SUPPLEMENTARY MATERIALS: CONSTRUCTION AND
EVALUATION OF PH CURVES IN EXPONENTIAL-POLYNOMIAL
SPACES*

LUCIA ROMANI! AND ALBERTO VISCARDI#

SM1. Proof of Proposition 3.3.

Proof. (a) is a consequence of the fact that ¢;(t) > 0 for all ¢ € [0,1] and
S ¥ (t) =1forall t € [0,1];
(b) is due to the fact that ¢¢ (1) = ¢%_, (1 —¢t) for all ¢ € [0,1],7=0,...,3;
(c) follows from the fact that

d . ©g1(t)
0.1(t) T )

dt Jo 951 () dx

d ., . @;071,1(75) <P‘fj1(t) .

dt 21() 1 - T . 1 = 1, 2

fo %—1,(1()@ dx fo %J(x) dx

d w3 1(t

*¢§J,1(t) = 1 . ;

dt Jo #8.1(@) da
d) is a consequence of (c). ]
(d)

SM2. Proof of Proposition 3.4.
Proof. By substituting (3.8) into (2.5) we obtain

(1) = AoiAy (V5 (1) + (AgiA] + A1iA) ¢ (1)U (1) + AdiA] (42,(1)°

and thus, in light of (3.3),
cA K W o A K Ak 1 w AR, W
(SM2.1)  r'(t) = AoiAjpl (t) + (AoiAT + A11A0)§Cl (W)t 1 (t) + A1iATp5 (1)

Since r(t) = ro + fot r'(x)dz, by integrating the expression in (SM2.1) exploiting the
formulae in (3.5), we obtain the Bézier-like form of r(t) with control points in (3.10).0

SM3. Proof of Proposition 3.6.
Proof. Since o(t) = A(t)A*(¢), in light of (3.8) we can write

w 2 * * w w w 2
a(t) = [Aol* (¥51(1)" + (A1AG + AgAT) UG (VYT (1) + [A1]* (4F4(1)"
Then, exploiting (3.3), the claimed result is obtained. O
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SM4. Proof of Proposition 3.7.
Proof. Since

t t 2 2 t
s(t) = / o(z)dx = / Zaigo‘{jl Zal/ @i (v)dz,
0 0 =0 i=0 V0

then, recalling formulae (3.5) we arrive at

w

s(t) = o2c2(w)d3 1 (¢)

) + oo ca(w Zﬁb

and, by collecting the coefficients of each basis function ¢;‘j1(t), 1=0,...,3, we get
the claimed result. O

SM5. Proof of Proposition 4.3.
Proof. (a) is a consequence of the fact that ¢¢,(t) > 0 for all ¢ € [0,1] and

S #¥a(t) =1 for all t € [0,1];
(b) is due to the fact that ¢¢y(t) = ¢¢_,; o(1 —t) for all t € [0,1],7=0,...,5;
(c) follows from the fact that

d w () _ 90(6)2@)
—Po2lt) = - ————,
dt fo L%’0,2(3’7) dx
W t w_(¢
4oty = ol 0 =1, 4
at Joetsgla)de p eiala) da
d Pia(l
G talt) = 20
a Jo #22(@) da
(d) is a consequence of (c). 0

SM6. Proof of Proposition 4.4.
Proof. By substituting (4.6) into (2.5) we obtain

2
* w 2 Ak A K w w
= Z AGIAG (955(1)" + (AoiA] + ALiAG) ¥f o (1)U 5(t)
7j=0

+ (A11AS + AQIAT]) P75 (8)155(t) + (AolAs + A2iAg) Y55 ()15 o (1)

and thus, in light of (4.1),
(SM6.1) r'(t) = AolA§ ¢fa(t) + (AoiAf + Alle) 5 %1 Ta(t)
+ <A1iA’{ qo(w) + (AoiAL + A2iA3)§ a1 (w) ) @3 (1)
+ (A1iA5 + A21A*) 573, 32(t) + A2iAZ ¢f (1)

Since r(t) = rp + fo x)dz, by integrating the expression in (SM6.1) exploiting the
formulae in (4.3), we obtam the Bézier-like form of r(t) with control points in (4.8).0
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SMT7. Proof of Proposition 4.6.
Proof. Since o(t) = A(t)A*(¢), in light of (4.6) we can write

2

o(t) = D 1A (455(0)° + (A1AG + AoAT) Ua(t)us (1)

3=0
+ (A1AS + AsAT) P75 (0)Y55() + (A2Ag 4+ AgAs) ¥ (1)1 (1).
Then, exploiting (4.1), we obtain the claimed result. d

SMS8. Proof of Proposition 4.7.
Proof. Since

t t 4 4 t
s(t) = /o o(x)dz = /0 Zoicpf’Q ZO’Z/O i
i=0

=0

recalling formulae (4.3), we then arrive at

5 5 5
S(0) = o0m(e) 3 alt) + orm(e) T otale) + o2 B Y ata(e)
i=1 i=2 i=3
5
o) 3 0a(t) + o) 62a(0)
=4

By collecting the coefficients of each basis function ¢¥,(t), i = 0,...,5, we get the
claimed result. |

SM9. 5t order Taylor expansions at w = 0 of {c/);{m(t)}ifgrl, m € {1,2}.
For {¢ ( )}] =0
T(;‘jl(t) = Tl;]l(l — 1), Tlujl(t) = T5:(1-1),

(30t* — 40t® + 23t% — 12t — 3)w* + 420(3t* — 2t + 1)w® + 25200
25200 ’

T2 () = 3 (1—1)

(10t* — 21#% + 11)w?* + 420(#* — 1)w? + 8400

T (#) = ¢
3,1( ) 8400 ;

and, for {¢%,(t)}5o,

T5a(t) = Tsa(1—1t), TYs(t) = Tra(1—1t), T3,(t) = Tsa(1—1t),

(245t* —392t° +253t% — 82t +3)w?* + 420(10t* — 8¢ + 3)w? + 35280
35280 ’

Tsa(t) = 10£%(1—t)

(245t* —196t° — 96t° +44t — 1)w* + 840(5t* — 2t — 1)w? + 35280
35280 ’

Tio(t) = 5t* (1—t)
5 (49t* — 100t% + 51)w* + 840(t* — 1)w? + 7056
7056

SM10. Stable expressions of {¢%,,(t)}>7", m € {1,2}, for large w.
Form =1,

Tsa(t) =t

¢‘6),1(t) = g),l(l *t)v (f,l(t) - ¢§),1(1 *t)a
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w Nogg 1 (t) w e~Wt 4 Jute~wt — 1
2,1(t) = Thae 0 3,1(t) = 2w &
D¢3 e + 2wev — 1

ew(t71)7

where

1 1 1 1
N¢3 () = (w + t) e 3w — ;ew@f*” - <w + 1) et _ (w + 3t — 2) e™?
+

N¢¥ Nogo(t _
10 = o2 gy = S e,

e~ Wt _ 8eT3wt _ 19te™ Wt 4 8¢ wt — 1
e~4w — 83w — 12we=2w 4 8w — 1

¢L5),2(t) =

eZw(t—l)’

where

N (t) = <§ n 2t) oW _ %ew(t75) " 1 w5 _, (% n 1) o ()

w

(7 _ 2(5t o )) —4w _4 (é +3) ew(t74) + (% +4) 62w(t72)
( ) —w(2t43) 4 4 < 1 1) e wt+3) _y <§ _ 5t) o3
w w
( ) w(t—3) < +2) w(H)_(E_Q) e’2w(t+1) +4 <§ _ 1) efw(t+2)
w w
( + 5t ) ! ( + 1) w(t=2) (E _ 2) 2w (t=1)
w
3 —w(2t4+1 —w(t+1 9 —w
2 e (+)_4 7—36 (+)+ *+2(5t—6) e
w w

_4 < 1> ew(t—l) + le—Zwt _ ée—wt + é _ Qt,
w w w

3 27 15
D¢, =2 Kw + 1) e + (w +31+ 6w> e -2 (w — 23— 15w> 5

15 27 3
2<+23—15w)6_2“+<—31+6w>e_‘”+—1},
w w w
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N¢5o(t) = 2e7EF5) £ 3(1 4 2wt)e D) G 4 2(175) _ g w(BHH4)
—2e7 202 _3(9 4 10wt)e T 4 38e 1 — 7t
— (14 6w)e™ D 4 24(1 4 w)e ™ 1 12(2 + w(5t — 3))e Y
—8(7 — 3w)e ™ +3(3 — 2w)e* ™ 4 3(3 + 2w)e D _§(7 4 3w)e 2
+12(2 — w(5t — 3))e D £ 24(1 — w)e ™ — (1 — bw)e ™2
— 7e @B 4 38w () _ 39 _ 10wt)e T — 27
—2e*TY 4T _ e L 3(1 — 2wit)e Tt + 2,

D¢y =e ™ 4+ (1+ 6w)e % — 27(3 + 2w)e ™ + (79 — 156w — T2w?)e”
+ (79 + 156w — T2w?)e ™ — 27(3 — 2w)e ™2 + (1 — 6w)e ™ + 1.

SM11. Stable expressions of {7, (1)}, m € {1,2}, for large w.
Form =1,

e (=2 2 (t—1)we @ —et¥ B Nty (1)

s . T = =
6.1(t) (t—1)% (€2 + 2wew — 1) i (0 DTy (1)

o () e 2w — Wt L of (t—1) we W 4 ¥ (1) — 42
T =
21 12 (e72@ + 2we v — 1) ’

2 4 1 1
Nty (t) = <<+1) 2 — <+1) t+) e~2w _ L gw(t-1)
' w w w w

1 1
— ZevUD Lot —1)e ™ 4 Ze TtV
w w

1 2 4 1
+ —e WD _ (1> t2+(1> t——,
w w w w

Dry(t) = 2t (t—1) (e7¥ +1) ((iﬂ) e—w—i+1>.

For m = 2, 75(t) = N75(t)/D1%5(t), j = 0,..., 4, where

N7&y(t) = — 2972 4 8ew(t=3) _ 19 (1 — 1) we 2% — e w(H) 4 o2t

)
s

Dy (t) = (t—1)4( —e Y 4+ 8P + 12we™?Y — 8e ¥ + 1),

NTYo(t) = (t—1)4e_3“’ — 2w (t=3) 4 w(2t=3)
+ 3(3t'—12¢3 +184% — 12t + 2+ 2tw (£ — 4> + 6t —3) ) e ¥
— 6ev(t72) 4 gemw (i)
—3(3t"—1282 + 1887 —12¢ +2 — 2w (t* — 4t + 6t —3) ) e
— eT2tw 4 geTtw (t71)4,
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Driy(t) = 4t(t—1)° (7 + 3(2w+3)e™® + 3(2w—3)e™ — 1),

tt—161> + 1212 — 1
N7E,(t) = — (3(6 0F" + ) + 2t(3t38t2+6t1)>e2“’
’ w
4 2w _ Loweny _ 4 —we
w
+ 8t (3t° =8 +6t—1) e
+ éew(tfl) + 36*2“‘) 4eftw
w w w
36t — 163 +12¢2 —1
_ ¥ T ) + 24383 — 812 + 61— 1),
w
w 2 2 3 —2w —w 3
D7y,(t) = 12¢° (t —1) —+1]e +4d4e® — — + 1),
? w w

N7o(t) = t3 (3t —4) e 3 + 2w (t+2)
+ 3(2tw—8w+6t"w— 12749t +1) e
_ger (=2 4 Q2w(t-1) _ mw(@th]) | ge—w(t+D)
+ 3(2tw—8w+6t'w+12¢7 -9t —1) e
— 2e ) 43 (3t —4),

DT;Z(t) = 4t (t—1) (6_3w + 3(2w+3)e‘2” +3Q2w—-3)e™¥ — 1)7

N7h(t) = et | gyt eTBw | 2w (D) | go—w(t42)

F12¢ (P = 1) we 2 4 8ew (72 2wlt-l) _ gytemw 4oyt

Drys(t) = th(—e Y 4+ 8eY + 12we Y — 8e ™Y + 1).
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