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ARTICLE INFO ABSTRACT

Keywords: This study adopts a higher-order simulation framework to investigate wave propagation in two-dimensional
Multilayer graphene simulation defect-free multilayer graphene, incorporating geometric nonlinearity through second strain gradient elasticity.
Geometric nonlinearity To accomplish this, the strong and weak forms governing z-bonds associated with van der Waals interactions

Higher-order strain gradient
Wave motion
Stop bands

and o-bonds are derived using continuum beam models. The dynamic properties of multilayer graphene, includ-
ing band structures, slowness surfaces, and energy flow, are analyzed using the theory of periodic structures.
Numerical results reveal that accounting for nonlinearity predicts higher frequency values, indicating a stiffness
hardening effect in graphene. At high frequencies, energy is predominantly confined to a single direction, and
the nonlinear model demonstrates a strong wave-controlling capability compared to the linear model. This
innovative study advances our understanding of graphene’s dynamic behavior and offers significant insights
for engineering applications involving graphene-based nanocomposites.

1. Introduction

The significance of graphene in nanocomposites is increasingly recognized across various fields, including acoustics, mechanics, and materials
science [1-4]. The integration of graphene into composite materials enhances their structural, mechanical, and electronic properties, making it
attractive for numerous applications such as nano sensors [5] and mechanical devices [6]. The exploration of graphene not only advances carbon
nanomaterial research but also plays a crucial role in the development of high-performance nano composite structures.

In recent years, both numerical and experimental studies have been conducted to investigate the mechanical properties of graphene. For example,
Guo et al. [7] developed a three-dimensional multiscale simulation method to analyze graphene’s mechanical behavior, demonstrating a significant
increase in Young’s modulus and shear modulus with higher graphene volume fractions. Spanos et al. [8] proposed a micromechanical finite element
approach to estimate the elastic properties of graphene-reinforced composites. Additionally, Lopez et al. [9] reviewed three experiments on the
impact of rippling on graphene properties, consistently showing that only rippling within specific wavelength ranges affects graphene’s mechanical
characteristics.

The numerical investigations described above are conducted within the framework of the Classical Theory (CT) of continuum elasticity. However,
CT encounters a significant challenge in addressing size-dependent characteristics due to the lack of length-scale parameters that capture the unique
properties of nanocomposites, such as the stiffness hardening phenomenon and nonlocal effects [10]. These properties have been validated through
numerous studies. For instance, Cuenot [11] used Resonant-contact Atomic Force Microscopy (AFM) to measure the elastic modulus of nanotubes.
The results showed a significant increase in the modulus for nanotubes with smaller diameters, suggesting the presence of stiffness hardening.
Similarly, Jing [12] observed the stiffness hardening phenomenon in nanowires using a hydrothermal method. Additionally, Zhang [13] investigated
the nonlocal effects of a micro/nanobeam by analyzing shifts in resonant frequencies. Mansard [14] examined the properties of soft jammed particle
flow and revealed nonlocal behavior through molecular dynamics simulations.

* Corresponding authors.
E-mail addresses: boyang-chn@hotmail.com (B. Yang), mahmoud.mousavi@angstrom.uu.se (M. Mousavi).

https://doi.org/10.1016/j.compstruct.2025.119800
Received 20 February 2025; Received in revised form 13 October 2025; Accepted 27 October 2025

Available online 3 November 2025
0263-8223/© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/compstruct
https://www.elsevier.com/locate/compstruct
https://orcid.org/0000-0001-7326-518X
https://orcid.org/0000-0002-8406-4882
https://orcid.org/0000-0002-1152-2336
https://orcid.org/0000-0001-8712-1048
https://orcid.org/0000-0001-8515-9907
mailto:boyang-chn@hotmail.com
mailto:mahmoud.mousavi@angstrom.uu.se
https://doi.org/10.1016/j.compstruct.2025.119800
https://doi.org/10.1016/j.compstruct.2025.119800
http://creativecommons.org/licenses/by/4.0/

B. Yang et al. Composite Structures 376 (2026) 119800

Therefore, there is a pressing need to enhance the CT to better capture the complexities of size-dependent behavior [15,16]. To better
understand the characteristics of nanocomposites, various higher-order continuum theories have been proposed, including the strain gradient family,
microcontinuum, and nonlocal elasticity theories [17,18]. The strain gradient family comprises the Strain Gradient (SG) theory [19,20], the Second
Strain Gradient (SSG) theory [21], the couple stress theory [22,23], and the modified couple stress theory [24,25]. The SG theory, based on the
first and second gradients of displacement, has faced challenges, particularly at defect lines where double stresses occur [26,27]. To overcome this
limitation, the SSG theory was introduced, incorporating potential energy as a function of the first, second, and third gradients of displacement. The
SSG theory offers three main advantages: the elimination of singularities present in SG theory, the confirmation of higher-order deformations due
to scale lengths, and an explanation of stiffness hardening from long-range interactions. In the context of the couple stress theory, a comprehensive
approach considers both conventional deformations and the gradient of the rotation vector in calculating strain energy. Meanwhile, the modified
couple stress theory assumes symmetry in the couple stress tensor, which is enforced through an equilibrium condition involving couple moments.
On the other hand, microcontinuum and nonlocal elasticity theories can also be used to investigate size-dependent properties. However, these two
theories are limited in addressing strain gradient effects when modeling nanocomposites [28].

Recent studies have focused on the dynamics of nanocomposites through higher-order continuum theories. Notably, Bacciocchi et al. [29]
proposed a finite element method to examine the critical buckling loads and natural frequencies of laminated Kirchhoff plates, incorporating the
nonlocal strain gradient effect. Xu et al. [30] developed a nonlocal Kirchhoff plate model that incorporates van der Waals (vdW) interactions to
investigate the vibrations of Double-Layered Graphene Sheets (DLGS). Fakhrabadi et al. [31] studied the small-scale effects on the nonlinear dynamic
mechanical and electromechanical behaviors of carbon nanotubes, emphasizing their use as nano-resonators and electronic nano-filters, using the
consistent couple stress theory. Their findings show that the proposed formula effectively captures small-scale effects, leading to enhanced stiffness,
vibration frequency, and dynamic pull-in voltages of carbon nanotubes under electrostatic actuation. Additionally, Akgoz et al. [32] examined the
free vibration of Single-Layered Graphene Sheets resting on elastic matrices modeled as Pasternak foundations, applying the modified couple stress
theory. Their numerical analysis revealed a significant increase in frequency values with the material length scale parameter. Mir et al. [33]
investigated the dynamic behavior of graphene-based mass sensors, emphasizing the impact of mass position and quantity on the system’s chaotic
dynamics.

Meanwhile, periodic nanocomposites with unique properties have become widely used across various engineering fields [34,35]. To better
understand the vibrational and acoustic behavior of these periodic structures, several methodologies have been developed, including the Wave
Finite Element Method (WFEM) [36,37] and homogenization techniques [38,39], such as asymptotic homogenization [40-42] and equivalent strain
energy [43-45]. Among these, WFEM represents a significant improvement over traditional FEM, enabling more effective modeling of complex
structures. By leveraging the theory of periodic structures, WFEM reduces computational complexity by representing a periodic structure as a single
unit cell. Research on wave propagation in periodic graphene has garnered significant attention. For example, Xiang et al. [46] explored wave
propagation in a functionally graded graphene oxide powder-strengthened nanocomposite curved beam under various thermal loads. Similarly,
Andelkovic et al. [47] investigated electron wave-packet dynamics in a graphene geometric diode using the continuum Dirac model, providing
valuable insights into charge carrier behavior in such diodes. In a different approach, Ma et al. [48] combined Graphene Nanoribbon (GNR)
nanocomposite foam with controlled atomic defects, enhanced interfacial polarization, and optimized impedance matching to achieve efficient
electromagnetic wave (EMW) absorption. Additionally, Hua et al. [49] developed a Refined Spectral Element Model (RSEM) to analyze wave
propagation in multiscale Hybrid Composite (MHC) shells under impulsive loads, demonstrating its ability to accurately capture the fundamental
wave modes of MHC shells.

Moreover, graphene exhibits nonlinear dynamic properties [50]. However, existing literature reveals a gap in addressing nonlinear wave
propagation in periodic graphene, particularly in relation to size-dependent effects. This study presents a novel approach to investigating the
geometrically nonlinear elastodynamics of graphene. The method is based on the SSG theory, which effectively addresses singularities in physical
field descriptions, such as the elastic bend-twist tensor, a singularity encountered in SG theory [21,51]. Furthermore, it incorporates size-dependent
properties and the phenomenon of stiffness hardening. The proposed numerical framework provides a valuable reference for future computational
studies on the nonlinear dynamic behavior of nanocomposites with size effects.

This study has two main objectives: first, to formulate the nonlinear strong and weak forms of graphene based on SSG theory; and second, to
investigate the characteristics of nonlinear 2D wave motion by solving the eigenvalue problem using WFEM. The article is organized as follows:
Section 2 presents the geometrically nonlinear model of graphene utilizing SSG theory. Section 3 then examines free nonlinear wave propagation
by addressing the eigenvalue problem within the WFEM framework. In Section 4, a comprehensive discussion is provided on the band structures,
slowness surfaces, energy flow vector fields, and iso-frequency contours of graphene. Lastly, Section 5 summarizes the key findings and conclusions
of the study.

2. Numerical modeling of graphene

This section begins with the introduction of the geometrically nonlinear model of graphene. Next, the governing equation and corresponding
boundary conditions are calculated using the SSG theory. Finally, the weak form, along with the element matrices, is determined.

In this paper, we introduce a graphene-based resonator as illustrated in Fig. 1. The arrangement of carbon atoms, depicted in Fig. 1(b), involves
interactions via z-bonds and c-bonds. The multilayer graphene is considered to be defect-free. Here, we focus on the continuum mechanics of the
graphene, i.e. a geometrically nonlinear continuous beam model is used to reflect the interaction between two carbon atoms. Fig. 2 provides a
graphical overview of the analysis, encompassing the strong form, weak form, and nonlinear wave propagation of graphene. This investigation
sheds light on the special mechanical characteristics of graphene, thereby enriching our comprehension of resonator systems built upon it.

2.1. Strong form derivation

In order to confirm the mechanical model of the graphene, firstly, the strain energy density via the SSG theory [52] is introduced, as below:

U= Uy + U+ Uy + T3 + T, m
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{_» A hexagonal carbon atom ring ¥ 7z-bond =® g-bond em

(a) A multilayer graphene-based periodic waveguide (b) A unit cell in the periodic waveguide

Fig. 1. The schematic of a resonator. (a): A periodic waveguide constructed from multilayer graphene. (b): A unit cell comprising three-layers within the
waveguide. The bonds within the graphene structure are treated as continuous beams subject to in-plane bending deformation represented by v;(%,1) along the
local coordinate j, out-of-plane bending deformation represented by v.(x,r) along the local coordinate z, and tension deformation denoted by u(x,r) along the
local coordinate x.

Displacement fields Stam Kinetic energy I\t)‘f:;lie;r 0 Element stiffness Nonlinear wave
+ + o VAT and mass matrices propagation
. energy - - Hamilton's| , | equations and .
Non-zero strain tensor | &y ey oy |Strain potential energy o) cincinle 0 bounda < analysis by wave
considering geometrical + prnelp e Dynamic equation finite element
e by SSG conditions of a .
nonlinearity \Work done by external forces| T of a unit cell method

Fig. 2. The graphical depiction of nonlinear wave propagation in graphene using SSG theory.
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where U, stands for the classical component of strain energy density, U denotes the strain energy density associated with the second gradient of
displacement, U, represents the strain energy density linked to the third gradient of displacement, U/} signifies the coupled portion of strain energy
density, and U} relates to the cohesion modulus b, concerning force dimension. 4 and y represent the conventional Lamé parameters. ¢;(i = 1, ...,5),
bj=1...7, and ¢, (k = 1,...,3) are higher-order parameters. € = sym(VD), & = VVD, and { = VVVD. Here, V denotes the gradient operator,
and D represents the displacement vector.

As shown in Fig. 1(b), the graphene is a hexagonal lattice with bending-dominated structure [53,54]. The impact of torsion vibration is
secondary [55] and has been omitted in this study. Thus, we assume that the bonds considered as continuous beams undergo three types of
vibrations: in-plane bending, out-of-plane bending, and axial tension. Specifically, the in-plane bending deformation, denoted as vy(%,t), occurs
along the local coordinate j, while its rotation v’y(fc, t) associated with in-plane bending is confined within the xy plane. Similarly, the out-of-plane
bending deformation, v.(x,?), takes place along the local coordinate z, with its rotation v’i(y‘c, t) occurring within the xz plane. Lastly, the tension
deformation, denoted as u(x,t), happens along the local coordinate . It is essential to note that these three vibrations are considered decoupled in
this work. Subsequently, the displacement field of the beam is given as:

Di(%. 7. 2,1) = u(X, 1), DJ-,()_(, V.zZ,0) = Uy()_‘, 1), D:(X,3,2,1) = v:(X, 1). 3)

For the beam with displacement field given, the Green-Lagrange strain [56,57] and its first and second gradients, which reflect geometric
nonlinearity, take the following form:

6;2 —u + % (u/)2 , f;;c;( ="+, ;iﬂ =" "+ (u//)2 , 62; _ —PU;” + % (Uj,,)z ,

ff’:f’cjz = _522 = _5;?:5( =v", é;f?ic ==y +v5'vy", Cg)y:cky = _C;;:y:cyx = _Cx;ﬂ = _leg)?)? = v, 4
gg‘w‘ci =—yv;"" + (”fﬁ)z +vy'vy", ef'cf'c =-Zv} + % (”’2)2 , 5)1':;2 = _52% = —5:;).( =0},

‘fyl’:f’o’c = _zulz,/ + U’z”lz,’ C;;:(Sci = _Cgf;i)? = _C)f;zi = _Cs%i = UIZN’ ggixx = _z”lim + (U/z,)z + U;U,z”’

in which the superscript (¢) indicates the tension case, (b) denotes the bending case, and (') represents the partial derivative with respect to the
coordinate. Upon substituting Eq. (4) into Eq. (1), the strain energy density of the beam within the SSG theory is re-expressed as follows:

U =5 B { (e o (50 (€020 + 2 [ (@l + €307 + €la?| + 2, [0 + €2
[ Chas + e + ] + 15, [+ Ciee?] 2 (ehlhass + €000k ©

. b ’ by bs
+esx x;xx) } +by (C)?J?XX + Coxnx Tz )
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where 12 = 2(a; + ay + a3 + a, + as)/ E, zgl =2(ay — ay + a3 +3ay — a5)/E, I} = 2(by + by + by + by + bs + b + b;) / E, l‘;l = 4(b, — by + bs + 2bs)/ E, and
I, = (¢| + ¢, + ¢3)/ E are the higher-order material parameters. The conventional Lamé parameters 4 and u are functions of Young’s modulus E, the
Poisson’s ratio v, and the shear modulus G, as A = vE/((1 + v)(1 —2v)) and y = G = E/(2(1 + v)). Then, one can express the nonzero components of
the stresses as:

0r = E (e +1.8lii) - 0ec = Elg ex Oter = B (Lees +l4 txsx) +bo- O')l‘if? =E (‘Ebi‘c +15c{7§:5¢i) ’
";l';'ci = Elz xi’c:’c’ '7?';7 = Elil ;l':f'cy’ ”)I'Zf'c'i =E (I4C)'(5c~'c:’c +lce xx) + by, )’cf’c:’cjf = Elgl g?;ip’ ®)
)[';'c =E (5" +1 gx;cxi) ;)'w'c El 55':;2 >'o'cz = EI} 5xxz f’f—ii;x =E 124’/{);)?)? + Qef‘ci) + by,
,[-zm = El} giiiz'
Integrating the strain energy density in Eq. (5) over beam’s volume yields the strain potential energy as follows:
U= /OdL /A UdAds =%E (A" + 1.6 + 1,G%) + 12 (4G, + 1.G)’ + 1,G;? ) +1} (AG,
+1.G, + IyG,’jf) + AL (Gf? + G’;i) +1, (AG; +1,GY + ,GY )] ™

+ byA <06 +G§f +Ggi>,

in which A is the cross-sectional area, and d; denotes the length of the beam along the x direction. The definitions of G, G, GZ, G, G(’), GY1z,
byz byz  byz by . . . L . . .
G, Gby/ *,G.”*, and G.””* can be found in Appendix A. The cross-sectional moment of inertia about the j-axis and the z-axis are defined as
I, = [,2°dA and I, = [, j>dA, respectively.
On the other hand, kinetic energy comprises both classical and non-classical components [58], which can be formulated as:

_ /dL/[ 2ER (D) + 14 (D) ]dAdx
=%,,/ { (02 + (63)° + ]+12[ (@)’ +A<(D;)2+(ug) )t () +1ﬁ(u-;’)2] ®
+4 [A (u”)2+A((Dg)2+(v;’) >+1 (’!’) + 1, (0

where /| and /, are the higher-order inertia parameters.
Furthermore, the work done on the beam by external classical force and higher-order forces is provided by:
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in which f/%/%: represent the distributed forces, fo/ represent higher-order forces, assumed
to be applied solely at both end sections.

Next, in order to illustrate the strong form, the Hamilton principle is applied via the SSG theory as follows:

* indicate the classical nodal forces, and fl » f15 I

L5}
/ (6T = 61 + 6W)dr =0, a0

where the variations in kinetic energy, strain energy, and external work done are represented by 67, 61", and §W respectively. By substituting Eq.
(7), (8), and (9) into Eq. (10) and performing mathematical calculations using the variational method, the governing equation can be expressed as
follows:

2 _ _ S
/ {EA[Wiew s wi e = 2) (W W Wi ) ey (Wi w +ws )]

1

2 by 2 bz 2 4 by 2 4 bz 11
E (L4 2 AYW + (L4 2 AYW (210 = 21 = 1) A) W, + (2005 - 1= 1} A) W, an
4 by bz 1 by bz by bz t b; bs
+ (1214/3 + LW, ) —pA<W4 -w, - w, )+p(12VV7 + LW )+f s rh 4 f z}dz:O,
by/z by/z by/z by/z bz by by/s
with associated boundary conditions provided in Appendix B, the expressions of Wl’, Wz’, W{, W4’, w, iz W, iz W, vz w, vz WS}/ , W vz W7’/ s
by . :
and W % are given in Appendix C.

2.2. Weak form calculation

In this section, the strong formula undergoes transformation into the weak formula. According to the SSG theory, the nodal displacement field
for an element that encompasses tension and bending is expressed as:

T
(e) _ N ro ’ "o
4@ = [ul, Vgt Uzps iy Uy, Uyt 00 07 U 02 i, Vs, 0ty U U ) 00 0T U 0 (12)
in which the three degrees of freedom (DOFs), ”iv“,/"“l/', ,i = 1,2, pertain to tension on individual nodes, while the four DOFs,

v U5, UL UL U o o U’_’.’ i = 1,2, relate to bending on each node. Subsequently, the tension displacement u(x,t) and bending displacements
yi» Zzi> V0 Vzic Vyic Y zic Ui 4 ’
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vyz(X, 1) at point x € R? within an element can be defined as:
u(%, 1) S'(%)
vEn =] SvE |d90
(%, 1) Sz (%)
s, 0, 0, 8 0 0 8% 0 0 0 0 SP 0 0 S 0, 0, 2,0, 0, 0, 0 as)
= 087 0 0 s 0 0 87 0 s 00 0,80 0 0 s 00 087 0 87 0 a9,

0
2
b0 bs1 b2 b3 b0 bs1 b2 b3
0, O, S1 , 0, O, S1 , 0, O, S1 , 0, S1 , 0, O, SZ,O, 0, SZ,O, 0, SZ,O, 52

in which the size of §' is 1 x r, where r represents the number of DOFs for tension. Similarly, $? and S’z have a size of 1 x p, where p denotes the
number of DOFs for bending.

In order to derive the shape functions S’ for tension and $?%/z for bending, one employs the C? and C? continuum Hermite interpolation functions
to ensure continuity and smoothness of the displacement and strain fields at a higher-order level, respectively, as follows:

bs0
SP =als', s =alls’, sl =a'ls', S =alls’, S =all, ST = S} =57 =alls’,
hO bz bs2 b2 bs2
Syzsz bOb Sy=S blb S} _S blb S} Sz=ab25b’s,‘ =Sz=ab25b’ 14
1 2 1 1 2 2 2
bz3 b3 b
s _sb a3sh, sy = §P2% — ai3g
] 2 o) 5

where s’ = (1,2,22,23,24,25)T, st = (1,x,x%, %%, x4, %%, 25, ‘7) R aﬁj(i =1,2, j=0,1,2) and a[.bj(i =1,2, j=0,1,2,3) are addressed in Appendix D
with i denotes the node number and j means the derivative order with respect to x € [0,d,] coordinate.

In this step, the weak formulation is ascertained by, firstly, applying the test function «, for tension, v; and v;, for bending to the governing
equations. Subsequently, an integration by parts operation is conducted with respect to the variable x. Followmg this, by employing Eq. (13) along
with the test function [u,(%, 1), v (X, 1), V3(X, DT = [S'(x%), SP7 (%), Sz (X)JTdi")(t), the weak forms can be derived and the element linear stiffness matrix
K, nonlinear stiffness matrices K(f) and K;e), mass matrix M®, and force vector F(© are extracted separately as:

<1 + Iﬁlﬁl> st st
z
) A 4 b—”’T b 4 b—””T b A [,;//T b
—<216—la—]—21b]>sy S+ IS S ]+EIf [<1+Ela1>s = 8”2
T T
_ <21C _ lg _ IAI?I ) sz/// sz/// + lngzml Sbi””] } dx.
y
de
K9 =EA 39T (88") = (21, - 22) [28"T (58" ) 48" (88" )| 414 [a5T (58"
! o \2 a b
+S,/T (S,///S,///)] } dx.
de
KY :EA/ {% [s”T (s”zs”) +sv" <sby’2sby’> 45T (sb2’2s”2')] - (21, - 2) [s”’T (s”zs”’)
0
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Here, the Young’s modulus E, of the ¢-bond is confirmed by [59,601:
K2d
E, = ——,
4rk,

0

16

where k, represents the bond tension stiffness, with a value of 6.52 x 1077 N- nm~!. k, denotes the bond bending stiffness, having a magnitude of
8.76 x 10719 N- nm-rad=2. The bond length d is 1.42 A(1 A= 1 x 1071 m), representing the length of a o-bond. To confirm the Young’s modulus of
n-bonds across different layers, van der Waals forces are depicted using spring elements that follow the Lennard-Jones potential. The stiffness of
the z-bond is introduced as [61]:

d8

12 6
kpaw = 4€,amw (156% -42" > a7
dudW vdW



B. Yang et al. Composite Structures 376 (2026) 119800

Ky
s > ~ C 7
N Ly L Ky
ny fBz b &
- N
0 P T TN,
(a) A 2D periodic structure (b) A 2D unit cell (c) The first Brillouin zone (fBz)

Fig. 3. The unit cell and the first Brillouin zone of a 2D periodic structure. L, R, B, and T represent the DOFs at the left, right, bottom, and top boundaries
respectively, while I denotes internal DOFs. ¢, ¢,, ¢;, and ¢, represent the DOFs at the four corners. L, and L, denote the lengths of the unit cell along the x
and y directions respectively.

where €,,, = 3.8655 x 1073 N- nm and d, = 3.4 Aare the Lennard-Jones parameters. The parameter d,,, represents the interatomic distance,
which coincides with d, in this context. Consequently, the Young’s modulus E, of the z-bond can be determined as:

kpaw dvaw
E, = % (18)
in which A is the cross section area of z-bond. Here should be pointed out that E = E_ for o-bond and E = E, for z-bond in Eq. (15).

3. Dynamical properties of graphene

After finite element formulation, considering the periodic structure, this section begins by deducing the motion equation of a unit cell. The
frequency and displacement components for the perturbed system are defined. Subsequently, the 2D wave motion properties are analyzed by
solving the eigenvalue problem through the theory of periodic structures.

3.1. Dynamic formulation of a unit cell

Following the WFEM, only one unit cell or substructure is modeled through the classical FEM. The motion of a unit cell is governed by:
Kd +K;d?> +K,d*> + Md = F, 19)

where K, K, K,, and M represent the unit cell stiffness and mass matrices assembled by K©, K(le>, K;e), and M@, respectively. The nodal
displacement vector is denoted by d, and F denotes the nodal force vector. The unit cell of a 2D periodic structure is illustrated in Fig. 3(b).
As shown in Fig. 3(c), the first Brillouin zone (fBz) is the fundamental region in reciprocal space that describes wave propagation. It captures
essential features like dispersion and band gaps, serving as a compact representation of how periodicity affects sound behavior. The nodal DOFs
within the unit cell are categorized into six groups: the four corners, left, bottom, right, top, and internal DOFs represented as index = {Bd, I} =
{cl, Cy, €3, €4 L, B, R, T, I}. Subsequently, the positions of DOFs in d, K, K;, K,, M, and F are rearranged based on the index. The harmonic
displacement and force components can then be expressed as follows:

aBd dBd . FBd fiBd )
(9 )= ) ()= ) @

in which the frequency  and time ¢ are represented as variables. Based on the requirement of linearization calculation, the substitution of &'
with cos(wt) is considered. The expression cos’(wt) undergoes a linearization process resulting in % cos(wt). Here, it should be pointed out that due
to the disruptive effect on the symmetry property, the stiffness matrix K, was disregarded [62]. Consequently, the motion equations of a unit cell
are reformulated as:

3

Bd,Bd Bd.I {Bd KBdBd  gBdI jBd \° frBd
Hle " 11 o +3 21Bd 21 < (& , @D

H: H" d 4| K K; d! F!
with HB4Bd — KBABd _ ;2\ BdBd B — gBAI _ ,2\BdI glBd — KILBd _ 20LBd gL = KM — 2MM, To delineate the perturbed response
of the structural system, an inherent perturbation parameter, denoted as f, is introduced into the analytical framework. The Linstedt—Poincaré
methodology [63] is employed to subject Eq. (21) to an asymptotic expansion. Notably, the nonlinear stiffness matrix (K,) is represented as gX,,

with the perturbation parameter f serving as a quantifier for the degree of nonlinearity inherent in the system. Simultaneously, the frequency and
displacement components characterizing the perturbed system can be elucidated via the first-order Linstedt-Poincaré expansion:

dBd dBd §Bd dBd
( d >= d +ﬁ< d >+'"+°<ﬂn< d! ))‘“ @y + foy + -+ + ("o, @2)
0 1 n
Substituting Eq. (22) into Eq. (21) confirms the presence of the linear contribution denoted as o(f"), yielding:
Bd,Bd Bd,I 4Bd f:Bd
[ HIBd HII ]< dQI >:< FAI > 23)
H" H" d0 F

o o T N
where dBC'T,dI T can be expressed by d,. On the other hand, confirmation of the first-order contribution designated as o(f') is given as:
0 0 P: y do g g
HBdBd Bl dBd MBABd Bl dBd
1.Bd LI ! = 2wy, 1.Bd LI :
H H dIl M- M d%)

24)

o 3

3 [ KBaBd gebal ] < dbd )

-7 I.Bd LI a~ .
i Kt d
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3.2. Wave motion in a unit cell

It is important to note that the internal DOFs remain unaffected by external loads since the coupling actions are confined solely to the system’s
boundaries. Thus, F; = 0. According to Bloch theorem for wave motion in periodic structures [36], the DOFs on the boundaries are related by:

2 = iR @Sl @S = o iR d! . 4% = eFx iRy dSl . dR = o—iFxdl. 4T = ¢~i%y @B
d = *dy, df =e7vd ), df =eT e dy = ey, dy = e dy, (25)

in which wavenumbers &, and &, are defined as x, L, and kL, respectively, where L, and L, represent the length of a unit cell along the x and

y directions, respectively. The values of &, and &, lie within the boundaries of the first Brillouin zone, specifically within the intervals [z, z] and
[—=, ], as illustrated in Fig. 3(c). Moreover for free wave motion, according to the Bloch theorem, the force vectors on the boundaries are related
by:

Fer 4 Fe2eifx 4 F3ify 4 4 eifaelfy = 0, FL 4 FReFx = 0, FB 4 FTelfy = 0. (26)

In this step, the discussion will focus on the 2D wave propagation problem. The nodal DOFs of a unit cell can be expressed as:

dBd
0 N
< dl >=( FR]’FRZ’FR3’FR4 )dE, 27)
0

with T, = ( L,e &I, e ™I, e Fxe™ 1, 0,0,0,0,0 )T, Tx, = ( 0,0,0,0,I,.0,e7%L,,0,0 )T, Tgy = ( 0,0,0,0,0,L,,0,e"I, .0 )7, Tp, =

R T T T o TAT
( 0,0,0,0,0,0,0,0,1, )7, dg = dg‘ T,dgT,dgT,dz)T) , I, I, I, and I; indicate the identity matrix of size s, sn, sm, and i, respectively. On the
other hand, the nodal forces can take the form:
Iy, .
T T F
db L2 Bd ) _, 28
U 0 (28)
Ty

with Ty = (I, 471, 4511, 471 2511,0,0,0,0,0), Ty, = (0,0,0,0,1,,0,4'1,,0,0), T3 = (0,0,0,0,0,L,,0,2'1,,0), T, = (0,0,0,0,0,0,0,0,1,).
Then, combining Eq. (23), Eq. (27), and Eq. (28) results in:

T HBd,Bd HBd,l N

', [ e g | Trdg=0. 29)
where I'} = (FL, FIZ, 1";, 1"T )T T'r = (Tg;, Tro, g3, Tre)- To solve Eq. (29), the approach involves flxlng the values of &, and &, allowing for
the calculation of the correspondlng g values. These w, values are then sorted in ascending order as w0<1 23tm)? where i denotes the ith term

of wavenumber along the x-direction, j denotes the jth term of wavenumber along the y-direction, and n represents the nth term of frequency

under i and j. The formation of the nth slowness surface is established based on w/ . At a given point (i, k,), the energy flow vector, also known

O(n)
as the Poynting vector, equals the gradient of the slowness surface. Considering the iso-frequency contour of the slowness surface, the Poynting
vector is perpendicular to the contour curves. A convenient representation of wave propagation is through the band structure, which is obtained

by plotting the wavenumbers along the contour O-A-B-C-O, as illustrated in Fig. 3(c).

On the other hand, when Eq. (27) is inserted into the section concerning d, in Eq. (23), and a same calculation is performed for d,, the following
result is obtained:

dy =Tyd), d; =Tyd". (30)

Then, submitting Eq. (30) into Eq. (24) yields the following outcome:
&T HBd,Bd HBd,l
dl FL [ HI,Bd HI,I
Bd,Bd Bd.I
3& [ K, K, ] (FR&h)3
1Bd LI o) -
4 x; K5
Simultaneously, the eigenvector of the left side of Eq. (31) matches that of Eq. (29), specifically (i‘l’ = (ig = ngbg, where Qg is the unknown
amplitude and <I>g denotes the eigenvector. Therefore, Eq. (31) can be re-expressed as:

MBd,Bd MBd,I

ab abT
]FRdI =2wyord] Iy MLBd MLL

Tgd)
3D

MBdBd  ppBdI
MLBd Ml’[

KBd,Bd K:Bd.l

T 3 25T 3
20pw, Bf T, TR - Q) @) I, 2 Bd 2 | (rr®h)” =o0. (32)
4 x5 x;

The calculation of frequency w, involves substituting K, = K,/ into Eq. (32). The subsequent determination of frequency w is achieved by
combining the solutions of the linear zero-order system and the perturbed system, leading to a resulting expression:

w
w=w0+ﬂw1=a)o+w—;, (33)
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Fig. 4. The influence of amplitude value Qg on the wave propagation. A@ is the frequency variation under different scalar factors 6 and A@_, 53,5 denotes the
first five frequencies at point O in the first Brillouin zone.

with
KBdBd KBl Bd,Bd Bd,I
b2 b T 2 2 b3 T M M b
wy =3Q) @) I', [ T (Tr®;)" Wy =8wo®) T | “\ups pon | TR0 (34)
2 2

4. Computational results

The numerical exploration of graphene’s nonlinear characteristics using the SSG theory is of significant value, as it offers essential insights
for the practical utilization of graphene-based nanostructures in engineering applications. This part illustrates dynamic behaviors such as band
structure, slowness surfaces, and energy flow vector fields.

In Fig. 1, a defect-free three-layer graphene comprised of unit cells is depicted. The relevant physical and geometric parameters, according
to [59,60,64], are outlined: the mass density p is 2200 kg/m?, the unit cell’s dimensions L ,=12dand L, = 4\/§d . The bond cross-section radius
measures 0.733 /0\, while the mass of a carbon atom is m = 1.99 x 10726 kg. The Young’s modulus is derived from Eqs. (16) and (18). To ensure
stability concerning higher-order parameters in accordance with SSG theory [58], the following higher-order material parameters are considered:
1,=0254,1,=21,,1,= 12, along with higher-order inertia parameters: I, =1, =1,

4.1. Study of the amplitude value

As illustrated in Fig. 4, this investigation focuses on exploring how the amplitude value (Qg) in Eq. (34) influences wave propagation. It
should be pointed out that, in this work, we define Qg =6 A, and the frequency variation A® = |@(6,)) — @(,))|, where scalar factor § varies
between 0 and 0.03, divided into n = 50 intervals. A® is calculated at point O in the irreducible first Brillouin zone. The findings reveal that as §
increases, the frequency variation initially shows a rising trend until reaching 0.006, after which it stabilizes with minimal changes. However, it is
important to note that for the first two frequencies, erratic fluctuations are consistently observed until § reaches 0.012. The observed fluctuations
indicate the system’s sensitivity to small-amplitude perturbations in the weakly nonlinear regime, where nonlinear effects begin to emerge from
the linear response. These variations also reflect the gradual transition between the linear and weakly nonlinear regimes, highlighting the model’s
responsiveness to minor changes in amplitude and wavenumber. An interesting observation emerges when § surpasses the threshold of 0.012,
indicating that the amplitude value leads to stable and relatively constant magnitudes of frequency variation. Therefore, to maintain a stable
influence of amplitude value on wave propagation, § is selected as 0.018 in this study.

4.2. The band structures

This section introduces the band structures of multilayer graphene for analyzing 2D wave propagation. Fig. 5 displays the first five branches of
the normalized frequency spectrum along the boundary O-A-B-O of the irreducible first Brillouin zone. The results obtained from linear SSG theory
are depicted as black lines, whereas the blue lines represent nonlinear results. A comparison indicates that along the boundary O-A, the linear SSG
results closely match the nonlinear SSG results for the first branch under low frequencies, but there are differences for the first branch along the
boundary A-B-O. Along the O-A-B-O contour of the first Brillouin zone, the nonlinear SSG theory predicts nearly the same frequency values for
the third branch but higher frequency values for the second branch compared to the linear SSG theory when wavenumber located between r /4
and /2. Additionally, for the fourth branch, the nonlinear SSG theory yields higher frequency values along A-B-O but nearly equivalent values to
the linear SSG theory along O-A when wavenumber located between 0 and /2. Concerning the fifth branch, the nonlinear SSG theory predicts
higher frequency values along O-A-B-O comparing with the linear SSG theory. The differences between linear and nonlinear predictions are evident
within specific regions of the first Brillouin zone, with the ranges of stop bands wider in the nonlinear SSG theory due to the inclusion of geometric
nonlinearity. This inclusion of a nonlinear component in the strain energy density leads to higher frequency values in the nonlinear results compared
to the linear ones at the same k-space position. This discrepancy is further elucidated by considering the potential energy density in the nonlinear
SSG theory, which is a function of strain and its gradients, including a geometric nonlinear component. Consequently, the dynamical equilibrium
equation becomes a high-order partial differential function comprising both linear and nonlinear terms, resulting in stiffness hardening of the
material. To validate the band structure, a Component Mode Synthesis (CMS) method [65] is employed, showing good agreement with the SSG
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Fig. 5. The band structures and model density of defect-free multilayer graphene with the first five branches along contour O-A-B-O of the first Brillouin zone
using both linear and nonlinear SSG theories. @, = @, signifies the linear case, @, = @ indicates the nonlinear case. Here, D,, represents the model density, and
@, =w, /wg, where wg is the first natural frequency of a unit cell. SSG: Second Strain Gradient. CMS: Component Mode Synthesis.
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Fig. 6. The band structures of defect-free multilayer graphene using both linear SSG theory and nonlinear SSG theory. The analysis focuses on the first fifteen
branches along contour O-A-B-C-O of the first Brillouin zone. (a): Branches one to five, (b): Branches six to ten, and (c): Branches eleven to fifteen. The notation
@, = @, denotes the linear case, while @, =@ signifies the nonlinear case.

results depicted in Fig. 5. Furthermore, when the nonlinear components are neglected, the nonlinear SSG theory converges to the linear SSG theory,
providing a means to verify the simulation results’ accuracy.

At the same time, the investigation explores the concept of modal density. Fig. 5 illustrates the modal density characteristics of both linear and
nonlinear waves within the SSG theory framework. Modal density is defined as: D,, = (L, /7)(dk/d®,(k)). These observations are confined to
the frequency domain, where the effects of geometric nonlinearity become evident. Notably, a significant increase in modal density is noted near
critical frequency regions. Analysis of modal density indicates that it remains relatively stable across specific frequency intervals. Along contour
0O-A, modal density stays consistent between 0 to 0.6, while along contour B-O, it remains consistent between 0 to 0.7 and 1.5 to 1.8.

On the other hand, as shown in Fig. 6, the first fifteen branches of band structures along contour O-A-B-C-O within the first Brillouin zone
exhibit a discrepancy in phase between the results obtained from linear and nonlinear SSG theories. This difference arises from the nonlinear SSG
theory’s reliance on various factors, including the Green-Lagrange nonlinear strain and its first and second gradients, which influence the potential
energy density. Frequency determination involves integrating solutions from both the linear zero-order system and the perturbed system. Therefore,
the inclusion of nonlinear elements in frequency computation results in a phase difference between linear and nonlinear predictions. In terms of
computational cost for solving the eigenvalue problem of the unit cell dynamical equation using MATLAB, it takes approximately 201.5 s for the
linear case, whereas the nonlinear case requires about 416.9 s.

4.3. The slowness surfaces

In this section, the first, third, and fifth slowness surfaces are introduced, as predicted by both linear and nonlinear SSG theories, as shown in
Fig. 7, for the analysis of wave propagation across the entire first Brillouin zone. These 3D surfaces demonstrate symmetry concerning &, and &,.
Notably, under nonlinear SSG theory, the slowness surface consistently appears elevated compared to its linear counterpart, indicating a higher
energy presence in graphene across each slowness surface at equivalent k-space positions. This difference in slowness surfaces stems from graphene’s
diverse abilities in wave propagation and control across different frequencies. Specifically, graphene shows a lower wave propagation capacity but
higher wave control capacity within the frequency range of 0 to 1, while it exhibits the opposite trend between frequencies 1.6 to 2.8. The overall
wave propagation and control capabilities of graphene lie between those represented by the first and fifth slowness surfaces. Additionally, disparities
in surface smoothness among the first, third, and fifth slowness surfaces are observed. The first and third surface appear smoother, with energy
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Fig. 8. Energy flow vector fields by linear SSG theory and nonlinear SSG theory. (a): Energy flow related to the first frequency in the first Brillouin zone. (b):
Energy flow related to the third frequency in the first Brillouin zone. (c): Energy flow related to the fifth frequency in the first Brillouin zone. @, = @, indicates
linear, @, = ® means nonlinear.

more centrally distributed across the first Brillouin zone, whereas the fifth surfaces displays roughness, with predominant energy distribution along
the x direction. Furthermore, the result indicates that the wave control capacity of graphene within the nonlinear SSG theory framework surpasses
that within the linear SSG theory framework, while its wave propagation capacity under nonlinear SSG theory is comparatively lower.

4.4. The energy flow in graphene

This section examines the vector fields representing energy flow (Vcb:{n)) according to linear and nonlinear SSG theories for the first (low), third
(middle), and fifth (high) frequencies within the first Brillouin zone. Fig. 8 depicts the energy flow, where the direction of the arrows indicates
the flow direction, and the length represents the gradient value of the energy flow. At low frequencies (see Fig. 8(a)), the wave disperses in all
directions, with the majority of dynamic energy concentrated at the center point, maintaining stability across all directions. For middle frequencies,
such as on the third slowness surface (Fig. 8(b)), most of the energy is concentrated in the middle, similar to the energy flow on the first slowness
surface. However, it is less than the energy on the first slowness surface. Conversely, at higher frequencies, like on the fifth slowness surface (Fig.
8(c)), the bulk of energy is limited to the x direction. Moreover, at middle frequencies, the length and direction of arrows obtained from linear
and nonlinear theories are nearly consistent, suggesting similar energy propagation directions. However, at high frequencies, discrepancies arise
between linear and nonlinear theories, indicating that the inclusion of nonlinear components affects graphene’s wave propagation characteristics.

Fig. 9 illustrates the process of calculating iso-frequency contours. Normalized frequencies of 0.8, 1.8, and 2.5 are chosen. At low frequencies,
linear and nonlinear SSG theories produce similar iso-frequency lines. However, at higher frequencies, there is a notable disparity between the

10



B. Yang et al. Composite Structures 376 (2026) 119800

(@ 3 b) 3 (©) 3F

——8S8G; o SSG;(C) ——SSG, ——S8G; o SSG;(Cl) ——SSG, ——8S8G; o SSG;(C) ——SSG,
2

e 0 ) &0
Tension .
In-plane bending TenSlf)ll
-1 Out-of-plane bending -1 | Out-of-plane bending 1t
Out-of-plane bendin;
-2 2 oL P g
3 3 3

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0
R R R

Fig. 9. The iso-frequency contours by linear SSG theory and nonlinear SSG theory. (a): @, = 0.8. (b): @, = 1.8. (¢): @, = 2.5. CI: Contour Integral method. @, = @,
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two theories, indicating the significant influence of nonlinear components on iso-frequency contours at higher frequencies. Iso-frequency contours
represent points of constant frequency and are instrumental in understanding the energy distribution across surfaces. For instance, as shown in
Figs. 9(a), (b), and (c), the contours depict a continuous circular energy state on the tension and in-plane bending waves. Conversely, the contours
show discontinuities on the out-of-plane bending wave, indicating predominant wave propagation in the x direction. Since the dimension of the
graphene unit cell along the x-axis is larger than along the y-axis, the longer periodicity favors energy transmission, leading to elongated iso-
frequency contours and dominant energy flow along x. In the geometrically nonlinear regime, nonlinear effects asymmetrically modify the stiffness,
intensifying the anisotropic propagation and further concentrating the energy flow along the x-axis, resulting in a stronger and more directed flux
in the nonlinear SSG results. On the other hand, at low and middle frequencies, the iso-frequency contours concentrate in the middle of the first
Brillouin zone, suggesting that the range of energy propagation is smaller than that at higher frequencies. The validity of these findings is supported
by employing the Contour Integral (CI) method [66], which corroborates the SSG results addressed in Fig. 9.

5. Conclusions

This article presents an investigation on 2D wave propagation within geometrically nonlinear graphene waveguides, considering the influences of
higher-order strain gradient and big deformation. Higher-order numerical modeling is conducted using strain-displacement relations incorporating
geometric nonlinearity based on the SSG theory. The governing equation and boundary conditions are established through Hamilton’s principle,
and a weak form, incorporating element matrices, is formulated.

Subsequent analysis focuses on the band structures of graphene, comparing frequency values obtained from linear and nonlinear SSG theories
at corresponding k-space positions. Remarkably, the nonlinear SSG theory predicts higher frequency values, leading to a stiffness hardening
phenomenon in graphene. These differences stem from the inclusion of geometric nonlinearity, with the nonlinear strain energy density contributing
to elevated frequency values.

Furthermore, slowness surfaces fields are analyzed using both linear and nonlinear SSG theories across low and high frequencies. At low
frequencies, the energy is more centrally distributed, with similar iso-frequency contours and wave propagation behavior observed in both linear
and nonlinear models. Conversely, at high frequencies, a significant portion of energy is confined to a single direction, with the nonlinear model
exhibiting narrower wave propagation ranges compared to the linear model.

Finally, energy flow vector fields are studied through linear and nonlinear SSG theories. Directional patterns of energy flow vector responses align
with predictions from slowness surfaces, particularly at low frequencies. However, disparities emerge at high frequencies, where wave propagation
ranges estimated by the nonlinear SSG deviate from those predicted by the linear SSG. Iso-frequency contours further illustrate wave spreading
patterns, with both linear and nonlinear SSG models demonstrating strong beaming effects in the x direction at high frequencies.
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Appendix A. Definitions of G', G, G;}, G, G(’), Gbiz, Ga” , Gb” B GC” and GOY/ in Eq. (7)
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0
A b a
(e (e 2 1) =] < onte 2 Y| —0on g =0 o5 0.0, ©6
z 0
4 by | |
{—EIz (lcv'y’ + lbug”) + f3Y} [ =0o0r 8 =0, for ¥ = (0.dy ). (B.7)
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(B.8)

(B.9)

(B.10)

(B.11)

. byiz o biiz o biz o biz o bi: o bo: o bo: by/s .
Appendix C. Definitions of Wl’, Wz‘, W3', W:, Wl” , W2” , WS” , W4y/ , Wsy/ s W6”/ , W7” , and Wsy/ in Eq. (11)
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by ’ogran AL
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by L 4 " 2 % o ol N\
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W6 Ov Uy vy +6L) Uy + vy ) Uy
by A i
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I y
bz m b _ bs _ /m/m : 3.0\2
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bs 3 2
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6 z z z z
bz _ A\ 2, A ey g b: _ .
I/V7 _<1+f11 u; - ll"'flz Uz lzuz N W8 = ;.
y y

Appendix D. Definitions of a)/(i = 1,2, j =0,1,2) and aff (i=1,2, j=0,1,2,3) in Eq. (14)
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,,2 1. 5 10 15 2 713 2
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