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Abstract
For scalar field theories, such as those effective field theories (EFTs) describing
the Higgs, it is well-known that the 2-derivative Lagrangian is captured by geo-
metry. That is, the set of operators with exactly 2 derivatives can be obtained by
pulling back a metric from a field space manifold M to spacetime Σ. We here
generalise this geometric understanding of scalar field theories to higher- (and
lower-) derivative Lagrangians. We show how the entire EFT Lagrangian with
up to 4-derivatives can be obtained from geometry by pulling back a metric
to Σ from the 1-jet bundle that is (roughly) associated with maps from Σ to
M. More precisely, our starting point is to trade the field space M for a fibre
bundle π : E→ Σ, with fibre M, of which the scalar field ϕ is a local section.
We discuss symmetries and field redefinitions in this bundle formalism, before
showing how everything can be ‘prolongated’ to the 1-jet bundle J1E which,
as a manifold, is the space of sections ϕ that agree in their zeroth and first
derivatives above each spacetime point. Equipped with a notion of (spacetime
and internal) symmetry on J1E, the idea is that one can write down the most
general metric on J1E consistent with symmetries, in the spirit of the effective
field theorist, and pull it back to spacetime to build an invariant Lagrangian;

∗
Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

© 2024 The Author(s). Published by IOP Publishing Ltd 1

https://doi.org/10.1088/1751-8121/ad72bb
https://orcid.org/0009-0006-3791-6786
https://orcid.org/0000-0002-0396-5866
https://orcid.org/0000-0003-1002-0972
mailto:mohammad.alminawi@physik.uzh.ch
mailto:ilaria.brivio@unibo.it
mailto:joseph.davighi@cern.ch
http://crossmark.crossref.org/dialog/?doi=10.1088/1751-8121/ad72bb&domain=pdf&date_stamp=2024-10-10
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


J. Phys. A: Math. Theor. 57 (2024) 435401 M Alminawi et al

because J1E has ‘derivative coordinates’, one naturally obtains operators with
more than 2-derivatives from this geometry. We apply this formalism to vari-
ous examples, including a single real scalar in 4d and a quartet of real scalars
with O(4) symmetry that describes the Higgs EFTs. We show how an entire
non-redundant basis of 0-, 2-, and 4-derivative operators is obtained from jet
bundle geometry in this way. Finally, we study the connection to amplitudes
and the role of geometric invariants.
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1. Introduction

Effective field theories (EFTs) have long played a crucial role in guiding our understanding of
fundamental physics to higher and higher energies. In the past decade, EFTs have been increas-
ingly regarded as essential tools to explore physics beyond the Standard Model (SM), becom-
ing prominent in both the theoretical and experimental programs of new physics searches [1,
2]. Two EFTs are particularly pertinent in this context: the so-called SMEFT [3, 4] and the
Higgs EFT (HEFT) [5–10]. Both theories extend the SM Lagrangian with higher-dimensional
interactions, but they differ in the choice of scalar fields and in the power-counting adopted to
organize the EFT series. While the SMEFT is formulated in terms of the SU(2) Higgs doublet,
that transforms linearly under the (gauge) symmetries, the HEFT builds upon the formalism
of the electroweak chiral Lagrangian, whereby the three Goldstone bosons are embedded in a
chiral field that transforms non-linearly [11–14], and the physical Higgs particle is treated as
a singlet excitation [15]. This difference is expected to capture different dynamics underlying
the electroweak symmetry breaking (EWSB) mechanism, which gives great significance to the
question of which EFT should be used to go beyond the SM [16].

The phenomenological characterization of SMEFT and HEFT is a long-standing open chal-
lenge (see e.g. [17–24]). The main obstacle to overcome in realising this program stems from
ambiguities in the formulation of these EFTs; namely, the fact that the two can be partially
mapped onto each other via field redefinitions, indicating that at least a fraction of the phe-
nomenological differences emerging in a comparison performed order-by-order in the respect-
ive EFT expansions might be unphysical. In particular, some of these differences might be
washed out upon (partially) resumming the infinite tower of EFT operators.

Geometrical formulations of these EFTs [25–30] were introduced in recent years partly to
address this issue, and have already proven very powerful in characterizing HEFT and SMEFT
at a more fundamental level [31–42]; see [43] for a pedagogical overview. The core idea is
that the (generalised) kinetic term of the scalar sector, by which we mean the set of all 2-
derivative operators, could be seen as defining a metric on a real 4-manifold M spanned (loc-
ally) by the four scalar fields. In this language, the invariance of physical scattering amplitudes
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under field redefinitions has been interpreted in terms of the invariance of geometric quantities
(specifically, curvature invariants) of the field space under coordinate transformations. This
approach allowed a more rigorous (and representation-independent) formulation of the differ-
ences between HEFT and SMEFT, and of the conditions under which each EFT is appropriate.
Because the scalar manifold geometry emerges as a remnant of the decoupling of heavy BSM
particles, these conditions can also be related to specific properties of the UV sector [27, 33,
44]. For instance, a SMEFT expansion cannot be constructed if the scalar geometry is singular
at the point where the EW symmetry is restored. This can be associated to the presence of
so-called ‘loryons’, heavy particles that have been integrated out in the EFT but which take at
least ‘half’ of their mass from the Higgs mechanism [45].

Arguably, this geometric approach has two important limitations when applied to EFTs:
(i) the scalar manifold geometry can only capture interaction terms with exactly 2 derivatives,
and (ii) there is no geometric understanding of invariance under field redefinitions with derivat-
ives, which, from the field theory perspective, are entirely reasonable ‘symmetries’ of the path
integral. Point (i) is problematic because higher-derivative operators obviously play an import-
ant role in EFTs, and carry information that is in principle independent of that encoded in the
2-derivative terms. Point (ii) implies that geometric quantities are in fact basis-dependent. For
instance, upon applying derivative field redefinitions, the curvature onM changes, in general.
First steps towards obviating these issues were taken recently in [46–48].

Of particular relevance to limitation (i), and to the present paper, [47] recently introduced
the idea of ‘Lagrange spaces’ as a generalisation of the field space geometry, wherein dir-
ectional derivatives of the field space coordinates are treated as independent coordinates.
Lagrangian functions can be built with these coordinates, which encode a subset of operat-
ors with more than 2 derivatives in a covariant formalism—in particular, because different
spacetime derivatives ∂µ cannot be distinguished, only operators with specific ‘flavour’ sym-
metries can be realised using these derivative coordinates. The present paper is in a similar
spirit, in that we also seek a geometric formulation of scalar field theories that extends to
higher-derivatives. We approach the problem in a largely orthogonal direction, using, instead,
pure geometry on ‘jet bundles’ to formulate scalar EFT Lagrangians.

In differential geometry, jet bundles provide a coordinate-free way to describe higher-
derivatives of maps between manifolds; in the context of our EFTs, jet bundles are spaces
on which derivatives of the scalar field are treated as extra coordinates in a consistent fashion.
Roughly speaking, given a spacetime Σ, a field space M, and an integer r, one can construct
an ‘r-jet bundle’ which is itself a manifold, with local coordinates corresponding to spacetime
coordinates xµ, field space coordinates ui, and ‘r-derivative coordinates’ uiµ, u

i
µ1µ2

, ..., uiµ1...µr
.

This set of manifolds offers a promising arena for extending the geometric approach to EFTs
to Lagrangians with more than 2 derivatives—suggesting a route for overcoming limitation (i)
described above, which we aim to explore in this paper.

To that end, we formulate scalar field theory Lagrangians using geometry on the 1-jet
bundle. The geometries of the various manifolds involved in our discussion, and maps between
them, are illustrated in figure 1. While the relevant mathematical concepts will be introduced
more precisely in sections 2–4, let us summarize here the main results and their physics inter-
pretation. Our strategy is to write down the most general metric on the 1-jet bundle consist-
ent with the symmetries of the EFT, which are themselves naturally extended to (or, more
precisely, ‘prolongated’5 to) the jet bundle. An invariant EFT Lagrangian function is then

5 The notion of prolongation will be defined in equation (5.4), and thereabouts.
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Figure 1. A schematic illustration of three key players in this paper: a spacetime mani-
fold (Σ,η) with local coordinates xµ on a patch thereof; a ‘field space bundle’ E whose
base space is Σ and fibre isM, which has fibre coordinates ui; and lastly the 1-jet mani-
fold J1E of the bundle E, which is itself a fibre bundle over both E and overΣ. A ‘scalar
field’ configuration is a section ϕ of the bundle E, and the composition ui ◦ϕ = ϕi(x)
returns its ‘field value’, given the choice of local fibre coordinates ui, at x. From ϕ one
can construct a section j1ϕ of the bundle j1E→ Σ by ‘prolongation’. The 1-jet bundle
also admits a local fibred coordinate system (xµ,ui,uiµ), where the extra {uiµ} are ‘deriv-
ative coordinates that, when evaluated on a section j1ϕ, agree with the first derivatives
∂µϕ(x). Finally, metrics g(0) and g(1) can be defined onE and J1E such that, upon pulling
back to Σ along ϕ or j1ϕ respectively, one can obtain the most general EFT Lagrangian
for that scalar field theory with up to 2- or 4-derivative operators (and any number of
fields). The notation ϕ∗ in the figure denotes the pull back operation, see footnote11.

formed by pulling back this metric all the way to spacetime Σ along a section of the jet bundle
(which is itself obtained by prolonging a scalar field configuration ϕ), and contracting with the
inverse spacetime metric. One immediately obtains terms with more than 2 derivatives from
this recipe; for example, if we pull back a metric component δijηµνduiµ du jν along a prolong-
ation of ϕ, and then contract with ηµν , we obtain the 4-derivative term (∂µ∂νϕ)

2. We show
that, in the case of the SMEFT and HEFT, one obtains a complete basis of non-redundant EFT
operators with 0-, 2-, and 4-derivatives in this way, starting from a 1-jet bundle geometry that
is invariant under Poincaré and O(4) custodial symmetry.

The conclusion, that one can construct a complete EFT basis with up to 4-derivatives
from a jet bundle metric, remains unchanged upon allowing a breaking of custodial sym-
metry (section 7.3), as occurs in the real-world electroweak theory. In fact, it generalises to
scalar Lagrangians with arbitrary ‘flavour’ structure, relying in no way on the assumption of an
internal symmetry. Nor is this an accident that occurs only at the 1-jet bundle order. We prove
in appendix B that, following a similar recipe, the most general, Poincaré invariant r-jet bundle
metric can be used to construct an EFT Lagrangian that contains a complete basis of operat-
ors with up to 2(r+ 1) derivatives and arbitrary number of field insertions. In this sense, we
suggest that jet bundles offer a natural way of constructing generic scalar EFTs (barring only
topological terms) using only geometry—albeit on an increasingly high-dimensional space if
we want to cover an increasingly large number of derivatives.
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Aswell as extending the geometric formulation of scalar field theories to higher-derivatives,
we try to develop an understanding of field redefinitions in this picture that includes derivative
field redefinitions. An important realisation is that the scalar field ϕ(x) is not really identified
with coordinates on the field space; rather, as the notation suggests, ϕ(x) is the map from
spacetime Σ to field space M (or, better still, ϕ is a local section of a bundle π : E→ Σ with
fibre M, which we take as our starting point in this work). The image of this map (or section)
is of course evaluated in the coordinate chart, for each x, to return the ‘field value’ at x. A field
redefinition is then understood to be a change of map, or better a change of section, rather than
just a change of coordinates (the latter leaves anymetric g trivially invariant, simply by virtue of
g being a tensor). Given that the maps (sections) ‘know about’ the spacetime source manifold
Σ, it is not surprising that they can be differentiated with respect to x, whereas a coordinate
on the target space cannot. Therefore a change of section can depend on derivatives of the
original section, offering a more general understanding of field redefinitions—and one that is,
in essence, geometric.

In certain cases, in particular those a physicist would call ‘non-derivative field redefinitions’,
the change of section can be equivalently described by doing a morphism on the bundle (or
field space). All these notions lift to the 1-jet bundle formalism in a natural and consistent way.
Lastly, derivative field redefinitions can, in a very limited range of examples, be replicated by
(jet) bundle morphisms, but these are essentially accidents; indeed, there are mathematical
arguments (see section 3.3.5) that suggest ‘derivative changes of section’ cannot be induced
by a (jet) bundle morphism. We try to elucidate these various points throughout this paper.

We remark that jet bundles have been recently used in the study of scalar field theories in
[49] by Gripaios and Tooby-Smith, but in an altogether different context. There, the authors
use jet manifolds to rigorously formulate so-called ‘inverse Higgs constraints’. The use of jet
bundles is natural (and fruitful) in that context, because the inverse Higgs constraint equations
relate fields to their derivatives, and so can be embedded as submanifolds of the 1-jet bundle
that are invariant under the action of the symmetry. While we were completing this paper, we
became aware of the forthcoming work [50] by Craig and Lee, that builds on [47] and also
utilizes the jet bundle formalism in the context of the HEFTs.

Summary of results

In this work we elucidate a geometric description of EFTs with up to four derivatives, in terms
of geometry on the 1-jet bundle associated to our original field spacemaps. In doing so, here are
some things we achieve (the various concepts and terminology we use will be duly explained
in the main text):

1. We construct a map from the space of 1-jet bundle metrics g to 4-derivative Lagrangians L,
in a natural way. Namely, given a section ϕ of the field space bundle, a.k.a. a scalar field con-
figuration, one pulls back the jet bundle metric g to spacetime along the associated section
j1ϕ of the jet bundle, and then contracts with the inverse metric η−1 on spacetime to get an
ordinary function or ‘Lagrangian’. In formulæ, this construction is expressed compactly by
the following notation:

L [g] =
1
2
〈η−1,

(
j1ϕ
)∗
g〉 , (1.1)

where the contraction of tensors is denoted by the angle-brackets. Thismap does not inject to
the space of physically inequivalent Lagrangians, as one might expect given the target space
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does not know about e.g. integration by parts (IBPs). So, lastly (and somewhat naïvely in
our formalism), one can implement IBPs identities to reduce the Lagrangian to a particular
basis.

2. We prove that this map surjects, in the sense that every Lagrangian with up to 4-derivatives
can be obtained by pulling back a metric on the 1-jet bundle. We emphasize that all terms
with 0-, 2-, or 4-derivatives are obtained in this way, so that even the potential is captured
‘geometrically’. We show this result explicitly in a number of toy examples, and we also
prove that it holds at any order, for a map from the space of r-jet bundle metrics into the
space of scalar Lagrangians with up to 2(r+ 1) derivatives.

3. Along the way, we discuss how the symmetries of, say, the HEFTs, can be implemen-
ted in this (jet) bundle formalism. The internal O(4) symmetry and the spacetime SO(1,3)
Poincaré symmetry are described by different kinds of bundle morphisms in this picture
(depending on whether they move points in the base space or not). Both kinds of symmetry
naturally carry over to the 1-jet bundle, and we enforce these symmetries on our metrics
(hence Lagrangians).

4. We give a geometric meaning to the notion of general (including derivative) field redefini-
tions in terms of a (suitably smooth) change of section, which induces a change of section
of the 1-jet bundle after prolongation.

5. In doing so, we also hope to clarify the geometric meaning of non-derivative field redefin-
itions. These are a special class of change of section that can be equivalently described by
doing a bundle morphism (under which the metric changes), before pulling back to space-
time along the same section. Such an equivalent description is not available for changes of
section that involve derivative maps.

6. Thanks to the components of the metric being smooth functions on the jet bundle, we are
able to expand the metric around a point, which after specifying a section allows us to dir-
ectly extract n-point amplitudes, here done for n= 2, 3, 4, in terms of products of momenta
and the components of the metric evaluated at that point.

Here are some things that we do not do in this paper and that are left for future work:

1. We do not describe how to implement gauging of a subgroup of the global symmetry in this
jet bundle formulation.

2. We do not show how to couple this jet bundle geometry to fermions. For 2-derivative
Lagrangian terms with two fermion insertions, this issue has been tackled recently
in [51–53].

3. We do not go into any details concerning phenomenology.

The paper is structured as follows: in section 2 we review and refine the formulation of 2-
derivative EFT Lagrangians using field space geometry. In particular, we hope to clarify a little
the notion of (non-derivative) field redefinitions. In section 3 we recast this formalism using
a field space bundle, which is more general (and motivated by locality). We again revisit the
issue of field redefinitions, now equipped with the notion of a bundle morphism. Jet bundles
are introduced in section 4 and their relation to scalar Lagrangians is discussed in great detail
in section 5. Section 6 contains a few toy examples that will be useful to see how 1-jet bundle
geometry captures operator bases including up to 4 derivatives; these examples also invite us
to take a first look at the redundancies present in the description. In section 7 we turn to the
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SMEFT/HEFT case of four scalars respecting a custodial O(4) symmetry. Finally, in section 8
we comment on the interplay with scattering amplitudes, before concluding in section 9.

2. Preliminaries

Our goal is to eventually describe the higher-derivative expansion of the HEFTs, namely
‘HEFT’ or ‘SMEFT’, using geometry. We begin by reviewing the basic idea for geometrically
formulating the HEFTs.

The Higgs sector of the electroweak theory, by which we refer to the part of the Lagrangian
involving only scalar fields, is described by a 4d sigma model with a target space (M, g), which
is a smooth manifold of real dimension 4, with Riemannian metric g. This means that, given
also a 4d spacetime manifold with a (pseudo-)Riemannian metric, (Σ,η), the degrees of free-
dom of the QFT are smooth6 (C∞) maps

ϕ(x) : Σ→M , (2.1)

with dynamics described by an action that is a particular functional S[ϕ]. On a patch (open set)
FM of M one can provide local coordinates ui : FM → R4, where i = 1, . . . ,4, and on a patch
UΣ of Σ one can provide local coordinates xµ. In this paper, we always take Σ to be a fixed
non-dynamical background manifold, with a fixed metric—usually flat Minkowski spaceR3,1,
with η = diag(1,−1,−1,−1)7.

Of course this geometric picture is not reserved for the particular 4d theories that describe
the Higgs, but equally describes scalar fields in any spacetime dimension d8, with any target
space geometry. In section 6.1, for example, we consider a quantum mechanical example i.e. a
scalar field theory in 0+ 1 dimensions (related examples have been recently discussed in [57,
58]). An important class of examples in physics is those (pseudo-)scalars arising from spon-
taneous symmetry breaking G→H, for d> 2 [59]. In this case the scalar fields, here pseudo
Nambu Goldstone bosons (or pNGBs), are known to parametrize the coset space M∼= G/H.
In addition to the chiral Lagrangian [60] that describes QCD pions, arguably a pillar of theor-
etical particle physics, there exist physically important examples of such pNGB Lagrangians
in condensed matter physics, e.g. describing fluids [61, 62] and more exotic phases [63, 64],
and even cosmology [65, 66].

Example: SM. For the special case of the SMHiggs sector, we can takeM∼= R4 with globally
defined Cartesian coordinates ui, and a flat metric.

6 It will be necessary to assume smoothness, of both the manifolds and maps between them, in order to use the
technology of jet bundles [54]. In addition to the mathematical virtues it brings, assuming smoothness is a justifiable
and arguably fundamental principle in formulating any theory of physics. This is because any physical measurement
always has a finite precision, and so a genuine failure of smoothness could never be resolved. This is manifestly
clear in the notion of effective field theory, in which the smallest length scales are coarse-grained over. ‘Smoothness
anomalies’ have recently been discussed in [55], which axiomatises field theories of the kind studied in the present
paper using the language of ∞-categories.
7 Extensions of scalar field theories of the kind we consider to include dynamical gravity, so-called ‘scalar-tensor
theories’, can also be described using a covariant geometric formalism [56].
8 The source manifold Σ need not be identified with spacetime, either; more generally it is the ‘worldvolume’ of the
theory. The most familiar example in which Σ is not identified with spacetime occurs in string theory, where one
usually identifies Σ with the 2d string worldsheet, and the target space M with the physical spacetime in which the
string moves. A similar description can be used for any extended object.
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Symmetries of SMEFT and HEFT

An essential bit of data required to define these HEFTs is an internal symmetry, by which
we mean (for now) that the target space Mis equipped with the smooth actionσby a Lie
groupG. This induces a group action on the fields ϕ(x) which are (for now) maps into
M, under which we require that the field theory action functional S[ϕ], or more precisely
the phase eiS[ϕ]), be invariant. It is in this Lie group action where the difference between
HEFT and SMEFT lies. For both cases the group is the same, namely G= O(4) in the cus-
todial limit9 (which we assume throughout most of this paper), but its action σ on M is
different.

This distinction is easy to express given a particular set of local coordinates on a patch,
but is harder to formulate in a coordinate-free (or indeed field-redefinition-invariant) way. One
of the successes of the geometric formulation of HEFTs has been to provide coordinate-free
criteria for detecting an O(4) action that is decisively non-SMEFT [16, 33]. For now let us use
particular local coordinates to get started.

In the case of SMEFT, and for a particular set of local coordinates ui = hi on some open
set FM ⊂M, the group action σS is simply

σS : O(4)×M→M :
(
O,hi

)
7→ Ohi , (2.2)

where O ∈ O(4) acts on 4-component real vectors by matrix multiplication10. Evidently, this
means that electroweak symmetry SU(2)L×U(1)Y ⊂ G acts linearly. A consequence of this
linear group action is that the patch FM always contains a fixed point of the group action,
namely the origin o (hi = 0⃗), meaning that σS : (O,o) 7→ o ∀O ∈ O(4). This is the electroweak
symmetry preserving point. As shown in [27], the converse is also true, namely if M con-
tains an O(4) fixed point then, in the vicinity of that point, there is always a coordinate
chart ui = hi in which O(4) acts linearly on hi. Moving away from this fixed point, any
other point on FM, written in the local coordinates hi, preserves an O(3)⊂ O(4) subgroup.
The vacuum of our Universe is such a symmetry breaking point hi 6= 0⃗, with length squared
δijhi h j = v2.

For HEFT, the symmetry breaking is made manifest by the choice of group action. Let us
write our local coordinates in the form ui = (h,πa/v), where a= 1, . . . ,3. HEFT is character-
ised by a non-linear group action σH in these local coordinates

σH : O(4)×M→M : (O,h,πa/v) 7→

(
h,O

(
πa/v,

√
1−π ·π/v2

)T
)
. (2.3)

9 Actually, in neither SMEFT nor HEFT do we know the global structure of the custodial symmetry groupG, only that
its Lie algebra is so(4). We take SO(4) to be enlarged by a parity symmetry e.g. u4 →−u4 to anO(4)∼= SO(4)⋊Z/2
symmetry; in other literature, the symmetry is taken to be the universal cover SU(2)L × SU(2)R ∼= Spin(4), which is
a non-isomorphic central extension of SO(4) also by Z/2. This global ambiguity is unsurprising given that even the
electroweak gauge symmetry is ambiguous, being either SU(2)×U(1) or U(2) (see e.g. [67, 68]).
10 We are being a little cavalier in expressing the group action, which is well-defined on all of M, only by its action
on points in the patch FM that is coordinatized by {hi}. In principle, one should provide an atlas of coordinate charts
coveringM and define the group action everywhere. Also note that the fixed patch U will itself be moved by the group
action, and so there can be points ‘either side of the edge’ of the patch for which equation (2.2) cannot be used. We
invite the reader to look past such subtleties here.
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In words, the radial mode h is invariant under the O(4) group action, while the Goldstone
modes πa transform non-linearly, via the usual action of O(4) on a unit vector spanning S3 ∼=
O(4)/O(3), the coset space associated with the EWSB.

Spacetime (Σ,η) is also equipped with a symmetry, which is a smooth action ρ by the
Poincaré group ∼= R1,3 ⋊O(1,3). For our coordinates xµ on Minkowski spacetime R1,3, the
(non-linear) group action is

ρ : Poinc×Σ→ Σ : (aµ,Lµν ,x
µ) 7→ Lµν x

ν + aµ (2.4)

Throughout this paper we only consider Poincaré-invariant theories (including, but not only,
SMEFT and HEFT).

2.1. Two-derivative Lagrangians from field space geometry

The dynamics of such scalar field theories lend themselves to a geometric description. This
means that certain terms in the Lagrangian can be built using geometric structures on the
target space, which we have already stipulated is a Riemannian manifold (and sometimes,
more basically, a topology alone is sufficient).

The most important and natural geometric construction is of the kinetic term or, more gen-
erally, the Lagrangian terms featuring exactly two derivatives. This requires a geometry on
M, in the form of the metric g, which recall is a symmetric and everywhere non-degenerate
(0, 2)-tensor on M. The two-derivative Lagrangian terms are then

L2∂ [ϕ,g] =
1
2
〈η−1, ϕ∗ (g)〉 . (2.5)

That is, we pull back the metric g along the map ϕ11, to obtain a (0, 2) tensor on spacetime,
which we contract with the inverse spacetime metric to get an ordinary function. Note that this
formula for the Lagrangian is ‘coordinate-free’; the map ϕ : Σ→M is defined irrespective
of our choices of coordinate chart, and both η−1 and g are tensors. The Lagrangian will be
moreover invariant under the symmetry of our theory if the metric g is σ-invariant12, assuming
also that η is Poincaré invariant. Our notation L2∂ [ϕ,g] emphasizes that the Lagrangian is a
functional of the map (field) ϕ, given g. To obtain the action S[ϕ,g], we integrateL2∂ [ϕ,g] over
Σ using the canonical volume form ωΣ :=

√
|η|d4x, as we would for any Lagrangian ‘term’

that is a function (rather than a form).
The compact, coordinate-free formula (2.5) can be written in a notation more familiar to

physicists by using our local coordinates xµ (on UΣ ⊂ Σ) and ui (on FM ⊂M). In these local
coordinates, the metrics are

η = ηµν dx
µ ⊗ dxν , (flat), (2.6)

g= gij
(
ui
)
dui ⊗ du j , (2.7)

11 We use the notation f∗(·), standard in differential geometry, to denote the pullback of an object along the map f.
Likewise, pushforwards are denoted f∗(·). In order to avoid confusion, any notion of ‘complex conjugation’ e.g. of a
scalar Higgs field, will be denoted with a dagger, viz. ϕ†.
12 Note that the stipulation of ‘invariance’ refers to the specific group action, which recall differs for HEFT vs SMEFT,
and which we emphasize by writing ‘σ-invariant’ rather than just ‘G-invariant’.

10
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and then Lagrangian (2.5) is

L2∂ [ϕ,g] =
1
2
ηµν gij

(
ϕi (x)

)
∂µϕ

i (x)∂νϕ
j (x) , (2.8)

where

ϕi (x) :=
(
ui ◦ϕ

)
(x) . (2.9)

In words, the quantity ϕi(x) returns the values of the local coordinates ui evaluated at the image
of spacetime point x under the map ϕ—that is, the ‘field value’ at x.

Example (ctd.): SM. TakeM= R4 and ui to be global Cartesian coordinates thereon. The SM
construction takes only the subset of Lagrangian terms that are renormalisable. With this extra
condition, symmetry dictates that g= δijdui du j is just the flat metric on R4, as anticipated
above. This pulls back under ϕ(x) to give the usual Higgs kinetic term,

Lkin =
1
2
ηµνδij∂µϕ

i (x)∂νϕ
j (x) ,

upon evaluating (2.5).

Example: SMEFT. In the case of SMEFT the most general σS-invariant metric can be
expressed in terms of two arbitrary functions A(z) and B(z), via [26, 27]

gij
(
ui
)
= A

(u · u
Λ2

)
δij+B

(u · u
Λ2

)
δikδjl

ukul

Λ2
,

in our chosen SMEFT coordinate chart, where v ·w := δijviwj. We have introduced appropriate
factors of the formal power counting parameter Λ, which will be identified with the EFT cut-
off scale in a physical theory. Here, A(0) = 1 and B(0) = 0 in order to recover the SM in the
limit Λ→∞. Substituting this metric into (2.8), or equivalently (2.5), yields the most general
set of σS-invariant SMEFT operators with exactly two derivatives.

2.2. Other terms in the scalar EFT

We emphasize that this procedure constructs only a subset of the non-renormalisable EFT
Lagrangian, namely all operators with exactly two derivatives (but any number of field inser-
tions), from the metric g on field spaceM. Other terms in the EFT are, in this picture, included
‘by hand’, and can be considered as extra structures on M beyond the metric. These other
interactions fall into three classes:

1. The ‘potential’ is the part of the Lagrangian with zero derivatives; it is the pullback of a
σ-invariant function V(ϕ) :M→ R from M to Σ, which is again integrated on Σ using ωΣ

to obtain the action contribution; that is, S[ϕ]⊃
´
Σ
ϕ∗(V)ωΣ.

2. There are all the local operators appearing in the EFT construction of Callan, Coleman,
Wess, and Zumino [11, 69] with more than two derivatives. Capturing these operators sys-
tematically using geometry is a primary purpose of the present paper.

11



J. Phys. A: Math. Theor. 57 (2024) 435401 M Alminawi et al

3. The action might also admit topological terms like the Wess–Zumino–Witten term [70,
71], that are the pullback of (possibly locally-defined) differential forms fromM to Σ, then
integrated directly on Σ. These require only a topology on each space. Invariance under
σ is rather more subtle here than for local operators [72], especially when the map ϕ is
topologically non-trivial; a large class of such terms are given by σ-invariant differential
cocycles [73] onM, of degree d+ 1 where d= dim(Σ) in general. Examples of such terms
abound in Composite Higgs models (which are SMEFT) [74, 75], and e.g. in the condensed
matter examples mentioned previously [76, 77].

We largely neglect terms of type (3) in the rest of this paper, focussing rather on the non-
topological (i.e. metric-dependent) sector of the EFT.We briefly comment on topological terms
in the HEFTs in section 7.4.

2.3. What is a (non-derivative) field redefinition?

One central feature of the geometric formulation of HEFTs has been the identification of (some
subset of) field redefinitions, which are symmetries of the partition function and thence of
observables (see e.g. [78]), with coordinate transformations on field space M. Specifically,
‘non-derivative field redefinitions’ of the form ϕ(x) 7→ ψ(ϕ(x)) have been identified with
changes of coordinates. It is not clear how to think about derivative field redefinitions, whereby
ϕ 7→ ψ(ϕ,∂ϕ, . . .), in this geometric picture, since the target space M knows nothing about
spacetime derivatives. At this stage, we want to revisit this established lore concerning non-
derivative field redefinitions. Our discussion will be fairly pedantic, but in doing so will open
the way to a simple geometric picture for more general smooth field redefinitions, even before
we consider the jet bundle extension of field space in later Sections.

To begin, we emphasize that we have been careful, so far, to distinguish local coordinates
ui on FM from the field variable ϕ, which is a map from Σ intoM. This is again distinguished
from ϕi = ui ◦ϕ, which evaluates the local coordinate values of the field for each spacetime
point. A ‘change of coordinates’, a.k.a. a ‘coordinate transformation’ or a ‘change of chart’,
is, when restricted to FM, a map ui → ui ′(ui). This is not obviously related to a redefinition
of the field, which we would more readily identify with some transformation on the map ϕ
(inducing a transformation on the ϕi). In this Subsection we contrast how these two kinds of
transformation, namely a change in coordinates ui → ui ′ vs. a change in map ϕ → ψ, affect
the Lagrangian that we construct from the metric onM via (2.5). The main concepts presented
in this Subsection are illustrated in figure 2.

2.3.1. Change of coordinates. The first key point is simply that the field space metric
g= gij(ui)dui ⊗ du j does not change at all under a change of coordinates, when evaluated
at the same point m in M. The components change via appropriate factors of the Jacobian
matrix, viz.

gij =
∂uk ′

∂ui
∂ul ′

∂u j
g ′
kl , (2.10)

which is compensated by the variation of the 1-forms

du ′i =
∂u ′i

∂uk
duk . (2.11)

12
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This is just the statement that the metric is a tensor, and so g(m) evaluated at any point m ∈M
is independent of the choice of the coordinate chart {ui}. Once we pullback the metric along
the map ϕ(x) and form the Lagrangian L= (1/2)〈η−1, ϕ∗(g)〉, one obtains exactly the same
function of the field variable ϕ(x), regardless of having done the change of coordinates.

If this argument sounds a little thin, we can make the point totally explicit with an example.
Consider a 1-dimensional field space manifold R, on which we define a local coordinate
{u}. In this coordinate chart, consider a (flat) metric g= du⊗ du; in components, guu = 1.
Choose a map ϕ : Σ→ R, namely a scalar field configuration. The Lagrangian formed as in
equation (2.5) is then L= 1

2∂µϕ(x)∂
µϕ(x), the kinetic energy for a real scalar13. Now, let us

do a change of coordinates in the target space, and send

u 7→ u ′ = u2 . (2.12)

In the illustration of figure 2, this corresponds to reading off coordinates using the scale on the
right side of the plot, rather than the left, for the same points on M. The metric expressed in
the new coordinate system, but at the same point, is

g ′ =
1
4u ′ du

′du ′ (= g) , (2.13)

and so its components are gu′u ′ = 1/(4u ′).
To form the ‘new’ Lagrangian after doing the coordinate transformation, we then pullback

the metric, in the new coordinates, along the same map ϕ(x). Note that the map ϕ(x) is defined
independently of coordinates—it takes points in Σ to points in M—but that we evaluate its
image in the given coordinate chart. We find the Lagrangian

L [ϕ,g] 7→ L [ϕ,g ′] =
1
2
〈η−1, ϕ∗ (g ′)〉

=
1
2
ηρσ

〈
∂ρ ⊗ ∂σ,

1
4(u ′ ◦ϕ)

∂µ (u
′ ◦ϕ)∂ν (u ′ ◦ϕ) dxµ ⊗ dxν

〉
=

1
2
ηρσ 〈∂ρ ⊗ ∂σ, dx

µ ⊗ dxν〉 1
4ϕ2

∂µ
(
ϕ2
)
∂ν
(
ϕ2
)

=
1
2
ηµν

1
4ϕ2

(2ϕ∂µϕ)(2ϕ∂νϕ)

=
1
2
∂µϕ∂

µϕ = L [ϕ,g] , (2.14)

the same as before. The tensorial nature of the metric means that, in general, the
Lagrangian (2.5) is not changed (as a functional of its argument) by any change of coordinates
onM. The freedom to change coordinate charts is akin to a gauge redundancy in this geometric
formulation of the theory.

2.3.2. Change of maps. Let us instead consider what happens to the Lagrangian (2.5) when
we change field spacemaps, fromϕ(x) to a differentmapψ(x) : Σ→M.We assume the change
in map ϕ → ψ is smooth. Recall that ϕi (x) = (ui ◦ϕ)(x) denotes the local coordinates of the
image of point x under the original map ϕ. A new map ψ sends each x to a different point

13 We slightly abuse notation here and let ϕ(x) denote both the map itself and the coordinate value u ◦ϕ; there is no
component index because the target space is 1-dimensional.
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Figure 2. Illustration of the notion of non-derivative field redefinitions in a toy example
describing a single real scalar (take M= R, with coordinate u) in 1d spacetime (take
Σ= R, with coordinate x). A field configuration is a map from Σ to M; here ϕ (red-
solid) and ψ (blue-dashed) denote two such maps. A change of field space coordinates,
such as u 7→ u ′ = u2, simply corresponds to reading off coordinate values using the right
axis rather than the left axis. It does not move points in M, nor change the metric g (or
any other tensor) evaluated at any point m ∈M; if we pull back g toΣ using a fixed map
ϕ to form a Lagrangian, we obtain the same result regardless of whether we used the u
or u′ coordinate chart on M. A (non-derivative) field redefinition is rather a particular
change of maps such that u ◦ψ can be expressed as a function of u ◦ϕ. In the figure,
u ◦ψ = (u ◦ϕ)2, such that evaluating ψ(x) is equivalent to first evaluating ϕ(x), then
doing a diffeomorphism f onM that sends a point in M with coordinate u to a different
point with coordinate u2, expressed in a fixed coordinate chart. Reading off the value
of the curve ψ(x) on the left is equivalent to reading off the value of ϕ(x) on the right.
The figure also illustrates that if ϕ sends multiple points on Σ to the same point on M,
the change of map can be equivalent to a diffeomorphism onM only if ψ preserves this
feature.

ψ(x) ∈M, for which ψi (x) = (ui ◦ψ)(x) are its local coordinates. The two different maps are
indicated in figure 2 by the red-solid and blue-dashed curves.

We again use the simple example of a real scalar field for illustration, with field space
M= R, local coordinate u, and flat metric g= du⊗ du. Consider the particular change of map,
defined in terms of coordinate values (in fixed chart {u}) of field space points,

ϕ(x) 7→ ψ (x) | u ◦ψ = (u ◦ϕ)2 . (2.15)

(If we continue to abuse notation as above, we would write this simply as ψ = ϕ2, denoting
both the map and the coordinate value by the same symbol ϕ.) Now, when we pull back the
metric g along this new map ψ, the Lagrangian (2.5) is not necessarily the same (even though
the metric g is unchanged) because ϕ∗(g) 6= ψ∗(g). We obtain

L [ϕ,g] 7→ L [ψ,g] =
1
2
〈η−1, ψ∗ (g)〉

=
1
2
ηρσ 〈∂ρ ⊗ ∂σ, dx

µ ⊗ dxν〉 ∂µ (u ◦ψ)∂ν (u ◦ψ)

=
1
2
ηµν ∂µ

(
ϕ2
)
∂ν
(
ϕ2
)
= 2ϕ2∂µϕ∂

µϕ . (2.16)

When expressed in terms of the original field variable, the functional form of the Lagrangian
has indeed changed; the key difference to the manipulations in (2.14) is that there is no com-
pensating factor of 1/4ϕ2 coming from the Jacobian.

14
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Intuitively, the reason we get a different answer is because we pulled back the metric from
different points in field space, namely those in the image of ψ rather than ϕ; this is not true for
a simple change of coordinates, which does not move points inM but only relabels them. The
transformation (2.16) of L under change of section ϕ → ψ is what one would usually call a
‘field redefinition’.

2.3.3. Field space diffeomorphisms. The change of maps ϕ → ψ that we have performed is,
in this case, precisely equivalent to doing a (local) field space diffeomorphism f before pulling
back the transformed metric f∗(g) along the same section ϕ. Recall that a diffeomorphism is
a smooth invertible function between manifolds M and N:

f :M→ N . (2.17)

In words, every point in the manifold N can be related uniquely to a point in the manifold M;
if f moves the points hit by ϕ to the points hit by ψ, then it exactly replicates the effect of
changing maps. To relate two maps ϕ and ψ we try to construct a diffeomorphism f to fill in
the commutative diagram:

so that

ψ = f ◦ϕ. (2.19)

When considering field redefinitions, as we do here, we can take M and N to be the same
manifold, and so f becomes a map from M to itself.

It is clear that such a diffeomorphism f cannot be found for any pair ϕ and ψ of field space
maps. So, when can a change of maps (a.k.a. a field redefinition) be realised as a field space
diffeomorphism? Consider a map ϕ that sends two spacetime points x and y to the same point
in field space, viz. ϕ(x) = ϕ(y) = mx. Then, via (2.19), we can only change to a new map ψ
that satisfies ψ(x) = f(ϕ(x)) = f(mx) and ψ(y) = f(ϕ(y)) = f(mx), thus ψ(x) and ψ(y) must
also agree (see figure 2 for illustration). This means that ψ must be a function of ϕ. Explicitly,
evaluating equation (2.19) on our coordinate chart {ui} on M,

ui ◦ψ = ui ◦ f ◦ϕ = ui ◦ f(ϕ) , (2.20)

thus the particular change of map induced by a smooth map f can be expressed as

ϕi 7→ ψi = f i
(
ϕ j
)
. (2.21)

This is precisely what physicists call a ‘non-derivative field redefinition’, and applies to the
example (2.15) considered above. If we additionally can write

ψi 7→ ϕi =
(
f−1
)i (

ψi
)

(2.22)

15
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then the change of maps is a diffeomorphism and the theories are equivalent at the level of the
manifolds on which they live.

Indeed, if we reconsider the example considered in the previous Subsection, we can see
explicitly how one recovers the shift (2.16) in the Lagrangian that we obtained by changing
map ϕ → ψ, by instead doing a diffeomorphism f :M→M before pulling back along the same
map ϕ. The required diffeomorphism14 is one that sends field space point m ∈ R with local
coordinate u to the point m′ with coordinate u2 (written in the same coordinate chart); in
local coordinates, we might simply write this as f : u 7→ u2. In figure 2, this can be visual-
ised by interpreting the right axis of the plot as the image of the left axis under f, such that
the two axes represent different sets of points on M. Under this diffeomorphism the metric
changes, as

g= du⊗ du 7→ f∗g=

(
∂u ◦ f
∂u

)2

du⊗ du= 4u2du⊗ du . (2.23)

Pulling back f∗g along ϕ then gives the transformed Lagrangian

L [ϕ,g] 7→ L [ϕ, f∗ (g)] =
1
2
〈η−1, ϕ∗ ( f∗ (g))〉

=
1
2
ηµν4(u ◦ϕ)2 ∂µ (u ◦ϕ)∂ν (u ◦ϕ)

= 2ϕ2∂µϕ∂
µϕ = L [ψ,g] , (2.24)

matching the result (2.16) that we obtained by changing maps.
In a similar way, any non-derivative field redefinition of the form (2.21) can be implemented

as a smooth map on the field space. The transformed Lagrangian can be equivalently expressed
in terms of the transformed map ψ, or in terms of the smooth map f :

L 7→ 1
2
〈η−1, ψ∗ (g)〉= 1

2
〈η−1, ϕ∗ ( f∗ (g))〉 . (2.25)

At risk of being overly pedantic, we wish to distinguish a diffeomorphism onM from a change
of coordinates, although the two notions are intimately related. A diffeomorphism involves a
change of coordinates plus a pushforward to the new point; equivalently, a change of coordin-
ates means doing a diffeomorphism, but then pulling back the tensor to be evaluated at the
original point.

Finally, we stress that a change of maps ϕ(x)→ ψ(x) is more general than the special
case (2.21) that can be captured by field space diffeomorphisms (or even general smooth maps
on field space). Differentials of the smooth map ϕ can be used to construct, at least infinites-
imally, what one would call ‘derivative field redefinitions’.

2.3.4. Local field space diffeomorphisms, and HEFT vs. SMEFT. There is an important sub-
tlety in this discussion that we have so far glossed over, that was hinted at in footnote14.
Namely, it may be the case that the diffeomorphism f is only defined locally, meaning in words
that not all points in M correspond to points in N. A particularly relevant physics example of

14 If the manifold contains a point m ∈M with u(m) = 0, then this map is only a local diffeomorphism, i.e. a diffeo-
morphism on a patch that does not include this point, because f−1 : u→

√
u is not differentiable at m. Alternatively,

the map f can be ‘promoted’ to a proper diffeomorphism by instead taking M= R>0, the positive half-line.
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this situation occurs for the map from SMEFT to HEFT, as follows. Let us start with a coordin-
ate system {u1,u2,u3,u4} on a patch FM ⊂M in which the metric is

gij =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (2.26)

Pulling this back to Σ along a section ϕ whose components in the chart are ui ◦ϕ = ϕi(x), we
find the familiar 2-derivative Lagrangian

L=
1
2
〈η−1,ϕ∗g〉= 1

2
δij∂µϕ

i ∂µϕ j (2.27)

of a canonically normalised set of Higgs fields.
Now consider the map f : FM →FN ⊂ N defined by

f :


u1

u2

u3

u4

→
(
1+

u4

v

)
u1

u2

u3√
v2 − (u1)2 − (u2)2 − (u3)2

 (2.28)

expressed in the same coordinate chart {ui}. After doing this smooth mapping, we compute
the new metric to be

f∗gij =



(
1+ u4

v

)2(
1+ (u1)2

v2−u⃗ 2

) (
1+ u4

v

)2
u1u2

v2−u⃗ 2

(
1+ u4

v

)2
u1u3

v2−u⃗ 2 0(
1+ u4

v

)2
u1u2

v2−u⃗ 2

(
1+ u4

v

)2(
1+ (u2)2

v2−u⃗ 2

) (
1+ u4

v

)2
u2u3

1−u⃗ 2 0(
1+ u4

v

)2
u1u3

v2−u⃗ 2

(
1+ u4

v

)2
u2u3

1−u⃗ 2

(
1+ u4

v

)2(
1+ (u3)2

1−u⃗ 2

)
0

0 0 0 1


,

(2.29)

where u⃗= (u1,u2,u3). Once again we can pullback along a section ϕ and contract with η−1 to
obtain the Lagrangian function

L=
1
2
∂µϕ

4∂µϕ4 +
1
2

(
1+

ϕ4

v

)2(
∂µϕ

1∂µϕ1 + ∂µϕ
2∂µϕ2 + ∂µϕ

3∂µϕ3
)

+

(
1+ϕ4/v

)2
v2 − (ϕ1)2 − (ϕ2)2 − (ϕ3)2

(
ϕ1∂µϕ

1ϕ2∂µϕ2 +ϕ1∂µϕ
1ϕ3∂µϕ3 +ϕ2∂µϕ

2ϕ3∂µϕ3
)

+
1
2

(
1+ϕ4/v

)2
v2 − (ϕ1)2 − (ϕ2)2 − (ϕ3)2

((
ϕ1

)2
∂µϕ

1∂µϕ1 +
(
ϕ2

)2
∂µϕ

2∂µϕ2 +
(
ϕ3

)2
∂µϕ

3∂µϕ3
)
.

(2.30)

Introducing the notation ϕ⃗= (ϕ1,ϕ2,ϕ3), this can be written in the more compact form:

L=
1
2
∂µϕ

4∂µϕ4 +
1
2

(
1+

ϕ4

v

)2 [
∂µϕ⃗ · ∂µϕ⃗+

1

v2 − ϕ⃗2

(
ϕ⃗ · ∂µϕ⃗

)2
]
. (2.31)
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If we identify ϕ4 with the physical Higgs boson field and the other ϕi with the Goldstones, we
see that the Higgs has a canonical kinetic term and does not enter any of the scalar products.
Equation (2.31) is in agreement with the results in [22, 79]. The map from SMEFT to HEFT
is known to always exist and be smooth at the level of the Lagrangian.

On the other hand, the inverse map (that would take one from HEFT to SMEFT) may have
a singularity. The inverse map f−1 would be

f−1 :


u1

u2

u3

u4

→ v√
u2


u1

u2

u3
√
u2

v

(√
u2 − v

)
 , (2.32)

where u= (u1,u2,u3,u4). This is clearly only well defined if u2 6= 0.
The map from this Lagrangian back to (2.27) may have a singularity at the origin, in which

case f is simply a smooth map on the whole manifold and only becomes a diffeomorphism
(which must be invertible) when restricted to a patch that does not contain the origin (the O(4)
fixed point). Mathematically speaking, this means that the two manifolds on which SMEFT
and HEFT are formulated are indistinguishable away from this point. When SMEFT is not
enough [33], we really only have a ‘smooth map’ f from SMEFT to HEFT, which cannot be
inverted.

2.4. Geometrizing amplitudes

As we saw in section 2.3.1, a change of coordinates does not change the Lagrangian (whereas,
we reiterate, a smooth map does—and the latter is what we mean by a non-derivative field
redefinition). The coordinate invariance of the Lagrangian nevertheless remains a useful
redundancy to exploit, because it means we are free to pick any valid coordinate system on a
given local patch.

In particular, this opens up the choice of ‘normal coordinates’ in the vicinity of some point
m in patch FM ⊂M of field space, defined by the following properties15:

1. For all 1⩽ i, j ⩽ n we have

gij (m) = ḡij, (2.34)

which is a diagonal matrix whose entries are either +1 or −1, depending on the signature
of the metric;

2. For all 1⩽ i, j,k⩽ n we have

Γkij (m) = 0; (2.35)

15 Normal coordinates always exist under the conditions we assume. This is because, for any pseudo-Riemannian
manifold (M, g) and any point m ∈M, there exists a neighbourhood U⊂M and a neighbourhood V⊂ TmM such that
the map

expm : V→ U (2.33)

is a diffeomorphism. Using a torsion free connection (such as the Levi-Civita connection) we can construct an iso-
morphism TmM∼ Rn allowing us to consider the triple {exp−1

m ,V,U} as a coordinate chart, which we refer to as
normal coordinates (see e.g. [80]). The chart is unique up to the choice of isomorphism.
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3. For all 1⩽ i, j,k⩽ n we have

∂kgij (m) = 0. (2.36)

Using this system of normal coordinates, the metric tensor gij admits the following expan-
sion around point m ∈ FM

g= gij (u)du
i ⊗ du j =

(
ḡij+

1
3
Riklj (m)u

kul+
1
6
Riklj;r (m)u

kulur+ . . .

)
dui ⊗ du j (2.37)

where the normalization of the first term in the expansion naturally leads to a canonical kinetic
term once we fix the signature of the metric.

The choice of normal coordinates is useful because the expansion then naturally organizes
itself based on the number of fields, thus allowing for an easy relation to be established between
components of the Riemann tensor and n-point amplitudes [34, 81]:

• δijdui ⊗ dui enters in the propagator;
• 1

3Riklj(m)u
kuldui ⊗ du j enters in four point amplitudes;

• 1
6Riklj;r(m)u

kulurdui ⊗ du j enters in five point amplitudes.

In this field space picture, a potential (0-derivative) contribution to the Lagrangian is added to
the Lagrangian by hand (see section 2.2), independently of the field space geometry. Choosing
coordinates ui on FM such that ui ◦mvac = 0⃗, where mvac ∈M is the vacuum point, we have

L=

(
δij+

1
3
Riklj (0)ϕ

kϕl+
1
6
Riklj;r (0)ϕ

kϕlϕr+ . . .

)
∂µϕ

i ∂µϕ j

−
(
1
2

∂2V
∂ϕk∂ϕl

(0)ϕkϕl+
1
6

∂3V
∂ϕk∂ϕl∂ϕr

(0)ϕkϕlϕr+ . . .

)
. (2.38)

It can be seen that the contribution to the three point amplitude at this point comes entirely from
the potential as a result of the vanishing of the Christoffel symbols [34]. When we eventually
pass to the 1-jet bundle, we will see (section 8) how to adapt this story to incorporate higher-
derivative terms (and also how, in the jet bundle picture, the potential contribution also comes
from components of the metric).

3. From field space to bundles

Before we get into the main business of this paper, namely our consideration of EFT terms
with> 2 derivatives, we find it helpful to first generalise slightly the above account of EFTs in
terms of field space geometry. The generalisation, which is motivated by locality, is to replace
the description in terms of maps (2.1) to a field spaceM by one in terms of fibre bundles, which
is almost equivalent but a bit more general16. While the generalisation to bundles might seem
like a technicality here, we will describe several advantages over the field space picture in
this section; moreover, the bundle picture provides the starting point for passing to jet bundles
when we turn to describe higher-derivative Lagrangians.

16 JD is grateful to Ben Gripaios and Joseph Tooby-Smith for past discussion and correspondence related to ideas in
this section. See also [49].
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3.1. Fields as sections of fibre bundles

The idea is simple, but first let us recap some basic concepts. Recall that a fibre bundle is a
triple (E,Σ,π), where

• E is called the total space of the bundle;
• Σ is called the base space. Both E and Σ are smooth manifolds;
• The projection map π : E→ Σ is a surjective submersion;
• Local trivializations: for any point x ∈ Σ there exists an open neighbourhood Ux and a dif-

feomorphism φ : π−1(Ux)→Ux×F, where F is itself a manifold called the ‘fibre’, such
that the projection π agrees with projection from Ux×F onto its first factor. In other words,
locally the total space E looks like a direct product space, but this need not be true globally.

A section of the fibre bundle is then a smooth map ϕ : Σ→ E such that π ◦ϕ = idΣ. A section
is like an ‘inverse’ of the projection map π, taking you from the base space into the total space
of the bundle, while preserving the base space point. Identifying the base Σ with spacetime,
what a physicist calls a ‘field’ is thus a section of some bundle over Σ. Sections will moreover
play a starring role in defining jet bundles. We denote the set of all sections of π by Γ(π), and
the set of local sections whose domains include a point x ∈ Σ by Γx(π). With these definitions,
let us return to scalar field theory on target space M.

The sigma model map ϕ(x) : Σ→M that we encountered before trivially defines a section
ϕ of a particular fibre bundle (Σ×M,Σ,π) with fibre F=M coinciding with the ‘field space’
of the previous picture, and where the projection is trivially π(x,m) = x ∀m ∈M, x ∈ Σ. This
bundle can moreover be equipped with a product metric η⊕ g, given the metrics η and g on Σ
andM respectively (2.6, 2.7). Such a bundle that is globally a direct product is called a trivial
bundle, for which ϕ is a global section.

Locality

This field space formulation described in section 2 implicitly assumes that ϕ is a global section
of a trivial bundle; but this restriction is unecessarily strong. Given that we, as local physicists
exploring our patch of the Universe, can only know about the structure of field space on some
open set UΣ ⊂ Σ, there is no reason to enforce that the field space bundle, which locally has
a product structure ∼= UΣ ×M, has a direct product structure =Σ×M globally. More gener-
ally, therefore, one can (and should) allow fibre bundles (E,Σ,π) with fibre F=M that are
topologically non-trivial.

We should therefore pass from a description in which the field ϕ(x) is a map from Σ to E
to a slightly more general picture, in which17:

A scalar field ϕ ∈ Γx(π) is a local section of a fibre bundle (E,Σ,π) with fibre M. (3.1)

Given a patch UΣ ⊂ Σ with local coordinates xµ, one can introduce a local fibred coordinate
system (xµ,ui) on π−1(UΣ)⊂ E, that matches our previous choice. To guide the reader, we
illustrate the basic ‘local product’ structure of a fibre bundle and the notion of a section in
figure 3(left), for a toy example in which the total space E has dimension two.

17 This viewpoint is emphasized in [49], which adopts an even more general setup, again motivated by locality argu-
ments, whereby the fibre bundle is replaced by a fibred manifold. For a fibred manifold, the fibres π−1(x) above each
spacetime point x, which the reader can think of as the ‘field space’ associated to the point x, are not even required to
be diffeomorphic to one another. We are happy to limit ourselves to plain old fibre bundles in the present work.
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Figure 3. Left: Illustration of a fibre bundle (E,Σ,π) with fibreM, which here we take
to be a trivial bundle (E∼=Σ×M) for ease of illustration, on which we have a fibred
coordinate system (x, u). This toy example describes a single real scalar (e.g. take M=
R) in 1d spacetime (e.g. take Σ= R). The field ϕ is a section of such a fibre bundle,
which in general need not be a trivial bundle. Right: bundle morphisms are pairs of maps
( f, f̄) that generically move points on E and Σ respectively, in a way that is compatible
with the bundle projection maps. A field redefinition is a change of section. A non-
derivative field redefinition is equivalent to a bundlemorphismwith f̄ = idΣ, as indicated
in our sketch by the map fE, for which the arrows are directed ‘vertically’.

Lower derivative Lagrangian terms from geometry

In these coordinates, and starting from metrics η and g on Σ and M respectively (in the field
space picture), a natural choice of geometry on E is to take the metric on E to be locally
the product metric, gE = η⊕ g. Pulling gE back to Σ along a section ϕ, and contracting with
the inverse metric η−1 on Σ, via essentially the same formula as (2.5), we get the same 2-
derivative Lagrangian (2.8) that we obtained from the metric g in the ‘field space maps’ picture
of section 2, up to a constant shift coming from pulling back the ηµνdxµdxν part of gE.

Even though this geometry is a natural choice, one can consider more general geometries
on the field space bundle; in particular, consider a metric on the field space bundle E of the
form

gE =−2
d
V(u)ηµν dx

µ ⊗ dxν + gij (u)du
i ⊗ du j , (3.2)

where d is the spacetime dimension (say, d= 4 for the HEFTs). Upon pulling this metric back
to spacetime (Σ,η), which we emphasize is still equipped with the flat geometry ofMinkowski
space, and contracting with the inverse spacetime metric, we get the Lagrangian

L [ϕ,gE] =
1
2
〈η−1, ϕ∗ (gE)〉=

1
2
gij (ϕ)∂µϕ

i ∂µϕ j−V(ϕ) . (3.3)

We thus recover the most general scalar EFT Lagrangian with up to 2-derivatives, but includ-
ing also the 0-derivative potential terms, by passing from geometry on a target space M to a
geometry on the fibre bundle E. As an example, this is already enough to capture the whole
(renormalisable) Higgs sector of the SM Lagrangian via geometry. We will revisit this feature
when we pass to jet bundles later in the paper.

Symmetries on the field space bundle

For the case of SMEFT or HEFT, in this fibred coordinate system (xµ,ui) there is also a natural
implementation of the symmetries described in section 2 at the level of field space bundles
(E,Σ,π). The group action on the bundle is, at least locally, simply(

aµ,Lµν ,O; x
µ,ui

)
7→
(
Lµν x

ν + aµ,σ
(
O,ui

))
, (3.4)
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where one can insert the group action σ = σS or σH for SMEFT or HEFT respectively. It is,
however, instructive to still think of the spacetime and internal symmetries as two distinct
group actions, both in this case of HEFTs and more generally. As we will see in section 3.3.1,
we can think of these symmetries as bundle morphisms, and the identification of a symmetry
as ‘internal’ can be given a natural definition in these terms.

3.2. Field redefinitions are changes of section

In addition to the motivation by locality that we have described, plus the straightforward inclu-
sion of lower-derivative Lagrangian terms, passing to this ‘field space bundle’ formulation of
scalar EFTs affords a technical benefit when it comes to describing field redefinitions geomet-
rically. Recall from section 2.3 that, in the ‘maps to field space’ picture, a non-derivative field
redefinition (or change of map ϕi 7→ ψi(ϕ j)) is equivalent to doing a local diffeomorphism on
the target space.

Regarding a scalar field to instead be a section ϕ of the bundle (E,Σ,π), a general field
redefinition will be implemented as a smooth change of (local) section

Γx (π) 3 ϕ 7→ ψ ∈ Γx (π) . (3.5)

This is itself a geometric notion of what it means to do a general field redefinition. A simple
example of this is given in section 3.3.4 below. For derivative field redefinitions, however, we
are not guaranteed an equivalent description in terms of morphisms of the target space (or
bundle), as we study more carefully in the next section.

3.3. Morphisms on the field space bundle

In this ‘field space bundle’ picture, a more general class of field redefinitions can be described
in terms ofmorphisms of the bundle, thanwe saw in the case of field space smoothmaps, above.
To unpack this statement requires amore-or-less formal definition of bundlemorphisms, which
also provide a natural language for describing e.g. symmetries of the theory.

Suppose we have a fibre bundle π : E→ Σ, in the notation of section 3, and ϕ is a (local)
section of that bundle. Given another bundle ρ : F→ Ω, a bundle morphism is a pair of maps
f : E→ F and f̄ : Σ→ Ω such that

is a commutative diagram. (We could, more generally, consider only a local bundle morphism,
whereby every element in the commutative diagram is replaced by open submanifolds, but such
generality will not add much to the discussion.)

To describe both symmetries and field redefinitions, we are interested in fixing both bundles
to be the same, (E,Σ,π). Figure 3(right) illustrates how a bundle morphism acts in this case,
in a 1d example. We are also sometimes interested in fixing the map from the base space to
itself to be

f̄= idΣ . (3.7)
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(The obvious exception to this will be when we discuss spacetime symmetries below.) The
map fE along the top is an automorphism from the bundle (E,Σ,π) to itself, fE : E→ E. The
commutative diagram becomes

We thus have the relation of maps

π = ρ ◦ fE . (3.9)

This, which follows from assumption (3.7), means that fE does not move points in the base
space, but only moves points in the fibre. In our local fibred coordinate system (xµ,ui) on E,
we have

fE :
(
xµ,ui

)
7→
(
xµ, f i

(
xµ,u j

))
. (3.10)

The map f i(xµ,u j) on the fibre coordinates can be regarded as a family of diffeomorphisms on
fibres {Mx}, for each value of the base point x, that is free to vary (smoothly) with x.

A pair of local sections ϕ ∈ Γx(π) and ψ ∈ Γx(ρ) for these two bundles will also be related
by the bundle morphism fE:

ψ = fE ◦ϕ. (3.11)

In our fixed local fibred coordinate system (xµ,ui), equation (3.11) implies

ψi (x) = f i
(
x,ϕ j (x)

)
. (3.12)

This is clearly a generalisation of (2.21) because now the functions fix can vary continuously
(and smoothly) with the base point x. However, it is perhaps not an especially useful gener-
alisation, given our primary interest is in describing Poincaré-invariant quantum field theory
actions—the more general change of section expressed in (3.12) allows for field redefinitions
that have explicit spacetime dependence, which typically violate Poincaré symmetry. Next,
we discuss how this notion of bundle morphisms applies first to symmetries, and then turn to
field redefinitions.

3.3.1. Internal vs spacetime symmetries. We already offered a description of symmetries in
the ‘field space bundle’ formulation of HEFTs, in terms of a group action by Poinc×O(4)
on the bundle E. Generally, a group action of Lie group G on a manifold E is equivalent to
specifying a diffeomorphism of E for each group element g ∈ G. A symmetry that can be
described via such a group action can thus be naturally interpreted in terms of bundle morph-
isms; moreover, the bundle structure offers an obvious notion of what we mean by saying that
a symmetry is ‘internal’ or otherwise.

In this language, we might say rather abstractly that a symmetry is a particular bundle
morphism ( f, f̄) such that the Lagrangian L= (1/2)〈η−1,ϕ∗(g)〉 shifts by at most a total
derivative18:

〈η−1,ϕ∗ ( f∗ − 1)g〉= ∂µK
µ . (3.13)

18 We also implicitly assume an invariance condition [72] is satisfied for the topological term, if present.
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Such a broad definitionwould account for the fact that (i) there can bemany redundancies in the
map from metric to Lagrangian (as will become more obvious when we pass to 1-jet bundles,
especially in the examples of sections 6 and 7), and (ii) we wish to identify Lagrangians
that differ by total derivatives. Both these facts mean that requiring invariance of the metric
itself, viz.

f∗g= g , (3.14)

is too strong a condition for a symmetry. Nonetheless, the more general condition (3.13) is
rather nasty to implement in practice—indeed, it is not even obvious why the set of morphisms
satisfying (3.13) should form a group19, whereas (diffeo)morphisms satisfying (3.14) clearly
do form a group. In practice, the particular symmetries that we consider will be implemented
by bundle morphisms that are symmetries of the metric (isometries), satisfying (3.14), so we
are happy to proceed with this definition of (a certain class of) symmetry.

Continuing, an internal symmetry is then a symmetry that is described by a ‘base-point
preserving’ bundle morphism ( f, f̄) of type (3.8), namely for which f̄= idΣ, which means the
group action does not move points in spacetime.More precisely, it moves points in a given fibre
Mx to other points in that same fibre Mx. In the case of SMEFT, say, the internal symmetry is
unsurprisingly the O(4) group action:

σS : O(4)×E→ E :
(
O,xµ,ui

)
7→
(
xµ,Oui

)
, (3.15)

in our local fibred coordinates. This defines a set of base-point preserving bundle morphisms
satisfying both the commutative diagram (3.8) and the group multiplication law. In general,
an internal symmetry described by a Lie group action by G on the bundle E corresponds to
the set{(

fg, f̄= idΣ
)
a bundle morphism ∀g ∈ G | fg1 ◦ fg2 = fg1g2 ∀g1, g2 ∈ G

}
. (3.16)

In our SMEFT example, the morphisms are

fO :
(
xµ,ui

)
→
(
xµ,Oui

)
∀O ∈ O(4) . (3.17)

On the other hand, a spacetime symmetry is a map f̄ such that ( f, f̄) is a bundle morphism that
is a symmetry. In our HEFT and SMEFT examples, which have (3+ 1)-d Poincaré invariance,
we can take this spacetime symmetry to be defined by the group action on the bundle

ρ : Poinc×E→ E :
(
aµ,Lµν ,x

µ,ui
)
7→
(
Lµν x

ν + aµ,ui
)
. (3.18)

Again this defines a collection of bundle morphisms, where the important thing is the map on
the base of the bundle, f̄a,L : xµ 7→ Lµν x

ν + aµ for every aµ and Lµν .

19 Moreover, a definition of ‘symmetry’ like equation (3.13) is still far from being comprehensive; indeed, finding all
symmetries can be an almost overwhelming task even for very simple theories, if a symmetry is broadly defined to be
any ‘thing that does not change observables’. This would include transformations that act completely trivially, such as
the change of coordinates considered in section 2.3.1 above as well as more general redundancies of description such
as gauge symmetries, right through to the huge symmetry under field redefinitions that is not seen at the Lagrangian
level, but only after doing the path integral. The symmetries we consider here, namely symmetries of the metric on
E that can be captured by bundle morphisms, lie somewhere between these two extremes. Finally, we remark that in
recent years yet further ‘generalised’ notions of symmetry have been appreciated, which are not seen by their action
on any local operators but by their action on extended objects like Wilson lines (see [82, 83] for recent surveys).
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It is interesting that, as a collection of bundle morphisms, the internal symmetry is naturally
implemented locally. The general formula for an ‘internal morphism’ in the bundle picture is
σ : (xµ,ui) 7→ (xµ,O(x).ui), whereO(x) is anO(4)-valued function on spacetime. This suggests
there should be a natural notion of gauging in this language (indeed, gauge fields are perhaps
the most familiar example of quantum fields being sections on bundles over spacetime). We
save a proper treatment of the gauging of internal symmetries, which is of course a crucial
element in the electroweak theory, for future work.

3.3.2. Non-derivative field redefinitions (again). Having discussed symmetries, we now
return to the issue of field redefinitions, and ask when such transformations can be described
by the bundle morphisms defined in section 3.3 above.

Firstly, if we take the maps f i(xµ,u j) in e.g. equation (3.10) to be independent of x, then
we have that ui ◦ψ = ui ◦ f(ϕ), equivalent to doing the same ‘field space diffeomorphism’
everywhere in spacetime, i.e. at every fibre. This special case of bundlemorphisms can describe
any non-derivative field redefinition, as considered in section 2.3.2. Later, in sections 5.5.3
and 5.5.4, we will see how this is implemented in the more general jet bundle context.

3.3.3. More general field redefinitions?. Consider again the general (base-point preserving)
bundle morphism described by equation (3.12). We now examine, for completeness, what
kind of field redefinitions can be captured by such bundle morphisms, and whether we get
‘anythingmore’ than non-derivative field redefinitions. Recall that we already have a geometric
description of arbitrary derivative field redefinitions as arbitrary changes of section ϕ → ψ. We
see an explicit example of this below in section 3.3.4.

To study this, let us start from the more general class of Lagrangian captured by our field
space bundle geometry, including 0-derivative (potential) terms. We take

gE =−2
d
V(u)ηµν dx

µ ⊗ dxν + gij (u)du
i ⊗ du j (3.19)

as in (3.2), which, pulling back along a section ϕ : Σ→ E, gives the general 2-derivative
LagrangianL[ϕ,gE] = 1

2gij(ϕ)∂µϕ
i ∂µϕ j−V(ϕ). If we do an ‘internal diffeomorphism’ on the

bundle of the kind (3.8), which acts as fE : (xµ,ui)→ (xµ, f i(x,u)) in our local fibred coordin-
ate system, then the metric gE transforms as

gE → f∗EgE = −2
d
V(u ◦ fE)ηµν dx

µdxν + gij (u ◦ fE)
∂
(
ui ◦ fE

)
∂uk

∣∣∣∣
x,u

∂
(
u j ◦ fE

)
∂um

∣∣∣∣
x,u

dukdum

+ gij (u ◦ fE)
∂
(
ui ◦ fE

)
∂xµ

∣∣∣∣
x,u

∂
(
u j ◦ fE

)
∂xν

∣∣∣∣
x,u

dxµdxν . (3.20)

Upon pulling back along the (same) section ϕ and forming the new Lagrangian, we get

L [ϕ,gE] 7→ L [ϕ, f∗EgE]

=
1
2
gij ( f(x,ϕ))

[
∂µf

i

∣∣∣∣
x,u=ϕ

∂µf j
∣∣∣∣
x,u=ϕ

+
∂f i

∂uk

∣∣∣∣
x,u=ϕ

∂f j

∂um

∣∣∣∣
x,u=ϕ

∂µϕ
k∂µϕm

]
−V( f(x,ϕ)) .

(3.21)

While formulae (3.20) and (3.21) may look elaborate, they are essentially the result of applying
the chain rule.
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The result (3.21) generalises a little the effect of ‘field space smooth maps’ considered in
section 2. There are two main differences: first, the possible dependence of the transformed gij
and V functions on spacetime coordinates xµ; second, the first term on the RHS which comes
from partial differentiation of the functions fi with respect to spacetime. If we restrict to bundle
morphisms that respect Poincaré symmetry, then neither of these generalisations are relevant.

If we further assume the morphism is a ‘perturbation’ around the trivial morphism, i.e. that
it takes the form

f i
(
xµ,u j

)
= ui + ϵλi

(
xµ,u j

)
, ϵ� 1 , (3.22)

then we can expand the various functions gij( f) and V(f ) around their ‘old values’. For the
potential, for example, we can do an ordinary Taylor expansion

V(u) 7→ V( f(x,u)) = V(u)+ ϵλi
∂V
∂ui

+
1
2
ϵ2λiλj

∂2V
∂ui ∂u j

+ . . . , (3.23)

while the various Jacobian factors can also be expanded

∂f i

∂xµ
= ϵ

∂λi

∂xµ
,

∂f i

∂u j
= δij + ϵ

∂λi

∂u j
, (3.24)

before substituting into (3.21).
One might wonder whether such a base-point preserving bundle morphism of this kind

can ever capture the effects of a derivative field redefinition, which is a change of section
ϕ → ψ such that u ◦ψ is a function of u ◦ϕ and its spacetime derivatives. The first point to
note is that, starting from the 2-derivative LagrangianL[ϕ,gE] above, the transformation (3.21)
cannot generate terms with more than 2-derivatives. So, we straightaway learn that this kind of
bundle morphism cannot generically capture a derivative field redefinition; at best, one might
be able to reproduce the effects of a derivative field redefinition if we truncate the transformed
Lagrangian also at two derivatives. We next consider a concrete example, for which such a
diffeomorphism can capture the effects of a derivative field redefinitions—but we stress that
this example is far from generic.

3.3.4. Example: ϕ4 theory. Consider a 4d theory of a single real scalar field. In the bundle
formulation, we take a trivial bundle E= R1,3 ×Ru

π−→ R1,3, on which we specify an initial
fibred coordinate system (xµ,u). We take the metric

gE =−1
2
yu4

4!
ηµνdx

µ dxν + dudu, y ∈ R (3.25)

which is flat in the field space coordinate u, corresponding to a canonical 2-derivative kin-
etic term. The real parameter y is a coupling constant. Pulling back along a section ϕ : xµ →
(xµ,ϕ(x)), our initial Lagrangian is simply

L [ϕ] =
1
2
∂µϕ∂

µϕ − y
4!
ϕ4 , (3.26)

that of ‘ϕ4 theory’ in 4d, with potential V(ϕ) = (y/4!)ϕ4.
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Now, consider a derivative field redefinition that is defined by a change of section ϕ → ψ
where, in our coordinate system20,

xµ ◦ψ = xµ , u ◦ψ = (1− ϵ∂µ∂
µ)(u ◦ϕ) , (3.27)

where 1� ϵ ∈ R. The first condition ensures the change of section only acts ‘internally’ on
the fibres, as is our assumption throughout. Abusing notation as before and letting ψ (ϕ) also
denote the component values of the section ψ (ϕ) in the local fibre coordinate, and letting
□ := ∂µ∂

µ as usual, we would write this (in notation more familiar to the physicist) as

ϕ 7→ ψ = ϕ − ϵ□ϕ. (3.28)

Pulling back the metric g along ψ rather than ϕ, we obtain the transformed Lagrangian,

L [ψ,g] =
1
2
ηρσ〈∂ρ ⊗ ∂σ, dx

µ ⊗ dxν〉∂µ (u ◦ψ)∂ν (u ◦ψ)−V(u ◦ψ)

=
1
2
∂µ (ϕ − ϵ□ϕ)∂µ (ϕ − ϵ□ϕ)−V(ϕ − ϵ□ϕ)

=
1
2
(∂ϕ)

2 − ϵ∂µ□ϕ∂µϕ +
1
2
ϵ2∂µ□ϕ∂µ□ϕ −V+ ϵ□ϕ dV

dϕ

+
1
2
ϵ2 (□ϕ)2 d

2V
dϕ2

+O
(
ϵ3
)

(3.29)

exactly as one would expect from a derivative field redefinition, where we have here kept
the potential V(ϕ) general. We stress that there is no obstacle to considering derivative field
redefinitions in the geometric picture, once we consider a field redefinition to be a change of
section (along which the unchanged metric is pulled back to form the Lagrangian).

Knowing that our bundle geometry construction can only capture Lagrangians with up to
2-derivatives, it is instructive to also expand this only up to 2-derivative terms:

L [ϕ,gE] 7→ L [ψ,gE] =
1
2
(∂ϕ)

2
(1− 2ϵV ′ ′ (ϕ))−V(ϕ)+O (4∂)

=
1
2
(∂ϕ)

2 (1− ϵyϕ2
)
− y

4!
ϕ4 +O (4∂) , (3.30)

where we have also used IBPs, and the relation

∂µF(ϕ) = ∂µϕ
dF
dϕ

. (3.31)

The result, truncating to 2-derivative order, is a ϕ-dependent shift of the kinetic term.
Truncated to this order, the effect of doing this derivative field redefinition can be real-

ised instead via a diffeomorphism on the bundle E. Because the field redefinition we seek to
replicate is a perturbation around doing nothing, we assume the bundle morphism is also a

20 We choose a field redefinition that is consistent with a Poinc×O(1)u ∼= Poinc×Z2 symmetry. The field redefini-
tion is consequently second-order in derivatives and ‘preserves the number of fields’. This kind of field redefinition,
which shifts ϕ by ‘□ϕ’, can be used to eliminate redundancies due to the equations of motion (EOMs), and will play
an important role in the examples of higher-derivative Lagrangians that we discuss in section 6.
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perturbation around the trivial morphism, of the form (3.22). By Poincaré invariance we also
assume the bundle morphism has no explicit dependence on xµ, so we take

(xµ,u) 7→ (xµ,u+ ϵλ(u)) . (3.32)

Subbing into (3.21), we get

L [ϕ,gE] 7→ L [ϕ, f∗EgE] =
1
2
(∂ϕ)

2
(1+ 2ϵλ ′)−V− ϵλV ′ +O

(
ϵ2
)
. (3.33)

Thus, in this example, we can reproduce the effects (3.30) of the derivative field redefinition,
truncated to operators with 2 derivatives and up to 4 field insertions, by choosing the function
λ=−yϕ3/6.

This is far from a generic example; for more general (2-derivative) Lagrangians, derivative
field redefinitions cannot be described by base-point preserving bundle morphisms of the kind
we have described—but they can always be described as changes of section of the bundle.
A relevant example here was discussed in appendix E of [33]; there, starting from a theory
with zero Ricci scalar on the field space, a derivative field redefinition in the EFT was per-
formed (motivated by a simple non-derivative rotation in the UV), that was found to introduce
a singularity in the Ricci scalar; this could not occur if the metric is pushed forward under a
diffeomorphism (since a diffeomorphism must act invertibly on tensors).

3.3.5. A limiting lemma. It is likely not even possible to remedy this by allowing for general
bundle morphisms ( f, f̄), as described by (3.8), which have a non-trivial morphism on the base
manifoldΣ. That is, allowing totally general bundle morphisms (even, in desperation, allowing
for generic Poincaré violation) is still not enough to fully capture any old ‘derivative change
of section’. A big clue to this is the following lemma, which is admittedly proven for the case
of vector bundles ([54], lemma 2.2.9):

Lemma3.1. If (E,π,Σ) and (H,ρ,Σ ′) are vector bundles and ( f, f̄): (E,π,Σ)→ (H,ρ,Σ ′) is a
vector bundle morphism such that f̄ is a diffeomorphism, then f̃ : Γ((E,π,Σ))→ Γ((H,ρ,Σ ′))
defined by f̃(ϕ) = f ◦ϕ ◦ f̄−1 is a module homomorphism over the ring isomorphism f̄−1∗ :
C∞(Σ)→ C∞(Σ ′)

Crucially, a ‘derivative change of section’ such as ϕ(x) 7→ ψ = ∂µϕ(x) (abusing notation
in the now-familiar way), or indeed the specific change of section (3.27) considered in the
previous example, is not a module homomorphism over the ring of smooth functions, because
differentiation does not commute withmultiplication. The lemma then implies it is not possible
to find any bundle morphism ( f, f̄), where f̄ is a diffeomorphism, such that ϕ(x) 7→ ∂µϕ(x),
since that would require the map to be a homomorphism.

In this and the previous section we have carefully reviewed and, we hope, refined the geo-
metric picture of the 2-derivative term in scalar EFTs, and how one can think about field
redefinitions geometrically as simply a change of section. In doing so we have laid the ground-
work for extending this geometric approach to higher derivative terms. The key objects, math-
ematically, will be jet bundles of the original field space bundle E, and metrics that we will
define thereon. Since jet bundles might be unfamiliar territory to most effective field theorists,
in the next section we review the concept and necessary definitions. Our main reference is the
textbook of Saunders [54].
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4. Jet Bundles

Starting from the ‘field space bundle’ (E,Σ,π), one can construct a sequence of associated
manifolds of higher dimension, all themselves fibres bundles, called jet bundles. These jet
bundles are indexed by an integer; there is a ‘1-jet bundle’ denoted J1E, a ‘2-jet bundle’ J2E,
and so on; the ‘0-jet bundle’ is just E itself. For our humble physics purposes, r-jet bundles
with higher r will be needed to describe EFTs with more and more derivatives; the 1-jet bundle
shall suffice to describe all terms (at least in SMEFT and HEFT) with up to four derivatives21.

Jets are built up from equivalence classes of sections, as follows. Starting from a fibre bundle
(E,Σ,π), with a local fibred coordinate system (xµ,ui) as introduced in section 3, we say that
two local sections ϕ,ψ ∈ Γx(π) are 1-equivalent at the base point x if both their values and the
values of their first derivatives agree there—butϕ andψ can disagree in their higher derivatives.
Recalling our notation ϕi(x) := (ui ◦ϕ)(x) for the ‘components’ of a section (given local fibre
coordinates ui), then ϕ ∼ ψ iff

ϕi (x) = ψi (x) , and
∂ϕi (x)
∂xµ

=
∂ψi (x)
∂xµ

. (4.1)

It is easy to show that this equivalence relation is independent of the choice of coordinate chart
on our patch of E. The 1-equivalence class containing a representative section ϕ is called the
1-jet ofϕatx, denoted j1xϕ. In a similar way, two local sections are r-equivalent at x ∈ Σ, for
some r ∈ Z⩾0, if their first r derivatives agree at x; the r-equivalence class containing ϕ is the
r-jet of ϕ at x, denoted jrxϕ.

The 1-jet bundle J1E is then defined to be the set of 1-equivalence classes of sections,

J1E=
{
j1xϕ |x ∈ Σ,ϕ ∈ Γx (π)

}
, (4.2)

which moreover has a natural structure as a differentiable manifold. Continuing in a similar
fashion, the r-jet bundle JrE is the set of r-equivalence classes of sections—or, more prosaic-
ally, is the space of field configurations that agree in their first r derivatives. The 0-jet bundle
is defined to be J0E= E itself.

Focussing our attention on the 1-jet bundle J1E, from its definition one can define two
(ordinary) fibre bundles with total space J1E. One is a bundle over the original base space Σ,
and the other is a bundle over the original bundle E22:

π1 : J
1E→ Σ : j1xϕ 7→ x , (4.3)

π1,0 : J
1E→ E : j1xϕ 7→ ϕ(x) . (4.4)

21 The 1-jet bundle also has well-known mathematical physics applications in formal treatments of Lagrangian mech-
anics. See e.g. [54, 84, 85].
22 More generally, the JrE bundle can always be modelled as a fibre bundle over base space Jr−1E, or indeed as a fibre
bundle over any Jq<rE. (There is natural inductive limit of the sequence {JrE} of jet bundles, that defines a space
J∞E [85]. One can model J∞E by sections that agree as C∞ maps—we will not discuss this infinite order jet bundle
here.) .
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These projections are sometimes referred to as the ‘source’ and ‘target’ bundles respectively,
for obvious reasons. These projections are compatible with the original bundle structure of E,
in that they clearly fit into a commutative diagram

involving the original projection π : E→ Σ. Thus, π1 = π ◦π1,0.

Local coordinates on the 1-jet bundle

Recall that we start from local coordinates (xµ,ui) on the fibre bundle E, or more precisely
on an open set π−1(U)⊂ E, and that a particular section ϕ : Σ→ E maps a point x ∈ Σ to the
point in E with coordinates (xµ,ϕi(xµ)). The 1-jet bundle J1E then admits a set of induced
local coordinates(

xµ,ui,uiµ
)
. (4.5)

The value of these coordinates at a point j1xϕ ∈ J1E are

xµ ◦ j1xϕ = xµ , (spacetime points) (4.6)

ui ◦ j1xϕ = ϕi (x) , (field values) (4.7)

uiµ ◦ j1xϕ =
∂ϕi

∂xµ

∣∣∣∣
x

(first derivatives). (4.8)

Thus, the extra fibre coordinates in the 1-jet bundle (J1E,Σ,π1) encode the first derivatives of
sections passing through that base point x—which is intuitive given the definition of a point
j1xϕ ∈ J1E as the collection of all sections passing through x with the same value and first
derivative there.

One canmodel the fibres of the bundle (J1E,E,π1,0), on which uiµ provide fibre coordinates,
as vector spaces [85]

π−1
1,0 (x ∈ Σ,m ∈Mx)∼= T ∗

x (Σ)⊗Tm (M) . (4.9)

This structure is encoded in the placement of indices of the derivative coordinate uiµ; it trans-
forms as a vector with respect to its i index, and a co-vector with respect to its µ index. We
will often call these extra coordinates uiµ ‘derivative coordinates’.

Summarising, the induced fibre coordinates on (J1E,Σ,π1), which evaluate on a section
to (ϕi,∂µϕ

i), provide the familiar ingredients that we use to write down Lagrangians in field
theory. The 1-jet bundle provides a coordinate-free description of this data. The geometry of
Σ, J0E= E and J1E, all of which play a big role in the EFT formalism developed in this paper,
is summarized schematically in figure 1.

Lastly, it is easy to find the dimension of the 1-jet manifold. Starting with a general fibre
bundle E→ Σ, with DimΣ= d and DimE−DimΣ= n (the R-dimension of the fibre, equi-
valently the number of real scalar fields), the {uiµ} provide dn extra coordinates. Then

Dim
(
J1E
)
= DimE+ dn= d+ n+ dn . (4.10)
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Let’s count the dimensions of J1E for some examples:

• Real scalar field in d dimensions: Dim(J1E) = 2d+ 1 (see section 6.2);
• HEFT or SMEFT: Dim(J1E) = 24 (see section 7).

Going further, the dimensions of the jet manifolds JrE quickly blow up when d= DimΣ is
large; in general, it is easy to see that

Dim(JrE) = d+ n
(d+ r)!
d!r!

. (4.11)

For SMEFT or HEFT, we have (J2E) = 64 for the 2-jet bundle.

5. Higher-derivative EFTs from Jet Bundle Geometry

The 1-jet bundle, introduced in section 4, defines a bundle over spacetime with local fibre
coordinates that we identify with scalar fields and their first derivatives. While these degrees
of freedom are treated independently on the jet bundle, we always eventually pull back objects
(like metrics) along sections, whereupon the relation between the field and its derivative is
enforced (i.e. upon pullback uiµ will ‘remember’ that it is a derivative of ui).

The key idea, from the EFT perspective, is that we can consider more general geometric
structures involving higher-derivatives of fields in this larger space J1E. In particular, we will
see how defining different metrics on J1E, equivalently ‘measures of distance’, encodes dif-
ferent scalar EFT Lagrangian with up to 4 spacetime derivatives acting on the fields. In this
section we outline how this works, for a general scalar EFT. In Sections 6 and 7, we will apply
this to specific examples including the HEFTs, which is our primary interest.

5.1. Defining geometry on the 1-jet bundle

The subject of geometry on jet bundles is not so widely explored in the mathematical literature.
There are nonetheless ‘natural metrics’ that are induced on jet bundles JrE, given a metric
on the original bundle E

π−→ Σ that we take to be, locally, a product metric η⊕ g, with η flat
(ignoring any potential contribution V(u) for now) and g(u) possibly curved, as described in
section 2.1 and 3. To give the reader a flavour for geometry on jet bundles, we begin with a
brief sketch of such a natural geometry on J1E23, and see how it offers a starting point for
constructing Lagrangians with 4-derivatives.

We want to define a Riemannian metric on J1E considered as a manifold. We already saw
that J1E is itself a vector bundle (J1E,E,π1,0) with fibre T ∗

x (Σ)⊗Tm(M). Defining a metric
on J1E means equipping the tangent bundle T(J1E) with an inner product

g(1) : T
(
J1E
)
×J1E T

(
J1E
)
→ R (5.1)

that is symmetric and non-degenerate, and that varies smoothly with the base coordinate j1xϕ
(in other words, it is a tensor field on J1E). We use a notation whereby g(r) denotes a metric on

23 Contact forms provide another source of natural geometries on jet bundles, which can also be used to define a class
of 4-derivative EFT Lagrangians using the ideas in this paper.
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the r-jet bundle JrE. Now, the tangent bundle T(J1E) is isomorphic to the pullback bundle24

T
(
J1E
)∼= π∗ (J1E⊕TE

)
. (5.2)

We can therefore build a (fibre-wise) inner product on T(J1E) (i.e. a metric on J1E) out of
(fibre-wise) inner products on the bundles J1E and TE. The latter is just the metric on E, which
we already stipulated is (locally) the product metric η⊕ g. The former is not much more com-
plicated, given the fibre is T ∗

x (Σ)⊗Tϕ (X); we define the inner product via η−1 and g. Note
the inverse spacetime metric appears here, because we are contracting co-vectors with respect
to spacetime, but vectors with respect to the target space.

Putting things together, we can express this ‘natural’ choice of metric, which recall is the
one built from the metrics η and g that we already have at our disposal, in our local coordinate
system:

g(1) = Λ4 ηµν dx
µ ⊗ dxν + gij (u) du

i ⊗ du j+
1
Λ2
ηµνgij (u) du

i
µ ⊗ du jν . (5.3)

We have introduced appropriate factors of Λ to give everything consistent dimensions.

5.2. Our first four-derivative Lagrangian

Now, starting from this metric on the jet bundle J1E, which we intrepret as a ‘derivative-
generalisation of field space’, one can construct a Lagrangian using exactly the same recipe
that we described for the 2-derivative Lagrangian in section 2.1. The only difference is that we
now need to pull the metric g(1) all the way back to spacetime, and so we should use a section
j1ϕ of the fibre bundle (J1E,Σ,π1) introduced above.

In particular, given an original section ϕ of E (i.e. a scalar field configuration), let

j1ϕ ∈ Γx (π1) (5.4)

be its ‘prolongation’ to the 1-jet bundle, defined as the section of π1 that passes through the
1-jet j1xϕ

25. Evaluating on the coordinate chart, its components are simply

xµ ◦ j1ϕ = xµ , ui ◦ j1ϕ = ϕi (x) , uiµ ◦ j1ϕ =
∂ϕi

∂xµ

∣∣∣∣
x

, (5.5)

from (4.8).
We define the Lagrangian

L4∂

[
ϕ,g(1)

]
:=

1
2

〈
η−1,

(
j1ϕ
)∗
g(1)
〉
, (5.6)

24 To show (5.2), we need some theorems concerning the structure of the tangent bundle of such a vector bundle. There
is a short exact sequence of smooth vector bundles on E, namely 0 → VE→ TE→ HE→ 0, where the sub-bundle
VE := ker dπ is called the ‘vertical bundle’, and the quotient bundle HE= TE/VE is called the ‘horizontal bundle’.
Both these bundles are isomorphic to pullback bundles along π∗; we have VE∼= π∗E, and HE∼= π∗TY, which gives
rise to the isomorphism (5.2).
25 Note that not every section of the 1-jet bundle π1 : J1E→ Σ is a prolongation of a section ϕ of π : E→ Σ, where
the latter is for us identified with a scalar field configuration. We are only interested in sections obtained in this way.
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which we regard as a functional of the original section ϕ. Assuming the system of local
coordinates set out in equations (4.5)–(4.8), this gives the Lagrangian

L4∂

[
ϕ,g(1)

]
=

1
2
ηµνgij (ϕ(x))∂µϕ

i ∂νϕ
j+

1
2Λ2

ηρσηµνgij (ϕ(x))∂ρ∂µϕ
i ∂σ∂νϕ

j , (5.7)

up to a cosmological constant term coming from the first term in (5.3) that we can neglect
when doing flat-space quantum field theory (although its natural appearance seems intriguing
nonetheless).

Let us pause to make some further comments. First and foremost, we have shown that
defining a geometry on the 1-jet bundle naturally ‘refines’ our original 2-derivative Lagrangian,
as constructed fromfield space geometry in section 2.1, by a particular 4-derivative ‘correction’
term that is also geometric in origin. This is already, to our knowledge, a novel result in the
context of EFT.

We can try to unpack the particular Lagrangian that we have obtained, which is clearly not
yet general, in the case of the HEFTs. Let us therefore take Σ to be flat 4d spacetime and the
target spaceM is a real 4-manifold equipped with the SO(4) group action σS for SMEFT, say.
We can, for illustration, keep only terms in the Lagrangian (5.7) that have two field insertions.
This is equivalent to taking only the leading term in the expansion of the original σS-invariant
metric,

gij
(
ui
)
= δij+ . . . (5.8)

In this limit, and contracting the various indices, the Lagrangian (5.7) becomes

L=
1
2
∂µϕ · ∂µϕ +

1
2Λ2

∂µ∂νϕ · ∂µ∂νϕ +O
(
ϕ4
)
. (5.9)

Interestingly, we recover the most general SMEFT Lagrangian with up to two fields and up to
four derivatives. The SM can, as for the purely 2-derivative case, be obtained by taking the
cut-off scale Λ→∞, which decouples all the non-renormalisable operators from the EFT.

5.3. General geometries for general Lagrangians

In the previous two Subsections, we considered a metric on J1E that is ‘natural’, mathematic-
ally, given the geometry we started with on the field space bundle E. We found that this metric
delivered a 4-derivative EFT Lagrangian, via the ‘obvious map’ to Lagrangians specified by
equation (5.6). Unsurprisingly, if we start from such a naturally induced metric on J1E, this
will only ever get us a 4-derivative term whose form is determined by the 2-derivative terms
already present in the action. For a general EFT description, we of course want to consider 4-
derivative terms that are independent of the 2-derivative terms. This suggests that our geometry
on the 1-jet bundle J1E should introduce new structures not already present in the geometry of
the field space bundle E.

This poses no problem, and in a sense simplifies the picture. One can shortcut the mathem-
atical niceties of section 5.1, and instead take a more pedestrian approach that we are used to
as physicists; to wit, we should consider the most general geometry on the 1-jet bundle that is
consistent with symmetry. This is, after all, the most natural approach to take in the spirit of
EFT!
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General Poincaré invariant 1-jet metrics

We will, however, make rather stringent assumptions about the structure and symmetry of
spacetime, to simplify our discussion (and specialise to those EFTs we are most interested in
as high-energy physicists). As previously, we fix spacetime to beΣ= R1,3, flat Minkowski in d
spacetime dimensions with metric η = ηµν dxµ ⊗ dxν = dt2 − d⃗x · d⃗x26. We moreover enforce
Poincaré symmetry on the jet bundle geometry. In practice, this means we must contract all µ
indices (that derive from both the base space coordinates xµ and the derivative coordinates uiµ)
to make Lorentz invariants, but we do not form contractions with xµ vectors since that would
break translations (nor can any explicit x dependence appear in the metric components). We
will discuss symmetries on the jet bundle again in section 5.5, using the language of bundle
morphisms (building on section 3.3).

So, let us write down the most general such metric, in our local coordinates. We keep all
terms, including ‘cross-terms’ that mix different types of jet bundle coordinates:

g(1) =
(
dxµ dui duiµ

)[
g(1)
]dxν

du j

du jν

 ,
[
g(1)
]
=


Λ4gµν (. . .) Λ2gµj (. . .) gνµj (. . .)

Λ2gνi (. . .) gij (. . .)
1
Λ
gνij (. . .)

gµνi (. . .)
1
Λ
gµij (. . .)

1
Λ2
gµνij (. . .)

 . (5.10)

Because the derivative coordinates themselves have pairs of indices, one upstairs and one
downstairs, it is convenient to use the same index notation for the components of the metric;
thus, a component such as gµij or g

µν
ij still has two downstairs jet bundle indices (i.e. all metric

components are of course components of a (0, 2) tensor, never a 3- or 4-tensor), but taken with
respect to one (or two) derivative coordinates respectively. The (. . .) record the fact that, in
general and before imposing any symmetry, each metric component is a functions of all the jet
bundle coordinates—including the ‘derivative coordinates’. Symmetry will of course restrict
the form of these components dramatically.

Upon pulling back a general metric of the form (5.10) along a section j1ϕ of the jet bundle
(J1E,Σ,π1) and forming the Lagrangian (5.6), one obtains the following Lagrangian terms:

L
[
ϕ,g(1)

]
= ηρσ

[
1
2
Λ4δµρ δ

ν
σ gµν (ϕ,∂ϕ)+Λ2δµρ gµj (ϕ,∂ϕ) ∂σϕ

j+Λδµρ g
ν
µj (ϕ,∂ϕ) ∂ρ∂νϕ

i

+
1
2
gij (ϕ,∂ϕ) ∂ρϕ

i ∂σϕ
j+

1
2Λ

gµij (ϕ,∂ϕ) ∂ρ∂µϕ
i ∂σϕ

j

+
1
2Λ

gνij (ϕ,∂ϕ) ∂ρϕ
i ∂σ∂νϕ

j+
1

2Λ2
gµνij (ϕ,∂ϕ) ∂ρ∂µϕ

i ∂σ∂νϕ
j

]
. (5.11)

Let us unpack this general form of the Lagrangian a little. First, we highlight in magenta
the piece of this Lagrangian that is captured by the usual field space geometry picture,

26 Lest there is any confusion, the scalar field theory Lagrangian will be defined in terms of a geometry on the 1-
jet bundle π1 : J1E→ Σ, and we equip J1E with a geometry (i.e. a metric g(1)) that is independent of the geometry
on spacetime. In particular, the metric components in the ‘base space directions’ of J1E need not agree with those
components of η, the metric on Σ.
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as in equation (2.8). In fact, this gij term is already more general than the 2-derivative
Lagrangian (2.8), because the component function gij(ϕ,∂ϕ) is itself a function of first deriv-
atives, and so this term already includes a subset of 4-derivative EFT operators (and indeed
operators with > 4 derivatives), not just 2-derivative operators.

Another important remark to make is that we also capture terms with fewer than 2-
derivatives from this geometry, coming from the first two terms on the RHS of (5.11) – we
already saw this feature in section 3 when describing the 2-derivative EFT using the field
space bundle picture (which is equivalent to formulating the theory geometrically on the ‘0-jet
bundle’ J0E= E). In particular, the first term

L ⊃ ηµνΛ4gµν (ϕ,∂ϕ) (5.12)

can encode an arbitrary scalar potential contribution; taking gµν = 1
dηµνV(ϕ/Λ)+ . . . , and

Taylor expanding, the preceding equation becomes

L ⊃ Λ4
∞∑
n=0

Vn

(
ϕ

Λ

)n

. (5.13)

In the case of SMEFT or HEFT, when we imposeO(4) symmetry and so forbid terms with odd
powers of ϕ, this contains the (super-)renormalisable terms c+µ2ϕ2 −λϕ4 appearing in the
SM, where c= Λ4V0, µ2 = Λ2V2 and λ=−V4

27. We emphasize that, in the usual geometric
approaches, the scalar potential does not have a geometric origin but rather is added as an extra
ingredient in defining the EFT—see our discussion in section 2.2.

Let us return to non-renormalisable operators, with more derivatives. Because all of the
metric components in (5.11) are arbitrary functions ofϕ and ∂ϕ, the Lagrangian (5.11) contains
operators with arbitrary numbers of derivatives—but not all such terms—in a similar way to
the usual geometric Lagrangian (2.8) containing operators with arbitrary numbers of fields.
The more precise statement here is that the 1-jet bundle geometric Lagrangian (5.11) yields
operators with

D⩽ N+ 2 (5.14)

whereD is the number of derivatives in the operator, and N is the number of fields. The reason
for the +2 on the RHS of (5.14) is the same reason that the ordinary field space geometry
(equivalently, the J0E case) describes 2-derivative terms, namely because there are already
two derivatives due to g being a (0, 2) tensor.

We do not claim, in this fully general EFT without any symmetries, that we capture all
operators satisfying (5.14); to answer this would require careful counting of non-redundant
operators with unbounded mass dimension (since N can be taken arbitrarily large), which
is clearly difficult. Adapting Hilbert series techniques (see e.g. [86, 87]) to jet bundle ‘field
space’ might provide helpful tools for tackling such completeness questions (should they be
interesting). A more practical approach is to truncate the general Lagrangian (5.11) and count
e.g. all operators with a maximum number of derivatives. For the 1-jet bundle, we are able
to count operators in the examples considered in section 6 and section 7, including for HEFT
and SMEFT, accounting for all IBPs redundancies; in all cases, we find the complete basis of
operators with up to 4-derivatives is covered by the Lagrangian (5.11). In fact, we prove in

27 Of course, tiny values are required for V0 and V2, given any viable EFT cutoff scaleΛ; this manifests the (tree-level)
cosmological constant and electroweak hierarchy problems.
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general that by pulling back a 1-jet bundle metric one obtains a complete non-redundant basis
of 0-, 2-, and 4-derivative operators for any scalar EFT. See appendix B.

Passing to higher jet bundles, one captures more and more operators (with more and more
derivatives, relative to the number of fields); specifically, for an r-jet bundle geometry, one can
obtain operators with

D⩽ rN+ 2 (5.15)

number of derivatives; those operators with (r− 1)N< D− 2< rN would not have already
been captured by the (r− 1)-jet bundle geometry. We thus see how going to higher jet bundles
systematically captures more and more operators in the EFT, and so provides a natural organ-
ising principle for the EFT expansion. Indeed, one can prove that the r-jet bundle geometry can
capture a complete basis of operators in a general scalar EFT with up to 2(r+ 1) derivatives—
again, see appendix B.

We will use 1-jet bundles to study several examples of scalar field theories in section 6,
culminating in a geometric formulation of the HEFTs, including all operators containing up to
4 derivatives, in section 7. Before we get into the nitty gritty of these examples, in the remainder
of this section we want to dig a bit deeper into how field redefinitions might be described in
this context, and how the various notions of ‘bundle morphism’ described in section 3.3 lift
to the 1-jet bundle description. This will also allow a more general formulation of symmetries
on the jet bundles.

5.4. Field redefinitions are (prolonged) changes of section

To recap, in the ‘bundle formulation’ of a scalar field theory that we described in section 3,
we identified scalar fields with local sections ϕ ∈ Γx(π) of bundles (E,Σ,π) over spacetime
Σ (3.1). A field redefinition, in general, was identified as a change of section ϕ 7→ ψ ∈ Γx(π).
Furthermore, for the special class of field redefinitions that are ‘non-derivative’, this is equi-
valent to doing a base-point preserving bundle morphism ( f, f̄) = ( fE : E→ E, idΣ : Σ→ Σ).

Upon passing to the 1-jet bundle (J1,Σ,π1), which we suggest provides the right geometric
ingredients for constructing EFT Lagrangians with more derivatives, the section ϕ is promoted
to its prolongation j1ϕ ∈ Γx(π1), a section of the 1-jet bundle. This is uniquely determined by
the original section ϕ, simply by j1ϕ(x) = j1xϕ, the 1-jet of ϕ at x. The natural notion of a ‘field
redefinition’ in this picture is therefore sending

j1ϕ 7→ j1ψ , (5.16)

the result of which is also a section of the 1-jet bundle π1. We can think of this as a ‘prolong-
ation’ of the field redefinition ϕ → ψ. Since the Lagrangian will be defined by pulling back
objects (ametric) from (J1E,Σ,π1) along a section, this tells us howwe can implement the field
redefinition at the level of the Lagrangian—it is straightforward to check that the Lagrangian
transforms in the ‘right way’ (see section 5.5.4 for some more-or-less trivial examples). We
believe this can accommodate any (possibly derivatively-dependent, but sufficiently smooth)
field redefinition.

5.5. Morphisms on the jet bundle

The notion of bundle morphisms that we gave in section 3.3, and used to describe non-
derivative field redefinitions and (internal and spacetime) symmetries, can be promoted to a
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notion of morphism on the 1-jet bundle (which extends suitably to higher r-jet bundles), which
we describe in this section.

5.5.1. Prolongation of bundle morphisms. We start with the notion of bundle morphism ( f, f̄)
introduced in equation (3.6), where we straightaway fix both bundles to have the same base
and total space. Going to the 1-jet bundle J1E, the prolongated morphism j1 f is defined by its
action on points in the jet bundle J1E, which recall are jets j1xϕ, by [54]

j1
(
f, f̄
) (

j1xϕ
)
= j1f̄(x)

(
f ◦ϕ ◦ f̄−1

)
(5.17)

where f̄−1 is the inverse of f̄, which we assume to be a (local) diffeomorphism. The commut-
ative diagram (3.6) is extended to

Specialising to the case of bundle morphisms that act trivially on the base (3.8), i.e. taking
f̄= idΣ, Equation (5.17) simplifies to

j1 ( f)
(
j1xϕ
)
= j1x ( f ◦ϕ) . (5.19)

The commutative diagram (5.18) then simplifies to

Recall π1 = π1,0 ◦π and likewise ρ1 = ρ1,0 ◦ ρ. For two sections j1ϕ ∈ Γx(π1) and j1ψ ∈
Γx(ρ1), the ‘prolonged’ commutative diagram implies the relation

j1ψ = j1 f ◦ j1ϕ (5.21)

between sections, analogous to (3.11).
We can obtain the coordinate representation of the prolongated diffeomorphism j1 f by tak-

ing the composition with the various coordinate functions. For the original base and ‘field
space coordinates’ xµ and ui, we get

xµ ◦ j1 f = xµ ◦ ρ1 ◦ j1 f = xµ, (5.22)

ui ◦ j1 f = ui ◦ ρ1,0 ◦ j1 f = ui ◦ f . (5.23)

That is, the prolongated morphism j1 f acts exactly as f on the xµ and ui components (remem-
bering our restriction that the bundle morphism f acts trivially on the base space). Lastly, for
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the derivative coordinates uiµ, we can deduce their transformation under j1 f by considering the
action on a particular jet j1xϕ

28:(
uiµ ◦ j1 f

)(
j1xϕ
)
= ∂µ

(
ui ◦ ( f ◦ϕ)

)∣∣
x

= ∂µ
(
ui ◦ f

)∣∣
x
+ ∂µ

(
u j ◦ϕ

)∣∣
x

∂
(
ui ◦ f

)
∂u j

∣∣∣∣
x

= ∂µ
(
ui ◦ f

)∣∣
x
+ u jµ

∂
(
ui ◦ f

)
∂u j

∣∣∣∣
x

. (5.24)

One can think of this as a ‘total derivative’ of the transformed coordinate functions ui ◦ f; it
follows essentially from applying the chain rule. To summarize, we can write the prolongated
bundle morphism as:

j1 f :
(
xµ,ui,uiµ

)
7→
(
xµ, f i,∂µf

i + u jµ∂jf
i
)
, (5.25)

in our local fibred coordinates, where f i(xµ,u j) = ui ◦ f as in section 3.3.
The construction we have described for prolonging a bundle morphism from π : E→ Σ to

its 1-jet bundle π1 : J1 → Σ can be extended straightforwardly to the higher-jet bundles. Since
on the physics side we focus on J1E in this paper, we omit details of this construction here.

5.5.2. Prolonging internal and spacetime symmetries to the 1-jet bundle. In section 3.3.1
we defined notions of internal and spacetime symmetries as bundle morphisms satisfying par-
ticular conditions. Namely, all symmetries leave the Lagrangian invariant; internal symmet-
ries are base-point preserving bundle morphisms, which in local coordinates can be expressed
as fg : (xµ,ui) 7→ (xµ, f ig(ui,xµ)); spacetime symmetries have a non-trivial action on the base
space Σ of the bundle. We discussed the particular cases of the HEFTs in section 3.3.1.

How do these symmetries act on the 1-jet bundle? Having phrased symmetries in the above
language of bundle morphisms, there is an obvious way to ‘lift’ them to the 1- and higher-jet
bundles using the notion of prolongation, that we have introduced in this section.

Prolonging an internal symmetry

For an internal symmetry, we can directly apply the formula (5.25) for the prolongation of a
base-point preserving bundle morphism, which we have for each group element g ∈ G, our
symmetry Lie group. The set of prolonged symmetry morphisms are29

j1 fg :
(
xµ,ui,uiµ

)
7→
(
xµ, f ig,∂µf

i
g + u jµ∂jf

i
g

)
, ∀g ∈ G (5.26)

For the SMEFT/HEFT symmetries, we can, at least in a coordinate patch, write fiO∈O(4) =

σ(O,ui), for σ = σS or σH in the case of SMEFT or HEFT respectively. Let us unpack this
further in the case of SMEFT, for illustration, in which the group action in our coordinate
chart of choice is linear:

f i = Oi
ju

j , (5.27)

28 We reiterate that all formulae here are for the specific subset of bundle morphisms that act trivially on the base.
29 As usual, all morphisms and prolongations thereof are understood to be only local here; the formulae we write are
valid only in certain open submanifolds coordinatized by certain charts; in other words, all manifolds appearing in
commutative diagrams such as (5.20) should be understood as open submanifolds of the objects written.
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where Oi
j is a constant O(4) matrix in the fundamental representation. Notice that, in addition

to being an internal symmetry, it is also a global symmetry, in the usual physicist’s sense,
which is a restricted kind of base-point preserving morphism. (It is the same restriction we
have often imposed when viewing field redefinitions as morphisms, where we appealed to
Poincaré invariance as our justification.) Thus, ∂µf i = 0 while ∂jf i = Oi

j. The prolongation of
the internal O(4) symmetries to the 1-jet bundle is thus given by the set of morphisms:{

j1 fO :
(
xµ,ui,uiµ

)
7→
(
xµ,Oi

ju
j,Oi

ju
j
µ

)
∀O ∈ O(4)

}
. (5.28)

exactly as one would naïvely expect. In practice, this means that one forms O(4)-
invariants (say, when constructing invariant metrics on the 1-jet bundle, and thence invari-
ant Lagrangians) by contracting the upper case i indices wherever they appear both in the ui

coordinates and in the derivative coordinates uiµ. The simplicity of this group action, which
could hardly have been otherwise, will be frequently invoked in section 7 when we finally turn
to constructing the 4-derivative HEFT Lagrangians.

Prolonging a spacetime symmetry

Starting from the field space bundle (E,Σ,π), a spacetime symmetry is a collection of bundle
morphisms ( f, f̄) for which f̄ is a non-trivial diffeomorphism on the base space. The Poincaré
group action for our Lorentz-invariant EFTs is still specified by equation (3.18). The prolong-
ing of a spacetime symmetry requires the more general version shown in equations (5.17)
and (5.18). This requires the generalisation of equations (5.22)–(5.24) to the case where f̄ is
non-trivial. (We refer the interested reader to section 4.2 of the book [54] for these more gen-
eral formulae, which we only use explicitly here). The prolongation of the Poincaré symmetry
morphisms (3.18) gives:{

j1 fa,L :
(
xµ,ui,uiµ

)
7→
(
Lµν x

ν + aµ,ui,
(
L−1
)ν
µ
uiν
)

∀(a,L) ∈ O(1,3)
}
. (5.29)

Notice that while the Poincaré action is non-linear on the xµ coordinates, including the effects
of translations, this does not appear in the group action on the derivative coordinates upon
prolonging the symmetry. Moreover, notice that it is the inverse matrix L−1 that appears mul-
tiplying the derivative coordinates. Again, as for the O(4) internal indices, the straightforward
action of the prolonged spacetime symmetry on the derivative coordinates means that we can
treat the µ index exactly as we would any other Lorentz index when forming Lorentz-invariant
contractions; namely, we should contract with the Minkowski metric ηµν on spacetime, as we
do everywhere in the examples that follow in sections 6 and 7.

5.5.3. Non-derivative field redefinitions (last time!). Again, analogous to the situation we
described in section 3.3, not any change of prolonged section j1ϕ → j1ψ can be obtained by
prolonging a bundle morphism, as in (5.20). Indeed, the same considerations of section 3.3,
noting in particular the lemma discussed in section 3.3.5, suggest that a morphism j1 f on the
1-jet bundle cannot reproduce the effects of a derivative field redefinition (except under special
circumstances, analogous to those considered in example 3.3.4)30, but can reproduce the effects
of non-derivative field redefinitions. It is important to check, as we do in this Subsection, that

30 Later in section 6.2, we will perform an analogous exercise to that in section 3.3.4 ; for a scalar field theory at
the 4-derivative level, which is described by geometry on the 1-jet bundle, we ask when (if ever) a prolonged bundle
morphism can reproduce the effects of a derivative field redefinition.
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non-derivative field redefinitions are still implemented consistently by prolonging the bundle
morphism f to j1 f.

Recall that a general Lagrangian (with up to 4 derivatives) is, in this formulation, obtained
by pulling back a metric g(1) from the 1-jet bundle to Σ along a section j1ϕ ∈ Γx(π1), given
an initial section ϕ ∈ Γx(π), before contracting with the inverse metric on spacetime:

L
[
ϕ,g(1)

]
=

1
2
〈η−1,

(
j1ϕ
)∗
g(1)〉 .

Doing a prolongated bundle morphism j1 f : J1E→ J1E on the 1-jet bundle, obtained from a
morphism f : E→ E via (5.20), which is itself a diffeomorphism on J1E considered as a man-
ifold, the metric changes via the usual transformation law

g(1) = g(1)IJ (x)dxI⊗ dxJ 7→
(
j1 f
)∗
g(1) = g(1)KL

(
x ◦ j1 f

) ∂j1 fK
∂xI

∂j1 f
L

∂xJ
dxI⊗ dxJ , (5.30)

where we employ a compact notation in which{
xI
}
=
{
xµ,ui,xiµ

}
(5.31)

runs over all the 1-jet bundle coordinates, and here j1 f
I
= xI ◦ j1 f. When we pull back the

transformed metric along the original section j1ϕ, we get

(
j1ϕ
)∗ (

j1 f
)∗(

g(1)
)
= g(1)KL

(
x ◦ j1 f ◦ j1ϕ

) ∂ (xK ◦ j1 f ◦ j1ϕ)
∂xI

∂
(
xL ◦ j1 f ◦ j1ϕ

)
∂xJ

× d
(
xI ◦ j1ϕ

)
⊗ d
(
xJ ◦ j1ϕ

)
. (5.32)

This can be expanded out in the various pieces, analogous to the expansion (5.11), using
equations (5.25) and (5.5) to evaluate objects like x ◦ j1 f ◦ j1ϕ, but the result would be very
cumbersome and so we do not write it explicitly.

5.5.4. Example: free particle quantum mechanics. To see a more explicit expression, it is
helpful to lose this full generality and consider a specific example. We consider the quantum
mechanics of a single real scalar field, described by a 1d sigma model on M= R (we will
treat this example in full generality in section 6.1), for which we view a field as a section ϕ of
a bundle (E∼= Rt×Ru,Rt,π : (t,u) 7→ t). The 1-jet bundle is just 3-dimensional, on which
we specify an initial fibred coordinate system (t,u,ut). We start from the simplest viable
Lagrangian, just L= 1

2 ϕ̇
2 that describes a free particle. As mentioned at the end of section 6.1,

one valid choice of metric is31

g(1) = udtdut+ 2dudu . (5.33)

31 One cannot take g(1) = dtdt+ dudu on the 1-jet bundle, because that is not invertible and so does not define a
metric.
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To recap, given a section ϕ : t 7→ (t,ϕ(t)) which we prolong, this gives the Lagrangian

L
[
ϕ,g(1)

]
=

1
2
〈η−1,

(
j1ϕ
)∗
g(1)〉= 1

2
ϕϕ̈ + ϕ̇2 ∼ 1

2
ϕ̇2 (5.34)

after using IBPs.
Now, consider the base-point preserving bundle morphism

f : (t,u) 7→
(
t,u2
)
, (5.35)

which, similar to the field theory example considered in section 2.3, implements a non-
derivative field redefinition sending our initial section ϕ to a section ψ whose components
satisfy ψ = ϕ2. Applying equation (5.25), the prolongation of this morphism to the 1-jet
bundle is

j1 f : (t,u,ut) 7→
(
t,u2,2uut

)
, (5.36)

as expected from the chain rule. Now apply this morphism to the metric g(1), using (5.30), to
obtain

g(1) 7→
(
j1 f
)∗
g(1) = 2u2utdtdu+ 2u3dtdut+ 8u2dudu . (5.37)

Finally, pulling this back and forming the transformed Lagrangian gives

L
[
ϕ,
(
j1 f
)∗
g(1)
]
=

1
2
〈η−1,

(
j1ϕ
)∗ (

j1 f
)∗
g(1)〉= ϕ2ϕ̇2 +ϕ3ϕ̈+ 4ϕ2ϕ̇2 IBPs∼ 2ϕ2ϕ̇2 , (5.38)

after doing IBPs. We see that the formulae for prolonging the bundle morphism to the 1-
jet, where the original morphism corresponds to a particular non-derivative field redefinition,
gives the consistent transformation of the Lagrangian when computed using a 1-jet metric.
We expect the same applies for any non-derivative field redefinition, which we would write as
ϕ 7→ ψ = ϕ2 at the level of coordinates implemented via the general formula (5.25), and for
general Lagrangians (with up to 4-derivatives).

Derivative field redefinitions

We emphasize that, mirroring our discussion in section 3.3 of 2-derivative Lagrangians using
the field space bundle picture, one can always implement more general derivative field redefin-
itions just by pulling back the metric g(1) along a different section j1ψ, as described in
section 5.4; but, in this more general situation, one loses the equivalent description in terms of
a prolongated morphism on the jet bundle.

We can exhibit this by considering an explicit derivative field redefinition, still in the context
of this QM example for simplicity. Consider a change of section ϕ → ψ which, in components,
is defined by ϕ → ψ = ϕ − ϵϕ̈, analogous to the field theory example (3.27). Starting from the
same metric (3.27) describing the free particle (when pulled back along j1ϕ), but pulling back
along the different section ψ, we get
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L
[
ϕ,g(1)

]
7→ L

[
ψ,g(1)

]
=

1
2
〈η−1,

(
j1ψ

)∗
g(1)〉

=
1
2
〈∂t⊗ ∂t,dt⊗ dt〉

((
u ◦ j1ψ

)
∂t
(
ut ◦ j1ψ

)
+ 2∂t

(
u ◦ j1ψ

)
∂t
(
u ◦ j1ψ

))
=

1
2

(
ϕ− aϕ̈

)
∂t
(
ϕ̇− a

...
ϕ
)
+ ∂t

(
ϕ− aϕ̈

)2

=
1
2

(
ϕϕ̈ − aϕ̈2 − aϕ

....
ϕ + a2ϕ̈

....
ϕ
)
+
(
ϕ̇ − a

...
ϕ
)2 IBPs∼ 1

2

(
ϕ̇ − a

...
ϕ
)2
.

(5.39)

As for the example considered above in section 3.3.4, the formulae for implementing this
field redefinition are essentially trivial. Changing section corresponds to ‘subbing in’ x ◦ψ
everywhere in place of x ◦ϕ, which are precisely the manipulations one would do to ‘change
fields’ at the level of the Lagrangian.

6. Examples

In this section we consider concrete examples of scalar field theories, to better acquaint the
reader with the jet bundle formalism described in section 4, and the notion of geometry thereon
(section 5). The examples start simple and increase in complexity.

6.1. Quantum mechanics on the line

We begin with an example that could not be much simpler, namely the quantum mechanics of
a point particle moving on the real line M∼= R, which is described by a (0+ 1)-dimensional
sigma model on R. The 1-jet bundle is here only 3-dimensional, meaning it is feasible to write
down metrics explicitly and thereby get a feel for the general formalism.

It is worth remarking that, in 0+ 1 dimensions, the scalar field ϕ has negative (classical)
mass dimension, and so operators with more insertions of the field ϕ become more and more
relevant (in contrast to the story we are used to in 3+ 1 dimensions). Therefore, the ‘EFT
expansion’ we consider in this section should be regarded as a formal construction, in which
we expand in both number of fields and number of derivatives, not to be interpreted as an
expansion in increasingly irrelevant operators.

The sigma model field is simply a real function ϕ : R→ R : t 7→ ϕ(t). For our symmetries,
we take a pair of O(1)∼= Z2 factors that act as inversions on both the source and target lines:

T : t 7→ −t, (time reversal) , (6.1)

P : ϕ 7→ −ϕ, (parity) . (6.2)

This defines a simple toy quantum field theory to which we can apply the jet bundle form-
alism, which nonetheless is structurally similar to the HEFTs; the O(1)t×O(1)u symmetry,
like the O(3,1)Σ ×O(4)M of the HEFT or SMEFT, allows only terms with even numbers of
derivatives, and even numbers of fields.

The first step is to pass from the formulation in terms of maps to field space M∼= R, to the
formulation in which the scalar field is a section of a bundle E. For simplicity, let us take the
field space bundle here to be (globally) a product manifold, E= Rt×Ru → Rt, on which our
field

ϕ : t 7→ (t,ϕ(t)) (6.3)
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is a section. The 1-jet bundle J1E can then be modelled as the real 3-manifold

J1E∼= T∗Rt×Ru , (6.4)

with local fibred coordinate system

yI = {t,u,ut} . (6.5)

Along the section j1ϕ of J1E→ Σ, these coordinates evaluate to

t ◦ j1ϕ = t, (6.6)

u ◦ j1ϕ = ϕ(t) , (6.7)

ut ◦ j1ϕ = ϕ̇(t) . (6.8)

Following our general formalism, an invariant metric on this 1-jet bundle can be used to define
a general 4-derivative Lagrangian for this system.

Before writing down the 1-jet metric, it is helpful to know where we want to end up: using
the usual procedure, let us first write down the most general Lagrangian for this toy EFT with
up to 4-derivatives in a non-redundant basis, consistent with our pair of O(1) symmetries. At
the 2-derivative level, there are two independent operators ϕϕ̈ and ϕ̇2, one of which can be
removed (we remove ϕϕ̈) by an IBP relation. At the 4-derivative level, there are 5 operators
and 3 IBP relations. We choose to remove the operators

....
ϕ and

...
ϕ ϕ̇, which cannot in fact be

written using the 1-jet bundle (they contain too many derivatives acting on a single field), plus
the operator ϕ̈ ϕ̇ ϕ̇, to leave a non-redundant basis spanned by the 4-derivative operators ϕ̇4 and
ϕ̈2. In general all these operators (including the 0-derivative constant piece) are multiplied by
arbitrary even functions of ϕ.

Now let us see how to recover this general Lagrangian using the 1-jet bundle described
above. We write down the most general metric

g= gIJdy
I⊗ dyJ (6.9)

on J1E that is consistent with our O(1)t×O(1)u global symmetry. We truncate each metric
component to include all contributions that will pull back to Lagrangian terms with up to and
including four time derivatives. We have:

gutut = A(u) , (6.10)

guut = utuB(u) , (6.11)

guu = C(u)+ u2tD(u) , (6.12)

gtut = uE(u)+ uu2t F(u) , (6.13)

gtu = utG(u)+ u3tH(u) , (6.14)

gtt =−2V(u)+ u2t J(u)+ u4t K(u) , (6.15)
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where A(u), ... V(u) are even functions of u, as dictated by our symmetry. Written as a sym-
metric matrix of components:

[gIJ] =

−2V+ u2t J+ u4t K utG+ u3tH uE+ uu2t F
· C+ u2tD uutB
· · A

 , (6.16)

in our local fibred coordinates (6.5).
To form a Lagrangian, we pull back this metric along the section j1ϕ, and contract with the

inverse metric on the 1d spacetime:

L [ϕ,g] =
1
2

〈
η−1,

(
j1ϕ
)∗
g
〉
. (6.17)

Here, the inverse metric is just

η−1 = ∂t⊗ ∂t.

The resulting object is a scalar function on the worldline, i.e. a function of t, that is our
Lagrangian. We get

L [ϕ,g] =
1
2

〈
η−1,

(
j1ϕ
)∗
g
〉
=

1
2
gtt+ gtuϕ̇+ gtut ϕ̈+

1
2
guuϕ̇

2 + guut ϕ̇ϕ̈+
1
2
gutut ϕ̈

2 (6.18)

=−V(ϕ)+ 1
2
ϕ̇2 (C+ 2G+ J)+ ϕ̈ϕE (6.19)

+
1
2
ϕ̇4 (D+ 2H+K)+ ϕ̈ ϕ̇2ϕ(B+F)+

1
2
ϕ̈2A .

where V,A,B . . .K are implicitly understood to be even functions of the field: V(ϕ),A(ϕ), etc.
As anticipated, we do not obtain the operators

....
ϕ and

...
ϕ ϕ̇ with more than two derivatives

on a single field, but this is not an issue because those operators can be removed from the
Lagrangian using IBPs.

We do, however, obtain 2 (3) operator structures with 2 (4) derivatives, only 1 (2) of which
are independent, as discussed. The extra operators can be removed via IBP:

ϕ̈ϕE=−ϕ̇2E− ϕ̇ϕ ∂tE=−ϕ̇2E− ϕ̇ϕ2ϕϕ̇
dE

d(ϕ2)
=−ϕ̇2

(
E+ 2ϕ2E ′) , (6.20)

ϕ̈ϕ̇2ϕ (B+F) =−1
3
ϕ̇4
(
B+F+ 2ϕ2 (B ′ +F ′)

)
, (6.21)

where E ′ = dE/d(ϕ2) and analogously for B ′,F ′. With this notation, B ′,E ′,F ′ are even func-
tions of ϕ. The Lagrangian (6.18) can now be written in a non-redundant basis:

L [ϕ,g] = IBP ◦ 1
2

〈
η−1,

(
j1ϕ
)∗
g
〉

(6.22)

=−V+ 1
2
ϕ̇2
(
C+ 2G+ J− 2E− 4ϕ2E ′)

+ ϕ̇4

(
1
2
(D+K)+H− 1

3
(B+F)− 2

3
ϕ2 (B ′ +F ′)

)
+

1
2
ϕ̈2A . (6.23)
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In fact we know a little more; the 2-derivative term must be non-vanishing, and its leading
order piece is fixed by canonical normalisation of ϕ. We require

C(0)+ 2G(0)+ J(0)− 2E(0) = 1 . (6.24)

This defines a map from metric g to L[ϕ,g], the Lagrangian functional (of ϕ), in a particular
basis with no residual IBP redundancies. The map is, importantly, surjective, meaning that the
most general Lagrangian with up to 4-derivatives can be captured by pulling back a metric on
the 1-jet bundle.

The map g 7→ L[ϕ,g] is not, however, injective. This is a general feature that will recur in
every example: there are redundancies in the map from 1-jet metrics to Lagrangians, in the
sense that many different metrics map to the same Lagrangian. A natural next step is to try to
define equivalence classes of metrics that map to the same Lagrangian (up to a total derivative),
in order to fix up a map L[ϕ,g] that is both surjective and injective. Generally, two metrics g
and g̃ are equivalent iff

η−1
(
j1ϕ
)∗

(g− g̃) = ∂µK
µ . (6.25)

However, it is not so straightforward to make a consistent choice of representative for each
such equivalence class, as is made apparent even in this toy example where we can explicitly
‘read off’ the redundancies. For example, one might try to define representative metrics by
setting the functions G, J, E to zero (capturing the 2-derivative term via C), and setting H, K,
B, and F to zero also (capturing the ϕ̇4 term viaD). But this can lead to pathologies when trying
to describe certain (physically reasonable) Lagrangians, such as the free theory L= 1

2 ϕ̇
2; with

the ‘representative’ above, the ‘metric’ would have components [gIJ] = diag(0,1,0), which is
singular and so not a metric at all. A valid metric that does map to this Lagrangian, accounting
for IBPs in the manner described above, would be [gIJ] = diag(u/2,2,u/2).

6.2. Real scalar in 4d

We now consider the case of a single real scalar field in Minkowski spacetime. We consider
the scalar field ϕ to be a section of the bundle π : E= R1,3 ×Ru → R1,3:

ϕ : xµ 7→ (xµ,ϕ(xµ)) . (6.26)

We require Poincaré invariance, but do not impose any internal symmetries on the field. The
1-jet bundle J1E is a real 9-manifold

J1E∼= T∗R1,3 ×Ru , (6.27)

with local fibred coordinates

yI = {xµ,u,uµ} . (6.28)

Along the section j1ϕ of J1E→ Σ, they evaluate to

xµ ◦ j1ϕ = xµ, (6.29)

u ◦ j1ϕ = ϕ(xµ) , (6.30)

uµ ◦ j1ϕ = ∂µϕ(x
µ) . (6.31)
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Following the same steps as in the previous example, we first write down the Lagrangian we
wish to obtain.

In this case, we are after a complete Green’s basis for a scalar EFT, i.e. a set of operators that
is non-redundant under IBP (but can in general contain redundancies under EOMs), with up
to 4 derivatives and arbitrarily large number of field insertions. We also require no more than
2 derivatives acting on each field and that boxes □= ∂µ∂

µ are absent. The former condition
is necessary, because it is not possible to obtain such structures from a 1-jet bundle metric.
The complete absence of operators with boxes is not strictly required by the metric structure,
but turns out to be a very convenient choice: the Lagrangian obtained pulling back the most
general 1-jet bundle metric contains all box-less operators with up to 4 derivatives, but only
a subset of those with boxes, see section B. Restricting to box-less bases guarantees that the
scalar Lagrangian will be manifestly matched by pulling back the 1-jet bundle metric, without
further manipulations and without introducing cumbersome evaluations of which operators
with boxes can or cannot be obtained. The fact that all operators with boxes can always be
removed from a Green’s basis is not obvious a priori, but can be proven explicitly for any
scalar theory at any derivative order, see section B.

In the case of a single real scalar with interactions with up to 4 derivatives, the conditions
listed above identify unambiguously32:

L=
1
2
∂µϕ∂

µϕF0 (ϕ)−V (ϕ)+
1
Λ2

(∂µ∂νϕ∂
µ∂νϕ) F1 (ϕ)

+
1
Λ3

(∂µ∂νϕ∂
µϕ∂νϕ) F2 (ϕ)+

1
Λ4

(∂µϕ∂
µϕ)

2 F3 (ϕ) . (6.32)

where F0(0) = 1 to have a canonical kinetic term and in general Fi(0) = ci for i = 1,2,3,
accounting for arbitrary Wilson coefficients33. The operator bases in equations (6.32)
and (6.72) below were cross-checked with BasisGen [89].

The Lagrangian (6.32) can be recovered from a 1-jet bundlemetric which is formally similar
to the one in the 1d example. The metric components, truncated such that only terms with up
to 4 derivatives are generated when pulling back to the Lagrangian, are

gµνuu = ηµνA(u) , (6.33)

gµuu =
uµ

Λ2
B(u) , (6.34)

guu = C(u)+
uρuρ

Λ4
D(u) , (6.35)

gνµu = δνµE(u)+
uνuµ
Λ4

F1 (u)+ δνµ
uρuρ

Λ4
F2 (u) , (6.36)

32 With N ⩾ 2 field insertions, there are 2 operator structures with 2 derivatives and 1 IBP. With N= 2 (3) fields, one
can write 4 (6) structures with 4 derivatives, related by 3 (4) IBP. With N ⩾ 4 fields, there are 7 structures with 4
derivatives and 4 IBP. The case N= 1 is never relevant as any such operator is automatically a total derivative. The
number of independent operators for each field multiplicity is automatically reflected in the Lagrangian (6.32).
33 We will see in section 8 that the Wilson coefficient F1(0) is not completely arbitrary, but must satisfy a positivity
bound (8.19). In particular, its sign is negative [88]. In the context of our jet bundle geometry, this translates to a
condition on the signature of the metric.
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gµu =
uµ
Λ2
G(u)+

uµ uρuρ

Λ6
H(u) , (6.37)

gµν =−ηµν
2
V(u)+

(
uµuν
Λ4

+
ηµν
4

uρuρ

Λ4

)
J(u)
2

+

(
uµuν
Λ4

+
ηµν
4

uρuρ

Λ4

)
uσuσ

Λ4

K(u)
2

,

(6.38)

where the coordinates uµ are defined by raising indices with the spacetime metric uµ = ηµνuν
and we have restored the powers of Λ to make the dimensionalities manifest. The functions
V,A . . .Ki are defined to be dimensionless, and therefore functions of (u/Λ). Moving from
1d to 4d Minkowski spacetime, we find a larger number of independent tensor structures: the
terms proportional F1 and F2 were degenerate in the QM example, but become distinguishable
in this case. In equation (6.38) the functions J and K multiply a combination of two Lorentz
structures: they were grouped together because they yield the same result upon contracting
with ηµν :

ηµνuµuν = uµu
µ =

ηµνηµν
4

uρu
ρ . (6.39)

Pulling back along the section j1ϕ and contracting with the inverse metric:

L [ϕ,g] =
1
2

〈
η−1,

(
j1ϕ
)∗
g
〉

where η−1 = ηρσ∂ρ ⊗ ∂σ , (6.40)

we get

L [ϕ,g] =
Λ4

2
ηµνgµν +Λ2gµu∂

µϕ+Λgνµu∂
µ∂νϕ +

1
2
guu∂µϕ∂

µϕ (6.41)

+
gµuu
Λ
∂νϕ∂µ∂νϕ +

1
2
gµνuu
Λ2

∂ρ∂µϕ∂
ρ∂νϕ

=−Λ4V+
1
2
(∂µϕ∂

µϕ)(C+ 2G+ J)+Λ□ϕE

+
(∂µ∂νϕ∂

µ∂νϕ)

Λ2

A
2
+
∂µ∂νϕ∂

µϕ∂νϕ

Λ3
(B+F1)+

(□ϕ)(∂µϕ∂µϕ)
Λ3

F2

+
(∂µϕ∂

µϕ)
2

Λ4

D+ 2H+K
2

, (6.42)

where V,A . . .K are understood to be functions of ϕ/Λ.
The terms proportional to E and F2 contain boxes. Both arise from pulling back the gνµu

metric element, which, at the 1-jet level, is the only one that allows the contraction of two
derivatives acting on the same field. As is evident in equation (6.41), box contractions cannot
be implemented in any of the other terms. Following the reasoning above and the argument
proved in section B, all operators with boxes obtained from the 1-jet bundle are redundant with
the box-less ones, and can be removed using IBPs. Let us do this explicitly: if E is a constant,
the corresponding term is a total derivative and therefore can be removed. If E is at least linear
in ϕ, then it can be recast as:

□ϕE=−∂µϕ∂µE=−∂µϕ∂
µϕ

Λ

dE
d(ϕ/Λ)

. (6.43)
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The term proportional to F2 can always be removed via IBP, even if F2 is a constant:

(□ϕ)∂µϕ∂µϕF2 =−2∂µ∂νϕ∂
µϕ∂νϕF2 −

∂µϕ∂
µϕ∂νϕ∂

νϕ

Λ

dF2

d(ϕ/Λ)
(6.44)

No further manipulation is required in order to obtain a non-redundant Lagrangian, that mani-
festly matches equation (6.32):

L [ϕ,g] = IBP ◦ 1
2

〈
η−1,

(
j1ϕ
)∗
g
〉

= −Λ4V+
1
2
(∂µϕ∂

µϕ)(C+ 2G+ J− 2E ′)

+
(∂µ∂νϕ∂

µ∂νϕ)

Λ2

A
2
+
∂µ∂νϕ∂

µϕ∂νϕ

Λ3
(B+F1 − 2F2)

+
(∂µϕ∂

µϕ)
2

Λ4

D+ 2H+K− 2F ′
2

2
, (6.45)

where now E ′ = dE/d(ϕ/Λ) and analogously for F2. A canonical kinetic term requires

C(0)+ 2G(0)+ J(0)− 2E ′ (0) = 1 . (6.46)

The results obtained for a real scalar in Minkowski spacetime share several features with the
case of quantum mechanics on the line: the map from metric to Lagrangian is surjective, and
a degeneracy is observed between the same groups of functions, namely (B,Fi), (C,G,J,E),
(D,H,K). The presence of E′ alone in this example, rather than both E and E′ as in the 1d case,
is simply due to the different internal symmetry assumed.

Finally, we comment on the conditions for g(1) with elements (6.33)–(6.38) to be invertible,
which is a required to have a valid metric. The necessary condition to have det[g(1)] 6= 0 is that
at least one of the following 9 polynomials is non-vanishing34:

C
(
2E2 +AV

)
, (6.47)

D
(
8F2

2 −AK
)
, (6.48)

B(4F1G−BJ)− 2CF2
1 , (6.49)

B(4F1H−BK)− 2DF2
1 , (6.50)

4D
(
2E2 +AV

)
+C(16EF2 −AJ) , (6.51)

C
(
8F2

2 −AK
)
+D(16EF2 −AJ) , (6.52)

4E(BG−CF1)+A
(
CJ− 2G2

)
+B2V , (6.53)

16E(BH−DF1)+ 16F2 (BG−CF1)+ 4A(DJ+CK− 4GH)−B2J , (6.54)

16F2 (BH−DF1)+ 4A
(
DK− 2H2

)
−B2K . (6.55)

34 Note that, in general, this requirement does not preclude the possibility of coordinate singularities, i.e. conditions
in which the metric is singular only at specific values of the coordinates (u,uµ), which should be examined case by
case.
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In the generic case where 4-derivative operators with non-zero Wilson coefficients are present
in the Lagrangian, the conditions (6.47)–(6.55) leave large freedom to choose a possible metric
that pulls back to equation (6.32). A minimal example is:

gµνuu = 2ηµνF1 (u) , gµuu =
uµ

Λ2
F2 (u) , guu = F0 (u)+ 2

uµuµ

Λ4
F3 (u) ,

gνµu = 0 , gµu = 0 , gµν =−1
2
ηµν

V (u)
Λ4

. (6.56)

If we restrict the Lagrangian to the 2- and 0-derivative terms, setting to zero all functions
except V,C,E, then the conditions for invertibility collapse into 2CE2 6= 0, which implies that
both C and E must be non-vanishing. This indicates that, even though it produces a physically
redundant operator, the E term is necessary for the jet-bundle metric to be non-singular for any
value of the 4-derivativeWilson coefficients, consistently with what observed in sections 5.5.4
and 6.1. Restricting further to 0-derivatives only is incompatible with both physics (as the
kinetic term is removed) and jet-bundle geometry, as the metric would be inevitably singular.

EOM redundancies

The operator basis considered up to this point is non-redundant under IBP, i.e. it is a Green’s
basis for operators with up to 4 derivatives and arbitrary number of fields. It is interesting to
note that the 1-jet bundle geometry automatically accounts for all IBP among operators with
up to 4 derivatives, except the residual E and F2 function redundancies35.

When constructing EFTs, we are typically interested in removing EOM redundancies as
well. EOM relations express invariance properties of the S-matrix. Because this information is
not contained in the geometric formulation, they need to be imposed as additional conditions
on top of the Lagrangian in equation (6.32).

Formally, the removal of EOM redundancies in an EFT is performed by applying derivative
field redefinitions on the Lagrangian. Therefore, based on the discussion in section 5, two jet
bundle metrics pulling back to EOM-equivalent Lagrangians are in general not related by a
morphism. In practice, we do not expect to find an operation on the jet bundle metric that
is mathematically equivalent to basis reduction via EOM. Nevertheless, it is instructive to
consider the EOM-reduced Lagrangian for the toy example under study, and ask what classes
of jet bundle metrics would pull back to it. We will come back to the inadequacy of jet bundle
morphisms (even prolonged ones) at the end of this subsection.

To this end, we take a step back and review the construction of the operator basis. This
operation is necessary because, being (6.32) ‘box-less’, EOM redundancies are not manifest.
At the same time, we hope to give a useful illustration of the application of derivative field
redefinitions in an EFT.

At the 2-derivatives level and with N fields, there are two allowed operators structures:

O(2)
1 = (□ϕ)ϕN−1 , O(2)

2 = (∂µϕ∂
µϕ)ϕN−2 , (6.57)

35 The fact that no redundant box-less operators are produced by the jet bundle metric is due to the fact that, in this
particular case, there are exactly as many operators with boxes as independent IBP. Therefore the set of all box-less
operators with up to 4 derivatives forms a complete and non-redundant Green’s basis.
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which are related by the IBP

O(2)
1 +(N− 2)O(2)

2 = 0 . (6.58)

To obtain (6.32), we have used the IBP to remove O(1)
1 for each value of N⩾ 2. This is always

the most convenient choice for N= 2, since in this case O(2)
2 is the kinetic term. However,

for N⩾ 3, we can choose to remove O(2)
2 via IBP, and then use the EOM to trade O(2)

1 for 0-
derivative interactions, effectively obtaining a basis without any 2-derivative operator, besides
the kinetic term. In practice, the EOM removal implies that we start with a Lagrangian

L=
1
2
∂µϕ∂

µϕ −V (ϕ)+
∞∑
N=3

c(2)1,N

ΛN−2
(□ϕ)ϕN−1 + . . . , (6.59)

where the scalar potential is as in equation (5.13) and the dots stand for other operators that
are present in general. Then we apply the derivative redefinition

ϕ 7→ ϕ −
∞∑
k=0

ϵk
Λk+2

(□ϕ)ϕk , (6.60)

and truncate again at 2-derivatives:

L→ 1
2
∂µϕ∂

µϕ −V (ϕ)− dV (ϕ)

dϕ

∑
k

ϵk
Λk+2

(□ϕ)ϕk+
∞∑
N=3

c(2)1,N

ΛN−2
(□ϕ)ϕN−1 + . . . (6.61)

=
1
2
∂µϕ∂

µϕ −V (ϕ)+ (□ϕ)

−∑
n,k

ϵknVn
Λn+k−2

ϕn+k−1 +
∞∑
N=3

c(2)1,N

ΛN−2
ϕN−1

+ . . . (6.62)

=
1
2
∂µϕ∂

µϕ −V (ϕ)+
∞∑
N=3

[
c(2)1,N−

N∑
n=1

ϵN−nnVn

]
ϕN−1

ΛN−2
(□ϕ)+ . . . (6.63)

Choosing the constants εk such that
∑N

n=1 ϵN−nnVn = c(2)1,N removes the infinite tower of O(2)
1

operators with N⩾ 336.
At the level of 4 derivatives and with N fields, we can write the 7 structures

O(4)
1 = (□□ϕ)ϕN−1 , O(4)

5 = (□ϕ)(∂µϕ∂µϕ)ϕN−3 , (6.64)

O(4)
2 = (∂µ□ϕ)(∂µϕ)ϕN−2 , O(4)

6 = (∂µ∂νϕ ∂
µϕ∂νϕ)ϕN−3 , (6.65)

O(4)
3 = (□ϕ)(□ϕ)ϕN−2 , O(4)

7 = (∂µϕ∂
µϕ)

2
ϕN−4 , (6.66)

O(4)
4 = (∂µ∂νϕ)(∂

µ∂νϕ)ϕN−2 , (6.67)

36 This is an infinite system of equations, each labeled by N and depending on N free parameters ϵ0 . . . ϵN−1. It always
admits a solution that can be found recursively.
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which are related by the 4 IBPs

O(4)
1 +(N− 1)O(4)

2 = 0 , (6.68)

O(4)
2 +O(4)

3 +(N− 2)O(4)
5 = 0 , (6.69)

O(4)
2 +O(4)

4 +(N− 2)O(4)
6 = 0 , (6.70)

2O(4)
6 +O(4)

5 +(N− 3)O(4)
7 = 0 . (6.71)

To obtain equation (6.32), we used the four IBP to remove the four operators with boxes.
On the other hand, the more widely used procedure to construct minimal operator bases is
to first use IBP to remove as many operators without boxes as possible, and then employ
EOMs to reduce box operators to lower derivative structures, by using field redefinitions sim-
ilar to equation (6.60). With N= 2,3 fields, this procedure reveals that all 4-derivative oper-
ators are redundant with lower-derivative ones. However, for N⩾ 4, the operator O(4)

7 cannot
be removed, neither with IBP nor with EOMs.

In summary, a IBP+EOM reduced Lagrangian with up to 4 derivatives is

L=
1
2
∂µϕ∂

µϕ −V (ϕ)+
1
Λ4

(∂µϕ∂
µϕ)

2F3 (ϕ) , (6.72)

which is simply a subset of the Green’s basis in equation (6.32), as expected. This indicates
that the EOM-reduced Lagrangian can be obtained by pulling back a correspondingly reduced
metric g on the 1-jet bundle. Specifically, equation (6.72) can be obtained requiring

C(ϕ)+ 2G(ϕ)+ J(ϕ)− 2E ′ (ϕ) = 1 , (6.73)

V(ϕ) = V (ϕ)/Λ4 (6.74)

A(ϕ) = 0 , (6.75)

B(ϕ)+F1 (ϕ)− 2F2 (ϕ) = 0 , (6.76)

1
2
(D(ϕ)+K(ϕ))+H(ϕ)−F ′

2 (ϕ) = F3 (ϕ) . (6.77)

This still leaves much freedom to identify a suitable metric, that respects the
conditions (6.47)–(6.55) as well. A minimal example is

gµνuu = gµuu = gµu = 0 , guu = 2
uρuρ

Λ4
F3 (u) , (6.78)

gµν =−ηµν
2

V (u)
Λ4

, gνµu =−
δνµ
2
u
Λ
. (6.79)

Can prolonged bundle morphisms capture ‘EOM field redefinitions’?

Derivative field redefinitions of the form

ϕ 7→ ψ such that u ◦ψ = ψ (u ◦ϕ,∂µ∂µ (u ◦ϕ)) , (6.80)

namely in which the new section ψ is a function of ϕ and □ϕ, have played an important role
in our discussion of this 4d real scalar example. Before our introduction of jet bundles, in
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section 3.3 we discussed to what extent a morphism on the field space bundle (E,Σ,π), which
recall can capture any non-derivative field redefinition, can capture the effects of derivative
field redefinitions such as this (which we can understand generically to be changes of section).
There are indeed fundamental reasons why such morphisms cannot induce derivative maps on
sections (see lemma 3.1).

Nonetheless, for the particular example of a 4d real scalar with canonical kinetic term and
a ϕ4 potential, we saw that a bundle morphism of the form (xµ,u) 7→ (xµ,u+ ϵλ(u)) can rep-
licate the shift of the Lagrangian under a derivative change of section, ϕ 7→ ψ = ϕ − ϵ□ϕ, at
least when the Lagrangian is truncated to remain at 2-derivative order, and keeping only oper-
ators with up to 4-fields. One might ask whether similar ‘accidents’ can happen when we pass
to 4-derivative Lagrangians using our 1-jet bundle formalism. In other words, can a morphism
on the 1-jet bundle replicate, at the Lagrangian level, the effects of derivative field redefinitions
that depend on □ϕ? We here suggest that the answer to this question is no. (More precisely,
we expect that such an equivalence will only occur for very special examples, truncated in a
particular way.)

To see this, let us consider the effects of a prolongated bundle morphism, as defined in
section 5.5, on the 1-jet bundle metrics constructed for the 4d real scalar in this Subsection.
We specialise to the case of a base-point preserving ‘perturbative morphism’ on the bundle E
that is consistent with Poincaré symmetry, considered in section 3.3.4, of the form

fE : (x
µ,u) 7→ (xµ, f(u)) = (xµ,u+ ϵλ(u)) . (6.81)

Using equation (5.25), the prolongation of this bundle morphism to the 1-jet bundle is

j1 fE : (x
µ,u,uµ) 7→

(
xµ, f(u) ,uµ

∂f
∂u

)
= (xµ,u+ ϵλ,uµ + ϵuµλ

′) , (6.82)

where λ ′ := dλ/du etc. The coordinate basis 1-forms transform as

j1 fE : (dx
µ,du,duµ) 7→ (dxµ,du(1+ ϵλ ′) ,duµ (1+ ϵλ ′)+ ϵuµλ

′ ′du) , (6.83)

from which we can compute the transformation law for the 1-jet bundle metric.
Let us start with the 1-jet metric written in the form of equation (6.56)

g(1) =− ηµν

2
V (u)
Λ4

dxµdxν +

(
F0 (u)+

2uµuµ

Λ4
F3 (u)

)
dudu

+F2 (u)
uµ

Λ3
duduµ +

2ηµν

Λ2
F1 (u)duµduν , (6.84)

which pulls back to give the Lagrangian in equation (6.32). Doing our prolongated jet bundle
morphism and keeping only terms that are linear in the perturbation ε, we compute the trans-
formed metric to be

j1 f∗Eg
(1) =−1

2
ηµνV (u+ ϵλ)dxµdxν +F0 (u+ ϵλ)(1+ 2ϵλ ′)dudu

+
uµuµ

Λ4
[2F3 (u+ ϵλ)(1+ 4ϵλ ′)+ ϵF2 (u+ ϵλ)λ ′ ′]dudu

+
uµ

Λ2
[F2 (u+ ϵλ)(1+ 3ϵλ ′)+ 4ϵF1 (u+ ϵλ)λ ′ ′]duduµ

+ 2ηµνF1 (u+ ϵλ)(1+ 2ϵλ ′)duµduν +O
(
ϵ2
)
. (6.85)
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Expanding also each ‘structure function’ V , F0,1,2,3 about u, we can capture the effects of
this transformation in terms of the following shifts at leading order in ε (the terms neglected
are O(ϵ2)):

V 7→ V + ϵλV ′ , (6.86)

F0 7→ F0 + ϵ(2λ ′F0 +λF ′
0 ) , (6.87)

F1 7→ F1 + ϵ(2λ ′F1 +λF ′
1 ) , (6.88)

F2 7→ F2 + ϵ(3λ ′F2 + 4λ ′ ′F1 +λF ′
2 ) , (6.89)

F3 7→ F3 + ϵ

(
4λ ′F3 +

1
2
λ ′ ′F2 +λF ′

3

)
. (6.90)

If we then pullback this metric to Σ along the original (prolongated) section j1ϕ, we obtain the
transformed Lagrangian

L
[
ϕ,
(
j1 fE
)∗
g(1)
]
=

1
2
(F0 + ϵ(2λ ′F0 +λF ′

0 ))(∂ϕ)
2 − (V + ϵλV ′)

+
1
Λ2

(F1 + ϵ(2λ ′F1 +λF ′
1 ))∂µ∂νϕ∂

µ∂νϕ

+
1
Λ3

(F2 + ϵ(3λ ′F2 + 4λ ′ ′F1 +λF ′
2 ))∂µ∂νϕ∂

µϕ∂νϕ

+
1
Λ4

(
F3 + ϵ

(
4λ ′F3 +

1
2
λ ′ ′F2 +λF ′

3

))
(∂µϕ∂

µϕ)
2
. (6.91)

Thus, upon doing the prolongated bundle morphism to transform the metric, we see that the
transformation of the Lagrangian has a particularly constrained structure; operators with a
certain number D of derivatives (here 0, 2, or 4 due to our symmetry assumptions) mix only
into operators with the same value of D.

In contrast, if we were to perform a derivative change of section, we would see operators
of lower-derivative-order mix into operators of higher-derivative-order, as in the ϕ4 example
considered in section 3.3.4: for example, it is straightforward to compute that V ‘mixes into’
the 2-derivative structure functionF0 and all three 4-derivative structure functionsF1,2,3; the 2-
derivative termF0 likewisemixes into all ofF1,2,3. For the 2-derivative toy example considered
in section 3.3.4 we exploited the fact that there was only a single such operator mixing, namely
of the potential into the 2-derivative term, that could be cancelled by a bundle morphism that
shifts the kinetic term (explicitly, this fixed λ in terms of ∂uV) provided the potential were high
enough order that we could neglect its own variation. This was a very special situation which
enabled the derivative change of section to be matched by a bundle morphism. In this more
general 4-derivative example, we must still fix λ by matching the shift of the 2-derivative term
(even if that is zero, for example in the case of vanishing potential), but then we cannot hope
to simultaneously match the shift in any 4-derivative term that is present. So one cannot even
contrive a theory with 2- and 4-derivative terms for which the ϕ → ψ(ϕ,□ϕ) change of section
can be described via an (appropriately prolongated) morphism of the jet bundle. Nonetheless,
we reiterate that the derivative field redefinition can be implemented as a prolonged change of
section, as discussed in section 5.4.

6.3. Two real scalars in 4d, without internal symmetries

We generalize the previous example by introducing two scalar fields ϕ1,ϕ2, without imposing
any internal symmetries relating them. Themain goals in considering this example are twofold:
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(i) to cover a case in which non-trivial field indices appear in the metric, and (ii) to check that
the 1-jet bundle gives a complete Green’s basis for a theory with multiple fields but without
internal symmetries.

The formalism is identical to the previous case, except the 1-jet bundle is now a real 14-
manifold with local fibred coordinates

jI =
{
xµ,ui,uiµ

}
, i = 1,2 , (6.92)

that, along the section j1ϕ, evaluate to

xµ ◦ j1ϕ = xµ (6.93)

ui ◦ j1ϕ = ϕi (xµ) (6.94)

uiµ ◦ j1ϕ = ∂µϕ
i (xµ) (6.95)

As in the previous cases, we start by writing the EFT Lagrangian containing a complete and
IBP-non-redundant basis with up to 4 derivatives, requesting that no more than 2 derivatives
act on each field and that there are no boxes. This identifies the Green’s basis:

L=
1
2

(
∂µϕ

i∂µϕj
)
F0
ij −V (ϕ1,ϕ2)+

1
Λ2

(
∂µ∂νϕ

i∂µ∂νϕj
)
F1
ij

+
1
Λ3

(
∂µ∂νϕ

i∂µϕj∂νϕk
)
F2
ijk+

1
Λ4

(
∂µϕ

i∂µϕj
)(
∂νϕ

k∂νϕl
)
F3
ijkl . (6.96)

where, in general, the scalar potential V and the F functions have the form

F = f0 + f1
ϕ1

Λ
+ f2

ϕ2

Λ
+ f11

(
ϕ1
)2

Λ2
+ . . .=

∞∑
a,b=0

f1 . . .1︸ ︷︷ ︸
a

2 . . .2︸ ︷︷ ︸
b

(
ϕ1
)a (

ϕ2
)b

Λa+b
(6.97)

Each such function contains (n+ 1) independent index assignments for every number of
fields n= a+ b. Therefore, accounting for the symmetry in (ij), with N field insertions in the
Lagrangian, the 2-derivative operator has 3(n+ 1) = 3(N− 1) independent index assignments.
For the 4-derivative operators there are a total of 3(5N− 11) independent assignments for
N⩾ 4. This number is reduced to 12 for N= 3 and to 3 for N= 2, due to the fact that some
operator structures are unavailable in these cases. These numbers, as well as the EOM-reduced
counting below, have been cross-checked with BasisGen. Canonical kinetic terms require
f 011 = f 022 = 1, f 012 = 0.

We now turn to the jet bundle metric from which we would like to recover (6.96). The
generic metric components, truncated as in the previous examples, are

gµνij = ηµνAij (u) , (6.98)

gµij =
ukµ

Λ2
Bijk (u) , (6.99)

gij = Cij (u)+
ukρu

lρ

Λ4
Dijkl (u) , (6.100)

gνµj = δνµEj (u)+
ukνulµ
Λ4

F1,jkl (u)+ δνµ
ukρu

lρ

Λ4
F2,jkl (u) , (6.101)
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gµj =
ukµ
Λ2
Gjk (u)+

ukµ u
l
ρu

mρ

Λ6
Hjklm (u) , (6.102)

gµν =−ηµν
2
V(u)+

(
ukµu

l
ν

Λ4
+
ηµν
4

ukρu
lρ

Λ4

)
Jkl (u)

2
+

(
ukµu

l
ν

Λ4
+
ηµν
4

ukρu
lρ

Λ4

)
umρu

nρ

Λ4

Kklmn (u)
2

,

(6.103)

where uiµ = ηµνuiν and all the functions V,A . . .K are dimensionless functions of (ui/Λ) . We
also assume that the metric is fully symmetric: gµνij ,g

µν ,gνµj are symmetric in µν, gµνij ,gij are

symmetric in ij, and g(µ)νi = g(ν)µj ,g
µ
ij = gνij upon relabeling the free indices. All repeated indices

are understood to be summed over. Because we are not assuming internal symmetries, they
simply represent labels on the functions.

Pulling back along the section j1ϕ and contracting with the inverse metric

L [ϕ,g] =
1
2

〈
η−1,

(
j1ϕ
)∗
g
〉

where η−1 = ηρσ∂ρ ⊗ ∂σ , (6.104)

we get

L [ϕ,g] =
Λ4

2
ηµνgµν +Λ2gµj∂

µϕ j+Λgνµj∂
µ∂νϕ

j+
1
2
gij∂

µϕi∂µϕ j (6.105)

+
1
2

gµij
Λ
∂µ∂νϕ

i∂νϕ j+
1
2

gνij
Λ
∂µϕi∂µ∂νϕ

j+
1
2

gµνij
Λ2

∂ρ∂µϕ
i∂ρ∂νϕ

j

=−Λ4V+
1
2
∂µϕ

i∂µϕ j (Cij+ 2Gij+ Jij)+Λ□ϕ jEj

+

(
∂µ∂νϕ

i∂µ∂νϕ j
)

Λ2

Aij
2

+
∂µ∂νϕ

i∂µϕ j∂νϕk

Λ3

Bijk+Bjik+ 2F1,ijk

2

+

(
□ϕi

)
∂µϕ

j∂µϕk

Λ3
F2,ijk (u)+

(
∂µϕ

i∂µϕ j
)(
∂νϕ

k∂νϕl
)

Λ4

Dijkl+ 2Hijkl+Kijkl
2

.

(6.106)

This result is again formally equivalent to those obtained in section 6.1 and section 6.2, the
only difference being the presence of explicit field indices. The Ej function is required to have
a non-singular metric at the 2-derivatives level, but it is redundant via IBP37:

□ϕ jEj =−∂µϕ
i∂µϕ j

Λ

dEj
d(ϕi/Λ)

. (6.107)

The term proportional to the function F2,ijk is also redundant and can be recast as(
□ϕi

)
∂µϕ

j∂µϕkF2,ijk =−
(
∂µ∂νϕ

j
)
∂µϕk∂νϕi (F2,ijk+F2,ikj)

−
(
∂µϕ

j∂µϕk
)(
∂νϕ

i∂νϕl
)

Λ

dF2,ijk

d(ϕl/Λ)
(6.108)

37 As in the previous example, we find that for any number of fields N, there are always as many independent IBPs as
operators with boxes. This implies that the set of all box-less operators forms a complete and non-redundant Green’s
basis.
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such that

L [ϕ,g] = IBP ◦ 1
2

〈
η−1,

(
j1ϕ
)∗
g
〉

(6.109)

=−Λ4V+
1
2
∂µϕ

i∂µϕ j
(
Cij+ 2Gij+ Jij− 2

dEj
d(ϕi/Λ)

)
+

(
∂µ∂νϕ

i∂µ∂νϕ j
)

Λ2

Aij
2

+
∂µ∂νϕ

i∂µϕ j∂νϕk

Λ3

(
Bijk+Bjik

2
+F1,ijk−F2,kij−F2,kji

)
+

(
∂µϕ

i∂µϕ j
)(
∂νϕ

k∂νϕl
)

Λ4

(
Dijkl+Kijkl

2
+Hijkl−

dF2,kij

d(ϕl/Λ)

)
. (6.110)

This Lagrangian manifestly captures the complete Green’s basis in equation (6.96).

EOM redundancies

We can repeat the same exercise illustrated in section 6.2 in order to identify aminimal operator
basis with up to 4 derivatives, accounting for both IBP and EOM reduction. The procedure is
formally equivalent to the one illustrated above, and leads to an analogous result, namely:

L=
1
2
∂µϕ

i∂µϕi −V (ϕ)+
1
2
∂µϕ

2∂µϕ2ϕ1ϕ1F0
2211 (ϕ)

+
1
Λ4

(
∂µϕ

i∂µϕ j
)(
∂νϕ

k∂νϕl
)
F3
ijkl (ϕ) . (6.111)

For N= 2,3 field insertions it is possible to remove all terms with up to 4 derivatives (except
the two kinetic ones) and trade them for non-derivative interactions in the potential. For N⩾ 4,
the structure (∂ϕ)4 is always independent. The main difference with the previous examples is
that, in addition, (N− 3) index assignments of the 2-derivative operator cannot be removed.
Here we chose arbitrarily those starting with (2211).

The Lagrangian in equation (6.111) is a subset of (6.96), and therefore it can be obtained
pulling back a 1-jet bundle metric. Comparing to equation (6.110), we see that such a metric
should satisfy:

Aij = 0 , (6.112)

Bijk+Bjik+ 2F1,ijk− 2F2,kij− 2F2,kji = 0 , (6.113)

V=
V (ϕ)

Λ4
(6.114)

Cij+ 2Gij+ Jij− 2
dEj

d(ϕi/Λ)
= δij+ δi2δj2

(
ϕ1
)2F0

2211 (ϕ) , (6.115)

1
2
(Dijkl+Kijkl)+Hijkl−

dF2,kij

d(ϕl/Λ)
= F3

ijkl (ϕ) . (6.116)
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7. Four scalars in 4d, with O(4) internal symmetry

We now cover the case of a multiplet of 4 fields in Minkowski space, with an internal O(4)
symmetry. This example is representative of SMEFT/HEFT with exact custodial symmetry
and in the absence of gauge and fermion fields. The discussion in this section follows the
same steps taken in the examples in section 6.

7.1. The EFT Lagrangian up to 4 derivatives

We start by constructing a complete, IBP-non-redundant set ofO(4)-symmetric operators with
up to 4 derivatives and arbitrary number of fields. We require that no more than 2 derivatives
act on each field and the absence of boxes. As in the toy examples, this identifies a unique
Lagrangian:

L=
1
2
∂µϕ · ∂µϕFa+(∂µϕ ·ϕ)2Fb−V +

1
Λ2

(∂µ∂νϕ · ∂µ∂νϕ)F1

+
1
Λ4

(∂µ∂νϕ ·ϕ)(∂µ∂νϕ ·ϕ)F2 +
1
Λ4

(∂µ∂νϕ · ∂µϕ)(∂νϕ ·ϕ)F3

+
1
Λ4

(∂µ∂νϕ ·ϕ)(∂µϕ · ∂νϕ)F4 +
1
Λ4

(∂µϕ · ∂µϕ)2F5 +
1
Λ4

(∂µϕ · ∂νϕ)2F6

+
1
Λ6

(∂µ∂νϕ ·ϕ)(∂µϕ ·ϕ)(∂νϕ ·ϕ)F7 +
1
Λ6

(∂µϕ · ∂µϕ)(∂νϕ ·ϕ)2F8

+
1
Λ6

(∂µϕ · ∂νϕ)(∂µϕ ·ϕ)(∂νϕ ·ϕ)F9 +
1
Λ8

(∂µϕ ·ϕ)4F10 . (7.1)

Here the dot indicates the contraction of two 4-vectors: ϕ ·ϕ = ϕiϕ jδij and V,Fk are generic
functions of (ϕ ·ϕ)/Λ2. The requirement of a canonical kinetic term translates intoFa(0) = 1.
As for the examples in section 6, the basis structure with and without EOM redundancies has
been cross-checked with BasisGen. Upon imposing preservation of the custodial symmetry,
the number of operators with 2 derivatives+ 4 fields, and 4 derivatives+ 2 fields in the Green’s
basis of equation (7.1) matches the number in [90]. The number of operators with 2 derivatives
+ 6 fields and 4 derivatives + 4 fields match those in [91]38.

While the connection to (jet) bundle geometry is best studied considering the 4 scalars as
the components of a real vector, it can be useful to make contact with the more familiar form
in terms of the SU(2) Higgs doublet, by exploiting the isomorphism

O(4)∼=
(
SU(2)L× SU(2)R

Z2

)
⋊Z2 , (7.2)

where the quotient by Z2 identifies the central elements of SU(2)L and SU(2)R; the part in
parentheses is SO(4), which recall is a normal subgroup of O(4).

38 There are 3 custodial-preserving terms in [90]: OH□,O ′
HD,ODH. There are 8 in [91]: O(1)

ϕ6 , O
(3)
ϕ6 , O

(3)
ϕ4 , O

(4)
ϕ4 , O

(10)
ϕ4 ,

(O(1)
ϕ4 +O(2)

ϕ4 ), (O
(8)
ϕ4 + 2O(11)

ϕ4 ), (O(6)
ϕ4 +O(12)

ϕ4 ).
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Explicit expressions for the operators in (7.1) can be obtained straightforwardly from the
following dictionary:

∂µϕ ·ϕ = ∂µ
(
H†H

)
, (7.3)

∂µϕ · ∂νϕ =
(
∂µH

†)(∂νH)+ (∂νH†)(∂µH) , (7.4)

∂µ∂νϕ ·ϕ =
(
∂µ∂νH

†)H+H† (∂µ∂νH) , (7.5)

∂µ∂νϕ · ∂ρ∂σϕ=
(
∂µ∂νH

†)(∂ρ∂σH)+ (∂ρ∂σH†)(∂µ∂νH) , (7.6)

∂µ∂νϕ · ∂µϕ=
(
∂µ∂νH

†)(∂µH)+ (∂µH†)(∂µ∂νH) , (7.7)

F
(
ϕ ·ϕ/Λ2

)
= F

(
H†H/Λ2

)
. (7.8)

EOM redundancies

If EOM redundancies are accounted for, the Lagrangian in equation (7.1) can be further
reduced. Applying the procedure described in section 6.2, we find that a possible IBP+EOM
-non-redundant basis is:

L=
1
2
∂µϕ · ∂µϕ +(∂µϕ ·ϕ)2Fb−V

+
1
Λ4

(∂µϕ · ∂µϕ)2F5 +
1
Λ4

(∂µϕ · ∂νϕ)2F6

+
1
Λ6

(∂µϕ · ∂µϕ)(∂νϕ ·ϕ)2F8 +
1
Λ6

(∂µϕ · ∂νϕ)(∂µϕ ·ϕ)(∂νϕ ·ϕ)F9

+
1
Λ8

(∂µϕ ·ϕ)4F10 . (7.9)

Notice that the function Fa accompanying the kinetic term has now been removed. This is the
case because, with N⩾ 4 fields it is always possible to map via IBP

(∂µϕ∂
µϕ)(ϕ ·ϕ)N−2

= (2−N)(∂µϕ ·ϕ)2 (ϕ ·ϕ)N−4 − (□ϕ ·ϕ)(ϕ ·ϕ)N−2
, (7.10)

and then remove the last term via EOM. Equation (7.9) is consistent with the SMEFT operator
bases in the literature: for instance, the Warsaw basis of dimension-6 operators [4] contains
1 custodial-preserving operator with 2 derivatives + 4 fields (OH□ ∼Fb), and none with 4
derivatives+ 2 fields. TheMurphy basis of dimension-8 operators [92] also contains 1 operator
with 2 derivatives + 6 fields (Q(1)

H6 ∼Fb), and 3 with 4 derivatives + 4 fields. However, only

2 combinations of those (Q(6)
H4 ∼F5, (Q

(1)
H4 +Q(2)

H4 )∼F6) preserve the custodial symmetry.
The interactions in the last two lines of equation (7.9) correspond to dimension-10 and higher
operators in SMEFT and were cross-checked against the results of [93].

7.2. The EFT Lagrangian from 1-jet bundle geometry

The full 4-derivative Lagrangian in equation (7.1) can be captured by pulling back to spacetime
a metric from the 1-jet bundle J1E. This is a real 24-manifold, with local fibred coordinates

yI =
{
xµ,ui,uiµ

}
. (7.11)
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The metric components must be representations ofO(4), gµν ,gνµj,g
µν
ij are symmetric in µν and

gij,g
µν
ij are symmetric in ij, while this is not enforced for gµij . The generic form is:

gµνij = ηµνδijA0 (u)+ ηµν
uiuj
Λ2 A1 (u) , (7.12)

gµij =
uµi uj
Λ3 B0 (u)+

uiu
µ
j

Λ3 B1 (u)+ δij
u · uµ

Λ3 B2 (u)+
uiuj (u · uµ)

Λ5 B3 (u) , (7.13)

gij = δijC0 (u)+
ui uj
Λ2 C1 (u)

+ δij
uρ · uρ

Λ4 D0 (u)+
uiρu

ρ
j

Λ4 D1 (u)+

[
δij

(u · uρ)2

Λ6 +
uiuj (uρ · uρ)

Λ6

]
D2 (u)

2

+

(
uiujρ + ujuiρ

)
(u · uρ)

2Λ6 D3 (u)+
uiuj (u · uρ)2

Λ8 D4 (u) , (7.14)

gνµj = δνµ
uj
Λ
E(u)

+
uj (u

ν · uµ)
Λ5 F10 (u)+

uνj (u · uµ)+ (u · uν)ujµ
2Λ5 F11 (u)+

uj (u · uν)(u · uµ)
Λ7 F12 (u)

+ δνµ
uj (uρ · uρ)

Λ5 F20 (u)+ δνµ
ujρ (u · uρ)

Λ5 F21 (u)+ δνµ
uj (u · uρ)2

Λ7 F22 (u) , (7.15)

gµj =
ujµ
Λ2 G0 (u)+

uj (u · uµ)
Λ4 G1 (u)+

ujµ (uρ · uρ)
Λ6 H0 (u)

+
ujρ (uµ · uρ)

Λ6 H1 (u)+

[
uj (u · uµ)(uρ · uρ)

Λ8 +
ujµ (u · uρ)2

Λ8

]
H2 (u)

2

+

[
uj (uµ · uρ)(u · uρ)

Λ8 +
ujρ (u · uµ)(u · uρ)

Λ8

]
H3 (u)

2
+
uj (u · uµ)(u · uρ)2

Λ10 H4 (u) , (7.16)

gµν =−1
2
ηµνV(u)+

[
(uµ · uν)

Λ4 +
ηµν
4

(uρ · uρ)
Λ4

]
J0 (u)
2

+

[
(u · uµ)(u · uν)

Λ6 +
ηµν
4

(u · uρ)2

Λ6

]
J1 (u)
2

+

[
(uµ · uν)

Λ4 +
ηµν
4

(uρ · uρ)
Λ4

]
uσ · uσ

Λ4
K0 (u)

2

+

[
(uσ · uµ)(uσ · uν)

Λ8 +
ηµν
4

(uσ · uρ)2

Λ8

]
K1 (u)

2

+

[
(u · uµ)(u · uν)(uσ · uσ)

Λ10 +
ηµν
4

(u · uρ)2 (uσ · uσ)
Λ10 +

(uµ · uν)(u · uσ)2

Λ10

]
K2 (u)

3

+

[
(u · uµ)(uσ · uν)+ (uσ · uµ)(u · uν)

2Λ7 +
ηµν
4

(u · uρ)(uσ · uρ)
Λ7

]
(u · uσ)
Λ3

K3(u)
2

+

[
(u · uµ)(u · uν)

Λ6 +
ηµν
4

(u · uρ)2

Λ6

]
(u · uσ)2

Λ6
K4(u)

2
, (7.17)

where V,An . . .Kn are functions of (u · u)/Λ2, we implicitly defined ui = δikuk and the dot
denotes a contraction of internal indices. We can also take gνi = gµj,g

µ
νi = gνµj,g

ν
ij = gµij upon

index relabeling and we grouped together structures that yield identical results upon mapping
to the Lagrangian.
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Pulling back along the section j1ϕ and contracting with the inverse metric

L [ϕ,g] =
1
2

〈
η−1,

(
j1ϕ
)∗
g
〉

where η−1 = ηρσ∂ρ ⊗ ∂σ , (7.18)

we get

L [ϕ,g] =
Λ4

2
ηµνgµν +Λ2gµj∂

µϕ j+Λgνµj∂
µ∂νϕ

j+
1
2
gij∂

µϕi∂µϕ j (7.19)

+
1
2

gµij
Λ
∂µ∂νϕ

i ∂νϕ j+
1
2

gνij
Λ
∂µϕi∂µ∂νϕ

j+
1
2

gµνij
Λ2

∂ρ∂µϕ
i∂ρ∂νϕ

j

= (∂µϕ · ∂µϕ)
C0 + 2G0 + J0

2
+

(∂µϕ ·ϕ)2

Λ2

C1 + 2G1 + J1
2

+(□ϕ ·ϕ)E−Λ4V

+
(∂µ∂νϕ · ∂µ∂νϕ)

Λ2

A0

2
+

(∂µ∂νϕ ·ϕ)(∂µ∂νϕ ·ϕ)
Λ4

A1

2

+
(∂µ∂νϕ · ∂µϕ)(∂νϕ ·ϕ)

Λ4

B0 +B1 + 2B2 + 2F11

2

+
(∂µ∂νϕ ·ϕ)(∂µϕ · ∂νϕ)

Λ4

B0 +B1 + 2F10

2

+
(□ϕ ·ϕ)(∂µϕ · ∂µϕ)

Λ4
F20 +

(□ϕ · ∂µϕ)(∂µϕ ·ϕ)
Λ4

F21

+
(∂µϕ · ∂µϕ)2

Λ4

D0 + 2H0 +K0

2
+

(∂µϕ · ∂νϕ)2

Λ4

D1 + 2H1 +K1

2

+
(∂µ∂νϕ ·ϕ)(∂µϕ ·ϕ)(∂νϕ ·ϕ)

Λ6
(B3 +F12)+

(□ϕ ·ϕ)(∂µϕ ·ϕ)2

Λ6
F22

+
(∂µϕ · ∂µϕ)(∂νϕ ·ϕ)2

Λ6

D2 + 2H2 +K2

2

+
(∂µϕ · ∂νϕ)(∂µϕ ·ϕ)(∂νϕ ·ϕ)

Λ6

D3 + 2H3 +K3

2

+
(∂µϕ ·ϕ)4

Λ8

D4 + 2H4 +K4

2
. (7.20)

The Lagrangian obtained from the 1-jet metric manifestly matches the complete Green’s basis
of operators with up to 4 derivatives and arbitrary number of fields, presented in equation (7.1).
The only leftover IBP redundancies are in the E, F20,F21 and F22 terms, that can be recast as39

(□ϕ ·ϕ)E=−
(
∂µϕ · ∂µϕ

)
E− 2

(∂µϕ ·ϕ)(∂µϕ ·ϕ)
Λ2

dE
d(ϕ ·ϕ/Λ2)

, (7.21)

(□ϕ ·ϕ)
(
∂µϕ · ∂µϕ

)
F20 =−

(
∂µϕ · ∂µϕ

)2
F20 − 2

(
∂ν∂µϕ · ∂µϕ

)(
∂νϕ ·ϕ

)
F20

− 2(∂µϕ · ∂µϕ)(∂νϕ ·ϕ)(∂νϕ ·ϕ)
Λ2

dF20

d(ϕ ·ϕ/Λ2)
(7.22)

39 As in all the previous examples, we find as many independent IBP as operators with boxes, at each fields and
derivatives multiplicity (up to 4). Therefore the set of all box-less operators forms a Green’s basis.
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(□ϕ · ∂µϕ)
(
∂µϕ ·ϕ

)
F21 =−

(
∂µ∂νϕ · ∂νϕ

)(
∂µϕ ·ϕ

)
F21 − (∂µ∂νϕ ·ϕ)

(
∂µϕ · ∂νϕ

)
F21

− (∂µϕ · ∂νϕ)2F21 −
2(∂µϕ · ∂νϕ)(∂µϕ ·ϕ)(∂νϕ ·ϕ)

Λ2

dF21

d(ϕ ·ϕ/Λ2)

(7.23)

(□ϕ ·ϕ)(∂µϕ ·ϕ)2F22 =−
(
∂νϕ · ∂νϕ

)
(∂µϕ ·ϕ)2F22 − 2(∂µ∂νϕ ·ϕ)

(
∂νϕ ·ϕ

)(
∂µϕ ·ϕ

)
F22

− 2(∂µϕ · ∂νϕ)
(
∂µϕ ·ϕ

)(
∂νϕ ·ϕ

)
F22

− 2(∂µϕ ·ϕ)2 (∂νϕ ·ϕ)2

Λ2

dF22

d(ϕ ·ϕ/Λ2)
(7.24)

such that

L [ϕ,g] = IBP ◦ 1
2

〈
η−1,

(
j1ϕ
)∗
g
〉

(7.25)

= (∂µϕ · ∂µϕ)
C0 + 2G0 + J0 − 2E

2
+

(∂µϕ ·ϕ)2

Λ2

C1 + 2G1 + J1 − 4E ′

2
−Λ4V

+
(∂µ∂νϕ · ∂µ∂νϕ)

Λ2

A0

2
+

(∂µ∂νϕ ·ϕ)(∂µ∂νϕ ·ϕ)
Λ4

A1

2

+
(∂µ∂νϕ · ∂µϕ)(∂νϕ ·ϕ)

Λ4

B0 +B1 + 2B2 + 2F11 − 4F20 − 2F21

2

+
(∂µ∂νϕ ·ϕ)(∂µϕ · ∂νϕ)

Λ4

B0 +B1 + 2F10 − 2F21

2

+
(∂µϕ · ∂µϕ)2

Λ4

D0 + 2H0 +K10 − 2F20

2
+

(∂µϕ · ∂νϕ)2

Λ4

D1 + 2H1 +K1 − 2F21

2

+
(∂µ∂νϕ ·ϕ)(∂µϕ ·ϕ)(∂νϕ ·ϕ)

Λ6
(B3 +F12 − 2F22)

+
(∂µϕ · ∂µϕ)(∂νϕ ·ϕ)2

Λ6

D2 + 2H2 +K2 − 4F ′
20 − 2F22

2

+
(∂µϕ · ∂νϕ)(∂µϕ ·ϕ)(∂νϕ ·ϕ)

Λ6

D3 + 2H3 +K3 − 4F ′
21 − 4F22

2

+
(∂µϕ ·ϕ)4

Λ8

D4 + 2H4 +K4 − 4F ′
22

2
, (7.26)

where E ′ = dE/d(ϕ ·ϕ/Λ2) and analogously for the other functions.

7.3. Beyond the custodial limit

In actual SMEFT/HEFT, the symmetry O(4) is not exact: the electroweak vacuum preserves
only a O(3)∼ SU(2)L+R/Z2 subgroup, namely the custodial symmetry. This is however
broken explicitly by the gauging of the hypercharge U(1), which (in the absence of fermions)
coincides with the group spanned by the 3rd generator of SU(2)R. While invariance under the
gauged SU(2)L×U(1) subgroup must clearly be respected, it is generally possible to include
operators that are not invariant under the groups spanned by the first two generators of SU(2)R,
and therefore break the custodial O(3).

We can ask whether custodial-violating effects can be described in the jet bundle form-
alism. Indeed, custodial-violating terms can be added to the 1-jet metric without posing any
problem. More in general, any internal symmetry structure of the Lagrangian can always be
accommodated in the 1-jet bundle by choosing suitable metric entries. Even situations with no
symmetry at all can be reproduced, as illustrated in the two scalars example in section 6.3.
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In the specific case of SMEFT/HEFT custodial violation, they can be introduced allowing
for contractions with the 3rd generator of SU(2)R: given two O(4) vectors ui,vj,

u · v= ui vjδij is custodial preserving,

ut3Rv= ui vjt3Rij is custodial violating. (7.27)

If O(4) vectors ϕi, i = 1 . . .4 are defined such that the mapping to SU(2) doublets is

H=
1√
2

(
ϕ2 + iϕ1

ϕ4 − iϕ3

)
, (7.28)

then an explicit form for t3Rij is

t3R =
1
2


1

−1
−1

1

 . (7.29)

While in this work we do not aim at constructing a complete and non-redundant basis including
this class of operators, a generalization would be straightforward. As a practical example, the
metric terms

gij = t3Rik t
3R
jl
ukul

Λ2
, gµν = t3Rik t

3R
jl

uiνu
jνukρu

lρ

Λ8
, (7.30)

pull back respectively to the custodial-violating dimension-6 and dimension-8 operators

(
∂µϕ t

3Rϕ
)2

=
(
∂µH

†H
)(
H†∂µH

)
, (7.31)(

∂µϕ · t3R · ∂νϕ
)2

=
(
∂µH

†∂νH− ∂νH
†∂µH

)2
, (7.32)

after using our usual prescription for constructing the Lagrangian.

7.4. Topological terms

In section 2.2 we mentioned the possibility of topological terms in scalar EFTs. The HEFTs
we consider in this section admit such topological terms (with a similar story playing out for an
O(N)-invariant theory of N real scalars in d=N spacetime dimensions). We briefly digress in
this Subsection to sketch the construction of these topological terms, for the 4d O(4)-invariant
theory of 4 real scalars considered in this section. Given such terms are not the focus of our
geometric jet bundle formalism—the topological terms are, after all, those that explicitly do
not require a geometry—our discussion here is neither rigorous nor general. But we believe
it is sufficient for the particular example we consider, up to the omission of possible torsion
effects that cannot naïvely be captured by differential forms (but can be captured, for example,
by differential cohomology [73]).

To understand these topological terms, it is enough to stick with the field space bundle
(E,Σ,π) introduced in section 3, i.e. we do not need to pass to the 1-jet bundle J1E. Locally,
we adopt our usual fibred coordinate system (xµ,ui) and choose a section ϕ ∈ Γx(π) with
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which to pull back objects. The topological term is proportional to the following operator in
the Lagrangian40:

Otop ∝
1
Λ4
ϵµνρσϵijkl∂

µϕi∂νϕ j∂ρϕk∂σϕl . (7.33)

The corresponding term in the action is ‘topological’ because it is in fact the integral of an
O(4)-invariant differential form. This means it is independent of any metric—even that on
spacetime which appears in all other Lagrangian terms captured by our construction. Here the
differential form in question is a 4-form A ∈ Ω4(E) that is closed (dA= 0) but need not be
exact (its integral over a closed submanifold can be non-zero), which can be written in our
local coordinate chart as

A|UΣ×FM = du1 ∧ du2 ∧ du3 ∧ du4 . (7.34)

The corresponding action is obtained by pulling back along the section ϕ and integrating,

Stop =
θ

2πV

ˆ
Σ

ϕ∗A, θ ∈ R/2πZ , (7.35)

which will give the operator structureOtop. Here V∝ Λ4 is an appropriate normalisation factor
whose precise value is subtle, but which can be roughly thought of as the (dimensionful)
‘volume’ of a typical fibre M, such that the action is dimensionless and the coupling constant
θ is 2π periodic, analogous to a ‘theta-angle’ in gauge theories such as QCD.

Because the 4-form A that we pull back and integrate is closed, it is locally (but not neces-
sarily global) exact by the Poincaré lemma. This means that, on our local coordinate patch,
the Lagrangian term Otop is a total derivative. This term in the action therefore gives no con-
tribution to the classical EOMs, nor does it contribute to any Feynman diagrams. We therefore
choose to neglect such terms in our main discussion—but we caution that this does not pre-
clude their having physical effects non-perturbatively41.

The same is true for a (seemingly) more general class of terms that we can try to build using
the ε tensor. For example, consider a more general operator structure of the form

O(1)
top =

1
Λ4

f

(
ϕ ·ϕ
Λ2

)
ϵµνρσϵijkl ∂

µϕi∂νϕ j∂ρϕk∂σϕl , (7.36)

for any suitably smooth function with compact support f (x). This is again topological, obtained
by pulling back a differential form A(1) along the section ϕ, where A(1) has the (local) form

A(1)|UΣ×FM = f
(u · u
Λ2

)
du1 ∧ du2 ∧ du3 ∧ du4 . (7.37)

40 Note that δij and εijkl are the only O(4) invariant tensors we can use to contract fundamental O(N) indices to
form singlets. While the Kronecker-delta is used ubiquitously in our constructions of invariant metric terms and EFT
operators, the epsilon tensor appears only in the topological terms discussed in this Subsection, and so it does not
appear when formulating our EFTs perturbatively.
41 Indeed, depending on the topology of the field space fibre M, and because A is not exact, the topological term can
seemingly be activated by instantons, corresponding to maps in non-trivial homotopy classes in π4(M). For example,
if M= S4 as in the Minimal Composite Higgs model [94], we have π4(S4) = Z characterised by maps of different
integer winding number. A scaling argument [75, appendix A] suggests these instanton effects are expected to be
important close to the UV cut-off scale (in contrast to the more familiar story for 4d gauge theory, where instantons
give important effects in the IR).
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Again, it is easy to verify that the differential form A(1) is closed, viz. dA(1) ∝ f ′ui dui ∧A= 0,
where f ′ = df/dx, and where the last equality holds because dui ∧ dui (no sum) vanishes for
any i ∈ {1, ...,4}. Therefore, again by the Poincaré lemma, any operator like O(1)

top is also a
total derivative42.

8. From jets to amplitudes

To conclude the paper, in this section we seek to connect the higher-derivative EFT
Lagrangians that we have constructed using geometry on 1-jet bundles with physical
observables—namely, some basic amplitudes in these scalar theories. Our study here is far
from comprehensive, but we nonetheless already see some advantages of going to the jet bundle
geometry.

8.1. Normal coordinates on the jet bundle (and why they fail)

In section 2.4 we reviewed the use of normal coordinates in the geometric formulation of EFTs,
showcasing their ability to relate amplitudes to geometric invariants by offering an efficient
coordinate system in which to expand the metric around a particular point.

In this paper, we have re-formulated scalar EFTs first using bundles (E,Σ,π), which
(besides other general advantages) allows one to incorporate the 0-derivative potential terms
into the metric, alongside the 2-derivative terms. Additionally, the bundle construction
provides a starting point for passing to higher jet bundles which allow one to further incorpor-
ate higher-derivative terms into geometry. In particular, we have seen in detail that geometry
on the 1-jet bundle J1E allows one to capture the full 4-derivative EFT. A natural question to
ask is whether normal coordinates can be used to expand our jet bundle metric, in a similar
fashion to the 2-derivative case considered in section 2.4, in an effort to obtain generalised
formulae relating n-point correlators to components of the jet bundle Riemann tensor.

It turns out that such an attempt would be doomed to fail, in general. This is because, even
though normal coordinates still exist (since the total spaces of the various bundles we consider
are themselves pseudo-Riemannian manifolds), the map to normal coordinates is not guaran-
teed to respect the bundle structure of (E,Σ,π)43, likewise of the 1-jet bundle. The additional
structure of a bundle (E,Σ,π) is crucial to our formulation of the EFT, and this bundle struc-
ture imposes some restrictions. In particular, the fields are defined to be sections of the bundle,
ϕ ∈ Γ(π). Any physically meaningful transformation that we can do must therefore map the
bundle to another bundle; if not, then we can no longer even define fields (because we will have
lost the notion of sections). For example, we have already discussed how field redefinitions,
including derivative field redefinitions, may be defined as suitable changes of section, ϕ → ψ
with ϕ,ψ ∈ Γ(π); the non-derivative field redefinitions can moreover be identified with bundle

42 One might ask if there are any other contractions we can play with using the ε tensor that give terms
which are not total derivatives, and the answer is no. For example, one might consider an operator struc-

ture O(2)
top = ϵµνρσϵijklϕi ∂νϕ j∂ρϕk∂σϕl∂µϕmϕm. But O(2)

top d
4x∝ ϕ∗(ϵijklui du j ∧ duk ∧ dul)∧ dumum = (u1du2 ∧

du3 ∧ du4)∧ du1u1 + perms ∝ (u · u)du1 ∧ du2 ∧ du3 ∧ du4, and so this is the same form as A(1). Finally, we remark
that a differential form like A(1), for non-constant function f, will likely be not just closed but also exact, in which case
it has no effects even in the presence of instanton configurations, since it evaluates identically to zero on any closed
manifold.
43 A simple but technical explanation lies in the fact that the map to normal coordinates around a point m ∈ E is
defined by the exponential from some neighbourhood V⊂ TmE to U⊂ E, as described above in footnote 14. But for
the transformation to preserve the fibres, we require V⊂ π∗(Tπ(m)Σ), which is not necessarily true.
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morphisms (E,Σ,π)→ (F,Ω,ρ), which induce maps Γ(π)→ Γ(ρ) at the level of sections.
In either case, it is straightforward to see that the condition xµ ◦ϕ = xµ on our local fibred
coordinate system (xµ,ui), and the simple requirement that any section is locally an inverse of
the projection π, restricts us to transformations that act on coordinates as

xµ 7→ x ′µ(x
ν) ,

ui 7→ u ′i (xν ,u j) . (8.1)

This is manifestly true in the case of non-derivative redefinitions, as can be seen from the com-
mutative diagram in (3.6), but should hold more generally for any physical ‘transformation’
of the bundle (E,Σ,π) that we use to define our EFT.

The map to normal coordinates can violate the basic requirement (8.1) for preserving the
(essential) bundle structure. To illustrate this, we consider two counter-examples in which one
cannot satisfy the conditions for normal coordinates while preserving the bundle structure,
both in the case of a single real scalar in 4d (the subject of section 6.2).

Counter-example: condition 1 for normal coordinates. Recall from section 2.4 that the first
condition (2.34) for normal coordinates is that the metric is diagonal (with entries further nor-
malised to ±1, determining the signature). Given an initial set of coordinates xI = (xµ,u,uµ)
on the 1-jet bundle, there are choices of invariant metrics written in those coordinates that are
not diagonal (with off-diagonal elements indeed being necessary to match onto certain EFTs
via our construction of the Lagrangian). This means that to pass to coordinates satisfying con-
dition 1, we need to first do a rotation, and this rotation can mix xµ with the other coordinates,
violating (8.1).

For an explicit example, using the general expressions (6.33)–(6.38) for the invariant metric
in the case of one real scalar in 4d, and evaluating at a point p ∈ J1E such that u(p) = 0= uµ(p),
we see that the metric tensor gIJ(p) takes the following block form

gIJ =

ηµνV(0) 0 δµνE(0)
0 C(0) 0

δµνE(0) 0 ηµνA(0)

 (8.2)

Assuming that none of the component functions vanish, it is clear that diagonalizing the metric
requires a rotation of the form (xµ,uµ) 7→ O(xµ,uµ) which mixes xµ with uµ, thus violating
the bundle condition (8.1).

Now, the attentive reader might retort that, for the EFT described by this metric (with all
functions non-zero), the function E(0) appearing on the off-diagonal is actually redundant, in
that it pulls back to the □ϕ operator that is equivalent to the kinetic term after using IBPs;
so if we take E(0) to zero, the metric is already (block) diagonal without the need to mix xµ

with other coordinates. However, there are EFTs where we need to keep the E(0) function;
in particular, if A(0) = 0, in which case the EFT is purely 2-derivative and the E(0) term is
required for invertibility of the metric. In that case, diagonalising the metric clearly requires a
non-trivial rotation (xµ,uµ) 7→ O(xµ,uµ), violating the bundle condition.

Counter-example: condition 3 for normal coordinates. We now suppose that one has a
metric for which condition 1 is already satisfied, for example by taking the metric (8.2) and
setting E(0) = 0 and A(0) 6= 0, and try to thence find coordinates that further satisfy condition
3 (2.36). The determination of the explicit coordinate transformation that takes us to normal
coordinates on the total space can be found order-by-order via an iterative procedure, but for
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our demonstration it will suffice to stop at the first order, at which point the obstruction shall
already arise.

We start with a local fibred coordinate system xI = (xµ,u,uµ) on a local patch of the 1-
jet manifold. To try to construct normal coordinates in a perturbative fashion, consider a new
coordinate system yI = (yµ,v,vµ), defined by xI = yI+ aIJKy

JyK, where aIJK is a tensor of con-
stants satisfying aIJK = aIKJ. When evaluating the metric components ḡIJ in the yI coordinate
system, at the origin in these coordinates, we have

∂

∂yK
ḡIJ (0) =

∂

∂yK

(
∂xR

∂yI
∂xS

∂yJ
gRS

)∣∣∣∣
y=0

= aRIKgRJ (0)+ aSJKgIS (0)+
∂

∂xK
gIJ (0) . (8.3)

We see that the number of indices and the symmetries of aIJK and ∂
∂xK gIJ(0)match. This implies

it is possible to choose the components aIJK such that ∂
∂yK ḡIJ(0) = 0, thus satisfying a necessary

condition for normal coordinates (see section 2.4), by requiring

∂

∂xK
gIJ (0) =−

(
aRIKgRJ (0)+ aRJKgRI (0)

)
. (8.4)

From (8.4) we see that aIJK =−ΓIJK(0), where the symmetries dictate that there are 18 different
structures. The Christoffel symbols (with respect to the original xI coordinates) are as usual
given by

ΓIJK =
1
2
gIM (gMJ,K+ gMK,J− gJK,M) . (8.5)

For our particular example, using the general expressions in equations (6.33)–(6.38) for the
metric components and lowering all indices of the Christoffel symbols, we find

Γρµν (0) = 0, Γρµu (0) =−1
2
∂uV(0) , Γρuu (0) = 0,

Γ ν
ρµu (0) = 0, Γ µ

ρuu (0) =
1
2
δµρ

(
1
Λ2
G(0)+ ∂uE(0)

)
, Γ µν

ρuu (0) = 0,

Γuuu (0) =
1
2
∂µC(0) , Γuuµ (0) = 0, Γuµν =

1
2
∂uV(0) ,

Γ µ
uuu (0) = 0, Γ ν

uµu (0) =
1
2
δνµ

(
1
Λ2
G(0)− ∂uE(0)

)
,

Γ µν
uuu (0) = ηµν

(
1
Λ2
B(0)− 1

2
∂uA(0)

)
,

Γρµν
uuu (0) = 0, Γµν

uuu =
1
2
ηµν∂uA(0), Γµν

uuρ(0) = 0

Γµ
uuu(0) = 0, Γµ

uνρ(0) = 0, Γµ
uuν(0) =

1
2
δµν

(
1
Λ2
B(0)+ ∂uE(0)−

1
Λ2
G(0)

)
. (8.6)
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Now let us consider a section j1ψ, obtained by prolongation of a section ψ ∈ Γ(π), with

yµ ◦ j1ψ = yµ

v ◦ j1ψ = ψ

vµ ◦ j1ψ =
∂ψ

∂yµ
(8.7)

But when evaluated on the coordinate map xµ, this section yields

xµ ◦ j1ψ = (yµ − 1
2
gµL(0)ΓLJK(0)y

JyK) ◦ j1ψ

= (yµ − 1
2
(gµν(0)ΓνJK(0)+ gµuν (0)Γ

ν
uJK(0))y

JyK) ◦ j1ψ

= (yµ − (gµν(0)Γνρu(0)y
ρv+ gµν(0)Γ ρ

νuu(0)vρv

+ gµuν (0)Γ
νρ
uuu(0))vvρ + gµuν (0)Γ

ν
uuρ(0))y

ρv) ◦ j1ψ
= yµ − (gρν(0)Γνµu(0)y

µψ + gρν(0)Γ µ
νuu(0)ψ∂µψ

+ gρuν(0)Γ
νµ
uuu(0))ψ∂µψ + gρuν(0)Γ

ν
uuµ(0))y

µψ) , (8.8)

thus failing to satisfy the condition (8.1).
This means that the change of coordinates we wish to implement does not preserve the

bundle structure that is essential in formulating the EFT44. Of course, one can always find
example geometries for which going to normal coordinates does happen to be consistent with
the bundle structure; from equation (8.8) it is easy to see that if the Christoffel symbols or
metric components appearing were set to zero, then the map to normal coordinates would
indeed satisfy (8.1). But this situation is far from generic, meaning that normal coordinates are
not especially useful in our formalism.

Another important reason why normal coordinates are not generally useful in our formalism
is that passing to normal coordinates would be inconsistent with the inclusion of any non-
constant potential V. This can be seen by supposing that we have gone to normal coordinates,
and expanding the metric up to second order, giving

g= gIJ (u)dx
I⊗ dxJ =

(
ḡIJ+

1
3
RIJKL (m)x

KxL+ . . .

)
dxI⊗ dxJ . (8.9)

If we wish to impose Poincaré invariance, then a term such as Riµνjxµxνdui ⊗ du j must be
set to zero. However, the symmetries of the Riemann tensor state that Riµνj = Rµi jν and
Rµi jνui u jdxµ ⊗ dxν corresponds to the mass term in the Lagrangian. Therefore, the map to
normal coordinates in conjunction with Poincaré invariance requires the mass term to vanish

44 Lest there is any confusion here, thanks to the coordinate independent nature of the metric tensor it is possible to use
normal coordinates to obtain the same result as in any other coordinate chart, since the transformation gIJ(x)→ ḡIJ(y)
is compensated by dxI ⊗ dxJ → dyI ⊗ dyJ, such that the combination preserves the fibres, although there is little value
in using normal coordinates in this way. The map to normal coordinates not being fibre preserving only causes an
issue if we try to use it as a smooth map, since then there is no compensating factor.
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and it is easy to see that all terms in the potential are forced to vanish beyond the leading order
in the expansion.

Before moving on, we wish to make one last comment about normal coordinates in relation
to our jet bundle formalism, which is that the motivation for passing to normal coordinates is
also weaker than it was in the geometric approach that we reviewed in section 2. An import-
ant motivation for passing to normal coordinates comes from the inclusion of the potential V
contributions to the geometric formulae for amplitudes: the problem is that the second deriv-
ative of the potential, which enters for example in four point amplitudes, does not in general
transform like a tensor on field space manifold M due to the appearance of Christoffel sym-
bols in the expression. Normal coordinates circumvent this non-tensorial behaviour because
the Christoffel symbols vanish. In contrast, in our bundle-based reformulation of EFTs the
potential is itself coming from components of the metric tensor, rather than being added in by
hand, so we never face this issue.

8.2. Expansion of the jet bundle metric

We now show how the metric on the jet bundle may be expanded, explicitly not in normal
coordinates, but in a way that is consistent with the iterated fibre bundle structure. As usual,
we work with the local fibred coordinate system {xµ,ui,uiµ} on a general jet manifold J1E45.
The choice of origin point in the 1-jet manifold around which we expand the metric will be
determined by the section j1ϕ according to

ui
(
j1ϕ(p)

)
= 0 ,

uiµ
(
j1ϕ(p)

)
= 0 , (8.10)

i.e. p ∈ Σ is a point in spacetime where the scalar field values ϕi, evaluated in our choice
of local fibred coordinates, vanish. We can consider a completely general scalar theory, with
arbitrary spacetime dimensions d and an arbitrary number of fields. While we do not impose
any internal symmetries, we will impose Poincaré invariance, which simplifies the expansion
substantially since:

• None of the metric tensor components may depend explicitly on xµ, i.e. ∂
∂xµ gIJ = 0 ∀I,J.

• All spacetime indices must be contracted into singlets, including those labelling derivative
coordinates thanks to (5.29), thus any terms in the expansion with an odd number of space-
time indices must vanish.

We adopt the following notational conventions for the expansion

ḡIJ := gIJ (p) and gIJ,K :=
∂

∂xK
gIJ . (8.11)

45 To avoid any confusion in this section, we remind the reader that the coordinates {xµ,ui,uiµ} are all independent

on the jet manifold; in particular ∂
∂xµ

ui = 0 (with no relation to uiµ).
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By Taylor expanding the metric and keeping all contributions to operators with up to four
derivatives, we find

gIJ(x
K)dxI⊗ dxJ

=
∞∑
n=0

1
n!

(
ḡµν,k1...knu

k1 . . .ukn + ḡ ρσ
µν,qrk1...kn−2

uqρu
r
σu

k1 . . .ukn−2

+ ḡ ρσαβ
µν,qrstk1...kn−4

uqρu
r
σu

s
αu

t
βu

k1 . . .ukn−4

)
dxµ ⊗ dxν

+
∞∑
n=0

1
n!

(
ḡij,k1...knu

k1 . . .ukn + ḡ ρσ
ij,qrk1...kn−2

uqρu
r
σu

k1 . . .ukn−2

)
dui ⊗ du j

+
∞∑
n=0

1
n!
ḡµνij,k1...knu

k1 . . .uknduiµ ⊗ du jν

+ 2
∞∑
n=0

1
n!

(
ḡ ρ
iµ,qk1...kn−1

uqρu
k1 . . .ukn−1 + ḡ ρσα

iµ,qrsk1...kn−3
uqρu

r
σu

s
αu

k1 . . .ukn−3

)
dui ⊗ dxµ

+ 2
∞∑
n=0

1
n!

(
ḡνiµ,k1...knu

k1 . . .ukn + ḡν ρσ
iµ,qrk1...kn−2

uqρu
r
σu

k1 . . .ukn−2

)
duiν ⊗ dxµ

+ 2
∞∑
n=0

1
n!
ḡµ ρ
i j,qk1...kn−1

uqρu
k1 . . .ukn−1duiµ ⊗ du j (8.12)

where the factors of 2 appearing in front of off-diagonal blocks match our previous
conventions.

We re-iterate that, in the field space approach, the potential poses a problem in such an
expansion because it does not transform like a tensor. But within the jet bundle approach, the
potential is included in a component of the metric tensor, and thus is packaged into an object
that transforms covariantly. The derivatives of the metric that appear in the expansion may be
re-expressed in terms of Christoffel symbols and curvature invariants if we so desire, but the
translation would be tedious and quickly becomes unwieldy as we pass to higher jets.

8.3. Geometrizing amplitudes on the jet bundle

We are now almost ready to extract the lowest degree n-point Feynman rules from the expan-
sion (8.12) by recalling our definition of the Lagrangian

L=
1
2
〈η−1,

(
j1ϕ
)∗
g〉 (8.13)
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where composing the section j1ϕ with the coordinate charts yields

xµ ◦ j1ϕ = xµ ,

ui ◦ j1ϕ = ϕi ,

uiµ ◦ j1ϕ = ∂µϕ
i . (8.14)

For the propagator we find

i -------- j=
i

ḡijp2 +
ηµν

2 ḡ ρσ
µν,i j pρpσ + 2

(
ḡ ν
iµ,j− ḡνiµ,j

)
pνpµ +

ηµν

2 ḡµν,ij+ ḡµνij p
2pµpν

(8.15)

Requiring a canonical 2-derivative term enforces the relation

ḡij+
1
2d
ηµνηρσḡ

ρσ
µν,i j +

2
d
δµν
(
ḡ ν
iµ,j− ḡνiµ,j

)
= δij , (8.16)

reproducing e.g. (6.73), which can be thought of as a physics constraint on the jet bundle
geometry. More precisely, for a metric that describes a physical EFT, we must be able to find
a section ϕ such that the kinetic term is canonically normalised in this way, and it is implicit
that we have already performed this change of section.

For ḡµνij 6= 0, avoiding tachyonic instabilities in the propagator [88] additionally requires
that

ηµν ḡ
µν
ij =


λ1 0 . . . 0
0 λ2 . . . 0
. . . . . . . . . . . .
0 0 . . . λn

 , λi < 0 ∀i ∈ {1, . . . ,n= dim(M)} , (8.17)

Again, it is implicit that we have done a derivative field redefinition, or change of section, to
further bring ηµν ḡ

µν
ij into diagonal form, which is always possible up to order p6 corrections.
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This inequality partly fixes the signature of the jet bundle metric (in the derivative-coordinate
directions), and is the manifestation of positivity in our geometric formulation. For example,
in the case of a single real scalar in 4d (section 6.2), and using the parametrization (6.56), the
above conditions become simply

F0 (0) = 1 (2-derivative term), (8.18)

F1 (0)< 0 (4-derivative term) , (8.19)

with the latter being a known positivity bound [88].
Continuing, the 3-point Feynman rule is46

46 In these expressions for the Feynman rules, a ‘dot product’ denotes a contraction in spacetime indices, i.e. pq · pr :=
ηµν(pq)µ(pr)ν . Furthermore, Lorentz symmetry, together with the symmetry properties of the metric, fixes the space-

time structure of metric components. For example, ḡ αβ
µν,i j kη

µν ∼ ηαβ and ḡ α
iµ,j k ∼ δαµ .
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The 4-point Feynman rule is

To explain a little our notation here: sums over two indices run over values 1⩽ q< r⩽ n,
where n is the number of ‘points’ in the amplitude; a sum over n indices runs over all possible
permutations, e.g. (q,r,s) ∈ σ(123) when appearing in 3-point amplitudes, and (q,r,s, t) ∈
σ(1234) in 4-point amplitudes; lastly, the sums over three indices in equation (8.21) for the 4-
point amplitude run over all possible combinations of three unique values out of four objects (a
total of 12 combinations). All momenta are taken to be incoming. Indices of the form aX,aY,aZ
take values different to those appearing in the sum. For example in

∑
q,r ḡ

α β
µν,aqaraX we always

have X 6= q and X 6= r.

8.4. Comment on the role of geometric invariants

We conclude with a brief discussion of the role of curvature invariants on the jet manifold, and
their possible relevance to scattering amplitudes. For any (pseudo)-Riemannian metric that we
define on the jet manifold we can calculate the curvature tensors associated to its Levi–Civita
connection. The Riemann tensor, Ricci tensor, and Ricci scalar of a given metric are all objects
we can compute on the jet manifold. All of them can only be related to physical fields after
being pulled back along a section j1ϕ of the jet bundle, to form a Lagrangian functional of ϕ.

Since a smooth map moves points around on the manifold, it should be clear that none
of these object are invariant under one. We have seen many examples of this throughout the
paper. For the Riemann and Ricci tensors, the story is the same one we saw back in section 2,
whereby a smooth map changes the metric tensor g (see e.g. equation (5.32)). The story for
the Ricci scalar (which has no ‘components’) is perhaps more subtle and thus deserving of a
closer look. The isometry invariance of the Ricci scalar (as is relevant, for example, in showing
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that it is invariant under coordinate transformations) follows simply from the manipulations

f∗R
(
( f∗)−1 g

)
= R

(
f∗ ( f∗)−1 g

)
= R(g) . (8.22)

In contrast, under a smoothmap f (that actually moves points, rather than just relabelling them)
we do not have the compensating factor of ( f∗)−1, thus giving

f∗R(g) = R( f∗g) 6= R(g) , (8.23)

unless, of course, the smooth map f is itself an isometry with respect to the metric g (in this
case it would be a ‘non-trivial isometry’, like the internalO(4) symmetry we have discussed in
the context of the HEFTs). If we further take the smooth map f to be a diffeomorphism, which
we have seen in preceding Sections can replicate a non-derivative field redefinition, then f will
generally change the values of the curvature invariants—but the requirement that f and f−1 be
well defined and differentiable ensures that a singularity cannot be introduced by f. This helps
to make sense of the criterion suggested in [33] for determining whether SMEFT is enough.

More generally, a field redefinition can be viewed as a change of section, which is more gen-
eral than a diffeomorphism (indeed, it cannot in general be implemented as a bundle morph-
ism, as discussed quite generally in section 3.3.5). Such a derivative change of section can
introduce a singularity into any of the curvature invariants, which is precisely the case in the
example discussed in appendix E of [33]. Finally, we observe that a change of basis at the level
of the Lagrangian is typically done through a field redefinition involving derivatives (such as
the ‘□ϕ’-dependent redefinitions we frequently encountered in this paper), which can com-
pletely change the values of curvature invariants, and potentially even introduce singularities.
This makes the use of curvature invariants a somewhat unreliable (i.e. fundamentally basis-
dependent) way of comparing theories at the level of the Lagrangian47.

9. Conclusion

In this paper we used geometry on jet bundles, which are a sequence of manifolds that one can
construct given a set of scalar fields ϕi for which spacetime derivatives ∂µ1...µrϕ

i are treated as
independent coordinates, as a source of Lagrangians defining scalar field theories. In particular,
we showed that Lagrangians containing operators with up to 4 spacetime derivatives can be
obtained by pulling back a metric on the appropriate 1-jet bundle given the field content of
the theory. The jet bundle geometry is taken to be the most general geometry that is invariant
under the symmetries of the EFT, which we saw are naturally extended (or ‘prolongated’) to
the jet bundle.

In all the examples we have explored (sections 6 and 7), the Lagrangian obtained by pulling
back the 1-jet bundle metric contains a complete basis of operators up to 4 derivatives, where
all IBP redundancies have been removed. The IBP redundancies are accounted for automatic-
ally in the formalism, meaning that the jet bundle metric naturally pulls back to a Lagrangian
without □ϕ terms—one could say that the jet bundle metric naturally takes us to the most
general possible EFT Lagrangian (with up to 4-derivatives) expressed in a Green’s basis. On
the other hand, EOM redundancies, which stem from invariance of the S-matrix under certain
derivative field redefinitions, can be identified and implemented, but in a more ad hoc fashion.

47 We nonetheless offer some related comments concerning curvature invariants, and their role in detecting a certain
subset of redundancies in our metric to Lagrangian maps, in appendix A.
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An important thing to stress, in our view, is that the map from 1-jet metrics to 4-derivative EFT
Lagrangians surjects, in the sense that one can find metrics that map to every possible EFT.
We suspect that this statement can be generalized to invariant Lagrangians with up to 2(r+ 1)
derivatives, in correspondence with invariant metrics on the r-jet bundle—but we leave a proof
to future work.

Along the way, we hope to have clarified various issues related to field redefinitions, which
we understand to be smooth changes of (possibly prolongated) section of the (jet) bundle.
This applies to both non-derivative and derivative field redefinitions. In the former case, one
is afforded an equivalent description in terms of bundle morphisms, which means the field
redefinition can be implemented by doing a diffeomorphism on the jet bundle metric. We find
no such correspondence between derivative changes of section and bundle morphisms.

Finally, we expand our metric in the vicinity of a point in the 1-jet bundle. Translating this to
the Lagrangian, we organise an expansion of L in terms higher- and higher-point interactions,
inspired by the ideas of [34], keeping all interactions with up to 4 derivatives. This facilitates
a connection between components of the 1-jet bundle metric (and its derivatives) and propag-
ators/amplitudes of the EFT. We do not elucidate this correspondence comprehensively in this
paper, but we already highlight some nice features—for example, we obtain the lowest-point
correlation functions explicitly, and infer e.g. how positivity (unitarity) constrains the signature
of the jet bundle metric.

In the future, we aim to investigate more systematically the structure of amplitudes in this
jet-bundle formalism, especially in the important case of the HEFTs. Other elements that we
plan to incorporate into our jet bundle formalism, to describe higher-derivative EFTs geomet-
rically, include the incorporation of fermions, and the (partial) gauging of symmetries—both
of which are necessary to connect with the rich phenomenology of the EFTs that describe
elementary particles at the energy frontier.
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Appendix A. Diagnosing redundancies in the metric using invariants

Although the geometric invariants are unlikely to be useful when it comes to distinguishing
Lagrangians, they do have an application when it comes to redundancies at the level of the
metric.

Our expression for the Lagrangian is coordinate free, which has the benefit of allowing us to
express the metric in our preferred coordinate system, but introduces ambiguities as it is diffi-
cult at a first glance to determine whether two metrics g and g′ will yield the same Lagrangian.
We saw earlier that a coordinate transformation leaves the Lagrangian unchanged, thus if we
can show that g and g′ are related by a coordinate transformation, then we know that they
will generate the same Lagrangian. Writing down the most general coordinate transformation
is quite challenging and quickly becomes unreasonable as the dimension of our jet manifold
increases. Comparing scalar geometric invariants gives an approach to see if two metrics are
dissimilar [95].

Scalar geometric invariants are coordinate independent, but they are typically expressed
in coordinates making them difficult to compare directly. However, an alternative approach
exists. One can start by calculating several scalar invariants, such as:

• Ricci scalar: R1 = gµνgρσRµνρσ

• Kretschmann scalar: R2 = RµνρσRµνρσ

• Cubic curvature invariant: R3 = Rµν
αβR

αβ
ρσR

ρσ
µν

Then one can establish functional relations among these invariants. If at any point the func-
tional relations of the two metrics disagree, then we conclude that they are not related by
a coordinate transformation. However, agreement in all computed functional relations is not
proof that the metrics are related by a transformation, since there is an infinite number of scalar
invariants.

In equation (6.16) we saw that several components of the metric pullback to the same term
resulting in redundancies in the final expression. To identify the terms that could be removed
by a coordinate transformation it is not enough to compare scalar invariants, rather we need
a way to prove that two metrics generate the same geometry, which can be done using the
Cartan-Karlhede algorithm [95–99].

The first step in applying the formalism is to choose a symmetric metric with constant
signature (e.g. δij,ηij, . . . ) and introduce a frame of vector fields {ea = eia∂i} such that

gije
i
ae
j
b = δab (A.1)

the choice of frame is not unique since

eai → e ′ai = Λa
be
b
i (A.2)

with

δabΛ
a
cΛ

b
d = δcd (A.3)

is also a valid frame of vector fields.
The matrices Λ form a Lie group with dimension n(n−1)

2 . Now we compute the Riemann
tensor and project it along these frames looking for the subgroup H0 of matrices that preserve
the form of the Riemann tensor

Rabcd = R ′
αβγδ (A.4)
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and determine the number τ 0 of independent parameters upon which the components of the
Riemann tensor depend.

Afterwards we repeat the procedure for the covariant derivatives of the Riemann tensor
and determine subgroups H1,H2, . . . as well as numbers of independent variables τ1, τ2, . . .
stopping once we have reached an order q at which Hq = Hq−1 and τq = τq−1. If a frame
exists at this order such that all the derivatives of Riemann tensor for each of the two metrics
g and g′ agree then we conclude that they are equivalent and produce the same geometry and
thus yield the same Lagrangian upon pullback.

The redundancies captured by this algorithm are only the ones that could be removed by a
coordinate transformation. Redundancies that need to be removed via IBPs relations and field
redefinitions are only seen after pullback and thus are not related to coordinate transformations.

Appendix B. Higher jet bundles for higher derivatives: a completeness proof

One of the main points of this paper is that scalar EFTs with up to 4 derivatives admit a geo-
metric interpretation on a 1-jet bundle. More precisely, we showed in a number of explicit
examples that the Lagrangian obtained pulling back to spacetime a 1-jet bundle metric always
contains a redundant set of effective operators with 0, 2 and 4 derivatives, that can be reduced
down to a minimal basis by applying a small number of IBP (and EOM, if desired) relations.

In this appendix we provide a general proof that the Lagrangian obtained by pulling back
to spacetime the most general r-jet bundle metric always contains a redundant set of effective
operators with up to 2(r+ 1) derivatives and arbitrary number of field insertions. Moreover,
within this set, it is always possible to identify a complete and non-redundant Green’s basis
that does not contain operators with boxes.

This result proves that the empirical observations in sections 6 and 7 generalize to any scalar
theory, and that operators with 6 or more derivatives also admit a geometric interpretation in
terms of higher-jet bundle metrics. The proof formally holds for a Lorentz-invariant scalar EFT
in any number of spacetime dimensions (with Lorentz indices being everywhere contracted via
the Minkowski metric, as justified generally in section 5.5.2), although the interpretation of
the EFT expansion is of course different in different dimensions48.

Our argument consists of two points, that we prove individually below:

1. Consider pure scalar interactions among N fields and with a total of 2(r+ 1) derivatives.
It is always possible to construct a complete and IBP-non-redundant basis of operators at
this order, that does not contain operators with boxes, nor operators with more than (r+ 1)
derivatives acting on a single field.

2. Any operator containing an arbitrary number of scalar fields N and up to 2(r+ 1) derivat-
ives, such that no more than (r+ 1) derivatives act on one field and that boxes are absent,
can be obtained by pulling back to spacetime the most general metric of a r-jet bundle.

Put together, these statements imply that a non-redundant Green’s basis can always be found
within the set of box-less operators withN fields and up to 2(r+ 1) derivatives produced by the
r-jet bundle metric. Vice versa, any arbitrary scalar EFT Lagrangian always admits a geometric
interpretation on the appropriate jet bundle.

48 For example, in the special case of 2d EFTs, the scalar field is dimensionless and so the counting of derivatives
coincides precisely with the mass dimension counting of EFT operators.
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In practice, the metric will always produce a redundant Lagrangian, that contains all pos-
sible box-less structures with up to 2(r+ 1) derivatives, plus some (but not all!) of those with
boxes. In general, there will be several options to reduce the resulting operator set down to
a minimal basis. Here we choose, as an algorithmic rule, to remove all operators with boxes.
This choice is convenient for a number of reasons: (i) statement 1. above guarantees that boxes
can always be safely removed in any scalar theory at any order; (ii) statement 2. above ensures
that a box-less basis will be obtained directly from the jet bundle metric, without requiring
manipulations at the Lagrangian level; (iii) empirically we find that this choice removes most
ambiguities in the basis construction. In fact, in all the examples considered, there turned out
to be a unique basis satisfying the box-less requirement; (iv) any alternative choice aimed at
retaining operators with boxes would need to distinguish between box operators that can and
cannot be obtained from the metric, making the construction more cumbersome.

In the statements above we are also requesting the absence of operators with more than
half of the derivatives (r+ 1) acting on a single field. This condition is strictly necessary in
order to obtain the Lagrangian from a r-jet bundle. In principle one could have evaded this rule
by choosing a higher-jet bundle, which however would have also produced terms with more
than 2(r+ 1) derivatives. It is interesting that the minimal (and more natural) choice of a r-jet
bundle suffices to produce a complete basis.

In the next two subsections we provide proofs of points 1. and 2. above. The results in
this appendix hold independently of the number of scalar flavours present and on whether an
internal symmetry is imposed or not, as they are insensitive to the presence of flavour indices on
the scalar fields. Arbitrary contractions of internal indices can always be inserted appropriately
in the metric functions.

B.1. Proof of point 1

Operators with more than (r+ 1) derivatives on a single field can always be removed by trivi-
ally moving derivatives across the operator via IBP, until there is a maximum of (r+ 1) deriv-
atives on each field49. Therefore they are always redundant.

Operators with boxes acting on one or more fields can also be removed similarly, by using
IBP to move one of the two derivatives contracted in a box to other fields. This operation
requires to apply, in sequence, an IBP for each box, e.g.(

∂µ□ϕi1
)(

□ϕi2
)(
∂µϕi3

)
A(ϕ) =−

(
∂µ∂ρϕ

i1
)(

□ϕi2
)(
∂µϕi3

)
(∂ρA(ϕ))+ . . .

=
(
∂σ∂µ∂ρϕ

i1
)(
∂σϕi2

)(
∂µϕi3

)
(∂ρA(ϕ))+ . . . (B.1)

where A is some analytic function of the fields, ik is a potential flavour index carried by the
k-th field, and the dots stand for other terms stemming from the IBPs. A key point is that
this operation can never reintroduce boxes because, at each step, it moves a derivative with a
different Lorentz index. Therefore operators with boxes can always be fully removed from an
operator basis.

To conclude our proof, we need to check that the two redundancy classes can be treated
independently, i.e. that the IBPs used to remove boxes do not re-introduce operators with more
than (r+ 1) derivatives on a single field. Let us consider an operator with N fields and 2(r+ 1)
derivatives, such that dk derivatives act on the kth field, and they are contracted to form bk
boxes, with 2bk ⩽ dk.

49 Of course, this requires at least 2 fields to be inserted in one operator. On the other hand, a term with 1 field only
would automatically be a total derivative.
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The boxes can be removed with a sequence of IBPs as shown above. They send

dk → dk− bk+ s , with 0⩽ s⩽
∑
j̸=k

bj . (B.2)

The term−bk accounts for the fact that, for every box on the kth field, one derivative is removed
and placed elsewhere. In addition, the kth field receives s derivatives coming from other boxes
in the product. IBPs replace the initial operator with a sum over several terms, in which s takes
all possible values in a range from 0 to the total number of boxes originally acting on fields
other than the k-th. The latter number is bounded by

∑
j̸=k

bj ⩽
2(r+ 1)− dk− (dk− 2bk)

2
= r− dk+ bk+ 1 . (B.3)

The numerator on the righthand side counts how many Lorentz indices on ϕj̸=k can be con-
tracted into boxes: there are at most 2(r+ 1)− dk, from which we need to subtract (dk− 2bk)
that must be contracted with open derivatives on ϕk. Putting together (B.2) and (B.3) we see
that

dk− bk+ s⩽ dk− bk+
∑
j̸=k

bj ⩽ r+ 1 . (B.4)

This proves that the IBP required to remove boxes can never reintroduce terms with more than
r+ 1 derivatives on one field. Therefore both classes of operators can always be fully removed
using IBPs, i.e. it is always possible to construct a complete and non-redundant Green’s basis
of operators that does not contain either.

B.2. Proof of point 2

To prove point 2, we write down the most general r-jet bundle metric, extending
equation (5.10):

g(r) =
(
dxµ dui duiµ1

duiµ1µ2
· · · duiµ1...µr

)[
g(r)
]


dxν

du j

du jν1

du jν1ν2

...
du jν1...νr


, (B.5)

[
g(r)
]
=



gµν gµj gν1
µj gν1ν2

µj · · · gν1...νr
µj

gνi gij gν1
ij gν1ν2

ij · · · gν1...νr
ij

gµ1
νi gµ1

ij gµ1ν1
ij gµ1ν1ν2

ij · · · gµ1ν1...νr
ij

gµ1µ2
νi gµ1µ2

ij gµ1µ2ν1
ij gµ1µ2ν1ν2

ij · · · gµ1µ2ν1...νr
ij

...
...

...
...

. . .
...

gµ1...µr
νi gµ1...µr

ij gµ1...µrν1
ij gµ1...µrν1ν2

ij · · · gµ1...µrν2...νr
ij


, (B.6)
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where implicitly all the metric entries are functions of ui,uiµ1
, . . .uiµ1...µr

and we can assume

gνi = gµj , gν1...νs
µj = gµ1...µs

νi , (B.7)

upon relabeling indices, by symmetry of the metric tensor.
Pulling this metric back to spacetime along j1ϕ and contracting with η−1 gives

L
[
ϕ,g(r)

]
=

1
2
ηµνgµν +

1
2
gij
(
∂µϕ

i
)(
∂µϕ j

)
+ gµj

(
∂µϕ j

)
+

r∑
s=1

gν1...νs
µj

(
∂µ∂ν1 · · ·∂νsϕ j

)
+

1
2
gµ1...µs
ij

(
∂ρ∂µ1 · · ·∂µsϕ

i
)(
∂ρϕ j

)
+

1
2
gν1...νs
ij

(
∂ρϕ

i
)(
∂ρ∂ν1 · · ·∂νsϕ j

)
+

1
2

r∑
m=1

r∑
s=1

gµ1...µmν1...νs
ij

(
∂ρ∂µ1 · · ·∂µmϕ

i
)(
∂ρ∂ν1 · · ·∂νsϕ j

)
. (B.8)

At this point it easy to show that any effective operator with exactly 2(r+ 1) derivatives and
an arbitrary number of fields N can be matched to at least one of the terms in equation (B.8).

To do so, it is convenient to classify the operators according to the number of derivatives
acting on each field, namely a string

d1d2 . . .dN , such that
∑
k

dk = 2(r+ 1) , (B.9)

that we take to be sorted from largest to smallest dk. In practice, the operator classes are labeled
by the integer partitions of 2(r+ 1) into at most N terms, and that do not contain numbers
higher than (r+ 1). For instance, with 8 derivatives and 4 fields, there are 8 classes:

4400 , 4310 , 4220 , 4211 , (B.10)

3320 , 3311 , 3221 , 2222 . (B.11)

Each class can be easily put in correspondence with a metric element. For instance, operators
of class (r+ 1)(r+ 1)0 . . . can be obtained by pulling back gµ1...µrν1...νr

ij . In general, operators
of each class can be obtained by pulling back multiple metric elements, that give identical
expressions. To prove our hypothesis, it is enough to find one example for each, which is
particularly simple in this notation:

gµ1...µm−1ν1...νs−1

ij → ms . . . 2⩽ m,s⩽ r+ 1 ,

gµ1...µs−1

ij → s1 . . . 2⩽ s⩽ r+ 1 ,

gij → 111 . . .

where the dots stand for factors in the integer decomposition of 2(r+ 1)−m− s. For instance,
considering the example above with r= 3,N= 4:

gµ1µ2µ3ν1ν2ν3
ij → 4400 , gµ1µ2µ3ν1ν2

ij → 4310 , gµ1µ2µ3ν1
ij → 4220,4221 ,

gµ1µ2ν1ν2
ij → 3320,3311 , gµ1µ2ν1

ij → 3221 , gµ1ν1
ij → 2222 . (B.12)

This correspondence assumes that the metric entries are general functions of ui,uiµ, . . .u
i
µ1...µr

,
such that insertions of fields and derivatives in the (N− 2) rightmost terms in the string can
be obtained by extracting the appropriate dependence of the metric on these variables. Let

79



J. Phys. A: Math. Theor. 57 (2024) 435401 M Alminawi et al

us translate this into concrete examples for the cases in (B.12). For simplicity, we omit the
dependence on Λ and take the case of a single real scalar:

gµ1µ2µ3ν1ν2ν3
uu = ηµ1ν1ηµ2ν2ηµ3ν3u2 + . . . → (∂µ∂ν∂ρ∂σϕ)(∂

µ∂ν∂ρ∂σϕ)ϕ2 , (B.13)

gµ1µ2µ3ν1ν2
uu = ηµ1ν1ηµ2ν2uµ3u+ . . . → (∂µ∂ν∂ρ∂σϕ)(∂

µ∂ν∂ρϕ)(∂σϕ)ϕ, (B.14)

gµ1µ2µ3ν1
uu = ηµ1ν1uµ2µ3u+ . . . → (∂µ∂ν∂ρ∂σϕ)(∂

µ∂νϕ)(∂ρ∂σϕ)ϕ, (B.15)

gµ1µ2µ3ν1
uu = ηµ1ν1uµ2uµ3u+ . . . → (∂µ∂ν∂ρ∂σϕ)(∂

µ∂νϕ)(∂ρϕ)(∂σϕ)ϕ,
(B.16)

gµ1µ2ν1
uu = ηµ1ν1uµ2σuσ + . . . → (∂µ∂ν∂ρϕ)(∂

µ∂νϕ)(∂ρ∂σϕ)(∂σϕ) ,
(B.17)

gµ1ν1
uu = uµ1σuν1

σ + . . . → (∂µ∂νϕ)(∂
µ∂ρϕ)(∂ρ∂σϕ)(∂

ν∂σϕ) .
(B.18)

With a larger number of field insertions, more classes are present and metric terms with fewer
Lorentz indices become relevant as well, e.g.:

gµ1µ2µ3
uu = uµ1uµ2uµ3 + . . . → (∂µ∂ν∂ρ∂σϕ)(∂

µϕ)(∂νϕ)(∂ρϕ)(∂σϕ) , (B.19)

guu = (uρ)
6
+ . . . → (∂µϕ)

8
. (B.20)

Within each operator class, it is always possible to choose an explicit form of the metric func-
tion that gives any arbitrary Lorentz structure in the Lagrangian, provided that at least one
pair of derivatives acting on two different fields are contracted with each other (the ρ indices
in (B.8)). If we stick to box-less operators, then this condition is always verified. Therefore
any box-less operator with 2(r+ 1) derivatives and maximum (r+ 1) derivatives on each field
can be obtained from a r-jet bundle metric. It is not hard to see that several operators with
boxes, that satisfy that minimal condition, can be generated as well. For instance, we could
modify (B.14) into

gµ1µ2µ3ν1ν2
uu = ηµ1µ2ην1ν2uµ3 + . . . → (∂µ∂σ□ϕ)(∂µ□ϕ)(∂σϕ) . (B.21)

However, it is not possible to obtain structures such as (□ϕ)4.
In the presence of multiple scalar flavours, arbitrary index assignments or contractions can

be achieved. For instance, taking r= 2, we can have O(n) invariant contractions:

gµ1µ2ν1ν2
ij = δijη

µ1ν1ηµ2ν2ηµ3ν3 + . . . → (∂µ∂ν∂ρϕ · ∂µ∂ν∂ρϕ) , (B.22)

gµ1ν1
ij = δijη

µ1ν1 (u · uσ)2 + . . . → (∂µ∂νϕ · ∂µ∂νϕ)(ϕ · ∂σϕ)2 , (B.23)

gij = ui uj (uρ · uρ)(uσ · uσ)+ . . . → (ϕ · ∂µϕ)2 (∂ρϕ · ∂ρϕ)2 , (B.24)

or arbitrary flavour assignments i1i2 . . . iN without any symmetry imposed (in this case the
indices are just labels, they do not need to be contracted)
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gµ1µ2ν1ν2
ij = δii1δji2η

µ1ν1ηµ2ν2ηµ3ν3 + . . . →
(
∂µ∂ν∂ρϕ

i1
)(
∂µ∂ν∂ρϕi2

)
, (B.25)

gµ1ν1
ij = δii1δji2η

µ1ν1ui3σu
i4σ + . . . →

(
∂µ∂νϕ

i1
)(
∂µ∂νϕi2

)(
∂σϕ

i3
)(
∂σϕi4

)
, (B.26)

gij = δii1δji2u
i3
ρu

i4ρui5σu
i6σ + . . . →

(
∂µϕ

i1
)(
∂µϕi2

)(
∂ρϕ

i3
)(
∂ρϕi4

)(
∂σϕ

i5
)(
∂σϕi6

)
.

(B.27)

This concludes the proof for scalar operators with exactly 2(r+ 1) derivatives. The last step is
extending it to lower derivatives. This is trivial: by the argument just concluded, operators with
2n< 2(r+ 1) derivatives can be obtained from a (n− 1)-jet bundle metric. Since (n− 1)< r,
the latter is contained as a sub-block in the r-jet bundle metric (see equation (B.6)). Finally,
operators without derivatives can always be obtained from gµν , in any r-jet bundle metric.
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