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Strong conciseness of coprime and
anti-coprime commutators

Eloisa Detomi, Marta Morigi, and Pavel Shumyatsky

ABSTRACT. A coprime commutator in a profinite group G is an
element of the form [z,y], where 2 and y have coprime order and
an anti-coprime commutator is a commutator [z,y] such that the
orders of x and y are divisible by the same primes. In the present
paper we establish that a profinite group G is finite-by-pronilpotent
if the cardinality of the set of coprime commutators in G is less than
2% Moreover, a profinite group G has finite commutator subgroup
G’ if the cardinality of the set of anti-coprime commutators in G
is less than 2%,

1. Introduction

Let w = w(xy, ..., x) be a group-word, that is, a nontrivial element
of the free group on x4, ..., x,. The word w can be naturally viewed as a
function of k variables defined on any group G. The subgroup generated
by the set of w-values is called the verbal subgroup corresponding to
the word w. We denote this by w(G). In the context of topological
groups G we write w(G) to denote the closed subgroup generated by
all w-values in G.

The word w is said to be concise in the class of groups C if the
verbal subgroup w(G) is finite whenever w takes only finitely many
values in a group G € C (see for example [4], [5] and references therein
for results on conciseness of words). A natural variation of this notion
for profinite groups was recently introduced in [3]: we say that w is
strongly concise in a class of profinite groups C if the verbal subgroup
w(G) is finite in any group G € C in which w takes less than 2% values.
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A number of new results on strong conciseness of group-words can be
found in [3].

The concept of (strong) conciseness can be applied in a much wider
context. Suppose C is a class of profinite groups and ¢(G) is a subset
of G for every G € C. One can ask whether the subgroup generated by
©(G) is finite whenever |¢(G)| < 2.

In the present paper we establish strong conciseness of the sets of
coprime and anti-coprime commutators. By a coprime commutator in
a profinite group G we mean any element of the form [z,y], where
m(z) N 7(y) = 0, and by an anti-coprime commutator we mean any
commutator [z,y] such that 7(z) = m(y). Here and throughout the
paper 7(z) stands for the set of prime divisors of the order of the
procyclic group generated by x.

It is well-known that in any profinite group G the coprime commu-
tators generate the pronilpotent residual 7., (G), that is, the (unique)
minimal normal subgroup N such that G/N is pronilpotent. So, if a
profinite group is finite-by-pronilpotent, then it has only finitely many
coprime commutators. Our main result is that also the converse holds.

THEOREM 1.1. A profinite group G is finite-by-pronilpotent if and
only if the cardinality of the set of coprime commutators in G is less
than 2%,

Remark that in the particular case of the group G with only finitely
many coprime commutators the above theorem is straightforward from
the main result of [1].

The set of anti-coprime commutators generates the commutator
subgroup G’ of G. Hence if GG/ is finite, then so is this set. As a conse-
quence of the results in [3], we have the following new characterization
of finite-by-abelian groups.

THEOREM 1.2. A profinite group G has finite commutator subgroup
G' if and only if the cardinality of the set of anti-coprime commutators
in G is less than 280,

It follows from the proof of Theorem 1.2 that if the profinite group
G has only finitely many, say m, anti-coprime commutators, then the
order of G’ is m-bounded. Throughout the paper we use the expres-
sion “m-bounded” to mean that a quantity is finite and bounded by a
certain number depending only on the parameter m.

To conclude this short introduction, we mention a related problem.
Let v, (G) denote the kth term of the lower central series of a group G
and G® that of the derived series of G. In view of our results it would
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be interesting to find a small strongly concise set of generators for each
of these subgroups.

2. Preliminaries

Many results of the theory of finite groups admit a natural interpre-
tation for profinite groups. Throughout the paper we use certain profi-
nite versions of facts on finite groups without explaining in detail how
the results on profinite groups can be deduced from the corresponding
finite cases. On all such occasions the deduction can be performed via
the routine inverse limit argument.

Our notation is standard (see, for example, [11] or [14]). Every ho-
momorphism of profinite groups considered in this paper is continuous,
and every subgroup of a profinite group is closed.

If G is a profinite group, then |G| denotes its order, which is a
Steinitz number, and 7(G) denotes the set of prime divisors of |G|.
Similarly, if ¢ is an element of G, then |g| and 7(g) respectively denote
the order of the procyclic subgroup generated by g and the set of prime
divisors of |g].

Profinite groups have p-Sylow subgroups and satisfy analogues of
the Sylow theorems. Prosoluble groups have m-Hall subgroups and
Sylow bases. If G is a profinite group and 7 a set of primes, O,(G)
stands for the maximal normal pro-m subgroup of G.

Each profinite group G has a maximal pronilpotent normal sub-
group, its Fitting subgroup F'(G). Set Fy(G) = 1 and Fi11(G)/F;(G) =
F(G/F;(Q)) for every integer i > 0. A profinite group G is metapronilpo-
tent if and only if it F»(G) = 1 or, equivalently, if and only if 7. (G) is
pronilpotent.

One can easily see that if N is a normal subgroup of G and g is an
element whose image in G/N is a coprime (resp. anti-coprime) com-
mutator, then there exists a coprime (resp. anti-coprime) commutator
h such that g € hN. It follows that if a profinite group has less than
2% coprime (resp. anti-coprime) commutators, then this condition is
inherited by every homomorphic image of the group, and we shall use
this property without special reference.

LEMMA 2.1. [3, Lemma 2.2] Let G be a profinite group and let
x € G. If the conjugacy class & contains less than 2%° elements, then
it 1s finite.

The following lemma is an important observation used throughout
this paper.
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LEMMA 2.2. Let G be a profinite group in which the set of coprime
commutators contains less than 280 elements. If x € G and H is a
subgroup of G such that (|z|,|H|) = 1, then Cy(x) has finite indez in
H.

PROOF. Since [x, h] = 212", the cardinality of the set zff = {z" |
h € H} is equal to the cardinality of the subset {[z,h] | h € H} of
the set of coprime commutators of G. Thus zf contains less than
2% elements. As z is in bijection with the coset space H/Cy(z), a
homogeneous profinite space, we conclude that z* is finite. O

If a group A acts on the group G via automorphisms, the subgroup
generated by elements of the form ¢~'¢* with ¢ € G and a € A is
denoted by [G, A]. It is well-known that the subgroup [G,A] is an
A-invariant normal subgroup of GG. The symbol ®(G) stands for the
Frattini subgroup of a group G.

The following result is well-known and will be often used without
reference.

LEMMA 2.3. [6, Lemma 4.29] Let A act via automorphisms on
G, where A and G are finite groups such that (|G|, |A]) = 1. Then
G, A, Al =[G, A].

LEMMA 2.4. Let G = QH be a group, where H is a subgroup and
Q is a normal subgroup of G such that Q = [Q, H]. If N is a normal
subgroup of @ such that [N, H| = 1, then N is contained in the center
of G.

PROOF. By the Three Subgroup Lemma (see [12, 5.1.10]) we have
that [Q, H, N] < [H,N,Q][N,Q, H| < [H,N] = 1. Thus, N centralizes
(Q, H] = @ and the result follows. O

LEMMA 2.5. [8, Lemma 2.3] Let Vbe an elementary abelian finite
p-group, and U a p'-group of automorphisms of V. If |[V,u]| < m for
every u € U , then |[V,U]| is m-bounded, and therefore |U| is also
m-bounded.

LEMMA 2.6. Assume that G = QH 1is a finite group with a normal

nilpotent subgroup @ and a subgroup H such that (|Q|,|H|) = 1 and
1Q : Co(x)| <m forallz € H. Then the order of [Q), H] is m-bounded.

PRrOOF. As [Q, H, H] = [@, H] by Lemma 2.3, we can replace @
with [@Q, H] and simply assume that @@ = [@Q, H]. Consequently, as
@ is the direct product of its Sylow subgroups, P = [P, H| for each
Sylow subgroup P of Q. As [P : Cp(z)| < |Q : Co(z)| < m, it follows
that H acts trivially on P whenever p > m. Taking into account that
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P = [P, H] we conclude that all prime divisors of the order of @) are at
most m. Hence, the number of Sylow subgroups of () is m-bounded.
Therefore, without loss of generality, we may assume that @) is a p-
group and H acts faithfully on Q. As (|Q|,|H]|) = 1, by [2, (24.1)] the
action on Q/®(Q) is faithful. So, by Lemma 2.5 we obtain that |H|
is m-bounded. It follows that |@ : Cg(H)| is m-bounded. Let N be
the intersection of all conjugates in G of Cg(H). Then N is a normal
subgroup of G of m-bounded index. We deduce from Lemma 2.4 that
N is a subgroup of the center of G. Thus, Schur’s theorem [13, 4.12]
tells us that G’ has finite m-bounded order, and the lemma follows. [J

3. Coprime commutators

In this section we analize the structure of profinite groups with less
than 2% coprime commutators. We wish to prove that these commu-
tators generate a finite subgroup.

LEMMA 3.1. Let G be a profinite group with less than 28 coprime
commutators. Assume that G is a product of a subgroup H and a
normal pronilpotent subgroup @ with (|Q|,|H|) = 1. Then [Q, H] is
finite.

PROOF. By the profinite version of Lemma 2.3 we have [Q, H, H| =
(@, H]. So we can replace @ with [@Q, H] and assume that Q = [Q, H].
By Lemma 2.2, |Q : Cg()| is finite for any = € H. For each positive
integer 7 consider the set:

C; = {x € H| 29 < j}.

Note that the sets C; are closed (see for instance [9, Lemma 5]). As
the union of the sets C; is H, by the Baire category theorem (cf. [7,
p.200]) at least one of the sets C; has non-empty interior with respect
to H. So there exists a positive integer s, an open normal subgroup J
of H and an element a € H such that |(ax)?| < s for every z € J. For
€ Jand y € Q write 2¥ = (a71)Y(ax)Y. Note that |(a=!)?| < s and
|(az)?| < s. Therefore |Q : Cq(x)| < s* for any x € J. By Lemma 2.6
we conclude that [@Q, J] is finite.

Replacing @ with the quotient group Q/[Q,J] and H with the
quotient group H/J, we can assume that H is finite and thus also |Q :
Co(H)| is finite. Note that Cg(H) has only finitely many conjugates
in G. Let N be the intersection of all conjugates of Co(H). Clearly,
|@Q : N| is finite. It follows from Lemma 2.4 that N is a subgroup of
the center of G. Thus the center of G has finite index in G, and the
result now follows from the theorem of Schur [13, 4.12]. O
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LeEmMMA 3.2. [1, Lemma 2.4] If G is a finite metanilpotent group,
then 7oo(G) = [ 1, [Ky, Hy], where K, is a p-Sylow subgroup of 7 (G)
and Hy is a p’-Hall subgroup of G.

LEMMA 3.3. Let G be a metapronilpotent group with less than 2%
coprime commutators. Then for each p € w(7x0(G)) the p-Sylow sub-
group of Vo (G) is finite.

PROOF. Note that 75 (G) is pronilpotent. Choose p € m(750(G))
and let P be the p-Sylow subgroup of v,,(G). The profinite version of
Lemma 3.2 implies that P = [P, H|, where H is a p’-Hall subgroup of
G. Lemma 3.1 now shows that P is finite, as required. O

Recall that any prosoluble group G has a Sylow basis (a family of
pairwise permutable p;-Sylow subgroups P; of GG, exactly one for each
prime p; € 7(G)), and any two Sylow bases are conjugate (see [11,
Proposition 2.3.9]). The basis normalizer (also known as the system
normalizer) of such a Sylow basis in G is T = N; Ng(F;). If G is a prosol-
uble group and 7' is a basis normalizer in G, then T is pronilpotent and
G = Y(G)T (see [10, Lemma 5.6]).

LEMMA 3.4. Let G be a metapronilpotent profinite group with less
than 2% coprime commutators. Then v.o(G) is finite.

PROOF. Let K = 7,(G). In view of Lemma 3.3 it is sufficient to
show that 7(K) is finite.

Assume by contradiction that 7w(K) is infinite. Let T be a ba-
sis normalizer of a Sylow basis in G. Note that both T" and K are
pronilpotent.

Let m(K) = {p1,p2,---,pi,...} and for each i = 1,2,... let P,
be the p;-Sylow subgroup of K. By Lemma 3.3 we know that the
subgroups P; are finite. For each index i observe that the group O, (T)
naturally acts on P,. Let A; be the group of automorphisms of P;
induced by the action of O,/(T). It follows from Lemma 3.2 that P; =
[P;, A;]. Set 0; = (A;). Then o; is a finite nonempty set. Let g € w(T)
and let T}, be a ¢-Sylow subgroup of T'. By Lemma 3.1, the subgroup
Oy (K),T,] is finite. Therefore g € o; for only finitely many indices j.
We denote the set {p;} Uo; by 7;. So for every index i there exists only
finitely many indexes j such that 7; N 7; # 0.

Since 7(K) is infinite, we can choose an infinite set of indices J such
that 7, N 7; = 0 whenever i, j are different indices in J. For each i € J
choose q € 0; and let @); be the ¢-Sylow subgroup of T'. It follows that
[P;,Q;] # 1 while [P}, Q;] = 1 whenever i, j € J are such that i # j.

For each i € J choose a; € P; and b; € Q; such that 1 # [a;, b;] = ¢;.
Obviously the element ¢; is a coprime commutator. Observe that by
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construction (a;, b;) commutes with (a;,b;) whenever ¢ # j. Therefore
for any subset I C J the product [],., ¢; is a coprime commutator.
Since the set J is infinite, we obtain that the cardinality of the set of
coprime commutators of the form [],.; ¢; is 2%. This is a contradiction
and so the lemma follows. O

We are now ready for the proof of Theorem 1.1.

PrROOF OoF THEOREM 1.1. Let G be a profinite group. Clearly, if
G is finite-by-pronilpotent, then the cardinality of the set of coprime
commutators in G is finite.

We need to show that if G is a profinite group with less than 2%
coprime commutators, then G is finite-by-pronilpotent. We can assume
that G is infinite.

Let us first show that the Fitting subgroup F' = F(G) of G is
nontrivial. Assume for a contradiction that /' = 1. If z is any nontrivial
coprime commutator, then by Lemma 2.1 the conjugacy class ¢ is
finite. Hence |G : Cg(z)| is finite and the same holds for any of the
(finitely many) conjugates of z in G. Therefore, |G : Cg((z%))]| is
finite and so (x¢) is central-by-finite. Taking into account that F' = 1
we deduce that (x¢) is finite for any coprime commutator x. Thus,
G possesses minimal normal subgroups. Let N be the product of all
minimal normal subgroups of G. If IV is finite, then there exists an open
normal subgroup K of GG such that KN N = 1. In particular, K has no
nontrivial minimal normal subgroups. Note that K is not pronilpotent,
since F' = 1. So K contains a nontrivial coprime commutator and, by
the above argument, its Fitting subgroup is nontrivial. This contradicts
the assumption that F' = 1 and therefore N is infinite.

Thus N is the Cartesian product of infinitely many nonabelian finite
simple groups 5;, with ¢ ranging in a set of indices J. Note that in
each S; there exists a nontrivial coprime commutator ¢;. Namely, take
a nontrivial central element z; in one Sylow p-subgroup of S;, for some
prime p; then x; cannot commute with all Sylow g¢-subgroups of S;,
for all ¢ # p, because otherwise x; would be central in S;. For any
subset I C J the product Hie ; Ci is a coprime commutator. Since the
set J is infinite, we obtain that the cardinality of the set of coprime
commutators of the form [, ¢; is at least 2%. This is a contradiction
and so we conclude that F' # 1.

Observe that F' actually must be infinite. Indeed, if F' is finite, then
there exists a normal subgroup H of finite index such that H N F = 1.
On the other hand, by the above argument, the Fitting subgroup of H
is nontrivial, a contradiction. Thus F' is infinite.
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By Lemma 3.4, v, (F>(G)) is finite. Let R be an open normal sub-
group of F5(G) intersecting 7o (F5(G)) trivially. As R is pronilpotent,
it follows that I has finite index in F5(G). Since Fy(G)/F = F(G/F),
we deduce that G/ F' has finite Fitting subgroup. Since we have proved
above that an infinite profinite group with less than 2% coprime com-
mutators has infinite Fitting subgroup, we conclude that G/ F is finite.

Now we argue by induction on the index of F'in (G, the case where
G = F being trivial. If there exists a proper normal subgroup N of
G properly containing F', then |N : F(N)| < |G : F|. By induction,
Yoo (INV) is finite. We use the bar notation in the quotient group G =
G/v%(N). As |G : F(G)] < |G : F|, by induction we deduce that
Yoo (G) is finite, hence 74 (G) is finite as well.

If G/F is abelian, then G is metapronilpotent and in view of Lemma
3.4 the claim is proved.

So we are left with the case where the quotient G/F is nonabelian
simple. Let p be a prime divisor of G/F. Choose a p-element g €
G \ F. Since F(g) is metapronilpotent, by Lemma 3.4 we conclude
that Yoo (F'(g)) is finite. As 7o(F(g)) is normal in F', the normalizer
of 7(F{g)) in G has finite index in G. Thus (7, (F(g)))¢ is the
product of finitely many conjugates of 7. (F'(g)), which are all normal
in F. Therefore, (7.,(F{(g)))¢ is finite. Passing to the quotient over
(Yoo (F{g)))¥, we can assume that F(g) is pronilpotent. Let {t, ... ts}
be a transversal of F' in G and note that each F'{g") is pronilpotent. So
W = Oy (F) centralizes each g". Moreover W centralizes the p-Sylow
subgroup P of F.

Let Gy = {(¢",...,¢") and note that G = FG; = WPG;. As
(W, PG4] = 1, it follows that PG, is normal in G.

Note that if 7, (PG;) = 1, then G is pronilpotent, being a product
of two normal pronilpotent subgroups. Hence 7o, (G) = 700 (PG1) and,
since F'N PG, = F(PGy), we can assume without loss of generality
that G = PG;. We still have that G//F is a nonabelian simple group
and now Oy (F) is central in G. Since G/F is a nonabelian simple
group, we can choose a prime ¢ # p and a g-element h in G\ F and
argue as above. Thus, given a transversal {rq,...,r;} of F in G, we
can assume that each F'(h™) is pronilpotent. Let Go = (h™, ..., h"™)
and note that G = FG5. Now we get that the Hall ¢’-subgroup O, (F')
of F' centralizes each h", hence [Oy(F),Gy] = 1. Moreover Oy (F)
centralizes the ¢-Sylow subgroup @ of F', hence

[Og (F), QGo] = 1.

In particular QG2 is normal in G = FGy = Oy (F)QG, and thus
Yoo (G) = Yoo(QG2). Moreover F(QG3) = F N QGs. Note that both
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the p’-Hall subgroup and the ¢’-Hall subgroup of F(QG>) are central in
QG+, hence F(QG,) is central as well. Since F(QG5) has finite index
in QGy, it follows from the theorem of Schur that v, (QG2) = Y (G)
is finite, as claimed. O

4. Anti-coprime commutators

In this section we prove that a profinite group with less than 2%
anti-coprime commutators has finite derived subgroup.

In [3] the strong conciseness of several words was established. Among
these are the simple commutator [z, y] and the 2-Engel word [z, y, y] =
[[z,y],y]. Thus, we have

PROPOSITION 4.1. Let w be either the word [z,y] or the 2-Engel
word [z,y,y] and let G be a profinite group. Then, the verbal subgroup
w(Q) is finite if and only if w takes less than 2% values in G.

PROOF OF THEOREM 1.2. As observed in the introduction, it is
sufficient to show that the derived subgroup G’ of a profinite group G
is finite whenever G has less than 2% anti-coprime commutators. So,
assume that G is a group with this property.

Observe that, for all g, h € G, the element [g, h, h] is an anti-coprime
commutator, since

[lg. n], k) = [(B7")oh, h) = [(R71)*, )"

Therefore, since G has less than 2% anti-coprime commutators, there
are less than 2% values of the 2-Engel word in G. It follows from
Proposition 4.1 that the verbal subgroup N generated by the values
of the 2-Engel word is finite. Passing to the quotient G/N, we can
assume that [g, h, h| = 1 for every g,h € G, so G is a 2-Engel group.
Since finite Engel groups are nilpotent (see [12, 12.3.4]), the group G
is pronilpotent.

As G is a direct product of its Sylow subgroups, every simple
commutator [g,h] is an anti-coprime commutator. Indeed, we can
always write h = hihy and g = g¢192, where m(g1) = m(hy) while
(|h2], lg]) = (|h], |g2]) = 1. Then simply observe that [g, h] = [g1, k1] is
an anti-coprime commutator.

So G has less than 2% simple commutators [g, h]. Using Proposition
4.1 we conclude that G’ is finite, as required. U
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