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 A B S T R A C T

This study adopts a higher-order simulation framework to investigate wave propagation in two-dimensional 
defect-free multilayer graphene, incorporating geometric nonlinearity through second strain gradient elasticity. 
To accomplish this, the strong and weak forms governing 𝜋-bonds associated with van der Waals interactions 
and 𝜎-bonds are derived using continuum beam models. The dynamic properties of multilayer graphene, includ-
ing band structures, slowness surfaces, and energy flow, are analyzed using the theory of periodic structures. 
Numerical results reveal that accounting for nonlinearity predicts higher frequency values, indicating a stiffness 
hardening effect in graphene. At high frequencies, energy is predominantly confined to a single direction, and 
the nonlinear model demonstrates a strong wave-controlling capability compared to the linear model. This 
innovative study advances our understanding of graphene’s dynamic behavior and offers significant insights 
for engineering applications involving graphene-based nanocomposites.

1. Introduction

The significance of graphene in nanocomposites is increasingly recognized across various fields, including acoustics, mechanics, and materials 
science [1–4]. The integration of graphene into composite materials enhances their structural, mechanical, and electronic properties, making it 
attractive for numerous applications such as nano sensors [5] and mechanical devices [6]. The exploration of graphene not only advances carbon 
nanomaterial research but also plays a crucial role in the development of high-performance nano composite structures.

In recent years, both numerical and experimental studies have been conducted to investigate the mechanical properties of graphene. For example, 
Guo et al. [7] developed a three-dimensional multiscale simulation method to analyze graphene’s mechanical behavior, demonstrating a significant 
increase in Young’s modulus and shear modulus with higher graphene volume fractions. Spanos et al. [8] proposed a micromechanical finite element 
approach to estimate the elastic properties of graphene-reinforced composites. Additionally, Lopez et al. [9] reviewed three experiments on the 
impact of rippling on graphene properties, consistently showing that only rippling within specific wavelength ranges affects graphene’s mechanical 
characteristics.

The numerical investigations described above are conducted within the framework of the Classical Theory (CT) of continuum elasticity. However, 
CT encounters a significant challenge in addressing size-dependent characteristics due to the lack of length-scale parameters that capture the unique 
properties of nanocomposites, such as the stiffness hardening phenomenon and nonlocal effects [10]. These properties have been validated through 
numerous studies. For instance, Cuenot [11] used Resonant-contact Atomic Force Microscopy (AFM) to measure the elastic modulus of nanotubes. 
The results showed a significant increase in the modulus for nanotubes with smaller diameters, suggesting the presence of stiffness hardening. 
Similarly, Jing [12] observed the stiffness hardening phenomenon in nanowires using a hydrothermal method. Additionally, Zhang [13] investigated 
the nonlocal effects of a micro/nanobeam by analyzing shifts in resonant frequencies. Mansard [14] examined the properties of soft jammed particle 
flow and revealed nonlocal behavior through molecular dynamics simulations.
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Therefore, there is a pressing need to enhance the CT to better capture the complexities of size-dependent behavior [15,16]. To better 
understand the characteristics of nanocomposites, various higher-order continuum theories have been proposed, including the strain gradient family, 
microcontinuum, and nonlocal elasticity theories [17,18]. The strain gradient family comprises the Strain Gradient (SG) theory [19,20], the Second 
Strain Gradient (SSG) theory [21], the couple stress theory [22,23], and the modified couple stress theory [24,25]. The SG theory, based on the 
first and second gradients of displacement, has faced challenges, particularly at defect lines where double stresses occur [26,27]. To overcome this 
limitation, the SSG theory was introduced, incorporating potential energy as a function of the first, second, and third gradients of displacement. The 
SSG theory offers three main advantages: the elimination of singularities present in SG theory, the confirmation of higher-order deformations due 
to scale lengths, and an explanation of stiffness hardening from long-range interactions. In the context of the couple stress theory, a comprehensive 
approach considers both conventional deformations and the gradient of the rotation vector in calculating strain energy. Meanwhile, the modified 
couple stress theory assumes symmetry in the couple stress tensor, which is enforced through an equilibrium condition involving couple moments. 
On the other hand, microcontinuum and nonlocal elasticity theories can also be used to investigate size-dependent properties. However, these two 
theories are limited in addressing strain gradient effects when modeling nanocomposites [28].

Recent studies have focused on the dynamics of nanocomposites through higher-order continuum theories. Notably, Bacciocchi et al. [29] 
proposed a finite element method to examine the critical buckling loads and natural frequencies of laminated Kirchhoff plates, incorporating the 
nonlocal strain gradient effect. Xu et al. [30] developed a nonlocal Kirchhoff plate model that incorporates van der Waals (vdW) interactions to 
investigate the vibrations of Double-Layered Graphene Sheets (DLGS). Fakhrabadi et al. [31] studied the small-scale effects on the nonlinear dynamic 
mechanical and electromechanical behaviors of carbon nanotubes, emphasizing their use as nano-resonators and electronic nano-filters, using the 
consistent couple stress theory. Their findings show that the proposed formula effectively captures small-scale effects, leading to enhanced stiffness, 
vibration frequency, and dynamic pull-in voltages of carbon nanotubes under electrostatic actuation. Additionally, Akgoz et al. [32] examined the 
free vibration of Single-Layered Graphene Sheets resting on elastic matrices modeled as Pasternak foundations, applying the modified couple stress 
theory. Their numerical analysis revealed a significant increase in frequency values with the material length scale parameter. Mir et al. [33] 
investigated the dynamic behavior of graphene-based mass sensors, emphasizing the impact of mass position and quantity on the system’s chaotic 
dynamics.

Meanwhile, periodic nanocomposites with unique properties have become widely used across various engineering fields [34,35]. To better 
understand the vibrational and acoustic behavior of these periodic structures, several methodologies have been developed, including the Wave 
Finite Element Method (WFEM) [36,37] and homogenization techniques [38,39], such as asymptotic homogenization [40–42] and equivalent strain 
energy [43–45]. Among these, WFEM represents a significant improvement over traditional FEM, enabling more effective modeling of complex 
structures. By leveraging the theory of periodic structures, WFEM reduces computational complexity by representing a periodic structure as a single 
unit cell. Research on wave propagation in periodic graphene has garnered significant attention. For example, Xiang et al. [46] explored wave 
propagation in a functionally graded graphene oxide powder-strengthened nanocomposite curved beam under various thermal loads. Similarly, 
Andelkovic et al. [47] investigated electron wave-packet dynamics in a graphene geometric diode using the continuum Dirac model, providing 
valuable insights into charge carrier behavior in such diodes. In a different approach, Ma et al. [48] combined Graphene Nanoribbon (GNR) 
nanocomposite foam with controlled atomic defects, enhanced interfacial polarization, and optimized impedance matching to achieve efficient 
electromagnetic wave (EMW) absorption. Additionally, Hua et al. [49] developed a Refined Spectral Element Model (RSEM) to analyze wave 
propagation in multiscale Hybrid Composite (MHC) shells under impulsive loads, demonstrating its ability to accurately capture the fundamental 
wave modes of MHC shells.

Moreover, graphene exhibits nonlinear dynamic properties [50]. However, existing literature reveals a gap in addressing nonlinear wave 
propagation in periodic graphene, particularly in relation to size-dependent effects. This study presents a novel approach to investigating the 
geometrically nonlinear elastodynamics of graphene. The method is based on the SSG theory, which effectively addresses singularities in physical 
field descriptions, such as the elastic bend–twist tensor, a singularity encountered in SG theory [21,51]. Furthermore, it incorporates size-dependent 
properties and the phenomenon of stiffness hardening. The proposed numerical framework provides a valuable reference for future computational 
studies on the nonlinear dynamic behavior of nanocomposites with size effects.

This study has two main objectives: first, to formulate the nonlinear strong and weak forms of graphene based on SSG theory; and second, to 
investigate the characteristics of nonlinear 2D wave motion by solving the eigenvalue problem using WFEM. The article is organized as follows: 
Section 2 presents the geometrically nonlinear model of graphene utilizing SSG theory. Section 3 then examines free nonlinear wave propagation 
by addressing the eigenvalue problem within the WFEM framework. In Section 4, a comprehensive discussion is provided on the band structures, 
slowness surfaces, energy flow vector fields, and iso-frequency contours of graphene. Lastly, Section 5 summarizes the key findings and conclusions 
of the study.

2. Numerical modeling of graphene

This section begins with the introduction of the geometrically nonlinear model of graphene. Next, the governing equation and corresponding 
boundary conditions are calculated using the SSG theory. Finally, the weak form, along with the element matrices, is determined.

In this paper, we introduce a graphene-based resonator as illustrated in Fig.  1. The arrangement of carbon atoms, depicted in Fig.  1(b), involves 
interactions via 𝜋-bonds and 𝜎-bonds. The multilayer graphene is considered to be defect-free. Here, we focus on the continuum mechanics of the 
graphene, i.e. a geometrically nonlinear continuous beam model is used to reflect the interaction between two carbon atoms. Fig.  2 provides a 
graphical overview of the analysis, encompassing the strong form, weak form, and nonlinear wave propagation of graphene. This investigation 
sheds light on the special mechanical characteristics of graphene, thereby enriching our comprehension of resonator systems built upon it.

2.1. Strong form derivation

In order to confirm the mechanical model of the graphene, firstly, the strain energy density via the SSG theory [52] is introduced, as below: 
̄ ̄ ̄ ̄ ̄ ̄ (1)
 = 0 +1 +2 +3 +4,

2 
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Fig. 1. The schematic of a resonator. (a): A periodic waveguide constructed from multilayer graphene. (b): A unit cell comprising three-layers within the 
waveguide. The bonds within the graphene structure are treated as continuous beams subject to in-plane bending deformation represented by 𝑣𝑦̄(𝑥̄, 𝑡) along the 
local coordinate 𝑦̄, out-of-plane bending deformation represented by 𝑣𝑧̄(𝑥̄, 𝑡) along the local coordinate 𝑧̄, and tension deformation denoted by 𝑢(𝑥̄, 𝑡) along the 
local coordinate 𝑥̄.

Fig. 2. The graphical depiction of nonlinear wave propagation in graphene using SSG theory.

with 
̄0 =

1
2
𝜆𝜀𝑖𝑖𝜀𝑗𝑗 + 𝜇𝜀𝑖𝑗𝜀𝑖𝑗 , ̄1 = 𝑎1𝜉𝑖𝑗𝑗𝜉𝑖𝑘𝑘 + 𝑎2𝜉𝑖𝑖𝑘𝜉𝑘𝑗𝑗 + 𝑎3𝜉𝑖𝑖𝑘𝜉𝑗𝑗𝑘 + 𝑎4𝜉𝑖𝑗𝑘𝜉𝑖𝑗𝑘 + 𝑎5𝜉𝑖𝑗𝑘𝜉𝑗𝑘𝑖,

̄2 = 𝑏1𝜁𝑖𝑖𝑗𝑗𝜁𝑘𝑘𝑙𝑙 + 𝑏2𝜁𝑖𝑗𝑘𝑘𝜁𝑖𝑗𝑙𝑙 + 𝑏3𝜁𝑖𝑖𝑗𝑘𝜁𝑗𝑘𝑙𝑙 + 𝑏4𝜁𝑖𝑖𝑗𝑘𝜁𝑙𝑙𝑘𝑗 + 𝑏5𝜁𝑖𝑖𝑗𝑘𝜁𝑙𝑙𝑗𝑘 + 𝑏6𝜁𝑖𝑗𝑘𝑙𝜁𝑖𝑗𝑘𝑙 + 𝑏7𝜁𝑖𝑗𝑘𝑙𝜁𝑗𝑘𝑙𝑖,

̄3 = 𝑐1𝜀𝑖𝑖𝜁𝑗𝑗𝑘𝑘 + 𝑐2𝜀𝑖𝑗𝜁𝑖𝑗𝑘𝑘 + 𝑐3𝜀𝑖𝑗𝜁𝑘𝑘𝑖𝑗 , ̄4 = 𝑏0𝜁𝑖𝑖𝑗𝑗 ,

(2)

where ̄0 stands for the classical component of strain energy density, ̄1 denotes the strain energy density associated with the second gradient of 
displacement, ̄2 represents the strain energy density linked to the third gradient of displacement, ̄3 signifies the coupled portion of strain energy 
density, and ̄4 relates to the cohesion modulus 𝑏0 concerning force dimension. 𝜆 and 𝜇 represent the conventional 𝐿𝑎𝑚𝑒́ parameters. 𝑎𝑖(𝑖 = 1,… , 5), 
𝑏𝑗 (𝑗 = 1,… , 7), and 𝑐𝑘(𝑘 = 1,… , 3) are higher-order parameters. 𝜺 = 𝑠𝑦𝑚(∇𝐃), 𝝃 = ∇∇𝐃, and 𝜻 = ∇∇∇𝐃. Here, ∇ denotes the gradient operator, 
and 𝐃 represents the displacement vector.

As shown in Fig.  1(b), the graphene is a hexagonal lattice with bending-dominated structure [53,54]. The impact of torsion vibration is 
secondary [55] and has been omitted in this study. Thus, we assume that the bonds considered as continuous beams undergo three types of 
vibrations: in-plane bending, out-of-plane bending, and axial tension. Specifically, the in-plane bending deformation, denoted as 𝑣𝑦̄(𝑥̄, 𝑡), occurs 
along the local coordinate 𝑦̄, while its rotation 𝑣′𝑦̄(𝑥̄, 𝑡) associated with in-plane bending is confined within the 𝑥̄𝑦̄ plane. Similarly, the out-of-plane 
bending deformation, 𝑣𝑧̄(𝑥̄, 𝑡), takes place along the local coordinate 𝑧̄, with its rotation 𝑣′𝑧̄(𝑥̄, 𝑡) occurring within the 𝑥̄𝑧̄ plane. Lastly, the tension 
deformation, denoted as 𝑢(𝑥̄, 𝑡), happens along the local coordinate 𝑥̄. It is essential to note that these three vibrations are considered decoupled in 
this work. Subsequently, the displacement field of the beam is given as: 

D𝑥̄(𝑥̄, 𝑦̄, 𝑧̄, 𝑡) = 𝑢(𝑥̄, 𝑡), D𝑦̄(𝑥̄, 𝑦̄, 𝑧̄, 𝑡) = 𝑣𝑦̄(𝑥̄, 𝑡), D𝑧̄(𝑥̄, 𝑦̄, 𝑧̄, 𝑡) = 𝑣𝑧̄(𝑥̄, 𝑡). (3)

For the beam with displacement field given, the Green–Lagrange strain [56,57] and its first and second gradients, which reflect geometric 
nonlinearity, take the following form: 

𝜀𝑡𝑥̄𝑥̄ = 𝑢′ + 1
2
(

𝑢′
)2 , 𝜉𝑡𝑥̄𝑥̄𝑥̄ = 𝑢′′ + 𝑢′𝑢′′, 𝜁 𝑡𝑥̄𝑥̄𝑥̄𝑥̄ = 𝑢′′′ + 𝑢′𝑢′′′ +

(

𝑢′′
)2 , 𝜀

𝑏𝑦̄
𝑥̄𝑥̄ = −𝑦̄𝑣𝑦̄′′ +

1
2
(

𝑣𝑦̄
′)2 ,

𝜉
𝑏𝑦̄
𝑥̄𝑥̄𝑦̄ = −𝜉

𝑏𝑦̄
𝑥̄𝑦̄𝑥̄ = −𝜉

𝑏𝑦̄
𝑦̄𝑥̄𝑥̄ = 𝑣𝑦̄

′′, 𝜉
𝑏𝑦̄
𝑥̄𝑥̄𝑥̄ = −𝑦̄𝑣𝑦̄′′′ + 𝑣𝑦̄

′𝑣𝑦̄
′′, 𝜁

𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑦̄ = −𝜁

𝑏𝑦̄
𝑥̄𝑥̄𝑦̄𝑥̄ = −𝜁

𝑏𝑦̄
𝑥̄𝑦̄𝑥̄𝑥̄ = −𝜁

𝑏𝑦̄
𝑦̄𝑥̄𝑥̄𝑥̄ = 𝑣𝑦̄

′′′,

𝜁
𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑥̄ = −𝑦̄𝑣𝑦̄′′′′ +

(

𝑣𝑦̄
′′)2 + 𝑣𝑦̄

′𝑣𝑦̄
′′′, 𝜀𝑏𝑧̄𝑥̄𝑥̄ = −𝑧̄𝑣′′𝑧̄ + 1

2
(

𝑣′𝑧̄
)2 , 𝜉𝑏𝑧̄𝑥̄𝑥̄𝑧̄ = −𝜉𝑏𝑧̄𝑥̄𝑧̄𝑥̄ = −𝜉𝑏𝑧̄𝑧̄𝑥̄𝑥̄ = 𝑣′′𝑧̄ ,

𝜉𝑏𝑧̄𝑥̄𝑥̄𝑥̄ = −𝑧̄𝑣′′′𝑧̄ + 𝑣′𝑧̄𝑣
′′
𝑧̄ , 𝜁𝑏𝑧̄𝑥̄𝑥̄𝑥̄𝑧̄ = −𝜁𝑏𝑧̄𝑥̄𝑥̄𝑧̄𝑥̄ = −𝜁𝑏𝑧̄𝑥̄𝑧̄𝑥̄𝑥̄ = −𝜁𝑏𝑧̄𝑧̄𝑥̄𝑥̄𝑥̄ = 𝑣′′′𝑧̄ , 𝜁𝑏𝑧̄𝑥̄𝑥̄𝑥̄𝑥̄ = −𝑧̄𝑣′′′′𝑧̄ +

(

𝑣′′𝑧̄
)2 + 𝑣′𝑧̄𝑣

′′′
𝑧̄ ,

(4)

in which the superscript (𝑡) indicates the tension case, (𝑏) denotes the bending case, and (′) represents the partial derivative with respect to the 
coordinate. Upon substituting Eq. (4) into Eq. (1), the strain energy density of the beam within the SSG theory is re-expressed as follows: 

̄ =1
2
𝐸
{

(𝜀𝑡𝑥̄𝑥̄)
2 + (𝜀

𝑏𝑦̄
𝑥̄𝑥̄)

2 + (𝜀𝑏𝑧̄𝑥̄𝑥̄)
2 + 𝑙2𝑎

[

(𝜉𝑡𝑥̄𝑥̄𝑥̄)
2 + (𝜉

𝑏𝑦̄
𝑥̄𝑥̄𝑥̄)

2 + (𝜉𝑏𝑧̄𝑥̄𝑥̄𝑥̄)
2
]

+ 𝑙2𝑎1

[

(𝜉
𝑏𝑦̄
𝑥̄𝑥̄𝑦̄)

2 + (𝜉𝑏𝑧̄𝑥̄𝑥̄𝑧̄)
2
]

+𝑙4𝑏
[

(𝜁 𝑡𝑥̄𝑥̄𝑥̄𝑥̄)
2 + (𝜁

𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑥̄)

2 + (𝜁𝑏𝑧̄𝑥̄𝑥̄𝑥̄𝑥̄)
2
]

+ 𝑙4𝑏1

[

(𝜁
𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑦̄)

2 + (𝜁𝑏𝑧̄𝑥̄𝑥̄𝑥̄𝑧̄)
2
]

+ 2𝑙𝑐
(

𝜀𝑡𝑥̄𝑥̄𝜁
𝑡
𝑥̄𝑥̄𝑥̄𝑥̄ + 𝜀

𝑏𝑦̄
𝑥̄𝑥̄𝜁

𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑥̄

+𝜀𝑏𝑧̄ 𝜁𝑏𝑧̄
)}

+ 𝑏
(

𝜁 𝑡 + 𝜁
𝑏𝑦̄ + 𝜁𝑏𝑧̄

)

,

(5)
𝑥̄𝑥̄ 𝑥̄𝑥̄𝑥̄𝑥̄ 0 𝑥̄𝑥̄𝑥̄𝑥̄ 𝑥̄𝑥̄𝑥̄𝑥̄ 𝑥̄𝑥̄𝑥̄𝑥̄

3 
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where 𝑙2𝑎 = 2(𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5)∕𝐸, 𝑙2𝑎1 = 2(𝑎1 − 𝑎2 + 𝑎3 + 3𝑎4 − 𝑎5)∕𝐸, 𝑙4𝑏 = 2(𝑏1 + 𝑏2 + 𝑏3 + 𝑏4 + 𝑏5 + 𝑏6 + 𝑏7)∕𝐸, 𝑙4𝑏1 = 4(𝑏2 − 𝑏4 + 𝑏5 + 2𝑏6)∕𝐸, and 
𝑙𝑐 = (𝑐1 + 𝑐2 + 𝑐3)∕𝐸 are the higher-order material parameters. The conventional 𝐿𝑎𝑚𝑒́ parameters 𝜆 and 𝜇 are functions of Young’s modulus 𝐸, the 
Poisson’s ratio 𝜈, and the shear modulus 𝐺, as 𝜆 = 𝜈𝐸∕((1 + 𝜈)(1 − 2𝜈)) and 𝜇 = 𝐺 = 𝐸∕(2(1 + 𝜈)). Then, one can express the nonzero components of 
the stresses as: 

𝜎𝑡𝑥̄𝑥̄ = 𝐸
(

𝜀𝑡𝑥̄𝑥̄ + 𝑙𝑐𝜁
𝑡
𝑥̄𝑥̄𝑥̄𝑥̄

)

, 𝜎𝑡𝑥̄𝑥̄𝑥̄ = 𝐸𝑙2𝑎𝜉
𝑡
𝑥̄𝑥̄𝑥̄, 𝜎

𝑡
𝑥̄𝑥̄𝑥̄𝑥̄ = 𝐸

(

𝑙𝑐𝜀
𝑡
𝑥̄𝑥̄ + 𝑙4𝑏𝜁

𝑡
𝑥̄𝑥̄𝑥̄𝑥̄

)

+ 𝑏0, 𝜎
𝑏𝑦̄
𝑥̄𝑥̄ = 𝐸

(

𝜀
𝑏𝑦̄
𝑥̄𝑥̄ + 𝑙𝑐𝜁

𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑥̄

)

,

𝜎
𝑏𝑦̄
𝑥̄𝑥̄𝑥̄ = 𝐸𝑙2𝑎𝜉

𝑏𝑦̄
𝑥̄𝑥̄𝑥̄, 𝜎

𝑏𝑦̄
𝑥̄𝑥̄𝑦̄ = 𝐸𝑙2𝑎1𝜉

𝑏𝑦̄
𝑥̄𝑥̄𝑦̄, 𝜎

𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑥̄ = 𝐸

(

𝑙4𝑏𝜁
𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑥̄ + 𝑙𝑐𝜀

𝑏𝑦̄
𝑥̄𝑥̄

)

+ 𝑏0, 𝜎
𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑦̄ = 𝐸𝑙4𝑏1𝜁

𝑏𝑦̄
𝑥̄𝑥̄𝑥̄𝑦̄,

𝜎𝑏𝑧̄𝑥̄𝑥̄ = 𝐸
(

𝜀𝑏𝑧̄𝑥̄𝑥̄ + 𝑙𝑐𝜁
𝑏𝑧̄
𝑥̄𝑥̄𝑥̄𝑥̄

)

, 𝜎𝑏𝑧̄𝑥̄𝑥̄𝑥̄ = 𝐸𝑙2𝑎𝜉
𝑏𝑧̄
𝑥̄𝑥̄𝑥̄, 𝜎𝑏𝑧̄𝑥̄𝑥̄𝑧̄ = 𝐸𝑙2𝑎1𝜉

𝑏𝑧̄
𝑥̄𝑥̄𝑧̄, 𝜎

𝑏𝑧̄
𝑥̄𝑥̄𝑥̄𝑥̄ = 𝐸

(

𝑙4𝑏𝜁
𝑏𝑧̄
𝑥̄𝑥̄𝑥̄𝑥̄ + 𝑙𝑐𝜀

𝑏𝑧̄
𝑥̄𝑥̄

)

+ 𝑏0,

𝜎𝑏𝑧̄𝑥̄𝑥̄𝑥̄𝑧̄ = 𝐸𝑙4𝑏1𝜁
𝑏𝑧̄
𝑥̄𝑥̄𝑥̄𝑧̄.

(6)

Integrating the strain energy density in Eq. (5) over beam’s volume yields the strain potential energy as follows: 

 = ∫

𝑑𝐿

0 ∫𝐴
̄ d𝐴d𝑥̄ =1

2
𝐸
[

(

𝐴𝐺𝑡 + 𝐼𝑧̄𝐺
𝑏𝑦̄ + 𝐼𝑦̄𝐺

𝑏𝑧̄
)

+ 𝑙2𝑎
(

𝐴𝐺𝑡
𝑎 + 𝐼𝑧̄𝐺

𝑏𝑦̄
𝑎 + 𝐼𝑦̄𝐺

𝑏𝑧̄
𝑎

)

+ 𝑙4𝑏
(

𝐴𝐺𝑡
𝑏

+𝐼𝑧̄𝐺
𝑏𝑦̄
𝑏 + 𝐼𝑦̄𝐺

𝑏𝑧̄
𝑏

)

+ 𝐴𝑙4𝑏1

(

𝐺
𝑏𝑦̄
𝑎 + 𝐺𝑏𝑧̄

𝑎

)

+ 𝑙𝑐
(

𝐴𝐺𝑡
𝑐 + 𝐼𝑧̄𝐺

𝑏𝑦̄
𝑐 + 𝐼𝑦̄𝐺

𝑏𝑧̄
𝑐

)]

+ 𝑏0𝐴
(

𝐺𝑡
0 + 𝐺

𝑏𝑦̄
0 + 𝐺𝑏𝑧̄

0

)

,

(7)

in which 𝐴 is the cross-sectional area, and 𝑑𝐿 denotes the length of the beam along the 𝑥̄ direction. The definitions of 𝐺𝑡, 𝐺𝑡
𝑎, 𝐺𝑡

𝑏, 𝐺𝑡
𝑐 , 𝐺𝑡

0, 𝐺
𝑏𝑦̄∕𝑧̄ , 

𝐺
𝑏𝑦̄∕𝑧̄
𝑎 , 𝐺𝑏𝑦̄∕𝑧̄

𝑏 , 𝐺𝑏𝑦̄∕𝑧̄
𝑐 , and 𝐺𝑏𝑦̄∕𝑧̄

0  can be found in Appendix  A. The cross-sectional moment of inertia about the 𝑦̄-axis and the 𝑧̄-axis are defined as 
𝐼𝑦̄ = ∫𝐴 𝑧̄2d𝐴 and 𝐼𝑧̄ = ∫𝐴 𝑦̄2d𝐴, respectively.

On the other hand, kinetic energy comprises both classical and non-classical components [58], which can be formulated as: 

 =1
2
𝜌∫

𝑑𝐿

0 ∫𝐴

[

(

𝐃̇
)2 + 𝑙21

(

𝐃̇′)2 + 𝑙42
(

𝐃̇′′)2
]

d𝐴d𝑥̄,

=1
2
𝜌∫

𝑑𝐿

0

{

𝐴
[

(𝑢̇)2 +
(

𝑣̇𝑦̄
)2 +

(

𝑣̇𝑧̄
)2
]

+ 𝑙21

[

𝐴
(

𝑢̇′
)2 + 𝐴

(

(

𝑣̇′𝑦̄
)2

+
(

𝑣̇′𝑧̄
)2
)

+ 𝐼𝑧̄
(

𝑣̇′′𝑦̄
)2

+ 𝐼𝑦̄
(

𝑣̇′′𝑧̄
)2
]

+𝑙42

[

𝐴
(

𝑢̇′′
)2 + 𝐴

(

(

𝑣̇′′𝑦̄
)2

+
(

𝑣̇′′𝑧̄
)2
)

+ 𝐼𝑧̄
(

𝑣̇′′′𝑦̄
)2

+ 𝐼𝑦̄
(

𝑣̇′′′𝑧̄
)2
]

+ 𝐼𝑧̄
(

𝑣̇′𝑦̄
)2

+ 𝐼𝑦̄
(

𝑣̇′𝑧̄
)2
}

d𝑥̄,

(8)

where 𝑙1 and 𝑙2 are the higher-order inertia parameters.
Furthermore, the work done on the beam by external classical force and higher-order forces is provided by: 

 =∫

𝑑𝐿

0

(

𝑓 𝑡𝑢 + 𝑓 𝑏𝑦̄𝑣𝑦̄ + 𝑓 𝑏𝑧̄𝑣𝑧̄
)

d𝑥̄ +
(

𝑓 𝑡
0𝑢 + 𝑓

𝑏𝑦̄
0 𝑣𝑦̄ + 𝑓 𝑏𝑧̄

0 𝑣𝑧̄
)

|

|

|

|

𝑑𝐿

0
+

(

𝑓 𝑡
1𝑢

′ + 𝑓
𝑏𝑦̄
1 𝑣′𝑦̄ + 𝑓 𝑏𝑧̄

1 𝑣′𝑧̄
)

|

|

|

|

𝑑𝐿

0

+
(

𝑓 𝑡
2𝑢

′′ + 𝑓
𝑏𝑦̄
2 𝑣′′𝑦̄ + 𝑓 𝑏𝑧̄

2 𝑣′′𝑧̄
)

|

|

|

|

𝑑𝐿

0
+

(

𝑓
𝑏𝑦̄
3 𝑣′′′𝑦̄ + 𝑓 𝑏𝑧̄

3 𝑣′′′𝑧̄
)

|

|

|

|

𝑑𝐿

0
,

(9)

in which 𝑓 𝑡∕𝑏𝑦̄∕𝑏𝑧̄ represent the distributed forces, 𝑓 𝑡∕𝑏𝑦̄∕𝑏𝑧̄
0  indicate the classical nodal forces, and 𝑓 𝑡

1,2, 𝑓
𝑏𝑦̄∕𝑏𝑧̄
1,2,3  represent higher-order forces, assumed 

to be applied solely at both end sections.
Next, in order to illustrate the strong form, the Hamilton principle is applied via the SSG theory as follows: 

∫

𝑡2

𝑡1
(𝛿 − 𝛿 + 𝛿)d𝑡 = 0, (10)

where the variations in kinetic energy, strain energy, and external work done are represented by 𝛿 , 𝛿 , and 𝛿 respectively. By substituting Eq. 
(7), (8), and (9) into Eq. (10) and performing mathematical calculations using the variational method, the governing equation can be expressed as 
follows: 

∫

𝑡2

𝑡1

{

𝐸𝐴
[

𝑊 𝑡
1 +𝑊

𝑏𝑦̄
4 +𝑊 𝑏𝑧̄

4 +
(

2𝑙𝑐 − 𝑙2𝑎
)

(

𝑊 𝑡
2 +𝑊

𝑏𝑦̄
5 +𝑊 𝑏𝑧̄

5

)

+ 𝑙4𝑏
(

𝑊 𝑡
3 +𝑊

𝑏𝑦̄
6 +𝑊 𝑏𝑧̄

6

)]

−𝐸
[(

𝐼𝑧̄ + 𝑙2𝑎1𝐴
)

𝑊
𝑏𝑦̄
1 +

(

𝐼𝑦̄ + 𝑙2𝑎1𝐴
)

𝑊 𝑏𝑧̄
1 +

(

2𝑙𝑐𝐼𝑧̄ − 𝑙2𝑎𝐼𝑧̄ − 𝑙4𝑏1𝐴
)

𝑊
𝑏𝑦̄
2 +

(

2𝑙𝑐𝐼𝑦̄ − 𝑙2𝑎𝐼𝑦̄ − 𝑙4𝑏1𝐴
)

𝑊 𝑏𝑧̄
2

+𝑙4𝑏
(

𝐼𝑧̄𝑊
𝑏𝑦̄
3 + 𝐼𝑦̄𝑊

𝑏𝑧̄
3

)]

− 𝜌𝐴
(

𝑊 𝑡
4 −𝑊

𝑏𝑦̄
8 −𝑊 𝑏𝑧̄

8

)

+ 𝜌
(

𝐼𝑧̄𝑊
𝑏𝑦̄
7 + 𝐼𝑦̄𝑊

𝑏𝑧̄
7

)

+ 𝑓 𝑡 + 𝑓 𝑏𝑦̄ + 𝑓 𝑏𝑧̄
}

d𝑡 = 0,

(11)

with associated boundary conditions provided in Appendix  B, the expressions of 𝑊 𝑡
1 , 𝑊 𝑡

2 , 𝑊 𝑡
3 , 𝑊 𝑡

4 , 𝑊
𝑏𝑦̄∕𝑧̄
1 , 𝑊 𝑏𝑦̄∕𝑧̄

2 , 𝑊 𝑏𝑦̄∕𝑧̄
3 , 𝑊 𝑏𝑦̄∕𝑧̄

4 , 𝑊 𝑏𝑦̄∕𝑧̄
5 , 𝑊 𝑏𝑦̄∕𝑧̄

6 , 𝑊 𝑏𝑦̄∕𝑧̄
7 , 

and 𝑊 𝑏𝑦̄∕𝑧̄
8  are given in Appendix  C.

2.2. Weak form calculation

In this section, the strong formula undergoes transformation into the weak formula. According to the SSG theory, the nodal displacement field 
for an element that encompasses tension and bending is expressed as: 

𝐝(𝑒)(𝑡) =
[

𝑢1, 𝑣𝑦̄1, 𝑣𝑧̄1, 𝑢
′
1, 𝑣

′
𝑦̄1, 𝑣

′
𝑧̄1, 𝑢

′′
1 , 𝑣

′′
𝑦̄1, 𝑣

′′
𝑧̄1, 𝑣

′′′
𝑦̄1 , 𝑣

′′′
𝑧̄1 , 𝑢2, 𝑣𝑦̄2, 𝑣𝑧̄2, 𝑢

′
2, 𝑣

′
𝑦̄2, 𝑣

′
𝑧̄2, 𝑢

′′
2 , 𝑣

′′
𝑦̄2, 𝑣

′′
𝑧̄2, 𝑣

′′′
𝑦̄2 , 𝑣

′′′
𝑧̄2

]⊤
, (12)

in which the three degrees of freedom (DOFs), 𝑢𝑖, 𝑢′𝑖 , 𝑢
′′
𝑖 , 𝑖 = 1, 2, pertain to tension on individual nodes, while the four DOFs,

𝑣 , 𝑣 , 𝑣′ , 𝑣′ , 𝑣′′ , 𝑣′′ , 𝑣′′′, 𝑣′′′, 𝑖 = 1, 2, relate to bending on each node. Subsequently, the tension displacement 𝑢(𝑥̄, 𝑡) and bending displacements 
𝑦̄𝑖 𝑧̄𝑖 𝑦̄𝑖 𝑧̄𝑖 𝑦̄𝑖 𝑧̄𝑖 𝑦̄𝑖 𝑧̄𝑖

4 
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𝑣𝑦̄∕𝑧̄(𝑥̄, 𝑡) at point 𝑥̄ ∈ R2 within an element can be defined as: 
⎛

⎜

⎜

⎝

𝑢(𝑥̄, 𝑡)
𝑣𝑦̄(𝑥̄, 𝑡)
𝑣𝑧̄(𝑥̄, 𝑡)

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝐒𝑡(𝑥̄)
𝐒𝑏𝑦̄ (𝑥̄)
𝐒𝑏𝑧̄ (𝑥̄)

⎞

⎟

⎟

⎠

𝐝(𝑒)(𝑡)

=

⎡

⎢

⎢

⎢

⎣

S𝑡01 , 0, 0, S𝑡11 , 0, 0, S𝑡21 , 0, 0, 0, 0, S𝑡02 , 0, 0, S𝑡12 , 0, 0, S𝑡22 , 0, 0, 0, 0
0, S

𝑏𝑦̄0
1 , 0, 0, S

𝑏𝑦̄1
1 , 0, 0, S

𝑏𝑦̄2
1 , 0, S

𝑏𝑦̄3
1 , 0, 0, S

𝑏𝑦̄0
2 , 0, 0, S

𝑏𝑦̄1
2 , 0, 0, S

𝑏𝑦̄2
2 , 0, S

𝑏𝑦̄3
2 , 0

0, 0, S𝑏𝑧̄01 , 0, 0, S𝑏𝑧̄11 , 0, 0, S𝑏𝑧̄21 , 0, S𝑏𝑧̄31 , 0, 0, S𝑏𝑧̄02 , 0, 0, S𝑏𝑧̄12 , 0, 0, S𝑏𝑧̄22 , 0, S𝑏𝑧̄32

⎤

⎥

⎥

⎥

⎦

𝐝(𝑒)(𝑡),

(13)

in which the size of 𝐒𝑡 is 1 × 𝑟, where 𝑟 represents the number of DOFs for tension. Similarly, 𝐒𝑏𝑦̄ and 𝐒𝑏𝑧̄ have a size of 1 × 𝑝, where 𝑝 denotes the 
number of DOFs for bending.

In order to derive the shape functions 𝐒𝑡 for tension and 𝐒𝑏𝑦̄∕𝑧̄ for bending, one employs the 𝐶2 and 𝐶3 continuum Hermite interpolation functions 
to ensure continuity and smoothness of the displacement and strain fields at a higher-order level, respectively, as follows: 

S𝑡01 = 𝐚𝑡01 𝐬
𝑡, S𝑡02 = 𝐚𝑡02 𝐬

𝑡, S𝑡11 = 𝐚𝑡11 𝐬
𝑡, S𝑡12 = 𝐚𝑡12 𝐬

𝑡, S𝑡21 = 𝐚𝑡21 𝐬
𝑡, S𝑡22 = 𝐚𝑡22 𝐬

𝑡, S
𝑏𝑦̄0
1 = S𝑏𝑧̄01 = 𝐚𝑏01 𝐬𝑏,

S
𝑏𝑦̄0
2 = S𝑏𝑧̄02 = 𝐚𝑏02 𝐬𝑏, S

𝑏𝑦̄1
1 = S𝑏𝑧̄11 = 𝐚𝑏11 𝐬𝑏, S𝑏𝑦̄12 = S𝑏𝑧̄12 = 𝐚𝑏12 𝐬𝑏, S𝑏𝑦̄21 = S𝑏𝑧̄21 = 𝐚𝑏21 𝐬𝑏, S

𝑏𝑦̄2
2 = S𝑏𝑧̄22 = 𝐚𝑏22 𝐬𝑏,

S
𝑏𝑦̄3
1 = S𝑏𝑧̄31 = 𝐚𝑏31 𝐬𝑏, S

𝑏𝑦̄3
2 = S𝑏𝑧̄32 = 𝐚𝑏32 𝐬𝑏,

(14)

where 𝐬𝑡 = (

1, 𝑥̄, 𝑥̄2, 𝑥̄3, 𝑥̄4, 𝑥̄5
)⊤, 𝐬𝑏 =

(

1, 𝑥̄, 𝑥̄2, 𝑥̄3, 𝑥̄4, 𝑥̄5, 𝑥̄6, 𝑥̄7
)⊤, 𝐚𝑡𝑗𝑖 (𝑖 = 1, 2, 𝑗 = 0, 1, 2) and 𝐚𝑏𝑗𝑖 (𝑖 = 1, 2, 𝑗 = 0, 1, 2, 3) are addressed in Appendix  D 

with 𝑖 denotes the node number and 𝑗 means the derivative order with respect to 𝑥̄ ∈ [0, 𝑑𝑒] coordinate.
In this step, the weak formulation is ascertained by, firstly, applying the test function 𝑢𝑡 for tension, 𝑣𝑦̄𝑡 and 𝑣𝑧̄𝑡 for bending to the governing 

equations. Subsequently, an integration by parts operation is conducted with respect to the variable 𝑥̄. Following this, by employing Eq. (13) along 
with the test function [𝑢𝑡(𝑥̄, 𝑡), 𝑣𝑦̄𝑡(𝑥̄, 𝑡), 𝑣𝑧̄𝑡(𝑥̄, 𝑡)]⊤ = [𝐒𝑡(𝑥̄),𝐒𝑏𝑦̄ (𝑥̄),𝐒𝑏𝑧̄ (𝑥̄)]⊤𝐝(𝑒)𝑡 (𝑡), the weak forms can be derived and the element linear stiffness matrix 
𝐊(𝑒), nonlinear stiffness matrices 𝐊(𝑒)

1  and 𝐊(𝑒)
2 , mass matrix 𝐌(𝑒), and force vector 𝐅(𝑒) are extracted separately as: 

𝐊(𝑒) =∫

𝑑𝑒

0

{

𝐸𝐴
[

𝐒𝑡′⊤𝐒𝑡′ −
(

2𝑙𝑐 − 𝑙2𝑎
)

𝐒𝑡′′⊤𝐒𝑡′′ + 𝑙4𝑏𝐒
𝑡′′′⊤𝐒𝑡′′′

]

+ 𝐸𝐼𝑧̄

[(

1 + 𝐴
𝐼𝑧̄

𝑙2𝑎1

)

𝐒𝑏𝑦̄ ′′
⊤
𝐒𝑏𝑦̄ ′′

−
(

2𝑙𝑐 − 𝑙2𝑎 −
𝐴
𝐼𝑧̄

𝑙4𝑏1

)

𝐒𝑏𝑦̄ ′′′
⊤
𝐒𝑏𝑦̄ ′′′ + 𝑙4𝑏𝐒

𝑏𝑦̄ ′′′′
⊤
𝐒𝑏𝑦̄ ′′′′

]

+ 𝐸𝐼𝑦̄

[(

1 + 𝐴
𝐼𝑦̄

𝑙2𝑎1

)

𝐒𝑏𝑧̄ ′′
⊤
𝐒𝑏𝑧̄ ′′

−
(

2𝑙𝑐 − 𝑙2𝑎 −
𝐴
𝐼𝑦̄

𝑙4𝑏1

)

𝐒𝑏𝑧̄ ′′′
⊤
𝐒𝑏𝑧̄ ′′′ + 𝑙4𝑏𝐒

𝑏𝑧̄ ′′′′
⊤
𝐒𝑏𝑧̄ ′′′′

]}

d𝑥̄,

𝐊(𝑒)
1 =𝐸𝐴∫

𝑑𝑒

0

{3
2
𝐒𝑡′⊤

(

𝐒𝑡′𝐒𝑡′
)

−
(

2𝑙𝑐 − 𝑙2𝑎
)

[

2𝐒𝑡′′⊤
(

𝐒𝑡′𝐒𝑡′′
)

+ 𝐒𝑡′⊤
(

𝐒𝑡′′𝐒𝑡′′
)]

+ 𝑙4𝑏
[

2𝐒𝑡′′′⊤
(

𝐒𝑡′𝐒𝑡′′′
)

+𝐒𝑡′⊤
(

𝐒𝑡′′′𝐒𝑡′′′
)]}

d𝑥̄,

𝐊(𝑒)
2 =𝐸𝐴∫

𝑑𝑒

0

{

1
2

[

𝐒𝑡′⊤
(

𝐒𝑡′2𝐒𝑡′
)

+ 𝐒𝑏𝑦̄ ′
⊤
(

𝐒𝑏𝑦̄ ′
2
𝐒𝑏𝑦̄ ′

)

+ 𝐒𝑏𝑧̄ ′
⊤ (

𝐒𝑏𝑧̄ ′
2
𝐒𝑏𝑧̄ ′

)

]

−
(

2𝑙𝑐 − 𝑙2𝑎
)

[

𝐒𝑡′′⊤
(

𝐒𝑡′2𝐒𝑡′′
)

+𝐒𝑡′⊤
(

𝐒𝑡′′2𝐒𝑡′
)

+ 𝐒𝑏𝑦̄ ′′
⊤
(

𝐒𝑏𝑦̄ ′
2
𝐒𝑏𝑦̄ ′′

)

+ 𝐒𝑏𝑦̄ ′
⊤
(

𝐒𝑏𝑦̄ ′′
2
𝐒𝑏𝑦̄ ′

)

+ 𝐒𝑏𝑧̄ ′′
⊤ (

𝐒𝑏𝑧̄ ′
2
𝐒𝑏𝑧̄ ′′

)

+𝐒𝑏𝑧̄ ′
⊤ (

𝐒𝑏𝑧̄ ′′
2
𝐒𝑏𝑧̄ ′

)]

+ 𝑙4𝑏
[

𝐒𝑡′′′⊤
(

𝐒𝑡′2𝐒𝑡′′′
)

+ 2
3
𝐒𝑡′′⊤

(

𝐒𝑡′′2𝐒𝑡′′
)

+ 𝐒𝑡′⊤
(

𝐒𝑡′′′2𝐒𝑡′
)

+𝐒𝑏𝑦̄ ′′′
⊤
(

𝐒𝑏𝑦̄ ′
2
𝐒𝑏𝑦̄ ′′′

)

+ 2
3
𝐒𝑏𝑦̄ ′′

⊤
(

𝐒𝑏𝑦̄ ′′
2
𝐒𝑏𝑦̄ ′′

)

+ 𝐒𝑏𝑦̄ ′
⊤
(

𝐒𝑏𝑦̄ ′′′
2
𝐒𝑏𝑦̄ ′

)

+ 𝐒𝑏𝑧̄ ′′′
⊤ (

𝐒𝑏𝑧̄ ′
2
𝐒𝑏𝑧̄ ′′′

)

+2
3
𝐒𝑏𝑧̄ ′′

⊤ (

𝐒𝑏𝑧̄ ′′
2
𝐒𝑏𝑧̄ ′′

)

+ 𝐒𝑏𝑧̄ ′
⊤ (

𝐒𝑏𝑧̄ ′′′
2
𝐒𝑏𝑧̄ ′

)]}

d𝑥̄,

𝐌(𝑒) =𝜌∫

𝑑𝑒

0

[

𝐴
(

𝐒𝑡⊤𝐒𝑡 + 𝑙21𝐒
𝑡′⊤𝐒𝑡′ + 𝑙42𝐒

𝑡′′⊤𝐒𝑡′′
)

+ 𝐴
(

𝐒𝑏𝑦̄⊤𝐒𝑏𝑦̄ + 𝐒𝑏𝑧̄⊤𝐒𝑏𝑧̄
)

+
(

𝐼𝑧̄ + 𝐴𝑙21
)

𝐒𝑏𝑦̄ ′
⊤
𝐒𝑏𝑦̄ ′

+𝐼𝑧̄𝑙42𝐒
𝑏𝑦̄ ′′′

⊤
𝐒𝑏𝑦̄ ′′′ +

(

𝐼𝑧̄𝑙
2
1 + 𝐴𝑙42

)

𝐒𝑏𝑦̄ ′′
⊤
𝐒𝑏𝑦̄ ′′ +

(

𝐼𝑦̄ + 𝐴𝑙21
)

𝐒𝑏𝑧̄ ′
⊤
𝐒𝑏𝑧̄ ′ + 𝐼𝑦̄𝑙

4
2𝐒

𝑏𝑧̄ ′′′
⊤
𝐒𝑏𝑧̄ ′′′

+
(

𝐼𝑦̄𝑙
2
1 + 𝐴𝑙42

)

𝐒𝑏𝑧̄ ′′
⊤
𝐒𝑏𝑧̄ ′′

]

d𝑥̄,

𝐅(𝑒) =∫

𝑑𝑒

0

(

𝐒𝑡⊤𝑓 𝑡 + 𝐒𝑏𝑦̄⊤𝑓 𝑏𝑦̄ + 𝐒𝑏𝑧̄⊤𝑓 𝑏𝑧̄
)

d𝑥̄ +
(

𝐒𝑡⊤𝑓 𝑡
0 + 𝐒𝑏𝑦̄⊤𝑓 𝑏𝑦̄

0 + 𝐒𝑏𝑧̄⊤𝑓 𝑏𝑧̄
0

)

|

|

|

|

𝑑𝑒

0
+

(

𝐒𝑡′⊤𝑓 𝑡
1

+𝐒𝑏𝑦̄ ′
⊤
𝑓
𝑏𝑦̄
1 + 𝐒𝑏𝑧̄ ′

⊤
𝑓 𝑏𝑧̄
1

)

|

|

|

|

𝑑𝑒

0
+

(

𝐒𝑡′′⊤𝑓 𝑡
2 + 𝐒𝑏𝑦̄ ′′

⊤
𝑓
𝑏𝑦̄
2 + 𝐒𝑏𝑧̄ ′′

⊤
𝑓 𝑏𝑧̄
2

)

|

|

|

|

𝑑𝑒

0
+

(

𝐒𝑏𝑦̄ ′′′
⊤
𝑓
𝑏𝑦̄
3 + 𝐒𝑏𝑧̄ ′′′

⊤
𝑓 𝑏𝑧̄
3

)

|

|

|

|

𝑑𝑒

0
.

(15)

Here, the Young’s modulus 𝐸𝜎 of the 𝜎-bond is confirmed by [59,60]: 

𝐸𝜎 =
𝑘2𝑡 𝑑
4𝜋𝑘𝑏

, (16)

where 𝑘𝑡 represents the bond tension stiffness, with a value of 6.52 × 10−7 N⋅ 𝑛𝑚−1. 𝑘𝑏 denotes the bond bending stiffness, having a magnitude of 
8.76 × 10−10 N⋅ 𝑛𝑚⋅rad−2. The bond length 𝑑 is 1.42 Å(1 Å= 1 × 10−10 m), representing the length of a 𝜎-bond. To confirm the Young’s modulus of 
𝜋-bonds across different layers, van der Waals forces are depicted using spring elements that follow the Lennard-Jones potential. The stiffness of 
the 𝜋-bond is introduced as [61]: 

𝑘𝑣𝑑𝑊 = 4𝜖𝑣𝑑𝑊

(

156
𝑑12𝑣
14

− 42
𝑑6𝑣
8

)

, (17)

𝑑𝑣𝑑𝑊 𝑑𝑣𝑑𝑊
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Fig. 3. The unit cell and the first Brillouin zone of a 2D periodic structure. L, R, B, and T represent the DOFs at the left, right, bottom, and top boundaries 
respectively, while I denotes internal DOFs. 𝑐1, 𝑐2, 𝑐3, and 𝑐4 represent the DOFs at the four corners. 𝐿𝑥 and 𝐿𝑦 denote the lengths of the unit cell along the 𝑥
and 𝑦 directions respectively.

where 𝜖𝑣𝑑𝑊 = 3.8655 × 10−13 N⋅ nm and 𝑑𝑣 = 3.4 Åare the Lennard-Jones parameters. The parameter 𝑑𝑣𝑑𝑊  represents the interatomic distance, 
which coincides with 𝑑𝑣 in this context. Consequently, the Young’s modulus 𝐸𝜋 of the 𝜋-bond can be determined as: 

𝐸𝜋 =
𝑘𝑣𝑑𝑊 𝑑𝑣𝑑𝑊

𝐴
, (18)

in which 𝐴 is the cross section area of 𝜋-bond. Here should be pointed out that 𝐸 = 𝐸𝜎 for 𝜎-bond and 𝐸 = 𝐸𝜋 for 𝜋-bond in Eq. (15).

3. Dynamical properties of graphene

After finite element formulation, considering the periodic structure, this section begins by deducing the motion equation of a unit cell. The 
frequency and displacement components for the perturbed system are defined. Subsequently, the 2D wave motion properties are analyzed by 
solving the eigenvalue problem through the theory of periodic structures.

3.1. Dynamic formulation of a unit cell

Following the WFEM, only one unit cell or substructure is modeled through the classical FEM. The motion of a unit cell is governed by: 
𝐊𝐝 +𝐊1𝐝2 +𝐊2𝐝3 +𝐌𝐝̈ = 𝐅, (19)

where 𝐊, 𝐊1, 𝐊2, and 𝐌 represent the unit cell stiffness and mass matrices assembled by 𝐊(𝑒), 𝐊(𝑒)
1 , 𝐊

(𝑒)
2 , and 𝐌(𝑒), respectively. The nodal 

displacement vector is denoted by 𝐝, and 𝐅 denotes the nodal force vector. The unit cell of a 2D periodic structure is illustrated in Fig.  3(b). 
As shown in Fig.  3(c), the first Brillouin zone (fBz) is the fundamental region in reciprocal space that describes wave propagation. It captures 
essential features like dispersion and band gaps, serving as a compact representation of how periodicity affects sound behavior. The nodal DOFs 
within the unit cell are categorized into six groups: the four corners, left, bottom, right, top, and internal DOFs represented as index = {Bd, I} =
{

c1, c2, c3, c4, L, B, R, T, I
}

. Subsequently, the positions of DOFs in 𝐝, 𝐊, 𝐊1, 𝐊2, 𝐌, and 𝐅 are rearranged based on the index. The harmonic 
displacement and force components can then be expressed as follows: 

(

𝐝Bd
𝐝I

)

=
(

𝐝̂Bd
𝐝̂I

)

𝑒i𝜔𝑡,
(

𝐅Bd

𝐅I

)

=
(

𝐅̂Bd

𝐅̂I

)

𝑒i𝜔𝑡, (20)

in which the frequency 𝜔 and time 𝑡 are represented as variables. Based on the requirement of linearization calculation, the substitution of 𝑒i𝜔𝑡
with cos(𝜔𝑡) is considered. The expression cos3(𝜔𝑡) undergoes a linearization process resulting in 34 cos(𝜔𝑡). Here, it should be pointed out that due 
to the disruptive effect on the symmetry property, the stiffness matrix 𝐊1 was disregarded [62]. Consequently, the motion equations of a unit cell 
are reformulated as: 

[

𝐇Bd,Bd 𝐇Bd,I

𝐇I,Bd 𝐇I,I

](

𝐝̂Bd
𝐝̂I

)

+ 3
4

[

𝐊Bd,Bd
2 𝐊Bd,I

2
𝐊I,Bd

2 𝐊I,I
2

]

(

𝐝̂Bd
𝐝̂I

)3

=
(

𝐅̂Bd

𝐅̂I

)

, (21)

with 𝐇Bd,Bd = 𝐊Bd,Bd − 𝜔2𝐌Bd,Bd, 𝐇Bd,I = 𝐊Bd,I − 𝜔2𝐌Bd,I, 𝐇I,Bd = 𝐊I,Bd − 𝜔2𝐌I,Bd, 𝐇I,I = 𝐊I,I − 𝜔2𝐌I,I. To delineate the perturbed response 
of the structural system, an inherent perturbation parameter, denoted as 𝛽, is introduced into the analytical framework. The Linstedt–Poincaré 
methodology [63] is employed to subject Eq. (21) to an asymptotic expansion. Notably, the nonlinear stiffness matrix (𝐊2) is represented as 𝛽2, 
with the perturbation parameter 𝛽 serving as a quantifier for the degree of nonlinearity inherent in the system. Simultaneously, the frequency and 
displacement components characterizing the perturbed system can be elucidated via the first-order Linstedt–Poincaré expansion: 

(

𝐝̂Bd
𝐝̂I

)

=

(

𝐝̂Bd0
𝐝̂I0

)

+ 𝛽
(

𝐝̂Bd1
𝐝̂I1

)

+⋯ + ◦
(

𝛽𝑛
(

𝐝̂Bd𝑛
𝐝̂I𝑛

))

, 𝜔 = 𝜔0 + 𝛽𝜔1 +⋯ + ◦(𝛽𝑛𝜔𝑛). (22)

Substituting Eq. (22) into Eq. (21) confirms the presence of the linear contribution denoted as ◦(𝛽0), yielding: 
[

𝐇Bd,Bd 𝐇Bd,I

𝐇I,Bd 𝐇I,I

]

(

𝐝̂Bd0
𝐝̂I0

)

=
(

𝐅̂Bd

𝐅̂I

)

. (23)

where 
(

𝐝̂Bd0
⊤
, 𝐝̂I0

⊤)⊤
 can be expressed by 𝐝̂0. On the other hand, confirmation of the first-order contribution designated as ◦(𝛽1) is given as: 

[

𝐇Bd,Bd 𝐇Bd,I

𝐇I,Bd 𝐇I,I

]

(

𝐝̂Bd1
𝐝̂I1

)

= 2𝜔0𝜔1

[

𝐌Bd,Bd 𝐌Bd,I

𝐌I,Bd 𝐌I,I

]

(

𝐝̂Bd0
𝐝̂I0

)

− 3
[

Bd,Bd
2 Bd,I

2
I,Bd I,I

](

𝐝̂Bd0
̂I

)3

.

(24)
4 2 2 𝐝0
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3.2. Wave motion in a unit cell

It is important to note that the internal DOFs remain unaffected by external loads since the coupling actions are confined solely to the system’s 
boundaries. Thus, 𝐅I = 0. According to Bloch theorem for wave motion in periodic structures [36], the DOFs on the boundaries are related by: 

𝐝̂c20 = 𝑒−i𝜅̄𝑥 𝐝̂c10 , 𝐝̂c30 = 𝑒−i𝜅̄𝑦 𝐝̂c10 , 𝐝̂c40 = 𝑒−i𝜅̄𝑥𝑒−i𝜅̄𝑦 𝐝̂c10 , 𝐝̂R0 = 𝑒−i𝜅̄𝑥 𝐝̂L0 , 𝐝̂
T
0 = 𝑒−i𝜅̄𝑦 𝐝̂B0 , (25)

in which wavenumbers 𝜅̄𝑥 and 𝜅̄𝑦 are defined as 𝜅𝑥𝐿𝑥 and 𝜅𝑦𝐿𝑦, respectively, where 𝐿𝑥 and 𝐿𝑦 represent the length of a unit cell along the 𝑥 and 
𝑦 directions, respectively. The values of 𝜅̄𝑥 and 𝜅̄𝑦 lie within the boundaries of the first Brillouin zone, specifically within the intervals [−𝜋, 𝜋] and 
[−𝜋, 𝜋], as illustrated in Fig.  3(c). Moreover for free wave motion, according to the Bloch theorem, the force vectors on the boundaries are related 
by: 

𝐅̂c1 + 𝐅̂c2𝑒i𝜅̄𝑥 + 𝐅̂c3𝑒i𝜅̄𝑦 + 𝐅̂c4𝑒i𝜅̄𝑥𝑒i𝜅̄𝑦 = 0, 𝐅̂L + 𝐅̂R𝑒i𝜅̄𝑥 = 0, 𝐅̂B + 𝐅̂T𝑒i𝜅̄𝑦 = 0. (26)

In this step, the discussion will focus on the 2D wave propagation problem. The nodal DOFs of a unit cell can be expressed as: 
(

𝐝̂Bd0
𝐝̂I0

)

=
(

ΓR1,ΓR2,ΓR3,ΓR4
)

𝐝̂b0, (27)

with ΓR1 = ( 𝐈𝑠, 𝑒−i𝜅̄𝑥 𝐈s, 𝑒−i𝜅̄𝑦 𝐈s, 𝑒−i𝜅̄𝑥𝑒−i𝜅̄𝑦 𝐈s, 𝟎, 𝟎, 𝟎, 𝟎, 𝟎 )⊤, ΓR2 = ( 𝟎, 𝟎, 𝟎, 𝟎, 𝐈sm, 𝟎, 𝑒−i𝜅̄𝑥 𝐈sm, 𝟎, 𝟎 )⊤, ΓR3 = ( 𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝐈sn, 𝟎, 𝑒−i𝜅̄𝑦 𝐈sn, 𝟎 )⊤, ΓR4 =

( 𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝐈i )⊤, 𝐝̂b0 =
(

𝐝̂c10
⊤
, 𝐝̂L0

⊤
, 𝐝̂B0

⊤
, 𝐝̂I0

⊤)⊤
, 𝐈s, 𝐈sn, 𝐈sm, and 𝐈i indicate the identity matrix of size s, sn, sm, and i, respectively. On the 

other hand, the nodal forces can take the form: 

𝐝̂b0
⊤

⎛

⎜

⎜

⎜

⎜

⎝

ΓL1
ΓL2
ΓL3
ΓL4

⎞

⎟

⎟

⎟

⎟

⎠

(

𝐅̂Bd
𝟎

)

= 0, (28)

with ΓL1 = (𝐈s, 𝜆−1𝑥 𝐈s, 𝜆−1𝑦 𝐈s, 𝜆−1𝑥 𝜆−1𝑦 𝐈s, 𝟎, 𝟎, 𝟎, 𝟎, 𝟎), ΓL2 = (𝟎, 𝟎, 𝟎, 𝟎, 𝐈sm, 𝟎, 𝜆−1𝑥 𝐈sm, 𝟎, 𝟎), ΓL3 = (𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝐈sn, 𝟎, 𝜆−1𝑦 𝐈sn, 𝟎), ΓL4 = (𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝟎, 𝐈i). 
Then, combining Eq. (23), Eq. (27), and Eq. (28) results in: 

𝐝̂b0
⊤
ΓL

[

𝐇Bd,Bd 𝐇Bd,I

𝐇I,Bd 𝐇I,I

]

ΓR𝐝̂b0 = 0, (29)

where ΓL = (Γ⊤
L1,Γ

⊤
L2,Γ

⊤
L3,Γ

⊤
L4)

⊤, ΓR = (ΓR1,ΓR2,ΓR3,ΓR4). To solve Eq. (29), the approach involves fixing the values of 𝜅̄𝑥 and 𝜅̄𝑦, allowing for 
the calculation of the corresponding 𝜔0 values. These 𝜔0 values are then sorted in ascending order as 𝜔𝑖,𝑗

0(1,2,3,…,𝑛,…,𝑚), where 𝑖 denotes the 𝑖th term 
of wavenumber along the 𝑥-direction, 𝑗 denotes the 𝑗th term of wavenumber along the 𝑦-direction, and 𝑛 represents the 𝑛th term of frequency 
under 𝑖 and 𝑗. The formation of the 𝑛th slowness surface is established based on 𝜔𝑖,𝑗

0(𝑛). At a given point (𝜅̄𝑥, 𝜅̄𝑦), the energy flow vector, also known 
as the Poynting vector, equals the gradient of the slowness surface. Considering the iso-frequency contour of the slowness surface, the Poynting 
vector is perpendicular to the contour curves. A convenient representation of wave propagation is through the band structure, which is obtained 
by plotting the wavenumbers along the contour O-A-B-C-O, as illustrated in Fig.  3(c).

On the other hand, when Eq. (27) is inserted into the section concerning 𝐝̂0 in Eq. (23), and a same calculation is performed for 𝐝̂1, the following 
result is obtained: 

𝐝̂0 = ΓR𝐝̂b0, 𝐝̂1 = ΓR𝐝̂b1. (30)

Then, submitting Eq. (30) into Eq. (24) yields the following outcome: 

𝐝̂b1
⊤
ΓL

[

𝐇Bd,Bd 𝐇Bd,I

𝐇I,Bd 𝐇I,I

]

ΓR𝐝̂b1 = 2𝜔0𝜔1𝐝̂b1
⊤
ΓL

[

𝐌Bd,Bd 𝐌Bd,I

𝐌I,Bd 𝐌I,I

]

ΓR𝐝̂b0

− 3
4
𝐝̂b1

⊤
ΓL

[

Bd,Bd
2 Bd,I

2

I,Bd
2 I,I

2

]

(

ΓR𝐝̂b0
)3

.
(31)

Simultaneously, the eigenvector of the left side of Eq. (31) matches that of Eq. (29), specifically 𝐝̂b1 = 𝐝̂b0 = Qb
0Φ

b
0, where Qb

0 is the unknown 
amplitude and Φb

0 denotes the eigenvector. Therefore, Eq. (31) can be re-expressed as: 

2𝜔0𝜔1Φ
b
0
⊤
ΓL

[

𝐌Bd,Bd 𝐌Bd,I

𝐌I,Bd 𝐌I,I

]

ΓRΦ
b
0 −

3
4
Qb
0
2
Φb

0
⊤
ΓL

[

Bd,Bd
2 Bd,I

2
I,Bd

2 I,I
2

]

(

ΓRΦ
b
0
)3 = 0. (32)

The calculation of frequency 𝜔1 involves substituting 2 = 𝐊2∕𝛽 into Eq. (32). The subsequent determination of frequency 𝜔 is achieved by 
combining the solutions of the linear zero-order system and the perturbed system, leading to a resulting expression: 

𝜔 = 𝜔0 + 𝛽𝜔1 = 𝜔0 +
𝐰1
𝐰

, (33)

2

7 



B. Yang et al. Composite Structures 376 (2026) 119800 
Fig. 4. The influence of amplitude value Qb
0 on the wave propagation. 𝛥𝜔̄ is the frequency variation under different scalar factors 𝛿 and 𝛥𝜔̄(𝑖=1,2,3,4,5) denotes the 

first five frequencies at point O in the first Brillouin zone.

with 

𝐰1 = 3Qb
0
2
Φb

0
⊤
ΓL

[

𝐊Bd,Bd
2 𝐊Bd,I

2

𝐊I,Bd
2 𝐊I,I

2

]

(

ΓRΦ
b
0
)3 ,𝐰2 = 8𝜔0Φ

b
0
⊤
ΓL

[

𝐌Bd,Bd 𝐌Bd,I

𝐌I,Bd 𝐌I,I

]

ΓRΦ
b
0. (34)

4. Computational results

The numerical exploration of graphene’s nonlinear characteristics using the SSG theory is of significant value, as it offers essential insights 
for the practical utilization of graphene-based nanostructures in engineering applications. This part illustrates dynamic behaviors such as band 
structure, slowness surfaces, and energy flow vector fields.

In Fig.  1, a defect-free three-layer graphene comprised of unit cells is depicted. The relevant physical and geometric parameters, according 
to [59,60,64], are outlined: the mass density 𝜌 is 2200 kg∕m3, the unit cell’s dimensions 𝐿𝑥 = 12𝑑 and 𝐿𝑦 = 4

√

3𝑑. The bond cross-section radius 
measures 0.733 Å, while the mass of a carbon atom is 𝑚 = 1.99 × 10−26 kg. The Young’s modulus is derived from Eqs.  (16) and (18). To ensure 
stability concerning higher-order parameters in accordance with SSG theory [58], the following higher-order material parameters are considered: 
𝑙𝑎 = 0.25 Å, 𝑙𝑏 = 2𝑙𝑎, 𝑙𝑐 = 𝑙2𝑎, along with higher-order inertia parameters: 𝑙1 = 𝑙2 = 𝑙𝑎.

4.1. Study of the amplitude value

As illustrated in Fig.  4, this investigation focuses on exploring how the amplitude value (Qb
0) in Eq. (34) influences wave propagation. It 

should be pointed out that, in this work, we define Qb
0 = 𝛿 Å, and the frequency variation 𝛥𝜔̄ = |𝜔̄(𝛿(𝑛+1)) − 𝜔̄(𝛿(𝑛))|, where scalar factor 𝛿 varies 

between 0 and 0.03, divided into 𝑛 = 50 intervals. 𝛥𝜔̄ is calculated at point O in the irreducible first Brillouin zone. The findings reveal that as 𝛿
increases, the frequency variation initially shows a rising trend until reaching 0.006, after which it stabilizes with minimal changes. However, it is 
important to note that for the first two frequencies, erratic fluctuations are consistently observed until 𝛿 reaches 0.012. The observed fluctuations 
indicate the system’s sensitivity to small-amplitude perturbations in the weakly nonlinear regime, where nonlinear effects begin to emerge from 
the linear response. These variations also reflect the gradual transition between the linear and weakly nonlinear regimes, highlighting the model’s 
responsiveness to minor changes in amplitude and wavenumber. An interesting observation emerges when 𝛿 surpasses the threshold of 0.012, 
indicating that the amplitude value leads to stable and relatively constant magnitudes of frequency variation. Therefore, to maintain a stable 
influence of amplitude value on wave propagation, 𝛿 is selected as 0.018 in this study.

4.2. The band structures

This section introduces the band structures of multilayer graphene for analyzing 2D wave propagation. Fig.  5 displays the first five branches of 
the normalized frequency spectrum along the boundary O-A-B-O of the irreducible first Brillouin zone. The results obtained from linear SSG theory 
are depicted as black lines, whereas the blue lines represent nonlinear results. A comparison indicates that along the boundary O-A, the linear SSG 
results closely match the nonlinear SSG results for the first branch under low frequencies, but there are differences for the first branch along the 
boundary A-B-O. Along the O-A-B-O contour of the first Brillouin zone, the nonlinear SSG theory predicts nearly the same frequency values for 
the third branch but higher frequency values for the second branch compared to the linear SSG theory when wavenumber located between 𝜋∕4
and 𝜋∕2. Additionally, for the fourth branch, the nonlinear SSG theory yields higher frequency values along A-B-O but nearly equivalent values to 
the linear SSG theory along O-A when wavenumber located between 0 and 𝜋∕2. Concerning the fifth branch, the nonlinear SSG theory predicts 
higher frequency values along O-A-B-O comparing with the linear SSG theory. The differences between linear and nonlinear predictions are evident 
within specific regions of the first Brillouin zone, with the ranges of stop bands wider in the nonlinear SSG theory due to the inclusion of geometric 
nonlinearity. This inclusion of a nonlinear component in the strain energy density leads to higher frequency values in the nonlinear results compared 
to the linear ones at the same 𝜅̄-space position. This discrepancy is further elucidated by considering the potential energy density in the nonlinear 
SSG theory, which is a function of strain and its gradients, including a geometric nonlinear component. Consequently, the dynamical equilibrium 
equation becomes a high-order partial differential function comprising both linear and nonlinear terms, resulting in stiffness hardening of the 
material. To validate the band structure, a Component Mode Synthesis (CMS) method [65] is employed, showing good agreement with the SSG 
8 
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Fig. 5. The band structures and model density of defect-free multilayer graphene with the first five branches along contour O-A-B-O of the first Brillouin zone 
using both linear and nonlinear SSG theories. 𝜔̄𝑝 = 𝜔̄0 signifies the linear case, 𝜔̄𝑝 = 𝜔̄ indicates the nonlinear case. Here, 𝐷𝑚 represents the model density, and 
𝜔̄𝑝 = 𝜔𝑝∕𝜔0

𝑝, where 𝜔0
𝑝 is the first natural frequency of a unit cell. SSG: Second Strain Gradient. CMS: Component Mode Synthesis.

Fig. 6. The band structures of defect-free multilayer graphene using both linear SSG theory and nonlinear SSG theory. The analysis focuses on the first fifteen 
branches along contour O-A-B-C-O of the first Brillouin zone. (a): Branches one to five, (b): Branches six to ten, and (c): Branches eleven to fifteen. The notation 
𝜔̄𝑝 = 𝜔̄0 denotes the linear case, while 𝜔̄𝑝 = 𝜔̄ signifies the nonlinear case.

results depicted in Fig.  5. Furthermore, when the nonlinear components are neglected, the nonlinear SSG theory converges to the linear SSG theory, 
providing a means to verify the simulation results’ accuracy.

At the same time, the investigation explores the concept of modal density. Fig.  5 illustrates the modal density characteristics of both linear and 
nonlinear waves within the SSG theory framework. Modal density is defined as: 𝐷𝑚 = (𝐿(𝑥,𝑦,𝑥𝑦)∕𝜋)(d𝜅̄∕d𝜔̄𝑝(𝜅̄)). These observations are confined to 
the frequency domain, where the effects of geometric nonlinearity become evident. Notably, a significant increase in modal density is noted near 
critical frequency regions. Analysis of modal density indicates that it remains relatively stable across specific frequency intervals. Along contour 
O-A, modal density stays consistent between 0 to 0.6, while along contour B-O, it remains consistent between 0 to 0.7 and 1.5 to 1.8.

On the other hand, as shown in Fig.  6, the first fifteen branches of band structures along contour O-A-B-C-O within the first Brillouin zone 
exhibit a discrepancy in phase between the results obtained from linear and nonlinear SSG theories. This difference arises from the nonlinear SSG 
theory’s reliance on various factors, including the Green–Lagrange nonlinear strain and its first and second gradients, which influence the potential 
energy density. Frequency determination involves integrating solutions from both the linear zero-order system and the perturbed system. Therefore, 
the inclusion of nonlinear elements in frequency computation results in a phase difference between linear and nonlinear predictions. In terms of 
computational cost for solving the eigenvalue problem of the unit cell dynamical equation using MATLAB, it takes approximately 201.5 s for the 
linear case, whereas the nonlinear case requires about 416.9 s.

4.3. The slowness surfaces

In this section, the first, third, and fifth slowness surfaces are introduced, as predicted by both linear and nonlinear SSG theories, as shown in 
Fig.  7, for the analysis of wave propagation across the entire first Brillouin zone. These 3D surfaces demonstrate symmetry concerning 𝜅̄𝑥 and 𝜅̄𝑦. 
Notably, under nonlinear SSG theory, the slowness surface consistently appears elevated compared to its linear counterpart, indicating a higher 
energy presence in graphene across each slowness surface at equivalent 𝜅̄-space positions. This difference in slowness surfaces stems from graphene’s 
diverse abilities in wave propagation and control across different frequencies. Specifically, graphene shows a lower wave propagation capacity but 
higher wave control capacity within the frequency range of 0 to 1, while it exhibits the opposite trend between frequencies 1.6 to 2.8. The overall 
wave propagation and control capabilities of graphene lie between those represented by the first and fifth slowness surfaces. Additionally, disparities 
in surface smoothness among the first, third, and fifth slowness surfaces are observed. The first and third surface appear smoother, with energy 
9 
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Fig. 7. The first, third, and fifth slowness surfaces by linear SSG theory and nonlinear SSG theory. (a): The first slowness surface by linear SSG theory. (b): The 
third slowness surface by linear SSG theory. (c): The fifth slowness surface by linear SSG theory. (d): The first slowness surface by nonlinear SSG theory. (e): The 
third slowness surface by nonlinear SSG theory. (f): The fifth slowness surface by nonlinear SSG theory. 𝜔̄𝑝 = 𝜔̄0 indicates linear, 𝜔̄𝑝 = 𝜔̄ means nonlinear.

Fig. 8. Energy flow vector fields by linear SSG theory and nonlinear SSG theory. (a): Energy flow related to the first frequency in the first Brillouin zone. (b): 
Energy flow related to the third frequency in the first Brillouin zone. (c): Energy flow related to the fifth frequency in the first Brillouin zone. 𝜔̄𝑝 = 𝜔̄0 indicates 
linear, 𝜔̄𝑝 = 𝜔̄ means nonlinear.

more centrally distributed across the first Brillouin zone, whereas the fifth surfaces displays roughness, with predominant energy distribution along 
the 𝑥 direction. Furthermore, the result indicates that the wave control capacity of graphene within the nonlinear SSG theory framework surpasses 
that within the linear SSG theory framework, while its wave propagation capacity under nonlinear SSG theory is comparatively lower.

4.4. The energy flow in graphene

This section examines the vector fields representing energy flow (∇𝜔̄𝑖,𝑗
𝑝(𝑛)) according to linear and nonlinear SSG theories for the first (low), third 

(middle), and fifth (high) frequencies within the first Brillouin zone. Fig.  8 depicts the energy flow, where the direction of the arrows indicates 
the flow direction, and the length represents the gradient value of the energy flow. At low frequencies (see Fig.  8(a)), the wave disperses in all 
directions, with the majority of dynamic energy concentrated at the center point, maintaining stability across all directions. For middle frequencies, 
such as on the third slowness surface (Fig.  8(b)), most of the energy is concentrated in the middle, similar to the energy flow on the first slowness 
surface. However, it is less than the energy on the first slowness surface. Conversely, at higher frequencies, like on the fifth slowness surface (Fig. 
8(c)), the bulk of energy is limited to the 𝑥 direction. Moreover, at middle frequencies, the length and direction of arrows obtained from linear 
and nonlinear theories are nearly consistent, suggesting similar energy propagation directions. However, at high frequencies, discrepancies arise 
between linear and nonlinear theories, indicating that the inclusion of nonlinear components affects graphene’s wave propagation characteristics.

Fig.  9 illustrates the process of calculating iso-frequency contours. Normalized frequencies of 0.8, 1.8, and 2.5 are chosen. At low frequencies, 
linear and nonlinear SSG theories produce similar iso-frequency lines. However, at higher frequencies, there is a notable disparity between the 
10 
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Fig. 9. The iso-frequency contours by linear SSG theory and nonlinear SSG theory. (a): 𝜔̄𝑝 = 0.8. (b): 𝜔̄𝑝 = 1.8. (c): 𝜔̄𝑝 = 2.5. CI: Contour Integral method. 𝜔̄𝑝 = 𝜔̄0
indicates linear, 𝜔̄𝑝 = 𝜔̄ means nonlinear.

two theories, indicating the significant influence of nonlinear components on iso-frequency contours at higher frequencies. Iso-frequency contours 
represent points of constant frequency and are instrumental in understanding the energy distribution across surfaces. For instance, as shown in 
Figs.  9(a), (b), and (c), the contours depict a continuous circular energy state on the tension and in-plane bending waves. Conversely, the contours 
show discontinuities on the out-of-plane bending wave, indicating predominant wave propagation in the 𝑥 direction. Since the dimension of the 
graphene unit cell along the 𝑥-axis is larger than along the 𝑦-axis, the longer periodicity favors energy transmission, leading to elongated iso-
frequency contours and dominant energy flow along 𝑥. In the geometrically nonlinear regime, nonlinear effects asymmetrically modify the stiffness, 
intensifying the anisotropic propagation and further concentrating the energy flow along the 𝑥-axis, resulting in a stronger and more directed flux 
in the nonlinear SSG results. On the other hand, at low and middle frequencies, the iso-frequency contours concentrate in the middle of the first 
Brillouin zone, suggesting that the range of energy propagation is smaller than that at higher frequencies. The validity of these findings is supported 
by employing the Contour Integral (CI) method [66], which corroborates the SSG results addressed in Fig.  9.

5. Conclusions

This article presents an investigation on 2D wave propagation within geometrically nonlinear graphene waveguides, considering the influences of 
higher-order strain gradient and big deformation. Higher-order numerical modeling is conducted using strain–displacement relations incorporating 
geometric nonlinearity based on the SSG theory. The governing equation and boundary conditions are established through Hamilton’s principle, 
and a weak form, incorporating element matrices, is formulated.

Subsequent analysis focuses on the band structures of graphene, comparing frequency values obtained from linear and nonlinear SSG theories 
at corresponding 𝜅̄-space positions. Remarkably, the nonlinear SSG theory predicts higher frequency values, leading to a stiffness hardening 
phenomenon in graphene. These differences stem from the inclusion of geometric nonlinearity, with the nonlinear strain energy density contributing 
to elevated frequency values.

Furthermore, slowness surfaces fields are analyzed using both linear and nonlinear SSG theories across low and high frequencies. At low 
frequencies, the energy is more centrally distributed, with similar iso-frequency contours and wave propagation behavior observed in both linear 
and nonlinear models. Conversely, at high frequencies, a significant portion of energy is confined to a single direction, with the nonlinear model 
exhibiting narrower wave propagation ranges compared to the linear model.

Finally, energy flow vector fields are studied through linear and nonlinear SSG theories. Directional patterns of energy flow vector responses align 
with predictions from slowness surfaces, particularly at low frequencies. However, disparities emerge at high frequencies, where wave propagation 
ranges estimated by the nonlinear SSG deviate from those predicted by the linear SSG. Iso-frequency contours further illustrate wave spreading 
patterns, with both linear and nonlinear SSG models demonstrating strong beaming effects in the 𝑥 direction at high frequencies.
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Appendix A. Definitions of 𝑮𝒕, 𝑮𝒕
𝒂, 𝑮𝒕

𝒃, 𝑮
𝒕
𝒄 , 𝑮𝒕

𝟎, 𝑮
𝒃𝒚̄∕𝒛̄ , 𝑮𝒃𝒚̄∕𝒛̄

𝒂 , 𝑮𝒃𝒚̄∕𝒛̄
𝒃 , 𝑮𝒃𝒚̄∕𝒛̄

𝒄  and 𝑮𝒃𝒚̄∕𝒛̄
𝟎  in Eq. (7)

𝐺𝑡 =∫

𝑑𝐿

0

[

(

𝑢′
)2 +

(

𝑢′
)3 + 1

4
(

𝑢′
)4 + 𝑙2𝑎

(

𝑢′′
)2 + 𝑙4𝑏

(

𝑢′′′
)2 + 2𝑙𝑐𝑢′𝑢′′′

]

d𝑥̄, (A.1)

𝐺𝑡
𝑎 =∫

𝑑𝐿

0

[

(

𝑢′
)2 (𝑢′′

)2 + 2𝑢′
(

𝑢′′
)2
]

d𝑥̄, (A.2)

𝐺𝑡
𝑏 =∫

𝑑𝐿

0

[

(

𝑢′
)2 (𝑢′′′

)2 + 2𝑢′
(

𝑢′′
)2 𝑢′′′ +

(

𝑢′′
)4 + 2𝑢′

(

𝑢′′′
)2 + 2

(

𝑢′′
)2 𝑢′′′

]

d𝑥̄, (A.3)

𝐺𝑡
𝑐 =∫

𝑑𝐿

0

[

𝑢′′′
(

𝑢′
)3 +

(

𝑢′
)2 (𝑢′′

)2 + 3𝑢′′′
(

𝑢′
)2 + 2𝑢′

(

𝑢′′
)2
]

d𝑥̄, (A.4)

𝐺𝑡
0 =∫

𝑑𝐿

0

[

𝑢′𝑢′′′ +
(

𝑢′′
)2 + 𝑢′′′

]

d𝑥̄. (A.5)

𝐺𝑏𝑦̄ =∫

𝑑𝐿

0

[

1
4
𝐴
𝐼𝑧̄

(

𝑣′𝑦̄
)4

+ 𝑙2𝑎
𝐴
𝐼𝑧̄

(

𝑣′𝑦̄𝑣
′′
𝑦̄

)2
+ 𝑙4𝑏

𝐴
𝐼𝑧̄

(

(

𝑣′′𝑦̄
)2

+ 𝑣′𝑦̄𝑣
′′′
𝑦̄

)2
+ 𝑙𝑐

𝐴
𝐼𝑧̄

(

𝑣′𝑦̄
)2

(

(

𝑣′′𝑦̄
)2

+ 𝑣′𝑦̄𝑣
′′′
𝑦̄

)

+
(

1 + 𝑙2𝑎1
𝐴
𝐼𝑧̄

)

(

𝑣′′𝑦̄
)2

]

d𝑥̄,

(A.6)

𝐺
𝑏𝑦̄
𝑎 =∫

𝑑𝐿

0

(

𝑣′′′𝑦̄
)2

d𝑥̄, 𝐺
𝑏𝑦̄
𝑏 = ∫

𝑑𝐿

0

(

𝑣′′′′𝑦̄

)2
d𝑥̄, 𝐺

𝑏𝑦̄
𝑐 = ∫

𝑑𝐿

0
2𝑣′′𝑦̄ 𝑣

′′′′
𝑦̄ d𝑥̄, 𝐺

𝑏𝑦̄
0 = ∫

𝑑𝐿

0

[

(

𝑣′′𝑦̄
)2

+ 𝑣′𝑦̄𝑣
′′′
𝑦̄

]

d𝑥̄. (A.7)

𝐺𝑏𝑧̄ =∫

𝑑𝐿

0

[

1
4
𝐴
𝐼𝑦̄

(

𝑣′𝑧̄
)4 + 𝑙2𝑎

𝐴
𝐼𝑦̄

(

𝑣′𝑧̄𝑣
′′
𝑧̄
)2 + 𝑙4𝑏

𝐴
𝐼𝑦̄
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(

𝑣′′𝑧̄
)2 + 𝑣′𝑧̄𝑣

′′′
𝑧̄

)2
+ 𝑙𝑐

𝐴
𝐼𝑦̄

(

𝑣′𝑧̄
)2

(

(

𝑣′′𝑧̄
)2 + 𝑣′𝑧̄𝑣

′′′
𝑧̄

)

+
(

1 + 𝑙2𝑎1
𝐴
𝐼𝑦̄

)

(

𝑣′′𝑧̄
)2
]

d𝑥̄,
(A.8)

𝐺𝑏𝑧̄
𝑎 =∫

𝑑𝐿

0

(

𝑣′′′𝑧̄
)2 d𝑥̄, 𝐺𝑏𝑧̄

𝑏 = ∫

𝑑𝐿

0

(

𝑣′′′′𝑧̄
)2 d𝑥̄, 𝐺𝑏𝑧̄

𝑐 = ∫

𝑑𝐿

0
2𝑣′′𝑧̄ 𝑣

′′′′
𝑧̄ d𝑥̄, 𝐺𝑏𝑧̄

0 = ∫

𝑑𝐿

0

[

(

𝑣′′𝑧̄
)2 + 𝑣′𝑧̄𝑣

′′′
𝑧̄

]

d𝑥̄. (A.9)

Appendix B. Expressions of boundary conditions

− 𝐸𝐴
[

𝑢′ +
(

2𝑙𝑐 − 𝑙2𝑎
)

𝑢′′′ + 𝑙4𝑏𝑢
′′′′′] − 𝐸𝐴

[3
2
(

𝑢′
)2 + 1

2
(

𝑢′
)3
]

− 𝐸𝐴
(

2𝑙𝑐 − 𝑙2𝑎
)

[

(

𝑢′
)2 𝑢′′′ + 2𝑢′𝑢′′′

+𝑢′
(

𝑢′′
)2 +

(

𝑢′′
)2
]

− 𝐸𝐴𝑙4𝑏
[

(

𝑢′
)2 𝑢′′′′′ + 2𝑢′𝑢′′′′′ + 4𝑢′′𝑢′′′′ + 4𝑢′𝑢′′𝑢′′′′ + 3𝑢′

(

𝑢′′′
)2 + 3

(

𝑢′′′
)2
]

− 𝜌𝐴
[

𝑙21 𝑢̈
′ − 𝑙42 𝑢̈

′′′] + 𝑓 𝑡
0 = 0 or 𝛿𝑢 = 0, for 𝑥̄ = {0, 𝑑𝐿},

(B.1)

− 𝐸𝐴
[(

𝑙2𝑎 − 𝑙𝑐
)

𝑢′′ − 𝑙4𝑏𝑢
′′′′] − 𝐸𝐴

(

𝑙2𝑎 −
1
2
𝑙𝑐
) [

𝑢′′
(

𝑢′
)2 + 2𝑢′′𝑢′

]

+ 𝐸𝐴𝑙4𝑏
[

2𝑢′𝑢′′′′ + 2𝑢′′′𝑢′′ −
(

𝑢′′
)3

+
(

𝑢′
)2 𝑢′′′′ + 2𝑢′𝑢′′′𝑢′′

]

− 𝐴𝑏0𝑢
′′ − 𝜌𝐴𝑙42 𝑢̈

′′ + 𝑓 𝑡
1 = 0 or 𝛿

(

𝑢′
)

= 0, for 𝑥̄ = {0, 𝑑𝐿},
(B.2)

− 𝐸𝐴
[

𝑙𝑐𝑢
′ + 𝑙4𝑏𝑢

′′′] − 𝐸𝐴𝑙4𝑏
[

𝑢′′′
(

𝑢′
)2 +

(

𝑢′′
)2 𝑢′ +

(

𝑢′′
)2 + 2𝑢′′′𝑢′

]

− 𝐸𝐴𝑙𝑐
[1
2
(

𝑢′
)3 + 3

2
(

𝑢′
)2
]

− 𝐴𝑏0
[

1 + 𝑢′
]

+ 𝑓 𝑡
2 = 0 or 𝛿

(

𝑢′′
)

= 0, for 𝑥̄ = {0, 𝑑𝐿}.
(B.3)

{

−1
2
𝐸𝐴

[

(

𝑣′𝑦̄
)2

−
(

𝑙2𝑎 − 2𝑙𝑐
) 𝜕2

𝜕𝑥2
(

𝑣′𝑦̄
)2

+ 𝑙4𝑏
𝜕4

𝜕𝑥4
(

𝑣′𝑦̄
)2

]

𝑣′𝑦̄ + 𝐸𝐼𝑧̄

[(

1 + 𝐴
𝐼𝑧̄

𝑙2𝑎1

)

𝑣′′′𝑦̄ −
(

𝑙2𝑎 +
𝐴
𝐼𝑧̄

𝑙4𝑏1 − 2𝑙𝑐

)

𝑣′′′′′𝑦̄

+𝑙4𝑏𝑣
′′′′′′′
𝑦̄

]

− 𝜌
(

(

𝐼𝑧̄ + 𝐴𝑙21
)

𝑣̈′𝑦̄ −
(

𝐼𝑧̄𝑙
2
1 + 𝐴𝑙42

)

𝑣̈′′′𝑦̄ + 𝐼𝑧̄𝑙
4
2 𝑣̈

′′′′′
𝑦̄

)

+ 𝑓
𝑏𝑦̄
0

}

|

|

|

|

𝑑𝐿

0
= 0 or 𝛿𝑣𝑦̄ = 0, for 𝑥̄ = {0, 𝑑𝐿},

(B.4)

{

−𝐸𝐼𝑧̄

[(

1 + 𝐴
𝐼𝑧̄

𝑙2𝑎1

)

𝑣′′𝑦̄ −
(

𝑙2𝑎 +
𝐴
𝐼𝑧̄

𝑙4𝑏1 − 2𝑙𝑐

)

𝑣′′′′𝑦̄ + 𝑙4𝑏𝑣
′′′′′′
𝑦̄

]

− 𝜌
(

(

𝐼𝑧̄𝑙
2
1 + 𝐴𝑙42

)

𝑣̈′′𝑦̄ − 𝐼𝑧̄𝑙
4
2 𝑣̈

′′′′
𝑦̄

)

+𝑓
𝑏𝑦̄
1

}

|

|

|

|

𝑑𝐿

0
= 0 or 𝛿𝑣′𝑦̄ = 0, for 𝑥̄ = {0, 𝑑𝐿},

(B.5)

{

−𝐸𝐼𝑧̄

[(

𝑙2𝑎 +
𝐴
𝐼𝑧̄

𝑙4𝑏1 − 𝑙𝑐

)

𝑣′′′𝑦̄ − 𝑙4𝑏𝑣
′′′′′
𝑦̄

]

− 𝜌𝐼𝑧̄𝑙
4
2 𝑣̈

′′′
𝑦̄ + 𝑓

𝑏𝑦̄
2

}

|

|

|

|

|

𝑑𝐿

0
= 0 or 𝛿𝑣′′𝑦̄ = 0, for 𝑥̄ = {0, 𝑑𝐿}, (B.6)

{

−𝐸𝐼𝑧̄
(

𝑙𝑐𝑣
′′ + 𝑙4𝑣′′′′

)

+ 𝑓
𝑏𝑦̄
}

|

|

𝑑𝐿
= 0 or 𝛿𝑣′′′ = 0, for 𝑥̄ = {0, 𝑑𝐿}. (B.7)
𝑦̄ 𝑏 𝑦̄ 3 |

|0
𝑦̄
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{

−1
2
𝐸𝐴

[

(

𝑣′𝑧̄
)2 −

(

𝑙2𝑎 − 2𝑙𝑐
) 𝜕2

𝜕𝑥2
(

𝑣′𝑧̄
)2 + 𝑙4𝑏

𝜕4

𝜕𝑥4
(

𝑣′𝑧̄
)2
]

𝑣′𝑧̄ + 𝐸𝐼𝑦̄

[(

1 + 𝐴
𝐼𝑦̄

𝑙2𝑎1

)

𝑣′′′𝑧̄ −
(

𝑙2𝑎 +
𝐴
𝐼𝑦̄

𝑙4𝑏1 − 2𝑙𝑐

)

𝑣′′′′′𝑧̄

+𝑙4𝑏𝑣
′′′′′′′
𝑧̄

]

− 𝜌
((

𝐼𝑦̄ + 𝐴𝑙21
)

𝑣̈′𝑧̄ −
(

𝐼𝑦̄𝑙
2
1 + 𝐴𝑙42

)

𝑣̈′′′𝑧̄ + 𝐼𝑦̄𝑙
4
2 𝑣̈

′′′′′
𝑧̄

)

+ 𝑓 𝑏𝑧̄
0

}

|

|

|

|

𝑑𝐿

0
= 0 or 𝛿𝑣𝑧̄ = 0, for 𝑥̄ = {0, 𝑑𝐿},

(B.8)

{

−𝐸𝐼𝑦̄

[(

1 + 𝐴
𝐼𝑦̄

𝑙2𝑎1

)

𝑣′′𝑧̄ −
(

𝑙2𝑎 +
𝐴
𝐼𝑦̄

𝑙4𝑏1 − 2𝑙𝑐

)

𝑣′′′′𝑧̄ + 𝑙4𝑏𝑣
′′′′′′
𝑧̄

]

− 𝜌
((

𝐼𝑦̄𝑙
2
1 + 𝐴𝑙42

)

𝑣̈′′𝑧̄ − 𝐼𝑦̄𝑙
4
2 𝑣̈

′′′′
𝑧̄

)

+𝑓 𝑏𝑧̄
1

}

|

|

|

|

𝑑𝐿

0
= 0 or 𝛿𝑣′𝑧̄ = 0, for 𝑥̄ = {0, 𝑑𝐿},

(B.9)

{

−𝐸𝐼𝑦̄

[(

𝑙2𝑎 +
𝐴
𝐼𝑦̄

𝑙4𝑏1 − 𝑙𝑐

)

𝑣′′′𝑧̄ − 𝑙4𝑏𝑣
′′′′′
𝑧̄

]

− 𝜌𝐼𝑦̄𝑙
4
2 𝑣̈

′′′
𝑧̄ + 𝑓 𝑏𝑧̄

2

}

|

|

|

|

|

𝑑𝐿

0
= 0 or 𝛿𝑣′′𝑧̄ = 0, for 𝑥̄ = {0, 𝑑𝐿}, (B.10)

{

−𝐸𝐼𝑦̄
(

𝑙𝑐𝑣
′′
𝑧̄ + 𝑙4𝑏𝑣

′′′′
𝑧̄

)

+ 𝑓 𝑏𝑧̄
3

}

|

|

|

|

𝑑𝐿

0
= 0 or 𝛿𝑣′′′𝑧̄ = 0, for 𝑥̄ = {0, 𝑑𝐿}. (B.11)

Appendix C. Definitions of 𝑾 𝒕
𝟏 , 𝑾

𝒕
𝟐 , 𝑾

𝒕
𝟑 , 𝑾

𝒕
𝟒 , 𝑾

𝒃𝒚̄∕𝒛̄
𝟏 , 𝑾 𝒃𝒚̄∕𝒛̄

𝟐 , 𝑾 𝒃𝒚̄∕𝒛̄
𝟑 , 𝑾 𝒃𝒚̄∕𝒛̄

𝟒 , 𝑾 𝒃𝒚̄∕𝒛̄
𝟓 , 𝑾 𝒃𝒚̄∕𝒛̄

𝟔 , 𝑾 𝒃𝒚̄∕𝒛̄
𝟕 , and 𝑾 𝒃𝒚̄∕𝒛̄

𝟖  in Eq. (11)

𝑊 𝑡
1 =𝑢′′ + 3

2
(

𝑢′
)2 𝑢′′ + 3𝑢′𝑢′′ + (2𝑙𝑐 − 𝑙2𝑎)𝑢

′′′′ + 𝑙4𝑏𝑢
′′′′′′, (C.1)

𝑊 𝑡
2 =

(

𝑢′
)2 𝑢′′′′ + 4𝑢′𝑢′′𝑢′′′ + 4𝑢′′𝑢′′′ +

(

𝑢′′
)3 + 2𝑢′′′′𝑢′, (C.2)

𝑊 𝑡
3 =

(

𝑢′
)2 𝑢′′′′′′ + 6𝑢′′𝑢′′′′′ + 10𝑢′′′′𝑢′′′ + 2𝑢′′′′′′𝑢′ + 10𝑢′′′′𝑢′′′𝑢′ + 6𝑢′′′′′𝑢′𝑢′′ + 4

(

𝑢′′
)2 𝑢′′′′ + 3

(

𝑢′′′
)2 𝑢′′, (C.3)

𝑊 𝑡
4 =𝑢̈ − 𝑙21 𝑢̈

′′ + 𝑙42 𝑢̈
′′′′, (C.4)

𝑊
𝑏𝑦̄
1 =𝑣′′′′𝑦̄ , 𝑊

𝑏𝑦̄
2 = 𝑣′′′′′′𝑦̄ , 𝑊

𝑏𝑦̄
3 = 𝑣′′′′′′′′𝑦̄ , 𝑊

𝑏𝑦̄
4 = 3

2

(

𝑣′𝑦̄
)2

𝑣′′𝑦̄ , (C.5)

𝑊
𝑏𝑦̄
5 =4𝑣′𝑦̄𝑣

′′
𝑦̄ 𝑣

′′′
𝑦̄ +

(

𝑣′′𝑦̄
)3

+
(

𝑣′𝑦̄
)2

𝑣′′′′𝑦̄ , (C.6)

𝑊
𝑏𝑦̄
6 =10𝑣′𝑦̄𝑣

′′′
𝑦̄ 𝑣′′′′𝑦̄ + 3

(

𝑣′′′𝑦̄
)2

𝑣′′𝑦̄ + 4
(

𝑣′′𝑦̄
)2

𝑣′′′′𝑦̄ + 6𝑣′𝑦̄𝑣
′′
𝑦̄ 𝑣

′′′′′
𝑦̄ +

(

𝑣′𝑦̄
)2

𝑣′′′′′′𝑦̄ , (C.7)

𝑊
𝑏𝑦̄
7 =

(

1 + 𝐴
𝐼𝑧̄

𝑙21

)

𝑣̈′′𝑦̄ −
(

𝑙21 +
𝐴
𝐼𝑧̄

𝑙42

)

𝑣̈′′′′𝑦̄ + 𝑙42 𝑣̈
′′′′′′
𝑦̄ , 𝑊

𝑏𝑦̄
8 = 𝑣̈𝑦̄. (C.8)

𝑊 𝑏𝑧̄
1 =𝑣′′′′𝑧̄ , 𝑊 𝑏𝑧̄

2 = 𝑣′′′′′′𝑧̄ , 𝑊 𝑏𝑧̄
3 = 𝑣′′′′′′′′𝑧̄ , 𝑊 𝑏𝑧̄

4 = 3
2
(

𝑣′𝑧̄
)2 𝑣′′𝑧̄ , (C.9)

𝑊 𝑏𝑧̄
5 =4𝑣′𝑧̄𝑣

′′
𝑧̄ 𝑣

′′′
𝑧̄ +

(

𝑣′′𝑧̄
)3 +

(

𝑣′𝑧̄
)2 𝑣′′′′𝑧̄ , (C.10)

𝑊 𝑏𝑧̄
6 =10𝑣′𝑧̄𝑣

′′′
𝑧̄ 𝑣′′′′𝑧̄ + 3

(

𝑣′′′𝑧̄
)2 𝑣′′𝑧̄ + 4

(

𝑣′′𝑧̄
)2 𝑣′′′′𝑧̄ + 6𝑣′𝑧̄𝑣

′′
𝑧̄ 𝑣

′′′′′
𝑧̄ +

(

𝑣′𝑧̄
)2 𝑣′′′′′′𝑧̄ , (C.11)

𝑊 𝑏𝑧̄
7 =

(

1 + 𝐴
𝐼𝑦̄

𝑙21

)

𝑣̈′′𝑧̄ −
(

𝑙21 +
𝐴
𝐼𝑦̄

𝑙42

)

𝑣̈′′′′𝑧̄ + 𝑙42 𝑣̈
′′′′′′
𝑧̄ , 𝑊 𝑏𝑧̄

8 = 𝑣̈𝑧̄. (C.12)

Appendix D. Definitions of 𝒂𝒕𝒋𝒊 (𝒊 = 𝟏, 𝟐, 𝒋 = 𝟎, 𝟏, 𝟐) and 𝒂𝒃𝒋𝒊 (𝒊 = 𝟏, 𝟐, 𝒋 = 𝟎, 𝟏, 𝟐, 𝟑) in Eq. (14)

𝐚𝑡01 =

(

1, 0, 0,−10
𝑑3𝑒

, 15
𝑑4𝑒

,− 6
𝑑5𝑒

)

, 𝐚𝑡02 =

(

0, 0, 0, 10
𝑑3𝑒

,−15
𝑑4𝑒

, 6
𝑑5𝑒

)

,

𝐚𝑡11 =

(

0, 1, 0,− 6
𝑑2𝑒

, 8
𝑑3𝑒

,− 3
𝑑4𝑒

)

, 𝐚𝑡12 =

(

0, 0, 0,− 4
𝑑2𝑒

, 7
𝑑3𝑒

,− 3
𝑑4𝑒

)

,

𝐚𝑡21 =

(

0, 0, 1
2
,− 3

2𝑑𝑒
, 3
2𝑑2𝑒

,− 1
2𝑑3𝑒

)

, 𝐚𝑡22 =

(

0, 0, 0, 1
2𝑑𝑒

,− 1
𝑑2𝑒

, 1
2𝑑3𝑒

)

,

𝐚𝑏01 =

(

1, 0, 0, 0,−35
𝑑4𝑒

, 84
𝑑5𝑒

,−70
𝑑6𝑒

, 20
𝑑7𝑒

)

, 𝐚𝑏02 =

(

0, 0, 0, 0, 35
𝑑4𝑒

,−84
𝑑5𝑒

, 70
𝑑6𝑒

,−20
𝑑7𝑒

)

,

𝐚𝑏11 =

(

0, 1, 0, 0,−20
𝑑3𝑒

, 45
𝑑4𝑒

,−36
𝑑5𝑒

, 10
𝑑6𝑒

)

, 𝐚𝑏12 =

(

0, 0, 0, 0,−15
𝑑3𝑒

, 39
𝑑4𝑒

,−34
𝑑5𝑒

, 10
𝑑6𝑒

)

,

𝐚𝑏21 =

(

0, 0, 1
2
, 0,− 5

𝑑2𝑒
, 10
𝑑3𝑒

,−15
𝑑4𝑒

, 2
𝑑5𝑒

)

, 𝐚𝑏22 =

(

0, 0, 0, 0, 5
𝑑2𝑒

,− 7
𝑑3𝑒

, 13
𝑑4𝑒

,− 2
𝑑5𝑒

)

,

𝐚𝑏31 =

(

0, 0, 0, 1
6
,− 2

3𝑑𝑒
, 1
𝑑2𝑒

,− 2
3𝑑3𝑒

, 1
6𝑑4𝑒

)

, 𝐚𝑏32 =

(

0, 0, 0, 0,− 1
6𝑑𝑒

, 1
2𝑑2𝑒

,− 1
2𝑑3𝑒

, 1
6𝑑4𝑒

)

.

(D.1)
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Data availability

No data was used for the research described in the article.
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