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Abstract

We study mixed hyperbolic systems with dynamic and Wentzell boundary conditions. The bound-
ary condition contains a tangential operator which is strongly elliptic on the boundary. We prove
results of generation of strongly continuous groups and well-posedness.
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1 Introduction

The aim of this paper is the study of a problem in the form

D2u(t,z) = A(x, Dy)u(t,z) + f(t,z), (t,z) € (0,T) x Q,

Di~yu(t,x’) =V, - (B(2")Vyu)(t,2') + F(2', Dy )u(t,2') + h(t,2'),

(t,2") € (0,T) x 09, (1.1)

u(0,x) =uo(z), =€,

Duu(0,z) = uy(z), €.

Roughly speaking (precise assumptions will be given in the following), A(x, D, ) is a strongly elliptic
differential operator in divergence form in the bounded domain € with smooth boundary 09; v f is the
trace of f on 9€; V. is the tangential gradient in 9, V.- is the divergence operator in 92, B(z') is a
positive definite symmetric operator in the tangent space T,/ (99), with 2’ € 99, F(z', D,) is a linear
differential operator of order not exceeding one (not necessarily tangential) and coefficients defined in
oN.

(1.1) is strictly connected with the problem
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D2u(t,xz) = A(x, Dy)u(t,z) + f(t,x), (t,z) € (0,T) x Q,
A(x', Dy)u(t,z’) =V, - (B(x")Vru)(t,2') + F(a', Dy)u(t,z') + h(t,2'), (t,2') € (0,T) x 99,

U(O,JZ‘) = UO(x)a T e Q:

Du(0,z) = ui(z), z€.

(1.2)
formally obtained replacing in (1.1) D2vyu(t,2’) in the second equation with the trace of the second term
in the first equation. In case (1.2) one usually speaks of Wentzell boundary conditions.

A physical interpretation of (1.2) is given in [10], Chapter 6.
In our knowledge, problems (1.1) and (1.2) have been always considered in the particular case that

F(2',D,;) = —B(q:')i —c(), (1.3)
aI/A
where we indicate with 8,/ the conormal derivative associated with A(z, D,). See, for example, [1], [9],
[12], often connected with problems of control.

The most general results are contained in [2], where F(2’, D,) is in the form (1.3) with S(2’) > 0
which is allowed (to some extent) to be unbounded and with infimum equal to 0. The authors do not even
assume that the coefficients of A(z, D,) and B(z') are continuous; they need to be just measurable and
bounded. They work in the basic space L%(Q,du) := L?(Q) x L?(09,dS/B). with F(z',D,) as in (1.3).
They show that a certain operator connected with (1.1) and (1.2) is self-adjoint and upper bounded.
This allows to formulate theorems of well-posedness in a certain generalized sense. They consider also
the case when D? is replaced by D? + aD; (this is the telegraph equation).

Roughly speaking, in this paper we want to show that, at least in case of "regular coefficients” for
A(z, D,) and B(z'), (1.1) and (1.2) are well posed whenever the operator F'(z’, D,) has bounded and
measurable coefficients in 0f2.

This is the plan of this paper: Section 2 is dedicated to the proof of Theorem 2.1. We begin by
considering a particular case, with F'(z', D,) = —% —~. In this situation the result is essentially known
(see for this also [3]), but we have decided to give a complete proof in order to make the paper more or less
self-contained. The general statement is obtained by combining an estimate of the conormal derivative of
the solution to a hyperbolic Cauchy-Dirichlet system (see Theorem 2.10) with a perturbation theorem of
Miyadera type (Theorem 2.12). The estimate is inspired by a nice result due to I. Lasiecka, J. L. Lions,
R. Triggiani (see [8])

The final Section 3 contains developments and applications of Theorem 2.1 to a generalization of (1.1),
and to (1.2).

To conclude this preliminary section, we describe some notations we are going to use.

If © is a domain with smooth boundary and &’ € 91, we shall indicate with v(z’) the unit normal
vector to 9 in z’, pointing outside Q, with % the corresponding normal derivative. T,/ (92) will be the
tangent space to 9Q in ' and T'(0f2) the tangent bundle. If A is the differential operator

n n

S Dui(as(@) D, +Za3 2) Dy, + ao(w),

i=1 j=1

and z’ € 99, we set

Dl/Au('T/) 61/A Zzaw Dr7u )Vi(x/)'
=1 j=1
C will indicate a positive constant we are not interested to precise. In a sequence of formulas we shall
write Cp, Cs, .... If the constants depend on T, we shall write C(T'), C1(T), ....
If X and Y are normed spaces, we shall indicate with £(X,Y") the space of linear bounded operators
from X toY. If X =Y, we shall write £(X). If V is a Hilbert space, we shall indicate with V* the space
of antilinear bounded functionals in V.
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2 The main theorem

As we said, in this section we shall study a simplified version of (1.1). We begin by stating our assumptions.

(A1) Q2 is an open bounded subset of R™ lying on one side of its boundary OS2, which is a submanifold
of R" of dimension n — 1 and class C?.

(42) Ag(. D) = Ty 0y Doy (x)Ds, .
with a;; € CY(Q) (1 <1i,j <n), real valued, a;; = aj;,

Zza’lj §7€] > V|£‘
=1 j=1

for any x € Q, £ € R™, for some v positive.
(A3) Vx' € 00 B(x') is is symmetric and positive definite element of L(T, (99)).

(A4) B(x') depends smoothly on ', in the sense that, if u is a C section with values in T(09),
B()u(-) is a C* section.

(A5) F(2', Dy)u(z’) = Z?:l fi(@") Dy u(z’) + fo(z")u(z'), with f; € L>(092) (0 < j < n).

We set
H = L*(Q) x L*(0%), (2.1)

Of course, H is a Hilbert space with the usual scalar product

((fo,ho), (f1,h1)) e = Qfo( z) fi(@)de + | ho(z')h(2')do,

o0

where o is the standard Riemannian measure in 92. We set also

V={(¢,9) € H'(Q) x H'(99Q) : 76 = ¥} (2.2)
We equip V' with the scalar product

((¢0,%0), (¢1,7%1))v

= Jo Yim1 2o @i (2) D, ¢o(2) Da, b1 (x)d + [o [B(a)Votbo(a') - Vedbi (2') + vo(a)ihr(a”))do
(2.3)
We introduce the following operator A, in H x H:

{ D(A2) =W = {(¢,¢) € H*(Q) x H*(0Q) : ) = ¢},
Az(¢,9) = (Ao, Da)¢, V- (B()V-9) + F(-, Dz) o).

The main result if this section is the following

Theorem 2.1. Suppose that (A1)-(A5) are fulfilled. We introduce the following operator M :
DM)=W xV,

M((éaw)v (fv h)) = ((f’ h)a A2(¢7 7/)))

Then M is the infinitesimal generator of a strongly continuous group in 'V x H.

We begin the proof of Theorem 2.1 by recalling the well known procedure of identifying the element
(f,h) of H with the element J(f,h) of V* defined as

<<ﬂ>ww»=wzﬂ¢wH—/f M+Aﬁ@ﬂ@%m (6,0) € V.



From Poincaré inequality, we deduce

(TSR, (@, 0D < NI W ll(@, )l < Coll(f, ) a (@, ) v

for any (¢,%) in V. We deduce that ||J(f,h)]
J(f,h) carries to ||(f,h)]
follows:

v« < Coll(f,h)||m. So the identification of (f,h) with
ve < Coll(f,h)||lr and H < V*. We introduce the operator Ay, defined as

D(AO) - {(u,v) ev: 3(fa h) €H: ((uv v)ﬂ (wﬂ/}))V = ((f7 h)a (¢;¢))H V((b,’l/)) € V}v

Ap(u,v) = (f,h).

2

The following result is well known (for a proof, see [11], Chapter 2.2).

le2.2| Lemma 2.2. If Ag is the linear operator defined in (2.4), D(Ap) is dense in H, Ag is self-adjoint and
» 1/2
positive and D(Ay*) =V.

Concerning D(Ay), we have:

Lemma 2.3. Suppose that (A1)-(A4) hold. Then
D(Ag) =W

and ¥(u,v) € W
ou

Ao(u,v) = (—Ao(-, Dy)u, =V, - (B(-)V,v) + B0

+v).

Proof. We consider the operator A; : W — H,
Ju
Ar(u,v) = (—Ao(+, Dy)u, =V, - (B(-)V,v) + o + ).
A

It is immediately seen, employing Green’s formula, that

Ay C Ay. (2.5)

On the other hand, as Ay is self adjoint and positive, —Ag is the infinitesimal generator of an analytic
semigroup in H. By Theorem 4.1 in [6], the same happens for A;. So p(Ag) N p(A1) # 0. This, together
with (2.5), implies the conclusion.

O
Remark 2.4. By Lemma 2.3, in case F(-,D,) = 7% — 7, As = —Ag.

Now we are able to employ the following result (see [7], Theorem 7.2):

Theorem 2.5. Let B be the infinitesimal generator of a strongly continuous group in the Banach space
X. Assume that 0 € p(B). Define

D(My) = D(B?) x D(B),
Mo (u,v) = (v, B*u).
Then My is the infinitesimal generator of a strongly continuous group in the Banach space D(B) x X.
Corollary 2.6. Suppose that (A1)-(A4) hold. We introduce the following operator My:

D(My) =W x V,

29

MO((¢7¢)’ (f’ h)) = ((f7 h)’ _AO(¢7¢))

Then My is the infinitesimal generator of a strongly continuous group in V x H.



Proof. We set B := iA(l)/Q. Then B is skew-adjoint and D(B) = V. By Stone’s theorem, B is the
infinitesimal generator of a strongly continuous group of isometries in H. We have B2 = —A;. So the
conclusion follows from Theorem 2.5. O

We shall indicate with (e!°),cp the group generated by My in V x H.
Remark 2.7. If (¢,¢) € V and (o, 8) € H, we shall often write (¢,, a, 8) instead of ((¢, ), (o, 3))

Remark 2.8. If (¢, 9, a, 8) belongs to V x H and its components are real valued, then the components
of e!™o(¢p,1h, ar, B) are real valued. In case (¢,%,a,3) € W x V, This can be easily deduced from the
uniqueness of the solution of the problem

D2u(t, ) = Ao(w, DoJu(t,@), (t,2) € R x 2,
D?yu(t,2’) = V, - (B(2")Voyu)(t, ') — 0‘971;(15, ') —yu(t,a’),
(t,2") € R x 09,

u(0,2) = ¢(x), =z €,

D (0,2) = a(z), z€Q,
which follows from Corollary 2.6. The general case follows by continuity.

Remark 2.9. Suppose that the assumptions (A1)-(A4) are satisfied. Let ug € H?(Q)), yuo € H?(0),
up € HY(Q), yup € HY(09), so that (ug, yug,us,yu1) € W x V. Let

(6(1), ¥ (2), a(t), B(1)) = €™ (uo, yuo, ur, yur). (2.7)
Then ¢ € N7_,C*>~/(R; H/(Q)), ¢ € N3_(C* I (R; H(09)), ¢ = v¢, a = Dy¢, B = Dytp = yo. Moreover,
D?p(t,x) = Ag(x, Dy)b(t,x), (t,z) € R x Q.
So ¢ is also the solution of the mixed Cauchy-Dirichlet problem

D2¢(t,x) = Ao(x, D)u(t,z), (t,z) € (a,b) x Q,

¢(t7x/) = w(tvx/)v (t,ﬂf/) € (a" b) x 09,

(2.8)
#(0,2) = up(z), =z €,
Dy6(0,7) = wi(z), ©€Q.
Now we want to replace —887‘/; — v with an essentially arbitrary differential operator of order not

exceeding one. To this aim, the key fact is the following result, following the idea of [8], Theorem 2.1.
For a slightly different situation, see also [5].

Theorem 2.10. Suppose that the conditions (A1)-(A4) are fulfilled. Let a,b € R, with a < b. Then
there exists C(a,b) positive such that, ¥ (ug, yug,u1,yu1) belonging to W x V,

9¢

||$||L2((a,b)><89) < O|(uo, yuo, w1, yu1)||vxm,

with ¢(t) first component of €™ (ug, yug, u1,yu1) (see Remark 2.9).

Proof. We continue to employ the notation (2.7). Concerning the proof, it suffices to consider the case
that the components of (ug,yuo,u1,yu1) are real valued, so that, by Remark 2.8, ¢ is real valued.
We set

N = [luolI 1 ey + ol oy + |20y + Iveall7zo0)-



By simplicity of notation, we shall write, given a certain expression E, that E = O(N) if there exists C
positive, possibly dependending on (a,b), but not (ug,yug, u1,yu1), such that

|E| < C”(UO,’)’UO,Ul,’YUl)”%/xH'
For example,

nax {6 ) + IOl a1 a0) + l®) |2 ) + 1B#)|| L2 002)} = O(N).

We introduce a function h € C*(£; R™) such that, for each j € {1,...,n}, if 2’ € 99,
hi(2') =Y aij(@)wi(a).
i=1
If b € HY(Q), we have, by Green’s formula,

hx~Vmbmdaz:/ A:E’bx'dax/f/divzh x)b(z)dz, 2.9) |eq3.15
[ 1@ Vadada = | a@paaoa) = [ div @i (2.9) [eq3.35]
with Y
A') =3 ay (@)@ (), o' €09
i=1 j=1
We have also that in (a,b) x 09, for j = 1,...,n, employing the notation (2.7),

o¢
D, 6(t,2') = v;(@) 5 (t.0') + Tyl o), (2.10)
with 7} differential operator of order one in 9, with coefficients in C'(9Q). Then, by Remark 2.9,

f(a,b)xﬂ Dt2¢(t7 l‘)h(x) : vz¢(t, x)dtdm

2

= f(a,b)x&l AO(J:’ Dw)¢(tv x)h(x) : vx¢)(ta Z‘)dtdl‘

Now,
f(a,b)xﬂ Dt2¢(ta Jf)h(ﬂ?) . v@ﬁﬁ(f, x)dtdx
- fQ a(b,x)h(z) - Vep(b, x)dx — fQ ola,z)h(z) - Vao(a, )dx
- f(a,b)xQ a(t’ x)h(m) : vxa(t, a?)dtda:
We have

| o a(b,z)h(x) - Voo (b, z)dx — [, a(a,z)h(x) - Vid(a, x)dzx]
< C(a, b)([lee(b, )2 |65, ) 2 (e) + lleas )z (o) [8llc(an;m @)

= O(N).
Moreover, by (2.9),
| Jiapyx @t 2)A(@) - Voalt, z)dtdz|

=1 f(%b)XQ h(z) - Va2 (t, z)dtdx|
= 1 [2([oo Al B(t,2)2da)dt — [1( [, diveh(z)alt, z)2dx)dt]

< C((||5H20([a,b];L2(aQ)) + Ha||2C([a,b];L2(Q)))

— O(N).



So, by (2.11),
/( o A0 DO D) - Va2t = O(N).

We have
f(a,b)xﬂ Ao(z, Dy)o(t, x)h(x) - Voo (t, z)dtdx

= f(a,b)xﬂ ZZL:I ;L 1 ZZ 1 DIz‘ (aij (x)ij ¢(t7 x)hk(x)Dwk¢(tv l‘))dtd&?

- f(a b) X2 Z? 1 Z?:l ZZ:l Qij (x)DCCJ ¢(t7 x)qu(hk(x)Drk¢(ta :E))dtdﬂ?

= f(a,b)XQ Z?:l Z?:l Z::l Dy, (a‘ij (x)DI] ¢(t7 x)hk (x)DEk ¢(t7 :C))dtd.%’

o fa b)xQ ZZL 1 Z;L:I ZZ:l @ij (x)Dlj (b(ta x)hk (x)Dxlwk ¢(t, x)hk (x)dtdﬂf

- f(a,b)xﬂ Z'?:l Z?:l ZZ:l Qij (Z)Dz_j(b(t? x)DiEk ¢(t> aj)Daclhk (x)dtd:c

=1 _12+O(N)

Moreover,
_I2 = fa b)xQ Zz 1 Z =1 Zk 1 f”k (aij (x)Dm] ¢(t7 f)Dx1¢(ta x)hk(w))dtd:r
+ f(a,b)xQ i 2?21 > k1 Day (aij(2) Dy, ¢(t, ) hi(z))

f(a b)x Q2 Z:L 1 Z?:1 22:1 Dy, (aij (x)Dacj ¢(t, 2) Dy, (¢, x) hi(z))dtdz

D, ¢(t,x)dtdx

+ fa b)x 2 Z? 1 Z?:l ZZ:l aij(x)Dl’krj (z)(ta x)hk(w)DIzd)(ta x)dtdx
+ Jlapyxa 22im1 221 2ok—1 Da; (b, ) Do, §(t, ) Doy (aij () i () ditdae

= —I3+ I, + O(N).

So I
I, = 2= + O(N).

We deduce that I
L — =2 =0(N).

We have
I = fa ,b)xQ Zz 1 Z] 1 Zk 1 (a’lj (x)D1J¢(t,x)hk(x)Dzk¢(t,x))dtd:c

= f(a,b)xag it Z?:1 aij(z") Dy, (¢, 2" )vi(2') Yokt hi(2') Dy, o(t, ") dtdo

- f(a,b) woo(Duad(t, 2'))?dtdo.

By (2.10), we have
DVAé(tvx/) ﬁ +ZZQU T¢(t € )

8 i=1 j=1

so that
I = [y xon Al@)? 55 (t,a') dtdo

+ Jia) o 92 (6 2)S19(t, 2 )dtdo + O(N),

7
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with S differential operator of order one in 052, while

I3 = [ pyxon A@) 3200 305 aij(2') Da, ¢(t,2") Dy, ¢(t, 2" )dtdo
= Japyxon Al@) iy X7y ai (@) (v (@) G (b, 2') + Ty (t, a))
X (Vi(ﬁcl)%(t, ')+ Tip(t, o)) dtdo
= f(a,b)xaQ A(:E’)Qg—ff(t, 2')%dtdo

+ Ja) o 92 (8 7)ot (t, 2’ )dtdo + O(N),

with Sy differential operator of order one in 9. From (2.12) we deduce

1/ ! 28¢ "2 / 99 / 1 ’
- A(z") = (t,2")*dtdo + —(t,2") (81 — =92)Y(t,x")dtdo = O(N),
2 Jap)xo0 ) ay( ) (a,b)x 89 au( )(S1 9 2)i(t,2') (N)

and, as A(z)? is lower bounded by a positive constant, for some C positive independent of (uq, &, vg, 10),

5

/ @(t, 2')2dtdo < Co[N + NYV/?( / @(t, 2')2dtdo) /2,
(a,b)x 00 OV (s, T)x8Q OV

implying

2 2
/ @(t,x’)thda < (Co + VCo +4C0)"

(a,b)x 00 OV 4
O

Corollary 2.11. Suppose (A1)-(A4) hold. Let T € RY, ug € H*(Q) with yug € H?(0Q), u1 € HY(Q)
with yu; € HY(0Q), so that (ug, yug,u1,yu1) € W x V. Let
(¢(t>7 ’l/)(t)a Oé(t), 6(t>) = etMo <u07 YU, U1, ’Yul) (213)
Moreover, if 2’ € 9Q, let G(a', Dy)u(a') = 377, gj (") Dyju(a’) + go(2')u(a’), with g; € L>(0Q). Then
there exists C(T) positive, independent of ug and uy, such that
HG('aDx)¢||L2((—T,T)><BQ) < C(T) || (uo, yuo, wr, yur) |v x i -

Proof. Let
9(@) = (g1(2"), ., gn(a"))-
If we set
k(a') = g(a’) - v(z'),
then ¢(z') := g(2') — k(z")v(2’) is tangential to 92 in 2’. So

G(2',Dy)é(t,x') = k(x’)g—f(t,m’) +t(z) - Vop(t,2') + go(x')(t, o).
and 96
G D)t Mzaqam < Coll ot Mlzaon + 1608, o) (2.14) [aq0.164]
So the conclusion follows from Theorem 2.10. O

Now we recall the following perturbation result of Miyadera type (see [4], Corollary 3.16):

Theorem 2.12. Let A be the infinitesimal generator of a strongly continuous semigroup (T'(t))i>0 on a
Banach space X and let B € L(D(A), X) satisfy, for some to > 0, ¢ € [0,1),

to
/HMWMWSwm Vo € D(A).
0

Then A+ B, with domain D(A), is the infinitesimal generator of a strongly continuous semigroup in X .



Corollary 2.13. Let A be the infinitesimal generator of a strongly continuous group (T'(t))ier on a
Banach space X and let B € L(D(A), X) satisfy, for some ty >0, ¢ € [0,1),

to
[ iBT@slar <alal, o e D).

—to
Then A+ B, with domain D(A), is the infinitesimal generator of a strongly continuous group in X.
Proof. As ((T'(t))ier is a group, if we set T_(t) := T'(—t), with ¢ > 0, (T_(t))+>0 is a strongly continuous
semigroup with infinitesimal generator —A. By Theorem 2.12, —A — B, with domain D(A), is the

infinitesimal generator of a strongly continuous semiproup. As both +(A+ B) are infinitesimal generators
of strongly continuous semigroups, A + B is the infinitesimal generator of a strongly continuous group.

O

Now we are able to prove Theorem 2.1.

Proof of Theorem 2.1 We set X =V x H, A = My and we introduce the following operator B:

B:WxV =V xH,

B(UOKYUO,Ula'Yul) = (O7OaOaF('7DLE)u0 + i +’YUO)

v

Setting G(-, Dy) = F(, D) + 52 + 7, we have, taking £g € (0, 1], with the position (2.13),
fj(;fo ||B6tMO (u07 rYan Uy, ’Yul) ||V>(Hdt

< (200) 2", G, D) d(0) 12 iy )2 < C1)(280) 2| ut0, it s, yer) v -

So the assumptions of Corollary 2.13 are satisfied and the conclusion follows from the fact that M =
My + B.

3 Developments of Theorem 2.1

se3
We shall employ the following well known fact, concerning strongly continuous semigroups:

Proposition 3.1. Let A be the infinitesimal generator of a strongly continuos semigroup (T'(t))i>o0 in
the Banach space X. Let x € D(A) and f € WHH0,T;X) + C([0,T]; X) N L*(0,T; D(A)). Then the
Cauchy problem
u'(t) = Au(t) + f(t), t€]0,T),

u(0) =2
has a unique solution u in C*([0,T]; X) N C([0,T]; D(A)) given by the variation of parameter formula

t
w(t) = T(t)z + / T(t — 5)f(s)ds.
0
We consider the following problem:

D2u(t,z) + a(z)Dyu(t,z) = A(z, Dy)u(t,x) + f(t,z), (t,x) € (0,T) x Q,

Diyult,a’) + b(@') Diyu(t, ') = V, - (B(a')V,yu) (t,2) + F(a', Dy )ult,a!) + h(t,a'),

(t,2") € (0,T) x 09, (3.1)

U(O,i) = UO(I)v T € Q,

Du(0,2) = ui(x), x= €.



We introduce the following assumptions:

(B1) (A1), (A3), (A4), (A5) hold;

Az, D,) = Ao(z, Dy) + Zaj(x)Dz]. + ag(x),

j=1

with Ag as in (A2), aj € L>®(Q) (0<j <n);
(B2) a € L (Q), b e L>®(09).

Then we have:

Proposition 3.2. Suppose that (B1)-(B2) hold. We introduce the following operator M; :
{ M, :VxH-—VxH,

M1 (’Uo, V1, Wo, wl) = (O, 0, Z?:l aj(')ij’Uo + (Lo(’)’l)() — a(')wo, —b()wl)

Then

(I) M + My, with domain W x V, is the infinitesimal generator of a strongly continuous group in
V x H;

(II) consider the problem (5.1), with T € R*. Suppose, moreover, that:

(a) ug € H*(Q), yug € H2(0Q), u1 € H* (), yu; € HY(09Q);

(b) f(ta ‘T) = fl(tv l‘) +f2(ta :L‘)} with fl € C([(), T]; L2(Q)) le(Oa T; HI(Q))7 ’Yfl € C([07 T}; Lz(ﬁﬂ)) N
Ll (07 T; Hl (aQ)); f2 € Wl)l(ov T; LQ(Q));

(C) h(ta CL‘/) = ’Yfl (tv :E/) + hl(tv xl)7 with hl € W171(07 T; LQ(aQ))

Then (3.1) has a unique solution u belonging to ﬂ?zoCz_j([O,T]; HI(R2)), with yu belonging to ﬂ?:o
=3[0, T); HI (99)).
Proof. (I) follows from Theorem 2.1 and the fact that M; belongs to £L(V x H).

(IT) We set ¢ := u, ¢ := yu, a := Diu, f := ya = Dyp. Then (3.1) can be written in the equivalent
form

{ (¢'(£),9' (1), (1), B (1)) = (M + M) (o(t), ¥ (1), a(t), B(E)) + (0,0, f(£), h(t)), t€0,T],

2

(¢(O)a ¢(O)a Oé(O), ﬂ(O)) = (UOa YU, U1, 7“1)
Then (ug, yug, u1,yu1) belongs to W x V, while

(0707 f(t)’ h(t)) = (0’ 0, fl(t)")/fl (t)) + (O’ 0, f2(t>7 hl(t))7
with the first summand in
C([0,T);V x HYyn LY0,T;W x V) = C([0,T}; V x H) N L'(0,T; D(M + My)),

the second summand in W1(0,T; V x H). By Proposition 3.1, (3.2) has a unique solution in C*([0, T]; V x
H)YNC(0, T W x V). 0

We conclude with an application to (1.2).

Proposition 3.3. Consider the problem (1.2), with the assumption (B1) and T € RT. Suppose, more-
over, that:

(a) ug € H*(Q), yug € H2(09Q), us € HY(Q), yu1 € HY(09Q);

(b) f € C(0, T} L2(9)) 1 L}(0, 75 HY (), 4f € C(0,T]; L(29)) N L} (0, T H (29);

(c) h € WHL(0,T; L?(052)).

Then (1.2) has a unique solution u belonging to N3_oC*~7([0, T]; HI(Q)), with yu belonging to M3_,
C?79([0,T); HI(0)). Here A(z', Dy)u(t,z’) is intended as Diyu —~f.

Proof. The problem is equivalent to (3.1) with a =0, b = 0 and h replaced by ~vf + h. So the conclusion
follows from Proposition 3.2. O
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