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A NEW WAY TO EXPRESS BOUNDARY VALUES IN TERMS
OF HOLOMORPHIC FUNCTIONS ON PLANAR LIPSCHITZ
DOMAINS

STEVEN R. BELL, LOREDANA LANZANI, AND NATHAN A. WAGNER

ABSTRACT. We decompose p - integrable functions on the boundary of a sim-
ply connected Lipschitz domain 2 C C into the sum of the boundary values of
two, uniquely determined holomorphic functions, where one is holomorphic in
Q while the other is holomorphic in C\ € and vanishes at infinity. This decom-
position has been described previously for smooth functions on the boundary
of a smooth domain [I]. Uniqueness of the decomposition is elementary in the
smooth case, but extending it to the L? setting relies upon a classical albeit
little-known regularity theorem for the holomorphic Hardy space hP(bS2) of
planar domains for which we provide a new proof that is valid also in higher
dimensions. An immediate consequence of our result will be a new character-
ization of the kernel of the Cauchy transform acting on LP(b2). These results
give a new perspective on the classical Dirichlet problem for harmonic func-
tions and the Poisson formula even in the case of the disc. Further applications
are presented along with directions for future work.

1. INTRODUCTION

If Q2 is a simply connected domain in the plane bounded by a C* smooth
Jordan curve, then there are various ways to express a C'™ smooth function u
given on the boundary in terms of two holomorphic functions on €2 that extend
C*> smoothly to the boundary. The most natural way is to require that

uw=f+F

on the boundary. By choosing a point a in 2 and further requiring that F'(a) = 0,
the decomposition is unique and yields the solution to the classical Dirichlet
problem for harmonic functions with boundary data u, [1J.

If the boundary curve of €2 is parametrized in the counterclockwise sense by
2(t), a < t < b, the complex unit tangent function 7'(z) on the boundary is
defined via T'(z(t)) = 2/(t)/|/(t)|. For each point z in the boundary, T'(z) is a
complex number of unit modulus pointing in the direction of the tangent vector
at z in the direction of the standard orientation. Note that i T'(z) represents the
direction of the inward pointing normal vector to the boundary at z. Here and
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throughout we will work with arc-length measure o without explicitly denoting
it in the function spaces; hence LP(bS2) stands for LP(bS, do) etc.

A second way to express the function u on the boundary in terms of holomor-
phic functions on 2 is

u:g+§T

This gives an orthogonal decomposition of u in terms of a holomorphic function
g and another function G T that is orthogonal to the Hardy space h%(b2) in the
L2(b82) inner product. The function g is equal to the Szegd projection of u and
G'T is the projection of u onto the orthogonal complement of h%(bQ2) in L?(bS2).
The functions g and G are uniquely determined.

The relationships between the functions in the decompositions described thus
far are fascinating and have been studied extensively. In this paper, we study a
third way to express the boundary function u, namely

u=h+H

where h is holomorphic in €, while H is holomorphic on C\, the “outside of §2,”
and tends to zero at infinity. We call this the h+ H decomposition from now on.
This decomposition can be viewed as a direct consequence of the “jump theorem”
that states that the jump of the Cauchy transform of u across a boundary point
z is the value of u at z for almost every z € b§). This classical fact is a direct
consequence of the Plemelj formula. To better understand it, we will look at it
from several points of view, including a way that yields a higher order Plemelj
formula in the smooth setting. We take special care in extending the h + H
decomposition to the setting of Lipschitz domains: this is because the first term,
h, turns out to be the Cauchy transform of the data w, which is known to be
bounded on LP(I2) for a large class of non-smooth domains that include the
Lipschitz domains, see [6]; and the second term, H is given by a so-called “solid
Cauchy transform” formula in [I, p. 87]. Historically, the Lipschitz category
has brought forward a paradigm shift in the analysis of the Cauchy transform
with the seminal works [4] and [5], which in turn have paved the way to a fully
developed arsenal of tools that allow for optimal results, see e.g., [14, Theorem
2.1]. Furthermore, in applied mathematics non-smooth domains often provide
more desirable settings than the C* category, see [9] and [10].

The main result in this paper is the following decomposition theorem, where
we use the notation ¥(2) for the set of functions holomorphic on a given domain

Q.

Theorem 1.1. Suppose §2 is a bounded Jordan domain with Lipschitz boundary.

i. For 1 < p < oo, let h?(bQ2) and h* (bQ2) denote the boundary values of

the Hardy spaces for Q and for C\ Q, respectively. If u € LP(bSY) then
u can be expressed uniquely as h + H a.e. b where h € hP(bS) and
H e h” (b92).
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ii. If, moreover, u € C%*(bQ2) for some 0 < o < 1, then u can be expressed
uniquely as h + H where h € 9(2) N C%(Q), while H is in 9(C \ Q) N
C%(C\ Q) and vanishes at infinity.

iii. Suppose additionally that Q2 is of class C* for some k > 1 and 0 <
a < 1. Ifu € CF(bR2), then u can be expressed uniquely as h+ H where
h € 9(Q) N CH(Q), while H is in 9(C\ Q)N C**(C\ Q) and vanishes
at infinity.

iv. Suppose additionally that Q is of class C*. If u is in C*°(bSY), then u

can be expressed uniquely as h+ H where h € 9(Q) N C*(12), while H s
in(C\ Q)N C®(C\ Q) and vanishes at infinity.

In any of the cases i. to iv., we have
(1.1) h(z) = Cu(z)

where C is the Cauchy transform associated to €).

It follows that
(1.2) Cu=0 <<= u=H
where H has the above-stated properties.

Theorem [T admits the following corollary, which gives a Banach direct sum
decomposition of LP(bS2) in terms of internal and external Hardy spaces.

Corollary 1.2. Suppose ) is a bounded Jordan domain with Lipschitz boundary
and 1 < p < oo. Then the following Banach space isomorphism holds:

(1.3) LP(62) ~ hP(bQ2) @ K7 (bS2)

Proof. Apply Theorem [LT], part i., together with the L? estimate for the Cauchy
transform C obtained in [5]. O

Conclusion iv. and the existence part of conclusion ii. were studied in [I]
p. 87] in the case when € is C*°-smooth: we briefly recall the argument given
there. Given u € C*°(bS2) the decomposition: u = h+ H is based on the Cauchy-
Pompeiu integral formula

<I>(z)—i/bQ (w) dw+i//§2w dw AN dw, z€Q

271 w—z 271 w—z

which holds for a function ® in C*°(§2), and the observation that there exist

functions ¢, in C*°(2) that vanish on the boundary such that Jy, /0w and
0P /0w agree to (arbitrarily high) order n on the boundary (see Lemma 2.1 in
[T, p. 6] for a proof and more details about how we are about to use this lemma).

Thus, if we extend our given w in C*°(b2) to (any) U in C*°(f2) and then

pick a function ¢, in C*°(2) that vanishes on the boundary such that ¥, :=
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OU /0w — D¢, /0w vanishes to order n on the boundary, we can apply the Cauchy-
Pompeiu formula to ® := U — ¢,, to see that

(14) U(2) - pul2) = 2;/95(_161 +2m// Il gy i, =€ 0

and we deduce that the function defined by the second integral in (L4]) defines
a holomorphic function H on the outside of € that vanishes at infinity and that
extends C" smoothly to the boundary of {2 from the outside. Indeed, we may
extend ¥, by zero outside {2 to obtain a C™ function on C and then change
variables in the integral on €2 to write it as

9 // dw/\dw

to see that we can differentiate in z under the integral to conclude that the above
defines a C™ function on C. Thus, we can read off that the boundary integral
in (L4) also extends C™ smoothly to the boundary from the inside, and we call
its boundary value Cu, the Cauchy transform of u. That is, the formula (L4)
extends to © and on the boundary b2 it takes the form

(1.5) u(z) = Cu(z) + % //Q % dw A\ dw, z € .

Thus v = h + H where

h(z) :=Cu(z) and H(z // dw A dw.
" omi -z

Both functions are holomorphic on their respective sides of the boundary and
extend to be C™ up to the boundary from their respective sides. Note that
integration by parts reveals that

3%
// dedw:O, zeC\Q.

It follows that
1 U _
H(z) = —// () dw A dw, z€C\Q.
Q

211 w—z

That H is independent of the choice of the extension of u to € is clear because, if
U, and U, were two such extensions, then U; — U, would vanish on the boundary
and the integration by parts argument applied to OU; /w — 0Usy/w would yield
the independence of the definition of H on the choice of U. Since n was arbi-
trary, it follows that Cu and H are C'*° smooth up to the boundary from their
respective sides. The last expression for H can be further reduced by noting that
80 (w)/(w—z) = £ [U(w)/(z — w)] and applying integration by parts to obtain
1
Hz) = -1 u(w)

2T Jyq W — 2

dw,
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and thus H can be viewed as “minus the Cauchy transform of u on the other
side of the boundary” and we see that this approach to the subject yields a way
to understand the Plemelj formula from a C* perspective.

As observed in [Il p. 87], for smooth 2 the decomposition u = h 4+ H in item
i. is unique because, if we had two such expressions v = hy + Hy = hy + Ho,
then hy — ho = Hy — H; on the boundary, and so an extension of h := hy; — hs
to the complex plane as an entire function is obtained by defining the extension
to be H := Hy — H; on the outside and noting that the functions glue together
along the boundary and so are holomorphic across the boundary via a standard
Morera’s theorem argument. The vanishing of the holomorphic functions on the
exterior of €2 at infinity shows that the extension is a bounded entire function, and
so Liouville’s theorem implies that H must be the zero function. This concludes
the proof of i. for smooth € as given in [IJ.

Concerning the proof of the existence part of conclusion ii. for smooth 2:
as noted in [I], the boundedness of the Cauchy transform as an operator from
LP(bQ)) to hP(bQY) for 1 < p < oo, and the density in LP(b2) of C=(1Q), reveals
that, if u is merely in LP(bS2), then h = Cu is in h?(bS2). The techniques used in
[1] also yield that H on the boundary is an L? limit of the boundary values of
holomorphic functions on the outside of €2 that are C'*° smooth up to €2 and that
vanish at infinity. It can be seen that the operator taking u to H is also bounded
in LP(bQ2) and that H is in h” (bQ) that is, H is given as the L? boundary values
of a function that is holomorphic on the outside of {2 and vanishes at infinity.
This version of Hardy space on the outside of €2 can be understood by mapping
the outside of 2 to a bounded domain via inversion and then using standard
results about convergence in the Hardy space of a bounded simply connected
domain with smooth boundary on the subspace of functions that vanish at the
point that is the image of the point at infinity under the inversion.

The uniqueness of the h + H decomposition for v merely in LP(bS2) was well-
known for p = 2 in the special case when 2 = D (the unit disc): here uniqueness
of the h + H decomposition for u in L? can be derived from a classical result of
Hardy and Littlewood that states that a complex antiderivative of a function in
h?(bD, df) is Holder-1/2 continuous on D and extends to be Holder-1/2 continu-
ous on D. (Another way to deduce that the extension is entire in the uniqueness
argument follows from results of Koosis in [12] pp. 87-88] about Schwarz reflec-
tion in the L? setting on the disc.)

Theorem [Tl iv. has the following corollary.

Theorem 1.3. Suppose §2 is a smooth Jordan domain.

i. Let U be in C*(2). Then there is ¢ in C®()) that vanishes on b and

such that % agrees with U on bS) up to infinite order.
z
ii. Let V be in C(C). Then there is ® in C*(C) that vanishes on b2 and

o
such that g— agrees with V on bS) up to infinite order.
z
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Indeed, by Theorem [LI] we have expressed the boundary values u of U as
h+ H. Let H denote a C* extension of H to C that agrees with H outside
Q and let ~ denote a C* extension of h to C that agrees with A inside .
Note that 0h/0w and OH /Ow vanish to infinite order on the boundary since
they are identically zero on one side of the boundary. Now ¢ := U — h—H
restricted to  satisfies our requirements. Such a ¢ could also be constructed via
PDE techniques by using the construction of functions satisfying arbitrarily high
degree of vanishing conditions and standard arguments based on Borel’s lemma
(see [8, p. 98]). Another approach is via a Mittag-Leffler argument like the ones
described in [2, p. 201] It is also clear that local versions of the theorem for C'*
functions v on C'*° curves 7 also follow.

If we started with a function V' that is C* on C, we could modify V by
multiplying it by a C*° cut-off function that is compactly supported and equal
to one on a big disc containing 2, then solve a d-bar problem OU /0w = v via

U(z):%//{c% dw A dw

and then construct ® in C*°(C) using such U.

It is worthwhile pointing out that the uniqueness of the h + H decomposition
in LP(bS2) relies on the fact that for any p > 1, all members of A?(0€2) turn out
to be complex derivatives of functions continuous up to the boundary of €2, and
on an analogous statement for A” (b€2). Namely

Theorem 1.4. Suppose €2 is a bounded Jordan domain with Lipschitz boundary
and let 1 < p < 0.

i. For any h in hP(bS2) there is H € 9(2) N C(§2) such that
H'(2) =h(z) forany z€Q,

and H|yq is absolutely continuous with respect to arc length on bS2.
ii. For any h in h* (bQ) there is H € 9(C\ Q) N C(C\ Q) that vanishes at
infinity such that

H'(z) = h(z) forany z€C\Q,

and H|yq is absolutely continuous with respect to arc length on bS).

This is a partial restatement of a classical theorem of Privalov [17, Sect. 7.3].
Here we present a new proof which, unlike the original argument in [17], does
not rely on conformal mapping and is thus amenable to be extended to higher
dimensions. We remark that this result holds for the broadest (Banach space)
class h'(bQ2) (that is for p = 1), unlike the decomposition result Theorem [Tl
This is because the decomposition result naturally relies on the boundedness of
the Cauchy transform for p > 1, while the endpoint estimate at L' is well-known
to fail.
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A final observation is in order. Since the h + H decomposition for u € L?*(bD)
that is, for the case when 2 is the disc, is a trivial consequence of the Fourier
series decomposition of u, it is legitimate to ask whether a proof for general ) can
be obtained via a conformal mapping argument. It turns out that a conformal
map-based scheme would employ two such maps: a conformal map f : D — €
along with a conformal map f*: C\ D — C\ €, and one would need to have

f(Q)=f7(¢)  for |¢|=1.

But if this were indeed the case, a theorem of Besicovich [20, Theorem 3.4] would
force f and f* to be (the same) constant, giving a contradiction.

This paper is organized as follows. In Section 2] we prove Theorem [L.4] and
the uniqueness of the h + H decomposition in LP(b€2) under the additional as-
sumption that Q is smooth (of class C*); we present the treatment of smooth
domains in a separate section because the proofs are of independent interest
and because Lipschitz domains can be exhausted by families of smooth sub- and
super-domains, a well-known fact which is relevant here and is recalled in Section

Bl

Theorem [I.4] and our main result, Theorem [[.I], are proved in Section [3 where
we also review the main features of the holomorphic Hardy spaces for Lipschitz
Q2 and for (the interior of) its complement. Finally, in Section [l we collect a
few applications of the h + H decomposition yielding a new representation for
the solution of the classical Dirichlet problem for harmonic functions on the disc
(Theorem 1] and Remark 2), and a new pseudo-local property of the Szegd
projection for C*°-smooth Q (Theorem [1.2)).

Acknowledgement. We are deeply grateful to Dmitry Khavinson for bringing
to our attention a theorem of Privalov [17] which was unknown to us.

2. SMOOTH DOMAINS: ANTIDERIVATIVES OF HARDY SPACE FUNCTIONS AND
UNIQUENESS OF THE h + H DECOMPOSITION IN LP(b(2)

2.1. Proof of Theorem [1.4] for smooth 2. We let + denote the boundary of
Q) parametrized in the counterclockwise sense via z(t), a <t < b.

We may assume that zp = z(a) is a point in the boundary of 2 where h has
a non-tangential boundary limit. For small ¢ > 0, let 7. denote the “parallel”
curve to v parametrized by z.(t) = z(t) +i€T'(2(t)) gotten by moving a distance
e along the inward pointing normal to the boundary curve of  from z(t) as z(t)
traces out the boundary. It is well know that, if € > 0 is sufficiently small, then e
is equal to the distance from z.(¢) to the boundary, and z(¢) is the closest point
in the boundary to z(t). We will assume henceforth that our future epsilons are
in this range.

Before we proceed further, we define a closed contour in €2 that will be useful.
If 0 < € < ¢, we let R(é¢€,7) denote the curvelinear rectangle that starts at
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20 + €T (2) and follows 7, as the parameter ¢ ranges from a to 7. When the
inward normal to z(7) is reached, the curve turns left and follows the normal to
z(7)+i€T(z(7)). It then turns left again and follows -, backwards to zo+i€T'(z),
and then finally follows the inward pointing normal at z; back to the starting
point at zy + i€7'(zp). The Cauchy theorem implies that the integral of h(z)
around R(é, ¢, T) is zero.

First prove the result for p = 2. The L? convergence of h along the curves v, to
the boundary values of h along v implies that the integrals of h along the curved
parts of R(€, €, 7) roughly cancel, and their sum tends to zero as € tends to zero.
We note further that, since h has a limit along the inward pointing normal at 2,
that the integral of h along a segment of the inward pointing normal of length
€ — € goes to zero as € tends to zero. Hence, because the integral of h(z) around
R(€,¢€,7) is zero, and because the integrals along the curved parts of the contour
roughly cancel, integrals of h along a segment of the inward pointing normal to
z(7) of length € — € tend uniformly in 7 to zero as € tends to zero.

We can now conclude that that the integral of h(z) around R(0,€,7) is well
defined if we express the part of the integral along the inward pointing normal
at z(7) as a limit as € tends to zero. Now, the vanishing of the integral of h(z)
around R (€, €, 7) implies that the integral of h(z) around R(0, ¢, 7) is also equal
to zero.

We now define a holomorphic function H(z) on €2, complete with continuous
boundary values, whose complex derivative is equal to h(z) in Q. We start by
defining H(z) on the boundary via

Because the boundary values of h are in L?(bS2), the Cauchy-Schwarz inequality
can be used to easily show that H is continuous on the boundary. Indeed,
applying Cauchy-Schwarz to the integral of h along a curve segment ¢ in the
boundary and parameterizing the segment in terms of arc-length yields that

/hdz

where ||h|| is the L? Hardy space norm of h on the whole boundary and ¢(¢) is
the length of 0. Note that H(zy) = 0. The fact that fy hdz =0 (by the Cauchy
theorem) guarantees that the value of H(z(t)) as ¢ tends to the endpoint ¢t = b
is also zero. Moreover, H is in fact absolutely continuous on the boundary by
virtue of its definition as the integral of an L' function.

< [Ihllé(o)?

Next, we define H(z) at a point inside Q) as follows. Let 7, denote a curve
that starts at zy and follows the inward pointing normal to the boundary at z
the short distance €, and then follows any curve in §2 from the terminus of the
short interval to z. It is easy to see that
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defines an analytic antiderivative of h on 2 and that the limit of H(z) along the
inward pointing normal to the boundary at 2, is equal to zero. Note also that
the definition of H is independent of the choice of e.

We now prove that H.(t) := H(z(t)) tends uniformly to Hy(t) := H(z(t)) as
€ tends to zero through positive values. We have shown that the integral of h
around R(0, €, 7) is zero and that the integral of h on the line L(e, 7) from z.(7)
to z(7) is well defined and tends to zero as € tends to zero and this convergence
is uniform in 7 because of the L? convergence of h(z(t)) to h(z(t)) on the whole
boundary, and the fact that the integral along the line segment along the inward
pointing normal to 2y tends to zero. We may now conclude that

H(z(T))—H(ze(r))zf hdz+/ hdz:/ h dz,
R(0,€,7) L(e,T) L(e,T)

and the uniform convergence follows. Since the convergence is uniform, and since
the boundary values are continuous, we conclude that H, as we have defined it
on €2, is continuous there.

The proof for p > 1 is similar, because functions in h?(bQ2) have LP boundary
values and Holder’s inequality can be used to replace Cauchy-Schwarz inequality
in the calculation above to see, in case p > 1, that the boundary values of the
antiderivative are continuous, since

/hdz

where ||| is the LP Hardy space norm of h. If p = 1, this integral goes to zero
as the length ¢(o) goes to zero by measure theory principles.

< [Ih]| (o)

This method of proof carries over to h” (bQ2) (the Hardy space for the comple-
ment of Q).

2.2. Uniqueness of the h + H decomposition in L?(IS2) for smooth (.
Suppose u = hy + Hy = hy + Hy. Then the boundary values of h = hy — ho
and H = H, — H; agree almost everywhere. A point 2y in the boundary can be
chosen so that both h and H have non-tangential boundary limits at zy from their
respective sides. Antiderivatives of the respective functions on both sides can be
defined via path integrals in each side that start at the point z; and follow the
inward pointing normals a short distance before heading to a point in the domain.
When the construction of the antiderivatives of h and H are carried out, and the
continuity up to the boundary is noted, the resulting functions are seen to agree
on the boundary. Consequently, an entire function is obtained. Its derivative
reveals that h extends via H to be entire and tends to zero at infinity, and so
it is identically zero. The uniqueness of the decomposition follows. We expect
some of these details of this version of a proof to be useful in our future work
as we generalize the decomposition to more general functions on more general
domains using tools from [14].

Remark 1. The results of this section can be localized to yield a rather
simple proof of a removable singularity theorem that states that if a function is
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holomorphic on both sides of a smooth curve and has L? boundary limits from
both sides that agree along the curve, then the function extends holomorphically
across the curve. Koosis proved this result in the disc using the Schwarz function
S(z) = 1/z of the disc, but we suspect it must be a known result for any smoothly
bounded 2.

3. PROOF OoF THEOREM [L.1]

3.1. Background on Lipschitz Domains. We say a bounded domain € is
Lipschitz if there exists a finite collection of coordinate rectangles {R;}Y.; so
that R; N0SY is the graph of a real-valued Lipschitz function for each j. Precisely,
this means that for each j, there exists a Lipschitz function ¢; : R — R and
angle 6; € [0, 27) so that

RiNQ=R;N{e%(x+iy):y>p;x)}

__ For such domains there exists a Lipschitz diffeomorphism from b2 to b<2, where
Q is a C'*° smooth domain. Let us additionally suppose that € is simply con-
nected and bounded by a Jordan curve. By the above fact, we see that there
exists a bi-Lipschitz parametrization z(t) : [a,b] — bQ2 of said boundary curve.
The derivative 2'(t) exists for almost every ¢ € [a,b] and as usual unit tangent

vector T'(z(t)) is given by \2:8\ We will again assume that the parametrization

is taken in the counterclockwise direction.

In particular, there exists a family of C*° smooth domains {2 }.~o that ap-
proximate € non-tangentially from the inside (that is, {2} is an exhaustion of
) in a quantitatively precise sense, and likewise from the exterior, see [19] for
the full details of the construction (originally due to Necas). Here, we point out
that the family {Q}. depends continuously on the parameter € (and so we hence-
forth refer to it as “a continuous family”) in the sense that any parametrization
t — 7(t) for the boundary b€, is a continuous function of (¢, €). Note that such
approximation is stated in [19] 18] [13] only in terms of a sequence {€2;}, but the
proof in fact gives a continuous family from which a discrete one is extracted.
The boundaries of the approximating domains are given by the level sets of a
family of functions y. which are in turn obtained by convolving the character-
istic function of Q with a family {¢.} of smooth approximations to the identity
(which again depends continuously on ¢).

The non-tangential approach regions for ) can in fact be taken to be truncated
cones. Given any point p € b2, we use I'(p) to denote a truncated double cone
(with two non-empty components) with vertex at p. Let I';(p) denote the compo-
nent of the cone I'(p) that intersects D, and I'.(p) the component that intersects
C\ D. The apertures of these cones can be bounded above and below for a Lip-
schitz domain to guarantee each component lies totally inside or totally outside
D. In other words, there exists a family of such double cones {I'(p) }pep satisty-
ing the following properties: There exist truncated double cones «, 3, centered
at the origin and whose axis is the y-axis, so that if «;, §; denote the components
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of a, 8 above the z-axis and «., 5. the components below the x-axis, then we
have, for each 1 < j < N and p € R; N 0%

i, +pC Li(p) c Ti(p) \ {p} C e%iB;+pc DN R;;

and

¢ a, +p CTe(p) CTe(p) \ {p} C . +p C (C\D)NR;.

Therefore, we have I';(p) = T'(p) N D and T'.(p) = I'(p) NC\ D, so importantly
we see that these interior and exterior non-tangential approach regions are convex
(they are components of a truncated cone).

For future reference we record below the details concerning the interior and
exterior approximating domains:

There exist two families of C"*°-smooth domains €2, C €2 and Q¢ D 2 approxi-
mating ) in the following sense (for sufficiently small ¢ > 0):

(1) There exists a family of of Lipschitz diffeomorphisms
Ac 2 DO — D€L, and A° DY — DO
such that
sup{|A°(p) — pl + [Ae(p) —pl :p € 0O} = 0, € = 0.

Moreover, one has A.(p) € I';(p), A°(p) € T'c(p) for each e.

(2) We may assume the original family { R, } also forms a family of coordinate
rectangles for bS2, b2 for each e. Moreover, for every such rectangle R;, if
©, Y, ¢ denote the Lipschitz functions whose graphs describe the bound-
aries of €2, Q., and Q¢ respectively, in R;, then ||Vl e, [|[Ve|re <
IVl and Vi, Vet — Vi a.e. and in every L7, 1 < g < 0.

(3) There exist positive functions we, w® : b2 — R, bounded away from
zero and infinity uniformly in €, such that for any measurable set F' C
bQ, [wedo = [ docand [wdo = [ do¢, where do., do¢ denote

F A(F) F AS(F)
arc-length measure on b€2., b2, respectively. The following change of
variables formulas hold:

(3.1) / F(A(p))we(p) dor(p) = / £.(pe) do(po)

bQe

32) [ raee e o) = [ 169 dor ),

where f., f¢ is any measurable function on bS), b$2¢, respectively. In ad-
dition, w,, w® — 1 a.e. and in every LI(b2), 1 < g < c0.
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(4) If T,, T denote the unit tangent vectors for bS)., bQ2¢, respectively, then
To(Ac(+)) and T(AS(+)) converge a.e. and in every LI(bS2), 1 < ¢ < oo, to
the unit tangent vector for b2, T'(+).

Moreover, it can be deduced from the proof of the construction in [19], using the
continuity of y. in the parameter €, that there exists 6 > 0 small so that for each
y € Q with dist(y, bQ2) < §, then there exists €, > 0 and y’ € bQ2 so that

(3.3) y = A, ().

3.2. Hardy spaces for () and for the interior of its complement; the
Cauchy Transform for (2. Let €2 be a Lipschitz domain bounded by a Jordan
curve, and let u be defined on Q (or C\ ). We denote by u} and u? the interior
and exterior non-tangential maximal functions of u, namely:

ui(p) == sup |u(z)], p € b
z€l;(p)

ue(p) == sup |u(z)|, pe€ b
z€le(p)

where I';(p) and I'.(p) are as in Section 3]

Given 1 < p < oo, the Hardy space H?(£2) may be defined in either of the
following three equivalent ways. Let f be a holomorphic function on 2. Then
the following three conditions on f are known to be equivalent: (see [13]):

(1) There exists a function g € LP(b)) which satisfies Cg = f, where C
denotes the Cauchy integral for b€2;

(2) () € LP(bD);

(3) sup / |f|P doe < o0,
b0

e>0

where {Q.}. is (any) exhaustion of Q by (rectifiable) subdomains, so here
we take {Q}. to be as in Section Bl

In either case, we say that f € HP(f). It is well-known that such an f has
non-tangential boundary limits almost everywhere, and conversely the values of
f inside Q can be recovered by the Cauchy integral over the boundary. The
associated boundary function f belongs to LP(bQ), and in particular we write
f € h?(bQ2) to denote that the function belongs to the boundary Hardy space.
By an important theorem of Smirnov, see [7, Theorem 10.3], there is a bijective
correspondence between HP(2) and h”(b2): on account of this and of condition
(1) above, we define the Cauchy transform associated to € as

Cf(w) = (Cf)(w), a. e webQ.
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It was proved in [5] that C is bounded: LP(b€2) — LP(b2) for 1 < p < 0.

Exterior Hardy spaces, which we denote H” (§2), can be studied in a similar
way on C \ Q. Define the exterior Cauchy integral:

_ L[ 1)
2 ) w— 2
b
where the boundary integration is understood to be in the counterclockwise di-
rection. It is immediate that if f € L'(bD), then C.f is holomorphic on C\ D
and vanishes at oco. In fact, we have the following set of equivalences for a holo-
morphic function f on C\ © which vanishes at infinity:

(1) There exists a function g € LP(bQ2) which satisfies C.g = f, where C,
denotes the exterior Cauchy integral;

(2) (f)z € LP(bD);

C.f(z) = dw, z€C\Q,

(3) sup/ |fIPdo® < 0o, with {Q¢}. as in Section Bl
e>0
bO2e

The proof of [13] Lemma 2.12] shows that the condition f = C.g is equivalent
to the condition (f)% € LP(b£2), i.e. the exterior non-tangential maximal function
belongs to LP(£2). It is obvious that if said maximal function condition holds, then

Sup.so [ |fP do. < co. Finally, the exhausting domain condition (3) implies the
bQ2e

Cauchy integral representation (1) by [7, Theorem 10.4] along with an inversion

that maps C \ € to the interior of a simply connected domain bounded by a

Jordan curve.

Finally, we make a small remark that the definitions here given for h”(b€2) and
h? (b§2) can be extended to the endpoint p = 1 without issue. The equivalence of
conditions (1) and (2) is now provided by a result of Jerison and Kenig in [11],
it is clear (2) still implies (3), and (3) implies (1) again by [7, Theorem 10.4].
In fact, conditions (1) and (2) remain equivalent for a broader class of locally
rectifiable domains known as chord-arc domains.

3.3. Proof of Theorem [1.4]l and of Theorem [I.1: Part i. In what follows
below, we focus on the case p = 2, but the argument works basically the same for
1 < p < 0o. The only modification is to replace the Cauchy-Schwarz inequality
by Holder’s inequality, and to use the LP bound for the Cauchy transform. There
are some small modifications to obtain the uniqueness result in the case p = 1,
which we later point out.

Take v € L%*(bQ)). First, to show that such a decomposition exists, we can
simply write u = Cu + (I — C)u, where C denotes the Cauchy transform. It is

straightforward to check that (I —C)u belongs to h% (b2), while Cu € h?(b2) by
definition.

We turn now to the uniqueness of this decomposition. Fix h € h%(b§2) and
a Lipschitz boundary parametrization z(t),a < t < b with counterclockwise
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orientation, and let zp = z(a) € b2 denote a point of the boundary where h
has a non-tangential boundary limit as before. We will give a slightly different
argument here which avoids the construction of curvilinear rectangles (which
does not naturally generalize), but instead uses the approximating domains .
and continuous family of (smooth) boundary parametrizations for €., which we
define

ze(t) = Ac(2(1)), a<t<b.

We now turn to the construction of the continuous antiderivative H(z). On
the boundary, H is still given by

The Cauchy-Schwarz inequality again yields H is continuous on 0£2. In fact,
something stronger is true; since H can be written as an integral of an L! function
with respect to arc length ds, we get that H is absolutely continuous with respect
to arc length. To extend the definition of H to €2, fix z € €2 and choose £ > 0
sufficiently small so z € €).. Let v be a simple curve contained in {2 connecting
Ac(zp) and z. Set

H(z) = / h(w) dw,
n(z,€,7)
where 7(z, €,7) is the path that starts at zg, travels in a straight line to A(zo),
and then follows the curve v from the terminus of the short line segment to the
point z. By convexity, n(z,¢€,7) always remains within I';(29) in the first line
segment. Note that
sup |h(w)] < oo
wel;(z0)

by virtue of the fact that h has a non-tangential limit at zg, so the integral defining
H(z) converges absolutely. It is straightforward to check, using the convexity of
I';(20) and the non-tangential convergence of h at zy, that this definition of H(z)
is independent of the choice of € and of the interior curve ~. Indeed, given small
€1, €2 and arbitrary paths 7; that connect A, (20) and z, respectively, we have

/ h(z)dz — / h(z)dz = / h(z) dz + / h(z)dz,

n(z,€e1,71) n(z,€2,72) B(z,€1,€2,71,72) T (2,€1,€2)

where B(z, €1, €2,71,72) is the closed curve (not necessarily simple) which consists
of 4, followed by v traversed backwards, followed by the straight line segment
that connects A, (20) to A, (20), and T'(z,€1,€;) is the triangle with ordered
vertices zp, A, (20), and A, (29).

The first integral on the closed curve B(z, €1, €2, 71, 72) is clearly 0 by convexity

and Cauchy’s theorem. The fact that [ h(z)dz = 0 can be deduced using a
T (z,€1,€2)
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limiting argument, the convexity of I';(p), and the local boundedness of A within
[;(p). It is also straightforward to check that H(z) is complex differentiable on
and H'(z) = h(z). Finally, it is clear by construction that lim,. o+ H(Ac(20)) =
H(Zo) =0.

It remains to show that H is uniformly continuous up to the boundary. First,
we claim that is sufficient to prove that

(3.4) H(A(2(t)) — H(2(t)) uniformly in ¢ € [a,b] ase— 0F.

A straightforward geometric argument shows that there exists § > 0 so that
each cone I';(p) is contained inside the non-tangential approach region:

{w e Q:|w—p| < (140)dist(w,b)}.

Now consider a general sequence z, — z € 02 and let ¢ > (0. Assuming n
sufficiently large, by (B3], for each z,, there exists a corresponding point z/, € bS2
and small number €, such that z, = A, (z]). Moreover, by definition and the
triangle inequality, |2z, — 2| < (1 + )|z — 2z,] and |z — 2},| < (24 0)|z — 2],
and |z — z,| can be made arbitrarily small for large n. Using the (uniform)
boundary continuity of H(z), choose N; large enough so that for n > Nj, we
have |H(z) — H(z,)| < 5. Note that N; only depends on the size of |zy, — 2|,
not the location of z. Then, using the claim (3.4]), we may choose Ny > Nj so
that for n > Ny, |H(z,) — H(z,)| < 5. Similarly N, only depends on the size
of |zn, — 2|, not the particular value of z. Then for n > N,, by the triangle

inequality there holds |H(z,) — H(z)| < €, completing the proof of the claim.

We turn to the proof of (3.4). To see this, write

H(A(2(t)) = /h(z) dz+/h(z) d(z),
L. Ye
where L. is given by the straight line segment beginning at z; and terminating

at Ac(z9), and 7, is the portion of bQ). beginning at A.(zy) and terminating at
Ac(z(t)). Notice that

/h(Z) dz| < [Ac(20) — 20 Sup )Ih(w)l < ClAc(20) — 20l
wel; (20
Le

so the first integral converges to 0 as ¢ — 01 by the convergence of A.(z)
(independently of t).

On the other hand, it can be shown that

/ h(z)d(2) — / h(=(5))#(s) ds = H(=(t))

Ye
uniformly in ¢t as € — 07 using similar arguments to (B1]). Indeed, we can
estimate using the triangle inequality,
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H(0) [ he)az| =| [ ne(0)2 (6 ds = [ ha(o)2()ds

Ve a a

IN

/ Bz()) (24(s) — 2/(s)) ds| + / (h(z(s)) — h(=(s))(s) ds

b b
S/Ih(zs(S))IIZQ(S)—Z’(S)Id8+/|h(ze(8))—h(Z(S))IIZ'(S)IdS-

Note that the right hand side is independent of ¢, so if we prove it tends to 0
as € — 0, we are done. The first integral can be bounded by

1/2

/|h* DIL(s) = #(9)] ds < 1|20 /'Z L s

1/2

< ||h2*||L2<bm< /ITE(ZE(S))—T(Z(S))I |2'(s)| ds

/

a

1/2

12(5)] ds )

2

ACIEAC)

[2(s) 12 (s)]

which tends to zero by the L? convergence of the unit tangent vectors and the
change of variables formula (B1]) together with the convergence of the functions
w, in L2.

On the other hand, the second integrand converges pointwise almost every-
where to 0 by the non-tangential convergence of h at the boundary, and the

inequality

[h(ze(s)) = h(z(s))] < 2[h;(2(s))],
which holds for almost every s. This observation, together with the Dominated
Convergence Theorem, leads to the desired conclusion.

We make a short remark here to point out that in the case p = 1, the first
integral which is controlled using Cauchy-Schwarz above can instead be bounded
directly using only the triangle inequality and the Dominated Convergence The-
orem. We leave the details to the interested reader. The second integral may be
bounded identically as above.

Finally, the final conclusion about the uniqueness of the decomposition can
be proved similarly to the case when ) is C'™° smooth. In particular, we use a
theorem, due to Besicovitch, that states if a function 4 is holomorphic on C\ b
for Q with rectifiable boundary and continuous on C, then h is entire (see [20]).
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This observation enables us to glue together the interior and exterior holomorphic
functions to obtain an entire function that vanishes at infinity, and hence must
be identically 0 by Louiville’s Theorem.

3.4. Proof of Theorem [I.1k Part ii. In what follows, we say that a function
u defined on b2 belongs to the class C%*(bQ2) for 0 < a < 1 if woy € C**[0,1],
where 7 is any Lipschitz (that is C%!) parametrization for the boundary of the
Lipschitz domain €.

To prove Theorem 1ii., it is enough to show that Cu and C.u both belong to
the class C%%(Q), since we have already proven the uniqueness of the decompo-
sition in L2 This fact about the regularity of the Cauchy transform is proven in
[16, Theorem 3.3].

3.5. Proof of Theorem [I.1} Part iii. Recall that Q is said to be of class
Che for k > 1 and 0 < o < 1 if there exists a C*® parametrization of the
boundary Jordan curve v : [0, 1] — b2 such that 4/ is non-vanishing (and + is of
class C* and moreover v is of class C).

As before, to prove iii., it suffices to show Cu € C**(Q) and C.,u € C**(C\
2). We only prove the first statement, as the argument for C.u is the same. Fix
0 < a < 1. We use will induction on the smoothness index k. To establish
the base case when k& = 1, we argue as follows. Let Q be of class C1® and
u € C1(bS2). Since Cu is holomorphic on €2, it is enough to prove 2£% € C%(Q)
(the smoothness up to the boundary is the key part to verify). For fixed z € (Q,
we readily verify by differentiating under the integral sign, parametrizing, and
then integrating by parts (the boundary term vanishes since + is closed):

oCu, . 1 u(w)
0z (2) = omi fi,ﬂ (w— z)? dw

1 g(t) /
“omi ) Goy—a O
— c@)2)

4 u ~ o . . .
where g(t) := W and u(¢) := g(v71(¢)). By definition, it is easy to check

g € CY(bQ)). Since Q is Lipschitz by virtue of being class C**, Theorem [LT]

part ii. then implies Cg € C%*(Q). This observation establishes Cu € C1*(0),
as desired.
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Now suppose that the conclusion holds for all C** domains and functions for
some k € N, and consider © of class C**12 and v € C*12(b2). As in the base
case, it suffices to check % € C**(Q)). But we can still obtain the same formula
aaczu(z) = C(9)(2), where g has the same definition as above. But this time, we
observe g € C**(bQ). The induction hypothesis then implies 8—02“ € O (Q),

E
completing the proof.

4. FURTHER RESULTS

4.1. Something about Dirichlet and Poisson. As mentioned in the paper [3]
of the same title as this section, solving the Dirichlet problem and computing the
Poisson kernel are part of the family business, and so it is a pleasant surprise to
see that the u = h+ H decomposition provides insight into that old subject, even
in the case of the unit disc. The reader may view this section as an addendum
to [3].

Theorem 4.1. Let u be in C'* of the unit circle, and let h and H be the terms
in the h + H decomposition of u. Then, the solution U of the classical Dirichlet
problem for harmonic functions on D with datum w admits the following repre-

sentation:
U(z)=h(z)+ H(1/z), =z¢€D.

Indeed, if u is a C'*° function on the unit circle, then we have seen that u =
h + H where h = Cu is holomorphic inside the unit disc and H is holomorphic
outside the unit disc and tends to zero at infinity, and both h and H extend
smoothly to the unit circle from their respective sides. The Schwarz function for
the unit disc is S(z) = 1/z. Noting that z = 1/Z on the boundary yields that

u(z) =h(z)+ H(1/2)
when z is on the circle, and this gives us the harmonic extension £u of u to the
unit disc in the form
Eu(z) =h(z)+ H(1/Z),

since H(1/Z) is an antiholomorphic function on the unit disc that goes to zero at
the origin, and so has a removable singularity there. Note that the value of Eu
at the origin is (Cu)(0) = wug, the average of u on the unit circle. If we now insist
that u be real valued, we see that h(z) and H(1/Z) are holomorphic functions
with the same imaginary part, and so they differ by a constant, which is easily
seen to be equal to ug. We have proved that

Eu = (2Re Cu) — uy,

and so it is possible to solve the Dirichlet problem in a rather direct way using
the Cauchy transform on the unit disc! We can also deduce that, if u is merely
continuous and real valued, then the real part of the Cauchy transform of u on
the unit disc is continuous up to the boundary. Furthermore, the Poisson kernel
is given by

; 1 e’ 1
P(z,e") = ;Re |:6it_z - 5} )
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which is easily seen to agree with the famous formula in every complex analysis
textbook.

Remark 2. We take a moment here to consider the problem of decomposing
a function on the boundary of a simply connected domain {2 with C'*° smooth
boundary into the sum of two functions, one given by the boundary values of
a function that is harmonic inside 2 and one given by the boundary values of
a function that is harmonic outside. Given a C'*° smooth real valued function
u on b2, we can take the first function to be the Poisson extension of u to
2 and the second function to be zero outside ). This makes it clear that our
problem is only interesting from the point of view of finding a natural or canonical
decomposition. Indeed, note that we can solve the Dirichlet problem on the
outside of {2 by using an inversion 1/(z — a) where a is any point in €, solving
the problem on the resulting bounded domain, then composing with the inverse
of the inversion. Hence, we can always write v as a random smooth sum u;+us on
the boundary, take the Poisson extension of u; inside €2 and the Poisson extension
of uy outside €2 to make our problem seem silly. We have shown that a not so
silly decomposition is obtained by taking the first function to be the real part of
the Cauchy transform of u on the inside and the real part of H on the outside,
where ©w = h + H is the decomposition we have been studying above. We now
consider some other interesting possibilities, but first we describe a C* version
of the Cauchy-Kovalevskaya theorem that follows from our previous work.

Note that by Theorem [[.3] we can find functions ¢ in C*°(C) that vanish on
b2 such that 0p/0z agrees with a given C'* function to infinite order along bS).
Hence, by taking conjugates, we can do the same thing with 9d/0z in place of
Oy /0%. Since the Laplacian is equal to 4 times 9?/020%, we can find real valued
functions ¢ such that both ¢ and its normal derivative dp/dn vanish on bS)
and Ap agrees with a given real valued C* function to infinite order along b).
Indeed, given a smooth real valued function U, first get a complex valued function
v that vanishes on b(2 such that dv/0z agrees with iU to infinite order along bf2.
Next, find a complex valued ¢ that vanishes along b) such that dp/0z agrees
with v to infinite order along b€2. Now, it is a rather straightforward exercise to
show that the real part of ¢ is the solution we seek. Indeed, let p be the defining
function for 2 that is equal to minus the distance to the boundary on €2 and plus
the distance outside. Since ¢ is zero on the boundary, the tangential derivative
Vi - (py, —pe) = 3(p=pz — @zp-) is zero along bQ. Consequently, .p: = @zp. =
vp, = 0 along b€2. The normal derivative of ¢ is V- Vp = 2(p.ps+¢sp.), which
is now seen to also be zero along (2. Finally, since Ay — U vanishes to infinite
order along b2, we see that so does the real part. Furthermore, the real part of
¢ and its normal derivative are also zero along b§2 and our claim is proved. We
will now apply this result to Green’s identity in a manner similar to the way we
used Theorem [[.3]in the Cauchy-Pompieu formula.

Green’s formula is

Uz) = /bﬂu(w)%]\f(z,w) —N(z,w)iu(w) dsw—i-//Q N(z,w)AU(w) dA,,

0Ny



20 S.R. BELL, L. LANZANI, AND N.A. WAGNER

where 0/0n,, represents the outward normal derivative in the w variable, dA,,
is Lebesgue area measure in the w variable, ds,, is the element of arc length in
the w variable, and N(z,w) = 5-Ln|z — w| is the fundamental solution for the
Laplacian. Given a function u that is C*° smooth on b2, we can extend u to a
function U in C*°(Q) in many ways. One way that leads to interesting results is
to extend so that U = u on b2 and OU/dn is zero. (To do this, note that functions
of the form v(z)p(z), where p is the defining function mentioned above, are zero
on the boundary and have normal derivative equal to v on the boundary, and
so can be used to construct functions locally with prescribed values and normal
derivatives on the boundary.) Assuming we have such an extension U, we now
choose a function ¢ in C*°(C) such that ¢ and its normal derivative vanish on
the boundary and Ay agrees with AU to infinite order along bS2. If we apply
Green’s identity to U — ¢, we can deduce that the double integral extends C'*
smoothly to C and has Laplacian equal to zero outside €2 and equal to A(U — ¢)
in ). Hence, we deduce that u = u; + us on the boundary where

ui(z) = /bQ u(w)%N(z,w) dsy,

is harmonic on 2 and has C*° smooth boundary values and

_ / [ Nz w)AUw) - o(w)] A,

is harmonic on the outside of €2 and has C* smooth boundary values along b).
Note that another of Green’s identities yields that

_ / [ N w)AU(@w) da, = - / u(w )%N(z w) dsy.

outside ). Before anyone gets too excited, we must observe that the normal
derivative of N(z,w) is (see [I p. 94] for details about this type of calculation)

ON ON ON — ON
% = —ZET + Zg T = QRe (—ZET)

and so

STN(Z, w) ds, = Re (L T(w) dw) ,

2miw — 2
and we see that wuy is just the real part of the Cauchy transform of w inside
), and uy is minus the real part of the Cauchy transform when 2z is outside ).
Thus, this game just yields another way to look at the higher order version of
the Plemelj formula we have mentioned and alludes to the possibility that the
real part of the Cauchy transform applied to real valued functions might have
special features, as it does in the unit disc.

Another interesting consequence of these ideas is obtained if we construct the
function U so that U is equal to zero on b2 and oU/dn is equal to u on the
boundary, then choose ¢ in the same way and restrict Green’s identity to the
boundary to deduce that

/ N(z,w)u(w) ds,
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is harmonic on 2 and has C'*° boundary values that agree with the C*° boundary
values of

//Q N(z,w)A[U(w)—p(w)] dAw://Q N(z,w)AU(w) dA, :/m N(z, w)u(w) ds,

from the outside of 2. (That these functions agree on the boundary is no surprise
since the kernel has an L' singularity along the boundary.)

These ideas beg for further study, but we leave this to the future.

Remark 3. If Q) is a simply connected domain with real analytic boundary,
then there is a Schwarz function S(z) that is analytic in a neighborhood of the
boundary such that S(z) = Z on the boundary, and S(z) is an anitholomorphic
reflection function of the boundary. It maps an open subset on the inside of the
boundary curve to an open subset on the outside of the boundary and it fixes

the boundary. When we write

u=Cu+ H(S(2))
for z in the boundary in this case, we see that we obtain a function that has
boundary values given by u and that extends inside ) as a function that is
harmonic on the open subset of the inside of the boundary curve where S(z) is
antiholomorphic and maps to the outside of the boundary. Only in the case of

a disc can one fill in the whole inside this way to obtain the harmonic extension
to €.

4.2. A pseudo-local property of the Szegd projection. Because the tools
and notation set up in §2 can be used to prove a pseudo-local property of the
Szeg6 projection that has eluded us in the past, we take this opportunity to
describe and prove it.

Theorem 4.2. Suppose Q) is a domain bounded by a C'* smooth Jordan curve.

Let zy € 82, and let D,(2) be a (small) disc of radius r about zy such that
D, (20) N2 is simply connected. Let h be holomorphic on D,(20) N and with L
boundary limits on D, () N bS2.

Then, there is f in h2(bY) such that the difference f —h extends C™ smoothly
to the boundary of Q) near z.

If we were thinking about this problem in the Bergman space, we would use
Spencer’s formula B = I — 4%G% that relates the Bergman projection B to
the classical Green’s operator GG for the Laplacian with homogeneous boundary
conditions. Pseudo-local properties for the Green’s operator would allow us to
use the Bergman projection to get a function f in the Bergman space that has
the same behavior near z; modulo holomorphic functions that extend smoothly
to the boundary near z;. These are standard techniques of PDE. In the Hardy
space setting, we resort to the following methods.



22 S.R. BELL, L. LANZANI, AND N.A. WAGNER

Let P denote the Szegé projection, S(z,w) the Szegd kernel, and L(z, w) the
Garabedian kernel. Basic properties of these objects are described and proved in
[1, pp. 13-32]. Let u be the function on the boundary of 2 gotten by extending
the boundary values of h in D,.(z) N b2 to the whole boundary via extension by
zero and let f = Pu. Then

(Pu)(z) = /  S(zwpuw) ds

for z in Q. Pick a point wy in the clockwise direction from z; in D,(2) N b
where h has a non-tangential limit and set up the curves R (0, €, 7) as in §2/ using
wp in place of zy. Pick a 7 so that R(0,€,7) is contained in D,.(z9) N €2 and the
part o of R(0,¢,7) in the boundary is compactly contained in D,.(z9) N b€2. Let
—\ denote the counterclockwise part of R(0, ¢, 7) inside 2 (i.e. the part with o
removed). We now split the Szegd projection integral into two pieces and note
that
S(z,w)ds = lL(w, z) dw

7
to obtain

1
(Pu)(z) = / S(z,w)u(w) ds + = / L(w, 2)h(w) dw.
bQ—o tJo
Assume z is inside R(0,¢€,7). We know a Cauchy theorem for integrals of hol-
omorphic functions with L? boundary values along b§2 for R(0,¢,7), and so a
residue theorem for such functions with finitely many poles inside also holds.
The residue of L(w, z) at w = z is 1/(27), and so the second integral is equal to

h(z) + = /L(w,z)h(w) dw.

tJAx
The formula for Pu now yields that

1
f(z) = h(z) = / S(z,w)u(w) ds + —,/L(w,z)h(w) dw,
Q-0 v
and we can read off the fact that this function extends C* smoothly to the
boundary of 2 near zy because S(z,w) extends C'*° smoothly to {2 x ) minus the
boundary diagonal, and L(z,w) extends C°° smoothly to Q x Q minus the diag-
onal of Q (see [1l pp. 141-145] for proofs of these facts). The proof is complete.
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