state, also €1 (@) is a (different) thermal
Gaussian state. Finally, from (2.3) any positivg power of a thermal Gaussian
state is proportional to another thermal Gaussian state, hence also &' is a
thermal Gaussian state.
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5.2. 1<p=q
Recalling that the dual of A, is 75 1, and that both A, and & 1 preserve the
set of Fock-diagonal states, Holder s inequality gives

=gy (a0

—_

15 s\ P—1
<=2 |Ix]| |lex (AN(X) )
K P r ’
P
€1
< |%] ’AR (X)p_l 7‘ Ny
p P’ K
- AN\ [P~ 1-p
e ’ ’AK, (X) K (5.10)
P P
where we have used (4.2), hence
[ (5.11)
Moreover, using (2.16) and (4.35) we have
Aka w —€ 1-< -p
ti 1A &1=0) i 20 R) e (5.12)
e—0 ||w1*5||p e—0 fp(l — 6)
5.3. 1<qg<p
We have from (2.16) and (4.35)
Ay (1 1—<
ti 1A Gl foll=3) _ (5.13)
=0 ||w175||p =0 fp(l—¢)

6. Thermal quantum Gaussian channels

The one-mode phase-covariant quantum Gaussian channel are the quantum
channels resulting from the composition of a quantum-limited amplifier with
a quantum-limited attenuator [44, 23, 35, 21]. The following upper bound to
their p — ¢ norms holds:

Proposition 6.1. For any 0 <A <1, anyx > 1 and any p, ¢ > 1,
w0 Ell, g < 0 (Al IE],,) - (6.1)

Proof. For any operator X with HXH < oo and for any r > 1,
P

o (], < e (), e 5
(6.2)
(]
The lack of an analytic expression for ||A[, ., and [[E)]],,, makes the

computation of the right-hand side of (6.1) difficult. However, we conjecture
that the right-hand side of (6.1) coincides with the p — ¢ norm of A, o ).
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7. The constrained minimum output entropy conjecture

A crucial consequence of Theorem 5.1 is the constrained minimum output en-
tropy conjecture for the one-mode phase-covariant quantum Gaussian chan-
nels.

Theorem 7.1 (constrained minimum output entropy conjecture [16, Theo-
rem 4]). Quantum thermal Gaussian input states minimize the output von
Neumann entropy of any one-mode phase-covariant quantum Gaussian chan-
nel among all the input states with a given von Neumann entropy. In other
words, for any one-mode phase-covariant quantum Gaussian channel ®, any
0 < z <1 and any one-mode quantum state p with S(p) = S(@,),

S(@(p)) = S(@(w.)) - (7.1)

We provide here a sketch of the proof of Theorem 7.1. The reader can
find the complete proof in Ref. [16].

Theorem 7.1 has been proven in Ref. [17] in the case where @ is a
one-mode quantum-limited attenuator. The proof of Ref. [17] is based on
an isoperimetric inequality and does not use the p — ¢ norms. Since any
one-mode phase-covariant quantum Gaussian channel can be decomposed
as a quantum-limited attenuator followed by a quantum-limited amplifier
[44, 23, 35, 21], it is sufficient to prove Theorem 7.1 when ® is a one-mode
quantum-limited amplifier (see [16] for the details). For this purpose, it is
convenient to rephrase Theorem 5.1 in the following way.

Lemma 7.2 ([16, Lemma 1]). Let us fit k > 1 and 0 < z < 1. Then, for any
1<g< % there exists 1 < p < q such that the p — q norm of A, is achieved
by w,, and for any one-mode quantum state p

1A+ (P) A (@2)lq
i l@elly

For any p > 1, the Rényi p-entropy [34] of the quantum state p is

IOy g, = (7.2)

S(p) = 12 ol (7.3)
and satisfies
lim 5,() = 5(9) (7.4)
Let now p be a one-mode quantum state with
S(p) = 5(@:) - (7.5)
Rewriting (7.2) in terms of the Rényi entropies we get
Sq(Ax(p)) 2 Sq(Ax(@2)) + r_i% (Sp(p) = Sp(@s)) - (7.6)

Taking the limit ¢ — 1 and recalling (7.4) we get the claim
S(Ax(p) = S(Ax(@2)) - (7.7)
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8. The thinning

The thinning [48] is the map acting on classical probability distributions on
the set of natural numbers that is the discrete analogue of the continuous
rescaling operation on positive real numbers.

Definition 8.1 (Thinning). Let N be a random variable with values in N. The
thinning with parameter 0 < A < 1 is defined as

N
TA\(N)=)_ B, (8.1)

where the {B,},en+ are independent Bernoulli variables with parameter A,
i.e. each B; is one with probability A, and zero with probability 1 — A.

From a physical point of view, the thinning can be understood as follows:
each incoming photon has probability A of being transmitted, and 1 — X\ of
being reflected or absorbed. Let N be the random variable associated to the
number of incoming photons, and {p,, }»en its probability distribution, i.e. p,
is the probability that N = n (i.e. that n photons are sent). Then, T (p) is
the probability distribution of the number of transmitted photons. It is easy
to show that

[TA(P)],, = D Pl Pk » (8.2)
k=0

where the transition probabilities 7, are given by

Tolk = (S) A1 — Ak (8.3)

and vanish for k < n.
The thinning coincides with the restriction of the attenuator to input
states diagonal in the Fock basis:

Theorem 8.2. Let £y and T be the quantum-limited attenuator and the thin-
ning of parameter 0 < \ < 1, respectively. Then for any probability distribu-
tion p on N

Ex (an In><n> =Y @), In)nl. (8.4)

Proof. See [15, Theorem 56]. O

Thanks to Theorem 8.2, our main result applies also to the thinning
with the usual I[P norms:

Definition 8.3 ({? norm). For any p > 1, the [P norm of a sequence of complex
numbers {z,, }, cy s

=

]|, = (Z Ixn|p> : (8.5)

neN
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Theorem 8.4 (I — 19 norms). For any 1 < p < ¢ and any 0 < A < 1 the
1P — 17 norm of T is achieved by a geometric probability distribution
wp(2) =10 —2)2", neN (8.6)
with 0 < z < 1 depending on A, p and g, i.e. for any sequence {x,}nen of
complex numbers with ||z||, < oo
17 @ll, _ 175 @)l
lll, = [l
For anyp > 1 and any 0 < A < 1 the IP — [P norm of T\ is asymptoti-

cally achieved by geometric probability distributions with z — 1, i.e. for any
sequence {ntnen of complex numbers with ||z, < oo
T ()], 17X (W),

1—p
TP < im =\ =T
lell,  — =1 e,

L= ||l (8.7)

p—q °

pop (8.8)
Foranyl <qg<pand any 0 < A <1 the P — [9 norm of Ty is infinite and
is asymptotically achieved by geometric probability distributions with z — 1:

1Ty (w2l

lim =00 = ||T)||

LR e (8.9

p—q

9. Conclusions

We have proven that Gaussian states achieve the p — ¢ norms of the two
building blocks of one-mode phase-covariant quantum Gaussian channels: the
quantum-limited attenuator and amplifier. This fundamental result proves a
longstanding conjecture, which was open since 2006 [33].

Our result has led to the proof [16] of the constrained minimum out-
put entropy conjecture, which was open since 2008 and states that Gaussian
states minimize the output entropy of any one-mode phase-covariant quan-
tum Gaussian channel among all the input states with a given entropy. The
logarithm of the p-norm of a quantum state is proportional to its Rényi p-
entropy [34]. The Rényi entropies play a key role in quantum information
processing with finite resources [51]. Our result might then also find applica-
tion in this scenario.

Our proof technique cannot be directly applied to the one-mode phase-
covariant quantum Gaussian channels that are not quantum-limited. Indeed,
the application of the Karush-Kuhn—Tucker conditions heavily relies on the
restriction to input states diagonal in the Fock basis and with finite rank and
on the property that the quantum-limited attenuator preserves this class of
states. Indeed, it has been shown in the case of the minimization of the output
entropy that for any other phase-covariant quantum Gaussian channel, quan-
tum Gaussian states are not the only solution to the Karush—Kuhn—Tucker
conditions [47]. The quantum-limited amplifier is an exception since its p — ¢
norms are determined by the norms of the quantum-limited attenuator via
a duality argument. We have also been able to prove an upper bound to the
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p — ¢ norms of any one-mode phase-covariant quantum Gaussian channel,
and we conjecture that this upper bound is optimal.

The fundamental property stating that the output generated by the
vacuum input state majorizes the output generated by any other input state
holds for any multimode phase-covariant quantum Gaussian channel [22, 35].
We then conjecture that multimode Gaussian states achieve the p — ¢ norms
of multimode phase-covariant quantum Gaussian channels. This result would
imply the multiplicativity of such norms [35]

12 @ |, = 1], 12l (9.1)

p—q p—q p—q
for any two multimode phase-covariant quantum Gaussian channels ¢ and
®’, proven so far only for p = 1 [35] and p = ¢ [20]. While the multiplicativ-
ity of the norms of any two classical integral kernels can be proven via the

Minkowski inequality, in the quantum case entanglement makes it a highly

nontrivial property that does not necessarily hold (see [33] and references
therein for a review).

Our proof relies on the majorization results of [15], that fail in the
multimode scenario (see [14, section IV.A]). The multimode extension will be

an open challenge for the future, that could exploit the recently discovered
relation between quantum Gaussian semigroups and optimal mass transport
[7, 8]. We conjecture that quantum Gaussian states are the only operators
that achieve the p — ¢ norms of quantum Gaussian channels, as it is for
classical Gaussian integral kernels [12]. The proof of this conjecture will be
another open challenge for the future.
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Appendix A. Auxiliary Lemmas
Lemma A.1. The function
azc —14+(1—a)z
u(za) = 1-a) (A1)

1
Inza

is negative for any 0 < a <1 and any 0 < z < 1.
Proof. Since 0 < a < 1, the function z — az“a is convex and

az% >at+a—-1)(z—1)=1-(1-a)z. (A.2)
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Then, the numerator in (A.1) is positive. Since 0 < z < 1, the denominator
in (A.1) is negative, and the claim follows. (]

Lemma A.2. For any 0 < a < 1, the function

1_
(z,y) = x|y|= (A.3)
is differentiable in (0,0) with a vanishing differential.
Proof.
13
lim sup M < limsup |y|%_1 =0. (A.4)
@y)=0.0) VT2 + 5% (@100
O

Appendix B. Karush—Kuhn—Tucker conditions

Theorem B.1 (Karush-Kuhn—Tucker conditions [4, Theorem 7.2.9]). Let f,
{0}, ¢ : RM — R be continuous functions (a). Let T € RM™ be a local
mazimizer for f(z) on the domain Q C RM defined by the constraints

Yp(x) >0 Vn=0,..., N, o(z)=0. (B.1)
Let f, {¢n})_, and ¢ be differentiable in T (b) with V¢(z) # 0 (c). Let
I={ne{0,..., N}:¢,(Z) =0} , (B.2)

and let us suppose that the gradients Vo(Z) and {Vi,(T)}ner are linearly
independent (d). Then, there exist A € R and {ap tner with cu, > 0 for any
n € I such that

V@) = AVH(T) + > an Vipn(z) = 0. (B.3)

nel
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