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On the multiplication of spherical functions
of reductive spherical pairs of type A

Paolo Bravi and Jacopo Gandini

Abstract. Let G be a simple complex algebraic group, and let K c G be a reductive subgroup
such that the coordinate ring of G/K is a multiplicity-free G-module. We consider the G-algebra
structure of C[G/K] and study the decomposition into irreducible summands of the product of
irreducible G-submodules in C[G/K]. When the spherical roots of G/K generate a root system of
type A, we propose a conjectural decomposition rule, which relies on a conjecture of Stanley on
the multiplication of Jack symmetric functions. With the exception of one case, we show that the
rule holds true whenever the root system generated by the spherical roots of G/K is a direct sum of
subsystems of rank 1.

1 Introduction

Let Gbe a connected semisimple complex algebraic group, and let K c G be areductive
subgroup. Recall that the affine variety G/K is called spherical if it contains an open
orbit under a Borel subgroup of G. If this is the case, we will also say that K is a spherical
subgroup, and that (G, K) is a reductive spherical pair. A fundamental example is that
of the symmetric varieties, namely when K is the set of fixed points of an algebraic
involution of G.

By a result of Vinberg and Kimelfeld [34], reductive spherical subgroups are
characterized by the property that the coordinate ring C[G/K] is a multiplicity-free
G-module (that is, every isotypic component is irreducible).

Fix a maximal torus T c G and a Borel subgroup of G containing T, and let XX(T)*
be the monoid of dominant weights of G. For A € X(T)*, we denote by V(1) the
irreducible G-module of highest weight A.

Suppose now that X is an affine spherical homogeneous G-variety. Being
multiplicity-free, the G-module structure of the coordinate ring of X is completely
captured by the associated weight monoid, that is, the submonoid A% ¢ X(T)* formed
by the highest weights of C[ X]. Such monoid is well understood, and can be combina-
torially described (see, e.g., [8]). On the other hand, the description of the G-algebra
structure of C[ X] is still a widely open problem.
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2 P. Bravi and J. Gandini

To be more precise, for A € A%, denote by Ex(1) ~ V(1) the irreducible compo-
nent in C[X] of highest weight A. Then, we have the decomposition

C[X] = @ Ex(1).
AeA
Given A, y € A%, let Ex(A) - Ex(y) denote the submodule of C[X] generated by the
products fg with f € Ex(1) and g € Ex(u). We will deal with the following problem:
for which v € A%, does Ex(v) appear inside Ex(A) - Ex(¢)?

Clearly, there are some bounds on the range of weights which can occur inside
Ex(MA)-Ex(p). For instance, if v is such a weight, then V(v) must appear as a
submodule inside the tensor product V(1) ® V().

A more subtle bound comes from the spherical roots of X. Let indeed M% c X(T)
be the submonoid generated by the set of differences

{A+u-v|AuveAyand Ex(v) c Ex(1)-Ex(u)}.

By a fundamental theorem of Knop [18], together with a recent result of Avdeev and
Cupit-Foutou [2], the monoid M is free. Let A% be the set of free generators of
MY, called the spherical roots of X (or, more precisely, the n-spherical roots, in the
terminology of Section 4). Then, A% is the base of a root system ®%, whose rank is
called the rank of X. This root system, together with its Weyl group, encodes important
information on the geometry of X and of its equivariant embeddings. When X is a
symmetric variety, the root system ®% is essentially the restricted root system attached
to X.

Similarly to the weight monoid A%, the set of spherical roots A% is also well
understood (see, e.g., [8]). In the general context of spherical varieties, both the weight
monoid and the spherical roots are a fundamental part of the combinatorial invariants
attached by Luna to a spherical variety in his seminal paper [26].

Going back to the problem of decomposing the product of irreducible G-modules
inside C[X], by the very definition of the spherical roots, we see the implication

V(v) c V(M) @ V(p),

Ex(v) c Ex(A) - Ex(p) = { A+ p—veNAD

In several cases, the condition on the right-hand side seems, indeed, close to give a
characterization of the irreducible constituents of Ex(1) - Ex(u). However, there are
counterexamples (see, e.g., Example 6.4); thus, we are led to consider other possible
descriptions.

In particular, in the present paper, we will focus on the case of the affine spherical
homogeneous spaces X = G/K for a simple group G, whose spherical roots form a root
system of type A. The classification of the reductive spherical subgroups for a simple
group was first obtained by Kramer [23], and more recently in arbitrary characteristic
by Knop and Roéhrle [19]. For a complete list of the cases we will deal with, see the
table at the end of Section 3 (for the symmetric cases) and the table at the beginning
of Section 6 (for the non-symmetric cases).

When X is a symmetric variety with restricted root system of type A, a general
conjectural rule for decomposing the product of two irreducible components of C[ X]
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On the multiplication of functions of reductive spherical pairs 3

follows from a long-standing conjecture of Stanley [33] on the multiplication of Jack
symmetric functions (see Conjecture 3.2). Such conjectural description holds true
when the rank of X is 1, as a consequence of a Pieri rule for the multiplication of Jack
symmetric functions proved by Stanley himself [33].

The connection between Stanley’s context and ours stems from the well-known
fact that specializing the Jack symmetric functions to a suitable parameter defined by
X (which is essentially the multiplicity of the restricted roots) and setting the extra
variables to 0 yields indeed a basis for the space C[X]X of the spherical functions on
X. This point of view was already exploited by Graham and Hunziker [16], who dealt
with a problem similar to the one considered in this paper in the case of the symmetric
varieties with restricted root system of type A.

Our main contribution with the present paper is to show how a general conjectural
rule for decomposing the product of two irreducible constituents in C[X] also
follows from Stanley’s mentioned conjecture for all the nonsymmetric affine spherical
homogeneous varieties whose spherical roots generate a root system of type A. When
this root system is a direct sum of subsystems of rank 1, which happens in most cases,
we will see (with the exception of one case) that such description holds true thanks to
Stanley’s Pieri rule for Jack symmetric functions.

To state the mentioned decomposition rule, we will introduce a different normal-
ization for the spherical roots of X and will define a slight variation of ®%, where
we replace some of the spherical roots of X with their half. More precisely, we will
associate to X a based root datum Rx (see Proposition 4.3 for its definition), having
the same Weyl group of @% and with the property that the weight monoid A% can be
naturally regarded as a submonoid of the dominant weights of Rx.

Let Gx be the complex reductive group associated to Ry, and for A € A}, denote
by Vx (1) the irreducible Gx-module associated to A (regarded as a dominant weight
for Gx). Then, we have the following conjecture (see Conjecture 5.1).

Conjecture 1.1 Let X be an affine spherical homogeneous variety for a simple group G
such that ®% is of type A. Let A, y, v € A}, then

Vx(V) c Vx(A) ® Vx(/,l),

EX(V)CEX(A)'EX(.‘")c}{ A+ u—veNAD

Our main theorem is the following (see Propositions 5.8 and 5.12 and Corollary
5.10).

Theorem 1.2 Let X be an affine spherical homogeneous variety for a simple group G.

Suppose that O is of type A, and that X # F4/ Spin(9).

(i) If ®% is a direct sum of rank 1 subsystems, then Conjecture 1.1 holds for X.

(ii) If Stanley’s conjecture on the multiplication of Jack symmetric functions holds true,
then Conjecture 1.1 holds true for X.

In the case of F4/Spin(9), which remains excluded from the previous theorem,
Conjecture 1.1 is based on computational experiments.

The strategy that we will adopt to prove the previous theorem is somehow homo-
geneous the various cases that we will consider. Indeed, we will show that in all cases
(with the exception of F4/Spin(9), and three other cases that can be easily reduced
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to some other case), we can find a reductive overgroup G > G with a symmetric G-
variety Y and a reductive subgroup H c G with a symmetric H-variety Z, respectively,
endowed with a G-equivariant isomorphism and with an H-equivariant embedding

Zo>X-Y.

Both the symmetric varieties Y and Z will have a restricted root system of type A, and
we will see that the previous maps induce an isogeny from the based root datum Rx
to the direct sum Ry & Rz (see Proposition 5.6).

This will allow us to show that the validity of Conjecture 1.1 in the various cases
follows from the analogous statement for the symmetric varieties with restricted root
system of type A, which in turn follows from Stanley’s conjecture, and from Stanley’s
Pieri rule when ®% is a direct sum of rank 1 root subsystems.

The fact that the G-action on X can be extended to a G-action making X into
a symmetric G-variety will be basically a consequence of a suitable factorization of
G as a product of two reductive subgroups (one of them being G, and the other
one a symmetric subgroup of G with the desired property). Such factorizations were
first classified by Onishchik [29], and in arbitrary characteristic by Liebeck, Saxl, and
Seitz [24].

In the last section, we will also show that the same technique described above can
also be applied in the case of the spherical variety SO(2#n + 1)/ GL(n) (whose spherical
root system is not of type A), to decompose its root datum into the direct sum of those
associated with two symmetric varieties of Hermitian type (see Theorem 6.1). This
leads us to consider the decomposition problem also for another class of reductive
spherical pairs (G, K), namely when K is a spherical Levi subgroup of G, in which
case Oy ¢ is of type B or C. Here, the problem seems quite unexplored, even in the
symmetric case. We show that the case of the spherical Levi subgroups reduces to
that of the symmetric Levi subgroups (that is, to the case of the symmetric varieties
of Hermitian type), and we formulate a conjectural rule for the decomposition of the
product of two irreducible components in C[ G/K] in this case as well (see Conjecture
6.2).

2 Notation and preliminaries

If H is a connected algebraic group, we will denote by X(H) its character lattice. If H
acts on a vector space V, we will denote by V¥ the invariant subspace and by V(H)
the semi-invariant subset, that is, the union of the semi-invariant subspaces

(H) _ -
Ve ={veV|hv=x(h)v VheH}

with y € X(H). If E is a lattice, we will denote by EV its dual lattice, namely B =
Homy (8, Z).

Let G be a semisimple complex algebraic group. If K c G, we will denote by N (K)
the normalizer of K in G, and by Z¢ (K) the centralizer of K in G. Fix a maximal torus
T c G and a Borel subgroup B containing T. We denote by @ the root system of G
associated to T, and by A the base defined by Band by ® = ®* L @~ the corresponding
decomposition into positive and negative roots. When @ is an irreducible root system
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of rank n, we will order the set of simple roots A = {ay, ..., «, } following Bourbaki’s
notation.

The monoid of dominant weights of G will be denoted by XX(T)*. Given A € X(T)",
the irreducible representation of G of highest weight A will be denoted by Vi (1), or
simply by V(1) when no ambiguity is possible.

Let G/K be an affine spherical variety. Equivalently, K is a reductive group, and the
coordinate ring C[G/K] is multiplicity-free as a G-module. By the multiplicity-free
property, the description of the G-module structure of C[G/K] is equivalent to the
description of the monoid of the spherical weights

AGy = {AeX(T)" [ V(A)¥ 0},

Because K is reductive, notice that V(1) admits a nonzero K-invariant vector if and
only if the same holds for its dual V' (1)*. Therefore, with this notation, we have the
decomposition

C[G/K]=C[G]*= @ VvV)'ev(M)‘ = P V(1.
AeX(T)* ey
For every A € A¢; ., we denote by Eg k(1) = V(1) the corresponding isotypic (irre-
ducible) component in C[G/K].
The previous description can be generalized from the realm of K-invariant func-

tions to that of K-semi-invariant functions, with respect to the right action of G

ECK) is also a

on itself. Indeed, for every character y € X(K), the eigenspace C[G]
multiplicity-free G-module. Inside (C[G]ch) ,every A € A* with ( V(A)* ) ;K) # 0 yields

an isotypic component Eg/x (A, y) = V(A). In this setting, the relevant weight monoid
is that of the quasi-spherical weights

Qg ={AeX(T)" | V()X =0}

The algebra structure of the invariant ring C[G]X is encoded by the associated
spherical functions. For every A € Ag ., fix a nonzero element f) ¢ Eg/k(1)X. The

K-invariant space in V(1) is one-dimensional; thus, the spherical functions
{fahre Ab form a basis for the space of K-invariant functions

C[G)K = @EG/K(A)K.
More explicitly, if A € Ag /x> the spherical function f) can be constructed (up to a

scalar factor) as a matrix coeflicient by taking nonzero K-invariants vectors v; € V(1)
and y, € V(1) and setting

f1(gK) = (ya,g.v1).

The decomposition of the product of irreducible G-submodules inside C[G/K]
is encoded in the structure constants for the multiplication of the corresponding
spherical functions (see [31, Theorem 3.2]).

Proposition 2.1 If A, u,v € Ag y and if f) fu = Y}, fy, then

Egk(v) € Eg/x(A) - Eg/x(4) < ay,, # 0.
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More generally, a similar characterization can be given in terms of the support of
the tensor product of the K-semi-invariant vectors of the quasi-spherical representa-
tions (see [9, Lemma 19], [4, Lemma 1.2]).

Proposition 2.2 Let A, v € Qg y, and let y,y' € X(K) be such that the semi-
invariant subspaces V(/\)E(K) and V(‘u)i{() are nonzero. Let v) € V(A)SCK) and v, €
V(‘u)i{() be nonzero, and let 7, : V(1) ® V(u) — V[v] denote the projection onto the
isotypic component V[v] c V(1) ® V(u) of highest weight v. Then,

Eg/x(v; x+x') € Egix(As x) - Egyx(p x') <= my(va ® v,) # 0.

3 Multiplication of spherical functions of symmetric pairs
of type A

Let G be semisimple and simply connected, and let 9 : G — G be an algebraic involu-
tion. We denote by K = G? the set of fixed points. Then, K is a connected reductive
subgroup of G, which has finite index in Ng (K).

Let A c G be a maximal split torus, that is, 9(a) = a™', for all a€ A, and A is
maximal with this property. Fix a maximal torus T containing A, then 9(T) = T. Let
us denote by the same letter 9 the induced involution on t*, then 9(®) = ® and the
Killing form is preserved by 9. We also choose the set of positive roots and the Borel
subgroup B 5 T in such a way that 9(a) € @~ whenever a € ®* and « + 9(«) (see [11,
Lemma 1.2]).

Denote X = G/K, and let Ax ~ A/A n K be the image of A in X. Notice that

AnK={acA|a*=1};
thus, X(Ax) = 2X(A) is identified with the lattice
Ax = {x-9(0) | xe X(T)}.
Define
Ox={a-9(a)|acd,az9(a)}

the set of restricted roots of X. Then, @y is a possibly nonreduced) root system in
Ax ® R~ X(A) ® R, with base

Ax={a-9(a)|acA, 9(a)+a}
and with Weyl group
Wx = N6(A)/Zc(A) = Nk (A)/Zk (A).

The weight lattice and the root lattice of @y are, respectively, identified with
Ax ~ X(Ax)and with X(A/N4(K)) c X(Ax) (see [36, Lemmas 2.3 and 3.1]). Finally,
the monoid of the spherical weights A% is obtained by intersecting the monoid
of the dominant weights with the sublattice of X{(T) defined by X(Ax) (see [35,
Théoréme 3]):

Ay =AxnX(T)".
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By a result of Richardson [30, Corollary 11.5], the restriction of functions yields an
algebra isomorphism

C[X]X = Cclax]™.

Up to normalization, the restriction of the spherical function f) to Ax is a

specialization of the Jacobi polynomial P;k) associated with the root system @ (see
[17, Section 8.4]). More precisely, let m = (mgz) be the multiplicity function of the
restricted roots, that is, for « € Oy,

mg=[{Be®[f-I9(p)=a}|
Then, up to a scalar factor, the restriction fy |, coincides with the specialized Jacobi
polynomial Pim/z).
Therefore, the decomposition of the products of the irreducible G-modules inside
C[X] is encoded in the structure constants for the multiplication of the corresponding
specialized Jacobi polynomials:

IfA,u,v e Ay and if P PP = 3 a7 P{™?), then
Ex(v) c Ex(1)-Ex(p) < ax’ﬂ + 0.

Let a € ® be such that a # 9(«): then, either 9(«) = —a, or a and 9(a) are
orthogonal, or (9(a), ") =1 (in which case, & — 9(a) € ©*; see [36, Lemma 2.3]).
Thus, if 0 € Ay, say 0 = a — 9(«), we define the coroot 0" € AY as follows:

(i) If9(a) = —a, then
0" = 2a" |5y
(ii) If @ and 9(a) are orthogonal, then
0" =a’ |5,
(iii) If a — (&) € @, then
0¥ = (= 9(a))"

Notice that the previous definition only depends on ¢, and not on «. Ifindeed A € Ay,
then in all cases, we have

20, a =9
{(L,0") = 20 a - 5a)) (“2)).
[l = 9 (a)|
For later use, we now introduce a slight modification of the restricted root system.
Denote
Al ={oeAxn2A]|(0,7")e2Z V1 e Ay},
and define

Ax = (Ax\AL) u ial.

Then, Ax is the base of a (reduced) root system ®x (see, e.g., [20, Proposition
3.1]): indeed, the scalar product between any two distinct elements in Ax remains
nonpositive, and the pairing among roots remains integer. Notice that ®x has also
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Weyl group Wy. If moreover Ay is irreducible of rank > 1 and distinct from A, then
Ax and Ax have necessarily dual types.

Accordingly, we extend the weight lattice with the normalized restricted roots, and
we define Ex to be the lattice generated by Ax and Ax (namely by Ax and %A}).

For 0 € Ax, we define the coroot ¢V € EY, similarly as we did before: if ¢ € @, then
g € BY, is the restriction of the associated coroot in AY; if instead ¢ = 2a with « € A,
then we define 0" = Ja"|g; and finally, if 0 = & — 9(&) with (9(a), «”) = 0, then we
define 0¥ = a"|g,.

Set

Ay ={0" : 0 €Ax},

regarded as a subset of the dual lattice ZY,.. Then, the triple Rx = (Ex, Ax,AY) is a
based root datum, in the following (usual) sense.
A based root datum is a triple (&, S, & — a") such that:

(i) E is a free abelian group of finite rank, S is a finite subset of 2, and « — a" is a
map from S into EV.
(ii) Forall « € S, the pairing («, ") is equal to 2.
(iii) The group W of automorphisms of E generated by the reflections

[1]

sqi8 — 8, E—E—(x,a")a,

with « € § is finite.
(iv) The W-orbit of S is a reduced root system R in the real subspace of Er generated
by S, and S is a base of R.

Notice that in our case the root datum Ry is semisimple, namely the base S spans
ER as a vector space.
Let

Ex={1€Bx : (,,d") 20V 0eAx}
be the monoid of the dominant weights of Rx. Then, we have a (possibly strict)
inclusion A} c B}, and B = Ex n A", _

On the weight lattice 2, we will consider the partial order <x defined by Ay as
follows:

T <x T if ﬂz—TIlENAx.

When Ay = Ay, this is the usual dominance order on Ey; otherwise, it is a refinement
of the dominance order where the simple roots in %A} are only taken with even
coefficients.

3.1 A conjectural rule when @y is of type A

When @y (or equivalently @) is of type A, then up to a normalization, the Jacobi
polynomials Pl(k) coincide with the Jack symmetric polynomials ]gl/ ) (see, eg.,
[3, Proposition 3.3]). Thus, in this case, the restriction of the spherical function f,

to Ay is a scalar multiple of the specialized Jack polynomial ]ﬁz/ m),
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As is well known, when dealing with symmetric polynomials, it is often convenient
to consider symmetric functions in infinitely many variables. Here, we do the same,
and instead of working with the Jack polynomials, we pass to the Jack symmetric

functions ];k), which form a basis, when A vary among all possible partitions, of the

ring of symmetric functions in infinitely many variables with coefficients in Q(k). As

a general reference on the Jack symmetric functions, see [33] and [28, Section VI1.10].
We now recall a conjecture of Stanley concerning the multiplication of the Jack

symmetric functions.

Conjecture 3.1 [33, Conjecture 8.3] Write ](k) k) = =3, g};"(i’;)]\(,k). Then, the func-

tion g) , (k) is a polynomial in k, with nonnegative integer coefficients.

To explain the denominator j,(k), recall that the Jack symmetric functions are
pairwise orthogonal with respect to the scalar product { , ), defined on the basis of
the power-sum symmetric functions p, (A being a partition) as follows:

kD =y,
<pA’PH>k_{ 0 lfl¢‘u

Here, ¢(1) denotes the length of A, and if m; is the number of parts in A equal to i,
then

Z/l = (1m12m2...)m1! mz!...

Therefore, expanding the product of two Jack symmetric functions in terms of Jack
symmetric functions, one has

UL )
O8N

Then, j, (k) ={J, (k) 760 )k> and g (k) = (J; JO g k) ](k)) . There is a well-known
combinatorial formula which expresses j, (k) as a polynomial in k with nonnegative
integer coeflicients in terms of hooks of v (see [33, Theorem 5.8]).

Itis known that the functions g , (k) are polynomials in k with integer coeflicients:
this follows from a result of Knop and Sahi [20], showing that the coefficients of
the expansion of the Jack symmetric functions in terms of the monomial symmetric
functions are polynomial in k with nonnegative integer coefficients.

Conjecture 3.1 is known to be true when one of the two partitions A and y consists
of a single row: this follows from a generalization of the Pieri rule for Jack symmetric
functions proved by Stanley himself [33, Theorem 6.1].

Let us come back to a symmetric space X = G/K with restricted root system of type
A.If we normalize properly the spherical functions fy and write f) f, = > aj , fy, then
Y. =8 (2/m). On the other hand, by the very definition of the scalar product {, )y,

](k)](k) — Z

specializing the Jack symmetric function J; k) at k = 1 yields a nonzero scalar multiple
of the Schur function s;. Thus, gy (1) is nonzero if and only if the Littlewood-
Richardson coefficient ¢} , associated to A, u, v in the restricted root system associated
to G/K is nonzero.
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For a symmetric space X with restricted root system of type A, we get then

(3.1) Ex(v) c Ex(A) - Ex(u) <= g},,(2/m) #0,

and Stanley’s conjecture immediately implies

(3.2) Ex(v) ¢ Ex(A) - Ex(p) <= cj , #0.

When the rank of the restricted root system is 1, only one-row partitions occur as
dominant weights; therefore, equation (3.2) holds true thanks to Stanley’s generaliza-
tion of the Pieri rule mentioned above.

To be more explicit, let Gx be the connected semisimple group defined by the based
root datum Rx = (Ex, Ax, A} ), and correspondingly, let Tx ¢ Gx and Bx c Gx bea
maximal torus and a Borel subgroup containing Tx inducing Rx. For 7 € E} (and in
particular for € A%}), let Vx(m) be the irreducible Gx-module with highest weight
7. Then, Stanley’s Conjecture 3.1 yields the following (weaker) conjecture.

Conjecture 3.2  Let X be a symmetric variety with restricted root system of type A, and
let A, u,v e A%. Then,

Vx(v) € Vx(1) ® Vx(#)s

EX(v)cEx(A)'EX(I/‘)‘:’{ v<x A+ u

When the restricted root system of X is of type A;, the previous conjecture holds
true by Stanley’s Pieri rule for Jack symmetric functions.

Notice that Conjecture 3.2 is easily shown when G = H x H and K = diag(H) for
some reductive algebraic group H (even in types other than A), in which case X ~ H
regarded as H x H-variety (see, e.g., [10, Lemma 3.4]).

Remark 3.3 Notice that in all cases of Table 1 but case Sym.Al with n = 2, it always
holds the equality Ay = Ay. In particular, in all these cases, Conjecture 3.2 follows
immediately from (3.2), and the condition v <x A + p is redundant. On the other
hand, to deduce Conjecture 3.2 from (3.2) in the case X = SL(2)/T, we need to use
the saturation property of the tensor product of SL(2).

Remark 3.4 Rather than Ry, in Conjecture 3.2, it would have been more natural
to use the based root datum Ry = (Ax, Ax,AY), and define the semisimple group
Gx accordingly. Indeed, this formulation follows immediately from (3.2), and is also
simpler, because the inequality v <x A + y becomes redundant. However, computa-
tional experiments suggest that the formulation that we adopted is closer to possible
generalizations (see Section 6, where we consider the case of the symmetric subgroups
of Hermitian type).

In a slightly different form, Conjecture 3.2 was also considered by Graham and
Hunziker [16].

For completeness, we list in Table 1 all the symmetric varieties with a restricted root
system of type A. In all cases, we also give the simple restricted roots and a minimal
set of generators for the weight monoid A}.
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G K q)G/K mey

Sym.Al SL(n),n>2 SO(n) A, 1
Sym.A2 SL(n) xSL(n),n >2 diag(SL(n)) A,-; 2
Sym.A3 SL(2n),n 22 Sp(2n) A, 4
Sym.A4 Spin(n),n>5 Spin(n-1) Ay n-2
Sym.A5 Es F4 A, 8

Table 1: Symmetric pairs with restricted root system of type A,

(i) SL(2)/SO(2): Ax = {a1}, A% is generated by 2wy;
(i) SL(n)/SO(n), n > 3: Ax = {2a; : 1< i < n—1}, A} is generated by the weights
20; with1<i<n—1;
(iii) (SL(n) X SL(n))/diag(SL(n)), n22Ax={a;+al : 1<i<n-1}, A} is gen-
erated by the weights w; + 0} with1<i<n -1
(iv) SL(2n)/Sp(2n), n > 2: Ax = {ai—1 + 2a; + 02i41 : 1< i < n—1}, A} is gener-
ated by the weights w,; with1<i<n -1
(v) Spin(2n+1)/Spin(2n), n > 2: Ax = {2(X7, a;)}, A% is generated by wy;
(vi) Spin(2n)/Spin(2n-1), n > 3: Ax = {2(X157 a;i) + a1 + @, }, A% is generated
bY w1;
(vii) E¢/Fa: Ax = {200 + s + 2003 + 2004 + a5, 0y + a3 + 2004 + 205 + 206§, A s
generated by w; and ws.

4 Root systems associated to a spherical homogeneous space

We now recall how to attach a based root system (or more precisely, three based root

systems) to a spherical homogeneous space G/K, which for the purposes of the present

paper we can assume affine. General references for these constructions are [7, 18].
Let Ag/k be the weight lattice of G/K, defined as

Agyk = {x e X(T) | C(G/K){P + 0}.

Because K is reductive, notice that Ag/k is generated as a lattice by Ag; . In all the
cases that we will consider, we will actually have Ag, o = Ag/x N A"

Looking at the multiplication of spherical modules, we can associate three root
systems to G/K. For a fixed G/K, the three root systems will have the same Weyl
group Wg/k: what changes is only the root normalization.

o The n-spherical roots of G/K. The first root system, that we denote by @, . is
defined by considering the multiplication of spherical modules inside the invariant
space C[G]X. If A, pu,v e Ak 1s a triple of spherical weights such that E(v) c
E(A)-E(u), then A + y — v € Ag/x 0 NA. Denote by Mg, ;- the monoid generated by
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all possible differences A + - v € Ag/x with A, y,v € AE/K as above. This is a free
monoid (see [18, Theorem 1.3], [2, Theorem 4.11]). Its (unique) set of free generators,
denoted by Ag, i, is the set of the n-spherical roots of G /K. It is the base of a reduced

root system, CD‘é/K (see [18, Theorem 1.3]).
sC

o The sc-spherical roots of G/K. The second root system, that we denote by ¢ e

is defined by considering the multiplication of quasi-spherical modules inside the

semi-invariant space C[G]"). If A, p, v € Q, /i is a triple of quasi-spherical weights

such that E, ,/(v) c Ey(1) - E;(u), then A + u — v € Ag/x N NA. Let Mk be the
monoid generated by all possible differences A + y — v with A, u, v € QO /x as above.
Again, this is a free monoid (see [18, Corollary 7.6], [4, Proposition 5]). Its (unique)
set of free generators, denoted by Af Jx0 18 the set of the sc-spherical roots of G/K. It is
the base of a reduced root system, O ;..

e The minimal spherical roots of G/K. By definition, we have inclusions Mg, /K ©
MGk € Agyk- The two root monoids Mg, - and M actually generate the same
cone in Ag/kx ®z Q. However, neither the n-spherical roots nor the sc-spherical roots
need to be primitive elements inside Ag/k: the set of the minimal spherical roots of
G/K, denoted by A'g}‘}(, is the set of the primitive elements in Ag/k associated to the
extremal rays of the cone generated by Mg

min

roots of G/K form the base of a reduced root system, that we denote by O S

in Ag/k ®z Q. The minimal spherical

It is clear from their construction that the three root systems O, Ok

@7k all have the same Weyl group Wg k.

, and

If G/K is a symmetric variety, we have ZG/K = A‘é/K (see [18, Theorem 6.7]).

Both the n-spherical roots and the sc-spherical roots of G/K arise as minimal
spherical roots of a quotient of G/K. Denote indeed by K the spherical closure of
K, defined as the kernel of the action of Ng(K) on X(K). Then, both Ng(K) and K
are spherical subgroups of G, which satisfy

a/k = Ae/Ne(x) ok = Mgk
This explains our terminology. Moreover, we have equalities
AG/N@(K) :ZA]&/K AG/I-( :ZAS(;/K

The inclusion ZA‘&‘}} c Ag/x is strict in general: it is an equality precisely when G/K
admits a wonderful completion (which always happens for G/K and G/Ng(K)).
Notice that, in general, the minimal spherical roots of G/K do not necessarily belong
to the root lattice, differently from the n-spherical roots and from the sc-spherical

roots which by construction are always in the root lattice of G.

Remark 4.1 'The weight lattices of G/K, G/K, and G/N¢ (K) allow easily to compare
K, K, and N (K): indeed, the quotient N (K)/K is diagonalizable (see [8, Corollaire
5.2]), and we have inclusions

AGNg(x) € Mgk © Ao/
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inducing isomorphisms (see, e.g., [12, Lemma 2.4])

X(Ng(K)/K) = Agjx/ MG ng (k)
X(NG(K)/K) = Ag/ Mo (x)» X(K/K) = Ag/x/ A/

As already anticipated in the case of a symmetric variety, we define a fourth
normalization for the spherical roots, setting

Ay = (AE‘/K\AI;/K) v %ATG/K’
where
NGk = {0 € DGk N28 [ (0, 77) €22 YT € A i}

Because Ag ¢ is obtained from A%, by doubling some particular elements in

AE/K N A (see [5, Section 2.4]), it turns out that we also have

Ag/k = (ASGC/K\ATG/K) U %AE/K‘

We denote by @k the (reduced) root system generated by Ag/k. Notice that @k
has also Weyl group W k. In all cases that we will be interested (see Table 3), we have
indeed Ag/x = A} /K this is always true when K is connected.

If 0 € AL /K0 then the following three possibilities occur (see [7, Théoréme 2.6]):
either o € ®* is a positive root, or ¢ € 2A is the double of a simple root, or 0 = a +
is the sum of two strongly orthogonal positive roots (that is, neither & + f nor a — f is
in ®). Because Ag/k and A are obtained from Af; ; by replacing some elements in
2A N Ag /i with the corresponding simple roots, the same description applies to A /K
and Ag k.

There is actually a finite list of possible cases: the shape of an n-spherical root,
written as sum of simple roots, is necessarily one of those reported in Table 2 (where
we also specify the type of the root subsystem of ® generated by the support of the
spherical root).

In general, Ag/k is not contained in Ag,k. Thus, we extend accordingly the weight
lattice, and define £k to be the lattice generated by Ak together with Ak, namely
by AG/K and %ATG/K

The following lemma will allow us to define the spherical coroots in E/ /i in
analogy to what we did in the symmetric case.

Lemma 4.2 Let G/K be a spherical variety, and let o € ASG“/K\Q)*.
(i) Ifo =2a with a € A, then (A, a") € 27Z for all A € Eg .
(ii) If o decomposes as a sum of two strongly orthogonal roots 3,y € @, then
v Y
ﬂ [Ee/x — Y [Eq/k”
Moreover, any such decomposition of o yields the same result.

Proof (i) It is well known that (A, a) € 2Z whenever 2a € ASGC/K (see [26, Section
1.4]). It is indeed being part of Luna’s axioms which classify spherical varieties [5,

Section 1.2]. Thus, by the definition of ATG /> this property holds forall A € Eg/k.
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o Type of o
o Al

2« Al

a+ao A x A
ayp+ -+ Ay Ay, m22
oy + 20, + as As

ayp+ -+ Ay B, m>2
2(0 + -+ ay) B, m>2
oy + 20, + 3a3 Bs

o +2(0 + o+ A1) + oy Cp-m 23

20+ +Apm) tAm1+ &y Dpym>4

o1 + 20 + 303 + 204 F4
x; + xy G2
4oy + 20, G2

Table 2: sc-spherical roots

(ii) We point out that, in [21, Lemmas 6.2 and 6.4], a particular decomposition of
o as a sum of two strongly orthogonal positive roots is considered, and the statement
is proved for that decomposition.

Because A, ;. = AE/R and AF

Scrolling through the list of Table 2, we see that the sc-spherical roots that are
neither positive roots nor the double of a simple root are those of the following table

(we also report an extra datum, which is defined here below).

= ASGC/R, we may assume that K = K.

o Type of o supp(0)\A?? (o)
a+a Ar x Ay {a,a}
o1+ 200 + a3 As {az}
200+ + ) B, m>2 {ou}
o + 20 + 30 B; {as}
201+ + Ama) + U1+ &y Dpym>24 {on}
4o + 20, G, {on}
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The first case, with o of type A; x A;, is somewhat special, and the statement is
well known (see [26, Proposition 3.2]). It is indeed part of Luna’s axioms to classify
spherical varieties. Therefore, we will assume that supp(o) is connected.

Denote

Ag/K:{aeA t(La') =0V 1eQg ),

and let AP?(¢) c supp(0) be the set of simple roots orthogonal to ¢. Then, we have

APP(g) c AZ/K whenever o ¢ ®* (see [5, Section 1.1]).

Notice that in all cases of the previous table with supp (o) connected, there exists a
unique simple root « € supp (o) not orthogonal to ¢. Therefore, it is enough to check

that, for any spherical root o € ASGC/K\(CDJr U 2A) and for any decomposition o = f + y

as a sum of two strongly orthogonal positive roots, it holds

(wa, B7) = {wary’) = 1,
which can easily be checked case by case.
For 0 € Ag/k, using Lemma 4.2, we define the coroot 0" € E\é/K as follows:

(i) if o = 2a with « € A, then

o’ = %‘XVEG/K‘
(ii) if 0 = f + y with 8,y € @ strongly orthogonal, then
O,V — ﬁ\/|
(iii) if o0 = B with f € ®*, then
0= B g
Set Ag x ={0” | o € Ag/k}, then by construction we have the following.

Proposition 4.3  The triple Rg/x = (Eg/x> Ag/x» Aé/K) is a based root datum. More-
over, the intersection Eg x N A" is contained in the monoid of dominant weights of Rk

EE/K = {/\ € EG/K : <A, 0V> > 0 V (8] AG/K}'

Differently from the symmetric case, notice that the based root datum Rg/ is
not necessarily semisimple: by Remark 4.1, this happens if and only if K has finite
index in its normalizer. When R¢ /k is semisimple, every spherical weight is uniquely
determined by its values against the spherical roots; otherwise, the extra information
is obtained by restricting to the normalizer.

Lemma 4.4 Every A € A is uniquely determined by its values against the spherical
roots, together with its restriction to BN Ng(K)°.

Proof Denote K’ = Ng(K)®, then the restriction of characters to B n K’ induces an
exact sequence

)Br‘lK —50

00— AG/K’ — AG/K — DC(BHK'
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(see, e.g., [12, Lemma 2.4]). On the other hand, Agik © Mgk isa sublattice of finite
index, and Ag g = ZAY I thus, every element in A/ k- is uniquely determined by its

values against the spherical roots.

5 Affine spherical varieties with root system of type A

We now consider generalizations of Conjecture 3.2 to other affine spherical homoge-
neous varieties for a simple algebraic group.

Let (G, K) be a reductive spherical pair, and set X = G/K. Let Gx be the connected
reductive group defined by the root datum Rx = (Ex, Ax, A} ), and correspondingly,
let Tx c Gx and Bx c Gx be a maximal torus and a Borel subgroup containing Tx
inducing Rx. For a spherical weight 7 € E% (in particular, for 7 € A%), let Vx(7) be
the irreducible Gx-module with highest weight 7. In analogy with the symmetric case,
we denote by <x the partial order on Ex defined by A%, namely

m <x 7 X 7y — m € NA%.
Conjecture 5.1 Let (G, K) be a reductive spherical pair with G simple and with ® ¢k
of type A, and set X = G/K. Let A, y, v € A%, then

Vx(v) ¢ Vx() ® Vx(u),

EX(V)CEx()l)'EX(ﬂ)‘:’{ v<x A+u

With one exception (case Sph.Al5 of Table 3), we will show that the previous
conjecture holds true whenever @x is a direct sum of rank 1 root systems—which
happens in most of the cases—as a consequence of Stanley’s Pieri rule for Jack
symmetric functions [33, Theorem 6.1]. More generally, we will show that in all
cases but case Sph.Al5, the previous conjecture follows from Conjecture 3.2 (and in
particular from Stanley’s Conjecture 3.1). Finally, in the remaining case Sph.Al5, the
conjecture is supported by computational experiments.

For the remainder of the section, G will be a simple and simply connected algebraic
group, and K c G a connected reductive spherical subgroup such that the spherical
root system @/ is of type A. A list of such spherical pairs is given in Table 3 (where
we omit the cases of Table 1). For a full list of the reductive spherical pairs (G, K) with
G simple and K connected, we refer to [19, 23].

Remark 5.2 As already pointed out in Remark 3.4 for the symmetric case, also in
this case, it is possible to formulate Conjecture 5.1 using the based root datum R} =
(Ax, A%, AY') rather than Ry, and defining the reductive group Gy accordingly.
Using RY%, the formulation becomes also simpler, because the inequality v <x A + u
becomes redundant. However, the formulation that we adopted seems to be preferable,
as it fits inside the more general framework that we will consider in Section 6. Notice
also that in all cases but Sph.A10, it holds Ax = A%, so that, in these cases, we have
indeed Rx = R%.

Remark 5.3 Notice that the cases Sph.A7, Sph.All, and Sph.Al5 are actually symmet-
ric, with nonreduced restricted root system of type BC;.
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G K Dg/x
Sph.A6 SL(n),n>3 SL(n—1) A
Sph.A7 SL(n),n >3 GL(n-1) A
Sph.A8 SL(2n+1),n>2 Sp(2n) A, x A,

Sph.A9 SL(2n+1),n>2 GL(1) xSp(2n) A, xA,,
Sph.A10  Sp(2n),n>2 GL(Q)xSp(2n-2) A xA
Sph.All ~ Sp(2n),n>3  Sp(2) xSp(2n-2) A

Sph.A12 Spin(7) G, A
Sph.Al13 Spin(9) Spin(7) Ap x A,
Sph.A14 Spin(8) G, Al x A x A
Sph.A15 F4 Spin(9) A
Sph.Al6 G, SL(3) Ay

Table 3: Reductive spherical pairs (G, K) with root system of type A.

Notice also that the unique cases where @k is not a direct sum of subsystems
of type A; are cases Sph.A8 and Sph.A9. In the first case, G/K is the principal model
variety of SL(n): a homogeneous variety G/H is said to be a model variety for G if it is
sphericaland Ag; ;- = X(T)" (see [13,14]). In the latter case, G/K is the homogeneous
space which corresponds to the model variety of SL(n) in Luna’s classification [27].

All other cases, where @k is a direct sum of subsystems of type A, are related to
some transitive action of a compact Lie group on a projective space, on a sphere, or on
a product of spheres. Let indeed Gg c G and Kg c K be the associated compact real

forms, then we have the following descriptions for Gg/Kg:

(i) Itisisomorphic to P"(C) in case Sph.A7, to P*"(C) in case Sph.A10, to P" (H) in
case Sph.All, and to P2(Q) in case Sph.A15 (where H and Q denote, respectively,
the algebras of the quaternions and of the octonions).

(i) It is isomorphic to S*"~! in case Sph.A6, to S’ in case Sph.Al2, to S" in case
Sph.A13, to S® in case Sph.A16, and to S7 x S7 in case Sph.Al4.

By a theorem of Cartan, if Gg/Hp is an irreducible compact Riemannian sym-
metric space of rank 1, then Hp acts transitively on the unit sphere in the isotropy
representation of Hp. This gives indeed rise to the transitive actions on spheres which
correspond to cases Sph.A6 and Sph.A13 (which, respectively, come from the families
of symmetric spaces corresponding to cases Sph.A7 and Sph.Al15). More generally,
transitive actions of compact Lie groups on spheres were classified by Montgomery-
Samelson and Borel: those which are not related to a symmetric space of rank 1
correspond to cases Sph.Al12 and Sph.Al13 (see, e.g., [32]).
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There is indeed another transitive action on a sphere which is associated to a rank
1 symmetric space, which is not included in Table 3: it is the transitive action of
Sp(2,R) x Sp(2n,IR) on S**! (which comes from the family of symmetric spaces
corresponding to case Sph.All). This action corresponds to the reductive spherical
pair

(G,K) = (Sp(z) x Sp(2n), diag(Sp(2)) x Sp(2n - 2)),

in which case @/ is of type A; x A;. Even though G is not simple, this case also fits
in the general framework which allows us to deal with the cases of Table 3. We will
analyze this case separately in Remark 5.11.

To deal with the cases of Table 3, a first useful remark is that cases Sph.A7, Sph.A9,
and Sph.All, respectively, follow (almost immediately) from the companion cases
Sph.A6, Sph.A8, and Sph.Al0. This will be explained in Section 5.3.

All the remaining cases of Table 3—with the exception of case Sph.A15—will follow
from some cases of Table 1, thanks to a related factorization of a simple algebraic
group as a product of two reductive subgroups. Such factorizations have been classified
by Onishchik [29] in the context of compact Lie groups (see also [15, Sections 4.5
and 4.6]) and by Liebeck, Saxl, and Seitz algebraically in arbitrary characteristic [24].
More precisely, in all the considered cases, the multiplication will reduce to that of
some symmetric varieties, which correspond to a decomposition of ®¢/k into two
orthogonal components.

In particular, we will find a reductive overgroup G > G and a symmetric subgroup
K c Gsuchthat G = G-Kand K = G n K, yielding a G-equivariant isomorphism

G/K ~ G / K
and inducing a natural projection of weight monoids
9 Mok — Mg

As a consequence of a theorem of Luna [25], notice that in the previous setting G/K
and G/K are isomorphic as G-varieties if and only if G /K embeds G-equivariantly into
G/K as a dense open subset.

We will also need to bring into the picture a second symmetric pair (H, K)
(possibly trivial), where H is a suitable connected reductive subgroup of G containing
K and the connected center of N (K), yielding an H-equivariant embedding

H/K > G/K

and inducing a second projection of weight monoids

$: AE/K - AL/K'

The two maps ¢ and ¢ will allow us to identify the spherical functions of G/K, and
describe their products, in terms of those of G/K and H/K. Before treating the various
cases in detail, let us explain here the general argument.

Suppose that we have:

(i) a conneg\teg reductive overgroup G > G and a spherical subgroup K c G such that
G/K ~ G/K, and
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(ii) a connected reductive subgroup H c G containing K (and the connected center

We also assume (it will always be true in our cases) that there is a compatible choice
of Borel subgroups, that is, there exists a maximal torus and Borel subgroup T c B of
G with BK open in G such that:

() T =T NG is a maximal torus of G, and B = BN G is a Borel subgroup of G with

BK is open in G.
(if) Ty = T n H is a maximal torus of H, and By = Bn H is a Borel subgroup of H
with By K is open in H.
On the one hand, the restriction of the G-action to G induces an isomorphism of
G-modules
@ Egr(n) = CIG/K]—C[G/K] = @ Egi(D).
yeA%/? }LeAé/K

Thus, forall 1 € A, /x> there exists a unique de AZ /R such that

HomG (V@(i), V(;(/\)) +0,

and we define ¢(1) = A.
On the other hand, by definition, for all A € A . the invariant space Vg (MK is
one-dimensional. Looking at the decomposition of V(1) into simple H-modules, it

follows that there exists a unique A € AL /K such that
Hompy (VG(/\), VH(i)) +0
(and the dimension of the latter is necessarily 1). Thus, we define $(1) = A.
Consider now the restriction of functions from G/K to H/K

@ Egix(\) = C[G/K] > CIH/K] = @ Ew(p).

/\GAE/K yeA;/K

In the following lemma, we show that p(Eg/x (1)) is nonzero; hence, it coincides with
Epyx ().

Lemma 5.4 Let V c C[G/K] be an irreducible G-submodule. Then, p(V) c C[H/K]
is an irreducible H-submodule.

Proof By the discussion above, we only need to show that p(V') # 0.
Suppose that V ~ Vg (1). Fix K-invariant vectors v; € Vg(1) and v, € Vg(A)™,
and define

fe1(gK) = (ya, gva)-

Then, fg € VKisa nonzero K-invariant function.
Similarly, if v; € Vg(A) and y; € Vg(A)* are K-invariant vectors, setting

fui(BK) = (yj, hvy),

we get a nonzero K-invariant function on H/K.
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On the other hand, there is a unique H-equivariant embedding of Vi(A) inside
V(1), and a unique H-equivariant embedding of Vy(1)* inside Vg (A)*. With
respect to such embeddings, we have equalities

Ve (D)* = Vir()* (Ve(1))* = (Va(A)")".

Because these invariant subspaces are one-dimensional, it follows that the K-invariant
vectors v, and v; are proportional, and similarly for the K-invariant linear functions
) and y;5. Thus, the restriction p(fg,1) is a nonzero scalar multiple of f ;.

We now show that the two maps ¢ and ¢, defined above, are actually morphisms
of monoids.

Proposition 5.5 With notations and hypotheses as above, both the maps

¢:AGx — Agjg and ¢ NG — Afyx

are additive maps.
Proof (i) LetT(G, G) be the branching monoid associated to the pair (G, G ), namely
I(G,G) = {(m ) e X(T)" x X(T)* | Homg (Vg (1), Vg(m)) #0}.

This is indeed a finitely generated monoid (see [1]).
Consider the projections

p:T(G,G) » X(T)*, q:T(G,G) - X(T)".

Because K is spherical in G, notice that p‘l(A’é /k‘) is a submonoid of I'(G, G), and

!
G/K*

If indeed (7,1) € T(G,G) and 7 ¢ A%/E, then by the isomorphism C[G/K] ~
C[G/K], it follows A € Ag/k- Conversely, if A € Ag, ., because C[G/K] =~ C[G/K],
the multiplicity-free property implies that there is a unique 7 € A% R with (7,1) €
I'(G, G), and by definition 77 = ¢(A).

It is now clear that, under the isomorphism Ay, = p‘l(A% /1?)’ the map ¢ coin-

that g induces an isomorphism p~' (A% /E) - A

cides with the restriction of the projection p. In particular, we see that ¢ is an additive
map.

(ii) The proof that ¢ is additive is similar to the previous one, by considering the
branching monoid associated to the pair (G, H)

I(G,H)={(Am) e X(T)" xX(Tg)" | Homp(Vy(r), Vg(A)) # 0}
together with the projections
p:T(G,H) - X(T)", q:T(G,H) > X(Tu)".

Then, p induces an isomorphism of monoids 7' (A}, /K) - AG /K0 and ¢ corresponds
to the restriction of g.

Therefore, we can extend ¢ and ¢ to morphisms of the associated weight lattices.
When thelattice E/k is bigger than Ak, we will see in the cases under consideration
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that the extensions of ¢ and ¢ to Eg/k, respectively, take values in Hg/K and Ep/k.
The description of the maps ¢ and ¢ will immediately imply the following.

Proposition 5.6 Let (G, K) be a reductive spherical pair with ® ¢/ of type A, and
suppose that we are in one of the following cases of Table 3:

Sph.A6, Sph.A8, Sph.A10, Sph.Al12, Sph.A13, Sph.Al4, and Sph.Al6.

Then, there exist a connected reductive subgroup H c G containing K (possibly equal
to K), a connected reductive overgroup G > G, and a symmetric subgroup K c G with
K N G = K such that the map

(¢,9): Eg/x — Egr ® Enyx
is an isogeny of based root data
:RG/K — fRé\/I’(* @ :RH/K~

To be clear about notation and terminology, Rz ® Ry is the based root datum
defined by

( G/K®~H/1<» Ac/TUAH/K, AG‘/T'-'AH/K)

and ¢ = (¢, ¢) is an isogeny of based root data in the following (usual) sense:
(i) ¢:Egjk ~ Bg/k ® Enyk is injective with finite cokernel.

(ii) ¢ restricts to a bijection between Ag/k and AG/T U Agyk-

(iii) The dual map satisfies " (¢(0)") = 0", forall 0 € Ag/k.

In particular, we stress the following property.

Corollary 5.7  Every weight in Ak is uniquely determined by its images in Ag/r and
in AH/K

In the next two subsections, we will deal with the various cases of Proposition 5.6.

For every spherical pair (G, K), we provide the groups G, K, and H with the
required properties. The inclusions among the given groups are well known, and all
the mentioned properties can be read oft from the classification of the factorizations
of simple algebraic groups [24, 29] (see also [15, Sections 4.5 and 4.6]).

For each affine spherical variety G/K, G/K, and H/K, we describe the sets of
spherical roots Ag/k, Ag g/® and Ap/x (which we call normalized spherical roots),
and minimal set of generators of the monoids A7 G/ Aé s and A H/K (which we call
fundamental spherical weights). These data are also well known, and can be read off,
for example, from [6].

Finally, in each case, we describe the maps ¢ and ¢. Being additive, it is enough to
describe the images of the fundamental spherical weights of G/K.

5.1 Indecomposable cases

We consider here the cases Sph.A12 and Sph.A16 where we take the subgroup H c G
as K itself (thus, Eg/x = 0 and Ay k = @). The overgroup G > G and the symmetric

subgroup K c G with the prescribed properties are given below.
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From its explicit description, it will be clear that the map
¢: Aok — Agjr
induces an isomorphism of root data
Re/x - Rz
(Sph.A12) G/K = Spin(7)/G,

G/K =S0O(8)/S0(7).

Norm. spherical roots | Fund. sph. weights
G/K [+4] +2“2 +3063 w3
G/K | 2(af +ab) + o} + o} w}
¢ 1 aws — aw]

(Sph.A16) G/K = G,/SL(3)

G/K = SO(7)/SO(6).

Norm. spherical roots | sph. weights
G/K 4oy + 20, w1
G/K 2(ay + ay + a}) w]
¢ : aw; — aw]

Proposition 5.8 Conjecture 5.1 holds true if (G, K) is one of the spherical pairs Sph.A12
and Sph.A16 of Table 3.

Proof By restricting the action from G to G, every spherical module for the pair
(G, K) remains irreducible and yields a spherical module for the pair (G, K). This
gives a canonical bijection between the two: the restriction of every irreducible G-
module containing a nontrivial K-invariant subspace is irreducible as a G-module as
well, and it is obviously K-spherical.
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In particular, the decomposition of the product of two spherical functions of
G/K immediately reduces to the decomposition of the product of the corresponding
spherical functions of G/K.

By Stanley’s Pieri rule for Jack symmetric functions, we know that Conjecture 3.2
holds true for the symmetric pair (G,K). On the other hand, ¢ induces an isomor-
phism of root data R¢/x = Rg,z. Thus, Conjecture 5.1 holds true for (G, K) as well.

5.2 Decomposable cases

We now consider the cases Sph.A6, Sph.A8, Sph.A10, Sph.A13, and Sph.A14 of Table 3:
we define the subgroup H c G, the overgroup G > G, and the symmetric subgroup
K c G with the required properties. Notice that H will always contain the connected
center of Ng (K). As already mentioned, for the given inclusions among groups and
their related properties, one can see [24, 29] and also [15, Sections 4.5 and 4.6].

We also provide an explicit description of the maps

¢: Ak — Az and ¢:Ag/x — Apjk-
Proposition 5.6 will be an immediate consequence of these descriptions.
(Sph.A6) G/K =SL(n)/SL(n-1)
G/K = S0(2n)/SO(2n -1),
H/K = GL(n-1)/SL(n - 1).

Normalized spherical roots | Fund. sph. weights
G/K [0 AT RIS ol S w1, Wy-1
G/K | 2(af+-+a, ) +a  +a W}
H/K none twl

¢ : awi+bw,.; — (a+b)w;

¢ : aw+bw,.; — (b-a)w)_,

(Sph.A8) G/K =SL(2n+1)/Sp(2n)
G/K =SL(2n +2)/Sp(2n +2),
H/K = GL(2n)/Sp(2n).

’ ‘ Normalized spherical roots ‘ Fund. spherical weights
G/K ai+ai (i=1,...,2n-1) wi(i=1...,2n)
G/K O+ 205+ i (i=1,...,n) whi (i=1,...,n)
H/K | afiq+20)i+a5iq (i=1...,n=-1) | w3 (i=1,...,n-1), w3,
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¢ TMawi —  Ti(az+axn)wy

¢ YHaiwi —  Y(an + a0y + (a2 — iy a2i1) w03y

(Sph.A10) G/K = Sp(2n)/[GL(1) x Sp(2n — 2)]
G/K =SL(2n)/GL(2n - 1),

H/K = Sp(2)/ GL(1).

Normalized spherical roots | Fund. sph. weights
G/K | a1, o1 +2(ap + -+ ayq) + ay 201, W
G/K af o 6y W] + W),y
H/K ay 2w
¢ : 2aw+bw, — (a+b)(w]+wh, )
¢ : 2aw+bw,; — 2aw!

(Sph.A13) G/K = Spin(9)/ Spin(7)
G/K = SO(16)/SO(15),

H/K = Spin(8)/ Spin(7).

Normalized spherical roots Fund. sph. weights
G/K | ag+ay+as+ay, ay+2a3 +3ay W1, Wy
G/K 2(a) + -+ ag) + o + ag w;
H/K af +2af + ol +2af wy
¢ : aw+bwy — (2a+b)w]
¢ : aw+bwy — bwy

(Sph.A14) G/K = Spin(8)/G,
G/K = Spin(8)/ Spin(7) x Spin(8)/ Spin(7)
(where the two copies of Spin(7) are not conjugated in Spin(8)),

H/K = Spin(7)/G,.
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’ ‘ Normalized spherical roots Fund. sph. weights
G/K 01+ 02 + 03, 0+ Oy + Oy, Qg + A3+ (g w1, W3, Ws
G/K | 2af + 205 + a4 + o}, af + 207 +2a% + af w], Wy
H/K o + 205 + 33 wy’

¢ : aw+bws+cwy — (a+c)w]+(b+c)wy
¢ : awi+bws+cwy — (a+b)wy

Given A € Ag; ., recall our notations A = ¢(1) and A = ¢(1). If y € Ag > We write
p ~ A if i = L. Identifying C[G/K] ~ C[G/K], by definition, we have then

Ea/l?(i) = /\EBA EG/K(A,)'
Theorem 5.9  Let (G, K) be one of the following spherical pairs of Table 3:

Sph.A6, Sph.A8, Sph.A10, Sph.A13, and Sph.Al4.

Then, forall A, u, v € AE/K, we have

Egx(v) € Egjx(A) - Egjx(p) <= { izi((vv))iizi(a))iii((il)))

Proof Suppose that Eg/x(v) ¢ Eg/x(A) - Eg/x (). Looking at the associated G-
modules generated in the coordinate ring C[G/K] = C[G/K], it follows that
Eg/f(ﬁ) c Ea/;g(/l) EE/E([J) as well. Similarly, looking at the images in C[H/K],
we see that Epy/x(7) € Ep/k(A) - Enyx (). )

Suppose conve_rsely that both the inclusions Eg,z(¥) ¢ Eg /() - Eg/z(ft) and
En/k(7) € Egjx(A) - Egyx () hold. By the first inclusion, the restriction of functions
from G/K to H/K induces a commutative diagram as follows:

Dy Eg/x(v)) ———— (@ra Eg/x(V)) - (B urep E /(1))

(3.2) l i

By By (V) ———— (Drr Enyx (1)) - ( @ Eryxc (1))

By the second inclusion, thereare A’ ~ A, y’ ~ y,and v/ ~ vsuch that A’ = A, @’ = i,
v =,and Eg/x (V') € Eg/x(A') - Egjx(¢"). On the other hand, by Corollary 5.7, the
restriction of ¢ to the fibers of § is injective. Thus, A’ = A, g’ = y, and v/ = v, and we
get Eg/x(v) € Eg/x(A) - Eg/x (1)
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Corollary 510 Let (G, K) be one of the following spherical pairs of Table 3:
Sph.A6, Sph.A8, Sph.Al0, Sph.AI3, and Sph.Al4.

If Conjecture 3.2 holds true, then Conjecture 5.1 holds true for (G, K). In particular,
Conjecture 5.1 holds true in the cases

Sph.A6, Sph.A10, Sph.A13, and Sph.Al4.

Proof Set X = G/K, Y = G/K, and Z = H/K. Then, by Proposition 5.6, we have an
isogeny of reductive groups

GYXGZ g Gx.

Notice that a Gx-module is irreducible if and only if it is irreducible as a (Gy x Gz)-
module under the previous map.

If A € A%, regarding Vx (1) as a (Gy x Gz)-module, by the definition of A and 1,
we see that

Vx(/\) ~ Vy(i) Vz(i)

In particular, given A, y, v € A, we have

Vy(f/) c Vy(;\_) ® Vy([:t),
Vz(fi) c Vz(/\) ® Vz([,-l)

Thus, by Theorem 5.9, we see that Conjecture 5.1 holds for X if and only if it holds both
for Y and Z.

If both Y and Z are direct products of symmetric varieties with restricted root
system of type A;, then by Stanley’s Pieri rule for Jack symmetric functions, we see
that Conjecture 3.2 holds true both for Y and Z. Thus, in this case, the claim follows
for X as well.

Vx(v) c Vx(A) ® Vx(p) <= {

Remark 5.11 There is another case which can be put in the framework outlined at
the beginning of this subsection, even though G is not simple. In this case,

G/K =[Sp(2) x Sp(2n)]/[diag(Sp(2)) x Sp(2n - 2)],

and @/ is of type A; x Aj, and Conjecture 5.1 holds true thanks to the same
arguments of Theorem 5.9 and Corollary 5.10. The corresponding symmetric varieties
are

G/K = SO(4n)/SO(4n - 1),
H/K = [Sp(2) x Sp(2) x Sp(2n - 2)]/[diag(Sp(2)) x Sp(2n - 2)]
= [Sp(2) x Sp(2)]/ diag(Sp(2)),

which have both restricted root system of type A;. The associated spherical roots and
spherical weights are described in the tables here below, together with the maps ¢
and ¢.
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Normalized spherical roots Fund. spherical weights
G/K | ag+ag, ag+2(az+ -+ ay_1) +ay wo + Wy, Wy
~ 7 I / I / /
G/K 2(af + -+ @y ) + Ay + Ay, wy
H/K ay +af wy + w)’
¢ a(wo + wy) +bw, —  (a+2b)w;

a(wo +wy) +bw, —  a(wy + w)

<

5.3 Other cases with restricted root system of type A

We now explain how the cases Sph.A7, Sph.A9, and Sph.All of Table 3 follow (almost
immediately) from their companion cases Sph.A6, Sph.A8, and Sph.A10.

(Sph.A7) G =SL(n), K = GL(n —1). This case is immediately reduced to Sph.A6.
Denote indeed K’ = SL(n —1): then K = Ng(K’), and the spherical roots
of G/K are the same as those of G/K’. On the other hand, Qg/kx = Ag/k’s
and V(1)) = V(1)K forall A € Qg g therefore, C[G]™ =C[G]¥.

(Sph.A9) G =SL(2n +1), K = GL(1) x Sp(2#n). This case is immediately reduced to
Sph.A8. Consider indeed K’ = Sp(2#n): then K = Ng(K"), and the spheri-
cal roots of G/K are the same as those of G/K'. Moreover, as in the previous
case, we have C[G]®) = C[G]¥'.

(Sph.A11) G = Sp(2n), K = Sp(2) x Sp(2n — 2). This case is immediately reduced to
Sph.A10. Set indeed K’ = GL(1) x Sp(2n — 2): then K’ ¢ K; thus, we have
an inclusion C[G]¥X ¢ C[G]X". On the other hand, the unique spherical
root of G/K is a spherical root of G/K’ as well, and if A, 4 € Ag/k, then
u <g/x Aifand only if y <g/xr A.

Normalized spherical roots Fund. sph. weights
G/K o +2(ar+...tag)+ay w>
G/K' | a1, er+2(ap+ ...+ ay1) + ay 201, w;

As a consequence of the previous analysis, we get the following.

Proposition 512 Let (G, K) be one of the spherical pairs Sph.A7, Sph.A9, and Sph.All
of Table 3. If Conjecture 3.2 holds true, then Conjecture 5.1 holds true for (G,K). In
particular, Conjecture 5.1 holds true for Sph.A7 and Sph.All.
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6 A conjectural rule in the case of spherical Levi subgroups

There is another case where we can apply the techniques of Section 5, and find
two morphisms which decompose the root system of an affine spherical variety into
those of two symmetric varieties. However, in this case, the root system generated
by the spherical roots is of type B, and as far as we know, there is no rule (not even
conjectural) to multiply spherical functions on a symmetric variety in this case.

6.1 The spherical pair (SO(2p +1),GL(p))

Set G = SO(2p +1) and K = GL(p) with p > 3. Then, the homogeneous space G/K is
spherical, and it is a model space for G (see [13, 14, 27]).

The spherical root system @k is of type B ,/2) x Bj,/21 if p > 4, and of type A; x
B, if p = 3. In this case as well, it is possible to define reductive groups H ¢ G c G and
two symmetric varieties H/K and G/K endowed with equivariant morphisms

H/K - G/K — G/K,

which produce an isogeny of root data such as in Proposition 5.6. This will allow
to extend Theorem 5.9 to this case as well, and to reduce the multiplication of the
spherical functions on G/K to the case of two symmetric varieties.

More precisely, define

G=S0(2p+2), K=GL(p+1), H=S0(2p).

The root systems @z % and @k are of type B, whereas the restricted root systems
55/1? and 5H/K are either of type BC or of type C, depending on the parity of p.

As in Section 5, the equivariant morphisms H/K < G/K = G/K induce linear
maps of the respective weight monoids

A

¢: Mgk — Mg ¢ Mgk — Ak

For A € Ag /i we set A= ¢(1)and A = ¢(A).
The spherical roots and the weight lattices, as well as the maps ¢ and ¢, are
described in the tables below. We separate the two cases p even and p odd.

(p = 2n even)

Normalized spherical roots Fund. sph. weights

; i(i=1...,2n-1),

G/K ai+aig (i=1...,20-1), az, w; (i n-1)
2w2n

G/IR oy 205 +ay, (i=1...,n-1), wy; (i=1,...,n-1),

agn—l + (X;n + a£n+1 w;n + w;rﬁ—l

Yo +2a) +al, i=1,...,n-1), Jo(i=1...,n-1),

H/K a%,z—l Qi T %511 (l n ) (2‘:)21"(1 n )
Ay, Wan

https://doi.org/10.4153/S0008414X21000651 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000651

On the multiplication of functions of reductive spherical pairs 29

A

¢ lefl a;w; — ( Z?;ll(az,»,l + aZi)w;i) + (a2n,1 + a;,,

)(wgn + wgrﬁl)

2 -1
¢ Yilaiw — (Z?zl (612i+612i+1)w§'i)+a2nw£'n

(p=2n+1o0dd)

Normalized spherical roots Fund. sph. weights
. wi(izl...Zn)
G/K a;i+ai (i=1...,20), azpe 5 PR
Wan+1
7 7 7 ; A
GIR oy +205 +ar, (i=1,...,n), wh(i=1,...,n),
4 !
Xont2 205,42
" " " : " :
H/K oy +20y +a, (i=1...,n-1), wyi(i=1...,n-1),
" " 14 " "
Xon-1F %o + Xoppy Win + Wiy
A . 2n+1 n / 14
¢ Y aiw; —> ( Zi=1(tl2i—1 + az:’)wz,‘) t A2n1Wyp )
- 2n+1 n—1 " a " "
¢ Xin aiw; > (Zi=1 (azi + a2i+1)w2i) + (azq + _ZSH)(“’M T Wi

Therefore, in this case as well, we obtain the similar results as those in Proposition
5.6 and Theorem 5.9.

Theorem 6.1 Let (G,K) be the spherical pair (SO(2p +1),GL(p)), then with the
above definitions:

(i) The map

is an isogeny of based root data
RG/K g :R/G\/f(\ @ :RH/K'

(if) Forall A, p,v € AE/K, we have

Egr(¥) c Ea‘/f(ft_) Eg/r(f),
EH/K(‘_’) c EH/K(/\) 'EH/K(/’_‘)'

The symmetric variety SO(2n)/ GL(n), however, is not covered by Conjecture 3.2.
This prompts us to wonder how the conjecture should be rephrased in this case, and
more generally in the case of the symmetric varieties of Hermitian type (that is, the
symmetric varieties G/K with K a Levi subgroup).

Notice that if (G, K) is a spherical pair with K a Levi subgroup of G, then either
G/K is a symmetric space of Hermitian type, or it is the pair (SO(2p +1), GL(p))
considered above, or it is the pair (Sp(2p), GL(1) x Sp(2p — 2)) which appeared as
case Sph.Al10 in Section 5.2. In particular, the analysis in this section reduces the case
of the spherical Levi subgroups to the case of the Hermitian symmetric subgroups.

Egik(v) € Eg/x(A) - Egix(p) <= {
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6.2 The Hermitian symmetric case

Let X = G/K be a symmetric variety of Hermitian type, with G simple and simply
connected. This means that the center of K has positive dimension, or equivalently
that K is a Levi subgroup of G. In this case, the restricted root system @y is either of
type C or BC, whereas the root system @ is always of type B.

For completeness, we list in Table 4 all the symmetric varieties of Hermitian type.
In all cases, we also give the simple restricted roots and a minimal set of generators
for the weight monoid A¥.

(i) SL(p+q)/S(GL(p)L x GL(q)), q>p>1: Ax={ai+apq; = 1<i<
pruf{a, +-+ag}, A} is generated by the weights w; + wpq—; with1< i < p.

(i) SL(2p)/S(GL(p) x GL(p)), p > 1: Ax = {ai + azp—; : 1<i<plu{a,}, A;is
generated by the weights w; + w,,_; with 1< i < p, together with 2w,,.

(iii) Spin(2p+1)/Spin(2) x Spin(2p-1), p >2: Ax ={ay, 2(az + -+ ap)}, Ay is
generated by 2w; and w;.

(iv) Spin(2p)/Spin(2) x Spin(2p-2), p>3: Ax ={ay, 2(ar + -+ &p2) + Ap_g +
ap}, A} is generated by 2w; and w,.

(v) Sp(2p)/GL(p), p>2: Ax = {2a; : 1<i<p-1}u{a,}, A} is generated by
the weights 2w; with1< i < p.

(vi) Spin(4p+2)/GL(2p+1), p2L Ax = {1+ 200 + aziy1 1 1<i<p}uU
{a2p-1 + a2p + azps1}, Ay is generated by the weights w,; with 1<i<p
together with w,, + wp41.

(vii) Spin(4p)/GL(2p), p > 2: Ax = {@zi_1 +2a2; + Qi1 * 1<i<p-1}U{az,},
A% is generated by the weights w,; with 1< i < p, together with 2w,,.

(viii) E¢/Ds x C*: Ax={a1+as+as+as+ads, 200 +a3+205 +0as}, A} is
generated by w; + we and w,.

(ix) E;/Eg¢ x C*: Ax = {200+ ay + 203 + 24 + a5, oy + a3 +2(ag + as +

as), a7}, A% is generated by wi, we, and 2w;.

If ® x is nonreduced, then K is self-normalizing, and the derived subgroup K’
is also spherical in G. If instead @ is reduced, then K is not self-normalizing,
and its derived subgroup is not spherical in G. Therefore, there are some Hermitian
symmetric subgroups which have a nonsymmetric semisimple spherical counterpart,
similarly to the cases Sph.A7 and Sph.A9 of Table 3.

We list such spherical pairs in Table 5. In all cases, we also give the simple restricted
roots and a minimal set of generators for the weight monoid A%.

(') SL(p+q)/SL(p) xSL(q)), q>p>1: Ax={ai+apq-i = 1<i<pju{a,+

-+ ag}, Ay is generated by the weights w; + wp,4—; with 1 <i < p together
with w;, and w,.

(vi’) Spin(4p+2)/SL(2p+1), p21:  Ax={azi_1+20; + azin : 1<i<
pru{azp1 + azp + azpi1}, Ak is generated by the weights w,; with 1< i < p
together with w;, and wyp.41.

(viii') E¢/Ds: Ax = {01 + a3 + og + a5 + o, 20 + a3 + 2004 + a5}, A% is generated
by w1, w,, and we.

If (G,K’) is a spherical pair appearing in Table 5 and K = Ng(K’) is the cor-
responding symmetric subgroup of Hermitian type, then we have Qg K= AL /K
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G K Dok Doy

Hela SL(p+q).,q>p>1 S(GL(p)xGL(q)) BC, B,
Helb  SL(2p),p>1  S(GL(p)xGL(p)) C, B,
He.2 Spin(n),n>5  Spin(2) xSpin(n-2) C, B,

He.3 Sp(2p),p >3 GL(p) C, By
He4a Spin(4p+2),p>2 GL(2p +1) BC, B,
He4b  Spin(4p),p>3 GL(2p) ¢, By
He.5 Es Ds x C* BC, B,
He.6 E, E¢ x C* G  Bs

Table 4: Symmetric varieties of Hermitian type.

G K D)k

Helad SL(p+q),q>p>1 SL(p)xSL(q) B,
He4a Spin(4p+2),p>1 SL(2p+1) B,
He.5 Es Ds B2

Table 5: Nonsymmetric reductive spherical pairs (G, K) with G/Ng(K) symmetric
of Hermitian type.

and C[G]®) = C[G]X, as in the cases Sph.A7 and Sph.A9. Thus, the problem of
decomposing the product of two spherical functions on G/K reduces to the analogous
problem on G/K'.

In the same spirit of Conjectures 3.2 and 5.1, we formulate the following for the
multiplication of spherical functions in terms of the tensor product of the restricted
root system, which by computational experiments seems to hold for all the Hermitian
symmetric pairs but in case He.la.

Conjecture 6.2 Let (G, K) be a reductive spherical pair with G simple and K a Levi
subgroup of G different from case He.la. For all A, p, v € A%, it holds

Vx(v) € Vx(1) ® Vx(p),

Eg/k(v) € Eg/k(A) - Egjx (1) <= {
v<x A+ p.

By Theorem 6.1 and Corollary 5.10, the previous conjecture immediately reduces
to the case where G/K is a symmetric variety of Hermitian type.
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Remark 6.3 1In [4, Section 9], the following question was considered. Suppose that G
is simply laced, and let X = G/K be a spherical variety with A N A =@. Let A, 4, v €
A%, is it true that Ex(v) ¢ Ex(A) - Ex(p) if and only if V(v) c V(1) ® V(u) and
v<ag A+ p?

This indeed seems to be true in several cases, and in particular in case He.la.
Assuming the validity of Conjecture 3.2, it is easy to see that when X is symmetric and
both ® and @ are of type A, a positive answer to the previous question follows from
the saturation theorem [22]. See also [16], where a similar question is considered for
the symmetric varieties with restricted root system of type A. However, the following
example shows that the previous question does not always have a positive answer, at
least when @ is nonreduced. Conjecture 6.2 is a partial attempt to fix the question.

Example 6.4  Consider the symmetric variety X = Spin(10)/ GL(5). The restricted
root system @y is of type BC,, with base

AX = {0{1 + 20, + Az, Az + a4 + (Xs}.

Let us consider the highest root 08 = a; + 2a; + 203 + a4 + as: then 6 € A% and 0 <x
26. Moreover, V(0) c V(60)®%; however, taking the product inside C[X], we have
Ex(6) ¢ Ex(0)?: indeed, the unique nonzero equivariant projection

7:V(0)® V(8) > V(0)

is given by the bracket on the Lie algebra g ~ V(0). It follows that 7(v ® v) = 0, for
all v € V(6), and we conclude by Proposition 2.2.

The same happens more generally for Spin(2p)/ GL(p) whenever p is odd, and for
Es/Ds x C*:indeed, in all these cases, the highest root is a spherical weight, and V (6)
occurs in V(6)®? with multiplicity 1.

Both these examples are instances of exceptional symmetric varieties of Hermitian
type, that is, symmetric varieties of Hermitian type with nonreduced restricted root
system. There is another instance of such a symmetric variety, namely X = SL(p +
q)/S(GL(p) x GL(q)) when p # g: however, in this case, V(6) occursin V (0)®? with
multiplicity 2, and the inclusion Ex(6) c Ex(60)? holds true inside C[X].
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