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Abstract. This paper examines and compares various estimation meth-
ods for generalized linear latent variable models for multidimensional
longitudinal binary data. In such cases, likelihood-based methods are
problematic due to the high dimensional integrals involved, which lack
analytical solution. Among the methods proposed in the literature to
address this issue, we focus on approximate likelihood and composite
likelihood methods. Specifically, within the first class, we examine the
dimension-wise quadrature, while within the second class, we consider
composite likelihood methods based on bivariate densities. The proper-
ties of these methods are evaluated through a comprehensive simulation
study.

Keywords: Approximate likelihood methods - pairwise likelihood
methods - high dimensional integrals

1 Introduction

Multivariate longitudinal data are common in many fields of research, such as
biostatistics and psychology, and can be used to measure changes in outcomes
over time or to identify the determinants of such changes in a set of individuals.
Among the different models proposed in the literature to analyze multivariate
longitudinal data (see [15] for a review), we focus on those that includes ran-
dom effects and latent variables. We adopt the generalized linear latent variable
model (GLLVM) described by [6], to handle various response types in a multi-
variate longitudinal setting. This model is convenient due to its high flexibility,
as it incorporates time-specific latent variables to capture associations among
different response variables at each time point, random effects to account for
the association of each response over time, and an autoregressive structure to
represent the dynamic nature of the time-dependent latent variables, allowing
for the inclusion of covariates. When likelihood-based methods are applied to
GLLVM for multidimensional discrete data, a challenge arises because the high
dimensional integrals involved in the likelihood lack analytical solutions. Among
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the discrete outcomes, binary data are often regarded as the most complex case,
as the limited information provided by binary responses further complicates the
process of likelihood maximization.

Classic solutions to this problem include approximate likelihood methods,
which are based on Gauss-Hermite quadrature approximations [5]. A popular
method within this class is the Adaptive Gauss-Hermite (AGH) quadrature,
originally introduced in a Bayesian framework to efficiently approximate poste-
rior densities [12]. However, it becomes infeasible as the number of latent vari-
ables and random effects increases [3]. A simpler way to estimate the model is to
use the first-order Laplace approximation of the likelihood [8], which is feasible
even with a large number of latent variables and random effects, but it yields
inaccurate results with discrete data [9]. A recent method for approximating
the likelihood, is the dimension-wise (DW) quadrature, proposed by [4]. This
method reduces the dimension of the multidimensional integrals by truncating
the Taylor series expansion of the integrand as the Laplace approximation, but
without requiring any derivative computation. The corresponding estimators are
asymptotically as accurate as the AGH estimators when using the same num-
ber of quadrature points [4]. Moreover, DW has lower computational complexity
compared to AGH, making it feasible even when the latter is not [4].

An alternative way to address the problem of the integrals involved in the
likelihood of GLLVMs for multidimensional longitudinal discrete data is to use
composite likelihood methods [10], that combine likelihood components, asso-
ciated with small subsets of data. Within this class, we consider the pairwise
likelihood (PL) approach [11], which is based on marginal densities for pairs
of observations. The estimator resulting from the maximization of the PL is
asymptotically unbiased but less efficient than the full maximum likelihood (ML)
estimator [13]. The PL method can also be derived using the method of sepa-
rate maximizations [7]. According to this approach, the composite likelihood is
defined as the sum of all log pairwise likelihoods across pairs of items or times,
with each pairwise likelihood maximized separately. The obtained parameter
estimates are then combined to produce a single parameter estimate through
different weighting matrices. We consider the average (AVE) method, where the
weight matrix is designed to compute the arithmetic mean of the estimates [7]
and the weighted mean (WM) method [14], where the weight matrix produces a
combined estimator that is asymptotically equivalent to the classic PL estimator.

In the context of GLLVM for multidimensional longitudinal data, some com-
parisons have been made between the classical PLL method and the DW quadra-
ture method [2,3]. Overall, the DW quadrature method outperforms the PL
method in terms of efficiency, but it has a higher computational burden.

In this work, we extend the comparisons by also considering PL methods
based on separate maximizations. Specifically, we evaluate the performance of
the DW quadrature method, the classic PL method, and the AVE and WM
methods, for a GLLVM for multidimensional longitudinal binary data which, as
outlined before, is the most challenging case. The performance of these methods
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is assessed through a simulation study, along with a comparison of different
weighting approaches used in the separate maximizations methods.

The paper is organized as follows. Section 2 introduces the GLLVM for mul-
tidimensional longitudinal binary data. Section3 describes the DW method.
Section 4 reviews the classic PL method, while Sect. 5 discusses the PL methods
based on separate maximizations. Section 6 presents a simulation study. Finally,
Sect. 7 offers discussion.

2 The GLLVM for Longitudinal Binary Data

Let y; = (Y1, » Y;r) be a p x T matrix, where y,; = (yie, Yizt, -+ Yipt)' 18 a
vector of p binary variables measured at time ¢ for individual ¢, with: =1,...,n.
For each individual 4, let z; = (2;1, 2i2, - . - ,ZZ'T)T be a vector representing a latent
variable measured at T time points, that accounts for the association among the
p items at each time point, and uw; = (u;1, U2, - . ., ip)’ be a p-dimensional vector
of random effects that accounts for the association of each item over time.

According to the GLLVM framework [1], we can express the joint probability
of the individual response pattern f(y,) as

f(yi) = /RK 9(yilui, z;)h(u;, z;)du;dz;, (1)

where g(y;|u;, z;) is referred to as the measurement part of the model and
h(u;, z;) as the structural part of the model. The dimension of the integral K is
equal to the total number of latent variables and random effects.

For the measurement part of the model, the variables y, are assumed to be
conditionally independent given u; and z;. This implies that

P T
g(yilus,z:) HH (Wigelwig, zit) = mige(uig, 2i0) "9 (1= w0z (uiz, zi0)) 790 (2)

being ¢(yije|uij, ziz) the random component and mj(uij,2zi¢) = P(yije =
1|uij, 2zit). The latent variable zy, t = 1,---,T and the random effects w;;,
j=1,---p, determine the linear predictor that represents the systematic com-
ponent of the model, that is 1;;: = opjt + o125t +us5. The parameters agj: and
a1 j¢ are the item- and time-specific intercept and loading, respectively. Under the
assumption of measurement invariance, which must be tested on real data, the
intercepts and factor loadings do not vary over time. This implies that aj; = av;
and aq;+ = aq; Vt. The link between the systematic and the random component

Tije(Wij,2it)
1—mije (wiz,zit)

€XP Nijt

is the logit link function, 7;;; = In Thexp ni:
ij

such that m;;; =

The structural part of the model describes the dynamic nature of the model
determined by the time-dependent latent variables z;, t = 1,--- ,T, and their
relationship with the item-specific random effects u;;, 7 = 1,--- ,p. To account
for the serial correlation in the latent variables, a time-homogeneous nonstation-
ary autoregressive process of order one is specified. That is,

Zit = ¢Z7ﬁ(tfl) + 6it7 t= 27 o 7T7 (3)
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with z;; ~ N(0,0%) and 6;; ~ N(0,1) for identification purposes. The latent
variables and the random effects are assumed to be independent and normally
distributed with 0 mean vector and a block diagonal covariance matrix X =

p—
=

=0
or)
latent variables.

Full maximum likelihood is performed by maximizing the following log-
likelihood function

where & = diagj:17___7p(aﬁj), and I' is the autocovariance matrix of the

1(0) = Zlog f(y;;0) = Zlog /RK 9(y;|ui, z;)h(u;, z;)du;dz,, 4)
i=1 i=1

where @ is the ¢-dimensional vector of model parameters. For binary data, the
integrals cannot be solved analytically and K is equal to the number of random
effects p plus the number of time-dependent latent variables T', that is K = p+T.

3 Dimension-Wise Quadrature Method

Let b; = (u;,z;) denotes the vector of latent variables and random effects.
Similar to the AGH approximation, the DW quadrature method starts from
the following representation of the marginal density function of the observed
variables where, for simplicity, the individual subscript ¢ has been omitted

TT0_, TT7— 9(y;elb)h(b)
RK ¢(b; bimo, Zmo)

where b,,, = max; g(y|b)h(b) and X,,, is minus the inverse of the correspond-
ing Hessian matrix evaluated in the mode by,,. ¢(-) is the multivariate normal
distribution, that is the posterior distribution of the latent vector b. We can
rewrite function (5) in terms of standardized variables

f(y;0) = P(b; b, X1o)db, (5)

T t]C mob™ 4 bimo)h(Cmob™ + bumo
1 [Te=1 9(yjel * +bmo)h( * )¢(b*;o,1)db* =
5(67:0,1) (6)
= |C mol /RK m(b™)p(b™;0,I)db™ = |C ol Eg[m(b")],

P
s = 10mal [ D=

P T * *
P T, 9yt 1C mob™ +b1m0)(C 1ob™ +brmo) . . .
where m(b*) = Mo iz 9(usel (;EZ*.O I)m”) (Cmob™Hbme) 4 positive function

and C,,, is derived by the Cholesky decomposition of X,,, = CmOC;no. The

DW method is applied to Es[m(b*)], and it considers the Taylor expansion of
m(b*) around 0 up to the s term. The function m(b*) can be written as [4]

S

o) = S -0 (K70 ), @

=0

where ms_;(b*) = m(0,---,b; ,0,---,0,b; ,0,---,0). Thus, ms—_;(b*) is a
function of just s — [ variables, with all the remaining variables fixed to 0. Sub-
stituting (7) to (6), we obtain the approximated marginal density function
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fa(y;0) = frL +1Cmol

. [ K—s+1—-1 . * * * * *
[z;:3<—1>’< l )./Rsflzk1<_,_<k5_,,mm<b Yoy, ) - e ddby dbf |

(8)
where f; is the Laplace approximation of the integral. The dimension of the
integrals in (8) is determined by the choice of s. When s is small, these integrals
can be easily approximated using the Gauss-Hermite quadrature.
When s = 0, DW is equivalent to the classical Laplace approximation. As
s increases, the DW method consists of approximating the K-dimensional inte-
gral with the sum of one-, two-, up to s-dimensional integrals. When s = K, no
dimension reduction is performed, and the method reduces to the AGH method.
The DW estimators are consistent, as long as the number of observed vari-
ables and sample size increase, and asymptotically normally distributed, with a
sandwich-type covariance matrix. The DW quadrature method is more accurate
than the Laplace approximation and, for small values of s, at most 3, it can
achieve the same accuracy as the AGH quadrature [4].

4 The Pairwise Likelihood Approach

The PL replaces the likelihood in (4) with bivariate marginal densities as follows
[10]:

n n p P
plO;y) =Y plOiy) =D > > > log f(yije, yijier: 0), (9)
i=1 i=1 j=1j'=j t,t
where t,t' = 1,--- ,T. Moreover, t =t' = j < j' and j = j' = t < t’. Formula

(9) can be rewritten as the sum of bivariate densities over all possible pairs of
items or time points. We consider the one for pairs of items. The number of
pairs of items in this model is given by N, = (g) + p, where (’2’) accounts for the
bivariate densities formed by different items over time, and p accounts for the
bivariate densities of the same item at different time points. Thus, formula (9)
can be rewritten as

NI?
PO y) =D fr(6) (10)

No _ P p
where » 2,7, =370, > ) _; and

f-(0) = me‘(@) = ZZlOg fWijt, yijrers 0), (11)

i=1 t,t/

where t,t' =1,--- ,T. Moreover, t =t = j < j' and j = j' = ¢ < t'. As clarified
in Sect. 5, rewriting formula (9) as (10) is convenient for the formulation of the
PL method based on separate maximization.

The PL estimator is obtained as
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OpL, = argmeaxpl(O; Y). (12)
Under standard regularity conditions [11], @py, is asymptotically [13]

Vi(Bpr —0) % N0, H(O)'J(0)H(6)"). (13)
where the matrices H(0) and J (0) can be estimated by their observed versions
evaluated at OPL, denoted as H(OPL) and j(OpL) .

5 Pairwise Likelihood Methods Based on Separate
Maximizations

[7] proposed an alternative formulation of the PL method, based on separate
maximizations. Consider formula (10), where pl(y; 6) is expressed as the sum of
fr(@) across all possible pairs of items N,. Instead of maximizing the entire
pl(y;0), each f,.(6) is maximized separately. Let 6, represent the vector of
parameters of f,.(6,.). The ML estimator 8, is defined as

6, = arg max 1-(0). (14)

Let us denote @ = (él, . ,éNp)’, and let @ represent the corresponding true
parameter vector. Both O and O are Qp-dimensional vectors, where @, = N,q,
and ¢ is the dimension of 8. It is important to note that the parameter vectors
6 and @ are not equivalent. Specifically, certain parameters in @ have more
counterparts in @ than others [7]. For instance, the parameters ¢ and o2 can be
estimated from all f,.(6,), meaning they have N,, counterparts in @. In contrast,
the item-specific intercepts and slopes can only be estimated from the functions
f(0,) that involve the respective items and therefore have fewer counterparts
in 6.

The estimator @ shares the same asymptotic properties as its constituting
elements, which are ML estimators. For this reason, asymptotically [7]

V(@ — @)L N0, HO) ' J(@)H(@)™). (15)
The asymptotic covariance matrix of @, of dimension Qp % Qp, has the form
V(e)=H(®O) 'J(@O)H@e)" (16)

where H(®) and J(O©) are Q, x(Q,, block matrices, where H(®) is block diagonal.
Each block is denoted as H,, and J,.,,°, for r,u = 1,..., N,. These matrices

L HE) = 3B ] 2], o) = () (2em )]

R 2.0 (v: 6 o 8
2 H(OpL) = _1 Z?—1 %’ J(0pL) = 1 Zz . (apl(yleﬂpL)) <3pl(yéé9PL>

/

56067
3 —_1 9% fri (8 _ 15 Ofri(0r) Ofui(Bu)
Her = -2 Zz 1E[ 06,.00" ]7JT“_EZi:1E[( 90 . )( 06, )]
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can be estimated by their observed versions, evaluated at @, denoted as 'H(@)
and J(@). The matrix H(@) is block diagonal, and 7(@) is a block matrix,
both of size @, x @, with each block denoted as Hrr(é,,) and Jm(@r, éu)4 for
ru=1,...,Np.

The estimators in @ should be combined to obtain a single estimator for
the model parameter vector 8. This can be achieved by pre-multiplying 2] by a
matrix of weights A [7]. Consequently,

Vn(A© — A0) L N(0, AV(@)A). (17)

The asymptotic covariance matrix of the combined estimator takes the
form AV(@)A/ and can be estimated as AV(@)A’, where V(O) =

( ) LT (O)H ( )~1. Among the various weighting matrices proposed in the
literature, we consider those based on the AVE and WM methods.

5.1 The AVE Method

The estimators in @ are averaged to obtain one single estimator for the model
parameter in 0. The estimator @ 4y g is obtained as

Oave = AG. (18)

In this case, A = [A; - -- Ay, ] has dimension ¢ x ¢ N,,. Each matrix A, is diagonal,
with the weights on the main diagonal denoted as a,(f,z, forr =1,...,N, and
h=1,...,q. If 0 is estimated in the r-th pair, the corresponding weight in A,
can be computed as

") = 1
19
Chh ny (19)

where ny, is the number of times Qh is estimated in the N, separate maximiza-
tions. Moreover, it holds that ZT > (T) =1

5.2 The Weighted Mean Method

[14] demonstrated that Opr is asymptotically a weighted estimator of estimates
obtained from separate maximizations. The detailed proof is provided in [14]. We
refer to this approach as the weighted mean (WM) method. The weight matrix
Ay, for r=1,..., Ny, that ensures the asymptotic equivalence between the WM
and the PL methods is defined as

No qop (7 2 (7
A, = Z 9 f(](el]) 0 fr(or) (20)

0600’ 0000’ '

where the index g denotes the summation across item pairs, with r held fixed.

- n 9.0, 5 ) 0fri(0,) ((0fui(6))’
4 M0 = -1 agra(%), Tra(0,,0,) =157 1( il ))( £y >),

0
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The final estimator éw M 1s obtained as
éWJVI = A(‘:')7 (21)

where A = [A;--- Ay, ] is a matrix of dimension ¢ x Npq.

6 Simulation Study

We conduct a simulation study to evaluate the performance of DW, PL, WM,
and AVE methods for a GLLVM applied to multidimensional longitudinal binary
data. Some preliminary results on the performance of the classical PL. and DW
methods for this type of model have been presented in [2], for different values
of T and p fixed to 3. That study shows that the performance of DW and PL
remains consistent for 7" = 6,15. In this work, we also explore the WM and
AVE methods and compare their respective weighting schemes. We focus on the
case T' = 6 time points, which represents a plausible setting for panel data, and
consider sample sizes n = 200 and n = 1000. For consistency with the study of
[2], we set the number of items to p = 3.

The same data-generating values used in the study of [2] are considered:
¢ =0.5,0% =2, and 012” (for j = 1,2, 3) ranging from 1 to 2. The item intercepts
are generated from a log-normal distribution with a mean of 0 and a standard
deviation (SD) of 0.1, while the item slopes are generated from a log-normal
distribution with a mean of 0 and an SD of 0.5. We consider the classic PL
method and the AVE and WM methods. For DW, we set s = 0,1,2,3. The
values of s are not increased further because, already for s = 2 or 3, a high
level of accuracy can be obtained [2,3]. Moreover, increasing s would also lead
to higher computational time.

The optimization for all methods is performed in R using the optim func-
tion, which employs a Quasi-Newton algorithm, combined with Fortran. For all
methods, the number of quadrature points is fixed at eight, as this represents a
good trade-off between computation time and estimator accuracy. We consider
500 replications for each condition of the study.

6.1 Results

The following figures display the boxplots of parameter estimates for ¢, o7, o2,

and «aj,. The remaining parameter estimates exhibit similar behavior and are
omitted for brevity.

The boxplots of parameter estimates for p = 3, T'= 6, n = 200 are reported
in Fig. 1.

Starting from the composite likelihood methods we observe several differences
between the classic PL. and WM, with the latter producing less accurate results,
particularly for the parameters ¢ and o?. The AVE method exhibits noticeable
bias for 033 and «aj,. DW demonstrates accurate results for s = 2 and s = 3,
and shows lower variability than the composite likelihood methods for most
parameters.
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Fig. 1. Boxplots of parameter estimates, n = 200.
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Fig. 2. Boxplots of parameter estimates, n = 1000.

For p = 3, T = 6, n = 1000 (Fig.2), all methods show reduced variability
compared to n = 200. Notably, also for large sample sizes, DW demonstrates
lower variability than the composite likelihood methods for most parameters
and produces accurate results for s = 2 and s = 3. Concerning the composite
likelihood methods, as the sample size increases, WM and PL exhibit a similar
performances. However, with AVE, the bias in the estimates of 02, and a1, does
not reduce as the sample size increases.

Further insights into the results can be obtained by examining the behaviour
of the weights.

Figure 3 presents scatter plots of the WM and AVE weights corresponding
to the estimates of ¢, 0f, 03, and ay, for p =3, T = 6, and n = 1000. On the -
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axis, the WM weights are plotted, while the corresponding parameter estimates
are shown on the y-axis. The red vertical line identifies the AVE weights, which
are the same for all estimates, while the black horizontal line represents the true
parameter value.

Estimates
Estimates

ol =2 oo
R
= *

T T T T
-0.5 0.0 AVE=0.330.5 1.0 -0.5 0.0 AVE=0.330.5 1.0

Estimates
01 2 3 456
-
Estimates

00 05 10 15 20

Weights Weights

Fig. 3. Scatterplots for parameter estimates and weights for n = 1000.

We can notice that the weights of the WM method are very different from
those provided by the AVE method for all model parameters. Interestingly, we
observe a clear trend for o : the WM weights concentrate around 1 for the esti-
mates obtained from f,.(6,) formed by bivariate densities of the same item over
time, and around 0 for the estimates obtained from f,.(6,.) formed by bivariate
densities of different items over time. A similar behavior is also observed for the
variances of the remaining random effects. This reflects the fact that the random
effects account for the variability of the same item over time. In contrast, for a;,,
higher WM weights are observed for the estimates obtained from f,.(6,.) formed
by bivariate densities of different items over time. This is also true for the load-
ing of the third item, even though it is not reported in the Figure. Indeed, the
loadings account for the correlations between different items. The AVE weights
are equal to 0.33 for all variances of the random effect and loading estimates,
without accounting for any differences between them. Interestingly, for ¢ and o2,
we observe that the WM weights, which concentrate around 0, correspond to the
less accurate estimates, which are those farther from the black horizontal line.
The AVE weights are equal to 0.17 for all estimates, regardless of their distance
from the true values.

Even though the AVE method is simpler and faster, it provides rough weights
for the estimates and does not capture the specific characteristics of the param-
eters as effectively as the WM method.
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7 Conclusion

In this work, we compared several composite likelihood methods and the DW
method to address the high-dimensional integrals involved in the likelihood of
GLLVM models for multidimensional longitudinal binary data, which do not
have analytical solutions. Among the composite likelihood methods, we eval-
uated the classic PL method as well as some PL methods based on separate
maximizations, namely the WM and AVE methods.

Generally, DW is more efficient than the composite likelihood methods con-
sidered for s = 2 and s = 3, but it involves a high computational cost. Similar
findings are reported by [2] for longitudinal binary data and [3] for longitudinal
ordinal data. Among the separate maximizations methods, WM outperforms
AVE, which, despite its simplicity, produces inconsistent results, particularly
for the variances of the random effects and the loadings. WM is asymptotically
equivalent to the classic PL, but it does not offer a significant practical advan-
tage over the latter. Therefore, it is valuable to explore weights that minimize
the variance of the combined estimator, such as those proposed by [14]. Regard-
ing the DW method, future work should focus on improving the computational
time of the method and studying its asymptotic properties in the presence of
longitudinal data.
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Box plots showing data
distributions across different
categories labeled PL, WM,
AVE, s0, s1, s2, and s3. Each
plot is annotated with
parameters: top left with
5=0.5, top right with 0,2=2,
bottom left with 052=2, and
bottom right with a1,=0.96. The
plots illustrate variations in
data spread and central
tendency for each category.
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the Y-axis and "Weights" on the
X-axis. The top left chart is
labeled with the Greek letter
phi (¢) and includes a vertical
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in red. The top right chart is
labeled with sigma squared
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bottom left chart is labeled
with sigma squared subscript
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bottom right chart is labeled
with alpha subscript 12 (a42)
and "AVE=0.33." Each chart
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