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Abstract

We consider viscosity solutions to two-phase free boundary problems for the p(x)-Laplacian
with non-zero right hand side. We prove that flat free boundaries are C!'7. No assumption
on the Lipschitz continuity of solutions is made. These regularity results are the first ones
in literature for two-phase free boundary problems for the p(x)-Laplacian and also for two-
phase problems for singular/degenerate operators with non-zero right hand side. They are
new even when p(x) = p, i.e., for the p-Laplacian. The fact that our results hold for merely
viscosity solutions allows a wide applicability.

Mathematics Subject Classification 35R35 - 35B65 - 35J60 - 3570

1 Introduction and main results

In this paper we study two-phase free boundary problems governed by the p(x)-Laplacian
with non-zero right hand side, continuing with our work in [22, 23], where we dealt with the
one-phase version of these problems. Our purpose is to investigate the regularity of the free
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boundary. More precisely, we denote by
A peoyu = div(|Vu|PD 2 V),

with p a function such that 1 < p(x) < +o00. Then, one of the two-phase problems we
consider here is the following:

{ Apyut = f, in QT UQ (n),

WHP® — )P =g, on F(u) :=3aQt(w) N, (4.1

where Q C R” is a bounded domain and
Q) :={x e Q:ukx) > 0}, Q () ={xeQ:ulkx)<0}°,

while u;" and u;; denote the normal derivatives in the inward direction to Q1 (1) and Q™ ()
respectively. F(u) is called the free boundary. Also, f € L° () is continuous in Q¥ () U
Q (), peCl(Qisa Lipschitz continuous function, and g € c%7(Q), g > 0.

This problem comes out naturally from limits of singular perturbation problems with
forcing term as in [32, 33], where solutions to (1.1), arising in the study of flame propagation
with nonlocal and electromagnetic effects, are analyzed. On the other hand, nonnegative
solutions to (1.1) appear in [36] where an optimal design problem is studied. Problem (1.1)
is also obtained by minimizing the following functional

<|vv|p(n )
J() = / + g (X)) 4 x>0} + A x=0y) + f(X)v | dx, (1.2)
e\ rPW
where A+ > A_ > 0 are given numbers and ¢ is a strictly positive given function. For
nonnegative minimizers we refer to [35] for the general energy (1.2), and to the seminal
paper by Alt and Caffarelli [2] for the case p(x) =2 and f = 0.

In case of minimizers without sign restriction of the general energy (1.2)—problem origi-
nally treated in [3] with p(x) = 2 and f = 0—the two-phase problem (1.1) is obtained with
free boundary condition given by

WHPD — ()P = g(x)p(x)

G =2) (1.3)
p

=17
under suitable assumptions, see Appendix A.
In the present paper we will study a general two-phase free boundary problem of the type

{Ap(x)u =f, inQtw)UQ™ (),

uf =Gy, x), on F(u) =927 () N R, 4

which includes, in particular, problem (1.1).

We are interested in the regularity of the free boundary for viscosity solutions of problem
(1.4).

In this paper, we are following the strategy developed in [13, 14]—inspired by [12]—for
two-phase problems with non-zero right hand side, respectively in a linear and a fully non-
linear uniformly elliptic setting. The same technique was applied to the p-Laplace operator
(p(x) = p in (1.1)) for the one-phase case, with p > 2, in [37] and to the p(x)-Laplace
operator in one-phase in [22, 23].

Let us mention that the two-phase problem (1.4), in the linear homogeneous case, gov-
erned by the Laplacian, i.e., when p(x) = 2 and f = 0, was settled in the classical works by
Caffarelli [6, 7]. These results have been widely generalized to different classes of homoge-
neous elliptic problems. See for example [9, 25, 26] for linear operators, [5, 19-21, 43, 44]
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for fully nonlinear operators and [38, 39] for the p-Laplacian. The general strategy followed
by these papers, however, seems not so suitable when a non-zero right hand side is present,
as it is our case.

We also point out that, in the one-phase case, problem (1.4) with non-zero right hand
side was dealt with in [34]. There, the C1-* regularity of the free boundary near flat free
boundary points was obtained, for weak (variational) solutions, following the approach in
[2]. However, it is not clear how to adapt these techniques to the two-phase case.

We here apply the tools introduced in [12], and then extended in [13, 14], and we prove
that flat free boundaries of two-phase viscosity solutions of (1.4) are C17.

Our assumptions on the function p(x) will be

peC Q). 1< pmn<p@) <pmx <00, VpelLl™(Q), (15)
for some positive constants pmin and pmax, and our assumptions on f will be
feL®(Q), fiscontinuous in Q1 (u) U Q™ (u). (1.6)

Our results also hold in case f is merely bounded measurable, but we assume (1.6) to avoid
technicalities.

In order to simplify the presentation, we prefer to start our research by focusing our
attention on a particular case of problem (1.4), which is

{Ap(x)u =f, in QY (u) UQ™ (u),

(uj)z - (u;)Z =1, onF(u):= aQ+(Lt) ne, (1.7)

and then deal with the general case (1.4).

In fact, let xo € F(u). Without loss of generality we assume that xo = 0. Also, for
notational convenience we set pg = p(0).

Let us denote Up the one-dimensional function,

Up() =att —pr=, B=0, a=,/1+p

1+ = max{r,0}, ¢~ = —min{t, 0}.

where

Then Ug(x) = Ug(xy) is the so-called two-plane solution to (1.7) when f = 0 and

p(x) = po.
Let us state our main results for problem (1.7) (for notation and the precise definition of
viscosity solution to (1.7) we refer to Sect.?2).

Theorem 1.1 Letu be aviscosity solutionto (1.7)in By. Let 0 < B < L.Assume f € L*(By)
is continuous in Bl+ (u)U B (u) and p satisfies (1.5) in By. There exists a universal constant
& > 0 such that, if

lu — UgllLe(s,) <& forsome 0<p<B <L, (1.8)
and
IVpliiemy <& Ifliem) <&

then F(u) is C17 in B\ 2. Here y is universal and the CY7 norm of F(u) is bounded by a
universal constant.

Theorem 1.1 is obtained as a consequence of the following result, which is a two-phase
counterpart of our Theorem 1.1 in [22] in the one-phase setting:
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Theorem 1.2 (Flatness implies CY“YY Let u be a viscosity solution to (1.7) in By. Let 0 <
B < L. Assume f € L°°(B)) is continuous in Bl+(u) U B, (u) and p satisfies (1.5) in By.
There exists a universal constant & > 0 such that, if

Ug(xp — &) <u(x) < Ug(x, +&)in By forsome 0 < /§ <B<L,
and

IVplle) <& I fllLes) <&,

then F(u) is C17 in B\ 2. Here y is universal and the CY7 norm of F(u) is bounded by a
universal constant.

In tl}e context of problem (1.7), a constant is called universal if it depends only on 7, pmin,
Pmax; /3 and L.

The proof of Theorem 1.2 is based on an improvement of flatness, obtained via a compact-
ness argument which linearizes the problem into a limiting one. The key tool is a geometric
Harnack inequality that localizes the free boundary well, and allows the rigorous passage to
the limit.

‘We want to emphasize that our smoothness assumptions on the solution and on the data are
the same as the ones in our Theorem 1.1 in [22] for the one-phase problem. In particular, in
order to obtain these results we don’t need to assume that the solution is Lipschitz continuous.

These previous remarks also apply to our results for problem (1.4) (see Theorems 1.3 and
1.4 below).

When dealing with the general problem (1.4), we assume the following basic hypotheses
on the function G:

G(n, x):[0,00) x 2 — (0, 00)
and, for 0 < ,3 <L,
H1) G(n,-) € CO'?(Q) uniformly in n € [é,4L]; G(,x) e Cl’?([é,4L]) for every
xeQandG e L®((£,41) x Q).

(H2) G'(-,x) > 0 in [§,4L] for x € Q and, for some yg constant, G > 3y > 0 in
[5.4L] x Q.

These assumptions are complemented with the additional structural conditions (H3) and
(H4) that are introduced and discussed in detail in Sect. 7.

We present some interesting examples of functions satisfying (H1)—(H4) in Remarks 7.7
to 7.12.

Let xo € F(u). Without loss of generality we assume that xo = 0. Also, for notational
convenience we set po = p(0) and

Go(B) = G(B,0).
Let Ug be the two-plane solution to (1.4) when p(x) = po, f = 0and G = Gy, i.e.,
Up(x) = ax,, —Bx,, B>0, a=Gyp).

Then our main results for the general problem (1.4) are the following (for the precise
definition of viscosity solution to (1.4) we refer to Sect.7):
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Theorem 1.3 Letu be aviscosity solutionto (1.4)in By. Let0 < B < L. Assume f € L®(By)
is continuous in Bfr(u) U By (u), p satisfies (1.5) and G satisfies assumptions (H1)—(H4) in
By. There exists a universal constant € > 0 such that, if

lu — UgliL=) <& forsome 0 < B<B<L,
and
IVplires) <& I fllLes) <&,

[G(T), ')]CO,;?(BI) < g‘, forall 0 < S n S 4L,
then F(u) is C17 in B\ 2. Here y is universal and the CY7 norm of F(u) is bounded by a
universal constant.

We obtain Theorem 1.3 as a consequence of the following result, which is the two-phase
counterpart of our Theorem 1.1 in [22] in the one-phase setting:

Theorem 1.4 (Flatness implies CLY) Let u be a viscosity solution to (1.4) in By. Let 0 < ,3 <
L. Assume f € L°°(By) is continuous in B1+(u) U B, (u), p satisfies (1.5) and G satisfies
assumptions (HI1)—(H4) in By. There exists a universal constant & > 0 such that, if

Ug(xp — &) <u(x) <Ug(x, +&)in By for some 0 < /§ <B<L,
and
IVpllLes) <&  I1fllLes) <&,

[G(1, Nos gy <& forall 0 <= <p<4L, (1.9)
then F(u) is C"Y in By >. Here y is universal and the CYY norm of F(u) is bounded by a
universal constant.

In the context of problem (1.4), a constant depending only on 7, pmin, Pmax> /5’, L,
[G(, )]co7, IGC, X) ey, IGllLe, yo and the constants C and § in assumptions (H3)—
(H4) is called universal.

Let us mention that in the case of the p(x)-Laplacian some constants may depend on
[lu]| Lo (as those derived from Harnack inequality). Under the assumptions of Theorems 1.1
and 1.2, |u||L~ can be bounded by a constant that depends only on L and under those of
Theorems 1.3 and 1.4, ||u|/z~ can be bounded by a constant that depends only on L and
Gz

We would like to stress, at this point, that no regularity results were known up to the moment
on free boundary problems for the p(x)-Laplacian in the two-phase setting. Moreover, after
the contributions of [13, 14] for inhomogeneous uniformly elliptic two-phase problems, our
regularity results are the first ones for two-phase problems for singular/degenerate operators
with non-zero right hand side.

We point out that, as was already the case in [22, 23] for the treatment of the one-phase
version of problem (1.4), carrying out, for the inhomogeneous p(x)-Laplace operator, the
strategy devised in [13, 14] for two-phase problems for inhomogeneous uniformly elliptic
operators, presented challenging difficulties due to the type of nonlinear behavior of the
p(x)-Laplacian. In fact, the p(x)-Laplacian is a nonlinear operator that appears naturally in
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divergence form from minimization problems, i.e., in the form divA(x, Vu) = f(x), with

n

_ JdA N
AnlPO2E < Y anfu,n)s,-s,- < APPOTER, £ e R, (1.10)
J

ij=1

where 0 < A < A. This operator is singular in the regions where 1 < p(x) < 2 and
degenerate in the ones where p(x) > 2. Its treatment is particularly delicate in the presence
of a non-zero right hand side since, in this case, the factor |n|?®=2 in (1.10) can not be
neglected.

One of the key differences between our situation and the one in [13, 14] is that in these later
works, given u a viscosity solution to the free boundary problem, the functions v = u — ax,,
and v = u — Bx,, are solutions in Q7 (1) U~ (u) to the same equation as u which, of course,
is still uniformly elliptic. This fact is repeatedly used throughout the proofs. In contrast, in
the problems under study in the present paper, such functions v are viscosity solutions in
D = QT (u) U Q™ (u) to an inhomogeneous equation with nonstandard growth of general
type of the form

divA(x, Vv) = f(x) inD, (1.11)

where A : D x R" — R” satisfies the following structure conditions:
For some positive constants Cy, C, C3, C4, and for every x € D and £ € R”,

|A(x, §) < 1[PPI + ¢y (1.12)
and
(A(x, &), &) = G3lE1PD) — ¢y, (1.13)

where p(x) verifies (1.5). We stress that the treatment of an equation of singular/degenerate
type satisfying (1.11), (1.12) and (1.13) is highly nontrivial, in particular when—as in our
case—the right hand side in (1.11) is not zero. Moreover, the presence of the non-zero
constants C» and Cy4 in (1.12) and (1.13)—which in the case of the structure conditions for
the p(x)-Laplacian are zero—makes the treatment of this equation much more delicate than
that of the p(x)-Laplacian itself.

Let us remark at this point that the main arguments in the approach in [13, 14] are based on
Harnack inequality for the operator under consideration. Hence a key tool for the proof of our
results is a Harnack inequality for an auxiliary inhomogeneous operator with nonstandard
growth (see Theorem 4.3), originally proven in [22] and modified here to allow the treatment
of the two-phase problems (1.7) and (1.4).

Unlike Harnack inequality for the inhomogeneous uniformly elliptic operators dealt with
in [13, 14], where nonnegative solutions satisfy the inequality of standard form

supv < C(igfv + 11 f1lL>s,))-
B, :

the corresponding inequality we are forced to use here (i.e., Theorem 4.3) requires a very
delicate handling and highly non-trivial computations, that can be found at different stages
of our work (see, for instance, Lemma 4.5, Theorem 4.1 and Lemma 7.4).

Another invaluable tool for the proof of our main theorems is a result concerning the
existence of barrier functions for the inhomogeneous p(x)-Laplacian operator (see Theo-
rem 4.4), which was originally proven in [22] and that is carefully revisited here to allow the
treatment of the two-phase problems (1.7) and (1.4). The present proof requires very accu-
rate computations which are reflected in the nontrivial choice of the growth in the bounds
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appearing in (4.4) and (4.6). This choice is then reflected in the growth order required both
for the exponent p(x) and the right hand side f in all the results in the paper, and it eventually
leads to the proper choice of the universal constant & appearing in the statement of our main
theorems. This barrier result is novel and of possible interest in other contexts, even in the
case of the p-Laplacian (i.e., when p(x) is a constant).

The difficulties present in the treatment of two-phase free boundary problems for the
inhomogeneous nonstandard growth equation A ,,yu = f also appear in the proof of The-
orems 1.3 and 1.4, where we deal with a general free boundary condition of the type

ul = G(u, , x). (1.14)

In fact, once more the arguments used in [13, 14] to deal with # — ax,, do not apply here.
We successfully study a general free boundary condition of the type (1.14), by carefully
choosing a different set of assumptions on the function G. This choice allows, in particular,
the treatment of problem (1.1), that arises in different applications such as the study of
limits of singular perturbation problems and the study of minimizers of (1.2). Moreover,
our assumptions allow the inclusion of some interesting free boundary conditions, that we
discuss in detail in Sect.7 (see Remarks 7.7 to 7.12).

We would like to point out that the p(x)-Laplacian is a prototype operator with nonstandard
growth. Partial differential equations with nonstandard growth have been receiving a lot of
attention due to their wide range of applications. Among them we mention the modeling of
non-Newtonian fluids, for instance, electrorheological [42] or thermorheological fluids [4].
Other applications include nonlinear elasticity [45], image reconstruction [1, 10] and the
modeling of electric conductors [46], to cite a few.

Let us finally refer the reader to the surveys [15, 24] for additional references on elliptic
two-phase free boundary problems.

The paper is organized as follows. In Sects. 2 to 6 we deal with problem (1.7). Namely,
in Sect.2 we provide basic definitions and notation. Section3 is devoted to the linearized
problem. In Sect.4 we obtain the necessary Harnack inequality which rigorously allows the
linearization of the problem. Section5 provides the proof of the improvement of flatness
lemma. Then the main results for problem (1.7), i.e., Theorems 1.1 and 1.2, are proved in
Sect. 6. In Sect.7, we deal with a more general free boundary condition, i.e. with problem
(1.4), and we prove the main results for this problem, Theorems 1.3 and 1.4. We also present
examples of functions G satisfying assumptions (H1)-(H4) (Remarks 7.7 to 7.12). For the
sake of completeness, in Appendix A, we briefly discuss how free boundary problem (1.1)
appears in two-phase minimization problems and, in Appendix B, we introduce the Sobolev
spaces with variable exponent, which are the appropriate spaces to work with weak solutions
of the p(x)-Laplacian.

1.1 Assumptions

Throughout the paper we let 2 C R” be a bounded domain.
Assumptions on p(x). We assume that the function p(x) verifies

peC (), 1< pmin<p®) <pmx<o0o, VpelL®Q), (1.15)

for some positive constants pmin and pmax-
Assumptions on f. We assume that function f verifies

f e L®(Q), f is continuous in () U Q™ (). (1.16)
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Our results also hold in case f is merely bounded measurable, but we assume (1.16) to avoid
technicalities.

Assumptions on G. When dealing with the general problem (1.4), we assume that the
function G,

G(n,x):[0,00) x 2 — (0, 00),

satisfies conditions (H1)—(H4) that are discussed in detail in Sect.7.

2 Basic definitions, notation and preliminaries

In this section, we provide notation, basic definitions and some preliminaries that will be
relevant for our work.
Notation. For any continuous function u : 2 C R” — R we denote

Q) ={xeQ:ux)>0}, Q () :={xeQ:ukx)<0}°
and
Fu):= QT w) NQ.

We refer to the set F(u) as the free boundary of u, while Q" (u) is its positive phase (or side)
and Q7 (u) is the nonpositive phase.
From now on, Ug denotes the one-dimensional function,

Ug(t)=att —Bt~, B=0, a=,1+p8%

where
t* = max{r, 0}, ¢~ = —min{z, 0}.

Then Ug(x) = Ug(x,) is the so-called two-plane solution to (1.7) when f = 0 and
p(x) = po with pg constant. Here, as usual, x,, denotes x - ¢,,. Of course, we may replace
direction e,, with a different direction as well.

We begin with some remarks on the p(x)-Laplacian. In particular, we recall the rela-
tionship between the different notions of solutions to A ,yu = f we are using, namely,
weak and viscosity solutions. Then we give the definition of viscosity solution to problem
(1.7) and we deduce some consequences. We here refer to the usual definition of C-viscosity
sub/supersolution and solution of an elliptic PDE, see e.g., [11].

We start by observing that direct calculations show that, for C? functions u such that
Vu(x) # 0 in some open set,

A poyu = div(|VuPD72vy)
2.1
= |Vu(x)|P™ 2 (Au + (p(x) = 2)AY u + (Vp(x), Vu(x)) log |Vu(x)|) ,( )

where

Vu(x) Vu(x) )

Aévou = (Dzu(x) , ———
Vi) [Vu(x)|

denotes the normalized co-Laplace operator.
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We also deduce that

V(|72 (Mg 5, (D2u@) + (Vp(), Vu(o) log | Vu()]) .
22)
< Apeott = V(@) P72 (M (D2@) + (Vp(x), V() log | Vu()] )

where Ao := min{l, ppin — 1} and Ag := max{l, pmax — 1}. Asusual, if 0 < A < A are
numbers, and e; is the i —th eigenvalue of the n x n symmetric matrix M, then Mj{ A and
M}: A denote the extremal Pucci operators and are defined (see [8]) as

MM =2 e+ A ) e

e,'<0 e,->0
M (M)=A) ei+1) e
ej <0 e; >0

First we need (see Appendix B for the definition of Sobolev spaces with variable exponent)

Definition 2.1 Assume that I < ppin < p(x) < pmax < 00 with p(x) Lipschitz continuous
inQand f € L®(Q).
We say that u € W70 (Q) is a weak supersolution of

Apyu = f, in Q, (2.3)
if for every ¢ € Cgo(Q), ¢ > 0, there holds that

—/ IVu(x)|PO2Vu - Vo dx §/<pf(x)dx.
Q Q

Analogously, we say that u € WHP0(Q) is a weak subsolution of (2.3), if for every ¢ €
C3°(R), ¢ > 0, there holds that

—/Qqu(x)|p(x)_2Vu-V<pdx Z/Q(pf(x)dx.

Finally, u € wLrO(Q) is a weak solution to (2.3) if it is both a weak sub- and supersolution.
We recall the following result we proved in [22] (see [22, Theorem 3.2])

Theorem 2.2 Let p and f be as in Definition 2.1. Assume moreover that f € C(S2) and
peCl(Q).

Letu € WL-PO(Q) N C(Q) be a weak solution to Apyu = fin Q. Then u is a viscosity
solution to A pyu = f in Q.

Remark 2.3 We point out that the equivalence between weak and viscosity solutions to the
p(x)-Laplacian with right hand side f = 0 was proved in [30]. On the other hand, this
equivalence, in case p(x) = p and f # 0 was dealt with in [28, 40]. See also [29] for the
case p(x) = pand f =0.

Next we recall the following standard notion.

Definition 2.4 Given u, v € C(2), we say that v touches u by below (resp. above) at xp € Q2
if u(xg) = v(xg), and

u(x) > v(x) (resp.u(x) <v(x)) in aneighborhood O of xp.

If this inequality is strict in O \ {x¢}, we say that v touches u strictly by below (resp. above).
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Now we give the definition of viscosity solution to the problem (1.7).
Definition 2.5 Let u be a continuous function in 2. We say that « is a viscosity solution to
(1.7) in €2, if the following conditions are satisfied:
(i) Apu= fin Q1 (u) U Q™ (u) in the weak sense of Definition 2.1.
(i) Let xo € F(u) and v € C2(B+(v)) N C2(B~(v)) (B = Bs(xo)) with F(v) € C2. If v
touches u by below (resp. above) at xg € F(v), then
W (x0)” = (v, (x))* < 1 (resp. = 1).

Next theorem follows as a consequence of our Theorem 2.2.

Theorem 2.6 Let u be a viscosity solution to (1.7) in Q. Then the following conditions are
satisfied:

i) Apu=fin QT (1) U Q™ (u) in the viscosity sense, that is:
(ia) foreveryv € CHQTw)UQ (), if v touches u from above at xy € QT (u)UQ™ (1)
and Vv(xo) # 0, then A pxyv(x0) > f(x0), that is, u is a viscosity subsolution;
(ib) foreveryv € C2 QT )UQ~ (), if v touches u from below at xy € QT (u)UQ™ (1)
and Vv(xg) # 0, then A ) v(x0) < f(x0), that is, u is a viscosity supersolution.

(ii) Let xo € F(u) and v € C2(B+(v)) N C2(B—(v)) (B = Bs(xp)) with F(v) € C2. Ifv
touches u by below (resp. above) at xy € F(v), then

(W (x0)? — (v (x)* < 1 (resp. > 1).

Itis convenient to introduce also the notion of comparison sub/supersolutions we are going
to deal with.

Definition 2.7 We say thatv € C(£2) is a (strict) comparison subsolution (resp. supersolution)
to (1.7)in Q,if v € C2(Q+(v)) NC*(Q~(v)), Vv # 0in Q+(v) UQ~(v) and the following
conditions are satisfied:

(1) Apyv > f (resp. < f)in Q1 (v) U Q™ (v) (see Remark 2.8).
(ii) If xg € F(v), then

(v (x0))? — (v (x0)* > 1 (resp. (v, (x0))? — (vy (x0))? < 1).

Remark 2.8 Let v be as in Definition 2.7. Since v € C%(2F(v) U Q™ (v)) and Vv # 0 in
Q1 (v) UQ (v) then Apv > f (resp. < f)in QT (v) U Q™ (v) is understood pointwise,
in the sense of (2.1).

Remark 2.9 Notice that by the implicit function theorem, according to our definition, the free
boundary of a comparison sub/supersolution is C2.

Remark 2.10 Any (strict) comparison subsolution v (resp. supersolution) cannot touch a
viscosity solution u# by below (resp. by above) at a point xo € F'(v) (resp. F(u)).

Notation. From now on B, (xo) C R" will denote the open ball of radius p centered at xo,
and B, = B,(0). A positive constant depending only on the dimension 7, pmin, Pmax, and
on f and L (given in Theorems 1.1 and 1.2) will be called universal.

We will use ¢, ¢; to denote small universal constants and C, C; to denote large universal
constants.
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3 The linearized problem

Theorem 1.2 follows from the regularity properties of viscosity solutions to the following
transmission problem

Lpil =0 in B, N {x, # 0}, o
a(iiy)t —b(i,)~ =0  on B, N {x, =0}, '

where (it,) " (resp. (ii,,) ~) denotes the derivative in the e, direction of i restricted to {x, > 0}
(resp. {x, < 0}) anda > 0, b > 0 are constants.
Here pg is a constant such that 1 < ppin < po < Pmax < 00, and

Lpoit := At + (po — 2)Oppli.
Definition 3.1 We say that # € C(B,,) is a viscosity solution to (3.1) if:

(i) Lpyu =0 in B, N {x, # 0}, in the viscosity sense.
(i) Let ¢ be a function of the form

¢(x) = A+ px] —qx, + BO(x —)
with
0w = 31y Pl y=(/,0, Ak B>0
and
ap —bg > 0.
Then ¢ cannot touch # strictly by below at a point xo = (x;, 0) € B,,.
Analogously, if
ap—bg <0

then ¢ cannot touch # strictly by above at xg = (x(’), 0) € B,.
Here y is a fixed constant such that

- Ao 1
¥y > Y (1, Pmin, Pmax) := max 27)\0(”_1)_591 ,

where Lo and Ag are as in (2.2).

Remark 3.2 The motivation of the choice of this particular y in Definition 3.1 will be clear
in the proof of Lemma 5.1.

We will use the following regularity result for viscosity solutions to the linearized problem
(3.1). Here constants depending only on 7, pmin and pmax are called universal.

Theorem 3.3 Let i be a viscosity solution to (3.1) in Byy such that ||ii]oc < 1. Then it €
C2(Bl/4 N{x, = 0}h N C2(B1/4 N {x, < 0}) with a universal bound on the C? norm. In
particular, there exists a universal constant C such that

lii(x) — ii(0) — (Voi(0) - x' + px;" —gx;)| < Cr?, in B, (3.2)
forallr < 1/4 and with

ap —bg = 0.

Proof The result was proven in Theorem 3.2 in [13] in the case of the Laplace operator (with
y = n — 1 in Definition 3.1). This proof also applies to the present case. O
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4 Harnack inequality

In this section we prove our main tool, a Harnack-type inequality for “flat" solutions to free
boundary problem (1.7). This result will allow the rigorous linearization of our problem in
Sect. 5.

We recall that, unless otherwise stated, our assumptions on p and f will be resp. (1.5)
and (1.6), in the corresponding regions.

Theorem 4.1 (Harnack inequality) There exists a universal constant g, such that if u is a
solution of (1.7) that satisfies at some point xo € By

Up(xy + ao) < u(x) < Ug(xn +bo) in By(xo) C Bz, 4.1
for some 0 < ,é < B <L, with

I £l By < € min{l, gPmax=1y,

1+6 - Pmax— 1 4.2)

IVplliLe(sy <& ™ min{l, pPm>~1} 0 <6 <1,
and

by —ag < er,

for some ¢ < g, then

Up(xn +a1) <u(x) < Ug(xp +b1) in Brjao(xo),
with

ap <ay <by <by, by—a <(—cer,

and 0 < ¢ < 1 universal.

Let

M in Ber(u) U F(u)
ae
g (x) =

u(x) — Bxp
Be

From a standard iterative argument (see [13]), we obtain the following corollary.

in B, (u).

Corollary 4.2 Let u be as in Theorem 4.1 satisfying (4.1) for r = 1. Then, in By (xq), i has
a Holder modulus of continuity at xq, outside the ball of radius €&, i.e. for all x € B1(xg)
with |x — xo| > ¢/¢

liie (x) — iie (x0)| < Clx — xol”.
Here & is as in Theorem 4.1, and C and 0 <y < 1 are universal.

We will need the following Harnack inequality for an auxiliary inhomogeneous operator
with nonstandard growth. This result will be repeatedly used along our work.
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Theorem 4.3 Assume that 1 < ppin < p(x) < pmax < 00 with p(x) Lipschitz continuous in
Qand ||Vpl|lLe~ < Lo, for some Ly > 0. Let xo € Qand0 < R < 1 such that Bag(xg) C Q.
Letv e WhPO(Q) N L®(Q) be a nonnegative solution to

div(]Vv + ¢|PD 2 (Vo4 e)) = f in L,

where f € L (Q) with || fllL~@) < 1 and e € R" with |e| < &. Then, there exists C such
that

1
sup v < C[ inf v+ R(||f||L°°(B4R(x0)) pmax—T C)] 4.3)
B (x0) Br(xo)

The constant C depends only on n, pmin, Pmax, ||V11150(Byg(x0))» 0 and L.

Proof The proof was done in Lemma 4.1 in [22] under the assumption that |e] = 1. We
can redo the computations in [22], with a careful tracking of the dependence on |e| in the
constants, and this eventually leads us to the stated result. m]

We will also need the following theorem concerning the existence of barrier functions
for the inhomogeneous p(x)-Laplacian operator. This result will be frequently employed
throughout the paper.

Theorem4.4 Let xo € By and 0 < i1 < rp < 1. Assume that | < pmin < p(x) < Pmax <
o0. Let cg, c1, ¢2, o be positive constants and let and c3 € R. Let 0 < u < po. Assume
moreover that

IVplzee < &' min{l, w1 for some 0 < 6 < 1. (4.4)
There exist positive constants y > 1, ¢, &g and €1 such that the functions
w(x) = cilx —xo|7" —c2,
v() = i [q00) + T = D], g =x+e3
satisfy, forry < |x — xo| < ro,
Apyw = ¢, for 0 <e < e, 4.5)
% < |Vv| < 2u, Apv > &2 min{1, ,up‘““x_l}, for 0 <e <e¢y. 4.6)
Here y = y(n, pmin; Pmax), ¢ = €(Pmin, Pmax> €1), €0 = €0(1, Pmin; Pmax, '1, €1, K0),
€1 = €1(n, Pmin, Pmax, 1, €0, €1, 0, (o).

Proof The proof was done in Lemma 4.2 in [22] under the assumption that © = 1.
In order to get the result for any 0 < u < uo, we need a careful revision of the computa-
tions in [22]. In fact, we first proceed as in (4.30) in [22] and obtain, using (4.4),

Apyw > 26 — emin{l, uPmx"1)Cy, for 7y < |x| < 7o,

with ¢ = ¢(Pmin, Pmax, ¢1) and C4 = C4(n, pmin, Pmax, 7't ¢1). Then, (4.5) follows.
‘We now denote

v(x) = puo(x) with v(x) =¢g(x) + %Os(w(x) —1).

Hence (4.23) in [22] gives, for 1| < |x| < 72,

1

3 <I|Vy| <2, fore<gy, 4.7)
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if e <& =&1(n, Pmin, Pmax, 1> €0, €1)- So the first assertion in (4.6) follows.
Also (4.25) in [22] shows that, for 7| < |x| < 1,

V5P~ 1og |VD|| < C3(pmins Pmar).  if & < &1 4.8)
Thus, using (4.4), (4.7) and (4.8) we get, for r < |x| < ra,
‘lvmp(x)_z(Vp(x), Vo) log |VU|‘
< [VulPO~ log [Vl [V pll L
= uPO= VPO og |w V|||V pll oo
< uPO7H(Cllog ul + C3) IV pli L
< PO~ (Cllog pl + C3) min{l, P~ e!+0 < P10 (49)

if ¢ < &, where C = C(Pmin, Pmax) and C3 = C3(Pmin, Pmax, 140). On the other hand,
using (4.22) in [22], (4.7) and (4.9), we obtain, for r| < |x| < rs,

Vv Vo
x)—2 2
Ap = V0P (A0 4 (p(0) = 2)(PPu e, o )4 (VP (), V) log V)
Vo Vv .
> |Vv|1’(")_2(Av T (px) — 2)(1)%—”, —”)) — [IVo]P9=2(V p(x), Vo) log [ V]|
Vol Vol

Vu Vv _
= @7 (VP92 (A7 + () = (D, o)) — Cael
Vol [V
o P01 <c0c1€
= W 72

> -1 (¢Cs — 81"’96‘3) = pP-lg (C5 — 8963) ,

V|2 x| 7Y =2 — 6_‘381”’) > PO (eCs|x| 7772 — C3e'TY)

if ¢ < &1, where we have used that 7, < 1 and Cs = C5(Pmin, Pmax, €0, c1). We conclude
that, for | < |x| < 1y,

- C
Apyv > uPO-le (C5 — 89C3) > up(x)fleg > &2 min{l, pPmax—1y,

if moreover ¢ < €1 = €1(Pmin» Pmax, €0, 1, 6, o). That is, the second assertion in (4.6)
follows. m]

The main tool in the proof of the Harnack inequality is the following lemma.

Lemma 4.5 There exists a universal constant € > 0 such that if u is a solution of (1.7) and
satisfies

1
Up(xa +0) (@) < Up(xa +0 +2). x€Bi lo] < 5. (4.10)
for some 0 < B < L, with
2 . —1
% < ¢“min{1, gPmax""}
| fllLoosyy < {1,B } @.11)

IVplLee(p) < &' min{l, pPm=—1y 0 <6 <1,

u(®) > Ug (fn+o—+§),
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for some ¢ < &, then

u(x) > Ug(xy +0 +ce) in E%, (4.12)
Sfor some universal 0 < ¢ < 1. Analogously, if
u(® = Up (Fa+0+3).
then

u(x) <Ugxy +o0+ (1 —c)e) i (4.13)

I\)

Proof We prove the first statement. For notational simplicity we drop the sub-index g from
Ug.

From (4.10) we have that u(x) > U (x,, + o) in Bj.

We also notice that By20(X) C Bﬁ(u). Then,

Ap(x)u = f in B]/z()()?). (4.14)

Thus, by Theorem 1.1in [18],u € C1’7in51/40()2), where ¥ = ¥ (Pmin, Pmax, 11, L) € (0, 1)
and ||“||c1«7(§1/40(f)) < C, with C = C(pmin, Pmax, 1, L) > 1. Here we have used (4.11)

and also that (4.10) implies that ||u]|p~(p;) < 20 < 24/1 4+ L2,

We will consider two cases:

Case (i). Suppose |Vu(x)| < %. We choose r; > 0, i = r1(Pmin, Pmax, 1, L) < 1/40
such that |Vu(x)| < % in B, (x). In addition, there exists a constant 0 < rp = rp(r1) =
72(Pmin» Pmax, 1, L) < rq such that (x —r2e,) € By, (x), forevery x € B, /2(X). We denote
q(x) = a(x, + o) and we observe that v = u — g > 0 in B% (x) and satisfies

div(|VD + aen PP 72(Vi + ae,)) = f in B (3). (4.15)

We now apply Theorem 4.3 to the function 9 = u — q in Bay, (X), where r3 = min{%3 1 8 21,
In particular we obtain from (4.3) that

u() = () = € W@ — (@) =3 = 2 — s,

for x € B,,(x). Here C = C(n, pmin, Pmax, L) is a universal constant because || f || zo<(B,)
g2 min{1, BPm>x~1} and ||V p||poo(p,) < &' min{1, BPmx—1} see (4.11), and ||| 100 (p,)
31+ L2,

On the other hand, for all x € B, (x) we obtain

IATA

% — 3 < u(x) — q(x) = u((x — raen) + raen) — q((x — raen) + raen)

=u((x —raey) +raey) —q(x —raey) —ar
arp
Sulx —rey) —qx —re,) + 7 —onr.
As a consequence, denoting cop = Cland %y := ¥ — raey, and using that o > 1, we get for
all x € By, (o)

co_ae ae +r2<a8 ar + <u() — g(x) 416
azs 2C_2C r3 > Sac r3 2 ary < u(x q(x). (4.16)
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Let us define the functionw : A —> R, A := Bs (X0)\ By (¥o) as

-y
w(x) =c (lx —Xol ™" = (%) ) ,

for y = y (1, Pmin, Pmax) > 1 given in Theorem 4.4. We choose ¢ = ¢(n, Pmin, Pmax, L)
positive in such a way that

0, on 0dBi(xg)
w = 5 _
1, on 0dB,(xp)

and we extend w to 1 in B,;(Xo).
Now set = 1 — w and, for ¢ > 0,

v(x)=Ux, +0 — %cot/f(x) +te), xe€ E% (X0). 4.17)
Then,
w0 = U (xn+0 = Seo¥ () = Ut +0) <u(@) x € By(o).
Let 7 be the largest # > 0 such that
v (x) < u(x) in E% (Xo).
We want to show that 7 > %0. Then we get the desired statement. Indeed,
u(x) = vj(x) = Ulxy +0 = Sco¥ +7e) = Uty +0 +c) in Bijy CC By (o)

with 0 < ¢ = c¢(n, Pmin, Pmax> L) < 1. In the last inequality we used that there holds
”w”LOO(B]/z)_: c1(n, pmin, Pmax. L) < 1.

Suppose t < %0 Then at some X € B 4 (x0) we have

V(%) = u(¥).

We show that such touching point can only occur on §,3 (xp). Indeed, since w = 0 on

0B 4 (X0), from the definition of v; we get that for f < %0

v;i(x) =Ux, +0 — %colﬁ(x) +1e) <U(x, +0) <u(x) on BB%()EO).

We now show that X cannot belong to the annulus A.
Indeed, from Theorem 4.4 it follows that in A™ (vy)

A peoyvr > €2 min{1, P~y > ¢ min{1, Py > | £l

for &1 = €1 (1, Pmin, Pmax, L)- An analogous computation holds in A™ (vy).
Finally,

2
_ C (€]
W2 — @)l =1+ szz‘)ww =26 Y on F(up N A.
Thus,

(U;r)ﬁ — (vtf)ﬁ >1 on F(v;) NA,
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since
—C1 = Yn < —C2 <0 on F(vp) NA, (4.18)

with ¢; and ¢; universal constants. This can be verified from the formula for ¥, for ¢ < &,
with &, universal (see, for instance, Lemma 5.1 in [22]).

Thus, v; is a strict subsolution to (1.7) in A which lies below u. Hence, by the definition
of viscosity solution, X cannot belong to A.

Therefore, ¥ € B,, (o) and

UF) = v:(F) = UG + 0 +78) < UGn +0) +aie < Uy +0) —I—a%os.

This contradicts (4.16). _ -
Case (ii). Now suppose [Vu(X)| > ¢. By exploiting the CLY regularity of u in B% x),
we know that u is Lipschitz continuous in B 5 (x), as well as there exists a constant 0 < rg =

r0(, Pmin. Pmax. L), with 879 < 75, and C = C(n, pmin. Pmax. L) > 1 such that
1
3= [Vu| < C in Bg,,(%).

In addition, since (4.14) holds, it follows by Proposition 3.4 in [22], thatu € w2n (Bary (X))
and it is a solution to the linear uniformly elliptic equation

Lh=f inBu,y(¥),

where
Lh = Tr(A(x)D?h(x)) + (b, Vh(x)),
_ Vu(x) Vu(x)
— p(x)—2 _
A=Vl O+””” RITTe)] wmmo’
and

b(x) == |[Vu|P® 2 log |Vu(x)|V p(x).
Hence A € C 0'77(§4,0 (x)),beC (§4,0 (x)) and £ has universal ellipticity constants (depend-
ing only on 7, pmin, Pmax, L). Moreover, ||b||L°0(B4,0()?)) < Ce!'t? C universal, because
IV pllLes) < ' min{l, gPma1) (see (4.11)).
In this way, denoting again g (x) = a(x, + o), we conclude that u — g > 0 in By, (x)
and satisfies

Tr(A(x) D*h(x)) + (b, Vh(x)) = f — (b, e,) in Bay(X).

Then, applying Harnack’s inequality (see, for instance, [27, Chap. 9]) and recalling again
(4.11), we obtain

u(x) —q(x) = Cr(u(x) — q(x)) = Co(ll f Lo (Bary 1)) + 1Pl L0 (B4 (7))
4.19)
> Cloz% — Cy(2 + Cel Py > a%os, (

forevery x € By, (x),for0 < & < 3. Here &3, C1, C2 and ¢ are positive universal constants.

At this point, we can repeat the same argument of Case (i) around the point X, considering

the annulus B4 (X) \ By, (x). This completes the proof. ]
5

We can now prove our Theorem 4.1.
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Proof of Theorem 4.1 Assume without loss of generality that xo = 0, = 1. First observe
that assumption (4.1) gives that

Up(xn +ap) <u(x) < Ug(x, +ao+¢e) in By, (4.20)

since by < agp + €. We distinguish three cases.
Case 1. ag < —1/20. In this case it follows from (4.20) that B 25 C {u < 0}ife < 1/100
and

0 < u(x) — B(xy +ao) < Be in Bys.
Then, denoting it = u — Bagp, we have
Appu = Apylt = f in Bis.

Recalling (4.20) and (4.2) and observing that ||it||z>(p,) < 2/3 < 2L, we obtain from
the application of Theorem 1.1 in [18] to u, that u € C'7 in B 1740, where y =
¥ (Pmin» Pmax» L, n) € (0, 1) and ||V”||COVV(31/40) < C, with C = C(pmin, Pmax 1, L) > 1.
We denote ¢(x) = B(x, + ap) and we now distinguish two cases: u(0) — g(0) > 5 or
u(0) — q(0) < &
Assume that

Be
u(0) —q(0) = =
(the other case is treated similarly). We will proceed as in the proof of Lemma 4.5.
If [Vu(0)] < g, we argue as in Case (i) of Lemma 4.5. In fact, we choose r; > 0,
r1 = r1(Pmin» Pmax, 1, /§, L) < 1/40 such that [Vu(x)| < g in B,,. In addition, there exists

aconstant 0 < 2 = r2(r1) = r2(Pmins Pmaxs 1» ,5’, L) < ry such that (x — rpe,) € B,,, for
every x € By 2. We observe that v = u — ¢ > 0 in By 25 and satisfies

div(|VD + Ben PP "2(VD + Bep)) = f in B 4.21)
B

We now apply Theorem 4.3 to the function v = u — g in By,,, Where r3 = min{Z4 T 8 , 512}
In particular we obtain from (4.3) that

u(@) = g(x) = €' @) — q(0) —r3 = % —r3,

for x € B,;. Here C = C(n, pmin, Pmax, L) is a universal constant because we have
1 fllzoeay) < €2 min{1, BPra="} and ||V plloe(g,) < &' min{1, gPma), see (4.2), and
[10]| LBy < L.

On the other hand, for all x € B,, we obtain

Be

2 Bs ux) —qx) =u((x —r2ep) +r2en) — q((x — raen) + raey)
=u((x —rey) +re,) —q(x —raey) — Bra

B
<u(x —raep) —q(x —rey) + 5T Bra.
As a consequence, denoting cp = C~'and %y := —re,, we get for all x € B, (xp)
c € e 3 & 3
pye= P P B <u —q.

2¢ =20 2"2=3 2
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We now choose r4 > r3 universal (making r3 and r» small, if necessary) such that we
have

Byj40 CC By, (X0) CC By 2s.
We now let
A = By, (30) \ By, (30).
and define w in A as in Lemma 4.5. Then, arguing as in that proof, we obtain
u(x) > Ug(x, +aop +ce) in By49, (4.22)

with0 < ¢ < 1,if ¢ < g, € and ¢ universal.

If |[Vu(0)| > g, we proceed as in Case (ii) of Lemma 4.5 and we consider, for ¢ < €3, &3
universal, the barrier w in

A := B35\ By,

with rop > 0 universal and small. We thus obtain again (4.22).
Case 2. ap > 1/20. In this case it follows from (4.20) that By 25 C {u > 0} and

0<u(lx)—oalx, +ag) <aec in Bl/25.

Then, denoting g(x) = a(x, + ao), we obtain the result by applying similar arguments
as those in Case 1. We here use that 1 < o < +/1 4+ L2.
Case 3. |lag] < 1/20. Recall that (4.2) and (4.20) hold. We now distinguish two cases:
= = £ = = £ |
u(x) > Up(xn +ap + 5) oru(x) < Up(xy, +ap + 5), where x = 1gen.
Assume that

_ _ e _ 1
u(x) > Ug (xn+ao+§), X =qgen
(the other case is treated similarly). Then, by Lemma 4.5, if ¢ < &,
u(x) > Ug(x, + ap + ce) inE%,

for some universal 0 < ¢ < 1, which gives the desired improvement. O

5 Improvement of flatness

In this section we prove our key “improvement of flatness" lemma for problem (1.7).

We assume that our solution u is trapped between two translations of a two-plane solution
Ug with B > 0. We show that when we restrict to smaller balls, u is trapped between closer
translations of another two-plane solution (in a different system of coordinates).

Lemma 5.1 (Improvement of flatness) Let u be a solution of (1.7) that satisfies
Ug(xp — &) <u(x) <Ug(xp +¢) inBy, 0€ F(u), 5.1
for some
0<B=p=L (5.2)

with
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I £llLee(p,) < &> min{l, gPmax=1y,

1 (5.3)
IVpllLee(s,) < &' min{1, pPm=x=1y, ;<0<
lp — pollLe(B,) < €. (5.4)

If0 < r < rg for ro universal, and 0 < ¢ < gq for some ey depending on r, then
e e
Up (v - r§> < u() = Up (x- vy +r§) in By (5.5)
with |vi| =1, v —e,] < Ce, and 1B =B < éﬁefora universal constant C.

Proof We divide the proof of this lemma into three steps.

Step 1—Compactness. Fix r < ro with rg universal (the precise ro will be given in Step 3).
Assume by contradiction that we can find a sequence ¢ — 0 and a sequence uy of solutions
to (1.7) in By with right hand side f; and exponent py satistfying (5.3) and (5.4) with ¢ = g
and B = P, such that uy satisfies (5.1), i.e.,

Ug, (xp — &) < up(x) < Up(x, + &) forx € By,0 € F(ug), (5.6)

with ﬁ < Br < L, but uy does not satisfy the conclusion (5.5) of the lemma.
Set (@} = 1 + B7),

ug(x) — ogx
M’ x € BfL(uk) U F(ug)
Ok Ek

g (x) =
up(x) — Brxn

, X € By (uy).
Brek !

Then (5.6) gives
—1 <ux(x) <1 forx € By.
From Corollary 4.2, it follows that the function iy satisfies
i () — i (W] < Clx = yI7, (5.7)
for C, 7 universal and
lx =yl = e/, x,y € Bip.

From (5.6) it clearly follows that F'(uy) converges to B1 N{x, = 0} in the Hausdorff distance.
This fact and (5.7) together with Ascoli-Arzela give that as e — 0 the graphs of the iy
converge (up to a subsequence) in the Hausdorff distance to the graph of a Holder continuous
function i over By /2. Also, up to a subsequence

B > B>p>0

o — @ =414 B2

Step 2—Limiting Solution. We now show that i solves the following linearized problem
(transmission problem)

{E,,Ozlzo in Byjy N {x, # 0},

and hence

a(iy)™ —b@@,)~ =0 on By N {x, =0}, 68
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in the sense of Definition 3.1, witha = @2 > 0, b = 52 > 0, where py is a constant such
that 1 < pmin < po < Pmax < 00, and

Lpoit := Al 4 (po — 2)dypli.

(i) Let us show that L, i < 01in By N {x, # 0}, in the viscosity sense (the other
inequality follows analogously).

In fact, let P(x) be a quadratic polynomial touching i at X € By, N {x, # 0} strictly
from below. We need to show that £, P < 0.

We first assume that x € By2 N {x, > 0}.

Since iy — u in the sense specified above, for k large there exist points x; € BDZ (ug),
Xxr — x and constants ¢; — 0 such that

g (xr) = P(xg) + cx (5.9)

and

Uy > P+ ¢ inaneighborhood of xy. (5.10)
From the definition of iy, (5.9) and (5.10) read

up(xk) = Qi (x)
and
ug(x) > Qr(x) ina neighborhood of xy,
where
Qr(x) = aer(P(x) + ck) + ot Xn.

For notational simplicity we will drop the sub-index k from Q.
We first notice that

VO = arer VP + agey,
thus,

VQO(xx) #0, fork large.

Since Q touches uy from below at x;, and V Q (xx) # 0, we now define oy = min{l, B, max— 1 }
and we get

oxel > frlxk) > A ) Q ()
= VO[O 2AQ + [V Q(x) [P ™ (py (i) — 2) Z Oy, (x1) Qu; (1) Quix;
i,j=1
+ VO @) POV pr (i), VO (x)) log [V Q (xp)|
= x|V Q(x)|[HW AP
+ o |V Q ()| (pr () — 2) Z Qy; (x1) Qu; (x1) Py,
i,j=1

+ IV Q@) P72V pye(xi), VO (xp)) log |V Q (xk) .
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Using that |V pg(xx)] < 8]1+00k, we obtain

oker > ax|VQ(xp) [PFO2AP

+ [ VOO (i (i) —2) D QO (1) O, (1) Py
i,j=1

— VO @) [P0~ log |V O (xk) ok,
Now, passing to the limit k — oo and recalling that

VO (xr)

(&73

—> ey,  pk(xXx) > po, & —> 0,
ap — a > 0, oy — min{1, B”m*‘xfl},

we conclude that £, P < 0 as desired.
Incase x € By;2 N{x, < 0}, we next proceed in a similar way with points x; € Bf/z (ug),
xr — x. We get instead

orek > BrlV Q) [P T2A P

+ BV QIO (e (1) —2) D Qe (1) O, (1) Py

i,j=1
— IV Q)X log |V O (xi) okl

and

—— — ey,  pr(x) > po, & — 0,

Bk

B — B >0, ox — min{1, gpmarl}.

Thus we obtain again £, P < 0.

(ii) Next, we prove Ehat u satisfies the boundary condition in (5.8) in the viscosity sense
of Definition 3.1. Let ¢ be a function of the form (y a specific constant to be made precise
later)

¢ = A+ pxS —qx, +BO (x —y)
with
0" = Sl — WPl y=(\0, AR B>0,
and
ap —bg > 0.
Then we must show that ¢ cannot touch i strictly by below at a point of the form xo =
(%3, 0) € Biya.

The analogous statement by above follows with a similar argument.
Suppose that such a ¢ exists and let xg be the touching point. Let

1
I (x) = 5[(|x’|2 +lxa — 1H7Y =11,
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where y is sufficiently large (to be made precise later), and let
¥ 1 2
rf(x)= B—Skl“y(Bak(x —y) + ABgjep).
Now, call
$e(x) = @] (1) = BT~ () + e ()28 + By ()%
where

ar = ox(1+erp), b = Br(1 + erq),

and dj (x) is the signed distance from x to BB% (y+ en(B%k — Agp)).
Finally, let b

D) = Bt ) U F(gh)
~ o Ex
or(x) =
dr(x) _,kan’ x € B ().
Brek

By Taylor’s theorem,
I7(x) = 2, + 07 (0) + O(x’) x € By,
thus it is easy to verify that
IV (x) = Agg + Xy + Ber Q7 (x — y) + O(ep) x € By,

with the constant in 0(8]%) depending on A, B, and |y| (later this constant will depend also

on p, q).
It follows that in By (¢x) U F(¢x) (Q7) (x) = Q7 (x — ¥))

172

Gk(x) = A+ BQ" + px, + Aexp + Bper Q¥ + /" d} + O(ex)

and analogously in B (¢y)

Gr(x) = A+ BQ" +qx, + Asp + Bqer Q7 + ¢,/ 7d} + O ().

Hence, ¢ converges uniformly to $ on B /2. Since i1 converges uniformly to # and é
touches # strictly by below at xg, we conclude that there exist a sequence of constants ¢y — 0
and of points x;x — xo such that the function

Y (x) = ¢ (x + excren)

touches uy by below at x;. We thus get a contradiction if we prove that v, is a strict subsolution
to our free boundary problem. That is, we will see that

. max — 1 i -
Apk(x)l[fk > ngln{lvlg/f } > N fklloo, in B?}z(wk)UBl/z(Wk)»

WO =W > 1, on F ().

Infact, letus denote x = x+excren. Let g := min{1, pmin—1}and Ag := max{1, pmax—
1} be the constants defined in (2.2).
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For k large enough, say, in the positive phase of v (dropping the dependence on Xg, Ag
of the Pucci operator that appears in (2.2)), we have

M= (DYr(x)) = axM™ (DT (2) + aey > M~ (D2} (7).

Proceeding as in Lemma 4.3 in [14], we see that for y large enough, depending only on
n, Ao, Ao, there holds that M~ (DT} (%)) > 0, for x € By, and large k.
More precisely, we choose

7 ( ) Aot
> , Pmin» 1= max —D—=5,1¢.
Y Y (1, Pmins Pmax 20 n 2

Moreover, in the appropriate system of coordinates,
D*d} (%) = diag{—di (D)1 (%), ..., —dk(D)icu—1 (%), 1},
where the «; (x) denote the curvature of the surface parallel to 0 B L (y+ en(B%k — Agp))
3
which passes through x. Thus,

Bey

QX = Ty

For k large enough we conclude that M’(DZd,? (X)) > Ao/2 and hence,

3200

M (D Y (x)) > ey, 5 (5.11)

Direct computations show that, for large ,
aker < IVl <ager  in B (W),
for positive universal constants ¢y, ¢2. Using that 1 < o < 1+ L2, we obtain, for k large,
G <IVirl <& inB,Wo. (5.12)

for positive universal constants ¢1, ¢2.
Then, recalling (2.2), for large k we get

Apoy Yk
> [V () [PEO72 (M (D2 P (x)) + (Vpr (x), Ve (x)) log [V (x)])
> [V () [PKO2 M (D2 (x) — [V () [PE 7 Tog [V (0) 1]V pr ()|

- 3200 . . ax—1
> claksk/ 5 - czeliw min{1, 8™}

. max — 1 1
> epmin{1, B} > [l filloo  in B, (W),

as desired. Here ¢, ¢, are positive universal constants and we have used (5.11), (5.12) and
(5.3), with 6 > 1.
In the negative phase, using that 0 < ,BAgﬂk < L, we get

A
M~ (DY (x)) = ﬁwi”f
& <Vl <é in B, (5.13)

for positive universal constants ¢1, ¢, and we obtain again, for large k,

. max — 1 . _
Ape i > ggmin{L, 8™ ) = [l filloo  in By, (Y).
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Finally, since on the zero level set |VF}€/| = land |Vd,?| = 0, the free boundary condition
reduces to show that

a,% — b,% > 1.
Recalling the definition of ay, by we need to check that
(@2 p* — B2qPex + 2l p — B2q) > 0.
This inequality holds for & large since
&’p—B*q=ap —bqg > 0.

Thus # is a solution to the linearized problem.
Step 3—Contradiction. We proceed as in the proof of Lemma 5.1 in [13], using the regularity
estimates for the solution of the transmission problem from Theorem 3.3. In fact, according
to estimate (3.2), since #(0) = 0, we obtain that

i) — (& v + pxF —gx)l < Cr?, x€B,,

for all » < 1/4 and with

&@p—p*G=0, |V|=|Vei(0) <C.

Thus, since iy converges uniformly to u (by slightly enlarging C) we get, for large &, that

lig — (" -V + pxS —Gx,)| < Cr?, x € By (5.14)
Now, set
- 1
Br = Bl +ekg), vk = ———(en + & (V',0)).
L+ e2 v |2
Then,

o0 =1+ B> =l +ap) +oer), v=en+ea(,0)+eft, 1] <C,
where to obtain the first equality we used that @25 — 82§ = 0 and hence

BE.
LG =p+o).
o

With these choices we can now show that (for k large and r < r¢)
~ r . ~ r .
Ug (x - vi — Ski) <up(x) < Ug (x - v + 81«5), in B,
where again we are using the notation
U 8, (x) — agxy

, x € B (Uy)UF(Ug
P X 1(,3k) (ﬂk)

Uy (x) =
" Up, (x) = B

s € B, (Ug).
Brek e By (Ug)

This will clearly imply that

r r .
Ug, (x'vk —Ski) < ug(x) < Ug, (X - Vg +8k§)a in By,
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for large k, and hence lead to a contradiction.
In view of (5.14) we need to show that in B,
ﬁ%;(X-vk——ak%) < "'+ pxS = gxy) - Cr
and

r7 r o ~ + ~ - 2
Uﬁi <x~vk+8k§>2(x V' +px,; —gx,)+Cr-.

Let us show the second inequality (the other case can be argued similarly). In fact, in the
set where

mw+%%<0 (5.15)

by definition we have that
1
Brexk

which from the formula for ,3,1, v gives

~ r
Uﬂli (x - Vg +8k7>

. (B - v +e13) = B

~ r . r
Ug, (X'Vk+8k§) zx’~v’+qxn+§ — Cosg.

Using (5.15) we then obtain

’
2
Thus to obtain the desired bound it suffices to fix ro < 1/(4C) and take k large enough. O

~ r - - _
Ug, (X'Vk+8k§) >x" -V + px — gx; + = — Crex.

6 Proof of the main theorems for problem (1.7)

In this section we prove our main results for problem (1.7) i.e., Theorems 1.1 and 1.2.

Proof of Theorem 1.2 For notational simplicity we assume that « satisfies our hypotheses in
the ball B, and 0 € F(u). We denote pg = p(0).
Let us fix ¥ > 0 to be a universal constant such that

7 < min{ro, 1/2Pmx*1},

with rg the universal constant in the improvement of flatness Lemma 5.1, when g in (5.1)
satisfies

0<

SRR

<p=<2L 6.1)

instead of (5.2).

Also, let us fix a universal constant & > 0 such that
- . _ 1 . ~ _1. log(2)
ssmnmmﬁijL(mmﬂh—f}
{ 2C Al 6C

with &g, C the constants in Lemma 5.1 when (6.1) holds.
Now, let

™
I
™
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In view of our choice of &, we obtain that u satisfies the assumptions of Lemma 5.1,
Up(xy — &) < u(x) < Up(x, +& inBy, 0€ F(u),
with (6.1) and
I fllzoes,) <& < &2 min{l, gPrma—ty,
IVl < & <& min(1, grms1y, % <0 <1,
lp — pollLeen)) <& <é&.

Thus we can conclude that (8] = 8')

Up, (x - vy — F%) < u(x) < Ug, <x vy +f§> in B;, 6.2)
with [vi| = 1, [v; — ey < C&, and 1B —B1] < 6',35. In particular, by our choice of & we
have

B _B
0<=<= <28 <2L.
<7=3= =B =28<

We can therefore rescale and iterate the argument above. Precisely, set (k =0, 1, 2....)
Pk = 7k, & = 27kg
and
pe(x) = p(pkx), ur(x) = iu(pkx), Je(x) = pic f (prx).
Notice that each uy is a viscosity solution to (1.7) with right hand side f; and exponent py

in B 1.
Also, let Bi be the constants generated at each k-iteration, which satisty (8y = B)

1Bk — Brt1] < CPrex.

. )
ﬁzkf(l—z,f)ﬁkfﬁkﬂi<1+>5k<2,3k

ﬂo]ﬁ(l—a)<ﬂk<ﬂo]—[<l+cg>.

Jj=0

It follows that

and then,

Thus,
log(Bo) — 6C& < log(Br) < log(Bo) + 2CE,
e CfBy < B < ezééﬂo,

and from our choice of g,

N | >

@ Springer



132 Page 28 of 43 F. Ferrari, C. Lederman

Then we obtain by induction that each uy, k > 0, satisfies
Ug, (x - v — &) <up(x) <Ug (x-vp +¢,) inBy, 0e F(u), (6.3)
with [ve| = 1, [ux — vegt| < Cer (0o = ep),
I fell ooy < e min{l, gePm",
IV el < el min(l, g0, <0<,
Pk — pollL=(s)) < &k

This leads to the desired conclusion. O
‘We now deduce

Proof of Theorem 1.1 Assumption (1.8) implies that
Ug(xp — Cé) <u(x) < Ug(x, + Cg)in By,

with C a universal constant.
Then, we can apply Theorem 1.2 and obtain the result in the statement. O

Remark 6.1 In most of our results there appears a constant 8, with0 < 6 < 1 or % <0 <.
Notice that in the proof of Theorem 1.2 we can choose 6 = 1. Then, all the constants in the
previous results can be chosen independent of 6.

7 More general free boundary condition

In this section we analyze free boundary problem (1.4) and we prove our main results for
this problem, i.e., Theorems 1.3 and 1.4.
In fact, we study

{ Apyt = f, in Q1) U Q™ (), an

ul =Guy,x), onF(u):=93Qwu) N,

where f € L°(R2) is continuous in Q¥ (1) U Q™ (1) and p satisfies (1.5).
We recall that, when dealing with the general problem (7.1), we assume the following
basic hypotheses on the function G:

G(n,x):[0,00) x 2 — (0, 00)
and, for 0 < ;§ < L,
H1) G(n.-) € CO7 (%) uniformly in n € [£,4L]; G(-.x) € C'7((2,4L)) for every
xeQandG e L®((£,41) x Q).

(H2) G'(-,x) > 0 in [§,4L] for x € Q and, for some yg constant, G > 3y > 0 in
2,401 x Q.

These assumptions are complemented with the following structural conditions:

(H3) There exists C > 0 such that 0 < G”(-,x) < C in [é, 4L] for x € Q.
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(H4) There exists § > 0 such that

<n<4L and x € Q.

SR e N

G
G(n,x) > '737(’1:)5) + 8, forall
n

We present some interesting examples of functions satisfying (H1)—-(H4) at the end of this
section (see Remarks 7.7 to 7.12).

We will now deal with problem (7.1). Let xo € F(u). Without loss of generality we
assume that xo = 0. Also, for notational convenience we set po = p(0) and

Go(B) = G(B,0).
Let Ug be the two-plane solution to (7.1) when p(x) = po, f =0and G = Gy, i.e.,
Up(x) = ax, —Bx,, B=0, a=Go(p).
The following definitions parallel those in Sect. 2.

Definition 7.1 Let u be a continuous function in 2. We say that u is a viscosity solution to
(7.1) in €, if the following conditions are satisfied:

(i) Apu= fin Q1 (u) U Q™ (u) in the weak sense of Definition 2.1.

(ii) Letxg € F(u) and v € C2(BT(v)) N C2(B—(v)) (B = Bs(xp)) with F(v) € C2. If v
touches u by below (resp. above) at xo € F(v), then

v (x0) < G(vy (x0), xo) (resp. >).
Next theorem follows as a consequence of our Theorem 2.2.

Theorem 7.2 Let u be a viscosity solution to (7.1) in Q. Then the following conditions are
satisfied:

(i) Apu= fin QT () U Q™ () in the viscosity sense.

(ii) Let xo € F(u) and v € C2(B+(v)) N C2(B~—(v)) (B = Bs(xp)) with F(v) € C2 Ifv
touches u by below (resp. above) at xy € F(v), then

v (x0) < G(vy (x0), x0) (resp. >).
We will also need

Definition 7.3 We say thatv € C (L) isa (strict) comparison subsolution (resp. supersolution)
to (7.1)in Q, if v € C2(QF (1)) N C*(Q~(v)), Vv # 0in QF(v) U Q~(v) and the following
conditions are satisfied:

(1) Apv > f (resp. < f)in Q1 (v) U Q™ (v) (see Remark 2.8).
(ii) If xg € F(v), then

v (x0) > G(vy (x0), x0) (resp. vyl (x0) < G(v} (x0), X0))-

Observe that the assertions in Remarks 2.9 and 2.10 also apply to free boundary problem
(7.1).

From here after, most of the statements and proofs parallel those in the previous sections.
Thus, we will only point out the main differences.

In the present section a constant depending only on 7, Pmin, Pmax, On ﬁ and L (given in
Theorems 1.3 and 1.4), on [G (1, -)]co7, IG (-, X)|lc1.7, |G|l L><, yo and the constants C and
8 in assumptions (H3)—(H4) will be called universal.
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The linearized problem corresponding to free boundary problem (7.1) will be again (3.1)
(witha = a = Go(ﬁ) > Oand b = 566(3) > 0), so we will apply again the results in
Sect. 3.

As in the case of free boundary problem (1.7), also in the present case we proceed by
obtaining an improvement of flatness lemma, that holds when the solution is trapped between
parallel two-plane solutions Upg at ¢ distance, with 8 > 0, which requires first the proof of
Harnack inequality.

As in Sect. 4, Harnack inequality follows from the following basic lemma

Lemma 7.4 There exists a universal constant € > 0 such that if u is a solution of (7.1) and
satisfies

Up(xpn +0) <ux) <Up(xyp+o0+¢), xe€By, o< 20 (7.2)
for some 0 < ,é < B <L, with
I fllzoeczy) < & min{l, BPm=!, Go(B)Pm1), (73)
IV Pl < &' min{l, prea=t Go()Pm=1}, 0<6 <1,
IG (1, x) — Go) s,y < €, forall B <n < 2L, (7.4)
andin x = %en,
- _ &
u(® = U (% +0+3).
for some & < &, then
u(x) > Ug(xy +0 +ce) in E%, (7.5)
for some universal 0 < ¢ < 1. Analogously, if
u(®) < U (%, +0+§),
then
u(x) < Ug(xp+0 + (1 —c)e) inBi. (7.6)

[S7]

Proof We argue as in the proof of Lemma 4.5 and we only point out the main differences.
We prove the first statement and for notational simplicity we drop the sub-index 8 from Ug.
From (7.2) we have that u(x) > U(x, + o) in By and that By20(x) C B1+(u). Then,

Apmu = f in Bia(X).

Thus, u € C'7in §1/40()E), where ¥ € (0, 1) and ||“||C117(§1/40(i)) < C, with C > 1. Here
y and C are universal constants depending only on pmin, Pmax, 72, L and Go(L). We have
used (7.3) and also that (7.2) implies that ||u|| g,y < 2max{L, Go(L)}.

We consider two cases:

Case (i). Suppose |Vu(x)| < %. As in Lemma 4.5 we denote g(x) = a(x, + o) and
obtain for all x € B, (xp)

o _
0158 <u(x)—qx),
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with xo := x — rpe,. The constants cg, 1, r3 are universal, chosen as in Lemma 4.5 and
depending only on pmin, Pmax, 7, L, Go(L) and yp. In the present case we use that @ =
Go(B) = yo > 0 and we ask that r3 satisfies, in addition, that r3 < %rz.

For t > 0 we define v, as in (4.17) and consider 7 the largest 7 > 0 such that

v (x) < u(x) in Eé (Xo).

We want to show that7 > %0. Then, arguing as in Lemma 4.5, we will get (7.5) for a universal
constant 0 < ¢ < 1 depending only on pmin, Pmax, 2, L, Go(L) and yyp.

If we assume 7 < ', we will get a contradiction exactly as in Lemma 4.5, if we show that
v7 is a strict subsolution to (7.1) in A. In fact, recalling (7.3), we obtain from Theorem 4.4
that in A¥ (v;)

Apeoyvi > e min{1, aPm 1} = e min{1, Go(B)P™ 1} > || flloo
and in A~ (vy)
Apeyvy > &2 min{l, BPm 1 = | flog
for e1 = &1(n, Pmin, Pmax> L, Go(L), yp). Also, as in Lemma 4.5 (see (4.18)),
—& <Y < —E <0 on F(v) N A,

with ¢ and ¢ universal constants, for ¢ < &5, with &, universal. Then we have
172
€0 2 C(% 2 7
kE|en—£EVW|= 1 —ecoy, +¢ Z|vw| =1+ke,

where 0 < ¢ < k < ¢p, with ¢y, ¢ universal constants and moreover,
1 <k<2, (7.7
if & < &3 universal. We will show that, on F(v;) N A, using (7.4), we can write,
)y — G((v] )y, x) > 0,
as long as ¢ < g4 universal. In fact, recalling (7.4) and (7.7), we get
)y = G((v; )y, x) = Go(B)k — G(Bk, x)
= (1+ k) Go(B) — Go(Bk) — €.
Hence, there exists & € (8, k) such that (7.8) gives
W)y — G((W7 )y, )
> GoE)B(L — k) +ekGo(B) — &% = —ekBG((§) + ekGo(B) —¢* (7.9
=& (KGo(B) - BGy(&) — ).

(7.8)

Since we have assumed (H3), now, using that G6 is increasing in [ﬁ, 2L], from (7.9) we
obtain, for some 7 € (8, k),

(0 = G, ) = & (KGo(B) — BG(B) —e)
=& (K (Go(B) — (BGH(B) + Gi(iep®)) —¢) .
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Next, keeping in mind that 0 < Gg <Cin [ﬁ, 2 L], we deduce

W) = G ) = & (K (GoB) - BGY(B) — Cep?k) —¢) . (7.10)
Hence, since we have assumed (H4), there holds
Go(B) = BGy(B) + 6 (7.11)

for some § > 0, since 0 < ,3 < B < L. Then, from (7.10) and (7.11) we conclude that
W) = G ) z & ( (5 - Cepk) — ) > 0,

if &€ < &9 universal.

Thus, v7 is a strict subsolution to (7.1) in A as desired.
o

Case (ii). Now suppose [Vu(x)| > §. By exploiting the C Ly regularity of u in B 1 (X),
o 40
we know that u is Lipschitz continuous in B 5 (x), as well as there exists a constant 0 < rq,

with 8rg < 41—0, and C > 1, rg and C depending only on 7, pmin, Pmax, L, Go(L) and yp such
that

B<IVul =€ in By (3.

We now use (7.3) and combine the argument in Case (ii) of Lemma 4.5 with the ones above.
This completes the proof. O

With Lemma 7.4 at hand, Harnack inequality and its corollary follow as in Sect. 4.

Corollary 7.5 There exists a universal constant g, such that if u is a solution of (7.1) that
satisfies at some point xo € By

Up(xy + ag) < u(x) < Upg(xy + bo) in Bi(xo) C Ba,
for some 0 < ,é < B <L, with
by —ap <e,
and let (7.3)—(7.4) in By hold, for ¢ < g, then (« = Go(B))

MO @ B ) U F )
[0 %)
g (x) =

u(x) — Bxy
Be

has, in B1(xo), a Holder modulus of continuity at xo, outside the ball of radius ¢ /¢. That is,
forall x € By(xp), with |x — xo| > ¢/¢,

in By (u),

liie (x) — die (x0)| < Clx — xol7.

Here C and 0 < ¥ < 1 are universal.

We now extend the basic induction step towards C!-¥ regularity at 0. We argue as in the
proof of Lemma 5.1.
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Lemma 7.6 (Improvement of flatness) Let u be a solution of (7.1) that satisfies

Ug(xp — &) <u(x) <Upg(xp +¢) inBy, 0€ F(u),

for some
0<p=p=L,
with
I fllLs,) < &> min{1, gPmax=l Go(g)Pmax—ly,
IVl < &' min(l, gPmx=t Go(g)Pmx=Ty, % “0<1.
lp — pollLes) <&
and

IG(. x) — Go)lL(sy) < €%, forall B <n <2L.

(7.12)

(7.13)

If0 < r < rg for ro universal, and 0 < ¢ < gq for some &g depending on r, then

Ug <x - V] —r%) <u(x) <Ug (x - V] +r§) in B,,

with [vi| =1, [v; —e,| < Ce, and IB—pB| < é‘ﬂsfora universal constant C.

Proof We divide the proof into three steps.

(7.14)

Step 1—Compactness. Fix r < ro with ro universal (the precise ry will be given in Step 3).
Assume by contradiction that we can find a sequence e — 0 and a sequence uy of solutions
to (7.1) in By with right hand side fi, exponent py and free boundary condition given by Gy,

with o = G (B, 0), that satisfies

2 w1 pman—1
I fill oo sy < & min{1, B{™ ™, g™},
. — _ 1
kllL®(B) = € minyl, , O , S <Ub=
”Vp ” B < ]1-1—9 {1 ]fmax 1 ]fmax 1} 5 0 <1

| px — pollLo(By) < k>
1Gk(n. ) — Gr(n, 0) | (s, < &, forall B <n <2L,
Up, (xp — &) < up(x) < Up (x, + &) forx € By,0 € F(ug),

with 8 é Br < L, but such that u; does not satisfy the conclusion (7.14).

Let us define the normalized functions
M, x € B?—(Mk) U F(ug)
O ER
ug(x) =
ug(x) — Brxn

. x € B[ (up),
Brek !

(7.15)

(7.16)

that are given by the same formula as in Lemma 5.1. Up to a subsequence, G (-, 0) converges,

locally uniformly, to some C!-function G, while
Be—B=p>0
and hence

ak—>5[=Go(,B~) > 0.
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Moreover, by Corollary 7.5 the graphs of iix converge in the Hausdorff distance to a Holder
continuous function i over By .
Step 2—Limiting Solution. We now show that i solves the linearized problem (transmission
problem)

Lyt =0 in By N {x, # 0}, 7.17)
a(iin)* = b))~ =0 on By N ix, =0}, '
in the sense of Definition 3.1, with
a=a>0, b=pGyp) =0, (7.18)

where pg is a constant such that 1 < ppin < po < pmax < 00, and
Lpoit := Al 4 (po — 2)dypli.

In fact, the proof that £,,i = 0 in By N {x, # 0} follows exactly as in Lemma 5.1.

max — 1 Pmax—1

We need to define, in the present case, oy = min{l, B , O, } and observe that
or — min{1, ,épmﬂx_l, GPmax—1y,

Next, we prove that i satisfies the transmission condition in problem (7.17)—(7.18) in the
viscosity sense.

Again we argue by contradiction. Let be y a specific constant that will be chosen as in
Lemma 5.1 and let ¢~5 be a function of the form

¢(x) = A+ px;. —qx,; + BQ" (x — y),
with
1
0" (x) = 5[yx,% — X, y=(/.0, AR B>0
and
ap —BGy(Bg > 0,

and assume that ¢ touches i strictly from below at a point xg = (xé, 0) € By)2.
As in Lemma 5.1, let

de() = axT]F (1) = BT~ () + an(df (0)26* + Brldy ()%
where, we recall,
ar = ar(l +erp), br = Pl + erq)

and dy (x) is the signed distance from x to BBBL (y+ en(B%k — Agyr)). Moreover,
£k

Y (x) = ¢ (x + excren)

touches uy from below at xj, with ¢ — 0, xx — xo.
We get a contradiction if we prove that v is a strict subsolution to our free boundary
problem. That is,

{ Apoy ¥k > fi in BY (1) U By (),
Wy — Ge((W )v, x) >0 on F(ynp).

In fact, if we proceed as in the proof of Lemma 5.1, we get

max — max_l
Apecote > 2 minfL, A" ™y > | filloo, in B, (i) U BJ, (8-
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Here we use (7.15) and that /§ < Br < L and yg < o
universal, to get (5.12) and (5.13).

Finally, since on the zero level set |VI‘Z| =1 and |Vd,g| = 0 the free boundary condition
reduces to showing that

Gt (Br,0) < C, where C is

ar, — G (b, x) > 0.
Using the definition of ax, bx, we need to check that
k(1 + exp) — Ge(Bie(1 + exq), x) > 0.
From (7.16), it suffices to see that
ax(1+ exp) — Ge(Br(l + 1), 0) — & > 0.
This inequality holds for k large in view of the fact that
ap — BGy(Bg > 0.

Thus # is a viscosity solution to the linearized problem.
Step 3—Contradiction. As in Lemma 5.1, since (0) = 0 we obtain that

li — (" -V + px —gx;)| < Cr* xe€B,,
forall » < 1 and with
@p—BGy(Bg =0, V| =|Vei(0)] < C.
Thus, since i1y converges uniformly to i (by slightly enlarging C) we get that

iy — (x" v + pxt —qx)| < cr?, x € B,.

Now, set
1
Bi =Bl +erq), v =—(ey+e(V,0)).
1+ g2y |2
Then,

@ = Gr(Be(1 + exq), 0) = G (B, 0) + PG (Br, 0)exg + o(ex)

G ,0
= ag (1 +ﬁk%q8k) +o(er) = ar(1 + ek p) + o(ex),

since from the identity &p — BG{,(B)g = 0 we derive that

G (B, 0)
——————q
gk

B =p+o(l).

Moreover,
v =e, +e(V,0) +elt, |t] <C.

With these choices, it follows as in Lemma 5.1 that (for k large and r < rp)
~ r » ~ r .
U,s;((x-vk—Ski)Suk(x)SU;;;(XW/( +€k§)» in By

which leads to a contradiction. O
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We are now in position to prove the main results for our problem (7.1). We will prove
Theorem 1.4, which will then imply Theorem 1.3. A similar argument as that in Remark 6.1
also applies here.

Proof of Theorem 1.4 For notational simplicity we assume that u satisfies our hypotheses in
the ball B, and 0 € F(u). We denote py = p(0).
Let us fix 7 > 0 to be a universal constant such that

1 1
7 < min {ro, 1/2Pmtl (1/4)7 } ,

where y is as in (1.9), and rg is the universal constant in the improvement of flatness
Lemma 7.6, when § in (7.12) satisfies

SR e N

0<=<p<2L (7.19)

instead of (7.13).
Also, let us fix a universal constant & > 0 such that

1 , A log(2
£ < min [ao(f), S min {1, (Br2)mst, Go(B/2)Pme1Y, °6gé )}

with &g, C the constants in Lemma 7.6 when (7.19) holds.
Now, let

E=8.
In view of our choice of &, we obtain that u satisfies the assumptions of Lemma 7.6,
Ug(x, — &) <u(x) < Ug(x, +€) inBy, 0¢€ F(u),
with (7.19) and
£l < & < & min{l, g1, Go(B)Pm ),
IVl < & < & min{1, proet, Go(g)Pmaty, % <6<,

Ip — pollLoe) <& <&
and

G (n, x) — Go(n)l|zoo(By) < &° < &, forall

Thus we can conclude that (8] = B8')
_E _E\ .
Ug, (x-vl —ri) <u(x) < Ug <x~v1 +r§) in By,

with [vi| = 1, [v; — ey < C&, and 1B —B1] < 6',35. In particular, by our choice of & we
have

| >
=

O0<Z=>=<p <28=<2L.

272
We can therefore rescale and iterate the argument above. Precisely, set (k =0, 1, 2....)
pr =7, e =27¢
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and

1
Pe(x) = p(prx), up(x) = Eu(ka),
fi(x) = pr f(okx), Gr(n,x) = G, prx).

Notice that each uy is a viscosity solution to (7.1) in By, with right hand side f;, exponent
pi and free boundary condition given by G. Moreover, the functions Gy satisfy (H1)—(H4)
in Bj, with the same constants as G.

Also, let Bx be the constants generated at each k-iteration, that satisfy (8o = B)

1Bk — Brt1] < CPBrex.

As in Theorem 1.2, it follows that

B
3 = Br1 < 2Bk

and

0< = <pBx <2L.

S Rec

Then we obtain by induction that each uy, k > 0, satisfies
Ug, (x - v — &) < up(x) < Upg, (x - v + &) in B;, 0e€ F(u), (7.20)
with [ue| = 1, [k — vepa| < Cex (vo = en),

Il filloopyy < e min{1, BePmx=t Go(Br)Pm—l),

1 max — 1 'max —
IV pilizoo) < & 7 min{l, B, Go(Br) Py, S <0=1
Pk — pollLee(By) =< €k
and
B
IGk(n, x) — Go()llzoo(p,) < ef, forall 5 =n=4L.
This leads to the desired conclusion. O

Remark 7.7 Let us present a family of functions G satisfying (H1)-(H4).
In fact, given p € (1, +00), we define G(7, x) : [0, 00) x R" — (0, 00),

G, x) =G, 0) = Gon), (7.21)
where
Go(B) = (14 B7)7. (1.22)
Then, for B € (0, +00),
B G =e-n—E
(L+pr) 7 (L+pr)" 7
Let0 < B < L. Clearly, (H1)—(H2) are satisfied.

Gy(B) =

@ Springer



132 Page 38 0f43 F. Ferrari, C. Lederman

Moreover, there exists C (/§ , L, p) > 0 such that

0<Gg(B)<C(B,L,p), for0<= <p<4L.

SR e

Hence (H3) holds.
1
Now, since G,(B) < 1,then Go(B) — G (B)B = (14 p7)» — B. Thus, in order to see that
(H4) holds, it is sufficient to prove that there exists § > 0 such that for every g € [g, 4L]
1
(14877 =B +356.

Therefore, choosing § such that

0 <6< min ((1+ﬁ")%—ﬁ),

[5.4L]
we obtain that (H4) is satisfied.
The same result holds for
1 _
Go(B) = (Yo + B)7, with 3 > 0. (7.23)

Moreover, if in (7.23) we have | < pmin < P < Pmax < 00 and 0 < go < % < g1,
then the constants yp, C and § in (H2), (H3) and (H4) can be chosen depending only on
/37 L, Pmin> Pmax; 80, 81-

Remark 7.8 Notice that when p = 2 in (7.21) and (7.22), problem (7.1) becomes problem
(1.7).

Remark 7.9 Let us now show that our Theorems 1.3 and 1.4 apply to problem (1.1). In fact,
let us consider the function giving the free boundary condition in problem (1.1). That is,

G(n, x) = (g(x) + P79

Assume that g € C%7(By), with 0 < g9 < g(x) < g for some constants go, g1, and p
satisfies (1.5) in By. Then, G(n, x) : [0, 00) x By — (0, 00).

Let0 < ,3 < L. It is not difficult to see from Remark 7.7 that G satisfies (H1)-(H4) in
Bj with constants yp, C, §, depending only on ﬁ L, pmin> Pmaxs €0, &1-

In addition, let us show that if ||V p||pe(p,) < € and [glcor(p) <&, then

SR

(G, )]cor(p,) < CE, forall0 <= <n<4L,

with C depending only on B L, Pmin, Pmax, 80, &1- In fact, let us call

1
F(t,x,n) = (t +n?) o,

forx € Bj,go <t <grand0 < g < n <4L. Then we can write

G, x)=F(gkx),x,n).
In fact, there holds that |2£ (¢, x, )| < Cy, and |g—)§(r,x, m| < C2||VpllL(s,), where C
and C, depend only on /§ , L, Pmin, Pmax, 80, &1- As a consequence

G, x) — G, )| < Cilglcos s,y lx — £7 + C2lIVpllzoe(aylx — |

< CsElx — 77,
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where C3 depends only on ,3, L, pmins Pmax; 80> &1-

Remark 7.10 We will introduce another family of functions that satisfy assumptions (H1)—
(H4). In fact, let a, b and g be positive numbers, g > 1.
We define G(n, x) : [0, c0) x R" — (0, 00),

G, x) =G(n,0)=Go(n), (7.24)
where
Go(n) = an? +b. (7.25)

Let 0 < B < L. Clearly (H1)~(H3) hold.
We want to show that (H4) holds for some § > 0. In fact, we will prove that

Go(n) = nGo(n) +8, 0<n<4L. (7.26)
Inequality (7.26) is equivalent to
an? +b>aqn? +6, 0<n<4L. (7.27)

Ifg =1, wetake 0 < § < b and (H4) holds.
If ¢ > 1 and the given L satisfies

1 b\
< - VN 9
4 (a(q - 1))
we see that (7.27) holds for a constant § > 0 small enough and therefore, (H4) holds.

Remark 7.11 We can define G satisfying (H1)-(H4), replacing the constants a, b and ¢ in
(7.24) and (7.25) by suitable smooth functions defined in €2, with arguments similar to the
ones in Remark 7.9.

Remark 7.12 Let G| and G, be functions satisfying (H1)-(H4). Let aj, ap € C%7 () be
such that there exist constants ¢, ¢ with 0 < ¢ < aj, ay < ¢ for every x € Q. Then,

G, x) :==a1(x)G1(n, x) + a2(x)G2(n, x)
satisfies (H1)—(H4) as well.

Appendix A: Minimizers of energy (1.2)

In this appendix we briefly discuss how free boundary problem (1.1), with free boundary
condition (1.3), appears when the energy functional (1.2) is minimized.

Let 2 be a bounded domain. We consider the energy functional (1.2), with p(x) asin (1.5)
and f € L>(2). We also assume that A, > A_ > 0 are given constants, and ¢ € C*7 (),
with 0 < gp < g(x) < g1, for some constants gg, q1-

We first observe that the energy functional (1.2) can be written as

J) =J@) +C,

with

- |Vv|1’(“‘)
J(v) = / +q () (g — A ) x>0y + f(X)v ) dx,
e\ pkx)
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and
C:/ q(x)A_dx.
Q

Given ¢ € W'PO(Q), the existence of a minimizer u € WP (Q) of (1.2) among
functions v € WP (Q) such that v — ¢ € Wol’p(')(ﬂ) follows from Theorem 3.1 in [35].

As in Theorem 3.2 in [35], we deduce that any local minimizer u € WwLrO(Q) N L>®(Q)
of (1.2) satisfies that u € C%Y () for some 0 < y < 1,y = y(n, pmin)- Proceeding as in
Lemma 3.3 in [35], we see that

Ao = f in{u>0}U{u <0}

If xo € F(u) is such that B.(xg) N {u < 0} = @ for some r > 0, then u is a one-phase
solution to (1.1) in B, (xp) with free boundary condition given by (1.3) by Theorems 5.1 and
5.2 in [35] (see also Proposition 8.1 in [23]).

If xo € F(u) and B, (xg) N {u < 0} # @ for every 0 < r < rp, we will show that, under
additional assumptions on u, condition (1.3) is satisfied in a neighborhood of xg.

In fact, assume that F (x) isa C'-7 surface in B, (xp), forsome r; > 0 small, that separates
{u > 0} from {# < 0}. Then,

Apou = f in B (u)U B/ (u),

1
where we denote B;*‘(u) = By(x0) N {u > 0} and B (u) = B,(xo) N {u < 0}. From
Theorem 1.2 in [18], we get that u € Cl(B;; () N Cl(Br; (u)), r» > 0 small. In particular
u is Lipschitz continuous in By, (xo).
Assume moreover that Vu™(xg) # 0. Now consider p — 0 and uy(x) = w.
Then, u; — up(x) = oz)cl+ — Bx,, witha = |[VuT(xg)| > 0, B = |Vu~(xp)| = 0, where
Vut(xo)

VuF(o)] — €1
Proceeding as in Proposition 3.2 in [35] we define, for ro > 0,

|Vv|p0
oo = [ (T +hox-0) dx,
B pPo

o

for simplicity we assumed that

with
po = p(xo), Ao =q(x0)(Ay —A_)
and we deduce that
Jro,0(0) < Jrg,0(v),

for every v € WP (B, ) with v — ug € W&’pﬁs (By,), for some § > 0.
Then, reasoning as in Proposition 3.3 in [35], we obtain

p p
(- 2)- )

_ (x0)
(e )P0 — Gy (100?00 = L2 g o)y — 1),
pxo) — 1
We can now repeat the argument at every point close to xo and thus, (1.3) is satisfied in a
neighborhood of xp, as claimed.

which gives
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Hence, we obtain that minimizers of (1.2) that change sign are solutions of free boundary
problem (1.1) with g(x) = %(Mr — A_), under suitable assumptions.

Let us stress that under the present hypotheses, the function g above is in the situation of
Remark 7.9 and then the results in Sect.7 apply to problem (1.1) for such a g.

Moreover, we point out that, proceeding as in [2, 3, 17], we can also show that minimizers
to (1.2) that change sign satisfy the free boundary condition (1.3) in the sense of domain
variations, under suitable assumptions.

Appendix B: Lebesgue and Sobolev spaces with variable exponent

Let p : @ — [1, 00) be a measurable bounded function, called a variable exponent on £2,
and denote ppax = esssup p(x) and ppin = essinf p(x). The variable exponent Lebesgue
space LPO(Q) is defined as the set of all measurable functions u : 2 — R for which the
modular g ) (u) = fQ [u(x)|?™ dx is finite. The Luxemburg norm on this space is defined
by

lull Lror @) = llullpey =nf{A > 02 0p)(u/2) < 1}

This norm makes LP) () a Banach space.
There holds the following relation between 0.y (u) and [[u||; pe):

1/ Pmin 1/ pmax
min { ([ 12 ax) " ([ i @) < o
Q Q
1/ Pmin 1/ pmax
gmax[(/ Iulp(x)dx) (/ Iulp(x)dx) }
Q Q

p() s LP'O) ith L 4 1 _—
Moreover, the dual of LV (Q2) is L? 'V (2) with 6] + 7o = 1.

wPO(Q) denotes the space of measurable functions u such that # and the distributional
derivative Vu are in LP)(Q). The norm

el pey == Nlullpey + 1Vulllpey

makes W20 (Q) a Banach space.
The space W&’P(')(Q) is defined as the closure of the C§°(£2) in wLrO(Q).
For further details on these spaces, see [16, 31, 41] and their references.
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