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ARTICLE INFO ABSTRACT

Communicated by Matteo Novaga We establish the convergence of threshold dynamics-type approximation schemes to propagating
fronts evolving according to an anisotropic mean curvature motion in the presence of a forcing

II;/ISSBC;O term depending on both time and position, thus generalizing the consistency result obtained in
35D40 Ishii, Pires and Souganidis (1999) by extending the results obtained in Caffarelli and Souganidis
35G25 (2010) for a € [1,2) to anisotropic kernels and in the presence of a driving force. The limit
35K10 geometric evolution is of a variational type and can be approximated, at a large scale, by
45L05 eikonal-type equations modeling dislocations dynamics. We prove that it preserves convexity
53E10 under suitable convexity assumptions on the forcing term and that convex evolutions of compact
Keywords: sets are unique. If the initial set is bounded and sufficiently large, and the driving force is
Anisotropic mean curvature flow constant, then the corresponding generalized front propagation is asymptotically similar to the
Approximation schemes Wulff shape.
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1. Introduction
1.1. General discussion

We study the convergence of a class of threshold dynamics-type approximation schemes to hypersurfaces moving with normal
velocity equal to the sum of a multiple of an anisotropic mean curvature and a multiple of a forcing term depending on both
time and position. In order to describe the general scheme considered in this paper and to present the results obtained, we begin
with the following short story. In 1992, Bence, Merriman and Osher introduced a scheme to compute mean curvature motion by
iterating the heat equation [1]. The proofs of the Bence, Merriman, and Osher algorithm were provided by Evans [2] and Barles
and Georgelin [3]. Another proof was given by Ishii for a more general isotropic symmetric kernel [4]. This was generalized by
Ishii, Pires, and Souganidis to the case of anisotropic schemes with kernels having finite second moment [5]. In [6], Sleplev proved
the convergence of a class of nonlocal threshold dynamics. It is also worth noting that Da Lio, Forcadel and Monneau proved that
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the solution of the nonlocal Hamilton-Jacobi equation modeling dislocations dynamics converges, at a large scale, to the solution
of the anisotropic mean curvature motion [7]. The Bence, Merriman, and Osher scheme with kernels associated with the fractional
heat equation with the fractional Laplacian of order « € (0,2) (namely, the heat equations, where the usual Laplacian is replaced
with the fractional one of order « € (0,2)) was considered by Caffarelli and Souganidis [8]. It was proved in [8] that for a € (0,1)
the resulting interface moves with normal velocity, which is nonlocal of “fractional-type”, while for « € [1,2) the resulting interface
moves by weighted mean curvature. The consistency result of [8] was extended in the nonlocal cases (i.e., when « € (0, 1)) to the
anisotropic case with the presence of an external driving force depending only on time by Chambolle, Novaga, and Ruffini [9]. In
the present paper, we extend and improve the algorithm considered in [9] for the cases where a € [1,2). Namely, we generalize the
consistency result obtained in [5] by extending the results obtained in [8] for a € [1,2) to anisotropic kernels and in the presence
of a driving force depending on both time and position. Observe that the kernels P, € C(R") considered in our paper (see (1.1)) do
not satisfy the assumption (3.4) on the measurable kernel f : RY — R from [5], used in the proofs of Lemmas 3.1 and 3.2 from [5]
for the existence of a decreasing function w € C([0, +), [0, +o0)) such that w(R) - 0 as R — +oo and /]RN\ B (© f(x)dx < w(R(0))o,
where R(p) —» +o0o and \/ER(Q) — 0 as o — 0+. However, a careful analysis shows that if « € (1,2), then the proofs of Lemmas
3.1 and 3.2 from [5] can be adapted to our kernels P,, and the constant external force can be replaced by a globally bounded
external force depending on the position. Indeed, replacing the kernel f by P, in the proofs of Lemmas 3.1 and 3.2 from [5] and
choosing R(p) = ¢~? for some 6 € (1/a,1), as we did in the proof of Proposition 3.6 (see (3.29)), and taking into account that
/RN\BR(‘))(O) P,(x)dx behaves like fRN\ Brioy©® P,(x)dx ~ Co’@ as ¢ — 0+, where fa > 1, one can circumvent (3.4) in [5] and replace
the term w(R(0))o by C¢%®. On the other hand, the assumptions (3.2), (3.3), (3.7) from [5] are strongly used in the proofs of Lemmas
3.1 and 3.2 from [5], and our kernels P, do not satisfy them in the case when a = 1. Let us put it more precisely.

1.2. Mathematical setting of the problem

Given a € [1,2), N >2 and a norm N on RV, for each x € RY and ¢ € (0, +), we define
_
1+ N (x)N+a
It is worth noting that locally uniformly in RV \ {0} and hence in LIIOC(]RN \ {0)),

P, (x)= and p,(x,1) = I_% Pa(xt_é). 1.1)

lim 17! p (1) = N(-)~ N+,
t—=0+
We denote by n > 0 the size of the time step and choose o,(h) as follows

{aa(h)zhg if a €(1,2),

(1.2)
h=c2(h)|In(o,(h)| if a=1.

Let £, be an open subset of RN with boundary I}y = d©2; and g € C(RN x [0, +0)). For each n € N\{0}, we define the functions
u,(-,nh) : RN — {~1,1} by induction. In particular,
uy (-, (n+ 1h) = sign(Jy, * uy,(-,nh) + g(-,nh)p(a, h)) in RN,

where u,(-,0) =1 Q~ 153’ sign(r) = 1 if t > 0 and sign(s) = —1 if < 0, 1, denotes the characteristic function of A ¢ RV,

Jp(x) = pa(x, 0,(h)), (1.3)
(see (1.1) and (1.2)) and
1 1 .
S = {Ja(h)a = h2 if ae1,2), 1.4)
o (W In(o, (h)| if a=1.

This algorithm generates functions u,(-, nh) and open sets QZ’h defined by
uy (-, nh) = ]lgz,h - J].(Q:.h)( in RN
and
Q= {xeRN 1 J) #uu(, (n— Dh)x) > —g(x, (n — Dh)p(a, h)}. (1.5)

We shall prove that, when h — 0+, the discrete evolution I') — F:‘h = a.(th converges, in a suitable sense, to the motion Iy — I,
with normal velocity equal to the sum of a multiple of the anisotropic mean curvature (depending on N') and a multiple of the
external force g.

1.3. Main results

The anisotropic mean curvature motion in the presence of the external force g € C(RN X [0, +c0)) that we shall obtain in the
limit corresponds to the level set pde

O,u = p, (Du)(F,(D*u, Du) + g|Du|) in RN x (0, +o0), (1.6)
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supplemented with the initial condition
u(-,0) = uy(-) in RN

for some uniformly continuous function u, : R¥ — R, where for each p € RY \ {0} and for each N x N symmetric real matrix M,

-1
e <1> = <2/ Pa(x)dHN’l(x)> 1.7
Ipl (xERN :(x,p)=0}

(see (1.1)) and

F,(M,p)=tr <MA (%)) (1.8)

p dHN2(6)
A(2)=c a/ Y=Y ke (1.9)
< |P| ) N SN=In{xeRN :(x,p)=0} N.(G)N-H

with

where

+0o
/ NA+NY g if a e (1,2),
CN,a - 0

(1.10)
1 if a=1.

Remark 1.1. If X and Y are symmetric real N X N matrices such that X <Y and p € RV \ {0}, then —F,(X,p) > —F,(Y, p), and
hence —pu,(p)(F, (M, p)+ g|pl) is degenerate elliptic. Also, —u,(p)(F,(M, p)+g|pl|) is geometric (the reader may consult [5,10-12] for
more details on the geometric equations), because M — F,(M, p) is linear and

)4 )4 )4
FM,pp=F,((ld- =@ = | M,— ),
<P (( ] |,,|> |,,|>
which comes from (1.8), (1.9) and the fact that (6 ® 0)(p ® p) = (0, p)0 ® p.

Remark 1.2. In the particular case where N is the usual Euclidean norm, we obtain

» CN,aHN72(SN72)
AT T o o

and hence

CN aHN—Z(SN—Z) » »
F.(M,p) = ’—tr<<m_ LIPS —>M>.
b N-1 ol < 1ol

We recover the classical mean curvature motion up to the factor Cy HN"2(SN=2)y, /(N — 1), where

dHN1(x0)\ ™!
Ha = | 2 —w )
RN-1 1 4 x|
Using the theory of viscosity solutions of Crandall, Ishii, and Lions [13], one can give the precise meaning of a solution of Eq.
(1.6) (see Definition 2.2 and Theorem 2.3). We point out that Eq. (1.6), supplemented with the initial condition u(-, 0) = uy(-) in RN
for some uniformly continuous function u,, admits a unique viscosity solution (see, for instance, [10-12,14]).

Next, we recall that, given a bounded sequence (u(-, nh)),cy of bounded functions, the “half-relaxed” limits liminf, u;, and
lim sup® u;, are defined by

liminf, u,(x,1) := lirynﬁixnf uy,(y, nh),

o e (1.11)
lim sup™ uy,(x,t) := limsup u,(y, nh).
Y

nh—t
Then liminf, u, < limsup®u,. Furthermore, if & = liminf, uj, = limsup® u;, then u, — u locally uniformly as 2 — 0+.
Our main theorem is the following consistency result.

Theorem 1.3. Let u, : RY — R be uniformly continuous, 2y, = {x € RN : uy(x) > 0}, I, = {x € RY : yy(x) = 0},
Q, ={xeRN :ux,0)>0}and I, = {x € RN : u(x,t) = 0}, where u is the unique viscosity solution of (1.6) satisfying the initial
condition u(-,0) = uy(-) in RN. Then

liminf,u, =1 in 2, and limsup*u, =—1 in (£, U I)".
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In particular, since u;, : RY — {—1,1}, Theorem 1.3 asserts that u, — 1 locally uniformly in 2, and u;, - —1 locally uniformly
in (£, U I,)¢ as h — 0+. Namely, the scheme characterizes the evolution of the front I, — I, by assigning the values 1 inside the
region £, and —1 outside the region (£, U I,)°. Whether the regions where u;, converges to 1 and —1 are exactly the regions inside
and outside the front, respectively, depends on whether the fattening phenomenon occurs or not (i.e., whether the front develops
regions of positive measure where u = 0; see [10]). The answer is affirmative if and only if no fattening occurs.

Corollary 1.4. Let u and I, be as in Theorem 1.3. Assume that

U I x {t} =0{(x,1) : u(x,t) >0} =0{(x,) : u(x,t) <0}.

120

Then

F:hx{nh}—)UI‘,x{t}, as h — 0+,

neN >0

in the Hausdorff distance.

Our strategy of the proof, as in [8], is similar to the one in Barles and Georgelin [3], which relies on the general approach
for proving convergence of numerical schemes by viscosity solution methods presented in [15]. The novelty compared to previous
results is that we consider anisotropic kernels that only have a prescribed power decay and establish the limit evolution in the
presence of an external force that depends on both time and position, in contrast to [9], where only time-dependent forcing terms
are considered. In particular, our kernels are not rotation-invariant, in contrast to those considered in [8]. They do not satisfy the
assumptions (3.2), (3.3), (3.7) (if « = 1) and (3.4) (if « € [1,2)) from [5]. Besides the consistency, we estimated the speed of
the scheme applied to a ball (see Proposition 3.1), illustrating the correctness of the chosen scales. We proved that our scheme
is convexity preserving under suitable convexity assumptions on the forcing term (see Corollary 5.3). Thus, the limit geometric
evolution preserves convexity (see Corollary 5.5) under appropriate convexity assumptions on the external force g. We obtain the
estimate (see Proposition 7.2) of the distance between two generalized evolutions with different external forces. Using this estimate,
we provide a different proof of the uniqueness of the evolution of a convex bounded set than in [10] (where the proof is based on
the use of the comparison principle). In general, the inclusion principle and the uniqueness of evolutions follow from the scheme
and the comparison principle (see Remark 7.5). At a more technical point, under appropriate regularity assumptions, we established
several stability results (see Theorems 4.3, 4.4 and Remark 4.5). In particular, the anisotropic fractional mean curvature operator
defined in [9] for a € (0, 1) multiplied by the factor (I — a) converges, as a /' 1, to our anisotropic mean curvature given for a = 1
(see Proposition 4.1). Conversely, our anisotropic mean curvature multiplied by (« — 1) converges as a \, 1 to the anisotropic mean
curvature that we obtain for the case where a = 1 (see Remark 4.2). In dimension 2, we characterized the norm N by the mobility
that we obtain in the limit, and vice versa (see Proposition 3.10). As a consequence, the unit ball of the mobility is as regular as the
unit ball of the norm N, which has at least a Lipschitz regularity, since it is convex. In particular, the mobility can be a crystalline
norm. The anisotropic mean curvature motion (1.6), where g = 0, is of a variational type and can be approximated, at a large scale,
by eikonal-type equations modeling dislocations dynamics (see Theorem 4.6). We also point out that if the initial set is bounded
and large enough, the corresponding front propagation, under appropriate assumptions, is asymptotically similar to the Wulff shape
(see Theorem 8.1).

2. Preliminaries
2.1. Conventions and notation

Conventions: in this paper, we say that a value is positive if it is strictly greater than zero, and a value is nonnegative if it is greater
than or equal to zero. Euclidean spaces are endowed with the Euclidean inner product (-, -). We shall denote by N an integer greater
than or equal to 2. The symbol N will denote a norm on R¥. A set will be called a domain whenever it is open and connected. The
Hausdorff measures, which we shall use, coincide in terms of normalization with the appropriate outer Lebesgue measures.

Notation: we denote the set of N X N symmetric real matrices by Mg ;;N . We denote by B,(x), E,(x), and 0B, (x), respectively, the
open ball in RY, the closed ball in RY, and its boundary the (N — 1)-sphere with center x and radius r. If the center is at the origin
0, we write B,, B, and 0B, the corresponding balls and the (N — 1)-sphere. We shall denote by S¥~! and S¥~2 the (N — 1)-sphere
and the (N — 2)-sphere with center at the origin and radius 1, respectively. We denote by dist(x, A) and H'(A), respectively, the
Euclidean distance from x € RN to A ¢ R" and the /-dimensional Hausdorff measure of A. If U c RV is Lebesgue measurable, then
for p € [1,+c0), LP(U) will denote the space consisting of all real measurable functions on U that are p"-power integrable on U.
By L]]OC(U ) we denote the space of functions u such that u € L'(V) for all V' € U. We shall also write wy_; and wy_, instead of
HN-1(SN-1y and HN-2(SN—2), respectively. The space of bounded continuous functions on [0, +c0) will be denoted by C,([0, +00)).
If g € C,([0, +0)), then ||g||,, will denote the supremum of |g|. For each p € RN \ {0}, p* will denote the orthogonal complement
of {p}, namely, pt = {x € RN : (x,p) = 0}. We use the standard notation for Sobolev spaces.
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2.2. Definitions
We begin with the definition of a norm.

Definition 2.1. A norm on R” is a function &' : RN — [0, +c0) that satisfies the following properties

* N(x) =0« x =0 (N is positive definite);
+ N'(4x) = |A|N(x) for each 41 € R and x € RN (N is positive 1-homogeneous and even);
« N(x+y) < N(x) + N(p) for each x,y € RY (N is subadditive).

It is well know that for each norm N on R¥ there exists a constant C = C(N') > 1 such that for each x € RY,
x| S N(x) < Clxl. @1
Next, we recall the definition of a viscosity solution of (1.6). We denote by [F,]* and [F,], the upper and lower semicontinuous
envelopes of F,, respectively.
Definition 2.2. A locally bounded upper semicontinuous function u : RN x [0,4+00) — R is a viscosity subsolution of (1.6) if for

every (x,1,) and every test function ¢ € C2(RY x (0, +0)) such that u — ¢ has a maximum at (x, ),

9,p(xg, 1) < pae(Dp(x, fo))([Fa]*(D2<P(Xo, 1), Dp(x¢, 19)) + g(x0, 19)| Dp(xg, 1p)1)- (2.2)

A locally bounded lower semicontinuous function u : RN x [0, +c0) — R is a viscosity supersolution of (1.6) if for every (x,,) and
every test function ¢ € C2(RY x (0, +0)) such that u — ¢ has a minimum at (x, ,),

0,9(x, 1) = o (Dp(x, fo))([Fa]s,\.(DZ(P(Xoa 19), Do(x¢. tg)) + g(x0, 1) Dp(xg. tp)). (2.3)
A continuous function u : RY x [0, +c0) — R is a viscosity solution of (1.6) if it is a subsolution and a supersolution of (1.6).

For the theory of viscosity solutions, the reader may consult [13]. We shall use an equivalent definition which eliminates the
difficulty related to the fact that | Dgp| may be equal to zero.

Theorem 2.3. In Definition 2.2, the condition (2.2) can be replaced by

0,0(x¢, 1) < po(De(xg, fo))(Fa(Dz(P(xos 1), Dp(x¢, 1)) + g(xg, 19)| Dp(xg, o)1) (2.4)
if |Do(xg, 19)| # 0 or
0,0(x,19) <0 if | Dp(xg,10)| =0 and D*@(xy, 1) = 0, (2.5)

and the condition (2.3) by

0,0(x¢, 1) = po(D(xg, To))(Fa(D2(P(X0, 10)> Dp(x¢, 1)) + g(xg, 10)| Dp(xg, 10)1) (2.6)
if | Dg(xo, to)| # 0 or
0,0(x¢,19) = 0 if |De(xg,1y)| =0 and D2<p(x0,10) =0, 2.7)

and the definition remains equivalent.

Proof. The reader may consult the proof of [3, Proposition 2.2], which adapts here without any difficulty. []

Next, we recall the definition of the generalized evolution corresponding to (1.6). Let F and O denote, respectively, the collection
of closed and open subsets of RV. Let £, be an open subset of RV and let u, : RY — R be a uniformly continuous function. Assume
that Q) = {x € RN : yy(x) > 0} and I, = {x € RN : uy(x) = 0}. Let u be a unique viscosity solution of Eq. (1.6) supplemented with
the initial condition u(-,0) = uy(-) in RY. We define @, = {x € RY : u(x,1) > 0} and I, = {x € RN : u(x,t) = 0}. We also define the
maps X, : F—> Fand O, : O - O by X,(Q,u Iy =l and O,(2)) = 2,.

Definition 2.4. The collections { X, },5( and {0, },,, are called the generalized evolutions with normal velocity v(—D( %), _ILD)_L;I’

= p, (- Ig:\ )(_ui_mFﬂ(Dzu’ Du) + g(x,1)), where y, is defined in (1.7) and F, is defined in (1.8).

x,t)

3. Convergence of the discrete flows
3.1. The speed of balls

In this subsection, we estimate the speed of the scheme applied to a ball. This provides us with a control on the (bounded) speed
at which the balls decrease with the discrete flow.
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Proposition 3.1. Leta € [1,2), r > 0, x, € RN and g € C,([0, +o0)). There exist constants A; = A;(a, N,N)> 0, Ay = Ay(a, N,N) >0
and hy = hy(a, 1, |glles N, N') > 0 such that for h € (0, hy) and 7 = A, /r + A, ||g|l«, the following holds. If a = 1, then

I # (g (xp) = Lae(x) 2 18lleo1 | In(o)] in B, (x0) (3.1)

and

Jp (]lBr(Xo) - lgg(xo)) < =llgllworlIn(e)] in B, 4(xp) \E,(xo). (3.2)

If a €(1,2), then

1,
Jn# (A (xp) = LBe(xg) Z I8lloh? in B,_;(x0) 3.3

and

[ —=
T % (L o) = Lpeieg) < —llglloh? i Byy (xg) \ Boxo). 3.4

Remark 3.2. In [9], for each « € (0,1) and for each set E ¢ RV of class C"!, the authors define the anisotropic fractional mean
curvature at x € 0E by

Ip(y) — 1g(y)
RV N (y—x)N+a

where the role of the “—" sign is to ensure that convex sets have nonnegative curvature (for a rigorous explanation of this definition,
the reader may consult [16, Subsection 2.2] and, in particular, [16, Lemma 1]). We point out that this definition of the anisotropic
mean curvature is no longer valid in the case where a € [1,2), since [16, Lemma 1] is false in this case (see [16, Remark 1]), and
the anisotropic a-stable Lévy measure # on RY does not satisfy the assumption (A3) in [16].

— Kk (x, E)= dy, (3.5)

Proof. To lighten the notation, denote e = (1,0, ...,0) € RN and B = B,(re). Up to a translation, we assume that x,, = 0. A little later
in Corollary 5.3 we shall prove that the superlevel sets of the function Jj, * (15 —15c) are convex. Thus, to obtain the desired lower
bound for J, # (15 —1p) in the ball ‘B,_, for fairly small 7 € (0, 1), it suffices to obtain the same estimate for J, * (1 B, —lp)ondB,_,.
Inasmuch as N is even, N'(x) = N (-x) for each x € RV, and in view of (2.1), to deduce the desired estimate for J,, * (1 B, — Lpe)
on dB,_,, it is enough to estimate J;, * (15 — L) at the point fe. According to (1.3),

o, (h)

Jp(y) = i (3.6)
o (W)« + N(pN+e
for each y € RN. Since N'(y) = N'(—y) for each y € RV,
dy dy
/ N+a =/ N+a : (3'7)
B o (h)« + N(y)N+a “Bo, (W) + N(pN+e
Using (3.6) and (3.7), we have
d
Gulhy 1y % (1 — 1 5)(0) = -/ 4y
RN \(-BUB) O'n(h)T +.N'(y)N+"
> —/ dy _/ Y
" By \-BUB) Ga(h)% F NN+ TBL N (y)N+a (3.8)

3 / dy CN+a(,0N_1
Buin(1,r) \(~BUB) (;a(h)% + N (y)N+a amin{l, r}®

where C = C(N) > 1 is the constant coming from (2.1). To lighten the notation, hereinafter in this proof, we shall simply write &
instead of o,(h). We consider the next cases.

Case 1: a = 1. Then, defining C, = (Byin1,4 \ (~BUB)) N {x € RN : dist(x, {te : t € R}) = o}, using the coarea formula (see [17,
Theorem 3.2.22 (3)]) and (2.1), we obtain the following

/ dy /min(l,r) dHN_l(y)
4y do / AT »)
B \(=BUB) oN+l1 +J\/‘(y)N+1 0 c, oN+l1 +./\f(y)N+l

'min{1,r
ZCNJrl /mln{],r) ()N do
= ON_» PR, S S—
r 0 (CoyN+! 4 N+ (3.9)

2N (Co)N*! 4+ min{1, r}V+!
(N +1) N2 (Co)N+l1
3 oN+

r

IA

IA

IA

wpn_s|In(o)]
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provided that ¢ > 0 is small enough depending on r, N and C, where C = C(N') > 1 is the constant coming from (2.1). Combining
(3.8) and (3.9), we get

1 3 AN+ Moy
o~ Jh*(]lB—]ch)(O)Z—;C * G)N_len(ﬂ)l—m (3.10)
provided that ¢ > 0 is small enough depending on r, N and C. Next, we want to estimate DJ, * (15 — 1p.) at the point re, where
[t| < f(o)and f(o) is large enough with respect to . Taking into account (3.10) and carefully performing preliminary computations,
one can conclude that it is enough to consider f(¢) = ¢?|In(c)| for some 0 € (1,2). Let us fix t = s6?| In(c)|, where s € [-1,1]. We
have

) _ (v,e) dHN=1(x)
G :=(DJ), + (1 - Lg)(te),c e) = —2/33 SN 3 NN

where v : dB — SN~! stands for the outward pointing unit normal vector field to dB. Performing the change of variables x = oy
and denoting the ball B__i,(c"'re) by 0! B, we deduce that

G:—2/ NNy, e) dHN 1 (y)
ae-18) oNTI(1 + N (s6?1|In(o)|e — y)N+1)

2 (v.e)dHN"'(y)

) /d(g-u 5 1+ N(so?1[In(o)e — y)N+1’

where v is the outward pointing unit normal vector field to d(c~'B). Let R > 1 and B° be the ball with center at the origin and
N-1
radius Ro~ N+1. If y € (B°)¢, then

N-1 N-1
5o In(@)le = 31 = Ro™ 71 =0~ [1n(a)] = R o5t @11

provided that ¢ > 0 is small enough depending on 6, R and N. Thus, using (2.1) and (3.11), we obtain the following estimate

2/ (v.e) dHN1(y)
ae-1B\Be 1+ N(sa?~!|In(c)|e — y)N+!

—(N-1),.N-1 N-1
206~ (N=Dp ON_1 2r' " on_y

l+(%a_%)1\/“ GN—l_,_(%)NH’

which can be made arbitrarily small by choosing R large enough depending on r, N and C. On the other hand, if ¢ > 0 is small
enough (depending on r, N and C) and y € d(¢~' B)n B°, then we can assume that ¢~ '~ is large enough with respect to Ra_% SO
that (s,e) < —1/2. This implies that

. / ey duNly) / dHN ()
ol ol

-1Bne 1+ N (so?!In(e)|le — YNt = Jao-1npe 1+ N(se?~!|In(o)|e — y)N+!

N-1
_>/ M:: 2rl>0
et T+ NN+

as h — 0+. Altogether, we have proved that if R is large enough, there exists i, > 0 depending on r, §, N, N and C such that if
h € (0, hy) (recall that i = ¢?|In(c)|), then (3.10) holds and

(DJ,, % (1 — 1ge)te), ) > g (3.12)
whenever |t| < 6| In(s)|. Choosing 8 = 3/2, A, =4CN*wy_,/n, A, =1/4,

T= % + Ayllglles =707 [In(0)]
and (possibly) reducing 4, we have that |t| < ¢|In(c)| and

Ty % (L — Lgo)te) = Jy + (L — 1) 0) +(DJy, # (L — 1 ge)te). te) + o(t) > 1gll o] In(0)] (3.13)

if h € (0, hy), where we have used Taylor’s expansion for Jj, * (1 — 1p)(0). Notice that = and A, depend on r, ||g|l,, N, N and
C. Inasmuch as C depends only on N, we can assume that r and h, depend only on r, ||gll,, N and M. This implies (3.1). On the
other hand, taking into account that J;, % (15 — 1:)(0) < 0 (see (3.8)) and (3.12), we have

Jp# (g —1pge)(—te) =Jp # (1p — 1pe)(0) = (DJ), * (1 g — Lpe)(—te), te) + o(t) < —||g|l 0| In(o)].

Thus, (3.2) is satisfied.

Case 2: « € (1,2). Let C,, be defined as in Case 1. We recall that ¢ = h% and C = C(N) > 1 is the constant coming from (2.1). Using
N+a N+a N+a
the coarea formula (see [17, Theorem 3.2.22 (3)]), (2.1) and the facts that (C2h + oz)T+ < ZTJF_'((CZh)T+ + oM+ (by Jensen’s



B. Bulanyi and B. Ruffini Nonlinear Analysis 261 (2025) 113899

inequality), C > 1 and also (h% +0)> < 2(h + ¢%) (by Jensen’s inequality), we deduce that

d min{1,r} dHN71
/ . / do / —<Y>
Buin(1,,) \(=BUB) 5 +./\f(y)N+“ 0 Co h2 2 +./\f(y)N+“

2 N min{1,r} (’N
=3¢ +"‘”N—2/ e
0 (Czh) 7 +0N+a

1 N
S 2 : CN+nth72/ O—Mdo
0 (h+o¥) 2 (3.14)
2 N+a ! 2-%

STC ON_> 0(h+o) 2do

N Ly
< QZTCNWwN_Z/O (h? +0) ™ do

Nt L ) I-a
_22 N+, h2 —(1+h2)

r N= a—1 ’

Combining (3.8) and (3.14), we get

N a=1 a
22% hz((1+hz)“1 h7) CN*oy  h2
Jp % (g — Lge)(0) 2 —=——CN*g -
nxdp = Lpe)0) 2 r PN amin{l,r}*

(@= DA + Ryt (3.15)
2%+QCN+awN—2hl CN-leN_]hj
— 2 —
= (a—Dr aminf1,r}o ’

where we have used that (1 + h%)”(‘l <l+ h% (by subadditivity, since (a« — 1) € (0, 1)). It is worth noting that if « is close enough
to 1, then

h3(h'T — (1 + A1)l

a—1

(this allows us to compare (3.15) with (3.10) when a > 1 is close enough to 1). Next, we want to estimate DJ, % (1p — 1) at
the point te, where |7| < f(h) and f(h) is large enough with respect to A. In view of (3.15) and our preliminary computations, we
conclude that it is enough to consider f(h) = h# provided that 4 > 0 is small enough. Let us fix ¢t = sh¥, where s € [-1,1]. We
have

a 1 1
~ h?|In(h?)| = o|In(c7)| = o In(o)|

/ (v,e) dHN=1(x)
B

G :=(DJ), x (1 — Lge)(te),c7e) =2 e .
h™2 4+ N(te — x)N+o

1 1 1
Performing the change of variables x = 42 y and denoting the ball B | (h™ 2re) by h™ 2 B, we deduce that
h 2r

G=—2/ 1 Nﬁ¥<v’e>d7wl(y)
o(h” 2 B) h™2 (14 N(shie— y)N+a)

__ 2 / (v ey dHN"(y)
5 Jon T 14 N(she— pVa

N-1
Let R > 1 and B” be the ball with center at the origin and radius Rh™ 23+ , If y € (B")¢, then
« _ Nl 4 R __N-L
|shie—y| > Rh XN+ — ph3 > Eh AN+a) (3.16)
provided that 4 > 0 is small enough depending on «, R and N. Thus, using (2.1) and (3.16), we obtain the following estimate

2h~ 77 N1y, _ 2rV"lay
N-L R ’
1 +( h 2(N+a))N+(1 h 2 + (_)N+a

. (v,e) dHN ()
1 a
WTIBNBY | 4 N(shie—yNta|

which can be made arbitrarily small by choosing R large enough depending on «, r, N and C. On the other hand, if » > 0 is small

enough (depending on «, , N and C) and y € d(h™ 2 B)n B", then we can assume that 7~ 3 r is large enough with respect to Rh~ Z(Nﬂ')
so that {(c,e) < —1/2. This implies that

N-1 -
. / (o) dHN ) / 1 dHN ' (y)
a a

1 a -2 a
(h"2BNB! | 4+ N(shie—y)N+e  Jon 2BNBY 1 4 N'(shie— y)N+e

)
_— =:2n>0
- /eL T+ NN+
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as h — 0+. Altogether, if R is large enough, there exists hy = hy(a,r, N,C) > 0 such that if » € (0, h), then (3.15) holds and
1
(DJy # (1 — 1pe)(te),e) > nh™ 2 (3.17)
Zta : N oratl
whenever |t| < h™# . Setting A, =22 CN* gy 5 /(@— 1)), Ay =1/7,

A
T= +Asllglles t=7h

2+a
and (possibly) reducing h,, we have that |¢| < A7E and
1
Jpx (L = Lge)(te) = Jp x (L — Lpe)(0) + (DJj * (1 — Le)(te), te) + o(t) 2 |Iglloh2

if h € (0, hy), where we have used Taylor’s expansion of J, % (15 — 1pc)(0) at te. Let us point out that r and A, depend on a, r,
llgllews N, N and C. Inasmuch as C depends only on N, we can assume that 7 and h, depend only on a, r, ||g|l,, N and N. We
can also assume that A; and A, depend only on @, N and W' This yields (3.3). Furthermore, observing that J;, * (15 — 1.)(0) <0
(see (3.8)) and taking into account (3.17), we have

1
Jyx (g —Lge)—te)=Jp, % (1g — L)) — (DJy, * (Lg — Lge)(—te), te) + o(t) < —||gllch2,

and hence (3.4) is satisfied. This completes our proof of Proposition 3.1. []

Corollary 3.3. Let a € [1,2), r > 0, x; € RN, g € C,([0,+0)) and for each x € RY, uy(x,0) = Lp (;y(x) = Lpe(y,,(x). Let
A} = Aj(a, N,N) > 0, Ay = Ay(a, N,N) > 0 and hy = hy(a,r, ||glle. N, N') > 0 be the constants of Proposition 3.1. If h € (0, hy),
then

up(snh) 2 ]lBr/z(Xo)(.) - ]'Bf/z(xo)(') in RN

as long as

r2

nhh< ———.
241 + Ayrliglle

In particular, if € > 0 is small enough and r € (¢, 2¢), then nh < r*/(2A; + Azellgll)-

We shall denote by sign™ and sign, the upper semicontinuous envelope and the lower semicontinuous envelope, respectively, of
the sign function in R, namely,

- 1 ifr>0,
sign™(t) = |

otherwise

and

. 1 if >0,
sign, (1) = |

otherwise.

The key ingredient in the proof of Theorem 1.3 is the following

Proposition 3.4. The functions limsup* u;, and liminf, u;, defined in (1.11) are, respectively, a viscosity subsolution and a viscosity
supersolution of (1.6).

Proof. We only prove that limsup®u, is a subsolution, since the proof that liminf, u;, is a supersolution follows similarly. Let
@ € C?(RVN x (0,+00)). Assume that (xy,1;) € RV x (0,+c0) is a strict global maximum point of limsup* u, — . Without loss of
generality, we assume that

lim  ¢(x,t) = +o0, (3.18)
|x|+]t] =400

which will eliminate technical difficulties coming from the unboundedness of the domain. Indeed, we can replace ¢ by the function
@ (x,1) = p(x, t)+e(|x — x0|2+ |t — t0|2) and prove the main inequality for ¢,, which in the limit, as ¢ - 0+, yields the same inequality
for ¢.

If lim sup® uy(xy,7,) = —1, then, since limsup® u;, is upper semicontinuous and takes values in {—1,1}, limsup*u, = —1 in a
neighborhood of (x,#), and hence | D(x, t5)| = 0 and 9,¢(x, 1y) = 0, which yields (2.2). Similarly, if (x,,#,) belongs to the interior
of the set {limsup* u;, = 1}, (2.2) is satisfied at (x,, 7). Thus, assume that (x,, 7,) belongs to the boundary of the set {lim sup® u), = 1}.

Notice that limsup*u, = limsup®u;, and hence we can replace u;, with u}, which is upper semicontinuous. In view of (3.18)
and [18, Lemma A.3], there exists a subsequence (x,,n,h) converging to (xy, ;) such that

uy, (xp, nyph) — @(xp, nph) = H{yv%(u;‘, - )

and
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uy (xp,nph) = 1,

where we have used that u; is upper semicontinuous. The latter, together with the fact that u; takes values in {~1, 1}, implies that

uy (xp, nph) = 1 for h small enough. Furthermore, for such 4, since (x;,n,h) is a maximum point,

uy (x, nh) < 1+ @(x,nh) — @(xp, ny,h) (3.19)
for all x e RN and n e N. If uy(x,nh) =1, then (3.19) yields @(x, nh) — ¢(x;,, n,h) > 0 and hence

uy (x, nh) < sign*(@(x, nh) — @(xp, nyh)). (3.20)
Clearly, the above inequality also holds when uy(x,nh) = —1. By definition, for each x € RV,

up(x, nph) = sign(Jy, * up(, (ny = D) + g€, (n, = D), 1)(x)
(see (3.6) for the definition of J,) and hence

up(x,nyh) < sign*(Jy, * upC, (n, — D) + g(, (n, = D), W)().
Since the right hand-side in the above inequality is upper semicontinuous, we observe that

u, (x, nyh) < sign™(Jy, # u, (-, (n, — Dh) + gC, (ny, = Dh)f(a, )(x).
Using this property with x = x;, (3.20) and the monotonicity of the sign* function, we have

L= uj(xy, nph) < sign™(Jy, * uj, (-, (n, = DR) + gC, (n, — DI)B(a, h)(xp)
< sign®(Jy, * sign®(@(, (n, = Dh) = @Cxp, nyh)) + gC, (ny, = DB(ar, ) (xp),

which is equivalent to the fact that
Jp # (15 = 171, (g, = Dh) = @Cxp, nyg ) (xp) + &(xp, (ny, = D)P(a, b) 2 0,
namely
= g(xp, (n, — DW)B(a, h) < /]RN (1% = 17 U@y + x4, (ny, — DA) = @Cxp ny M) (1) dy, (3.21)

where 1* and 1~ denote, respectively, the characteristic functions of [0, +c0) and (—0,0). To complete our proof of Proposition
3.4, we need to show that (3.21) implies (2.4) if | Dg(x,, )| # 0 or (2.5) if | Dp(x.1y)| = 0 and Dzrp(xo,to) = 0. This is exactly the
consistency of the scheme, which follows from Propositions 3.6 and 3.7. []

Proof of Theorem 1.3. Let u be as in the statement. Then sign*(u(x,)) and sign, (u(x, 7)) are the maximal upper semicontinuous
subsolution and the minimal lower semicontinuous supersolution of (1.6) supplemented with the initial datum 17 — 155 and
1 2~ 1 a0 respectively (see [10] for the proof). This, together with Proposition 3.4, implies that

lim sup*u,,(x, 1) < sign*(u(x,1) in RN x (0, +o0) (3.22)
and
lim inf ,uy, (x, ) > sign, (u(x, 7)) in RN x (0, +o0). (3.23)

Since u;, takes only values in {—1, 1}, (3.22) implies that limsup® u,, = —1 in (£, U I},)°, while (3.23) yields liminf, u, = 1 in ,. This
completes the proof of Theorem 1.3. []

3.2. The consistency

The next lemma will be used in the proof of the consistency result Proposition 3.6.
Lemma 3.5. Letac(1,2),a€R, A€ Mé‘}’,;;l”, E € SO(N) and A : [0,1] — R be defined by
Als) = /RN [1% = 171(x; + sy (x) P,(Ex) dx,
where y(x) = (Ax,x) — a. Then
As) =2s <tr << / 0,x") ® (0, x") P, (E(0, x’))dx') A) -a / P,(E0,x)) dx’) + o(s),
RN-1 RN-1

where we denote x = (x;,x’) for each x € RV.

10
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Proof. Define P(-) = P,(E-). We prove that 1'(0) exists. Since 1* + 1~ =1 and P € L'(RY) (see (1.1), (2.1)), it is enough to prove
that #'(0) exists, where

n(s) =/ 17 (xy + sy (x) P(x) dx,
RN
since, once the latter is satisfied, we have A'(0) = 2#/(0). For each & > 0 small enough and for each s € [0, 1], we define
n.(s) = / L1 4 tann) <LW(X)> P(x)dx.
RN 2 &

Using (1.1), (2.1) and standard results, we observe that , € C'(0, 1), #, — n pointwise in [0, 1] and

né(s):/ i(l—tanh2)<w>w(x)f>(x)dx.
2¢e I3

RN

Applying Fubini’s theorem, we deduce that 112 € L1(0,1), and hence 7, is absolutely continuous on [0, 1]. Inasmuch as

101 — cant) (%W) =0, <(1 + tanh) (—xl * s"’“”))

&
_ 1(1 ~ tanh?) <x1 + sW(x)) 50, ()
& &

and 7,(t) — n,(0) = 0’ n.(s) ds, the following holds
t
1) = 1,(0) = /0 /]R 2o, ((1 + tanh) (M)) Y(OP() dx ds

—// i(l—tanh2)<w>s(axly/(x))y/(x)P(x)dxds.
o JrN 2¢e 3

We integrate by parts with respect to the variable x, in the first integral in (3.24), and then, using Fubini’s theorem, we integrate
by parts with respect to the variable s in the second integral in (3.24) to obtain

(3.24)

t
7.(8) = 1,(0) = — / / L1 + tanh) (me) d, (w(x)P(x))dxds
0 RN 2 E 1

—z/ L1 + tanh) <L“"(X)> 0, w(x)P(x)dx
RN 2 E 1

t
+/ / 1(1+tanh)<m>ax w(x)P(x)dxds.
o JrN 2 £ !

Letting ¢ tend to 0+, using Lebesgue’s dominated convergence theorem, (1.1) and (2.1), yields
t
n0 =10 == [ [ 18+ s, P axds
o Jr
- t/ 1%(x; + 1y (x))0y, w(x)P(x) dx (3.25)
RN

1
+/ / 1% (x, +su/(x))0xly/(x)P(x)dx ds.
0 JRN

Applying Lebesgue’s dominated convergence theorem again, one can see that all the integrals over RY in (3.25) are continuous
functions of s or 7. Thus,

70 =— /}R L G)0, W R)P)) dx

+oo
= —/ / 0y, (W(x)P(x)) dx, dx’' (3.26)
RN-1 Jo

/R WO PO dx',

where we have used (1.1), (2.1). Since P(x) = P(—x) for each x € RV (this comes from the fact that A is even), we have 1(0) =0
and hence A(s) = A/(0)s + o(s) = 21’ (0)s + o(s). This, together with (3.26), completes our proof of Lemma 3.5. []

Proposition 3.6. Let (x,1,) and ¢ € C2(RY x (0,+c0)) be as in the proof of Proposition 3.4. Assume that a € (1,2) and (3.21) holds. If
|Dp(xg, 10)| # 0, then (2.4) holds. If | Dp(xg, 10)] = 0 and D2p(xy,t9) = 0, then d,¢(xq, t) < O.

Proof. We consider the next cases.

Case 1: |Dp(xg,1y)| # 0. Setting ¢ := o,(h), t), := nyh, @,(n,1) = @y + x,,1) — @(x;,1,) and changing the variables (see (1.1) and
(1.2)), in view of (3.21), (1.3) and (1.4), we obtain

1 1
- glxp. 1 —Moe < /RN[]I+ = 1" Keploay, i, — )P, (y)dy. (3.27)

11
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a 1
Since @), € C2(RY x (0, +00)), ¢,(0,1,) =0 and ¢ = h2, we expand @, (c 7 y,t, — h) as follows
1 1 2 1
pplocay,ty —h) = ca(Dp(xy,1y),y) + o a (=0,p(xp, 1,) + E(Dzw(xh, )Y, ¥))
2 21 2
+oa (0o +oa|y))(|y]” + 1))
Denote p, = Dp(xp, 1), @y = 0,9(xy. 1) and Ay, = 3 D*g(xy, 1;,). Then
1 1 2 21
Pn(cy,ty—h) =65 (py, y) + 0 (—ay + (Apy,y) + O((c = + o |y(y|* + D).

After a rotation and a change of variables, we may assume that p, = §,(1,0,...,0), where g, = |p,|. We denote by Xh the matrix we
obtain from A, after the rotation. The integration in (3.27) is taking place over the sets C, and C;, where

1 2 ~ 2 1
Cp={(yeRY oy +oa(—ay+(A;y,3) + O((ca +oa|y)(|yl* + 1)) > 0}.
Since g, > By := |Do(x.1y)| > 0 as h — 0+, B;, > 0 for each h > 0 small enough. Thus,
1 ~ 2 1
Ch={y€RN iy +0uf; (=ap+ (A, y) + O(c = + o |y])(|yl* + 1)) > 0}.
Using that A, — A and a;, — a as h — 0+, we get
1 ~ 2 1
Ch={y RN iy +0ef; (—a+(Ay.y) + O((c + o |yD(y|* + 1)) + o(1)(|y* + 1)) > 0},

where A is the rotated matrix A and a = 0,0(x¢, 1), namely A = EAE" for some E € SO(N). After all, we deduce the following

gty — ot < /]R 1 - 1I#,0)PO Ay

(3.28)
= (17 = 171P, () P() dy+/ (17 = 171(P, () P(y) dy.
By B,
where for each y e RV,
1o~ 21
Py =y + 07 B, ((Ay, ) —a+O((ex + oz [y(yI* + 1)+ o(1)(IyI* + 1))
and P(y) = P,(ETy). Let 6 € (1/a,1) and R = 0'_%. Taking into account (1.1) and (2.1), we observe that
1 1 1
o @ / (1" - 171, () P(y)dy < o™ / P(y)dy < CN¥6a / IyI™N="dy
B By Bk
N+a 1
=< wy_j6 aR™® (3.29)
CN+a g,l
= WN_10 @,

2
which tends to 0 as 2 — 0+ (recall that 6« = h and C > 1 is the constant coming from (2.1)). Fix y > 0. Then for each A > 0 small
enough and for each y € By,

¥,(») < @,(y), (3.30)
where

D) =y + 05 B (A+71d)y,y) —a+7), 3.31)
since for each y € By,

O((o s + o [y + 1) + oDyl +1) = 0o & (y12 + 1)) + o(D)(Iyl> + 1) < y(Iyl> + 1). (3.32)

Inasmuch as [1* — 17] is nondecreasing, (3.30) implies that

/ (17 - 171, P dy < / (17 - 17)(@,(»)P(y) dy, (3.33)
Br

Bg
which, together with (3.28), (3.29) and the facts that (3.29) holds also with ¥, replaced by @, and (x,,;,) = (x(.t,) as h - 0+, we
deduce the following

1
= 8(xg,1p) < ;,111& o a /IRN[JIJ' —17)(@,(»P(y)dy. (3.39)

Applying Lemma 3.5 with w(y) = (A + yId)y,y) — (a—7), s = aéﬂ“

. and with P, replaced by P, yields

/ [1* = 1)@, () P) dy = 204 i tr (( / 0.x") ® (0. x")P((0, x’))dx’) (A + rId)>
RN RN—]
| : (3.35)
-2a;ﬂ;1(a-y)/ P((0,x"))dx" +o(ca B, ").

RN—I

12
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Recalling that g, = |Dg(x,,1,)| > 0 for each 2 > 0 small enough, g, — f, > 0 and gathering together (3.34) and the above equality,
we get

—g(xp,10)fy < 21r <</ 0,x") ® (0, x")P((0, X’))dx'> (A+ ﬂd))
RN-1
-2(a— 7)/ P((0,x") dx’,
RN-1

where x = (x;,x') € RV, Letting y tend to 0+, one has

a<u, <tr << / 0.x") ® (0, x")P((0,x")) dx’) 25) + g(xq, to>ﬂo>
RN-1

=0 Hall + e 8(X0510)By,

(3.36)

where y1, = 2 fpv-1 P(0,x"))dx")™! € (0, +00).

Since ET(1,0") = III;:X—O’:OII =: ¢ and E € SO(N), changing the variables and recalling that A = EAET, P(-) = P,(ET-), we obtain
010

n=tr << / ET0,x") ® ET(0,x)P,(ET (0, x’))dx’> 2A>
RN-1

=tr <</ x®xPn(x)dHN_1(x)> 2A>,
el

where A = %Dz(p(xo, to). Using (1.1), [17, Theorem 3.2.22 (3)] and changing the variables (namely, r = rA'(9)), one has

+oo N dHN—Z(e)
P (x) dHN "\ (x) = / LA / po )
/eJ. X@x Fo(x) @) 0 1 4 ¢N+a SN—1nel ® N (@)N+1

dHN2(9)
=C 0Q0 ————.
N /SNWL B0 N
Thus, (3.36) yields the desired inequality (2.4) for ¢ at (xg.?;).
Next, we assume that | Dg(x, ty)| = 0, D*@(x,,t,) = 0 and §;, — 0 as h — 0+. We need to distinguish between three further cases.

1
Case 2.1: along some subsequence f, # 0 and o« ﬁ;l — 0. Then, in view of (3.28), (3.29), (3.33) and the fact that (3.29) holds also
with ¥, replaced by @,, we have

1
= lim — - < 1 T 1"
0 hlg& g(xp,t, — h)B, _hlir&a Bn /R N[]l 171(@,(»)P(y) dy,

which, together with (3.35) and the fact that D?@(x,, ;) = 0, yields that 9,¢(x,, ty) < 0.

1
Case 2.2: along some subsequence f, =0 or o« ﬁ;l — +o00. Assume that a;, — 9,¢(xy, 1) > 0. Then the characteristic function of the
set

(YERY : oy + 07 (=ay + (A3, 9) + 0ot +o5 |yD(IyP + 1) > 0},

which is the same as the set
(Y ERY : 07 By — ay + (A0 y) + O + o7 ¥y + 1) > 0},

pointwise converges to the constant function 0. Using this, (3.27) and Lebesgue’s dominated convergence theorem, we obtain
/]R Rdy<2 /]R 1@ty — P,0) Y + gty — BT = 0

as h — 0+, which leads to a contradiction with the fact that fRN P,(y)dy> 0.

Case 2.3: along some subsequence 0'% ﬂ;l — B> 0. Then the characteristic function of the set
YERY : oy + 0 (—ay + (A 3) + 0o s+ [¥(IyI> + 1) 2 0J,

which is the same as the set
(YERY : y, 408 7 (—ay + (A, y) + Ot + o7 YDy + 1) > 0},

pointwise converges to the characteristic function of the set
{y eRN @y — po,p(xy. 19) > 0}.

But we know that

1 1
/ P,y dy— 2/ 1H(@p(oa y 1y = )P, dy < glxp, 1y — h)o e
RN RN

13
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(see (3.27)). Thus, letting » — 0+ and applying Lebesgue’s dominated convergence theorem, we obtain

/ P,(»)dy— 2/ 1*(y; — B, p(x, 10)) P, (») dy < 0.
RN RN
Therefore,

0,¢(xq,t9) < 0.

This completes our proof of Proposition 3.6. []

Proposition 3.7. Let (xy,t;) and ¢ € C2RN x (0,+00)) be as in the proof of Proposition 3.4. Assume that « = 1 and (3.21) holds. If
| D@(xg,to)| # 0, then (2.4) holds with a = 1. If | D@(xy,to)| = 0 and D?>@(xy,to) = 0, then 9,¢(x, 1) < 0.

Proof. We consider the next cases.

Case 1: |Do(xg,tg)| # 0. Setting o := oy(h), t;, := nyh, @,(y.1) := @y + x;,,1) — @(x;,,1,) and changing the variables (see (1.1) and
(1.2)), in view of (3.21), (1.3) and (1.4), we obtain

—g(xp,t, — Mol In(o)| < /N[ll+ =17 (@p(oy, 1y — )P (y)dy. (3.37)
R
Taking into account that ¢, € CZRN x (0, +)), @,0,t,)=0and h = 62| In(c)|, using Taylor’s formula, we have
Pn(0y.ty = h) = o(py, ) + o(=c| In(0)lay, + (A, y) + O((c* | In(e)] + 6> |y1*)(|y] + o] In(@)]),
1

where p, = Do(xy,t)), a, = 0,¢(x,,1,) and A, = JDzw(xh,th). After a rotation and a change of variables, we may assume that

pn = Ppp(1,0,...,0), where g, = |p,|. We denote by A, the matrix we obtain from A, after the rotation. The integration in (3.37) is
taking place over the sets C, and C}, where

Cu = (v €RY : 6fyy1 + o(=0]In(0)|ay + o(Ayy. ) + 00> | In(@)] + o> |y1*)(Iyl + o] In(@)]) 2 O}.
Since f, » |D@(xy.ty)| > 0 as h — 0+, f, > 0 for each 4 > 0 small enough. Thus,

Ch =y €RY 1y + ;" (=0l In(0)lay + (441, y) + O((e”| In(0)] + 6> [y1)(|¥] + o] In(o)])) 2 0).

Using that A, — A and a, — a as h — 0+, we deduce that C,, consists of points y € R such that

0 <y + B8, (=0l In(e)|a + o(Ay,y) + o()((|y]* + | In(0)])))
+ 4,100 | In(0)| + & |y1*)(|y] + o| In(a)])),

where 4 is the rotated matrix A and a = 0,¢(xg, 1), namely A = EAET for some E € SO(N). For each y € RN and for each y > 0,
define P(y) = P,(E"y),

¥,(») =y, + B (—o| In(0) |a + 6(Ay. y) + o(1)(a(|y]* + | In(c)])))
+ 6, 0((0” | In(0)| + & |y1*)(|y] + o In(a)])

and
@,(0) =y, + B, (=0l In(@)|(a = 7) + o((A + y1d)y. y)).

Then, summing up the above considerations, in view of (3.37), for each 4 > 0 small enough, we obtain

— 8g(xp, 1, — Wo|In(o)| < /]RN [1* - 171, () P() dy. (3.38)
For each n > 0,

/RN[IIJ’ =171, P(y) dy < /W_] [1* - 171, PG dy + /B; } P(y)dy (3.39)
and

/BC . P(y)dy < cN+! /B;UI |y|dTy+l =Mooy _nle, (3.40)

ne

where C = C(N) > 1 is the constant coming from (2.1) and we have used (1.1). Since ¥, < @, in B, ;-1 (provided that A > 0 is

14
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small enough and 7 is sufficiently small with respect to y) and the function [1* — 1~] is nondecreasing, (3.38)-(3.40) yield

—&(xp. 1y — Mol In(o)| < / (1% - 171@,) PG dy + CN oy 's.

B i
o

Thus, we reach the inequality
— 80ty = Mo < flO)+CN oy, (3.41)
where ¢ = ¢|In(s)| and
flo)= / [1* =171 + F(y,0)P(») dy,
o1

where F(y,0) = ﬂ;l(a((x + yId)y,y) — o(a — y)). Using (1.1) and the Lebesgue dominated convergence theorem, we get f(0) =
fR ~[1T=171(»;)P(y)dy = 0. We need to compute f'(0). Arguing as in the proof of Lemma 3.5, namely, using a smooth approximation
of 1%, we deduce that

o) =2 / 50 + F(v, 00, F(y. 0)P() dy
B -1

no

+ / (1% = 171y, + F(, )P~y dHN "1 (p),
0B _;

no—

where 6 is the Dirac delta function and (y6~!)" denotes the derivative of no~! with respect to ¢. Then
flo)—-f0)=1,+11, (3.42)
where

4
I,= 2/ / o(yy + F(y.5)0,F(y,s)P(y)dyds
0 JB -1
and
4
1, = / / [1F = 1710y + F, ) P0(ne™") dHN " (p) ds
0 JoB, 1,

4
< / / P(no™ ' ()y)(no™' (s)) (e~ ()N aHN T (y) ds,
0 SN—I

where s = 6(s)| In(c(s))|.
Using (1.1) and the facts that E € SO(N) and ¢'(s) = (| In(c(s))| — 1)~!, we obtain

4 -1 N-1 /
—1 N+1 1 (no="(s)) no'(s)
ol <Moo /0 CN+1 1 (o= (s))N+1 <02(s) > @

(3.43)
4

<cMaoy_(no)™! / (JIn(e ()| = D1 ds -0
0

as o - 0+. Thus, g‘lllp — 0 as ¢ - 0+.
Next, we analyze ¢~'I,. Inasmuch as o, F(y, s) = ;' (((A + y1d)y, y)o’ — (a— 7)), we have I, = Ié + Iz, where

4
1 =—2p7a—7) / / 501 + F(,)P() dy ds
0 B 1

and

14 ~
L=2p" / (I In(a(s)] = ™! / 8y + F(y, )){(A + y1d)y, y) P(y) dy ds.
0

Bna(s)’l

Using the approximation of § through %(1 - tanhz)(é), the properties of P(-) = P;(ET-) (see (1.1)) and changing the variables, one
has

15



B. Bulanyi and B. Ruffini Nonlinear Analysis 261 (2025) 113899

grg+o =-20a-7p; / L SONPGdy==2a=1)fy ! / ., PO y)dy
0 R RN- (3.44)
=-2(a-7)p;" / Py(x)dHN ™ (),
el
where e = %. On the other hand, using the properties of P and changing the variables, we deduce the following chain of
X510

estimates

- .2 % In(yo™H /

1 2= tim =~ [ ——~ B F(y, )){(A + y1d)y, y)P(y)dyd

i, 015 = i 55 ) T Ty, 01 O 059 s

RLW 7o ln(R)/ (A +71d)y, y)P(y) dy

+00
= lim ﬂoln(R) /RN 1/ =0y, (A + yId)y, y) P()1 g, (3)) dy; d

A ﬁoln(R) iR (A +71d)(0, ), (0,Y)) P(0, ) dy

/ / PN(A+71d)0.0).0.0) dHN(0)

R—>+oo ﬂo ln(R) N=1n{0)xRN -1 1+ rNHIN(ET(0, 9))N+!
dHN2(9)

= Jim ﬁoln(R)/ /N ot 1+ —— (A + 7100, ) ————== NN dt

— 1 dHN- 2(0)> )
" B o ((,/SN*lneJ_ @0 N(@)NH 2A+y1d) ),

where A = %Dz(p(xo, t). Using this, together with the fact that £(0) = 0 and (3.42)-(3.44), in view of (3.41), one has

~ M N+1 _
o) < il T O on Gy T ©

- _Ha=p) N-1 1 dHN2(9)
= 7 /ei P (x)dH (x)+ 7 tr<<éN_108l 60 NN >2(A + yId)).

Letting y — 0+, we obtain

9,9(x¢, 1) < U1 (Dp(xg, 1)) (F; (DZ(P(X(), t9), Do(xg, 1y)) + &(xg. tg) | Dp(xq. tp)),
which is (2.4) with a = 1.
Next, we assume that | Dg(x, ty)| = 0, D>@(x,,t,) = 0 and §;, — 0 as h — 0+. We need to distinguish between three further cases.

Case 2.1: along some subsequence f, # 0 and ¢/ In(o)| ﬂ;l — 0. Then, in view of (3.41) and the fact that D>¢(x,,#,) = 0, we have
f(o|In(o)]) — f(0)
o|In(o)|

No1 dHN 2(9)
= —2(3,0(x¢>t9) — 7) /eL P(x)dHN " (x) + tr <</s~—1ne¢ 0Q 9W> 2(A + yId)> )

0= lim —g(xy, 15 = WPy < lm B = hm o ' Bl + 11m 0 1/3,,12
-0+

Since A = 0, letting y — 0+, one has 9,¢(x, 1) < 0.

Case 2.2: along some subsequence f;, =0 or ¢|In(c)| B, I 5 400 as h — 0+. Assume that a, — 9,¢(x,, o) > 0. Then the characteristic
function of the set

{y e RN : By —ollno)lay +o(A4y.y) + O((e”| In(0)] + o> |y1)(1¥] + o] In(o)])) 2 0},
which is the same as the set
yeRY 1 (@11n(@)) ™" Byyy = a + 11n(0)| ™ (Ay. 3) + 0o + o] (@)~ 1y*)(|¥] + o] In(@)])) = 0},
pointwise converges to the constant function 0. Using this, (3.37) and Lebesgue’s dominated convergence theorem, we obtain
/RN P(»dy < Z/RN 1*(p(oy,ty = )P () dy + g(xp, 1, = Wo| In(e)] - 0
as h — 0+, which leads to a contradiction with the fact that fRN Pi(y)dy > 0.
Case 2.3: along some subsequence ¢ | In(c)| ﬂ;l — f > 0. Then the characteristic function of the set
{y€RN : y + 6, (=0l In(@)lay, + 6(A,y. y) + O(c* | In(e)] + o*|y)(|y] + o] In(e)])) > 0}
pointwise converges to the characteristic function of the set
{y € RN &y, = po,0(xo,19) > 0}.

To obtain a contradiction, we conclude as in the proof of Proposition 3.6. This completes our proof of Proposition 3.7. []
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3.3. Convexity of the mobility

In the previous section we established the convergence of the anisotropic scheme of the Bence-Merriman—Osher type to a viscosity
solution of the equation, which can be written in the form

1
O,u = @,(Du) (WFa(Dzu, Du) + g) ,

where @,(p) is a 1-homogeneous function equal to p,(p)|p|. Moreover, it turns out that @, is a convex even 1-homogeneous function
and, hence, a norm.

Lemma 3.8. For each a € (0,2), the 1-homogeneous function
dHN1(x) > !
o,(p=(2] ———~
0) < /,, i)
is convex in RV,
Proof. For a proof for the case where « € (0, 1), we refer to [9, Lemma 3.7]. The proof for the case where a € [1,2) is similar. []

Remark 3.9. Let a € (0,2) and p € RN \ {0}. Then

N-1 +oo N2
/ A / / dHN2(0) dr
L1+ NN+ N-1ppl 1+ N(ro)N+a
+00 N 2 N2
dH"“(0)d
/ /N Inpt 1+r1\“'°'./\/~(t9)1\’+ ©ydr
_/°° thdt/ dHN2(0)
o L+Nte T Jav-inn NN

[ 0w
N SN-1p pL N(@)N-1 ’

where we have made the change of variable 7 = rN'(6). Thus,

B dHN20)\
D,(p) = Ay N <2 /S]anl W) pl. (3.45)

It is well known that every norm is uniquely determined by its unit ball. Then a natural question arises: knowing the unit ball
of the norm @, is it possible to determine the unit ball of the norm N ? We answer this question in dimension 2.

Proposition 3.10. Let a € (0,2), N =2 and 4, := A, > 0 be the constant defined in Remark 3.9. Then ®,(p|, p,) = AN (=p,, py)-

Proof. The proof is a direct consequence of the formula (3.45). []

An immediate consequence of Proposition 3.10 is the next corollary.

Corollary 3.11. Let « € (0,2), N =2, a,b>0and q € [1,+c0)U{+0}. The convex set {d> < 1} is as regular as the convex set { N < 1},
which has at least a Lipschitz boundary. In particular, if {®, < 1} = {(p;.p,) : pz < 1} or {@, < 1} = {lIpll, < 1}, then it holds

(N <1} = {(p1,po) - b2 + < 12} or {N <1} = {||p||q < A}, respectively.
4. Anisotropic mean curvature motion
4.1. Several stability results

In this subsection, we establish stability results that illustrate the links between the nonlocal anisotropic curvature (3.5)
considered in the isotropic case in [16] and the local anisotropic curvatures appearing in Propositions 3.6 and 3.7. For convenience,
for each « € (0, 1), we define the measure

dz
N (z)N+ea :

For each « € (0, 1) and for each function u of class C"! such that |Du(x)| # 0, we define the quantities

Vv¥dz)=(1—-a)

kilx,ul =vi({z € RN u(x+2) > u(x), (Du(x),z) <0}),
K[x,u]l =v¥{z € RN : u(x + z) < u(x), (Du(x),z) > 0})

17
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and
K [x,u] = k§[x, ul = k%[x, ul. “4.1)

According to [16, Lemma 1] the above quantities are finite. In particular, x¢[x,u] measures how concave the curve {z € RN
u(x + z) = u(x)} is near x and x*[x,u] how convex it is. Moreover, it holds —(1 — a)x,(x,u) = «*[x,u] (see (3.5) and Section 1.2
in [16]). The next proposition is an anisotropic counterpart of [16, Proposition 2].

Proposition 4.1. Assume that u € C2(RN) and | Du(x)| # 0. Then

. 1 dHN20) )\
K%[x,u] — mtr(</sN—'nD“(“l0®9W>D u(x) 4.2)

[ Du(x)|

asa /1.
Proof. Since u € C2(RY), for each 5 > 0, there exists § > 0 such that for each z € B;(x),

u(x + z) — u(x) — (Du(x), z) — %(Dzu(x)z, 2)| < nlz)%. (4.3)

Denote p = —Du(x) and W (z) = u(x + z) — u(x) — (Du(x), z). Then
K xul =v¥({zeRY 1 0<(p,2) W)} - v*{ze RN : W(z) < (p,z) <0}

dz
=(- fr)/RN [ﬂ{zeB(;ZOS(p,z)SW(z)) - E(ZEBé:W(z)<(p,z)<0}] N (4.4)
+0( - a),
since
(I-—a)CN* ey
(B < —m8 ———,
VB < ad®

In view of (4.3) and (4.4), it is enough to prove the result in the case where W (z) = (Az, z), where A € Mgrle (namely, A = %Dzu(x)).
Indeed, rewriting (4.4) with W (z) replaced by %Dzu(x) +nld and %Dzu(x) —nlId and performing computations similar to those given
below, one obtains an upper and a lower bound for the limit of x*[x,u]. Then, letting # — 0+, one obtains the same result as for
the case where W (z) = (Az, z). Thus, we study the convergence of

dz dz
K*=(1-a) — -1 - _
(z€By :0<(p.2y<(4z,z)) N (2)NHe (z€B; :(Az2)<(p.2)<0) N (2)N+®
For each z € RN, we have z = (z;,7'), where z’ € RN~!. Let E € SO(N) be such that ET(1,0') = Igzgil' Performing the rotation

and the change of variables, we can assume that p = |p|(1,0, ...,0). We denote by A the matrix we obtain after the rotation, namely
A= EAE". Then

(Az,2) =22 +22/(@.,2') + (A’ 2'), (4.5)
where @ = (@,,d@) is the first column of A and A’ € MEIYV,JI)X(N_”. If § > 0 is small enough, using (4.5), for each z € B;, we have
0<(p.z) = Iplz) <(Az,z) = 0 <z <(Ip| - Co)"(A'Z,2),
(pl +C8) WAZ, 2y < z; < 0= (Az,z) < (p.z) = |plz; <O
and
0<z <(Ipl+Co (A2, ') = 0 < |plz) = (p.z) < (Az.2),
(Az.z) < (p.z) = Iplz; <0 = (|p| - C6)"(A'Z.2) < z; <0,
where C = C(|Du(x)|, D*u(x)) > 0. This implies that
Ki_ <K"<K{,.
where
K, =v"({z€ B;: 0<z <(lpl - Co) (A2, 2')})
—vi({z€ Bs : (Ip| +C8) A2, 2y < z; < O})
and
K¢ =v*({z€ B; : 0<z; < (Ipl + Co) (A2, ')}
—Vvi'({z € By : (|pl - C8) A2 ')y < z; < 0}).
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Letting 6 — 0+, we observe that it is enough to study the convergence of

Kf=V"({z€B; : 0<z) < |pI (A2, 2)}) —vi({z € By : |p| (A2, 2y < z; <O)).
Using [17, Theorem 3.2.22 (3)], if 6 > 0 is small enough, we obtain

dz
(1.2 12 1<6,0z, <lpl V(A2 21yy N (zy, 2 )N+e
dz
{(z1.2)):12"|<8, |p|’1<2’z’ z')<z1 <0} N(Z] ZI)N+a

pI=1r2(A"0.6) FN-2 Noa
=1 —a)/ / / — dz; drdHN72(0)
SN-2n((A0,0)20} J\/'(ZlaVB)N”‘ !

N2
-a —a)/ / / dzy drdHN2(0)
N-2n{(A70,0)<0} 12 (T0.0y N (zp, rO)N+e !
) PN Noo
=(l—0t)/ / / ————drdrdH"7°(0)
sN=2n(a0.0y20y Jo Jo N (27, r)N+e
- —a)/ / / LdrdrdHN’z(e)
SN=2n(A0.0y<0} Jo  JipI=\(A10.0) N (2T, ro)N+o
B pI~1(470.0) 1 N
:(1—a)/ / r*“/ — 1 drdraH™20)
SN=2n((A6,6y20) Jo 0 N(rr, )N+

- 1 N2
—(l—a)/ / r ”‘/ —————dtdrdH" 7 (0).
SN=2n((A"0.0y<0) Jo I~ (Ar0.0y N (rT, )N+

We observe that for each r € (0, 6),
1,77 ~
/'P' wen 4 __ lI(A'0,0)
0 N (rz, )N+ N (0, )N+«

as § — 0+. In particular, for each ¢ € (0, 1), there exists 5 > 0 such that

-1, 77 =147 1,
lpl”'(A76.6) _ /"" wen < (4ol A0.0)
NO.0N = Jy B

N(rr,0)N+a N, 0)N+e |
Using this, together with the fact that

3
(1- a)/ rdr=¢8"""
0

and letting a /' 1 and then 6 \, 0, we deduce that

I~ (A70.0) _ n_»
K“ LD anN2).
57 /,H N(0,0)N+!1 ©®

Ki=(1-a)

-(l-o

(I-¢)

Altogether, recalling that p = —Du(x) and A = %Dzu(x) and A = EAET, we obtain

(D?u(x)0, 0)
2|Du(x)| /N In DU, D"<X) L NN+

()]

k%[x,u] — dHN2(9)

as a /' 1. This completes our proof of Proposition 4.1. []

Remark 4.2. It is worth noting that

+oo IN
(G—I)CN,H=(C(—1)./O I-H—N_Hldt—)l

as a \\ 1, where Cy , is defined in (1.10). Thus, (¢ — 1)F, — F, as « \ 1, where F, is defined in (1.8).

Next, we state two convergence results demonstrating how one can recover the anisotropic local mean curvature flow in the
limit. The first of these appeared in [7], where it was shown that the solution of the nonlocal (eikonal) Hamilton-Jacobi equation
modeling dislocation dynamics converges, at a large scale, to the solution of a local anisotropic mean curvature motion. The second
result can be proved using Proposition 4.1.

Theorem 4.3. Given a Lipschitz function u, : RN — R and an even nonnegative function c, € W' (RY) such that cy(z) = |Z|++]J\f (é)
if |z| > 1, we consider the viscosity solution u® of the problem

ou = k*[x,u]|Du| in RN % (0, +00)
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supplemented with the initial condition u(0, x) = uy(x) in R™, where ¢[x,u] is defined by
kx,u] =vi({z € RN 1 u(x + z) > u(x), (Du(x),z) < 0})
—vi({z € RN : u(x + z) < u(x), (Du(x), z) > 0})

with vé(dz) = Co(f) dz. Then u® converges locally uniformly on compact sets in RN x [0, +co) to the unique solution u® of

R S
eN+ [In(e)|
du = Fy(D*u, Du) in RN x (0, +c0)

supplemented with the initial condition u(x,0) = uy(x) in RN as e \, 0.
Proof. For a proof, the reader may consult [7, Theorem 1.4] and [16, Lemma 2]. []

Theorem 4.4. Given « € (0, 1), a Lipschitz function u, : RN — R, we consider the viscosity solution u, of the problem
Ou = pio(Du)| Dulk®[x,u] in RN x (0, +0c0)

supplemented with the initial condition u(x,0) = uy(x) in RY, where k% is defined in (4.1) and p, is defined as in (1.7) with a € (0,1).
Then u, converges locally uniformly on compact sets in RN x [0, +o0) to a unique solution u, of (1.6), where a = 1 and g = 0, supplemented
with the initial condition u(x,0) = uy(x) in RY as a / 1.

Remark 4.5. In view of Remark 4.2, the viscosity solution u, of the problem
O,u = py (Du)(a — 1)F,(D*u, Du) in RN x (0, +o0)
supplemented with the initial condition u(x,0) = uy(x) in RV for some Lipschitz function u; : RN — R, converges locally uniformly
to a unique solution u; of (1.6), where « = | and g = 0, supplemented with the initial condition u(x,0) = uy(x) in RV, as a \, 1.
4.2. Variational origin of anisotropic mean curvature motion
The anisotropic mean curvature motion (1.6), where g = 0, is of a variational type. To state the result, we associate to a € [1,2)
and N a tempered distribution L, 4 defined by

dx
N.(x)N"'l’

for ¢ € S(RN), where Cy . > 0 is the constant defined in (1.10) and S(RN) is the Schwartz space of test functions. We define the
Fourier transform of ¢ € S(RY) by

(Lon @) =2Cn, /RN (@(x) = 9(0) = (D@(0), x)1 , (x))

Pw@=/¢wwmwx
]RN

Theorem 4.6. For each « € [1,2), there exists a unique y, € C(RN) n C2(RN \ {0}) such that y,(—p) = w,(p), w,(0) = 0 and
Fo(M, p) = tr(M Dy, (p)),

where F,(M, p) is defined in (1.8). Moreover, v, is convex, y,(ip) = |Aly,(p) for all A€ R\ {0} and y, = —iP(La,N), where F(L, y)
is the Fourier transform of Ly . If u € C*(RN) with | Du| # 0, then

F, (D%, Du) = | Duldiv vy, (24,
| Du|

which means that the anisotropic mean curvature motion derives from the energy f W, (Du).

Proof. For a proof, we refer to Section 7 of [7] and in particular to the proof of [7, Theorem 1.7]. [J

5. Evolution of convex sets

In this section, under some convexity assumptions on the external force g, we show that during the anisotropic mean curvature
flow, which we obtain at the limit of our anisotropic version of the Bence-Merriman—Osher type scheme, the convexity of the set
£, is preserved. Namely, at each step of the discrete approximation, the convexity is preserved (see Corollary 5.3), and hence it is
preserved at the limit.

If g e R\ {0}, a,b >0 and 4 € [0, 1], we define

1
Mq(a, b, A) =((1— Aa? + 1b%)4 (5.1)
if a, b > 0 and M, (a,b,2) =0 if ab = 0. We also define
My(a, b, 2) = a'~*b*. (5.2)

For convenience, we recall the following definition.
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Definition 5.1. A nonnegative function f on R¥ is called g-concave on a convex set E if

S =Dx+ Ay) = M (f(x), f(»), D)
for all x,y € E and 4 € [0, 1], where M, (a,b, 2) is defined in (5.1) and (5.2).

It is worth noting that if ¢ > 0 (respectively, g < 0), then f is g-concave if and only if /¢ is concave (respectively, convex), and
in particular, 1-concave is just concave in the usual sense (see [19, Section 9]). If ¢ = 0 and f is positive, then f is 0-concave if and
only if In(f) is concave. If f is positive, then f is —1-concave if and only if f~! is convex.

We recall the following result, which can be proved using [19, Corollary 11.2] (see [19, p. 379]).

Proposition 5.2. Letq > —1/N, f € L'(RN) be a g-concave function on RN and K c RN be a convex set with nonempty interior. Then
f * 1g is ¢/(Ng + 1)-concave on RV,

Corollary 5.3. Let Q, C RN be an open convex set, a € [1,2) and g € C([0,+0)). Then for each h > 0 and for each n € N, the set th
defined in (1.5) is convex.

Remark 5.4. Let us comment on the importance of the assumption that the external force g depends only on time for the proof olf
Corollary 5.3. Assume that g € C(RY x [0, +o0)). Then to prove Corollary 5.3 we need the fact that max{ Iall L1 @y — gnBlas h), 0}«
is a concave function on RN for each & € [0, +oo0), where J,, is defined in (1.3), (3.6), f(a, h) is defined in (1.4) and g,(-) = g(-, h).
Since a nonnegative concave function on R¥ is a constant, we deduce that for each fixed h € [0,+), g, : RY — R is a constant
function. This implies our condition on g, namely, the assumption that g € C([0,+c0)). A proof in the case where g € C(RN x[0, +0))
would require stronger convexity properties of the kernel J,.

N+a 1
Proof of Corollary 5.3. Since the function 6 ~ (c,(h) « + 8V+¥)F¥+ is nondecreasing and convex on [0, +o0) and since N is
N+a 1
convex, the function x = (6,(h) =« + N(x)N*®) N+« is convex on RV, and hence the function J,, is —1/(N + a)-concave. Then,
according to Proposition 5.2, J, * 1, is —1/a-concave. In view of the facts that J, * [1g — ]].ﬁsl =2J, x Lo, — /4l 1wy and
Q= {Jy *[1g, — 1ge] > —g(0)f(a, )}, we have

1 _1
Q= (@4, % 1))« <max{[[J,ll 1 gy, — g(h)B(@. h).0}a }.

1 1
Observing that the function (2J;, * 1 2 ) @ —max{||Jyll L1 gy — g(h)B(a, h), 0}« is convex (as a sum of convex functions), we deduce
that .QZ‘ is an open convex set. Iterating this procedure, we deduce that th is an open convex set, which completes our proof of

Corollary 5.3, [ X . .
In view of Corollary 5.3 and the convergence of the front propagation, we obtain the following result.

Corollary 5.5.

Let @ € [1,2), g € C([0,+0)) and uy : RY — R be uniformly continuous. Assume that for each s € R, the set {uy(-) > s} is convex,
namely, u, is quasiconcave. Then if u is a unique viscosity solution of (1.6) supplemented with the initial condition u(-,0) = uy(-) in RN,
then the sets {u(-,t) > s} are convex for each t > 0.

Proof of Corollary 5.5. If t = 0, then {u(-,0) > s} = {ug(-) > s} is convex, since y, is quasiconcave. Let t > 0, x,y € {u(-,1) > s}.
Assume that there exists z € [x, y] such that u(z,t) < s. Let § > 0 be such that u(z,r) < s —§. Define 2, = {uy(-) > s—5/2}. Then £, is
convex by assumption. According to Corollary 5.3, _Q”:h is convex for each 4 > 0 and for each n € N. In view of Theorem 1.3, u;, > 1
locally uniformly in £, as h — 0+. Since x,y € £2;, u,(-,nh) = 1 locally around x and y for each 2 > 0 small enough, where nh — ¢
as h — 0+. This, in view of the convexity of .th, implies that there exists an open convex set containing [x, y] whose closure is a
subset of “Qf:h for each A > 0 small enough, where nh — t. This yields that u,(-,nh) = 1 locally around z for each 4 > 0 small enough,
where nh — t as h - 0+. Since sign*(u(-,-) — s + 6/2) is the maximal upper semicontinuous subsolution of (1.6) supplemented with
the initial datum 1g, — 1156 (see [10]), using Proposition 3.4, we deduce that 1 = limsup® uj(z,1) < sign*(u(z,t) — s + 6/2). Thus,
u(z,t)—s+6/2 >0 and u(z,t) > s — /2 > s — &, which leads to a contradiction with the fact that u(z,t) < s — . This completes our
proof of Corollary 5.5. []

6. Splitting the flow

In this section, we show that a local anisotropic mean curvature flow with a forcing term depending only on time can be obtained
by alternating local anisotropic mean curvature flows without a forcing term and evolutions with only a forcing term. Using this, we
shall see how the distance between two sets evolves under the action of a forced local anisotropic mean curvature flow. A similar
result was obtained in [9] for a nonlocal anisotropic mean curvature flow.

For each £ > 0, we consider the sets E, = |J,cy(2n, 2n + 1De] and O, = (0,+) \ E,. Given a € [1,2), g € C([0,+x)), t > 0,
p € RN\ {0} and s € R, we define

HE(@t,p,s) =21 (NDa(p)c (1) + 21 (DHg(p)s,
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where @,(p) = u,(p)|p| (see also (3.45)) and ¢, : [0,+o0) — R is defined by
1 2(n+1)e
c(t)= — / g(r)dr
2e 2ne

if € 2ne,2(n + 1)¢] for each n € N. We also define

H, (@, p,s) = py(D)s + Py (p)g(1).

For fixed p and s, we observe that t — fo’(H;(r,p, s) — H,(z,p,s))dr — 0 locally uniformly on [0, +c0) as € — 0+. Let uy : RN - R
be a uniformly continuous function and construct the function u, : R¥ — R as follows. Let u,(,0) = uy(-) in RN and for each n € N,
define u, on RN x [ne, (n + 1)e] as the unique viscosity solution of the equation

du = HE(t, Du, F(D?u, Du)) in RY X [ne, (n + 1)e] (6.1)

supplemented with the initial condition u(-, ne) = u, (-, ne), where F,(D?u, Du) is defined in (1.8).

Proposition 6.1. Let u, : RY — R be uniformly continuous and u be a unique viscosity solution of Eq. (1.6) supplemented with the initial
condition u(-,0) = uy(-) in RN. Let u, : RN — R be the uniformly continuous function such that u,(-,0) = uy(-) in RN and u, is a unique
viscosity solution of Eq. (6.1) for each n € N. Then u, — u locally uniformly on RN x [0, +o0) as € — O+.

Proof. Since u, is uniformly continuous, up to a subsequence (not relabeled), we can assume that u,(x, ) - v(x, 1) locally uniformly
as € — 0+ for some v € C(RN x [0, 4+0)). We shall prove that v is a viscosity solution of Eq. (1.6) supplemented with the initial
condition v(-,0) = uy(-) in RV, Since the latter admits a unique viscosity solution u, v does not depend on a subsequence and
u, — u = v locally uniformly as ¢ — 0+.

We shall only prove that v is a subsolution of (1.6) (see Definition 2.2,Theorem 2.3), since the proof that v is a supersolution of
(1.6) is similar. We follow the strategy of [20].

Let ¢ be a smooth test function and (x,, ;) € RN x (0, +0) be a strict global maximum of v — @. Assume that | Dg(x, to)| # 0. We
define

W (1) = HE(1, Do(xq, tg), Fo(D*@(x0, 1), Do(x0, 1))
— H,(t, Do(x, ty), Fy(D*@(xy, 19), D (x0, 1))

and observe that /0’ vy (r)dtr — 0 locally uniformly as ¢ — 0+. This, since u, — v locally uniformly as ¢ — 0+, implies that
ug(x,1) — /ot v, (r)dr = v(x,t) uniformly on compact subsets of RN x [0, +0c0). Then there exist points (x,,t,) € RN x (0, +c0) of global
maximum of the function u,(x,1) — ]Ot v, (7)dt — p(x,t) such that (x,,t,) = (xy, 1) as € > 0+. If 7, /e € N, then, since u, is a viscosity
solution and |Dg(x,,t,)| # 0 for each sufficiently small £ > 0,

0 p(xe10) + (1) < Hi(t,, Dp(x, 1), Fy(D*0(x,, 1), Dplx,.,1,). (6.2)

If . /e € N, then replacing y, and H? by their left limits and taking into account [21], we observe that (6.2) still holds. Thus, we
have

0,p(x 1) < Hy(t,, Dp(xg, 1g), Fo (D @(x, 1), Dp(xg,10)))
+ H;(te, Do(x,,1,), Fa(Dzrp(xe, t.), Dp(x,,1,)))
— H(t., Dp(x, 1), F,,(szp(xo, 1), Dp(xg, 1)))-

Letting ¢ — 0+ and observing that

HE(t, Dp(x,, 1), Fy(D*@(x,, 1), Dp(x,,1,))
— HE(t,, Do(xg, 19), F,(D*@(x0, 1), De(xg,10))) = 0,

we obtain
9,9(x¢,tg) < H (19, Dp(xg, 1), Fa(Dz(P(Xoa ty), Dp(x, 1)), (6.3)

since ¢ is smooth and H, (-, D(xy,ty), F,(D*>@(xy, ty), Dp(xg,ty))) is continuous.
Next, assume that |Dg(x, ;)| = 0 and D>@(x,,t,) = 0. Let (x,,?,) be a global maximum of u, — ¢ such that (x,,7,) = (x,,1,) as
e — 0+. Since u, is a viscosity solution, we have

é’lﬁ

0,0(x,, 1) < [HE (t,, Dp(x,. 1), Fy(D*9(x,., 1,), Dep(x,,1,))) = 0

as £ - 0+, in view of the definition of H?. Thus, d,¢(x,1,) < 0 as desired. This, together with (6.3) and Theorem 2.3, implies that
v is a viscosity subsolution of (1.6) and completes our proof of Proposition 6.1. []
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7. Geometric uniqueness in the convex case

In this section, we obtain the estimate (see Proposition 7.2) of the distance between two generalized evolutions with different
external forces. Using this estimate, we prove that if the initial set £, is convex and bounded, then the evolution is unique. The
proof of the uniqueness is based on [22, Theorem 8.4]. Thus, we provide a different proof of the uniqueness of the evolution of a
convex bounded set than in [10], namely, where the proof is based on the use of the comparison principle. In general, the inclusion
principle and the uniqueness of evolutions follow from the scheme and the comparison principle (see Remark 7.5). It is worth noting
that a counterpart of Proposition 7.2 was established earlier in [9] in the context of a nonlocal anisotropic mean curvature flow and
with a different initial condition (see [9, Proposition 6.2]).

We recall that the mobility @, is a norm on RN (see Lemma 3.8). For each « € [1,2), we shall consider the distance distd,: on
RY induced by the dual norm

Dy (x) = sup{{£,x) : D,(5) <1}
of @,. Given 1 > 0, x € RN and E c RN, we define
dgE(x) =-nvV@A (—dist@; (x,E)+ distd,; (x, E9))),
so that dj _(x) = n A distge (x, E€) if x € E and di(x)=-nv —distgs (x, E) if x € E°. In particular, dj (x) =0 if x € IE.
Lemma 7.1. Leta €[1,2) and E, C E, be two nonempty subsets of RV, Let c; € R and E;(t) be the evolution of the flow v;(p) = ¢;®,(p)

such that E;(0) = E; for each i € {1,2}, which means that E;(t) = {x € RN : u;(x,1) > 0}, where u; : RY — R is a unique viscosity
solution to the problem

o,u; = ¢;®@,(Du;),
u(x,0) = dj . (x).

Assume that distge (OE|, 0E,) > 0. Then the function
8(1) = distge (O, (1), 0E(1))
satisfies
6(1) 2 6(0) + (¢ — et
for each t € [0,1,], where t; = inf{r > 0 : 6(z) = 0}.
Proof. First, we assume that ¢;, ¢, < 0. According to the Hopf-Lax formula for the Hamiltonian H;(p) = |¢;|®,(p), for each i € {1,2},

the solution of the system

Oyt (x, 1)+ l¢;] @, (Dux, 1) = 0,
4y (x,0) = dl, (x),

is given by
— i n «(XTY
ween = inf {dl 0+ (S2)
where H denotes the Legendre—Fenchel conjugate of H;, namely

o = {o if ®2&) < ey,

+oo otherwise
(see, for instance, [23]). Thus,
u(x,1) = inf{dgEi(y) FP(y-x)<|glt, yeE RN}, (7.1)

In view of (7.1) and the fact that d;’ £ () <0 for each y € E;, we have the following

{x €RN 1 uy(x,1) >0} = {x € E; : distgs (x,0E;) > |¢;]1}. (7.2)

Lett <t, and x; € 0{x € RN : y;(x,1) > 0}, i € {1,2} satisfy 6(t) = @°(x; — x,). Denote by ¢ the unique point of the intersection of
0E; and [x,x,]. Let z be the projection of x, onto dE,. Then @2(z — x,) = |¢,|t and the following holds
8(t) = @y (x1 — x;)
=@ (x; =& + D¢~ x))
2D (xy — &)+ eyt
2D (z—8) — Doz —x) + et
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2 6(0) — |ea|t + |ey It
=6(0)+ (cy —c)t.

This proves Lemma 7.1 in the case where ¢;,c, < 0. The proof in the case where ¢;,c, > 0 is similar. Indeed, if ¢;,¢, > 0 and ; is
a viscosity solution of the equation o,u — |¢;|®@,(Du) = 0 supplemented with the initial condition «;(x,0) = d;’ E[(x), then v; = —y; is
a viscosity solution of the equation d,v + |¢;|®,(—Dv) = 0 supplemented with the initial condition v; = _dgE,' In this case, the set
{x € RN : y,(x,f) > 0} is the interior of the set {x € RN : v;(x,7) > 0}°. If ¢, < 0 and ¢, > 0, reasoning similarly, we have

E\(0) = (x € E, : distge(x.0E)) 2 [¢,[r} and Ey(1) = {x € RV : distgp(x. Ey) < 1),

Let x; € 0E,(t) and x, € JE,(r) be such that §(r) = @7 (x; — x,). Denote by y; € dE; the unique point of the intersection of JE; and
[x},x,] for each i € {1,2}. Since

Do (x) —x3) = @YXy — 1) + Py, — y) + Py (¥, X1)
>6(0) + |yt + ey |t
=5(0)+(c, — e,

we deduce that 6(f) > 6(0) + (¢, — ¢;)t. This completes our proof of Lemma 7.1. [J

Proposition 7.2. Let « € [1,2), g,8 € C([0,+)), E; C E, be two nonempty subsets of RN and for each i € {1,2}, u; be a unique
viscosity solution to the problem

ou= ﬂu(Du)Fa(Dzu, Du) + @, (Du)g;,
u(x,0) = dgE‘(x).
Let for each t € [0,+c0), E;(t) = {x € RN : u;(x,1) > 0}. Assume that distge (0E, 0Ey) > 0. Then the function (1) = distge (OF, (1), 0E5 (1))

satisfies

t
5(1) 2 6(0) +/ (82(7) — g1 (0))dr
0

for each t € [0,1,], where t; = inf{z > 0 : §(z) = 0}.

Proof. Without loss of generality, we can assume that dE;(t) = d{x € RN : u,(x,t) < 0}, namely, that the front does not develop an
interior. For each i € {1,2}, let u_; and c,; be the functions defined in Section 6 for g = g;. Denote E_;(1) = {x € RN : u ;(x,1) >0}
and 6,(t) = dist@;(aE&l(t),aEEYZ(t)). By Proposition 6.1, §.(1) — &(t) for each 7 € [0,1,). Fix ¢t € [0,¢,) and define n, = max{n € N :
ne < t}. Then the following holds

6.(t) = 6,(0) + (6. (¢) — 6,.(0)) + (6,(2e) — 6,.(¢)) + (6,(3) — 6,(2e)) + ... + (6. (1) — b,.(n,€)). (7.3)

Since the u, ;’s solve in (0, £] the equation d,u = 2®,(Du)c, ;, then, according to Lemma 7.1,

5.(€) 2 6.(0) + 2e(c, 5 (e) — ¢, 1 (€))- (7.4)
Since the u,;’s solve in (¢, 2] the geometric and translation-invariant equation

O,u = 2, (Du)F,(D*u, Du),

the distance 6, is nondecreasing on [e,2¢] and hence §,(2¢) > 6,(¢). Using this, (7.4) and repeating the procedure, we obtain

(7.5)

8(ke) = 8,((k — 1)) = 2e(c, o(ke) — ¢, (ke))  if k is odd,
b, (ke) — 6,((k — 1)) > 0 otherwise.

Thus, summing over k € {1,...,n,} and taking into account (7.3) and (7.5), we have

==y

2¢| 2t |
6.(t) > 6,(0) +2¢ (ceo(Q21 + 1)e) — ¢ 1 (21 + De)) 2 6,.(0) + / ’ (g(r) — g (v))dr.
=0 0

Letting € — 0+, yields 6(r) > 6(0) + fO’(gz(r) — g,(7))d7 and completes our proof of Proposition 7.2. []

Using Proposition 7.2 and taking into account the proof of [22, Theorem 8.4], we deduce the next result.

Corollary 7.3. Leta € [1,2), g € Cy([0, +0)), E, C E, be two compact convex subsets of RN, and X,(E,) and X,(E,) be the generalized
evolutions (see Definition 2.4) corresponding to (1.6). Then X,(E,) C X,(E,) for each t > 0.

Proof of Corollary 7.3. If E| has an empty interior, then X,(E,) = § for all ¢ > 0 and the proof follows. Thus, we can assume that E,
has a nonempty interior and that the origin belongs to the interior of E,. Let us fix s > 1. For each ¢ € [0, +), we define g,(r) = g(1)

24



B. Bulanyi and B. Ruffini Nonlinear Analysis 261 (2025) 113899

and g,(r) = g(¢/s?)/s. If u is a unique viscosity solution of Eq. (1.6) supplemented with the initial condition u(-,0) = d;’ Ez(-) in RN,
then the function u,(x, ) = su(x/s,t/s?) is a unique viscosity solution of the equation d,u = u,(Du)(F,(D?u, Du)+g,|Du|) supplemented
with the initial condition u(-,0) = sd” E2(~) in RV, Notice that the generalized evolution corresponding to the solution of the latter
equation is defined by sX, /s2(Ep). Setting 5.(t) = distge (0X,(E}), 50X, /2 (Ey)), we observe that §,(0) > 0. According to Proposition

7.2,
50250+ [ (1e(5)-s0) ar
o \s” \s

for each 1 € [0,inf{7 > 0 : 6,(r) = 0}), where

' . t/s% t
/ (-g<—2>—g(f)> dT=(S—1)/ g(f)df—/ g(r)dr
0 s s 0 t/s?

< (s = Dillglle + (s = D(s+ Dllglle
- 52 52

<16 = Dliglles +21(s = Dllgll
=3t(s - Dliglle

and 6,(0) > ¢(s — 1), where ¢ > 0 depends only on E,, E, and @,. Thus, 6,(t) > 0 while 7 < 3z ”
implies that X,(E,) C X,(E,), which completes our proof of Corollary 7.3. [

, which does not depend on s. This

Remark 7.4. The same proof shows that a strictly star-shaped domain with respect to a center point x, will have a unique evolution
for a positive time as long as no line emanating from x, becomes tangent to its boundary.

Remark 7.5. It is worth noting that our scheme is monotone. Indeed, if 2, C £,, then (.Ql)ﬁh c (Qz)ffh for each A > 0 and for
each n € N, which comes from the definition (see (1.5)). Let (X ,(51)),20 and (X ,(52)),20 be the generalized evolutions of £, and
0, with uniformly continuous initial conditions u; o(-) and u, () such that u; 4(-) < upo(-) in RV (recall that Q; = {u; 4(-) > 0} and
£, = {uyy(-) > 0}), respectively (see Definition 2.4). Then the e monotonicity of the scheme (in combination with the application of
the comparison principle) yields the inclusion X,(2,) C X,(£2,) for each ¢ > 0. In order to prove this inclusion principle, assume
by contradiction that for some 7 > 0 there exists x € X, (.Q ) such that x ¢ X, (.(22) Then there exists § > 0 such that u,(x,1) < -6,
where u; is the unique viscosity solution of (1.6) satisfying the initial condition u;(-,0) = u;(-) in RN for each i € {1,2}. Since
0() < 00 defining 2% = {u;o(-) + 6/2 > 0} for each i € (1,2}, we have 2°/> ¢ @2°. Inasmuch as u;(x,) > 0 > —5/2,
x € (.Q ), Then, accordmg to Theorem 1.3, u; , — 1 locally uniformly around x as 4 — 0+. This, together with the monotonicity
of the scheme and the fact that (25/ Zc .Qb/ 2 implies that there exists € > 0 such that B L (x) C (.(26/ 2)" C (!25/ 2)” for each h > 0
small enough, where nh - t as h —» 0+. Next taking into account that sign®(u,(x,?) + §/2) is the max1mal upper semicontinuous
subsolution of (1.6) supplemented with the initial datum 1g— L (see [10]), where E = Q, 3/2 , using Proposition 3.4, we deduce
that 1 = limsup® u, ,,(x, 1) < sign*(uy(x,1) + 6/2). Thus, uy(x,1) + 6/2 >0 and uy(x,0) > -6/2 > 6 which leads to a contradiction with
the fact that u,(x,7) < —6. This completes our proof of the inclusion principle.

8. Large times asymptotics

In this section, we describe the asymptotic behavior of the generalized evolutions corresponding to (1.6), in the limit # — +oo,
in the case where g = ¢ is a positive constant function. Namely, if the initial set £2, is bounded and contains a sufficiently large ball
Bp, then the generalized front propagation is asymptotically similar to the Wulff shape W of the energy function ¢ @,, where

W={xeRN : (x,p) <cd,(p) forall pe SV}

¢ > 0 is a constant and @, is the mobility defined in (3.45). We recall that @, is a norm on RN (see Lemma 3.8). It is worth noting
that W = {(c ®@,)° < 1} is the unit ball of the dual norm (c @,)° of ¢ @,. Furthermore, W is a compact convex subset of RN with the
origin as its interior point (see [5, Section 5]) and the following result holds.

Theorem 8.1. Let a € [1,2) and ¢ > 0. Then there exists R = R(a,c, N,N') > 0 such that if e > 0 and €, C RN is open, bounded and
contains By, then for some T > 0 and for each t > T,

{(x €W : dist(x,0W) > £} € 1710,(2y) and ' X,(Q) C {x € RN : dist(x, W) < ¢},
where (X,(2,), 0,(£2)));5 is the generalized evolution corresponding to (1.6) with g = ¢ (see Definition 2.4). In particular, t~1(X, (20 \
0,(£2y)) = oW in the Hausdorff distance as t — +oo.

Proof. Define u = 1, where E = Urzo 0,(£2y) x {1}. It is well known (see, for instance, [10]) that u is a viscosity supersolution of
the equation

d,u = p,(Du)F,(D*u, Du) + ¢ ®,(Du) in RN x (0, +c0). (8.1)
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According to [5, Lemma 6.3], there exist R = R(a,c, N,N) > 0 and § = 6(a,c, N,N) > 0 such that if u = 1 on By x {0} (or,
equivalently, By C £)), then u(tx,t) = 1 for each pair (x,7) € B; X [0,+0c0). This defines our R > 0. Let u : RN - {0,1} be a lower
semicontinuous function defined by

u(x) = Elir61+inf{u(sy, s) s> s’l, y € B, (x)}.
Then u is a viscosity supersolution of the equation

— {x, Dv) — c®,(Dv) =0 in RN (8.2)
(see [5, Lemma 6.1]). Indeed, defining the function f(x,t) = u(tx, ), we can show that

10,f 2(Df,x) + 1 (DF)F,(D* £, Df) + c@y(Df) in RN x (0, +0c0) (8.3)
holds in the viscosity sense. Assume that ¢ € CZ(RN), u — @ has a strict minimum at % and

lim @(x) = —oc0, u®) = @(X).

|x|—>+00

Next, we can define a sequence («,),ey C (0, +00) such that the function

1. —1y-
Jue0) = @(x) = (e, = e A gt
where

g, = inf (f.(x,0)—@(x)) >0

xeRN 1>

as n — +co, achieves its minimum over RN x[#, +c0) at some point (x,,1,) € RN x(n, +0), where, up to a subsequence (not relabeled),
x, = y as n — +o0. We can choose «, so that
1, -Ly = 1. _ Ly 1
e, — (g, — =)e n =) 4 ayt, < fo(x,,t,) — @(x,) — (€, — —)e nln=m g a,t, < —
n n 2n
and hence a,7, — 0 and u(p) — ¢(p) = 0, which implies that y = %, since % is a strict minimum of u — ¢ and u(%) = ¢(&). Next, since
1
f. is a viscosity solution of (8.3), %’e_ﬁ(’"_") < 1 (where ¢, > n) and for some r > 0, (x,),ey C B,.(%), there exists a constant C > 0
independent of n such that
C

(x, Dop(x,,)) + c®,(De(x,)) = ;

<eg,—

=

n

Letting n - +o0, we deduce that —(x, Dp(%)) — c®@,(Dg(%)) > 0. This proves that u is a viscosity supersolution of (8.2). Since u = 1
in Bs; and u is a viscosity supersolution of (8.2), [5, Theorem 5.3] implies that u = 1 in int(W). This yields that for each & > 0 there
exists T > 0 such that for each 7 > T and for each x € W satisfying dist(x, dW) > ¢, it holds u(¢x,7) = 1 (since u takes values in {0, 1}).
Observing that for each pair (x,1) € RN x (0, +o0), u(tx,t) = ﬂ,_lot(go)(x), we obtain

{x €W : dist(x,0W) > €} C 17'0,(2,)

for each > T. Next, define w = 1y, where ¥ = J,5o X (20) X {t}. Then w is an upper semicontinuous viscosity subsolution of Eq.
(8.1) (see [10]). Let @ : RN — {0,1)} be defined by

@(x) = lim sup{uw(sy,s) : s > !, ye B.(x)}.
=0+

By [5, Lemma 6.1], w is an upper semicontinuous viscosity subsolution of Eq. (8.2). According to [5, Lemma 6.2], for some
L = L(a,c, N,N) > 0, w = 0 in BS. Then, applying [5, Theorem 5.3], we deduce that w = 0 in W¢, which implies that for
each € > 0 there exists T > 0 such that for each r > T,

71 X,(Q) € {x e RV : dist(x, W) < g}.

This completes the proof of Theorem 8.1. []
Data availability

No data was used for the research described in the article.
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