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Abstract

We provide a natural definition of an elliptic arrangement, extending the classical framework to an elliptic curve
£ with complex multiplication. We analyze the intersections of elements of the arrangement and their connected
components as End(€)-modules. Furthermore, we prove that the combinatorial data of elliptic arrangements define
both an arithmetic matroid and a matroid over the ring End(€). In this way, we obtain a class of arithmetic matroids
that is different from the class of arithmetic matroids realizable via toric arrangements. Finally, we show that the
Euler characteristic of the complement is an evaluation of the arithmetic Tutte polynomial.

Contents

1 Introduction
2 Background on elliptic curves
2.1 Notation . . . . . .. . L
2.2 Elliptic curves with complex multiplication . . . . . ... ... ... ... .. ....
2.2.1 Theendomorphismring . . . ... .. ... ... ... ... ...
222 Agquadraticrelationfort . . . . . .. ..o oL
2.2.3  Quadraticnumber fields . . . . ... ... .. ... ... . .
224 Generatorsfor Re . . . o v v o o o e e e e e e e e
3 Arrangements
3.1 Abelian arrangements . . . . . . . . ... L. e e e e
3.1.1 Hyperplane arrangements . . . . . . . . .. ... oo
3.1.2  Toricarran@ements . . . . . . . . . . oot i e e e e e e e e
3.1.3 Elliptic arrangements . . . . . . . . . . . ..o e e e
3.2 Description of connected components . . . . . . . ... .L e e e e
4 Modules over R¢
4.1 Anexample of nonsplitting . . . . . . . . . ... e
42 Splittingof Ag . . . . . o e e e e e
43 Thelattice A . . . . . .o
4.4 Multiplicationby @ € R . . . . . . . . o e e e e e e e e e

—_—
NN O I IIT UV AR WWLWWWN

5 Arithmetic matroid structure 14
5.1 Arithmeticmatroids . . . . . . . . . . . e e e e e e e 14
5.2 The arithmetic matroid of an elliptic arrangement . . . . . . . ... ... ... .... 15

© The Author(s), 2026. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0), which permits unrestricted re-use, distribution and reproduction,
provided the original article is properly cited.

https://doi.org/10.1017/fms.2026.10216 Published online by Cambridge University Press


doi:10.1017/fms.2026.10216
https://orcid.org/0000-0001-6744-515X
https://orcid.org/0000-0002-2231-4006
https://orcid.org/0000-0002-2733-1868
https://creativecommons.org/licenses/by/4.0
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2026.10216&domain=pdf
https://doi.org/10.1017/fms.2026.10216

2 L. Moci et al.

5.3 Arithmetic matroid duality . . . . . . ... .. .. oo 16
5.4 The dual matroidasaminor . . . . .. .. . .. ... o 17
5.5 Examples . . . . . e e e e e e 19
5.6 The GCD property . . . . . v v v i i i e e e e e e e e e e e e 19
5.7 Matroids OVer rings . . . . . v . o e e e e e e e e e e e e e e e e e 20
5.8 Calculating the Euler characteristic . . . . . . . . . . ... ... ..., 20
References 22

1. Introduction

The theory of hyperplane arrangements is a bridge between geometry, algebra and combinatorics, with
countless applications across these fields and other areas of mathematics. The leitmotif of arrangement
theory consists in the explicit computation of geometric invariants — such as cohomology and homotopy
type — from combinatorial data associated with the arrangement, such as the poset of layers or the
poset of faces. Foundational results of this kind have been discovered for several decades: the Orlik-
Solomon algebra [ 1, 28], the Salvetti complex [34], the cohomology of wonderful models of hyperplane
arrangements [11, 19], among others.

In the last two decades, the researchers’ attention has shifted toward more general types of arrange-
ments, where the ambient vector space is replaced with richer and more interesting topological spaces.
Motivated by applications to integral polytopes and box-splines, De Concini and Procesi [12, 13] ini-
tiated the study of foric arrangements, defined as collections of hypertori in a complex torus. More
recently, other generalizations have emerged: elliptic arrangements, which are collections of a certain
type of divisors in a product of elliptic curves £”, and abelian arrangements, defined as collections of
certain subgroups in an ambient space G" where G is an abelian Lie group.

The connection between topological invariants and combinatorics persists for toric arrangements,
although in a subtler way [26, 9, 10, 8, 7, 27], [30], while it becomes weaker in the elliptic case [24, 15]
[31] and in the abelian case [3, 37, 25, 4, 2].

The standard definition of elliptic arrangements, used in the literature, is independent of the specific
elliptic curve £. In fact, one only considers divisors in £ of the form ker ¢ where

o: en — &
(P1yevsPpn) > mpr+--+mupy

with m; € Z. In fact, in this framework the elliptic curve is treated as a topological group £ =~ S! x §!
that admits an Hodge structure.

In this work, we provide a more general and natural definition of an elliptic arrangement, which is
also sensitive to the choice of the curve £, thereby introducing number-theoretic aspects into the picture.

More precisely, let us recall that every endomorphism of an elliptic curve £ arises from multiplication
by a complex number lying in a subring R¢ of a quadratic number field. The ring of integers Z is always
contained in Rg. Generically Rg = Z, but some elliptic curves, called of complex multiplication type
(CM), admit more endomorphisms. While all the cited papers assume that m; € Z C End(E), in the
present paper we drop such assumption, building a more general family of hypersurfaces. In other words,
we define elliptic arrangements as collections of kernels of arbitrary morphisms of abelian varieties
¢: E" — £. We extend all previous results to this setting, which allows us to address new phenomena
that arise when £ has complex multiplication.

In Section 2, we recall some basic facts about the endomorphism ring Re := End(€) of an elliptic
curve £ of complex multiplication type. In particular R¢ is an order in a quadratic imaginary number
field. In Section 3 we introduce hyperplane, toric, and elliptic arrangements. While the description of
the intersections is trivial in the hyperplane case, simple in the toric one, it becomes significantly more
complex for the elliptic arrangements. A matrix A € Maty ,(R¢) defines an elliptic arrangement of k
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divisors in £". For any S C [k], we show that the intersection Ag of the corresponding divisors fits into
a short exact sequence:

0 — kermseAc,  roon — As — torcokerzg o A — 0. (1.1)

Here, 7s denotes the selection of rows of the matrix A indexed by S. In particular, each intersection
As is an extension between an abelian variety and a finite group. Moreover, the number of connected
components (or layers) in Ag equals # tor coker g0 A (see Lemma 3.1). We also characterize the abelian
varieties that can appear as a layer of an elliptic arrangement in £": they are products of elliptic curves
&; that are isogenous to £, with the conductor of End(&;) dividing that of End(E) (see Lemma 3.3).

In Section 4, we study Ag as a Rg-module, illustrating through examples how the situation is more
subtle than considering Ag only as Z-module. In particular, we present Example 4.2 where the short
exact sequence (1.1) does not split as Rg-modules, and we completely characterize when it splits (see
Proposition 4.6). Furthermore, the matrix A induces maps Ax: A" — A¥ and Ag: R" — RF and we
prove in Lemma 4.11 that

A¥JAN(A") = R*/AR(R™)

as Z-modules, thereby filling a gap in the preprint [5] (c.f. Remark 4.12).

In Section 5, we recall the notion of arithmetic matroid, introduced in [9], and show that every elliptic
arrangement A gives rise to such a structure. Specifically, the ground set [ k], the rank function tk 4 (S) =
dim¢ ker g o Ac, and the multiplicity function m 4 (S) = #tor coker g o A define an arithmetic matroid
(Theorem 5.11). The proof relies on a new duality construction for elliptic arrangements (Lemma 5.9).
Interestingly, while arithmetic matroids were originally introduced to study toric arrangements, we
show an elliptic arrangement that corresponds to a nonrealizable arithmetic matroid (Example 5.13).
We also observe that the so-called GCD property holds when R¢ is Dedekind (Lemma 5.14), but not in
general. We briefly relate elliptic arrangements to (poly-)matroids over Rg, introduced in [20]. Finally,
we compute the Euler characteristic of the complement of an elliptic arrangement (Theorem 5.16),
extending Bibby’s work [3] to the complex multiplication case.

2. Background on elliptic curves
2.1. Notation

We write [k] for {1,2,...,k}; #X for cardinality of a set; X Ui for X U {i}; SES for Short Exact
Sequence; CC(X) for connected components of X.

2.2. Elliptic curves with complex multiplication

Let £ be a smooth complex Riemann surface of genus one. All such £ are isomorphic to C ‘A» With A
a lattice generated by 1 and 7 € C \ R, and group structure induced by (C, +). If End(£) # Z we say
that £ has complex multiplication type. We recall some properties of End(£) and A; for details and
introductory references, see [35] or [36].

2.2.1. The endomorphism ring
We describe a ring R¢ isomorphic to End(€). Denote by A, the linear map given by multiplication by
a, that is, z — az.

Lemma 2.1. For an elliptic curve £ = C/A, the ring End(€) is isomorphic to
Re={a e A: aA C A}

via the map Rg — End(&) defined by a — A,.
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Sketch of proof. One shows that if f: c A = % A is an endomorphism, then an analytic continuation
f: € — C of f around 0 is of the form f(z) = az. Moreover, @ must have the property that A C A for
f being well defined when descending to C 'A- See Proposition 6.17 of [36] for details.

We write R instead of R¢ when & is clear from the context.

2.2.2. A quadratic relation for v

Assume that End(&) # Z and consider « in R. By Lemma 2.1 we have aA C A. Equivalently, @ -1 € A
and @ - 7 € A. Having @ - 1 € A gives R C A, so we can write @« = x + y7 with x,y € Z. Thus,
@ - T = xT + yr2. Hence, the second condition e - T € A is true if and only if yr? is in A. That is, for
some h, k € Z we have

y‘1'2=hT+k. 2.1

Lemma 2.2. [f £ = C/{1, 1) has End(£) ¢ Z, then Q[ 7] is a quadratic imaginary number field and Rg
is an order, that is, a subring of the ring of integers Oq[.] of rank two.

Proof. If y = 0 in Equation (2.1), then @ = x is an integer. So End(€) # Z is equivalent to the existence
of a nonzero choice for y, which gives the quadratic relation y‘z'2 — ht — k = 0 for 7. Moreover, T is
nonreal because otherwise span; {1, 7} would not be a lattice in C. This proves the statement about Q[7].

Recall that the ring of integers O is the subring of algebraic numbers @ € Q[7] whose minimal
polynomial f, over Z is monic. To see that @ € R¢ is an algebraic integer, multiply Equation (2.1) by y
to get the monic relation (y7)? — h(y7) — yk = 0, thus y7 € O. Since x € Z, we have that & = x + yT is
in O as desired. m]

2.2.3. Quadratic number fields
In view of Lemma 2.2, we recall that every imaginary quadratic number field can be obtained via a
unique choice of a square-free positive integer m: let K,,, = Q(+/—m) be the field containing 7. Consider

l+V-m . _
wz{ 5 ifm=3 mod 4, 2.2)

\V-m otherwise,
and recall that O,,, = Z[w] is the ring of integers of K,,,. In the first case we have the minimal polynomial

fZ(w) = w?* —w+m’ =0 where 4m’ — 1 = m, and in the second case fZ(w) = w? +m = 0. Since 7 is
in K,,,, we can choose integers a, b, ¢ with gcd(a, b, c) = 1 such that T = % € K,,,. Calculate

2a+b)/c ifm=3 d 4
wA, = 2a+b)/c ifm mod 4, 2.3)
2a/c else,
Zrab+b2m)/c* ifm=3 d 4,
det A, = (az+at2 + ;n)/c if m mo 2.4)
(a®+b*m)/c else;

where tr A; and det A; are the trace and determinant of the linear map z — 7z. Thus, the minimal
polynomial over Q of 7 is the characteristic polynomial of A;:

For) =12 —tr A7 +det A-. (2.5)

2.2.4. Generators for R¢

Consider the isomorphism (x,y) +— x - 1 +y - T between Z2 and A. Since R is a subgroup of A = Z?
with 1 € R, we conclude that R is equal to (1, Nt) for some nonzero integer N. As a consequence of
Equation (2.5) and the fact that N7> must have integral coordinates in the basis {1, 7} we get that:
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Lemma 2.3. We have that R = (1, Nt) if and only lfo9 equals the primitive minimal polynomial f%
of T over Z.

We assume that N is positive, and calculate:

Lemma 2.4. We have that
N = c?/ged(e, ? det Ay).

Proof. This follows from clearing up denominators from tr A, and det A, in Equation (2.5). The

equalities
ged(c?, (2a + b)c,a® + ab + b*m’) = ged(c, a* + ab + b*m’) ifm=3 mod 4,
gcd(cz, 2ac,a’ + bzm) = ged(e, a®+ bzm) otherwise;
hold by the hypothesis gcd(a, b, ¢) = 1 and the claimed result follows. O

Remark 2.5. An order in a number field K is a subring whose additive group is finitely generated of
rank equal to [K : Q]. Thus, R¢ is an order in K,,,.

3. Arrangements

A central abelian arrangement A is a collection of codimension-1 Lie subgroups Hy, ..., Hy in G"
where G is an abelian Lie group. The subgroups H; are of the form ker ¢; for some ¢; € Hom(G", G).
Let CM(A) = G™ \ U;e[x] Hi be the complement; the study of the topology of CM(.A) is one of the
motivations to study .4. We recall the affine and toric cases, to motivate our elliptic setting.

3.1. Abelian arrangements

3.1.1. Hyperplane arrangements
Here G = (K, +) for some field K and ¢; is some functional in Hom(K", K), thus H; is a hyperplane.
A result by Orlik and Solomon establishes that an important combinatorial invariant of A is the lattice
of intersections P (A), that is, affine spaces {(;es Hi: S C [k]} partially ordered by reverse inclusion.
From P(.A) one can reconstruct some topological data of the complement CM(.A): cohomology when
K = C, number of connected components when K = R, number of points when K is a finite field F,,.
See [17, Theorem 3.5] for an introduction.

It turns out that P(.A) as a lattice is semimodular and atomic, thus cryptomorphically is a matroid,
realizable over K, on the groundset [k]; see [29, Section 1.7]. Our philosophy is to generalize the matroid
approach.

3.1.2. Toric arrangements

Here G = (C*, ) is the multiplicative group and ¢; is some character in Hom((C*)",C*) ~ Z", so
H; is a union of subtori of codimension 1. We will not consider here the case of subtori of arbitrary
codimension, which has been studied in [27]. Write Ag for the intersection ();cs H; for some S c [k].
In the toric and elliptic cases Ag is generally not connected. We call an element of CC(Ag) a layer,
that is, a connected component of Ag. All layers of CC(Ag) have the same dimension. If £; and ¢, are
layers such that # CC(£; N ;) > 2, there is no unique minimal upper bound of ¢; and ¢, in the poset
{Nies Hi: S C [k]}, so we do not have a lattice. Thus, we call C(.A) the poset of layers.

This also means that C (.4) cannot correspond to a matroid. This is partially fixed in [26] by considering
the triple ([k],rk,m) of the functions rk § = codim Ag and m(S) = #CC(Ag). These satisfy some
axioms that are christened an arithmetic matroid in [9, 6]. The arithmetic matroid contains enough
information to define an arithmetic Tutte polynomial that, like in the hyperplane case, yields important
invariants as evaluations [26]. For example: the Poincare polynomial, whose coefficients encode the
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Betti numbers of the complement CM(.A); the characteristic polynomial of C(.A), associated with any
poset and containing homological information of its order complex.

3.1.3. Elliptic arrangements
Here G = £ for some elliptic curve £ = C/A and ¢; is in Hom(&E", £). By Section 2.2 we regard ¢; as
a scalar product ¢;(p) = {(a;, p) with @; = (@1, ..., @in) € R". Let A be the matrix («;;). It gives rise
to maps Ag: R" — Rk, Ap: A" — AK, Ac: C" — Ck and Ag: &M — &X, and for convenience if we
omit the subscript then we mean A, .

Like in the toric case, we are interested in the number of layers in Ag for S C [k]. Note that
kera; = kerm; o Ag is the i-th subvariety in A. Thus, As = ();es Hi = kerzms o Ag. We claim the
following identity:

Lemma 3.1. Let A be an elliptic arrangement in E". For all S C [k] the number of layers in Ag is:
m(S) := #CC(Ag) = #torcoker g o Ax.

For the proof, we find a short exact sequence with the middle term .4g such that the sequence splits,
giving us a decomposition of Ag from which we derive the result. Consider the following diagram,
where the second and third rows describe the elliptic arrangement and the first and fourth make an exact
sequence, with d the map obtained via the snake lemma:

0 ker A kerAc —— Ag
l l l g
0 A"? cr &" 0
JLT[SOA‘ JLT[SOAC \LJTSOAS
0 AS ‘ cs &S 0

L

coker A ELENN coker Ac — cokerAg ——— 0.

Diagram 1.

To simplify notation, for the remainder of this subsection we write A instead of g o A.
We write rad Im A for the radical of Im A, that is, the elements in AS such that they have a nonzero
multiple in Im A. We obtain our desired short exact sequence:

Lemma 3.2. Let A be an elliptic arrangement in E". For all S C [k] we have the following short exact
sequence:

0— kerAc/kerAA — Ag — Imd — 0. 3.1)

Moreover, this sequence splits as Z-modules.

Proof. From the first and fourth row of Diagram | and the snake lemma we readily get the SES (3.1).

Note that Ker Ac/ker A is a divisible abelian group, thus as a Z-module it is injective and the sequence
splits as Z-modules. O

Proof of Lemma 3.1. The vector space ker Ac = C"™" is connected and so the quotient ker Ac/ker Als
too. From Lemma 3.2 the number of connected components of Ag is equal to the one of Im 4.
The result follows from radIm(A,) = (Im Ac) N AS because

(ImAc) N A

S
Imd = Aim A, and torcoker Ay = AIM(Ar) g ).
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Consider the case of CM elliptic curve, let K = frac(R) and observe that K SNIm Ac = Im Ak, moreover
every element in K has a multiple in A, hence AS N\Im A = rad Im A . The proof for a non-CM elliptic
curve is similar, and we omit it.

Therefore Im 0 = tor coker A, from which the result follows. O

The behavior of the SES (3.1) is more intricate when regarded as R-modules. This is explored in
Section 4.3, including an example where the sequence does not split as R-modules.

3.2. Description of connected components

Now we focus on the description of the connected component of the identity of Ag as an abelian variety.

The conductor of Rg is fe := [0 : Re] = m.

Lemma 3.3. Let us fix a complex multiplication elliptic curve &.
1. Every connected component ker Ac/ker A of some elliptic arrangement in E" is a product of elliptic
curves &; isogenous to £ such that fg, | fe;

2. Vice versa, every product of elliptic curves &; isogenous to € such that fg, | fsc is a connected
component of some elliptic arrangement in E",

Proof.

1. Consider a connected component of Ag : £" — £, by the previous discussion or by [22, Theorem
4.4 (c)] every such morphism arises as a morphism of R¢-module Az : R¥ — R™. Choosing a set of
generators of tor coker A%, we construct another morphism Bg: £" — E" such that BY: R" — R"

satisfies Im BY, = radIm A%. This implies ker Ac/ker A, = ker Bg by [22, Theorem 4.4 (b)]. The
result follows immediately from [22, Theorem 7.5] applied to Bg.

2. Let X be an abelian variety satisfying the hypothesis, by [22, Theorem 7.5] it arises from a torsion-
free R-module M. Choose a free presentation of M

RF S R" 5> M =0
by [22, Theorem 4.4 (b)] it corresponds to a sequence
0— X —&"— &k

hence X is a layer of an arrangement of & divisors in £". o

Remark 3.4. The techniques of [22, 23] cannot be applied to the intersection of Ag but only to a
connected component (layer). Indeed the functor #»2 g (—, £) that they consider is not fully faithful on
torsion modules.

4. Modules over R¢

Our central aim is to describe Ag. A good deal of our efforts are dedicated to studying the behaviour of
the sequence

{:0 —>kerdgy — Ag — torcoker A — 0

as modules over Rg. We give some conditions under which ¢ splits, and an example in which it does not.

4.1. An example of nonsplitting

If either tor coker A is projective or kerAc, . , is injective, we get that ¢ splits. The former only happens
when tor coker A is trivial, because projective modules are torsion free. The latter offers more hope,
as kerAc, . is divisible, so we are done if we regard it over a principal ideal domain, for example, as
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Z-module. Unfortunately, R is not necessarily a PID, and quotients of C" by a lattice are not necessarily
injective as R-modules; we illustrate this now.

Example 4.1. Let R = Z[V-3] and I" = <1, (1+ V—3)/2>. We claim that €1 is not an injective

R-module. Consider the map Ag: R> — R given by (x,y) — 2x + (1 + V=3)y. The kernel is
generated by

kerAg = (v = 2 w—1+ -3
R=\""a+v=3" 7 2 [

Note that w = (1 + V=3)/2v, so the map v +— | shows that ker Ag is isomorphic to I, thus CT is
isomorphic to ker Ac/ker Ag.

Let ¢: ImAg — R and n: C — C4 be the canonical injection and surjection, respectively. We
construct an f € Homg(Im Ag, St) that cannot be extended to R — C4. By the first isomorphism
theorem, a map f in Homg (Im Ag, C4) is induced by a map R?> — CT that vanishes on ker Ag. This
gives the following conditions:

2f(2) = (1-V=3)f(1+V=3) modT,
(1+V=3)f(2)=2f(1+V-3) modT. 4.1)

We take the following values:

1

Suppose g: R — C1 lifts f. For some y € I" we have that

(1+V=-3)g(1) = g(1+V=-3) = (1 +V-3) = ﬁ

+7.

Thus,

1 1 2
2¢(1) =2 Y 24

v (1-v3) 1+v3) 2 ey

Finally, a quick calculation on the generators verifies that 1+\2/3F =T, hence g(2) = 1/2mod T, a

contradiction. Therefore CT" = kerAcq .\ is not injective.

The failure of injectivity of kerAc, , sets the stage for the failure of the sequence to split, which we
verify by considering A in the ambient space (C/Z[ﬁ])z.

Example 4.2. Let A be the matrix from Example 4.1. We study the arrangement defined by A in the
ambient space (C/A)? with A = Z[V=3]. That is, the parameters are m = 3and 7 = V-3. Set § = {1,2},
so Ag =ker Ag = {z eC: Ac(z) € Z[V—3]}/(Z[V—3])2. By Lemma 2.4 we have N = 1, so R equals

Z[V-3] as well. Thus, ker A = ker Ag and Example 4.1 tells us that kerAc; , is not injective, so there
is a chance that ¢ does not split. Over Z we have

201 -3
AZ—(O21 1). 4.2)

Hence, #tor coker A = ged(2 x 2 minors of A) = 2 and so tor coker A = Z27Z. This suggests to take
{ and look at elements of order 2 in each of the modules. Given a group X, write X[2] for its
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2-torsion, that is, elements x such that 2x = 0. First, we have (tor coker A)[2] = torcoker A =~ R/I
where I = (2, 1 + V-3). Since the short exact sequence ¢ splits as Z-module, we have

£[2]: 0 > kerAg, [2] — Ag[2] — torcoker A[2] — 0

as R-modules. Since kerAc, , is an elliptic curve, its order-2 points are generated by v/2 and w/2, with
v and w as in Example 4.1. Namely,

er Ac - 0 1 (1+\/__3)/2 (3+\/__3)/2 ~ (R 2
(k Ak—/kcrA)[z] = {07 (-1 +\/__3)/2’ 1 (_3+\/_—3)/2; ~ ( /I) .

We have that #Ag[2] = (#kerAcy  4[2])-(#torcoker A[2])=8 since {[2] is an exact sequence over Z. We
already have four elements coming from the injection of kerdc, . plus the element (1/2,0) we had
found before, so we compute:

0 0 (1+V=3)/2 (1+V=3)/2

0 (-1+V=3)/2 0 (-1+vV=3)/2’

12 12 V=320 NS32 |\ R, R
0°(-1+v=3)/2 0 ’(—1+«/—_3)/2}" 712y

(As)[2] = {

In particular, £[2] does not split. Therefore ¢ does not split, as a splitting of ¢ would give a splitting of

7[2].
4.2. Splitting of As
Choose S C [k] and for brevity write A instead of As. We now relate the splitting of the sequence

l:0— kerAc/kerA — Ag — torcoker A — 0
with the splitting of the sequence

n:0—>kerA > A" —>ImA — 0.

The left term of £ is described by the sequence

u:0— kerA — ker Ac — kerAc/kerA — 0,
and the right one by

v:0—ImA — radlmA — torcoker A — 0.

Recall that ¢ and 7 correspond to classes in the ext groups Ext!(,torcoker A)kerAc, 4 and
Ext!(, ker A)Im A, respectively. We relate these two groups:

Lemma 4.3. The Diagram 2 of exact sequences commutes.

Proof. Combine u and v using the bifunctoriality of Hom(—, —). Most of the zeros follow from the fact
that ker Ac is a C-vector space, thus is an injective R-module, hence Ext! (, —)ker Ac is zero. Moreover,
Hom(tor coker A, ker Ac) is zero because ker Ac being a C-vector space has trivial torsion. O

Looking at the middle term of the 4th row of Diagram 2, if there were an f € Hom(Im A, kerdc, )
that lifts both ¢ and 5, we could perform diagram chasing to relate { and 7. Since Ac is a map of vector
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0 Hom(Im A, ker A)

| |

0 ——— Hom(torcoker A, kerAc, ) + Ext!(torcoker A, ker A) & 0

~ ~ \L

Hom(radIm A, ker Ac) — Hom(radIm A, kerAcy ) — Ext!(radIm A, ker A) — 0

~ ~ \L

Hom(Im A, ker Ac) —— Hom(Im A, kerAcy ) —— Ext!(Im A, ker A) — 0

! ! |

0 ——— Ext!(torcoker A, kerAcy ) - Ext*(tor coker A, ker A) + 0

l l

Ext! (radIm A, kerAc; ) — Ext*(radIm A, ker A)

Diagram 2.
0 > Im A £ 5 radlmA — torcokerA ——3 0
b | |
0 — kerdc, > Y > torcokerA —— 0.
Diagram 3.

spaces, there exists a section s: Im Ac — C" with Ac o s = idim 4. Consider f: ImA — ker A‘C/ker A
given by

Al s(Ad) — A.

This is well defined because for another A’ such that A2 = A1” we have that A(1 —1’) =0,s0 41— 2" is

in ker A and (s(AQ) — 1) — (s(A2") — ') = 0 mod ker A. We show that f is mapped on the one hand
to [£], and on the other to —[n].

Lemma 4.4. In Diagram 2 we have that f — [{].

Proof. Let Y be the pushout of f: ImA — kerdc,  , and¢: ImA — radIm A. By [33, Lemma 7.28]
the following diagram commutes Applying the functor Hom(—, kerAc, ) gives that f maps to the class
of the bottom row in the corresponding ext group. Thus, we are done if the bottom row is equivalent
to £. We deal first with the square on the left. Consider the diagram:

ImA — radIlmA
v 1

kerAc/kerA —Y \g‘
\\/)AS
L

The diagram commutes: take an arbitrary element A4 in Im A. Going right and then down we
have A1l — s(AA); down and right gives Al — s(AQ) — A. The difference of both images is
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s(AA) = (s(A1) — 1) =2 =0mod Ag c C"/A". Thus, the outer square commutes and by the universal
property of the pushout the map g: Y — Ag exists. We argue that g is an isomorphism.

Recall that Y can be taken equal to kerAc, ., @ rad Im A quotiented by the submodule ((—f (1), 2) |
A € Im A). In this presentation g is given by (z,1) — z + s(Q).

Surjectivity of g: take an element in Ag with representative z € C". Thus, Ac(z) € AS and
A:=Ac(z) eradIm A = AS N Im Ac. In particular, z — s(Ac(z)) € ker Ac and

g((z = 5(Ac(2)), Ac(2))) = 2 — 5(Ac(2)) + 5(Ac(z)) = z.

Injectivity of g: take 7 € ker Ac and A € rad Im A and suppose that (z, 1) € ker g, thatis, z+s(1) = u
for some u in A", Since z € ker Ac, we have 4 = Ac o s(1) = A(u). So A is in Im A; also f(Q) =
s(A) = u =—z.Thus, (z,1) = (-=f(2),42) =0inY, as desired.

To prove the equivalence it remains to show that ¥ — tor coker A equals d o g. Given (z, 1) as before,
the former map sends it to A in tor coker A. The latter map first sends it to z + s(4), and then 9 sends it
to Ac(z + s(2)), which equals A. O

The above lemma implies that the short exact sequence n*{ always splits, where 7: radlmA —
tor coker A. However, we already know this fact because it is equivalent to the existence of the section s.

Lemma 4.5. In Diagram 2 we have that f — —[n].

Proof. Let X be the pullback of —f : Im A — kerAc,  and ¢ : ker A — ker Ac. By [33, Lemma 7.29]
the following diagram commutes:

0 —— kerA > X > ImA —— 0

H | b

0 —> kerA —— kerAc — *erdgy 4 —— 0
Diagram 4.

The functor Hom(Im A, —) maps — f to the class of the bottom row in the corresponding Ext'. Thus,
we are done if the top row is equivalent to 7. We deal first with the square on the right. Consider the
diagram:

ker AC -> ker AC/kerA
S
7 X — ImA

A

where f sends 1 € A" to 1 —s(AA); this f makes the diagram commute. Thus, by the universal property
of the pullback we have amap / : A" — X.

Recall that X can be taken to be the submodule of ker Ac @ Im A of pairs (z, A1) such that z = —f ()
mod ker A, and so & maps A to (f(1), Ad). Suppose the latter pair is (0,0) in X, so Ad = 0, and
0 = f(1) = 21— s(A1) = A, which proves injectivity. On the other hand, given an arbitrary element
(z,Ad) of X, we have 7z = —f(1) mod ker A and z = 1 — s(AA) + u for some u € ker A. Therefore
FA+u)=A2+pu—f(A+p) =A—s(AA) + u = z, thus A — u maps to (z, A1), proving surjectivity.

Lastly, A € ker A gets mapped to (f(z), A1) = (4,0) in X, showing that the bottom row is equivalent
to i, so —f maps to []. Since Ext' is a group, we conclude that f maps to —[7]. O

In the following write 7: ker Ac — *erdc, , and¢: Im A — rad Im A for the canonical projection
and immersion, respectively. The previous three results give:
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Proposition 4.6. The element [1] is in ImExt' (, ()ker A if and only if the sequence ¢ splits.

Proof. Notice that by Lemma 4.4 and Lemma 4.5 the image of [n] and the one of [{] in
Ext?(tor coker A, ker A) coincide. The sequence ¢ splits if and only if the image of [/] in
Ext?(tor coker A, ker A) is zero. The latter is equivalent to 7 € Im Ext' (, ¢)ker A. ]

As a corollary we get sufficiently easy conditions for the splitting of .
Corollary 4.7. If R is Dedekind, then the sequence { splits.

Proof. If R is Dedekind, all Ext? groups vanish, so Ext' (¢, ker A) is surjective, thus [1] lifts. Alterna-
tively, if we regard the fifth row of Diagram 2 we see that Ext! (tor coker A, kerAc, . ) vanishes when
Ext? vanishes. m]

If the map As: A" — Im Ag has a section then the extension ¢ is trivial, indeed:
Corollary 4.8. If nj splits, then the sequence { splits.
Proof. If i splits then [] = 0 in Ext! (Im A, ker A) and the zero class always lifts. O

4.3. The lattice A\

As Z-module we have that A = Z2, thus it is free. As R-module we have that A is not free because
R = 7% = A as Z-modules, A = R would be the only option for freeness as R-module, but evidently this
is not the case. Clearly A is not injective either, since it is not divisible. We show that A is projective.

Lemma 4.9. The lattice A is a projective R-module.

Proof. Recall that R =7 & N7Z and that A = Z & t7Z. Since A is closed under sums and RA C A, itis
an R-module in Quot(R), that is, a fractional R-ideal. Thus, A is projective if and only if it is invertible;
see, for example, [33, Proposition 4.21]. We claim that N - A - 0 (A) = R, where o is the automorphism

of Q[+/—m] that sends \/—m — —+/—m. Indeed,
I=N-A-c(AN)=N-{I,7)- (I, Ty=N-{1,7,T+T,77).

From the expression on the right, we see that / c R. Moreover, I contains N(t +T) = NtrA., also
Nt1T = Ndet A;, and N. By Lemma 2.4 these are the coefficients of the minimal polynomial of T over
Z,s0 gcd(NtrA;,NdetA,,N) = 1, which means 1 € I as desired. O

4.4. Multiplication by a € R

Let A € Mat;, (Rg) encode an elliptic arrangement in £”. Consider the induced maps Ag: R"* — R*
and Ap: A" — AK. As in Section 2.2.1, we have T = (a + bw)/c with ged(a, b,c) = 1. We will
show that R* /Im Az and A¥/Im A, are isomorphic as abelian groups. First, a motivating example that
corresponds to smallest nontrivial case.

Example 4.10. When n = k = 1 we have a map of the form A, for some @ = x+yN7t € R. We claim that
AJaA = R/aR

as Z-modules. For this we write A, as a matrix A in the basis {1, 7} of A, and as a matrix A in the basis
{1, N7}, and we compare their Smith normal form. Consider the integers y = ctrA, § = ¢>det A,,
g =gcd(c,8),c=gc’ and 6 = go6’. So that N = ¢?/g = g(c’)?, we get
v . v 72
A:( x yé ) b (x yég(C))

yg(c')? x +yyc’ y x+yyc
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Clearly det A = det A. We are done if we prove that the g.c.d. of the entries of A and of A coincide. By
Euclidean algorithm this is equivalent to:

gcd(x, y gcd(g(c’)z, &, yc’)) = gcd(x, y gcd(l, 8'g(c")?, yc’)),
which is true if
gcd(g(c’)z,é’,yc’) =1 (4.3)

By Lemma 2.3 and Theorem 2.4, these three numbers are the coefficients of the minimal polynomial
fZ of T over the integers, which implies the coprimality.

Now we consider the general case. Consider the basis {1, 7} of A, each entry of Aj expands into a
2 x 2 matrix, as in Example 4.10, to get a matrix in Matz(2k, 2n) representing A ». Likewise, the basis
{1, Nt} gives a matrix in Matz(2k, 2n) representing Agr. By reordering the bases, we can write:

Ao (X v Ao [X YN
AT\YN X +Yye! R=\y X+vyc'|

with X, Y € Matz(k, n). We claim that the cokernels of both matrices are isomorphic:

Lemma 4.11. Given Ag: R" — R¥ and Ax: A" — A¥ we have that
AFJAN(A") = R*JAR(R™)

as additive groups.

Proof. We regard R and A as Z-modules and we write A for A5 and A for Ag. By the structure theorem
for finitely generated modules over PID, it is enough to prove that for all primes p € Z the localizations
Apy: (Zp)®™ = (Zp))**  and A(p): (Z())*™ — (Z(}))** have isomorphic cokernels. This property
is preserved by applying elementary row and columns operations. We distinguish three cases:

p 1 N since N is invertible in Z ) we can multiply the second column of A( p) by N ~! and the second
row by N and obtain the matrix A,).

p 16’ since ¢’ is invertible in Z )y we can multiply the second column of A( p) by =6 =1 and the
second row by —¢’ and obtain the matrix

X YN \ (X YN+XX| _ (X+Yyc' YN
—vs' X+Yye') T \evst x —Ys' X

where firstly we added to the second column YTC,' times the first one and then to the first row VTC,'

times the second one. Finally, by exchanging both rows and columns we obtain the matrix A ().

p | Nandp|d Letlbethe k X k identity, and 7,, the n X n identity. We modify A and A so that
the integer N is replaced by another integer N(s) coprime with p and then the result follows
from the first case. We have for some s € Z:
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I, 0\l X -Yé’ I, 0O

—sly It J]\YN X +Yvyc'|\sI, I,

_ X -Yso' =Y’

TNV (N +syc’ +5%6") X +Y(yc +56)
(Ik —6’slk)(X -Y§'N )(In 5'51,,)

0 I Y X+Yyc')\O I,
_[X—=Ys6" =Y&' (N +syc’ + §268")
h Y X +Y(yc +58)

Write N(s) for N + syc’ + s>6’. We are done if there is a choice of s such that p t N(s). As in
Example 4.10, we have gcd(d’, yc¢’,N) = 1,50 p { yc’, and we can choose any s # O mod p.

Remark 4.12. Lemma 4.11 is used implicitly in the proof of Theorem 6.1 and Theorem 6.2 of [5]. They
only provide the justification for the 1-dimensional case, which corresponds to our Example 4.10.

5. Arithmetic matroid structure
5.1. Arithmetic matroids

Let E be a finite set. A matroid on E is given by a function rk: P(E) — N that satisfies:

(rl) k@ =0,
(r2) tk X <rk(XUi) <rkX+1forevery X C E andi € E,
(@3) tk(XUY)+rk(XNY) <tk X +rkY forevery X,Y C E.

These axioms are an abstraction of the following example, called the realizable case: given a list
(ve)ecr of vectors (indexed by E) in some finite dimensional vector space V over some field K, set
kS = dimg(v.: e € S) for every subset S c E. The vectors (v.).cg define an arrangement of
hyperplanes on the dual vector space V*; the cohomology of the complement of this arrangement can
be described explicitly in terms of the matroid.

On the other hand, the cohomology of the complement of a toric arrangement is not determined
by the matroid. Let us recall that a toric arrangement is a family of hypersurfaces in a complex torus
T = (C*)", each hypersurface being defined by a character y € Hom(T,C*) ~ Z". We set 1k S to be
the rank of the submodule (y.: e € S)z. This satisfies axioms (rl), (r2), and (r3). Consider also the
number m(S) of connected components in the intersection ();cs H;. The question of axiomatizing m(S)
and studying its properties was addressed in [9, 6, 14]; we now recall some basic facts.

Denote by [X, Y] the interval {S C E : X C S C Y} in (P(E), C). We say that [X,Y] is a molecule
if we can write Y as a disjoint union Y = X LI F LU T such that for each § € [X, Y] we have

rk(S) = rk(X) + #(S N F).

This amounts to saying that, after contracting the elements of X, the elements of T become loops and
the elements of F' become coloops. Now, an arithmetic matroid is a matroid (E,rk) endowed with a
multiplicity function m: P(E) — N such that the following axioms are satisfied:

(Al) Forall S c E andi € E:ifrk(SUiQ) = rk(S), then m(S Ui) divides m(S); otherwise m(S) divides
m(SUi).
(A2) If [X,Y] is a molecule then

m(X)m¥)=m(XUF)m(XUT).
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(P) If [X,Y] is amolecule, Y = X U F LI T, then the number p(X,Y) given by

p(X,¥) = (=D)L X (=) =hn(s)

Se[X.,Y]
is greater or equal than 0.

In the realizable case, Axioms (A1) and (A2) hold by basic algebraic facts on injections, surjections and
sums of modules, while Axiom (P) expresses a count of connected components in a toric arrangement,
through inclusion-exclusion.

5.2. The arithmetic matroid of an elliptic arrangement
‘We now show that to an elliptic arrangement one can naturally associate an arithmetic matroid.

Construction 5.1. Let £ be an elliptic curve and let A € Matgy, (Rg) encode an elliptic arrangement
in £". Given a subset S C [k] define:

k4 (S) = codim Ag
m4(S) =#CC(As)

Our aim is to show that the triple ([k],rk 4,m_4) of Construction 5.1 is an arithmetic matroid, by
proving that axioms (A1), (A2) and (P) hold in this case.

First, by Lemma 3.1 the multiplicity m(S) equals tor coker Ag. For convenience, let us write Gg for
tor coker Ag. Note that if X c Y, then the natural projection 7: AY — AX inducesamap7: Gy — Gx
with the following properties.

Lemma 5.2. Let S C [k] aset and i € [k] \ S an element. Consider the map 7w: Gsui — Gs.

1. If k(S U Q) = 1k(S), then 7 is injective.
2. Iftk(S Vi) # 1k(S), then T is surjective.

Proof. Let e; be the standard basis vector with 1 in the i-th coordinate and zeros everywhere else. We
observe that there exists a nonzero integer k with ke; € Im Agy; if and only if rk(S U7) > rk(S). This is
because rk(S U i) = rk(S) if and only if the i-th coordinate is linearly dependent on those indexed by S.

1. let v € Ggy; be nonzero, and v € ASY a representative. So mv € Im Agy; for a nonzero m. If
Vv € kerT, there is x € A" such that 7(v) = Ag(x). Thus, v + de; € Im Agy; for A = Agui(x); — vi;
also mde; = m(v + Ade;) —mv is in Im Agy;. By the observation mA = 0, so A = 0 and ker 7 is trivial.

2. Letv e Gg,andv € AS a representative. So mv € Im Ag for a nonzero m, thus by a similar argument
as before there is A such that (mv, 0) + Ae; is in Im Agy;. Moreover, by the observation let k € Z \ 0
such that ke; € Im Agy;. Thus, km(v,0) = k((mv,0) + de;) — A(ke;) is in Im Agy;, soO (TO) is a
torsion element in Gsy; and also a lift of v, proving that 7 is surjective. o

Corollary 5.3. The triple ([ k], 1tk 4, m_4) satisfies Axiom (Al).

Proof. Forany S C [k]andi € [k]\ S, iftk4(SUQ) = rk4(S) then Gsy; — Gs by Lemma 5.2 and so
m4(SUiQ) | m(S) by Lemma 3.1. Otherwise, rk 4 (S U i) = tk4(S) + 1 and the surjection Gsy; - Gs
implies m 4 (S) | m4(S Ui). O

Next, if [X, Y] is a molecule with Y = X U F U T we can chain the maps from the previous lemma
to get a commutative square.

Lemma 5.4. The triple ([k],tk4,m_4) satisfies Axiom (A2). That is, if [X,Y] is a molecule with
Y =XUuFUuT, we have that

ma(X) maXUFUT)=ma(XUF) -muaqXuT).
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0 —— Gxurur — Gxur

l |

0 —— Gxur — Gx

! |

0 0
Diagram 5.
0 ker ¢ keryy ——— kerys

0 —— Gxurur —— Gxur — Gxur/Gxurur —— 0

¢ ¥ v
0 Gxur Gx Gx/Gxup — 0
0 0 0 0.
Diagram 6.

Proof. We complete Diagram 5 with cokernels and apply the snake lemma to get Diagram 6.

The result follows from the third column if we prove that kery is trivial, that is ker ¢ and ker ¢ are
isomorphic. So we show that ker ¢ — kery is surjective. If y is in ker ¢, there is a representative in
AXYF of the form (0,v), where the zeros are for the coordinates indexed by X. There is a nonzero m
such that (0, mv) = Ax,r(x) for some x € A". Since rk(X U T) = rk(X), the coordinates indexed by
T are dependent on those indexed by X. Thus, (0, mv) = AxF(x) implies (0,mv,0) = Axyrur (x).
Hence (0, v, 0) is a torsion element in G x_ 7 and also the desired lift for y. O

The remaining Axiom (P) is proved in the next subsection by using duality.

5.3. Arithmetic matroid duality

Given atriple M = (E, tk, m) we define the dual rank function rk*(S) and the dual multiplicity m*(S) as
k*(S) =#S — (tk E —1k(E \ S)) m*(S§) =m(E\S). (5.1

Note that (M*)* equals M again. By [9, Lemma 2.2], if M is an arithmetic matroid, then so is M* =
(E,rk*, m*) and we call it the dual arithmetic matroid. By [6, Section 2] Axiom (P) is equivalent to
Axiom (A2) plus:

(P1) Forall X c E,ifY € [X,E] andrk X =1k Y, then p(X,Y) = 0.
(P2) Forall X Cc E,ifY € [X,E] and 1k* X = 1k™ Y, then p*(X,Y) > 0.

Here p* is the analogous expression for the dual matroid. Looking at Axiom (P) in this setting, we must
prove for an elliptic arrangement A that

p(XY)= 3 (DS im(s)

Se[X,Y]

is non-negative. We abuse notation by writing CC(S) instead of CC(Ag), that is, the set of connected
components of As = (;es H;.
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Lemma 5.5. Let A be an elliptic arrangement, for all X C Y C [k] withtk X =1k Y, we have

o(X,Y) =#(CC(X)\ g CC(XUi)).
ieY\X

Proof. The expression on the right considers all the layers ¢ such that € is in Ax and forany i € Y \ X
we have that £ is not a subset of H; = ker A;. Note that since rk X = rkY, taking connected components
CC(-) is an inclusion-reversing operation on the interval [X, Y], that is, for all S,T € [X,Y] we have
that S c T implies that CC(T) > CC(S). For similar reason we have CC(S) N CC(T) = CC(SUT)
forall S,T € [X,Y]. Recall that m(S) = # CC(S). The result follows from a straightforward inclusion-
exclusion count. m

Corollary 5.6. In the context of Construction 5.1, the triple ([ k], 1k, m 1) satisfies Axiom (P1).

Proof. From Lemma 5.5 follows that p(X,Y) is non-negative, as it counts the cardinality of aset. O

Finally, Axiom (P2) would follow from duality if we were able to build an elliptic arrangement
realizing the dual arithmetic matroid. We believe this construction to be possible, by developing an
analogue of the generalized toric arrangements developed in [9, Section 4], but we deem it excessively
technical for our aims. Thus, in the next section we approach Axiom (P2) with a weaker construction.

5.4. The dual matroid as a minor

We describe an elliptic arrangement that gives an arithmetic matroid Mp with a minor isomorphic to
the dual of M. Thus, My satisfies Axiom (P1). Since Axiom (P1) is inherited to minors, M* satisfies
Axiom (P1), and (M*)* = M satisfies Axiom (P2) as desired.

The main ingredient is the elliptic analogue of a toric construction from [9, Section 3.4]. Firstly, let
us recall that k elements P = {py, ..., px} C Z" give an arithmetic matroid Mp as follows: for S c P
let Gs =radz-(p: p € S). Consider then rkp(S) =rk(p: p € S) and

mp(S) =#tor(Z"[(p: p €S)) =#Gs/{p: p €S).

The triple Mp = ([k],tkp, mp) is an arithmetic matroid; see [9, Section 2.4].

Secondly, we recall the contraction of arithmetic matroids M = (E, rk, m): the contraction M /T by
aset T C E is an arithmetic matroid on E \ T with rank rp; /7 (A) = r(A UT) — r(T) and multiplicity
mmyr (A) = m(A U T)

Finally, let Q = {q1,...,g,} C ZF be the columns of the (k X n)-matrix A whose i-th row is the
vector p; of P. Also let ¢; be the i-th standard vector of Z¥ and B = {ey, ..., ex} € Z* the collection of
standard vectors. We consider the matroid Mo associated to the matrix B U Q with n + k columns:

Lemma 5.7 (Theorem 3.8 from [9]). Let P be a list of elements in Z", the dual (Mp)* is isomorphic to
the contraction Mpyg/ Q.

We perform a similar construction for elliptic arrangements. Let .4 be an elliptic arrangement defined
by a matrix A: £ — &K and consider the dual homomorphism of abelian varieties A : ()% —
(EV)", where £V is the dual elliptic curve and A is the conjugate transpose of A. Consider B the
arrangement given by the matrix

(gV)k (gV)k+n
Iy
AH
LetT = {k +1,...,n} be the indexes of the rows of A7.
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Lemma 5.8. Let A be an elliptic arrangement, the dual matroid M’ is isomorphic to the contraction
Mg|T

Before the proof of Lemma 5.8 we need a technical result.

Lemma 5.9. For any matrix A € Mat;,(R) we have torcoker(A: A" — AF) =
tor coker(A™ : (AY)* — (AV)") as abelian groups.

Proof. Observe that tor coker A ~ tor coker A7 because their elementary divisors coincides. It remains
to show that torcoker A =~ torcoker A where A is the complex conjugate of the matrix A. As in
Section 4.4, consider Z-bases of A" and A* given by {e;,te;}; for i < n, respectively i < k. The
matrices that represent A and A in the Z-basis are of the form

(X -vs — _[(X+Yye Y&
Az = (YN X+ch’) and £z = ( YN X )

We show that they have the same Smith normal form, indeed by exchanging rows and columns

A X +Yyc" YN X+Yyc" Y X +Yyc -Yo' 1
Z -Ys' X -Y§'N X YN X Z

where the two middle steps follow from the proof of Lemma 4.11. O

Proof of Lemma 5.8. The statement about underlying matroid is classical, we check only that the two
multiplicity functions coincide. Let § C [k], we want to compute

mpr(S) =mp(SUT) = #torcoker((f‘kgs)
Using row operation we simplify the matrix and obtain

# tor coker ( (2’25) = # tor coker (IS 0

0 (A[k]\s)H) = #torcoker((A1us)")

where for simplicity in the middle step we have assumed that S are the first s indices. Finally, Lemma 5.9
implies mp/r (S) = m4([k] \ S) and this completes the proof. O

Corollary 5.10. In the context of Construction 5.1, the triple ([k],1k 4, m_4) satisfies Axiom (P2).

Proof. By Corollary 5.3 the triple Mg = ([k + n],tkg, mp) satisfies Axiom (P1). This implies that the
minor Mg /T satisfies Axiom (P1). To prove the relevant equality, given a molecule [X, Y] in Mp/T just
consider the molecule [X UT,Y UT] in Mg. Now by Lemma 5.8, Axiom (P1) holds for M*, which as
observed before proves Axiom (P2) for M 4 by duality. O

Theorem 5.11. The data of ground set [ k], of rank function 1K 4, and of number of connected components
m4(S) = #tor coker Ag gives rise to an arithmetic matroid.

Proof. Note that codim Ag = rk Ag, which implies that ([k],rk 4) is an underlying matroid. We are
left with: corollary 5.3 proving Axiom (A1); Lemma 5.4 proving Axiom (A2); Corollaries 5.6 and 5.10
proving Axiom (P). O

Remark 5.12. Another proof of Theorem 5.11 is suggested by Emanuele Delucchi. It consists in

checking that the action of A" on the periodic hyperplane arrangement A in C"* by translations is
arithmetic, in the sense of [16, Definition 3.15]. Then Theorem 5.11 follows from [16, Theorem C].
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5.5. Examples

We provide two interesting examples: the first is an arithmetic matroid realizable via elliptic arrange-
ments, but not via toric arrangements. The second is a variation in which we change the elliptic curve,
but the defining matrix is the same. This second arrangement defines an arithmetic matroid realizable
as toric arrangement.

Recall from [9, Section 3] that all arithmetic matroids realizable in the usual sense (that is, via toric
arrangements) have the so-called GCD property, that is, the multiplicity function is defined by the values
on the independent sets:

m(A) =ged({m(l): I € Aand |I| =1k(I) =1k(A)}).
The other implication and the realizability space were studied in [32]. We now show a generalized
elliptic arrangement whose arithmetic matroid does not satisfy the GCD property.

Example 5.13. Let A = Z[+/-3], £ = C/A, so End(€) = Z[V-3] as in Section 4.3. Consider the
arrangement A associated with the matrix

2
A= (1 + \/—3)'
We get:

ma(1,2) =#Z[V=-3]/(2,1+V=3) =2,
ma(1l) = #Z[V-3]/2R =4, ma(2) =#Z[V-3]/(1 + V=-3) =4,
ma(2) =1.
This arithmetic matroid does not satisfy the GCD property, since m(1,2) # 4.

On the other hand, if we consider I' = Z[w] where w is a third root of unity, the arrangement 3 in
C/T" defined by the matrix

2
B = .
(1 + \/—3)
has multiplicities mg(@) = 1 and mg(1) = mg(2) = mp(1,2) = 4, which is realizable via a toric
arrangement associated to the matrix B’ = nE
5.6. The GCD property

The proof of the GCD property for toric arrangements uses the fact that over a PID every matrix has a
Smith normal form. This is no longer necessarily true for matrices over R. Recall that if R is Dedekind,
all localizations Ry, over all maximal ideals p C R are discrete valuation rings, therefore PID. This fact,
together with a local-global principle argument, allows us to prove:

Lemma 5.14. Let A be an elliptic arrangement in E". If R = End(&) is Dedekind, then the arithmetic
matroid M 4 satisfies the GCD property.

Proof. Letp C R be a maximal prime. As usual, denote by R, = (R \ p)~' R the localization of R and
M, the Ry-module obtained by localizing M. We use the following facts about the localization of R over
a maximal prime ideal p C R:

o tor My = (tor M)y, see, for example, [20, Proposition 3.3];
o coker A, = (coker A),, because localization is an exact functor.
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o If M is a finitely generated torsion module over R, then M =~ @p M, The isomorphism follows by
the structure theorem for modules over a Dedekind domain [18, Chapter 16, Theorem 22] and by the
isomorphism R/p® =~ R, /p°Ry.

Applying these facts we get

m 4 (S) = #(tor coker Ag) 5.2)

= #(@ (tor coker As),
P

= 1_[ # tor coker(As),
P

Recall that R is Dedekind if and only if R is Noetherian and all localizations R, at maximal primes are
discrete valuation rings. Thus, m,(S) = #tor coker(Ags), satisfies the GCD property. Since Equation
(5.2) expresses m 4 as the product of m,, over all maximal primes p C R, we have that m 4 satisfies the
GCD property. O

5.7. Matroids over rings

Elliptic arrangements with complex multiplication define naturally matroids over a ring, see [20, 21] for
the definition.

Let A be the arrangement defined by a matrix A € Maty ,,(R). Consider the R-module (AY)" and
the submodules

Im(A§’ S (AY)S 5 (AV)")
for each S C [k]. This data defines a realizable polymatroid over R with the desirable properties

codim Ag = rkg (coker(Ag)),
#CC(As) = #tor(coker(Ag)).

These properties follow from Lemmas 3.1 and 5.9. This is not a matroid over R because A could be a
nonfree R-module: take k = n = 1 and A = (1), the surjection AY — 0 does not have a R-cyclic kernel.

The construction presented above is the most natural one; however — if one is more comfortable
working with matroids instead of polymatroids — an alternative construction is available. Consider the
module R" and the elements Af{ e; for each i € [k], where ¢; is the standard base element of R¥. This
data defines a realizable matroid over R with the properties

codim Ag = tkg(R"/(AH e; | i € S)),
#CC(As) = #tor(R" /(AR e; | i € S)).

The equalities follow from Lemmas 3.1, 5.9 and 4.11.

5.8. Calculating the Euler characteristic

The result [3, Remark 4.4] computes the Euler characteristic of the complement CM(.4) for abelian
arrangements A that are defined by a (k X n)-matrix A with integer coefficients. That work can be
adapted to our setting where A has coefficients in R.

The hyperplane arrangement induced by A on the tangent space at a general point of a layer W is
denoted by A‘r,v. Part of the article [3] holds for any arrangement of divisors, in particular:
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Theorem 5.15 [3, Theorem 3.3]. Let A be an arrangement of smooth connected divisors that intersect
like hyperplanes in a smooth complex projective variety X. The rational cohomology of the complement
CM(.A) is isomorphic as a graded algebra to the cohomology of

Ey'(A)= @ HM(A})) ® H (W;Q) (5.3)
WeP(A)
with respect to its differential.

We omit the definition of the differential, because we only need that it is homogeneous of bidegree
(—1,2). We are going to apply the above theorem to the projective variety X = £" and A an abelian
arrangement in X', possibly defined by non integer coefficients.

Recall that the arithmetic Tutte polynomial of an arithmetic matroid M is

T (r,y) = D m(S)(x = 1y*IKITRS () ISTrks
Sclk]
and the characteristic polynomial of a finite graded poset L is
xp()= D pp(0,WyrkETEW,
WeP
We get the following result.

Theorem 5.16. Let A be an essential elliptic arrangement of rank n. The Euler characteristic of the
complement is

ecmi) = (=1)"Tu (1,0) = xpa(0) = (=" " nbe(P).
PeP,(A)

where nbc(P) is the number of no broken circuits with support equals to P.

Proof. Observe that the poset of layers of A‘Fv can be identified with the interval [0, W] in
L(A) and by the Orlik-Solomon result on the cohomology of hyperplane arrangement we have
dimQ(H“’p(M(A‘r)v))) = (—l)rkW,uL(Ar )((), I = (—l)rkwﬂﬁ(A) (0, W), that is, the number of no-
broken circuits with support equals to W.WLet us start by considering the bigraded Poincaré polynomial
of EJ*, described in Equation (5.3):

Pr,(ts) = ) dim(EP st = 37 (=)W pupa (0.W)(1 402k W,
P-4 WeP(A)

Recall that
xpa () = (=1)"Tar, (1 —1,0)

by combining the proof of [26, Theorem 5.6] with Theorem 5.11 or by applying [16, Theorem FJ.
Therefore,

N

(1+t)2)

2
:SnTMA(1+ (1+t) ,0)

P, (t,s) = (_S)nXP(A)(
Finally, setting s = ¢ = —1 we have

ecmia = (=D)"Tar (1,0) = xp()(0) = (=1)" > nbe(P).

PeP,(A) =
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Proposition 5.17. The E-polynomial of an essential elliptic arrangement A is

(I-x0-y)
Ecm(a) (%, y) = (xp)™ A yp ) (T '
Proof. The mixed Hodge polynomial of E;* with the natural Hodge structure defined in [3] is

Hey.)= Y (1™ apay (0. W) (14 21) (1 + y) AW (¥
WeP(A)

because the cohomology of the complement of hyperplane arrangement in degree k is pure of type
(k, k). The E-polynomial is the specialization at = —1 and the claimed equality follows. O
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