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On a class of stochastic hyperbolic equations with
double characteristics

Enrico Bernardi* Alberto Lanconellif

November 21, 2022

Abstract

We study the effect of Gaussian perturbations on a hyperbolic partial differ-
ential equation with double characteristics in two spatial dimensions. The co-
efficients of our partial differential operator depend polynomially on the space
variables, while the noise is additive, white in time and coloured in space. We
provide a sufficient condition on the spectral measure of the covariance functional
describing the noise that allows for the existence of a random field solution for the
resulting stochastic partial differential equation. Our approach is based on explicit
computations for the fundamental solution of the partial differential operator and
its Fourier transform.

Key words and phrases: hyperbolic equations with double characteristics, Gaussian
noise, random field solution.

AMS 2000 classification: 60H15, 60H05, 35R60.

1 Introduction and statement of the main result

The aim of this note is to investigate the stochastic linear hyperbolic equation

(8752 - 2&8951 - 37%822) U(t, Xy, ZL’Q) = F(t, Xy, .172), t > O, (1’1,1'2) € RQ,

u(0, 21, z9) = 0, (z1,29) € R% (1.1)
(3tu(0, Xy, IL’Q) =0, (1‘1, ZL’Q) € RZ,
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where formally

F(p):= /R3 gp(t,xl,xg)F(t, T, Ta)dtdridrs, ¢ € CSO(R?’)

is a family of Gaussian random variables, defined on a common complete probability
space (€2, A,P), with mean zero and covariance

BFQF@) = [t [ dr [ dyotai- v, eoeCRE). (12)

The function f : R? — R is assumed to be continuous in R? \ {0} with f(—z) = f(z),
for all x € R?.

The most relevant feature of the differential operator appearing in ([L.1)) is the fact that
its principal symbol, i.e.

plw,€) = —& — 26061 + 2165,
is hyperbolic with respect to & and has double characteristics on the manifold
L= {(2,6) € TR : 21 = 0,6 = 0,6 = 0},

where T*R?® denotes the phase-space cotangent bundle of R3 minus the O-section (see
e.g. [I1],[12]). The fundamental matrix associated to p at a double point p € ¥ is then
computed as F,(p) = 2dH,(p), where H, is the Hamilton vector field of p and it is
readily seen that F), has a Jordan block of order 4 at the eigenvalue 0; this is one of the
(well-known) three possible non-effectively hyperbolic cases, if one excludes the case of
a pair of non zero-real eigenvalues (the so called effectively hyperbolic case).

As it is the case with hyperbolic operators with multiple characteristics, lower order
terms may modify the behavior of the well-posedness of the Cauchy problem. A large
number of papers has been devoted to that question in the deterministic setting and in
our case when studying the problem

(07 — 20,0y, — 2102, + 8O0u, )u(t, T1,2) = g(t, 1, 22)

the behavior changes whether s = 0 or not. This is a special case of the Ivrii-Petkov
conditions (see [13]) and we will deal with that and its effects on random perturbations
in a following paper.

We recall that the analogue of in the case of strictly hyperbolic operators, or the
wave equation for that matter, has been thoroughly studied in the literature for different
spatial dimensions. We mention for instance [14], [§], [9], [I5], [16] and the reference
quoted there. The framework adopted in this paper is the one proposed in [7] which
extends the classical set up of [I7]. We also mention [10] for a comparison between the
abstract framework of [6] and the one discussed in [7].



Lastly, we mention that the analysis of some non strictly hyperbolic stochastic partial
differential equations associated with linear operators with polynomially bounded co-
efficients has been performed in the recent papers [I], [2], and [3] (see also [4], for the
investigation of random field solutions to linear strictly hyperbolic stochastic partial dif-
ferential equations with uniformly bounded coefficients). In [I] and [3] the authors adopt
the stochastic framework proposed in [7] and prove existence of random field solutions.
The hyperbolic operators considered in [3] have multiple characteristics of constant mul-
tiplicities(in particular, they are strictly hyperbolic, when the maximum multiplicity
equals one). Those considered in [I] have variable multiplicities and involutive char-
acteristics. Finally, semilinear hyperbolic partial differential equations, associated with
linear operators of the types studied in [I] and [3], are investigated in [2], adopting the
setting given in [6], and existence and uniqueness of function-valued solutions is proved
for them. However, the classes of operators studied in [1], [2], [3],and [4] do not cover
the one treated here.

To state our main theorem, we now shortly describe the framework, referring the reader
to [17] and [7] for further details.

We denote by D(R?) the space of functions ¢ € C§°(R?) endowed with the topology
induced by the following notion of convergence: ¢,, — ¢ if

1. there exists a compact set K of R? such that the support of ¢, — ¢ is contained
in K, for all n > 1;

2. lim, oo D%, = D%p, uniformly on K for each multiindex a.

A direct verification using identity shows that the map ¢ — F(p) is linear and
continuous in L?(2); this implies that F' has a version with values in D’(R?) which in
turn allows for a distributional w-wise interpretation of the partial differential equation
(1.1). For the distributional solution to be a real valued measurable stochastic process,
we need to extend F' to a worthy martingale (see for instance [I7]) and interpret the
distributional solution

t
u(t, z1,z2) = / / It —s,21,y1, 22 — Y2) F (5,91, y2)dy 1 dys2,
0o JR?

as a stochastic integral. Here, I" denotes the fundamental solution of the differential
operator 97 — 20,0,, — #3102, from (see Section 2| below). To this aim, by suitably
approximating indicator functions of bounded Borel subsets of [0, +o0o[xR? with ele-
ments from D(R?) and employing the L.?(Q2)-continuity mentioned above, we first define

F(A) := F (1), A € By(]0, +00[xR?) and
My(B) := F([0,t] x B), t>0,B ¢ By(R?).
Then, if we let

F)i=0(My(B),0< s <t,BeB(RY), F:=F VN,



where N denotes the o-algebra generated by P-null sets, we get that

({Mt(B) }tzo,BeBb(lR?)a {ft}t20>

is a worthy martingale measure. By construction, for all B € By(R?) the stochastic
process {M;(B)}+>o is a continuous martingale and we have

Flg) = /O o /R plt, ) M (d, ). (13)

On the other hand, using elementary properties of the Fourier transform, we can rewrite

identity (1.2 as

BF@F@) = [ [ Pt oFE G, (14)
where Fn denotes the Fourier transform of 7, i.e.
)= [ et ¢ R
and u, the spectral measure of f, is a non-negative tempered measure ;1 on R? such that
[ J@n@s = [ Fa©du).  forall y € SE),

Combining identity (1.4)) with (1.3)) we get

/0 +O° /R (. a)M(dt, dx)

The last isometry determines the class of admissible deterministic integrands for the
stochastic integral in (1.3). We will say that {u(t, z1,22) }+>0,(2,,20)cr? is @ random field

solution to (1.1 if

E

2 +00
] - [ ora@a. s

t
“<t79€17$2) 5:// F<t—8;$17y1,$2—QQ)M(dsadyhdm)a (1~6)
0 JR2

is a well defined stochastic integral (i.e. the right hand side in (1.5 is finite) and the
map

[0, +00[xR? 3 (¢, 71, 9) — u(t, 1, 72)

is measurable. We are now ready to state the main theorem of the present paper; the
proof can be found in Sections 2 and 3 (closed-form expression for the fundamental
solution and existence for the random field solution, respectively).



Theorem 1.1. Assume that the spectral measure p satisfies

1

Then the stochastic partial differential equation (L.1) admits a random field solution
{u(t, 7) hejo,1),0er2 with representation (1.6) where

V3 1 f (t cA
T(t, 21,41, 72) = {2” Vo U BT € A
07 Zf (t,$1,$2) ¢ At,x1,x27

and

At,x1,x2 = {(t,ﬂ?l,l'g) € RS it > O?yl > xy, (y? - x?)(zt + T — yl) - 3%3 > O} :

Remark 1.2. [t is proved in [7] that for the stochastic wave equation

(02 — A)u(t,z) = F(t,z), t>0,z¢€R%
u(0,2) =0, r € R%
Ou(0,z) = 0, r € RY

with A = (951 +--- +8§d, a sufficient condition for the existence of random field solutions
18

1
/Rd ngdﬂ(f) < +o0,

for any spatial dimension d > 1. A comparison with shows that the existence of
a random filed solution for requires more stringent assumptions on the spectral
measure p, and hence on the Gaussian noise F', than its simplest strictly hyperbolic
counterpart.

The paper is organized as follows: in Section 2 we derive an explicit representation for
the fundamental solution of the partial differential operator in (1.1]), while in Section
3 we prove the existence for a random field solution under the integrability condition

(L.7).

2 The fundamental solution

In this section we describe a derivation of the fundamental solution for the partial
differential operator in (1.1)). Following [12], we set D; := %8,5, Dy, = %8,0]., for j = 1,2,
and consider the problem

(-DtZ + 2DtDm1 + LT%D?EQ) F(t, 1, Y1, I‘Q) = 5(0,y1,0) (t, Ty, .CL’Q), (21)



for t > 0 and (1, x9) € R here d, stands for the Dirac’s delta distribution with mass at
z € R3and y; € R is a fixed parameter. We observe that the operator under investigation
is not invariant by translation in the variable x1; hence, the parameter y; serves to keep
trace of this fact.

We now denote by f‘(t, x1, Y1, &) the Fourier transform w.r.t. xo of zo — T'(¢, 21,1, 22),
ie.

A

P(t7xlay17§2) = / €_i€2x2r(t,$17y17$2)dl’27 52 € IR7
R

and by I'"(&, 1,91, 72) the Fourier-Laplace transform w.r.t. t of t — T'(¢, 2,91, 22), i.e.

“+oo
I (&, 21, y1, 22) 3:/ e D (t, my, y1, w2)dt,  Im(&) < 0.
0
Transforming equation ([2.1)) we get

(=& + 26Dy, + 2783) I (&0, 21,91, &) = 6(x1 — 1), (2.2)

with 0 being now the Dirac’s delta distribution with mass at 0 € R. Recalling that
D,, = 19,, and setting

q(x1;&0,&2) = x%{% - fga

we can rewrite equation (2.2)) as

(a'rl + 2%()(1(371;50752)) fT(€07x17y17£2> = _.5(% — ). (2.3)

The homogeneous part of the last equation can be solved as
(o, 71, &) = O(&, E)e 7o Jo* altiboLa)dt
= C(&, &)e T o Pt
= C(&, 52)6_% (ém?—ﬁgm)
= C(&, fz)ei%“_i%“f

On the other hand, since it is natural to expect that fT(SO,xl,yl,fg) vanishes when
x1 > Y1, we choose

I (&0, 21, y1, &) = (&0, 1, &) H (g1 — 11),

as a particular solution of (2.3|) (here # — H(z) denotes the Heaviside function). We
now have to find the constant C(p, &2) that makes identity (2.3)) true:

(am + LQ($1;€0>€2>> f‘T(€07$17y17£2)
2o

6



= acclﬁ(fo, $1,y1,€2) + %Oq(ﬁ;foyé)ff(fo,%, 91752)

= Oy (v(0, 71, §2) H(y1 — 1)) + %{)Q(Il; §07§2>fT(§O,x17 Y1, &2)
= (8111}(607 Ty, £2>)H(y1 - 561) + U<£07 Xy, 52)811H(y1 - xl)

+ og(as; €0, &)1 (6o, 21,1, &)

280
— _2L&)q(3;1;50,§2)@(§0,x1,§2)H(y1 — 1) — v(&o, 71, 62)0(y1 — 71)
+ QLq(:vl; €0, &)1 (&, 71,31, &)
€o

= —v(&o,71,&)0(y1 — 21)

ig—oxlfii:p?’
= —C(&,&)e 2 68015 (y; — x1).

This gives
1 ;& &5 3
C €07€2 = —7-€ 22y1+16€0y17
€& =5
and hence
i U i) -ich (el -v))
(&, 1,91,62) = —5 €2 6% H(y1 — 1).

2,

We now proceed inverting the transforms. To this aim we write the last expression as

(6o, 01,1, &) = Glo,m)e %,
where
T e
Cllomnp) = _fe’z%(“‘y”fl(m — 1), (2.4)
0
and
3 —
Ao, w1, m) = i (2.5)
380
Then,

1 L
I (&, 21, 41, 22) = g/GWQEQFT(foa%,yh&)d&
R

1
_27TR

1 X A(6g.x1.91)
= —G(&, 71,1) / givabe= T égd&
2m R

A(S0,71,¥1)
_ o§1y1£g

em&G(fo, z1, Z/l)e d&o

7



1 .2 )
- G<§07x1;y1)14(§0,a}1,yl)_%e—%/‘(ﬁo,rhyl)

V2m

In the last equality we utilized the identity
/ e =3 gy = \/or ATRe T AT,
R

with A2 chosen in a such a way that A2 > 0, if Re(A) > 0. In our case, A(&, z1,y1) =

z%ﬁi Im(&) < 0 and x; < y;; this means that & = |le®, for some 6 €] — 7, 0], that

z}—yi =2t —yile”

™ and hence

= |77 — yile™™

3 _ .3 B
A(&o, m1,91) = €2 i =y i(~5-6)

Bléole®  3[|

Since —% — 0 €] — 7, 7], we conclude that Re(A(&,z1,%1)) > 0. Replacing in (2.6) the
deﬁnltlons of G(&,x1,y1) and A(&, x1,y1) from (2.4) and (2.5), respectively, we get

1
i e, yd— a3\ 7 i3 g2

ot — = pig(@-y) 1 1 23"y B
<€07x17y17x2) \/%2506 3250 e T <y1 .CCl)

1 Z 32 2 7460 (:El Y1+ —

V27 260

1 11 3 2 . 1 %o 1 —y1+—o—m a2
Vi (— ) e oot i, e
0 1

L1 3 1 i%’ T1—Y1 2
\/m<y —x> eyt O T g, —ay. e
1 1

We now observe that the function &, (i{g)_% is the Fourier-Laplace tranform of
t — (mt)"2H(t). In fact, writing & = ag + % and recalling that £, < 0, we get

+oo 400
[ty b [ e
0 0

+oo ] 1
:/ e*laot t1/2 1 — ﬁo tdt
0

VT

:(_B[))—l/z/Jr e_zaot( 60_) 1/2-1 ,—~(=Fo)t gy
0

In the fourth equality above we recognize the characteristic function of a Gamma dis-
. . . . . 1 .
tribution with parameters (3, —f). Lastly, denoting the function ¢ — (¢)~2 H (t) with

8



x(t) and (xl -y + ﬁx%) /2 with T, we can continue in (2.7)) as
1 1

T (&, 21, y1,22) = \/1— ( ’ )2XT(§0)€i§OTH(y1—$1)

1
\/_

l\DI»— N)I»—*

(o fu«+mmmﬂ@_h>

This entails

() (vl + T SO+ DG~ )

[\JI»—t

F(t 331,?/1,962) \/—
V3 1

1
21 \/(y3 — x3)(2t + 21 — y1) — 33

This completes the proof of the following result.

Ht)H(t+T)H(y1 — x1).

Proposition 2.1. The fundamental solution of the operator 9} — 20,0,, — 302, on
10, +00[xR? is given by

V3 1 _

WE] =, if (1, 71,72) € Ateyas,
F(t7x17y1a-r2) = {QW \/(y%_x%)(%"‘xl—yl) 3332 f( 1 2> t,21,T2

0, if (t,21,22) & At 2y s

where

Ap gy ay = {(t,xl,xg) ERY:t >0,y > a1, (yp — 23) (2t + 21 — y1) — 323 > 0} )

3 Existence of the random field solution

We now prove that

t
U(tﬂfl,lfz) = / /2 F(t — 85%1,Y1,T2 — yz)M(dSa dyn, dy2)> (3.1)
0o JR

where M denotes the worthy martingale measure associated with F' and I' the function
defined in Proposition , is a random field solution to the Cauchy problem (|1.1)). To
do so we first need to verify the bound

¢
| [ = s = &) Putdedads < o (3.2)
0o Jr2
for the Fourier transform of the function

(y1,91) = T(t = s, 21,91, T2 — Y2);



this will ensure that u(t, z1, z5) is a well defined stochastic integral. To ease the notation
we set

h:=h(t—s,x1,y1):= (2(t — s) + a1 — yl)(Q? - x?)/?);
then,
FL(t = s, 21,2 — ) (£)

= / dyre”1é / dyse” 2D (t — 8,21, &, 19 — &)
R R

1 / _ W 1
= — [ dype & /der 282 H(h — (29 — y2)*)H(y1 — 71).
27 Vh— (22 — y2)?

Observe that condition h(t — s, z1,y1) — (v2 — y2)* > 0 implies h(t — s, z1,91) > 0 which,
in combination with z; < y;, gives 1 < y; < 21 + 2(t — s). Therefore, making the

change of variable o := % and observing that
—S5,21,Y1

h(t —s,21,y1) — (12 — 1) >0 <<= o¢€]—1,1],

1 z1+2(t—s) ” 1 (arto VR 1
FI'(t — . —. - duy e W11 —i(z2+0o 2 d
e RECEE M Tl i

x1
T

e—ixzfz z1+2(t—s) . 2 . .
Tl -

2

us
2

Here, we performed the further change of variable o := sin(f), 6 €] — 7/2,7/2[. Note
that the last integral above can be written as

/;

us
2

—iVEsin0)E gy _ / % o (x/ﬁ sin(0)§2> o — i / sin (\/Esin(e)§2) d6

2 P
=2 /’5 cos (\/ﬁsin(@)@) df
0
= Jo(Vhez),
where Jy denotes the first Bessel function of order zero. Therefore, equation reads
FIL(t — s, 21,29 —+)(§)

e w22

z14+2(t—s) ‘
= 5 / eilylél Jo(\/ﬁfg)dyl

1

e~ iw282

z14+2(t—s) '
=— / e~ Wik g, (52\/(2@ —8)+x1— )y — :v*;’)/?)) dy; .

10



We now set 7 :=t —s > 0 and for A €]0, 1] we use the change of variable y; = x; + 2AT;
this gives

FU (1,21, 29 — +)(&)

1
— e ivate / —il@ 422 3 (52 \/4T2A 1— A)(472)2 4 672\ + 322) /3) dA
0

1
_ reinte-ing / e~i2ATEL 3 <52 \/4T2A(1 — A)(472X% + 673\ + 322) /3> A
0

1
:Teixzézizﬁl/ 12T g (52 (7- X1, )) dX, (34)
0

where we introduced the shorthand notation

B(r,a1, ) ==/ 4r2A(L = A)(4r2X2 + 67\ + 323) /3

=27/ (1 — )\)\/(472)\2 + 6721\ + 32%)/3. (3.5)

Taking the modulus of the first and last members in (3.4) we see that

[FL(T, 21,22 = )() < 7

To establish the bound (3.2)), we can focus on the behaviour of & — |FL(7, z1, -, 22 —-) ()]
for large values of || only; in fact, such function is smooth and bounded on any compact
set containing the origin. According to formula (1) page 206 in [I§], the Bessel function
Jo can be represented for z > 0 as

To(2) = \/g [cos (z - %) P, (2) — sin (z - %) p,(z)] (3.7)
R A [ (RS0 I (B I

Since |1 + i—“ =4/1+ 5 > 1, we see that [Po(2)| < 1; this together with (3.7 implies

130(2)] < 2ff and

I N 1 1
/ emiTE g <§2h(7, xl,)\)) dA’ <C / _ _d\
0 o |&|2[h(T, 21, N)|2

11

with

and




1
1
_ 01/ ~ ), (3.8)
&2]2 Jo |h(T, 21, A)|2

Here and in the sequel we denote by C' a positive constant whose value may change from
line to line. We now evaluate the last integral above; recalling the definition of A in (3.5))
we can write

/|h7’x1, Az /\/— 1i ))iéd& (3.9)

where L := (47202 4 6721\ + 322) /3 > 7202/3 and hence L1 > /7v/A/31. This gives

! 1 c [ 1 C
—d\ < —/ A\ = —.
| T = 7 ), =

A combination of this estimate with (3.8) and (3.6)) yields
C

-

[k

To get a bound involving also [|{;|, we go back to the integral in (3.6) and perform an
integration by parts (recall from (3.5 that A(7,z1,0) = h(7,21,1) = 0 and Jo(0) = 1);
this yields

/0 1 e~ 3 (52 (7, 21, )) X

_ 1 e /1 263, (&b, w1, 1)) GONR(T, 21, A)dA
N i27‘€1 7:27'51 'L'27-€1 0 € 0 20U T, X1, 20)\N\T, X1, .

|FL(7, 21,7, 22 = ) (§)] <

(3.10)

Recalling that for all z € C we have J,(2) = —J1(z), the Bessel function of order one,
and that |J(z)| < M, for all x € R and a suitable positive constant M, we can write

/01 642)\7{1 (& (7. 1, )) d)\‘

0152 .
<

MC’|§2| /
< END , A)|dA. 3.11
= 7'|§1 T|§1 | p) 7' Ty, A | ( )

Now,

Lo =2
/ ‘8,\ T, 1’1, |d)\_ | |

/ 1_
VAL =A) \(%L|d)\

L1/2

12



<C\/ T2+ 23 + co(T + |11])

<C(7 + [n1]);

here, we utilized in the first integral the bound L < C(72 + x%) while in the second
L2 > \%7')\ (recall the inequalities following identity (3.9)). Therefore, using this

estimate with (3.11)) in (3.6) we get

C MC
|FT (T, 21, -, 29 — ) ()] < —|§1| + |§1||£2|C3(T + |z1])
_C €]
=& + K(7,21) | (3.12)

Combining (3.10) and (3.12)) we can now complete the estimate of |FI'(7, x1, -, x9 —-)(§)]
for large value of |£]. Let 6 €]0, 1] (to be fixed later):

e if ¢ is such that |&] < M|£]%, for some positive constant M, then from inequality

B-12) we get

0
|.7:F(7'7 1, Ty — )(§)| < i + K(T,l‘l)M‘fl‘
€1] 1]
C 1
= @ +K(T’x1)MW
- 1
S K(T, [El)W
. 1
< Kn o) g (3.13)

here, the last inequality is due to [¢] < |&] + |&| S &) + 6110 < |&| and hence
1< 1.
Jerl ~ el

e otherwise, if ¢ is such that |& > M|&|%, then [¢] S [&1]+|&] S [/ +[E] < |&|"*
or equivalently |¢|? < |&|. This condition, combined with (3.10)), yields

C

\FL (7, 21, -, 25 — -)(€)] < |€|_0/2.

(3.14)

To match the exponents in (3.13)) and (3.14)) we need to impose 1 — 6 = /2, that means
0 = 2/3. Hence, for large values of || we get the estimate

K(T,11)?

| FL (7, 21, 22 — -)(§)] < REEEE

(3.15)

with x(7,z1) being with linear growth in 7 and |z;|. For a global (in £) estimate we can
simply set

FD(ryar, s — ()P <~

2
< W) £ e R (3.16)
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and conclude that

/ FT(t — 5,20, 0 — ) (60, E) Pu(dErdes)ds
0 R2

b 1
< /0 R(t — s,11) /}R2 Wﬂ(d&d@)ds

which turns out to be finite by virtue of ((1.7) (and the nice behaviour of R(t — s, 1)
with respect to its first argument).

We now prove that the map (t,z1,22) — u(t,x1,22) is measurable by showing the
L2(Q2)-continuity of {u(t, ) }i>0rerz. Starting with the time increment we can write for
t €[0,T], z € R* and h > 0 that

2]

Uu(t T1, To —u(t—i—h T1, To)| }

<2E

L(t —s,21,y1,22 —y2) = L(t +h — 5,21, y1, 52 — y2) M (ds, dyy, dys)
2]

- 2/0 - |(FT(t — 8,201,020 —))(§) = (FT(t +h —s,21,-, 72 — ))(§)|2 dp(€)ds

RQ

t+h
+2E

L(t+h—s,21,91, 02 — y2) M (ds, dyy, dys)

RQ

" 2/ [T b= 01,0 = ) dp(€)ds
:2/0 [T = 5,21, 0)(€) = (FT(E R 51,0, ) (€) du(€)ds

=1 " [T+ b= s, DO duts

The integrand in the first integral is bounded by a constant times which is by

1
assumption integrable with respect to u; therefore, by dominated convergence the first
integral tends to zero as h — 0. The second integral also converges to zero by virtue of

=)
The increment in the variable x5 is treated similarly; in fact, for ¢ € [0, T, 21, 22,20 € R
we have

E Uu(t,xl,xg) —u(t, zq, z2)|2]

- / [ PT(E = s ma = )€ = (FT(E = 5.1, 2 = ))(©) di(€)ds

= [ [l =R T s (O du(€)as

and by dominated convergence we conclude that the last integral tends to zero as |zg —
25| — 0. Lastly, we consider the increment in the variable x;: for t € [0,T7], 21, 21,72 € R

14



we get

E [[u(t, 1, 22) — u(t, 21, 22) ]

- / [T = 00 = )€ = (FT(E = 520,002 = ))(E) di(E)ds

B /0 [T = s.1,))(€) = (FT(E = 521, ) (@) dp(€)ds

Recalling the estimate (3.16), we can upper bound the integrand above by a constant

of the form k(t — s,z1) + k(t — s, 21) times

m; this fact together with dominated

convergence implies that the last integral tends to zero as |x; — z;| — 0.
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