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A MODEL OF SOLVABLE SECOND ORDER PDE WITH
NON SMOOTH COEFFICIENTS

SERENA FEDERICO

ABSTRACT. In this paper it is shown the L?-local solvability of some
second order partial differential operators (which are a variation of that
introduced by Federico and Parmeggiani in [2]) with C*'* or C%! coef-
ficients and with multiple characteristics.

1. INTRODUCTION

Let us consider the second order partial differential operator on R™ of the

form
N
(1.1) P:ZX;g]g]Xj—i—iXo—i-ao,
j=1

where X; = X;(D), 1 < j < N, are homogeneous first order differential op-
erators (in other words they are vector fields) with real or complex constant
coefficients (the two cases will be analyzed separately), Xo = Xo(x, D) is a
homogeneous first order operator with affine real coefficients, ¢ is an affine
function, and ag is a continuous function on R™ with complex values.
The purpose here is to study the L2-local solvability of P in a neighborhood
of the zeros of the function g, where the principal symbol of the operator can
possibly change sign. Why are we interested in the local solvability around
these points? The motivation is related to the fact that a change of sign
in the principal symbol can produce the non solvability of the associated
operator (as in the Kannai example [4] and in [1]), therefore it is interesting
to study what kind of operators with this property are still solvable. We
will see that P is a model of solvable second order operator with C! coef-
ficients if the vector fields X; are tangent to S = g=1(0) # 0 for all index
j, 1 <4 < N, or with C%! coefficients if there is at least an index k # 0
such that X} is transverse to S. The proof follows the approach used in [2]
by Federico and Parmeggiani, in which a solvability result for degenerate
second order operators with smooth coefficients analogous to P is proved.
The class considered here is an elaboration of that introduced in [2] and it
differs from that class in the regularity assumption on the coefficients which
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2 S. FEDERICO

are assumed to be less regular.
As we said before, we are interested in the L2-local solvability, whose def-
inition is given below (for more information about solvability see [3] and

[5])-

Definition 1.1. Given a partial differential operator P, defined on an open
set Q C R", and at least with L™ coefficients, we say that P is L?-locally
solvable in £ szor any given xg € §) there is a compact set K C Q with xg €
U = K (where K denotes the interior of K ) such that for all f € LZ ()
there exists u € L*>(U) such that for every compact K C U

(u, P*p) = (f, ), Ve e C5(K),

where (-,-) is the L? inner product.

Throughout we shall refer to the previous definition when talking about
L?-local solvability and solution of the problem mentioned before.
Let us end this introduction by giving the plan of the paper.
In Section 2 we make the setting precise, introduce the main hypotheses,
and give the proof of their invariance under affine changes of variables of
the latter.
In Section 3 we prove a fundamental estimate, corresponding to the main
estimate in [2], that will be the crucial step in the proof of the solvability
estimate (3.2) below.
In Section 4 we prove a solvability result for the operator (1.1) in the real
coeflicients case. Here we shall use the estimate of Section 3 to derive the
solvability estimate from which the result follows.
In Section 5 a first complex coefficients case is analyzed. Again, by using
the estimate of Section 3, we obtain a solvability result.
In Section 6 we study a second kind of complex coefficients case, that is in
some sense more “general” with respect to the case presented in Section 5.
Finally in Section 7 we look at another model operator that differs from the
operator in (1.1) in that the function responsible for the extra degeneracy
of the symbol does not change sign across its zero set but the coefficients
are less regular. Here, unlike the other cases listed, the solvability result is
not based on the fundamental estimate proved in Section 3, but it follows
by using a Carleman estimate.

2. INVARIANCE WITH RESPECT TO AFFINE CHANGES OF
VARIABLES

Let P be a linear second order partial differential operator as in the in-
troduction, then the first order partial differential operators X;,1 <j < N,
and Xg in the expression of P are of the form

Xj(z,D) = X;(D) =, D), Xo(z, D) = (B(z),D)
where D = (Dl, Do, ... ,Dn), Dj = —iaxj, a; = (Oéj,l, ey Olj,n) e Cm,
and B(x) = (B1(z),...,0n(z)), where B;(x), j = 1,...,n, are affine real
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functions of the form f;(z) = Y7, Bjxxr + Bjo, and Bjg, Bjo € R for
all 5,k =1,...,n. Moreover g is an affine real function over R", thus we
have g(z) = Z?Zl gjx; + go, with gj,g0 € Rfor all j = 1,...,n, and ¢ is
such that S = g71(0) # (. Note also that the commutator [X;, Xo], for all
1 < j < N, is a first order homogenous partial differential operator with
complex constant coeflicients. In addition we suppose:

(H1) iXog(x) > 0 for all x € S := g—1(0);
(H2) for all 1 < j < N there exists a constant C' > 0 such that

N
X5, X0} O < C Y I1X5(9)F, ve e R\ {0},
j=1

where the {X;, Xo}(£) and the X;(§) are the total (principal because of
homegeneity) symbols of [X;, Xo] and X; respectively, {-, -} denoting the
Poisson bracket.

First of all we show that the analysis of the local solvability of

N
P= Zx;gygyxj + X0 + ag
j=1

can always be reduced, after a linear change of variables, to that of

N
P=>" XiylnlX; +iXo + ao,
j=1

where P (in the new variables) is of the same kind of P, and the new quan-
tities still satisfy hypotheses (H1) and (H2).

After that we will focus our attention on the local solvability of P in a neigh-
borhood of the points of S = ¢g~1(0), where, by the previous argument, we
can assume g(x) = x1. In this way we deal with an operator which is simpler
to study.

Observe that hypothesis (H1) is explicitly stated as
iXog(r) = (B(x),Vg) = Z?ZI Bj(z)g; >0 on S.

We may suppose that (%71 = g1 # 0. Under this assumption the function
X: (z1,...,20n) = (g(x),22,...,2,) is an affine diffeomorphism of R", and
we can choose (y1,...,yn) = x(x1,...,2,) as new coordinates.

Changing variables we have

N
P = ZX;y1’y1|Xj +1Xo + ao,
j=1
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where
X;j(Dy) = > ajrgrDy, + Y jrDy,,
k=1 k=2
Xo(,Dy) = D _(Biox NWgiDy + > _(Biox ) (w)Dy,,
j=1 J=2
aoly) = (aoox (),
i) = (gox Hy) =u.

It is important to note that Xj, 1 < j < N, and X, are still first order
homogeneous partial differential operators, and they still have, respectively,
constant and affine coefficients.

Now we look at conditions (H1),(H2), and we see that if they are satisfied
by X;, 1 < j < N, and X, then the same holds for Xj, 1 <7< N, and
Xo. In fact, since

(2.2) X;9 =Xy = Xj9, Xog = Xoy1 = Xog,

then our hypothesis (H1) is trivially invariant with respect to affine changes
of variables. As for condition (H2), there is nothing to prove, since the
principal symbol is an invariant of partial differential operators. Observe
moreover that the first identity in (2.2) means that if X;, 1 < j < N, is
tangent or transverse to S, then the same holds for X e

Summarizing, we have proved that, after performing an affine change of
variables in P, what we get is an operator with a simpler expression and of
the same type of P.

3. THE FUNDAMENTAL ESTIMATE

By the argument of Section 2, we can reduce our problem to the analysis

of the local solvability of operators of the form

N
(3.1) P:ZX;x1’$1|Xj+iXo+ao,

j=1
where X;, 1 < j < N, Xy and ag are assumed to be as before.
To obtain a local L?-solvability result for an operator P on R” the main
point is to obtain the following a priori estimate: there exist a compact set
K and a positive constant C such that

(3.2) |[P*ul = Clul,  Vu e C5°(K),

where P* is the formal adjoint of P, and |-| is the L?-norm. If this inequality

holds for P* then, using standard arguments, we have for all v € L? (R™)

the existence of u € L2(K) solving Pu = v in U = K, where K denotes the
interior of K.

Consequently, our goal is to obtain the solvability estimates (3.2) for our
operator P of the form (3.1) in a neighborhood of S. To this aim, we
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need some further preliminary estimates. In particular we will derive in this
section a fundamental estimate that will be useful both in the real and in
the complex coefficients case.

Proposition 3.1. Let S = {x € R™; 21 = 0}. Then for all o € S there
exist a compact set Ky containing xq in its interior and three positive con-
stants C = C(Kyp),c = c¢(Kp) and g9 = €9(Kp), with eg — 0 as Ko \( {zo},
such that for all compact sets K C Ky

1
(3.3) ||P*u||2 > Z”XOuHQ + c(Pyu,u) — C’||u”27 Vu € C3°(K),

where
N

(3.4) Py =Y (Xjlz1|X; — 5[ X, Xo*|z1|[X;, Xo))-
j=1

Proof. First of all we observe that X = Xo+dx,, where dx, = > ,_; Di(5)
€ iR, Dy = —i0y,, and X = (@;,D), 1 < j < N (we are considering the
general case in which a; € C").

Moreover, since P* = Z;VZI Xiwi|21|X; —iXg +ao, for all compact K C R”
we have

1

N
[P*ul? > 21 (X5 @len|X; — iXg)ul® — [aolfee e lul?
j=1

O |

for all w € C§°(K), where

N N
5l > (Xjalan X; —iXg)ul® = 5 (IXGul + ] > X Xjul?
j=1 J=1
N
- 22 Re(X; x|z Xju, iXgu))
j=1
1 N
*, 112 * Lk
> §|]X0uH — Z Re(X z1]|21]| X u, iXgu).
7=1
Since
N N
Z Re(X; 21|z1| Xju, iXgu) = Z Im (X5 21 |21 | Xju, Xgu),
j=1 j=1

we then estimate the imaginary part. Thus, for each index j, we have

Im(X7 1|21 Xju, Xgu) = Im(X]z1|21| Xju, Xou) + Im( X5 21|21 Xju, dx,u)
= Im(xl\xllXju, Xonu) + Im(xl\xl\Xju, (deXO)u)
+ Im(z1|z1]| X u, dx, Xju),
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where
Im(z1|21| Xju, X;Xou) = Im(z1]21]| Xju, [X;, XoJu) + Im(z1]z1| X u, Xo X u)
= Im(z1|21]| Xju, [X;, Xolu) + %[(mllmﬂXju, XoXju)
—  (XoXju, 1|z Xju)]
— Im(e o Xus (X, XoJu) + %[qxﬂ(xoxl)xju,xju)
(21(Xo|z1) Xju, Xju) + (z1]21| Xo X u, X u)

(dXOx1|:z:1\Xju,Xju) — (X()Xju, xl\xllXju)]
Im (21|21 Xju, [X;, Xofu) — (|o1](iXow1) Xju, X;u)

- -

1
+ ilm(dxoxllxﬂXju,Xju).
Putting the last expression inside the term Im (X7 x1|z1]X;u, Xgu) gives

—|m(X;x1’$1’Xju, Xgu) = —|m(x1‘$1’Xj’U,, [Xj,Xo]u)—i—(]xl\(iXowl)Xju,Xju)

1
+§Im(dX0x1|x1\Xju, Xju) — Im(:cl\xllXju, (dexo)u).

By hypothesis (H1), for each 29 € S we can find a compact set K; such that
xo € K7 and iXog(x) > co in Ky, with ¢g > 0 and g(z) = 21. We then work
in a fixed compact set K7 containing the point xy € S in its interior, and
we get

—Im(X | | Xju, Xgu) > col|ar V2 Xju, a1 Y2 X ju)
1
—|m(3:1|x1|1/2Xju, |$1|1/2[Xj, X()]u) + §|m(dX0a:1]a:1|1/2Xju, |x1|1/2Xju)

—Im (|1 [ X, | V2 (X d g Ju),
for all u € C$°(K}). Therefore, for each K C K| with zy € K, we have

—Im(X |1 | Xju, Xgu) > cofllzr] /2 Xjul?
=21 | oo iy |21 |2 X gl [ 1] 2 [X, Xoul

~ sl o N 2l
=21 | oo sy 1 [ (X )| oo syl | |21 [/ X ]
> |\!3?1|1/2XjU!!2(Co—llxlﬂLoo(K)(H%HdXoHLoo(Kl)ﬂLH\xlll/z(deXo)HLoo(Kl))>
—[a1l oo cacy a2 (X5, XoJul® = 1] oo (aey 1|2 (X gdxo ) oo ey [l

Since |71]zee(xy — 0 when K \, {70}, 7o € S, we can find a compact
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set Ko C Ki containing x( in its interior such that, for all K C Ky with
xg € K, we have

1
co — HxIHLOO(K)(l + §HdXo | oo (i) + ”\$1’1/2(deXo)”Loo(K)) =

€0

1
0 = Ll zee ey (L4 5 1o gy + 1ot 2K eien) >

since |21] oo (k) < |21] 100 (k) for every compact set K C Ko. Then, calling
¢ = ¢(Kp) := cp/2, we may choose

eo = c0(Ko) == (|1 po(xy) /)2, with e9 =0 as Ko\ {0},

which depends only on K. By the previous arguments we get that, for all
K C Ky, and all u € C3°(K)

*k 1 *
[P*ul* > S Xgul*+e(Pou, u)—egg |1 | (X dxo) | oo ) Lul® a0l Lo ) Ll

Finally, since | Xgu|? > (1/2)|Xou|? — |dx, H%OO(KO)HUH2 for all u € C§°(K),
for all K C Ky (containing z in its interior), we obtain inequality (3.3). O

Looking at (3.3), it is obvious that we need to estimate (Pyu,u) to have
the solvability estimate (3.2). For this reason we have to distinguish between
the real and the complex coefficients case, since we need different hypotheses
on the vector fields X;’s in order to obtain the appropriate estimate for the
term (Pyu,u).

4. LOCAL SOLVABILITY RESULT IN THE REAL
COEFFICIENTS CASE

Let us start with the real case, that is, we assume that X; = X;(D),
for each j # 0, is a vector field with real constant coefficients, and Xy =
Xo(x, D) is a vector field with real affine coefficients. The plan is to use
(3.3) to derive (3.2) by estimating Py from below in L? and then by using a
Poincaré inequality for Xy. Before proving an estimate for Py, we give the
following consequence of hypothesis (H2).

Lemma 4.1. If condition (H2) holds, then, for each index j € {1,--- | N},
we have

N

(4.1) [Xj, Xol = > x Xy, cx€R,
k=1

Proof. Recall that X; and [X;, Xo], 1 < j < N, have real constant coeffi-
cients, and that o; € R" is the vector associated to X;, 1 < j < N. Now we
consider two cases. The first one is when there exist n linear independent
elements «j,, - - ,a;, of R (associated to Xj,,---,Xj,), with ji,---,jn €

n
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{1,---, N}. This means essentially that R” = Span{a;,,--- ,a;, }, and thus,
for each index j, we have
n N
[Xj, Xol =) erXj, =Y cxXp, cr€R, cp =0, Vk ¢ {ji, -+, jn}.
k=1 k=1

The second case is that in which there are m < n linear independent ele-
ments oy, -+ ,a;, of R" (associated to Xj,,---,Xj,,), with ji,---, jm €
{1,--- N}

Since XJ(.’I},D) = X](D> = <Oéj,D> and [Xj,Xo](Z‘,D) = [X],X()](D) =
(74, D), we shall denote by Vj, and W), the sets

Vi = {€ € R"; X;,(€) = 0} = Spang{ay}+,

Wi = {€ € R™; {X, Xo}(¢) = 0} = Spang {n:},
and also by Y x,, Y[x, x,] the characteristic sets of X, [ Xk, Xo] respectively,
so that

m )

EXk =V \ {0}7 E[Xk,Xo] =Wy \ {0}
In this situation condition (H2) states that, for all 1 < j < N, there exists
a constant C' > 0 such that

(75,017 < C Y ey, 7, ¥ e R™\ {0},
k=1

which implies
m

(Vi CW;, 1<j<N.

k=1
The latter inclusion shows that, passing to the orthogonal complements, we
have

m 1L
(4.2) [ N ij} > Wik,
k=1
Now, applying in (4.2) the well-known relations
m 1L
(4.3) (M) = vit++va
i=1
(4.4)
we have

VﬁJr_H/JTln Qle, Vj=1,---,N,
which is equivalent to
Spang{ay,,---,qj, } 2 Spang{y;}, Vi=1,---,N.
Finally, by the latter inclusion, we have

m m N
(X, Xo] = (7, D) = D erevjy, D) =Y Xy = Y e X,
k=1 k=1 k=1
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where ¢, € R, and ¢ =0, Vk & {j1, - ,jm}- O
Next we prove the following lemma.

Lemma 4.2. Consider xg € S and Ky as in Proposition 3.1. Then, suitably
shrinking Ko to a compact set containing xq in its interior, and that we still
denote by Kq, we have that for all K C Ky, with xqg € K, we have

(Pou,u) 20, Yue C°(K).
Proof. Recall that

N N
(Pou,u) =Y Nl V2 Xul® = 5 > o] (X5, Xolul®,
i=1 j=1

where K C Ky and u € C§°(K).
Observe now, in view of Lemma 4.1, that

o213 Xoful? = [ farl |1, Xolufdz = [ S Xl <
k=1

N N
<N Xpul?de < N 2 Xyul*d
< ;/muck ol < <mgxck>;/|x1u culda

N
= C(j) Y lar | Xyul?,

k=1
where C(j) = N maxy, c; > 0.
The latter inequality yields

N N
> M1, Xolul* < Z C(J)

j=1

H|:c1\1/2Xku||2

.Mg

< N(maxC(j o1 |Y2 X u)?
< Nem: Z||| 2 X

= CZ a1 [ Xul?,
k=1

where C' = N max; C(j) > 0.
Therefore

N N
(Pou,u) = > a2 Xull® =5 Y [aa|?[X5, Xolul®
i=1 i=1

N
(1—e2C) Z Nt |2 X VK C Ky, Yu € CF(K).
j=1

WV
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and since £3 = £9(Kp)?, we can shrink K to a compact set K|, containing
T in its interior in such a way that Ceo(K()? < 1/2. Finally, denoting K},
by Ky again, the result follows. O

Remark 4.3. Lemma 4.2 still holds for all compact K C Ky not necessarily
containing xqg in its interior.

Remark 4.4. Summarizing, by Proposition 3.1 and Lemma 4.2, for every
compact K C Ky (containing xq in its interior) we have that there exists a
positive constant C' = C(Ky) such that

\ 1
(4.5) [Prul? = [ Xoul* = Clul®,  ¥u € C§°(K).

To conclude the solvability estimate (3.2) we need the following Poincaré
inequality for Xy # 0 near S.

Lemma 4.5. We may shrink Ky around xo (in such a way that Xo is non-
degenerate in Ky) so that there exists Cy = C2(Ky) > 0 such that for all
compact K C Ky

(4.6) lu] < Cs diam(K)| Xou|, Vu € C°(K).

In view of (4.6) and (4.5), for all K C Ky (Ky suitably shrunk so that
Lemma 4.5 holds)

1 . -
| P*ul? > (Z — CC3diam(K)?) | Xou|?, Vu € C°(K).

We finally choose a compact set K c K, (which is a shrinking of K con-
taining x¢ in its interior) such that

diam(K) < ( ! )1/2,

8CC3
and we obtain the solvability estimate
1 1 .
4.7 Prul? > < | Xou|? > ———————|u|?, VYue CP(K).
4N 1P gl 2 F(R)

We have essentially proved the following result.

Theorem 4.6. Let P be of the form (1.1) such that all the vector fields X;’s
have real coefficients and hypotheses (H1),(H2) are satisfied, and let S be the
zero set of g. Then for all zg € S there exists a compact set K C R™ with

U = K and zo € U, such that for all v € L} _(R") there exists u € L*(U)
solving Pu=v in U.

Proof. After reducing P of the form (1.1) to the form (3.1) (see Section 2)
the proof follows directly by the solvability estimate (4.7) using classical
arguments. [l
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Remark 4.7. Theorem 4.6 means that, for allv € L? (R"), there exists a

loc

solution u € L?(U) of the equation Pu = v in U in the sense of Definition
1.1, that is, for all compact K C U,

(u, P @) = (v,9), Ve e CFK).
5. THE COMPLEX COEFFICIENTS CASE (N =1)

Let us now consider a first kind of complex coefficients case, that is
(5.1) P=X"glg|X +iXo+c
where ¢ is an affine real function, c¢ is a continuous function with complex
values, X is a vector field with constant complex coefficients of the form
X ={(a,D), aeCm
and X is a real vector field with real affine coefficients of the form
Xo = (B(@), D), Blx) € R",
in which

n
Bi(x) = Bjo+ Y Bjixi, Bja€R Vij=1,.n.
i=1
We again reduce the study of this operator to that of the form (3.1) with
N =1, thus we consider the latter.
We assume now hypotheses (H1) to (H3):
(Hl) 1 Xox1 > 0;
(H2) there exists a constant C' > 0 such that

{X, X} O < CIX(OP, VEeR™
(H3) the vector field X = (a, D), a € C", is such that

dim(SpanR{Re(a), Im(a)}) =1.
Recall that hypotheses (H1),(H2) are invariant with respect to affine changes
of variables (see Section 2), and the same holds for (H3).
We will show that, under hypotheses (H1) to (H3), the operator P is L*-
locally solvable in the sense od Definition 1.1.
To this aim we prove two preliminary lemmas.

Lemma 5.1. Let X = (a,D) and Xo = (B(x), D) two vector fields on
R™ n > 2, as before, i.e respectively with constant complex coefficients and
with affine real coefficients, and suppose that either n > 2 and hypothesis
(H2) is satisfied or n = 2 and (H2)-(H3) are satisfied. Then the commutator
[X, Xo| is of the form

[X, Xo] = (v,D), ~yecC",
and one has the following inclusion

Spang{Re(v),Im(vy)} C Spang{Re(«), Im(a)}.
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Proof. Since X has constant coefficients and Xy has affine coefficients, it is
trivial to see that their commutator is a vector field with constant complex
coefficients, thus we pass to proving the inclusion between the subspaces.
Recall that hypothesis (H2) is a condition on the principal symbols X (§) =
(a, &) and {X, X0} (&) = (v,€) of X and [X, Xy] respectively.

We rephrase (H2) as

(7,6 < Cl{a, &), VEeR™,

which implies that, if (o, &) = 0 for some £ € R™, then also (v,£) = 0. More
precisely, because of (H2), we have that

(Re(a), &) = 0 (Re(7), )
{ (Im(a),&) =0 :‘{ (Im(7), &)

which means exactly

Spang{Re(7),Im(7)}~ 2 Spang {Re(a), Im(a)}+ # {0},

where Spang{Re(a),Im(a)}+ # {0} because of (H3) when n = 2.
Therefore, passing to the orthogonal complements we have the statement.
O

0
0 )

Remark 5.2. Note that if Xx = 0 (recall that Y. x is the characteristic set
of X ) then Lemma 5.1 cannot hold except for the one dimensional case.

In fact if n = 1 we have trivially the result since in this case C > v =
B'(x)a, and thus [ X, Xo](D) = /()X (D), and this is true in general only
by requiring that X and Xg are respectively with constant complex coefficients
and with affine real coefficients.

When n = 2 then Xx # 0 if and only if condition (H3) holds, while when
n > 2 Yx is always non-empty without asking for (HS3).

Lemma 5.3. Consider X, Xy vector fields as before, and suppose that hy-
potheses (H2)-(H3) are satisfied. Then there ezists a constant zg € C such
that

[X, Xo](D) = 20X (D).
Proof. Note that, by Lemma 5.1, we have

Re(v) = c1Re(a) + ealm(«) ¢
Im(vy) = ¢jRe(a) + chIm(a) €152, €162 € R

Moreover (H3) states that Re(a) and Im(«) are two linearly dependent vec-
tors in R”, thus Im(a) = cRe(), for some ¢ € R, and

Re(y) = (c1 + cc2)Re(a)

Im(y) = (¢} + cch)Re(w).
Since a = (1 + ic)Re(«) then, we get v = zpa, where zy € C is explicitly
given by 29 = ((01 +cco) +i(d) +cc’2))/(1 +ic), and therefore [X, Xo|(D) =
zo{a, D)y = 20X (D). O
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We can now show that for all zg € S there exist a positive constant C
and a compact set K containing x¢ in its interior such that |P*u| > C|u|
for all u € C§°(K).

Theorem 5.4. Let P be of the form (5.1) such that hypotheses (H1) to (H3)
are satisfied, and let S be the zero set of g. Then for all xg € S there exists a

compact set K C R™ with U = K and o € U, such that for allv € L? (R™)

loc

there exists u € L2(U) solving Pu = v in U in the sense of Definition 1.1.

Proof. First of all, we may assume g(z) = x;1 in (5.1). Note also that Propo-
sition 3.1 still holds for an operator P of the form (5.1) (with g(z) = 1), in
which we have a unique vector field X with complex constant coefficients.
Thus we have that, for all zg € S there exist a compact set Ky, containing
xo in its interior, and three positive constants C(Ky), c(Kp),e0(Ko) such
that, for every compact set K C K

1
[P*ul* > 21 Xoul® + e(Pou, u) = Clul®, Yu € C5°(K),
where now P is given by
Py = X*|z1|X — &3] X, Xo][a1][X, Xo].

To prove the theorem it is sufficient to prove the solvability estimate (3.2).
Thus, by showing that (Pyu,u) > 0 and by using the Poincaré inequality for
Xo, the estimate (3.2) will follow. So we start by looking at

(Poww) = Jloa[V2Xul? — Bl |Y2(X, XoJul?
_ 1 — £2[0[2 1/2 54,12
L= (1= o)Xl

for all w € C§°(K). Since g9 = £9(Kp), and in particular £y shrinks when K
is shrunk (see Proposition 3.1), we can then suitably shrink K to a compact
set that we still denote by Ky and which contains zg in its interior, so that
eo < 1/(2[z0/?).

Choosing Kj in this way we have, for all compact K C Ky, that (Pyu,u) >0
for all u € C§°(K), and moreover

[P ul® > S| Xoul® = Clul?,  Vu € C§°(K).

:
4
Then one ends the proof using Lemma 4.5 as before. O

6. A MORE GENERAL COMPLEX COEFFICIENTS CASE

Even in the complex coefficients case it is possible to prove a solvability
result when P is given in the general form

N
(6.1) P =Y X7glg|X; +iXo+ ao,
j=1
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when X; = X;(D) are vector fields with complex constants coefficients, and
Xo = Xo(z, D) is a vector field as before, that is with real affine coefficients,
but this time with X;g =0, 1 < j < N. Once more we may reduce matters
to the case g(z) = 1.
We assume now the following hypotheses, which we state for g(x) = z1,
since they are invariant:

(Hl) 1Xox1 > 0;

(H2) for all 1 < j < N there exists a constant C' > 0 such that

N
{X5, Xo} (O < CYIX;(9%, vE e R\ {0},
Jj=1

(H3) ng:ijl :0, ijl,...,N,
where (H3) means that each vector field X;, with j # 0, is tangent to
S ={z € R" z1 =0} = g~ 1(0), while (H1) states that X is transverse to
S.
Our goal now is to prove the analogue of Theorem 4.6 in this case.
The solvability result still follows by an a priori estimate: for all g € S
there exist a compact set K which contains zg in its interior and a positive
constant C' such that

|[P*ul = Clul,  Vu e C5°(K).

First of all note that the main estimate (3.3) still holds for P even if P
has complex coefficients in the second order part, thus we have that for all
xo € S there exist a compact set Ky containing x( in its interior and three
positive constants C' = C'(Kp),c = ¢(Kp) and ¢ = o(Kp), with g — 0 as
Ky N\ {xo}, such that for all compact K C Ky

. 1
[Pul? > ZIIXOUII2 +c(Pou,u) = Clul?, Vu e C§°(K),

where
N

Py =" (Xjla1|X; — 5[ X;, Xol a1 |[X;, Xo])-
j=1
Since we need to control the term (Pyu, u) from below we will use hypotheses
(H2),(H3) to obtain some useful results to conclude the desired estimate.

Corollary 6.1. Consider xy € S and Ky (xg € I%o) as in Proposition 3.1.
We then can shrink Ky to a compact set that we keep denoting by Ko, with
xg € Ky, so that

N N
(6.2) ed > X5 XoHOP <D I1X5(91%, Ve e n (K,
j=1

j=1

where w : T*R™ — R"™ is the canonical projection.
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Proof. By condition (H2) we have

N N N
D IXGOP =3 > X5, Xo} O > (1-CNeg) > |X;(9)°,  ¥E € R™\{0}.
i=1 j=1

j=1
By Proposition 3.1 we can shrink K to a compact set, that we keep denoting
by Ko, with 2y € Ko, so that CNeg(Ko)? < 1/2 and (6.2) holds. O

We shall work throughout in the compact set Ky of Corollary 6.1, and we
shall consequentely fix €9 = €(K)p).

Remark 6.2. Recall that by (H3) we have X;g(x) = 0 for each index 1 <
j < N, where g(z) = x1. Therefore, if we write & = (&1,¢), ¢ € R*1\ {0},
we have X;(§) = X;(&1,0)+X;(0,¢) = X;(0,£). Moreover, since condition
(H2) holds, we even have {X;, Xo}(§) = {X;, X0}(0,&"). Then, by Corollary
6.1,

N N
€6 ) X5, X} (0.6 < Y 1X;(0.€)P, W' € mo(n (£5)),
j=1 j=1

where T is the projection on the component &' .
Now we prove the following lemma.

Lemma 6.3. C’onsoz'der xg € S and Ky as in Corollary 6.1. Then for all
K C Ky with xy € K we have

(Pou,u) 20, Yue C°(K).
Proof. Observe that
(Pou,u) 20, Yue Ci°(K)

is equivalent to
N N

63) Y M Xul® — g > o[V [Xo, Xjlul® > 0, Vu € CF(K),
j=1 j=1

therefore we prove the latter.
We write x = (z1,2') € R x R"~L. Since for all K C K, we have

N N

2
S a2 X 2 = > / ]| X, o) Pda
j=1 j=1

N
= 3 [l )R dr, w e G
=1 :

to have (6.3) it suffices to prove the pointwise estimate

N N
(6'4) z; ”X]’u(xla ')”iz(Rz/—l) > E(2) z; ” [Xja XO]U(:Ulv ')HiQ(Rzl—l)a
J= J=
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where x1 is t}E)ught of as a parameter.
Denoting by f(z1,£’) the Fourier transform in the 2’ variable of a function
f(z) = f(x1,2") then, by the Plancherel theorem and (6.2), we get

N
Z; ”Xju(xla ')”iz(Rzl—l) = ) Ton_1 Z ”X u(z1,§ ”Lz R" )

) @52/ 15,0, ) Platen, &) de’

2 G Z/\{XJ,XO} (0,€) P, €)Pde
N
= & Z” vaXO wl?')”iz(Rn/—l)a
j=1 ¢
which is exactly (6.4), whence (6.3) holds. O

Remark 6.4. Summarizing, since Proposition 3.1 holds in Ky, x¢ € I%o,
xg € S, and since we have shrunk Ky in such a way that Lemma 6.3 holds,
then for all K C Ky (containing xq in its interior) we have that there exists
a positive constant C' = C(Ky) such that

* 1 o8
(6.5) [P ul® > ZHXOUH2 = Clul?, Vue CF(K).

Now, exactly as in the real case, by applying the Poincaré inequality (4.6)
on X we get the solvability estimate.
We have therefore proved the following theorem.

Theorem 6.5. Let P be of the form (6.1) such that hypotheses (H1) to (H3)
are satisfied, and let S be the zero set of g. Then for all xog € S there exist a
compact set K C R"™ with U = K and zo € U, such that for allv € L2, (R™)
there exists u € L*(U) solving Pu = v in U in the sense of Definition 1.1.

7. A FURTHER MODEL

Inspired by [2], in this final section we will study the solvability of a model
operator similar to the previous one, that is

N
(7.1) P =) " X7|fIX;+iXo+ ao,

j=1
where X; = Xj(z,D), 0 < j < N, are homogeneous first order differential
operators with smooth coefficients (in other words they are smooth vector
fields) defined on an open set 2 C R™ and with a real principal symbol,
f:Q — R"is a C! function with f=1(0) # (), and ap is a continuous
possibly complex valued function.
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This model is more “general” in the sense that the vector fields X;’s, 1 <
j < N, are not necessarily with constant coefficients but they are given in
general with variable coefficients, and Xg is not required to be with affine
real coeflicients but with smooth variable coefficients. Moreover note that, in
this case, the coefficients of our operator P could have C%! or L regularity
depending on the tangency or transversality, respectively, to the zero set of
f of the vector fields X;’s, 1 < j < N, which is less demanding as far as the
regularity of the coeflicients in the preceding examples is concerned.

Our purpose is still to prove an L? local solvability result in a neighborhood
of the zero set of the function f, that we keep denoting by S and which is
non-empty by hypothesis.

The method used here is that of Carleman estimates.

We assume now only the following assumption

(H1) Xof #0 for all z € S := f~1(0) # 0.
Theorem 7.1. Let the operator P in (7.1) satisfy hypothesis (H1). Then
for all zg € S there exists a compact set K C Q with U = K and zo € U,
such that for all v € L2 _(R™) there exists u € L*(U) solving Pu = v in U

loc

in the sense of Definition 1.1.

Proof. We take e?*| where f is the function appearing in P and X is a real
number that we will choose later. Observe that, for all u € C5°(€2), we have

N
2Re(P*u,e*Mu) = ZRe(X;f|f|Xju, M)
j=1
—Re(iXgu, M u) + Re(aou, e*Mu)
N N
=20 ) Re(|f1X;u, (X;)e*Mu) + ) Re(| f|X;u, e Xju)
j=1 j=1

—Re(iXgu, eMu) + Re(aou, e*Mu)

N N
= > IFIM2 N Xjul® + 20y " Re(eM ] IV 2Xu, M | £V (X f)u)
j=1 j=1

—Re(iXju, M u) + Re(agu, e?Mu).

Furthermore, since X§ = Xo + dx,, where dx, = —idiv(Xy),
1
Re(iXgu, e®Mu) = 3 [(1XGu, eMu) + (M u,iXGu))
1 . )
= 3 [2A(u, (—iXof)e*Mu) + (e2Mu, —iXou)

+ (2Mu,iXou) + (eQAfu,idxou)}

1
/\((iXof)eAfu, eAfu) + i(ekfu, ieMdx,u),
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and therefore

N
2Re(Pru, M u) > 37 || 126N Xjul?
j=1

N
2N [Re(eM 12X, | 11/26M (3 £)u) | = A((iX0 f)eM u, e u)
j=1

1 .
—i(e)‘fu,ze)‘fdxou) — Jao| He)‘quz, Yu € C§°(Q).

Recall that (H1) states that iXof # 0 on S, which yields that for all zy €
S there exists a compact Ko C ) containing xg in its interior such that
iXof # 0 on Kp, and in particular it has a constant positive or negative
sign in Kg. Hence, if iXyf > 0 in Ky, then we choose A negative so that
—AiXof) = |M|iXof| > ¢o in Ky for some positive constant ¢y, otherwise
if iXof < 0in Ky we choose A positive so that —A(iXof) = |A|[iXof] > co
in Ky. Thus, by choosing A having the appropriate sign, we have

N N
2Re(Pru, M) = 37 1712 X;ul? = 5 Y A2 Xjul?
j=1 j=1

N
Al A A
—7|Hf\1/2||%oo(1(0) Z ”Xij%OO(KO)He Tu)® + col Al eM ul?
=1
—ldxo | e (o le™ ul? = laol o (o) €™ ul?

N
= (1= 6\) Y UMM Xl + (A (<o

Jj=1

L2 Y 5 ldxo oo (r0) + laol oo (i) \ ( af 12
=M1 ey D2 VK Py 5 JeMul?,

j=1

for all u € C§°(Kp). Now we fix A := g (with the sign previously chosen)
such that |A\g| is so big that

 ldxolzee (o) + laol Lo (o)
Al

>

Co
Co —_.
2
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In addition we choose ¢ := 1/(2|\g]|) so that

N
1 c
% 2of 1 1/2_Mof v 0112 0
Re(P*u,e“* u) > 5 ]El I f177=e) Xju|* + |)\0|(—2

N
=2l 1 e r00) D ||Xjf”%oo(1<0)> e ul®

=1

N
€o
> ol(3 = 2Dl 121 iy D 1K e i) bl
j=1

for all u € C§°(Kyp), and in particular for all u € C§°(K) for every compact
K C Ky.

Since xg € Ky and f(z9) = 0, we can find a compact set K C K, sufficiently
small and containig x¢ in its interior such that

—2!>\o!|||f!1/2HLoo(K Zjvl 1X5 £ 15 e &
> 9 = 2lllF 17213 Y X fIILoo(K0 >,

NS

whence
IRe(P*u, €297 u)| > Re(P*u, €22 u) > ]/\0] ”e’\Oqu2 Vu € C°(K),
and finally
M= Praful > ol P M= Jul?, v e € (K).

In conclusion, we have shown that for all zp € S there exist a compact set
K containing x in its interior and a positive constant (depending on the

Compact R—) C = |A0’%e—4/\0”‘f"LOO(f() such that
[P ul > Clul,  Vu € C§°(K).

The latter inequality is exactly the solvability estimate (3.2) that we were
searching for, thus the proof follows directly by once more using standard
functional analysis arguments. ([
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