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 A B S T R A C T

We establish the convergence of threshold dynamics-type approximation schemes to propagating 
fronts evolving according to an anisotropic mean curvature motion in the presence of a forcing 
term depending on both time and position, thus generalizing the consistency result obtained in 
Ishii, Pires and Souganidis (1999) by extending the results obtained in Caffarelli and Souganidis 
(2010) for 𝛼 ∈ [1, 2) to anisotropic kernels and in the presence of a driving force. The limit 
geometric evolution is of a variational type and can be approximated, at a large scale, by 
eikonal-type equations modeling dislocations dynamics. We prove that it preserves convexity 
under suitable convexity assumptions on the forcing term and that convex evolutions of compact 
sets are unique. If the initial set is bounded and sufficiently large, and the driving force is 
constant, then the corresponding generalized front propagation is asymptotically similar to the 
Wulff shape.

. Introduction

.1. General discussion

We study the convergence of a class of threshold dynamics-type approximation schemes to hypersurfaces moving with normal 
elocity equal to the sum of a multiple of an anisotropic mean curvature and a multiple of a forcing term depending on both 
ime and position. In order to describe the general scheme considered in this paper and to present the results obtained, we begin 
ith the following short story. In 1992, Bence, Merriman and Osher introduced a scheme to compute mean curvature motion by 
terating the heat equation [1]. The proofs of the Bence, Merriman, and Osher algorithm were provided by Evans [2] and Barles 
nd Georgelin [3]. Another proof was given by Ishii for a more general isotropic symmetric kernel [4]. This was generalized by 
shii, Pires, and Souganidis to the case of anisotropic schemes with kernels having finite second moment [5]. In [6], Slepčev proved 
he convergence of a class of nonlocal threshold dynamics. It is also worth noting that Da Lio, Forcadel and Monneau proved that 
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the solution of the nonlocal Hamilton–Jacobi equation modeling dislocations dynamics converges, at a large scale, to the solution 
of the anisotropic mean curvature motion [7]. The Bence, Merriman, and Osher scheme with kernels associated with the fractional 
heat equation with the fractional Laplacian of order 𝛼 ∈ (0, 2) (namely, the heat equations, where the usual Laplacian is replaced 
with the fractional one of order 𝛼 ∈ (0, 2)) was considered by Caffarelli and Souganidis [8]. It was proved in [8] that for 𝛼 ∈ (0, 1)
the resulting interface moves with normal velocity, which is nonlocal of ‘‘fractional-type’’, while for 𝛼 ∈ [1, 2) the resulting interface 
moves by weighted mean curvature. The consistency result of [8] was extended in the nonlocal cases (i.e., when 𝛼 ∈ (0, 1)) to the 
anisotropic case with the presence of an external driving force depending only on time by Chambolle, Novaga, and Ruffini [9]. In 
the present paper, we extend and improve the algorithm considered in [9] for the cases where 𝛼 ∈ [1, 2). Namely, we generalize the 
consistency result obtained in [5] by extending the results obtained in [8] for 𝛼 ∈ [1, 2) to anisotropic kernels and in the presence 
of a driving force depending on both time and position. Observe that the kernels 𝑃𝛼 ∈ 𝐶(R𝑁 ) considered in our paper (see (1.1)) do 
not satisfy the assumption (3.4) on the measurable kernel 𝑓 ∶ R𝑁 → R from [5], used in the proofs of Lemmas 3.1 and 3.2 from [5] 
for the existence of a decreasing function 𝜔 ∈ 𝐶([0,+∞), [0,+∞)) such that 𝜔(𝑅) → 0 as 𝑅 → +∞ and ∫R𝑁 ⧵𝐵𝑅(𝜚)(0)

𝑓 (𝑥) 𝑑𝑥 ≤ 𝜔(𝑅(𝜚))𝜚, 
where 𝑅(𝜚) → +∞ and √𝜚𝑅(𝜚) → 0 as 𝜚 → 0+. However, a careful analysis shows that if 𝛼 ∈ (1, 2), then the proofs of Lemmas 
3.1 and 3.2 from [5] can be adapted to our kernels 𝑃𝛼 , and the constant external force can be replaced by a globally bounded 
external force depending on the position. Indeed, replacing the kernel 𝑓 by 𝑃𝛼 in the proofs of Lemmas 3.1 and 3.2 from [5] and 
choosing 𝑅(𝜚) = 𝜚−𝜃 for some 𝜃 ∈ (1∕𝛼, 1), as we did in the proof of Proposition  3.6 (see (3.29)), and taking into account that 
∫R𝑁 ⧵𝐵𝑅(𝜚)(0)

𝑃𝛼(𝑥) 𝑑𝑥 behaves like ∫R𝑁 ⧵𝐵𝑅(𝜚)(0)
𝑃𝛼(𝑥) 𝑑𝑥 ∼ 𝐶𝜚𝜃𝛼 as 𝜚 → 0+, where 𝜃𝛼 > 1, one can circumvent (3.4) in [5] and replace 

the term 𝜔(𝑅(𝜚))𝜚 by 𝐶𝜚𝜃𝛼 . On the other hand, the assumptions (3.2), (3.3), (3.7) from [5] are strongly used in the proofs of Lemmas 
3.1 and 3.2 from [5], and our kernels 𝑃𝛼 do not satisfy them in the case when 𝛼 = 1. Let us put it more precisely.

1.2. Mathematical setting of the problem

Given 𝛼 ∈ [1, 2), 𝑁 ≥ 2 and a norm   on R𝑁 , for each 𝑥 ∈ R𝑁  and 𝑡 ∈ (0,+∞), we define 

𝑃𝛼(𝑥) =
1

1 + (𝑥)𝑁+𝛼
and 𝑝𝛼(𝑥, 𝑡) = 𝑡−

𝑁
𝛼 𝑃𝛼(𝑥𝑡

− 1
𝛼 ). (1.1)

It is worth noting that locally uniformly in R𝑁 ⧵ {0} and hence in 𝐿1
loc(R

𝑁 ⧵ {0}),

lim
𝑡→0+

𝑡−1𝑝𝛼(⋅, 𝑡) =  (⋅)−(𝑁+𝛼).

We denote by ℎ > 0 the size of the time step and choose 𝜎𝛼(ℎ) as follows 
{

𝜎𝛼(ℎ) = ℎ
𝛼
2 if 𝛼 ∈ (1, 2),

ℎ = 𝜎2𝛼(ℎ)| ln(𝜎𝛼(ℎ))| if 𝛼 = 1.
(1.2)

Let 𝛺0 be an open subset of R𝑁  with boundary 𝛤0 = 𝜕𝛺0 and 𝑔 ∈ 𝐶(R𝑁 × [0,+∞)). For each 𝑛 ∈ N∖{0}, we define the functions 
𝑢ℎ(⋅, 𝑛ℎ) ∶ R𝑁 → {−1, 1} by induction. In particular,

𝑢ℎ(⋅, (𝑛 + 1)ℎ) = sign(𝐽ℎ ∗ 𝑢ℎ(⋅, 𝑛ℎ) + 𝑔(⋅, 𝑛ℎ)𝛽(𝛼, ℎ)) in R𝑁 ,

where 𝑢ℎ(⋅, 0) = 1𝛺0
− 1𝛺𝑐0 , sign(𝑡) = 1 if 𝑡 > 0 and sign(𝑡) = −1 if 𝑡 ≤ 0, 1𝐴 denotes the characteristic function of 𝐴 ⊂ R𝑁 , 

𝐽ℎ(𝑥) = 𝑝𝛼(𝑥, 𝜎𝛼(ℎ)), (1.3)

(see (1.1) and (1.2)) and 

𝛽(𝛼, ℎ) =

{

𝜎𝛼(ℎ)
1
𝛼 = ℎ

1
2 if 𝛼 ∈ (1, 2),

𝜎𝛼(ℎ)| ln(𝜎𝛼(ℎ))| if 𝛼 = 1.
(1.4)

This algorithm generates functions 𝑢ℎ(⋅, 𝑛ℎ) and open sets 𝛺ℎ
𝑛ℎ defined by

𝑢ℎ(⋅, 𝑛ℎ) = 1𝛺ℎ𝑛ℎ
− 1(𝛺ℎ𝑛ℎ)

𝑐 in R𝑁

and 
𝛺ℎ
𝑛ℎ = {𝑥 ∈ R𝑁 ∶ 𝐽ℎ ∗ 𝑢ℎ(⋅, (𝑛 − 1)ℎ)(𝑥) > −𝑔(𝑥, (𝑛 − 1)ℎ)𝛽(𝛼, ℎ)}. (1.5)

We shall prove that, when ℎ → 0+, the discrete evolution 𝛤0 → 𝛤 ℎ𝑛ℎ = 𝜕𝛺ℎ
𝑛ℎ converges, in a suitable sense, to the motion 𝛤0 → 𝛤𝑡

with normal velocity equal to the sum of a multiple of the anisotropic mean curvature (depending on  ) and a multiple of the 
external force 𝑔.

1.3. Main results

The anisotropic mean curvature motion in the presence of the external force 𝑔 ∈ 𝐶(R𝑁 × [0,+∞)) that we shall obtain in the 
limit corresponds to the level set pde 

𝜕 𝑢 = 𝜇 (𝐷𝑢)(𝐹 (𝐷2𝑢,𝐷𝑢) + 𝑔|𝐷𝑢|) in R𝑁 × (0,+∞), (1.6)
𝑡 𝛼 𝛼

2 
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supplemented with the initial condition

𝑢(⋅, 0) = 𝑢0(⋅) in R𝑁

for some uniformly continuous function 𝑢0 ∶ R𝑁 → R, where for each 𝑝 ∈ R𝑁 ⧵ {0} and for each 𝑁 ×𝑁 symmetric real matrix 𝑀 , 

𝜇𝛼

(

𝑝
|𝑝|

)

=
(

2∫{𝑥∈R𝑁 ∶⟨𝑥,𝑝⟩=0}
𝑃𝛼(𝑥) 𝑑𝑁−1(𝑥)

)−1
(1.7)

(see (1.1)) and 

𝐹𝛼(𝑀,𝑝) = tr
(

𝑀
(

𝑝
|𝑝|

))

(1.8)

with 


(

𝑝
|𝑝|

)

= 𝐶𝑁,𝛼 ∫S𝑁−1∩{𝑥∈R𝑁 ∶⟨𝑥,𝑝⟩=0}
𝜃 ⊗ 𝜃

𝑑𝑁−2(𝜃)
 (𝜃)𝑁+1

, (1.9)

where 

𝐶𝑁,𝛼 =

⎧

⎪

⎨

⎪

⎩

∫

+∞

0
𝑡𝑁 (1 + 𝑡𝑁+𝛼)−1 𝑑𝑡 if 𝛼 ∈ (1, 2),

1 if 𝛼 = 1.
(1.10)

Remark 1.1.  If 𝑋 and 𝑌  are symmetric real 𝑁 ×𝑁 matrices such that 𝑋 ≤ 𝑌  and 𝑝 ∈ R𝑁 ⧵ {0}, then −𝐹𝛼(𝑋, 𝑝) ≥ −𝐹𝛼(𝑌 , 𝑝), and 
hence −𝜇𝛼(𝑝)(𝐹𝛼(𝑀,𝑝) + 𝑔|𝑝|) is degenerate elliptic. Also, −𝜇𝛼(𝑝)(𝐹𝛼(𝑀,𝑝) + 𝑔|𝑝|) is geometric (the reader may consult [5,10–12] for 
more details on the geometric equations), because 𝑀 → 𝐹𝛼(𝑀,𝑝) is linear and

𝐹𝛼(𝑀,𝑝) = 𝐹𝛼

((

Id −
𝑝
|𝑝|

⊗
𝑝
|𝑝|

)

𝑀,
𝑝
|𝑝|

)

,

which comes from (1.8), (1.9) and the fact that (𝜃 ⊗ 𝜃)(𝑝 ⊗ 𝑝) = ⟨𝜃, 𝑝⟩𝜃 ⊗ 𝑝.

Remark 1.2.  In the particular case where   is the usual Euclidean norm, we obtain


(

𝑝
|𝑝|

)

=
𝐶𝑁,𝛼𝑁−2(S𝑁−2)

𝑁 − 1
Id{⟨𝑥,𝑝⟩=0}

and hence

𝐹𝛼(𝑀,𝑝) =
𝐶𝑁,𝛼𝑁−2(S𝑁−2)

𝑁 − 1
tr
((

Id −
𝑝
|𝑝|

⊗
𝑝
|𝑝|

)

𝑀
)

.

We recover the classical mean curvature motion up to the factor 𝐶𝑁,𝛼𝑁−2(S𝑁−2)𝜇𝛼∕(𝑁 − 1), where

𝜇𝛼 =
(

2∫R𝑁−1

𝑑𝑁−1(𝑥)
1 + |𝑥|𝑁+𝛼

)−1

.

Using the theory of viscosity solutions of Crandall, Ishii, and Lions [13], one can give the precise meaning of a solution of Eq. 
(1.6) (see Definition  2.2 and Theorem  2.3). We point out that Eq.  (1.6), supplemented with the initial condition 𝑢(⋅, 0) = 𝑢0(⋅) in R𝑁
for some uniformly continuous function 𝑢0, admits a unique viscosity solution (see, for instance, [10–12,14]).

Next, we recall that, given a bounded sequence (𝑢ℎ(⋅, 𝑛ℎ))𝑛∈N of bounded functions, the ‘‘half-relaxed’’ limits lim inf∗ 𝑢ℎ and 
lim sup∗ 𝑢ℎ are defined by 

⎧

⎪

⎨

⎪

⎩

lim inf∗ 𝑢ℎ(𝑥, 𝑡) ∶= lim inf
𝑦→𝑥
𝑛ℎ→𝑡

𝑢ℎ(𝑦, 𝑛ℎ),

lim sup∗ 𝑢ℎ(𝑥, 𝑡) ∶= lim sup
𝑦→𝑥
𝑛ℎ→𝑡

𝑢ℎ(𝑦, 𝑛ℎ).
(1.11)

Then lim inf∗ 𝑢ℎ ≤ lim sup∗ 𝑢ℎ. Furthermore, if ̃𝑢 = lim inf∗ 𝑢ℎ = lim sup∗ 𝑢ℎ, then 𝑢ℎ → 𝑢̃ locally uniformly as ℎ→ 0+.
Our main theorem is the following consistency result. 

Theorem 1.3.  Let 𝑢0 ∶ R𝑁 → R be uniformly continuous, 𝛺0 = {𝑥 ∈ R𝑁 ∶ 𝑢0(𝑥) > 0}, 𝛤0 = {𝑥 ∈ R𝑁 ∶ 𝑢0(𝑥) = 0}, 
𝛺𝑡 = {𝑥 ∈ R𝑁 ∶ 𝑢(𝑥, 𝑡) > 0} and 𝛤𝑡 = {𝑥 ∈ R𝑁 ∶ 𝑢(𝑥, 𝑡) = 0}, where 𝑢 is the unique viscosity solution of (1.6) satisfying the initial 
condition 𝑢(⋅, 0) = 𝑢0(⋅) in R𝑁 . Then

lim inf∗ 𝑢ℎ = 1 in 𝛺𝑡 and lim sup∗ 𝑢ℎ = −1 in (𝛺𝑡 ∪ 𝛤𝑡)𝑐 .
3 
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In particular, since 𝑢ℎ ∶ R𝑁 → {−1, 1}, Theorem  1.3 asserts that 𝑢ℎ → 1 locally uniformly in 𝛺𝑡 and 𝑢ℎ → −1 locally uniformly 
in (𝛺𝑡 ∪ 𝛤𝑡)𝑐 as ℎ → 0+. Namely, the scheme characterizes the evolution of the front 𝛤0 → 𝛤𝑡 by assigning the values 1 inside the 
region 𝛺𝑡 and −1 outside the region (𝛺𝑡 ∪ 𝛤𝑡)𝑐 . Whether the regions where 𝑢ℎ converges to 1 and −1 are exactly the regions inside 
and outside the front, respectively, depends on whether the fattening phenomenon occurs or not (i.e., whether the front develops 
regions of positive measure where 𝑢 = 0; see [10]). The answer is affirmative if and only if no fattening occurs. 

Corollary 1.4.  Let 𝑢 and 𝛤𝑡 be as in Theorem  1.3. Assume that
⋃

𝑡≥0
𝛤𝑡 × {𝑡} = 𝜕{(𝑥, 𝑡) ∶ 𝑢(𝑥, 𝑡) > 0} = 𝜕{(𝑥, 𝑡) ∶ 𝑢(𝑥, 𝑡) < 0}.

Then
⋃

𝑛∈N
𝛤 ℎ𝑛ℎ × {𝑛ℎ} →

⋃

𝑡≥0
𝛤𝑡 × {𝑡}, as ℎ→ 0+,

in the Hausdorff distance.

Our strategy of the proof, as in [8], is similar to the one in Barles and Georgelin [3], which relies on the general approach 
for proving convergence of numerical schemes by viscosity solution methods presented in [15]. The novelty compared to previous 
results is that we consider anisotropic kernels that only have a prescribed power decay and establish the limit evolution in the 
presence of an external force that depends on both time and position, in contrast to [9], where only time-dependent forcing terms 
are considered. In particular, our kernels are not rotation-invariant, in contrast to those considered in [8]. They do not satisfy the 
assumptions (3.2), (3.3), (3.7) (if 𝛼 = 1) and (3.4) (if 𝛼 ∈ [1, 2)) from [5]. Besides the consistency, we estimated the speed of 
the scheme applied to a ball (see Proposition  3.1), illustrating the correctness of the chosen scales. We proved that our scheme 
is convexity preserving under suitable convexity assumptions on the forcing term (see Corollary  5.3). Thus, the limit geometric 
evolution preserves convexity (see Corollary  5.5) under appropriate convexity assumptions on the external force 𝑔. We obtain the 
estimate (see Proposition  7.2) of the distance between two generalized evolutions with different external forces. Using this estimate, 
we provide a different proof of the uniqueness of the evolution of a convex bounded set than in [10] (where the proof is based on 
the use of the comparison principle). In general, the inclusion principle and the uniqueness of evolutions follow from the scheme 
and the comparison principle (see Remark  7.5). At a more technical point, under appropriate regularity assumptions, we established 
several stability results (see Theorems  4.3, 4.4 and Remark  4.5). In particular, the anisotropic fractional mean curvature operator 
defined in [9] for 𝛼 ∈ (0, 1) multiplied by the factor (1 − 𝛼) converges, as 𝛼 ↗ 1, to our anisotropic mean curvature given for 𝛼 = 1
(see Proposition  4.1). Conversely, our anisotropic mean curvature multiplied by (𝛼 − 1) converges as 𝛼 ↘ 1 to the anisotropic mean 
curvature that we obtain for the case where 𝛼 = 1 (see Remark  4.2). In dimension 2, we characterized the norm   by the mobility 
that we obtain in the limit, and vice versa (see Proposition  3.10). As a consequence, the unit ball of the mobility is as regular as the 
unit ball of the norm  , which has at least a Lipschitz regularity, since it is convex. In particular, the mobility can be a crystalline 
norm. The anisotropic mean curvature motion (1.6), where 𝑔 = 0, is of a variational type and can be approximated, at a large scale, 
by eikonal-type equations modeling dislocations dynamics (see Theorem  4.6). We also point out that if the initial set is bounded 
and large enough, the corresponding front propagation, under appropriate assumptions, is asymptotically similar to the Wulff shape 
(see Theorem  8.1).

2. Preliminaries

2.1. Conventions and notation

Conventions: in this paper, we say that a value is positive if it is strictly greater than zero, and a value is nonnegative if it is greater 
than or equal to zero. Euclidean spaces are endowed with the Euclidean inner product ⟨⋅, ⋅⟩. We shall denote by 𝑁 an integer greater 
than or equal to 2. The symbol   will denote a norm on R𝑁 . A set will be called a domain whenever it is open and connected. The 
Hausdorff measures, which we shall use, coincide in terms of normalization with the appropriate outer Lebesgue measures.

Notation: we denote the set of 𝑁 ×𝑁 symmetric real matrices by M𝑁×𝑁
sym . We denote by 𝐵𝑟(𝑥), 𝐵𝑟(𝑥), and 𝜕𝐵𝑟(𝑥), respectively, the 

open ball in R𝑁 , the closed ball in R𝑁 , and its boundary the (𝑁 −1)-sphere with center 𝑥 and radius 𝑟. If the center is at the origin 
0, we write 𝐵𝑟, 𝐵𝑟 and 𝜕𝐵𝑟 the corresponding balls and the (𝑁 − 1)-sphere. We shall denote by S𝑁−1 and S𝑁−2 the (𝑁 − 1)-sphere 
and the (𝑁 − 2)-sphere with center at the origin and radius 1, respectively. We denote by dist(𝑥,𝐴) and 𝑙(𝐴), respectively, the 
Euclidean distance from 𝑥 ∈ R𝑁  to 𝐴 ⊂ R𝑁  and the 𝑙-dimensional Hausdorff measure of 𝐴. If 𝑈 ⊂ R𝑁  is Lebesgue measurable, then 
for 𝑝 ∈ [1,+∞), 𝐿𝑝(𝑈 ) will denote the space consisting of all real measurable functions on 𝑈 that are 𝑝th-power integrable on 𝑈 . 
By 𝐿1

loc(𝑈 ) we denote the space of functions 𝑢 such that 𝑢 ∈ 𝐿1(𝑉 ) for all 𝑉 ⋐ 𝑈 . We shall also write 𝜔𝑁−1 and 𝜔𝑁−2 instead of 
𝑁−1(S𝑁−1) and 𝑁−2(S𝑁−2), respectively. The space of bounded continuous functions on [0,+∞) will be denoted by 𝐶𝑏([0,+∞)). 
If 𝑔 ∈ 𝐶𝑏([0,+∞)), then ‖𝑔‖∞ will denote the supremum of |𝑔|. For each 𝑝 ∈ R𝑁 ⧵ {0}, 𝑝⟂ will denote the orthogonal complement 
of {𝑝}, namely, 𝑝⟂ = {𝑥 ∈ R𝑁 ∶ ⟨𝑥, 𝑝⟩ = 0}. We use the standard notation for Sobolev spaces.
4 
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2.2. Definitions

We begin with the definition of a norm. 

Definition 2.1.  A norm on R𝑁  is a function  ∶ R𝑁 → [0,+∞) that satisfies the following properties
•  (𝑥) = 0 ⇔ 𝑥 = 0 (  is positive definite);
•  (𝜆𝑥) = |𝜆| (𝑥) for each 𝜆 ∈ R and 𝑥 ∈ R𝑁  (  is positive 1-homogeneous and even);
•  (𝑥 + 𝑦) ≤  (𝑥) + (𝑦) for each 𝑥, 𝑦 ∈ R𝑁  (  is subadditive).
It is well know that for each norm   on R𝑁  there exists a constant 𝐶 = 𝐶( ) ≥ 1 such that for each 𝑥 ∈ R𝑁 , 

𝐶−1
|𝑥| ≤  (𝑥) ≤ 𝐶|𝑥|. (2.1)

Next, we recall the definition of a viscosity solution of (1.6). We denote by [𝐹𝛼]∗ and [𝐹𝛼]∗ the upper and lower semicontinuous 
envelopes of 𝐹𝛼 , respectively.

Definition 2.2.  A locally bounded upper semicontinuous function 𝑢 ∶ R𝑁 × [0,+∞) → R is a viscosity subsolution of (1.6) if for 
every (𝑥0, 𝑡0) and every test function 𝜑 ∈ 𝐶2(R𝑁 × (0,+∞)) such that 𝑢 − 𝜑 has a maximum at (𝑥0, 𝑡0), 

𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 𝜇𝛼(𝐷𝜑(𝑥0, 𝑡0))([𝐹𝛼]∗(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0)) + 𝑔(𝑥0, 𝑡0)|𝐷𝜑(𝑥0, 𝑡0)|). (2.2)

A locally bounded lower semicontinuous function 𝑢 ∶ R𝑁 × [0,+∞) → R is a viscosity supersolution of (1.6) if for every (𝑥0, 𝑡0) and 
every test function 𝜑 ∈ 𝐶2(R𝑁 × (0,+∞)) such that 𝑢 − 𝜑 has a minimum at (𝑥0, 𝑡0), 

𝜕𝑡𝜑(𝑥0, 𝑡0) ≥ 𝜇𝛼(𝐷𝜑(𝑥0, 𝑡0))([𝐹𝛼]∗(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0)) + 𝑔(𝑥0, 𝑡0)|𝐷𝜑(𝑥0, 𝑡0)|). (2.3)

A continuous function 𝑢 ∶ R𝑁 × [0,+∞) → R is a viscosity solution of (1.6) if it is a subsolution and a supersolution of (1.6).

For the theory of viscosity solutions, the reader may consult [13]. We shall use an equivalent definition which eliminates the 
difficulty related to the fact that |𝐷𝜑| may be equal to zero. 

Theorem 2.3.  In Definition  2.2, the condition (2.2) can be replaced by 
𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 𝜇𝛼(𝐷𝜑(𝑥0, 𝑡0))(𝐹𝛼(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0)) + 𝑔(𝑥0, 𝑡0)|𝐷𝜑(𝑥0, 𝑡0)|) (2.4)

if |𝐷𝜑(𝑥0, 𝑡0)| ≠ 0 or 

𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 0 if |𝐷𝜑(𝑥0, 𝑡0)| = 0 and 𝐷2𝜑(𝑥0, 𝑡0) = 0, (2.5)

and the condition (2.3) by 
𝜕𝑡𝜑(𝑥0, 𝑡0) ≥ 𝜇𝛼(𝐷𝜑(𝑥0, 𝑡0))(𝐹𝛼(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0)) + 𝑔(𝑥0, 𝑡0)|𝐷𝜑(𝑥0, 𝑡0)|) (2.6)

if |𝐷𝜑(𝑥0, 𝑡0)| ≠ 0 or 

𝜕𝑡𝜑(𝑥0, 𝑡0) ≥ 0 if |𝐷𝜑(𝑥0, 𝑡0)| = 0 and 𝐷2𝜑(𝑥0, 𝑡0) = 0, (2.7)

and the definition remains equivalent.

Proof.  The reader may consult the proof of [3, Proposition 2.2], which adapts here without any difficulty. □

Next, we recall the definition of the generalized evolution corresponding to (1.6). Let  and  denote, respectively, the collection 
of closed and open subsets of R𝑁 . Let 𝛺0 be an open subset of R𝑁  and let 𝑢0 ∶ R𝑁 → R be a uniformly continuous function. Assume 
that 𝛺0 = {𝑥 ∈ R𝑁 ∶ 𝑢0(𝑥) > 0} and 𝛤0 = {𝑥 ∈ R𝑁 ∶ 𝑢0(𝑥) = 0}. Let 𝑢 be a unique viscosity solution of Eq.  (1.6) supplemented with 
the initial condition 𝑢(⋅, 0) = 𝑢0(⋅) in R𝑁 . We define 𝛺𝑡 = {𝑥 ∈ R𝑁 ∶ 𝑢(𝑥, 𝑡) > 0} and 𝛤𝑡 = {𝑥 ∈ R𝑁 ∶ 𝑢(𝑥, 𝑡) = 0}. We also define the 
maps 𝑋𝑡 ∶  →  and 𝑂𝑡 ∶  →  by 𝑋𝑡(𝛺0 ∪ 𝛤0) = 𝛺𝑡 ∪ 𝛤𝑡 and 𝑂𝑡(𝛺0) = 𝛺𝑡. 

Definition 2.4.  The collections {𝑋𝑡}𝑡≥0 and {𝑂𝑡}𝑡≥0 are called the generalized evolutions with normal velocity 𝑣(−𝐷( 𝐷𝑢
|𝐷𝑢| ),−

𝐷𝑢
|𝐷𝑢| , 𝑥, 𝑡)

= 𝜇𝛼(−
𝐷𝑢
|𝐷𝑢| )(−

1
|𝐷𝑢|𝐹𝛼(𝐷

2𝑢,𝐷𝑢) + 𝑔(𝑥, 𝑡)), where 𝜇𝛼 is defined in (1.7) and 𝐹𝛼 is defined in (1.8).

3. Convergence of the discrete flows

3.1. The speed of balls

In this subsection, we estimate the speed of the scheme applied to a ball. This provides us with a control on the (bounded) speed 
at which the balls decrease with the discrete flow. 
5 
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Proposition 3.1.  Let 𝛼 ∈ [1, 2), 𝑟 > 0, 𝑥0 ∈ R𝑁  and 𝑔 ∈ 𝐶𝑏([0,+∞)). There exist constants 𝐴1 = 𝐴1(𝛼,𝑁, ) > 0, 𝐴2 = 𝐴2(𝛼,𝑁, ) > 0
and ℎ0 = ℎ0(𝛼, 𝑟, ‖𝑔‖∞, 𝑁, ) > 0 such that for ℎ ∈ (0, ℎ0) and 𝜏 = 𝐴1∕𝑟 + 𝐴2‖𝑔‖∞, the following holds. If 𝛼 = 1, then 

𝐽ℎ ∗ (1𝐵𝑟(𝑥0) − 1𝐵𝑐𝑟 (𝑥0)) ≥ ‖𝑔‖∞𝜎1| ln(𝜎1)| in 𝐵𝑟−𝜏ℎ(𝑥0) (3.1)

and 

𝐽ℎ ∗ (1𝐵𝑟(𝑥0) − 1𝐵𝑐𝑟 (𝑥0)) < −‖𝑔‖∞𝜎1| ln(𝜎1)| in 𝐵𝑟+𝜏ℎ(𝑥0) ⧵ 𝐵𝑟(𝑥0). (3.2)

If 𝛼 ∈ (1, 2), then 

𝐽ℎ ∗ (1𝐵𝑟(𝑥0) − 1𝐵𝑐𝑟 (𝑥0)) ≥ ‖𝑔‖∞ℎ
1
2 in 𝐵𝑟−𝜏ℎ(𝑥0) (3.3)

and 

𝐽ℎ ∗ (1𝐵𝑟(𝑥0) − 1𝐵𝑐𝑟 (𝑥0)) < −‖𝑔‖∞ℎ
1
2 in 𝐵𝑟+𝜏ℎ(𝑥0) ⧵ 𝐵𝑟(𝑥0). (3.4)

Remark 3.2.  In [9], for each 𝛼 ∈ (0, 1) and for each set 𝐸 ⊂ R𝑁  of class 𝐶1,1, the authors define the anisotropic fractional mean 
curvature at 𝑥 ∈ 𝜕𝐸 by 

− 𝜅𝛼(𝑥,𝐸) = ∫R𝑁
1𝐸 (𝑦) − 1𝐸𝑐 (𝑦)
 (𝑦 − 𝑥)𝑁+𝛼

𝑑𝑦, (3.5)

where the role of the ‘‘−’’ sign is to ensure that convex sets have nonnegative curvature (for a rigorous explanation of this definition, 
the reader may consult [16, Subsection 2.2] and, in particular, [16, Lemma 1]). We point out that this definition of the anisotropic 
mean curvature is no longer valid in the case where 𝛼 ∈ [1, 2), since [16, Lemma 1] is false in this case (see [16, Remark 1]), and 
the anisotropic 𝛼-stable Lévy measure 𝑑𝑧

 (𝑧)𝑁+𝛼  on R𝑁  does not satisfy the assumption (A3) in [16].

Proof.  To lighten the notation, denote 𝑒 = (1, 0,… , 0) ∈ R𝑁  and 𝐵 = 𝐵𝑟(𝑟𝑒). Up to a translation, we assume that 𝑥0 = 0. A little later 
in Corollary  5.3 we shall prove that the superlevel sets of the function 𝐽ℎ ∗ (1𝐵𝑟 −1𝐵𝑐𝑟 ) are convex. Thus, to obtain the desired lower 
bound for 𝐽ℎ ∗ (1𝐵𝑟−1𝐵𝑐𝑟 ) in the ball 𝐵𝑟−𝑡 for fairly small 𝑡 ∈ (0, 1), it suffices to obtain the same estimate for 𝐽ℎ ∗ (1𝐵𝑟−1𝐵𝑐𝑟 ) on 𝜕𝐵𝑟−𝑡. 
Inasmuch as   is even,  (𝑥) =  (−𝑥) for each 𝑥 ∈ R𝑁 , and in view of (2.1), to deduce the desired estimate for 𝐽ℎ ∗ (1𝐵𝑟 − 1𝐵𝑐𝑟 )
on 𝜕𝐵𝑟−𝑡, it is enough to estimate 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 ) at the point 𝑡𝑒. According to (1.3), 

𝐽ℎ(𝑦) =
𝜎𝛼(ℎ)

𝜎𝛼(ℎ)
𝑁+𝛼
𝛼 + (𝑦)𝑁+𝛼

(3.6)

for each 𝑦 ∈ R𝑁 . Since  (𝑦) =  (−𝑦) for each 𝑦 ∈ R𝑁 , 

∫𝐵
𝑑𝑦

𝜎𝛼(ℎ)
𝑁+𝛼
𝛼 + (𝑦)𝑁+𝛼

= ∫−𝐵
𝑑𝑦

𝜎𝛼(ℎ)
𝑁+𝛼
𝛼 + (𝑦)𝑁+𝛼

. (3.7)

Using (3.6) and (3.7), we have 

𝜎𝛼(ℎ)−1𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) = −∫R𝑁 ⧵(−𝐵∪𝐵)

𝑑𝑦

𝜎𝛼(ℎ)
𝑁+𝛼
𝛼 + (𝑦)𝑁+𝛼

≥ −∫𝐵min{1,𝑟}⧵(−𝐵∪𝐵)

𝑑𝑦

𝜎𝛼(ℎ)
𝑁+𝛼
𝛼 + (𝑦)𝑁+𝛼

− ∫𝐵𝑐min{1,𝑟}

𝑑𝑦
 (𝑦)𝑁+𝛼

= −∫𝐵min{1,𝑟}⧵(−𝐵∪𝐵)

𝑑𝑦

𝜎𝛼(ℎ)
𝑁+𝛼
𝛼 + (𝑦)𝑁+𝛼

−
𝐶𝑁+𝛼𝜔𝑁−1
𝛼min{1, 𝑟}𝛼

,

(3.8)

where 𝐶 = 𝐶( ) ≥ 1 is the constant coming from (2.1). To lighten the notation, hereinafter in this proof, we shall simply write 𝜎
instead of 𝜎𝛼(ℎ). We consider the next cases.
Case 1: 𝛼 = 1. Then, defining 𝐶𝜚 = (𝐵min{1,𝑟} ⧵ (−𝐵 ∪ 𝐵)) ∩ {𝑥 ∈ R𝑁 ∶ dist(𝑥, {𝑡𝑒 ∶ 𝑡 ∈ R}) = 𝜚}, using the coarea formula (see [17, 
Theorem 3.2.22 (3)]) and (2.1), we obtain the following 

∫𝐵min{1,𝑟}⧵(−𝐵∪𝐵)

𝑑𝑦
𝜎𝑁+1 + (𝑦)𝑁+1

≤ ∫

min{1,𝑟}

0
𝑑𝜚∫𝐶𝜚

𝑑𝑁−1(𝑦)
𝜎𝑁+1 + (𝑦)𝑁+1

≤ 2
𝑟
𝐶𝑁+1𝜔𝑁−2 ∫

min{1,𝑟}

0

𝜚𝑁 𝑑𝜚
(𝐶𝜎)𝑁+1 + 𝜚𝑁+1

≤ 2𝐶𝑁+1

𝑟(𝑁 + 1)
𝜔𝑁−2 ln

(

(𝐶𝜎)𝑁+1 + min{1, 𝑟}𝑁+1

(𝐶𝜎)𝑁+1

)

≤ 3𝐶𝑁+1𝜔 | ln(𝜎)|

(3.9)
𝑟 𝑁−2

6 
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provided that 𝜎 > 0 is small enough depending on 𝑟, 𝑁 and 𝐶, where 𝐶 = 𝐶( ) ≥ 1 is the constant coming from (2.1). Combining 
(3.8) and (3.9), we get 

𝜎−1𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) ≥ −3
𝑟
𝐶𝑁+1𝜔𝑁−2| ln(𝜎)| −

𝐶𝑁+1𝜔𝑁−1
min{1, 𝑟}

(3.10)

provided that 𝜎 > 0 is small enough depending on 𝑟, 𝑁 and 𝐶. Next, we want to estimate 𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 ) at the point 𝑡𝑒, where 
|𝑡| ≤ 𝑓 (𝜎) and 𝑓 (𝜎) is large enough with respect to ℎ. Taking into account (3.10) and carefully performing preliminary computations, 
one can conclude that it is enough to consider 𝑓 (𝜎) = 𝜎𝜃| ln(𝜎)| for some 𝜃 ∈ (1, 2). Let us fix 𝑡 = 𝑠𝜎𝜃| ln(𝜎)|, where 𝑠 ∈ [−1, 1]. We 
have

𝐺 ∶= ⟨𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(𝑡𝑒), 𝜎−1𝑒⟩ = −2∫𝜕𝐵
⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑥)

𝜎𝑁+1 + (𝑡𝑒 − 𝑥)𝑁+1
,

where 𝜈 ∶ 𝜕𝐵 → S𝑁−1 stands for the outward pointing unit normal vector field to 𝜕𝐵. Performing the change of variables 𝑥 = 𝜎𝑦
and denoting the ball 𝐵𝜎−1𝑟(𝜎−1𝑟𝑒) by 𝜎−1𝐵, we deduce that

𝐺 = −2∫𝜕(𝜎−1𝐵)
𝜎𝑁−1

⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑦)
𝜎𝑁+1(1 + (𝑠𝜎𝜃−1| ln(𝜎)|𝑒 − 𝑦)𝑁+1)

= − 2
𝜎2 ∫𝜕(𝜎−1𝐵)

⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑦)
1 + (𝑠𝜎𝜃−1| ln(𝜎)|𝑒 − 𝑦)𝑁+1

,

where 𝜈 is the outward pointing unit normal vector field to 𝜕(𝜎−1𝐵). Let 𝑅 ≥ 1 and 𝐵𝜎 be the ball with center at the origin and 
radius 𝑅𝜎−

𝑁−1
𝑁+1 . If 𝑦 ∈ (𝐵𝜎 )𝑐 , then 

|𝑠𝜎𝜃−1| ln(𝜎)|𝑒 − 𝑦| ≥ 𝑅𝜎−
𝑁−1
𝑁+1 − 𝜎𝜃−1| ln(𝜎)| ≥ 𝑅

2
𝜎−

𝑁−1
𝑁+1 (3.11)

provided that 𝜎 > 0 is small enough depending on 𝜃, 𝑅 and 𝑁 . Thus, using (2.1) and (3.11), we obtain the following estimate
|

|

|

|

|

2∫𝜕(𝜎−1𝐵)⧵𝐵𝜎
⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑦)

1 + (𝑠𝜎𝜃−1| ln(𝜎)|𝑒 − 𝑦)𝑁+1

|

|

|

|

|

≤
2𝜎−(𝑁−1)𝑟𝑁−1𝜔𝑁−1

1 + ( 𝑅2𝐶 𝜎
−𝑁−1
𝑁+1 )𝑁+1

=
2𝑟𝑁−1𝜔𝑁−1

𝜎𝑁−1 + ( 𝑅2𝐶 )
𝑁+1

,

which can be made arbitrarily small by choosing 𝑅 large enough depending on 𝑟, 𝑁 and 𝐶. On the other hand, if 𝜎 > 0 is small 
enough (depending on 𝑟, 𝑁 and 𝐶) and 𝑦 ∈ 𝜕(𝜎−1𝐵) ∩𝐵𝜎 , then we can assume that 𝜎−1𝑟 is large enough with respect to 𝑅𝜎−

𝑁−1
𝑁+1  so 

that ⟨𝜎, 𝑒⟩ ≤ −1∕2. This implies that

−2∫𝜕(𝜎−1𝐵)∩𝐵𝜎
⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑦)

1 + (𝑠𝜎𝜃−1| ln(𝜎)|𝑒 − 𝑦)𝑁+1
≥ ∫𝜕(𝜎−1𝐵)∩𝐵𝜎

𝑑𝑁−1(𝑦)
1 + (𝑠𝜎𝜃−1| ln(𝜎)|𝑒 − 𝑦)𝑁+1

→ ∫𝑒⟂
𝑑𝑁−1(𝑦)

1 + (𝑦)𝑁+1
=∶ 2𝜂 > 0

as ℎ → 0+. Altogether, we have proved that if 𝑅 is large enough, there exists ℎ0 > 0 depending on 𝑟, 𝜃, 𝑁 ,   and 𝐶 such that if 
ℎ ∈ (0, ℎ0) (recall that ℎ = 𝜎2| ln(𝜎)|), then (3.10) holds and 

⟨𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(𝑡𝑒), 𝑒⟩ ≥
𝜂
𝜎

(3.12)

whenever |𝑡| ≤ 𝜎𝜃| ln(𝜎)|. Choosing 𝜃 = 3∕2, 𝐴1 = 4𝐶𝑁+1𝜔𝑁−2∕𝜂, 𝐴2 = 1∕𝜂,

𝜏 =
𝐴1
𝑟

+ 𝐴2‖𝑔‖∞, 𝑡 = 𝜏𝜎2| ln(𝜎)|

and (possibly) reducing ℎ0, we have that |𝑡| ≤ 𝜎𝜃| ln(𝜎)| and 

𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(𝑡𝑒) = 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) + ⟨𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(𝑡𝑒), 𝑡𝑒⟩ + 𝑜(𝑡) ≥ ‖𝑔‖∞𝜎| ln(𝜎)| (3.13)

if ℎ ∈ (0, ℎ0), where we have used Taylor’s expansion for 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0). Notice that 𝜏 and ℎ0 depend on 𝑟, ‖𝑔‖∞, 𝑁 ,   and 
𝐶. Inasmuch as 𝐶 depends only on  , we can assume that 𝜏 and ℎ0 depend only on 𝑟, ‖𝑔‖∞, 𝑁 and  . This implies (3.1). On the 
other hand, taking into account that 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) < 0 (see (3.8)) and (3.12), we have

𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(−𝑡𝑒) = 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) − ⟨𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(−𝑡𝑒), 𝑡𝑒⟩ + 𝑜(𝑡) < −‖𝑔‖∞𝜎| ln(𝜎)|.

Thus, (3.2) is satisfied.
Case 2: 𝛼 ∈ (1, 2). Let 𝐶𝜚 be defined as in Case 1. We recall that 𝜎 = ℎ

𝛼
2  and 𝐶 = 𝐶( ) ≥ 1 is the constant coming from (2.1). Using 

the coarea formula (see [17, Theorem 3.2.22 (3)]), (2.1) and the facts that (𝐶2ℎ + 𝜚2)
𝑁+𝛼
2 ≤ 2

𝑁+𝛼
2 −1((𝐶2ℎ)

𝑁+𝛼
2 + 𝜚𝑁+𝛼) (by Jensen’s 
7 
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inequality), 𝐶 ≥ 1 and also (ℎ 1
2 + 𝜚)2 ≤ 2(ℎ + 𝜚2) (by Jensen’s inequality), we deduce that 

∫𝐵min{1,𝑟}⧵(−𝐵∪𝐵)

𝑑𝑦

𝜎
𝑁+𝛼
𝛼 + (𝑦)𝑁+𝛼

≤ ∫

min{1,𝑟}

0
𝑑𝜚∫𝐶𝜚

𝑑𝑁−1(𝑦)

ℎ
𝑁+𝛼
2 + (𝑦)𝑁+𝛼

≤ 2
𝑟
𝐶𝑁+𝛼𝜔𝑁−2 ∫

min{1,𝑟}

0

𝜚𝑁

(𝐶2ℎ)
𝑁+𝛼
2 + 𝜚𝑁+𝛼

𝑑𝜚

≤ 2
𝑁+𝛼
2

𝑟
𝐶𝑁+𝛼𝜔𝑁−2 ∫

1

0

𝜚𝑁

(ℎ + 𝜚2)
𝑁+𝛼
2

𝑑𝜚

≤ 2
𝑁+𝛼
2

𝑟
𝐶𝑁+𝛼𝜔𝑁−2 ∫

1

0
(ℎ + 𝜚2)−

𝛼
2 𝑑𝜚

≤ 2
𝑁
2 +𝛼

𝑟
𝐶𝑁+𝛼𝜔𝑁−2 ∫

1

0
(ℎ

1
2 + 𝜚)−𝛼 𝑑𝜚

= 2
𝑁
2 +𝛼

𝑟
𝐶𝑁+𝛼𝜔𝑁−2

ℎ
1−𝛼
2 − (1 + ℎ

1
2 )1−𝛼

𝛼 − 1
.

(3.14)

Combining (3.8) and (3.14), we get 

𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) ≥ −2
𝑁
2 +𝛼

𝑟
𝐶𝑁+𝛼𝜔𝑁−2

ℎ
𝛼
2 ((1 + ℎ

1
2 )𝛼−1 − ℎ

𝛼−1
2 )

(𝛼 − 1)(ℎ
1
2 + ℎ)𝛼−1

−
𝐶𝑁+𝛼𝜔𝑁−1ℎ

𝛼
2

𝛼min{1, 𝑟}𝛼

≥ −
2
𝑁
2 +𝛼𝐶𝑁+𝛼𝜔𝑁−2

(𝛼 − 1)𝑟
ℎ

1
2 −

𝐶𝑁+𝛼𝜔𝑁−1ℎ
𝛼
2

𝛼min{1, 𝑟}𝛼
,

(3.15)

where we have used that (1 + ℎ 1
2 )𝛼−1 ≤ 1 + ℎ

𝛼−1
2  (by subadditivity, since (𝛼 − 1) ∈ (0, 1)). It is worth noting that if 𝛼 is close enough 

to 1, then

ℎ
𝛼
2 (ℎ

1−𝛼
2 − (1 + ℎ

1
2 )1−𝛼)

𝛼 − 1
≈ ℎ

𝛼
2
| ln(ℎ

1
2 )| = 𝜎| ln(𝜎

1
𝛼 )| ≈ 𝜎| ln(𝜎)|

(this allows us to compare (3.15) with (3.10) when 𝛼 > 1 is close enough to 1). Next, we want to estimate 𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 ) at 
the point 𝑡𝑒, where |𝑡| ≤ 𝑓 (ℎ) and 𝑓 (ℎ) is large enough with respect to ℎ. In view of (3.15) and our preliminary computations, we 
conclude that it is enough to consider 𝑓 (ℎ) = ℎ

2+𝛼
4  provided that ℎ > 0 is small enough. Let us fix 𝑡 = 𝑠ℎ

2+𝛼
4 , where 𝑠 ∈ [−1, 1]. We 

have

𝐺 ∶= ⟨𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(𝑡𝑒), 𝜎−1𝑒⟩ = −2∫𝜕𝐵
⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑥)

ℎ
𝑁+𝛼
2 + (𝑡𝑒 − 𝑥)𝑁+𝛼

.

Performing the change of variables 𝑥 = ℎ
1
2 𝑦 and denoting the ball 𝐵

ℎ−
1
2 𝑟
(ℎ−

1
2 𝑟𝑒) by ℎ− 1

2 𝐵, we deduce that

𝐺 = −2∫𝜕(ℎ−
1
2 𝐵)

ℎ
𝑁−1
2

⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑦)

ℎ
𝑁+𝛼
2 (1 + (𝑠ℎ

𝛼
4 𝑒 − 𝑦)𝑁+𝛼)

= − 2

ℎ
1+𝛼
2

∫𝜕(ℎ−
1
2 𝐵)

⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑦)

1 + (𝑠ℎ
𝛼
4 𝑒 − 𝑦)𝑁+𝛼

.

Let 𝑅 ≥ 1 and 𝐵ℎ be the ball with center at the origin and radius 𝑅ℎ−
𝑁−1

2(𝑁+𝛼) . If 𝑦 ∈ (𝐵ℎ)𝑐 , then 

|𝑠ℎ
𝛼
4 𝑒 − 𝑦| ≥ 𝑅ℎ−

𝑁−1
2(𝑁+𝛼) − ℎ

𝛼
4 ≥ 𝑅

2
ℎ−

𝑁−1
2(𝑁+𝛼) (3.16)

provided that ℎ > 0 is small enough depending on 𝛼, 𝑅 and 𝑁 . Thus, using (2.1) and (3.16), we obtain the following estimate
|

|

|

|

|

2∫𝜕(ℎ−
1
2 𝐵)⧵𝐵ℎ

⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑦)

1 + (𝑠ℎ
𝛼
4 𝑒 − 𝑦)𝑁+𝛼

|

|

|

|

|

≤
2ℎ−

𝑁−1
2 𝑟𝑁−1𝜔𝑁−1

1 + ( 𝑅2𝐶 ℎ
− 𝑁−1

2(𝑁+𝛼) )𝑁+𝛼
=

2𝑟𝑁−1𝜔𝑁−1

ℎ
𝑁−1
2 + ( 𝑅2𝐶 )

𝑁+𝛼
,

which can be made arbitrarily small by choosing 𝑅 large enough depending on 𝛼, 𝑟, 𝑁 and 𝐶. On the other hand, if ℎ > 0 is small 
enough (depending on 𝛼, 𝑟, 𝑁 and 𝐶) and 𝑦 ∈ 𝜕(ℎ−

1
2 𝐵)∩𝐵ℎ, then we can assume that ℎ− 1

2 𝑟 is large enough with respect to 𝑅ℎ−
𝑁−1

2(𝑁+𝛼)

so that ⟨𝜎, 𝑒⟩ ≤ −1∕2. This implies that

−2∫𝜕(ℎ−
1
2 𝐵)∩𝐵ℎ

⟨𝜈, 𝑒⟩ 𝑑𝑁−1(𝑦)

1 + (𝑠ℎ
𝛼
4 𝑒 − 𝑦)𝑁+𝛼

≥ ∫𝜕(ℎ−
1
2 𝐵)∩𝐵ℎ

𝑑𝑁−1(𝑦)

1 + (𝑠ℎ
𝛼
4 𝑒 − 𝑦)𝑁+𝛼

→
𝑑𝑁−1(𝑦)

=∶ 2𝜂 > 0
∫𝑒⟂ 1 + (𝑦)𝑁+𝛼

8 
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as ℎ → 0+. Altogether, if 𝑅 is large enough, there exists ℎ0 = ℎ0(𝛼, 𝑟,𝑁, 𝐶) > 0 such that if ℎ ∈ (0, ℎ0), then (3.15) holds and 

⟨𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(𝑡𝑒), 𝑒⟩ ≥ 𝜂ℎ−
1
2 (3.17)

whenever |𝑡| ≤ ℎ
2+𝛼
4 . Setting 𝐴1 = 2

𝑁
2 +𝛼+1𝐶𝑁+𝛼𝜔𝑁−2∕((𝛼 − 1)𝜂), 𝐴2 = 1∕𝜂,

𝜏 =
𝐴1
𝑟

+ 𝐴2‖𝑔‖∞, 𝑡 = 𝜏ℎ

and (possibly) reducing ℎ0, we have that |𝑡| ≤ ℎ
2+𝛼
4  and

𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(𝑡𝑒) = 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) + ⟨𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(𝑡𝑒), 𝑡𝑒⟩ + 𝑜(𝑡) ≥ ‖𝑔‖∞ℎ
1
2

if ℎ ∈ (0, ℎ0), where we have used Taylor’s expansion of 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) at 𝑡𝑒. Let us point out that 𝜏 and ℎ0 depend on 𝛼, 𝑟, 
‖𝑔‖∞, 𝑁 ,   and 𝐶. Inasmuch as 𝐶 depends only on  , we can assume that 𝜏 and ℎ0 depend only on 𝛼, 𝑟, ‖𝑔‖∞, 𝑁 and  . We 
can also assume that 𝐴1 and 𝐴2 depend only on 𝛼, 𝑁 and  . This yields (3.3). Furthermore, observing that 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) < 0
(see (3.8)) and taking into account (3.17), we have

𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(−𝑡𝑒) = 𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(0) − ⟨𝐷𝐽ℎ ∗ (1𝐵 − 1𝐵𝑐 )(−𝑡𝑒), 𝑡𝑒⟩ + 𝑜(𝑡) < −‖𝑔‖∞ℎ
1
2 ,

and hence (3.4) is satisfied. This completes our proof of Proposition  3.1. □

Corollary 3.3.  Let 𝛼 ∈ [1, 2), 𝑟 > 0, 𝑥0 ∈ R𝑁 , 𝑔 ∈ 𝐶𝑏([0,+∞)) and for each 𝑥 ∈ R𝑁 , 𝑢ℎ(𝑥, 0) = 1𝐵𝑟(𝑥0)(𝑥) − 1𝐵𝑐𝑟 (𝑥0)(𝑥). Let 
𝐴1 = 𝐴1(𝛼,𝑁, ) > 0, 𝐴2 = 𝐴2(𝛼,𝑁, ) > 0 and ℎ0 = ℎ0(𝛼, 𝑟, ‖𝑔‖∞, 𝑁, ) > 0 be the constants of Proposition  3.1. If ℎ ∈ (0, ℎ0), 
then

𝑢ℎ(⋅, 𝑛ℎ) ≥ 1𝐵𝑟∕2(𝑥0)(⋅) − 1𝐵𝑐𝑟∕2(𝑥0)(⋅) in R𝑁

as long as

𝑛ℎ ≤ 𝑟2

2𝐴1 + 𝐴2𝑟‖𝑔‖∞
.

In particular, if 𝜀 > 0 is small enough and 𝑟 ∈ (𝜀, 2𝜀), then 𝑛ℎ ≤ 𝑟2∕(2𝐴1 + 𝐴2𝜀‖𝑔‖∞).

We shall denote by sign∗ and sign∗ the upper semicontinuous envelope and the lower semicontinuous envelope, respectively, of 
the sign function in R, namely,

sign∗(𝑡) =

{

1 if 𝑡 ≥ 0,
−1 otherwise

and

sign∗(𝑡) =

{

1 if 𝑡 > 0,
−1 otherwise.

The key ingredient in the proof of Theorem  1.3 is the following 

Proposition 3.4.  The functions lim sup∗ 𝑢ℎ and lim inf∗ 𝑢ℎ defined in (1.11) are, respectively, a viscosity subsolution and a viscosity 
supersolution of (1.6).

Proof.  We only prove that lim sup∗ 𝑢ℎ is a subsolution, since the proof that lim inf∗ 𝑢ℎ is a supersolution follows similarly. Let 
𝜑 ∈ 𝐶2(R𝑁 × (0,+∞)). Assume that (𝑥0, 𝑡0) ∈ R𝑁 × (0,+∞) is a strict global maximum point of lim sup∗ 𝑢ℎ − 𝜑. Without loss of 
generality, we assume that 

lim
|𝑥|+|𝑡|→+∞

𝜑(𝑥, 𝑡) = +∞, (3.18)

which will eliminate technical difficulties coming from the unboundedness of the domain. Indeed, we can replace 𝜑 by the function 
𝜑𝜀(𝑥, 𝑡) = 𝜑(𝑥, 𝑡)+𝜀(|𝑥 − 𝑥0|

2+|𝑡 − 𝑡0|
2) and prove the main inequality for 𝜑𝜀, which in the limit, as 𝜀→ 0+, yields the same inequality 

for 𝜑.
If lim sup∗ 𝑢ℎ(𝑥0, 𝑡0) = −1, then, since lim sup∗ 𝑢ℎ is upper semicontinuous and takes values in {−1, 1}, lim sup∗ 𝑢ℎ = −1 in a 

neighborhood of (𝑥0, 𝑡0), and hence |𝐷𝜑(𝑥0, 𝑡0)| = 0 and 𝜕𝑡𝜑(𝑥0, 𝑡0) = 0, which yields (2.2). Similarly, if (𝑥0, 𝑡0) belongs to the interior 
of the set {lim sup∗ 𝑢ℎ = 1}, (2.2) is satisfied at (𝑥0, 𝑡0). Thus, assume that (𝑥0, 𝑡0) belongs to the boundary of the set {lim sup∗ 𝑢ℎ = 1}.

Notice that lim sup∗ 𝑢ℎ = lim sup∗ 𝑢∗ℎ, and hence we can replace 𝑢ℎ with 𝑢∗ℎ, which is upper semicontinuous. In view of (3.18) 
and [18, Lemma A.3], there exists a subsequence (𝑥ℎ, 𝑛ℎℎ) converging to (𝑥0, 𝑡0) such that

𝑢∗ℎ(𝑥ℎ, 𝑛ℎℎ) − 𝜑(𝑥ℎ, 𝑛ℎℎ) = max
R𝑁×N

(𝑢∗ℎ − 𝜑)

and
9 
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𝑢∗ℎ(𝑥ℎ, 𝑛ℎℎ) → 1,

where we have used that 𝑢∗ℎ is upper semicontinuous. The latter, together with the fact that 𝑢∗ℎ takes values in {−1, 1}, implies that 
𝑢∗ℎ(𝑥ℎ, 𝑛ℎℎ) = 1 for ℎ small enough. Furthermore, for such ℎ, since (𝑥ℎ, 𝑛ℎℎ) is a maximum point, 

𝑢∗ℎ(𝑥, 𝑛ℎ) ≤ 1 + 𝜑(𝑥, 𝑛ℎ) − 𝜑(𝑥ℎ, 𝑛ℎℎ) (3.19)

for all 𝑥 ∈ R𝑁  and 𝑛 ∈ N. If 𝑢∗ℎ(𝑥, 𝑛ℎ) = 1, then (3.19) yields 𝜑(𝑥, 𝑛ℎ) − 𝜑(𝑥ℎ, 𝑛ℎℎ) ≥ 0 and hence 

𝑢∗ℎ(𝑥, 𝑛ℎ) ≤ sign∗(𝜑(𝑥, 𝑛ℎ) − 𝜑(𝑥ℎ, 𝑛ℎℎ)). (3.20)

Clearly, the above inequality also holds when 𝑢∗ℎ(𝑥, 𝑛ℎ) = −1. By definition, for each 𝑥 ∈ R𝑁 ,

𝑢ℎ(𝑥, 𝑛ℎℎ) = sign(𝐽ℎ ∗ 𝑢ℎ(⋅, (𝑛ℎ − 1)ℎ) + 𝑔(⋅, (𝑛ℎ − 1)ℎ)𝛽(𝛼, ℎ))(𝑥)

(see (3.6) for the definition of 𝐽ℎ) and hence

𝑢ℎ(𝑥, 𝑛ℎℎ) ≤ sign∗(𝐽ℎ ∗ 𝑢∗ℎ(⋅, (𝑛ℎ − 1)ℎ) + 𝑔(⋅, (𝑛ℎ − 1)ℎ)𝛽(𝛼, ℎ))(𝑥).

Since the right hand-side in the above inequality is upper semicontinuous, we observe that

𝑢∗ℎ(𝑥, 𝑛ℎℎ) ≤ sign∗(𝐽ℎ ∗ 𝑢∗ℎ(⋅, (𝑛ℎ − 1)ℎ) + 𝑔(⋅, (𝑛ℎ − 1)ℎ)𝛽(𝛼, ℎ))(𝑥).

Using this property with 𝑥 = 𝑥ℎ, (3.20) and the monotonicity of the sign∗ function, we have

1 = 𝑢∗ℎ(𝑥ℎ, 𝑛ℎℎ) ≤ sign∗(𝐽ℎ ∗ 𝑢∗ℎ(⋅, (𝑛ℎ − 1)ℎ) + 𝑔(⋅, (𝑛ℎ − 1)ℎ)𝛽(𝛼, ℎ))(𝑥ℎ)

≤ sign∗(𝐽ℎ ∗ sign∗(𝜑(⋅, (𝑛ℎ − 1)ℎ) − 𝜑(𝑥ℎ, 𝑛ℎℎ)) + 𝑔(⋅, (𝑛ℎ − 1)ℎ)𝛽(𝛼, ℎ))(𝑥ℎ),

which is equivalent to the fact that

𝐽ℎ ∗ [1+ − 1−](𝜑(⋅, (𝑛ℎ − 1)ℎ) − 𝜑(𝑥ℎ, 𝑛ℎℎ))(𝑥ℎ) + 𝑔(𝑥ℎ, (𝑛ℎ − 1)ℎ)𝛽(𝛼, ℎ) ≥ 0,

namely 

− 𝑔(𝑥ℎ, (𝑛ℎ − 1)ℎ)𝛽(𝛼, ℎ) ≤ ∫R𝑁
[1+ − 1−](𝜑(𝑦 + 𝑥ℎ, (𝑛ℎ − 1)ℎ) − 𝜑(𝑥ℎ, 𝑛ℎℎ))𝐽ℎ(𝑦) 𝑑𝑦, (3.21)

where 1+ and 1− denote, respectively, the characteristic functions of [0,+∞) and (−∞, 0). To complete our proof of Proposition 
3.4, we need to show that (3.21) implies (2.4) if |𝐷𝜑(𝑥0, 𝑡0)| ≠ 0 or (2.5) if |𝐷𝜑(𝑥0, 𝑡0)| = 0 and 𝐷2𝜑(𝑥0, 𝑡0) = 0. This is exactly the 
consistency of the scheme, which follows from Propositions  3.6 and 3.7. □

Proof of Theorem  1.3.  Let 𝑢 be as in the statement. Then sign∗(𝑢(𝑥, 𝑡)) and sign∗(𝑢(𝑥, 𝑡)) are the maximal upper semicontinuous 
subsolution and the minimal lower semicontinuous supersolution of (1.6) supplemented with the initial datum 1𝛺0

− 1𝛺𝑐0
 and 

1𝛺0
− 1𝛺𝑐0 , respectively (see [10] for the proof). This, together with Proposition  3.4, implies that 

lim sup∗𝑢ℎ(𝑥, 𝑡) ≤ sign∗(𝑢(𝑥, 𝑡)) in R𝑁 × (0,+∞) (3.22)

and 

lim inf∗𝑢ℎ(𝑥, 𝑡) ≥ sign∗(𝑢(𝑥, 𝑡)) in R𝑁 × (0,+∞). (3.23)

Since 𝑢ℎ takes only values in {−1, 1}, (3.22) implies that lim sup∗ 𝑢ℎ = −1 in (𝛺𝑡 ∪ 𝛤𝑡)𝑐 , while (3.23) yields lim inf∗ 𝑢ℎ = 1 in 𝛺𝑡. This 
completes the proof of Theorem  1.3. □

3.2. The consistency

The next lemma will be used in the proof of the consistency result Proposition  3.6. 

Lemma 3.5.  Let 𝛼 ∈ (1, 2), 𝑎 ∈ R, 𝐴 ∈ M𝑁×𝑁
sym , 𝐸 ∈ 𝑆𝑂(𝑁) and 𝜆 ∶ [0, 1] → R be defined by

𝜆(𝑠) = ∫R𝑁
[1+ − 1−](𝑥1 + 𝑠𝜓(𝑥))𝑃𝛼(𝐸𝑥) 𝑑𝑥,

where 𝜓(𝑥) = ⟨𝐴𝑥, 𝑥⟩ − 𝑎. Then

𝜆(𝑠) = 2𝑠
(

tr
((

∫R𝑁−1
(0, 𝑥′)⊗ (0, 𝑥′)𝑃𝛼(𝐸(0, 𝑥′)) 𝑑𝑥′

)

𝐴
)

− 𝑎∫R𝑁−1
𝑃𝛼(𝐸(0, 𝑥′)) 𝑑𝑥′

)

+ 𝑜(𝑠),

where we denote 𝑥 = (𝑥 , 𝑥′) for each 𝑥 ∈ R𝑁 .
1

10 



B. Bulanyi and B. Ruffini Nonlinear Analysis 261 (2025) 113899 
Proof.  Define 𝑃 (⋅) = 𝑃𝛼(𝐸⋅). We prove that 𝜆′(0) exists. Since 1+ + 1− ≡ 1 and 𝑃 ∈ 𝐿1(R𝑁 ) (see (1.1), (2.1)), it is enough to prove 
that 𝜂′(0) exists, where

𝜂(𝑠) = ∫R𝑁
1+(𝑥1 + 𝑠𝜓(𝑥))𝑃 (𝑥) 𝑑𝑥,

since, once the latter is satisfied, we have 𝜆′(0) = 2𝜂′(0). For each 𝜀 > 0 small enough and for each 𝑠 ∈ [0, 1], we define

𝜂𝜀(𝑠) = ∫R𝑁
1
2
(1 + tanh)

(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

)

𝑃 (𝑥) 𝑑𝑥.

Using (1.1), (2.1) and standard results, we observe that 𝜂𝜀 ∈ 𝐶1(0, 1), 𝜂𝜀 → 𝜂 pointwise in [0, 1] and

𝜂′𝜀(𝑠) = ∫R𝑁
1
2𝜀

(1 − tanh2)
(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

)

𝜓(𝑥)𝑃 (𝑥) 𝑑𝑥.

Applying Fubini’s theorem, we deduce that 𝜂′𝜀 ∈ 𝐿1(0, 1), and hence 𝜂𝜀 is absolutely continuous on [0, 1]. Inasmuch as
1
𝜀
(1 − tanh2)

(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

)

= 𝜕𝑥1

(

(1 + tanh)
(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

))

− 1
𝜀
(1 − tanh2)

(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

)

𝑠𝜕𝑥1𝜓(𝑥)

and 𝜂𝜀(𝑡) − 𝜂𝜀(0) = ∫ 𝑡0 𝜂
′
𝜀(𝑠) 𝑑𝑠, the following holds 

𝜂𝜀(𝑡) − 𝜂𝜀(0) = ∫

𝑡

0 ∫R𝑁
1
2
𝜕𝑥1

(

(1 + tanh)
(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

))

𝜓(𝑥)𝑃 (𝑥) 𝑑𝑥 𝑑𝑠

− ∫

𝑡

0 ∫R𝑁
1
2𝜀

(1 − tanh2)
(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

)

𝑠(𝜕𝑥1𝜓(𝑥))𝜓(𝑥)𝑃 (𝑥) 𝑑𝑥 𝑑𝑠.
(3.24)

We integrate by parts with respect to the variable 𝑥1 in the first integral in (3.24), and then, using Fubini’s theorem, we integrate 
by parts with respect to the variable 𝑠 in the second integral in (3.24) to obtain

𝜂𝜀(𝑡) − 𝜂𝜀(0) = −∫

𝑡

0 ∫R𝑁
1
2
(1 + tanh)

(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

)

𝜕𝑥1 (𝜓(𝑥)𝑃 (𝑥)) 𝑑𝑥 𝑑𝑠

− 𝑡∫R𝑁
1
2
(1 + tanh)

(

𝑥1 + 𝑡𝜓(𝑥)
𝜀

)

𝜕𝑥1𝜓(𝑥)𝑃 (𝑥) 𝑑𝑥

+ ∫

𝑡

0 ∫R𝑁
1
2
(1 + tanh)

(

𝑥1 + 𝑠𝜓(𝑥)
𝜀

)

𝜕𝑥1𝜓(𝑥)𝑃 (𝑥) 𝑑𝑥 𝑑𝑠.

Letting 𝜀 tend to 0+, using Lebesgue’s dominated convergence theorem, (1.1) and (2.1), yields 

𝜂(𝑡) − 𝜂(0) = −∫

𝑡

0 ∫R𝑁
1+(𝑥1 + 𝑠𝜓(𝑥))𝜕𝑥1 (𝜓(𝑥)𝑃 (𝑥)) 𝑑𝑥 𝑑𝑠

− 𝑡∫R𝑁
1+(𝑥1 + 𝑡𝜓(𝑥))𝜕𝑥1𝜓(𝑥)𝑃 (𝑥) 𝑑𝑥

+ ∫

𝑡

0 ∫R𝑁
1+(𝑥1 + 𝑠𝜓(𝑥))𝜕𝑥1𝜓(𝑥)𝑃 (𝑥) 𝑑𝑥 𝑑𝑠.

(3.25)

Applying Lebesgue’s dominated convergence theorem again, one can see that all the integrals over R𝑁  in (3.25) are continuous 
functions of 𝑠 or 𝑡. Thus, 

𝜂′(0) = −∫R𝑁
1+(𝑥1)𝜕𝑥1 (𝜓(𝑥)𝑃 (𝑥)) 𝑑𝑥

= −∫R𝑁−1 ∫

+∞

0
𝜕𝑥1 (𝜓(𝑥)𝑃 (𝑥)) 𝑑𝑥1 𝑑𝑥

′

= ∫R𝑁−1
𝜓((0, 𝑥′))𝑃 ((0, 𝑥′)) 𝑑𝑥′,

(3.26)

where we have used (1.1), (2.1). Since 𝑃 (𝑥) = 𝑃 (−𝑥) for each 𝑥 ∈ R𝑁  (this comes from the fact that   is even), we have 𝜆(0) = 0
and hence 𝜆(𝑠) = 𝜆′(0)𝑠 + 𝑜(𝑠) = 2𝜂′(0)𝑠 + 𝑜(𝑠). This, together with (3.26), completes our proof of Lemma  3.5. □

Proposition 3.6.  Let (𝑥0, 𝑡0) and 𝜑 ∈ 𝐶2(R𝑁 × (0,+∞)) be as in the proof of Proposition  3.4. Assume that 𝛼 ∈ (1, 2) and (3.21) holds. If 
|𝐷𝜑(𝑥0, 𝑡0)| ≠ 0, then (2.4) holds. If |𝐷𝜑(𝑥0, 𝑡0)| = 0 and 𝐷2𝜑(𝑥0, 𝑡0) = 0, then 𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 0.

Proof.  We consider the next cases.
Case 1: |𝐷𝜑(𝑥0, 𝑡0)| ≠ 0. Setting 𝜎 ∶= 𝜎𝛼(ℎ), 𝑡ℎ ∶= 𝑛ℎℎ, 𝜑ℎ(𝑦, 𝑡) ∶= 𝜑(𝑦 + 𝑥ℎ, 𝑡) − 𝜑(𝑥ℎ, 𝑡ℎ) and changing the variables (see (1.1) and 
(1.2)), in view of (3.21), (1.3) and (1.4), we obtain 

− 𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜎
1
𝛼 ≤ [1+ − 1−](𝜑ℎ(𝜎

1
𝛼 𝑦, 𝑡ℎ − ℎ))𝑃𝛼(𝑦) 𝑑𝑦. (3.27)
∫R𝑁

11 
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Since 𝜑ℎ ∈ 𝐶2(R𝑁 × (0,+∞)), 𝜑ℎ(0, 𝑡ℎ) = 0 and 𝜎 = ℎ
𝛼
2 , we expand 𝜑ℎ(𝜎

1
𝛼 𝑦, 𝑡ℎ − ℎ) as follows

𝜑ℎ(𝜎
1
𝛼 𝑦, 𝑡ℎ − ℎ) = 𝜎

1
𝛼
⟨𝐷𝜑(𝑥ℎ, 𝑡ℎ), 𝑦⟩ + 𝜎

2
𝛼 (−𝜕𝑡𝜑(𝑥ℎ, 𝑡ℎ) +

1
2
⟨𝐷2𝜑(𝑥ℎ, 𝑡ℎ)𝑦, 𝑦⟩)

+ 𝜎
2
𝛼 (𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1))).

Denote 𝑝ℎ = 𝐷𝜑(𝑥ℎ, 𝑡ℎ), 𝑎ℎ = 𝜕𝑡𝜑(𝑥ℎ, 𝑡ℎ) and 𝐴ℎ = 1
2𝐷

2𝜑(𝑥ℎ, 𝑡ℎ). Then

𝜑ℎ(𝜎
1
𝛼 𝑦, 𝑡ℎ − ℎ) = 𝜎

1
𝛼
⟨𝑝ℎ, 𝑦⟩ + 𝜎

2
𝛼 (−𝑎ℎ + ⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1))).

After a rotation and a change of variables, we may assume that 𝑝ℎ = 𝛽ℎ(1, 0,… , 0), where 𝛽ℎ = |𝑝ℎ|. We denote by 𝐴ℎ the matrix we 
obtain from 𝐴ℎ after the rotation. The integration in (3.27) is taking place over the sets 𝐶ℎ and 𝐶𝑐ℎ, where

𝐶ℎ = {𝑦 ∈ R𝑁 ∶ 𝜎
1
𝛼 𝛽ℎ𝑦1 + 𝜎

2
𝛼 (−𝑎ℎ + ⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1))) ≥ 0}.

Since 𝛽ℎ → 𝛽0 ∶= |𝐷𝜑(𝑥0, 𝑡0)| > 0 as ℎ → 0+, 𝛽ℎ > 0 for each ℎ > 0 small enough. Thus,

𝐶ℎ = {𝑦 ∈ R𝑁 ∶ 𝑦1 + 𝜎
1
𝛼 𝛽−1ℎ (−𝑎ℎ + ⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1))) ≥ 0}.

Using that 𝐴ℎ → 𝐴 and 𝑎ℎ → 𝑎 as ℎ → 0+, we get

𝐶ℎ = {𝑦 ∈ R𝑁 ∶ 𝑦1 + 𝜎
1
𝛼 𝛽−1ℎ (−𝑎 + ⟨𝐴𝑦, 𝑦⟩ + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1)) + 𝑜(1)(|𝑦|2 + 1)) ≥ 0},

where 𝐴 is the rotated matrix 𝐴 and 𝑎 = 𝜕𝑡𝜑(𝑥0, 𝑡0), namely 𝐴 = 𝐸𝐴𝐸T for some 𝐸 ∈ 𝑆𝑂(𝑁). After all, we deduce the following 

−𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜎
1
𝛼 ≤ ∫R𝑁

[1+ − 1−](𝛹ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦

= ∫𝐵𝑅
[1+ − 1−](𝛹ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦 + ∫𝐵𝑐𝑅

[1+ − 1−](𝛹ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦,
(3.28)

where for each 𝑦 ∈ R𝑁 ,

𝛹ℎ(𝑦) = 𝑦1 + 𝜎
1
𝛼 𝛽−1ℎ (⟨𝐴𝑦, 𝑦⟩ − 𝑎 + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1)) + 𝑜(1)(|𝑦|2 + 1))

and 𝑃 (𝑦) = 𝑃𝛼(𝐸T𝑦). Let 𝜃 ∈ (1∕𝛼, 1) and 𝑅 = 𝜎−
𝜃
𝛼 . Taking into account (1.1) and (2.1), we observe that 

𝜎−
1
𝛼
∫𝐵𝑐𝑅

[1+ − 1−](𝛹ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦 ≤ 𝜎−
1
𝛼
∫𝐵𝑐𝑅

𝑃 (𝑦) 𝑑𝑦 ≤ 𝐶𝑁+𝛼𝜎−
1
𝛼
∫𝐵𝑐𝑅

|𝑦|−𝑁−𝛼 𝑑𝑦

= 𝐶𝑁+𝛼

𝛼
𝜔𝑁−1𝜎

− 1
𝛼 𝑅−𝛼

= 𝐶𝑁+𝛼

𝛼
𝜔𝑁−1𝜎

𝜃− 1
𝛼 ,

(3.29)

which tends to 0 as ℎ → 0+ (recall that 𝜎 2
𝛼 = ℎ and 𝐶 ≥ 1 is the constant coming from (2.1)). Fix 𝛾 > 0. Then for each ℎ > 0 small 

enough and for each 𝑦 ∈ 𝐵𝑅, 
𝛹ℎ(𝑦) ≤ 𝛷ℎ(𝑦), (3.30)

where 
𝛷ℎ(𝑦) = 𝑦1 + 𝜎

1
𝛼 𝛽−1ℎ (⟨(𝐴 + 𝛾 Id)𝑦, 𝑦⟩ − 𝑎 + 𝛾), (3.31)

since for each 𝑦 ∈ 𝐵𝑅, 

𝑂((𝜎
2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1)) + 𝑜(1)(|𝑦|2 + 1) = 𝑂(𝜎

1−𝜃
𝛼 (|𝑦|2 + 1)) + 𝑜(1)(|𝑦|2 + 1) ≤ 𝛾(|𝑦|2 + 1). (3.32)

Inasmuch as [1+ − 1−] is nondecreasing, (3.30) implies that 

∫𝐵𝑅
[1+ − 1−](𝛹ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦 ≤ ∫𝐵𝑅

[1+ − 1−](𝛷ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦, (3.33)

which, together with (3.28), (3.29) and the facts that (3.29) holds also with 𝛹ℎ replaced by 𝛷ℎ and (𝑥ℎ, 𝑡ℎ) → (𝑥0, 𝑡0) as ℎ→ 0+, we 
deduce the following 

− 𝑔(𝑥0, 𝑡0) ≤ lim
ℎ→0+

𝜎−
1
𝛼
∫R𝑁

[1+ − 1−](𝛷ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦. (3.34)

Applying Lemma  3.5 with 𝜓(𝑦) = ⟨(𝐴 + 𝛾Id)𝑦, 𝑦⟩ − (𝑎 − 𝛾), 𝑠 = 𝜎
1
𝛼 𝛽−1ℎ  and with 𝑃𝛼 replaced by 𝑃 , yields 

∫R𝑁
[1+ − 1−](𝛷ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦 = 2𝜎

1
𝛼 𝛽−1ℎ tr

((

∫R𝑁−1
(0, 𝑥′)⊗ (0, 𝑥′)𝑃 ((0, 𝑥′)) 𝑑𝑥′

)

(𝐴 + 𝛾Id)
)

− 2𝜎
1
𝛼 𝛽−1(𝑎 − 𝛾) 𝑃 ((0, 𝑥′)) 𝑑𝑥′ + 𝑜(𝜎

1
𝛼 𝛽−1).

(3.35)
ℎ ∫R𝑁−1 ℎ

12 
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Recalling that 𝛽ℎ = |𝐷𝜑(𝑥ℎ, 𝑡ℎ)| > 0 for each ℎ > 0 small enough, 𝛽ℎ → 𝛽0 > 0 and gathering together (3.34) and the above equality, 
we get

−𝑔(𝑥0, 𝑡0)𝛽0 ≤ 2 tr
((

∫R𝑁−1
(0, 𝑥′)⊗ (0, 𝑥′)𝑃 ((0, 𝑥′)) 𝑑𝑥′

)

(𝐴 + 𝛾Id)
)

− 2(𝑎 − 𝛾)∫R𝑁−1
𝑃 ((0, 𝑥′)) 𝑑𝑥′,

where 𝑥 = (𝑥1, 𝑥′) ∈ R𝑁 . Letting 𝛾 tend to 0+, one has 

𝑎 ≤ 𝜇𝛼

(

tr
((

∫R𝑁−1
(0, 𝑥′)⊗ (0, 𝑥′)𝑃 ((0, 𝑥′)) 𝑑𝑥′

)

2𝐴
)

+ 𝑔(𝑥0, 𝑡0)𝛽0

)

=∶ 𝜇𝛼𝜂 + 𝜇𝛼𝑔(𝑥0, 𝑡0)𝛽0,
(3.36)

where 𝜇𝛼 = (2 ∫R𝑁−1 𝑃 ((0, 𝑥′)) 𝑑𝑥′)−1 ∈ (0,+∞).
Since 𝐸T(1, 0′) = 𝐷𝜑(𝑥0 ,𝑡0)

|𝐷𝜑(𝑥0 ,𝑡0)|
=∶ 𝑒 and 𝐸 ∈ 𝑆𝑂(𝑁), changing the variables and recalling that 𝐴 = 𝐸𝐴𝐸T, 𝑃 (⋅) = 𝑃𝛼(𝐸T⋅), we obtain

𝜂 = tr
((

∫R𝑁−1
𝐸T(0, 𝑥′)⊗𝐸T(0, 𝑥′)𝑃𝛼(𝐸T(0, 𝑥′)) 𝑑𝑥′

)

2𝐴
)

= tr
((

∫𝑒⟂
𝑥 ⊗ 𝑥𝑃𝛼(𝑥) 𝑑𝑁−1(𝑥)

)

2𝐴
)

,

where 𝐴 = 1
2𝐷

2𝜑(𝑥0, 𝑡0). Using (1.1), [17, Theorem 3.2.22 (3)] and changing the variables (namely, 𝑡 = 𝑟 (𝜃)), one has

∫𝑒⟂
𝑥 ⊗ 𝑥𝑃𝛼(𝑥) 𝑑𝑁−1(𝑥) = ∫

+∞

0

𝑡𝑁

1 + 𝑡𝑁+𝛼 𝑑𝑡∫S𝑁−1∩𝑒⟂
𝜃 ⊗ 𝜃

𝑑𝑁−2(𝜃)
 (𝜃)𝑁+1

= 𝐶𝑁,𝛼 ∫S𝑁−1∩𝑒⟂
𝜃 ⊗ 𝜃

𝑑𝑁−2(𝜃)
 (𝜃)𝑁+1

.

Thus, (3.36) yields the desired inequality (2.4) for 𝜑 at (𝑥0, 𝑡0).
Next, we assume that |𝐷𝜑(𝑥0, 𝑡0)| = 0, 𝐷2𝜑(𝑥0, 𝑡0) = 0 and 𝛽ℎ → 0 as ℎ → 0+. We need to distinguish between three further cases.

Case 2.1: along some subsequence 𝛽ℎ ≠ 0 and 𝜎 1
𝛼 𝛽−1ℎ → 0. Then, in view of (3.28), (3.29), (3.33) and the fact that (3.29) holds also 

with 𝛹ℎ replaced by 𝛷ℎ, we have

0 = lim
ℎ→0+

−𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝛽ℎ ≤ lim
ℎ→0+

𝜎−
1
𝛼 𝛽ℎ ∫R𝑁

[1+ − 1−](𝛷ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦,

which, together with (3.35) and the fact that 𝐷2𝜑(𝑥0, 𝑡0) = 0, yields that 𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 0.

Case 2.2: along some subsequence 𝛽ℎ = 0 or 𝜎 1
𝛼 𝛽−1ℎ → +∞. Assume that 𝑎ℎ → 𝜕𝑡𝜑(𝑥0, 𝑡0) > 0. Then the characteristic function of the 

set

{𝑦 ∈ R𝑁 ∶ 𝛽ℎ𝑦1 + 𝜎
1
𝛼 (−𝑎ℎ + ⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1))) ≥ 0},

which is the same as the set
{𝑦 ∈ R𝑁 ∶ 𝜎−

1
𝛼 𝛽ℎ𝑦1 − 𝑎ℎ + ⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1)) ≥ 0},

pointwise converges to the constant function 0. Using this, (3.27) and Lebesgue’s dominated convergence theorem, we obtain

∫R𝑁
𝑃𝛼(𝑦) 𝑑𝑦 ≤ 2∫R𝑁

1+(𝜑ℎ(𝜎
1
𝛼 𝑦, 𝑡ℎ − ℎ))𝑃𝛼(𝑦) 𝑑𝑦 + 𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜎

1
𝛼 → 0

as ℎ → 0+, which leads to a contradiction with the fact that ∫R𝑁 𝑃𝛼(𝑦) 𝑑𝑦 > 0.

Case 2.3: along some subsequence 𝜎 1
𝛼 𝛽−1ℎ → 𝛽 > 0. Then the characteristic function of the set

{𝑦 ∈ R𝑁 ∶ 𝛽ℎ𝑦1 + 𝜎
1
𝛼 (−𝑎ℎ + ⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1))) ≥ 0},

which is the same as the set
{𝑦 ∈ R𝑁 ∶ 𝑦1 + 𝜎

1
𝛼 𝛽−1ℎ (−𝑎ℎ + ⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎

2
𝛼 + 𝜎

1
𝛼
|𝑦|)(|𝑦|2 + 1))) ≥ 0},

pointwise converges to the characteristic function of the set
{𝑦 ∈ R𝑁 ∶ 𝑦1 − 𝛽𝜕𝑡𝜑(𝑥0, 𝑡0) ≥ 0}.

But we know that

𝑃𝛼(𝑦) 𝑑𝑦 − 2 1+(𝜑ℎ(𝜎
1
𝛼 𝑦, 𝑡ℎ − ℎ))𝑃𝛼(𝑦) 𝑑𝑦 ≤ 𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜎

1
𝛼

∫R𝑁 ∫R𝑁

13 
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(see (3.27)). Thus, letting ℎ → 0+ and applying Lebesgue’s dominated convergence theorem, we obtain

∫R𝑁
𝑃𝛼(𝑦) 𝑑𝑦 − 2∫R𝑁

1+(𝑦1 − 𝛽𝜕𝑡𝜑(𝑥0, 𝑡0))𝑃𝛼(𝑦) 𝑑𝑦 ≤ 0.

Therefore,

𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 0.

This completes our proof of Proposition  3.6. □

Proposition 3.7.  Let (𝑥0, 𝑡0) and 𝜑 ∈ 𝐶2(R𝑁 × (0,+∞)) be as in the proof of Proposition  3.4. Assume that 𝛼 = 1 and (3.21) holds. If 
|𝐷𝜑(𝑥0, 𝑡0)| ≠ 0, then (2.4) holds with 𝛼 = 1. If |𝐷𝜑(𝑥0, 𝑡0)| = 0 and 𝐷2𝜑(𝑥0, 𝑡0) = 0, then 𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 0.

Proof.  We consider the next cases.
Case 1: |𝐷𝜑(𝑥0, 𝑡0)| ≠ 0. Setting 𝜎 ∶= 𝜎1(ℎ), 𝑡ℎ ∶= 𝑛ℎℎ, 𝜑ℎ(𝑦, 𝑡) ∶= 𝜑(𝑦 + 𝑥ℎ, 𝑡) − 𝜑(𝑥ℎ, 𝑡ℎ) and changing the variables (see (1.1) and 
(1.2)), in view of (3.21), (1.3) and (1.4), we obtain 

− 𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜎| ln(𝜎)| ≤ ∫R𝑁
[1+ − 1−](𝜑ℎ(𝜎𝑦, 𝑡ℎ − ℎ))𝑃1(𝑦) 𝑑𝑦. (3.37)

Taking into account that 𝜑ℎ ∈ 𝐶2(R𝑁 × (0,+∞)), 𝜑ℎ(0, 𝑡ℎ) = 0 and ℎ = 𝜎2| ln(𝜎)|, using Taylor’s formula, we have

𝜑ℎ(𝜎𝑦, 𝑡ℎ − ℎ) = 𝜎⟨𝑝ℎ, 𝑦⟩ + 𝜎(−𝜎| ln(𝜎)|𝑎ℎ + 𝜎⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎2| ln(𝜎)| + 𝜎2|𝑦|
2)(|𝑦| + 𝜎| ln(𝜎)|))),

where 𝑝ℎ = 𝐷𝜑(𝑥ℎ, 𝑡ℎ), 𝑎ℎ = 𝜕𝑡𝜑(𝑥ℎ, 𝑡ℎ) and 𝐴ℎ = 1
2𝐷

2𝜑(𝑥ℎ, 𝑡ℎ). After a rotation and a change of variables, we may assume that 
𝑝ℎ = 𝛽ℎ(1, 0,… , 0), where 𝛽ℎ = |𝑝ℎ|. We denote by 𝐴ℎ the matrix we obtain from 𝐴ℎ after the rotation. The integration in (3.37) is 
taking place over the sets 𝐶ℎ and 𝐶𝑐ℎ, where

𝐶ℎ = {𝑦 ∈ R𝑁 ∶ 𝜎𝛽ℎ𝑦1 + 𝜎(−𝜎| ln(𝜎)|𝑎ℎ + 𝜎⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎2| ln(𝜎)| + 𝜎2|𝑦|
2)(|𝑦| + 𝜎| ln(𝜎)|))) ≥ 0}.

Since 𝛽ℎ → |𝐷𝜑(𝑥0, 𝑡0)| > 0 as ℎ→ 0+, 𝛽ℎ > 0 for each ℎ > 0 small enough. Thus,

𝐶ℎ = {𝑦 ∈ R𝑁 ∶ 𝑦1 + 𝛽−1ℎ (−𝜎| ln(𝜎)|𝑎ℎ + 𝜎⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎2| ln(𝜎)| + 𝜎2|𝑦|
2)(|𝑦| + 𝜎| ln(𝜎)|))) ≥ 0}.

Using that 𝐴ℎ → 𝐴 and 𝑎ℎ → 𝑎 as ℎ → 0+, we deduce that 𝐶ℎ consists of points 𝑦 ∈ R𝑁  such that

0 ≤ 𝑦1 + 𝛽−1ℎ (−𝜎| ln(𝜎)|𝑎 + 𝜎⟨𝐴𝑦, 𝑦⟩ + 𝑜(1)(𝜎(|𝑦|2 + | ln(𝜎)|)))

+ 𝛽−1ℎ 𝑂((𝜎2| ln(𝜎)| + 𝜎2|𝑦|2)(|𝑦| + 𝜎| ln(𝜎)|)),

where 𝐴 is the rotated matrix 𝐴 and 𝑎 = 𝜕𝑡𝜑(𝑥0, 𝑡0), namely 𝐴 = 𝐸𝐴𝐸T for some 𝐸 ∈ 𝑆𝑂(𝑁). For each 𝑦 ∈ R𝑁  and for each 𝛾 > 0, 
define 𝑃 (𝑦) = 𝑃1(𝐸T𝑦),

𝛹ℎ(𝑦) = 𝑦1 + 𝛽−1ℎ (−𝜎| ln(𝜎)|𝑎 + 𝜎⟨𝐴𝑦, 𝑦⟩ + 𝑜(1)(𝜎(|𝑦|2 + | ln(𝜎)|)))

+ 𝛽−1ℎ 𝑂((𝜎2| ln(𝜎)| + 𝜎2|𝑦|2)(|𝑦| + 𝜎| ln(𝜎)|))

and

𝛷ℎ(𝑦) = 𝑦1 + 𝛽−1ℎ (−𝜎| ln(𝜎)|(𝑎 − 𝛾) + 𝜎⟨(𝐴 + 𝛾Id)𝑦, 𝑦⟩).

Then, summing up the above considerations, in view of (3.37), for each ℎ > 0 small enough, we obtain 

− 𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜎| ln(𝜎)| ≤ ∫R𝑁
[1+ − 1−](𝛹ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦. (3.38)

For each 𝜂 > 0, 

∫R𝑁
[1+ − 1−](𝛹ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦 ≤ ∫𝐵𝜂𝜎−1

[1+ − 1−](𝛹ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦 + ∫𝐵𝑐
𝜂𝜎−1

𝑃 (𝑦) 𝑑𝑦 (3.39)

and 

∫𝐵𝑐
𝜂𝜎−1

𝑃 (𝑦) 𝑑𝑦 ≤ 𝐶𝑁+1
∫𝐵𝑐

𝜂𝜎−1

𝑑𝑦
|𝑦|𝑁+1

= 𝐶𝑁+1𝜔𝑁−1𝜂
−1𝜎, (3.40)

where 𝐶 = 𝐶( ) ≥ 1 is the constant coming from (2.1) and we have used (1.1). Since 𝛹 ≤ 𝛷  in 𝐵  (provided that ℎ > 0 is 
ℎ ℎ 𝜂𝜎−1
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small enough and 𝜂 is sufficiently small with respect to 𝛾) and the function [1+ − 1−] is nondecreasing, (3.38)–(3.40) yield

−𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜎| ln(𝜎)| ≤ ∫𝐵𝜂𝜎−1
[1+ − 1−](𝛷ℎ(𝑦))𝑃 (𝑦) 𝑑𝑦 + 𝐶𝑁+1𝜔𝑁−1𝜂

−1𝜎.

Thus, we reach the inequality 

− 𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜚 ≤ 𝑓 (𝜚) + 𝐶𝑁+1𝜔𝑁−1𝜂
−1𝜎, (3.41)

where 𝜚 = 𝜎| ln(𝜎)| and

𝑓 (𝜚) = ∫𝐵𝜂𝜎−1
[1+ − 1−](𝑦1 + 𝐹 (𝑦, 𝜚))𝑃 (𝑦) 𝑑𝑦,

where 𝐹 (𝑦, 𝜚) = 𝛽−1ℎ (𝜎⟨(𝐴 + 𝛾Id)𝑦, 𝑦⟩ − 𝜚(𝑎 − 𝛾)). Using (1.1) and the Lebesgue dominated convergence theorem, we get 𝑓 (0) =
∫R𝑁 [1

+−1−](𝑦1)𝑃 (𝑦) 𝑑𝑦 = 0. We need to compute 𝑓 ′(0). Arguing as in the proof of Lemma  3.5, namely, using a smooth approximation 
of 1+, we deduce that

𝑓 ′(𝜚) = 2∫𝐵𝜂𝜎−1
𝛿(𝑦1 + 𝐹 (𝑦, 𝜚))𝜕𝜚𝐹 (𝑦, 𝜚)𝑃 (𝑦) 𝑑𝑦

+ ∫𝜕𝐵𝜂𝜎−1
[1+ − 1−](𝑦1 + 𝐹 (𝑦, 𝜚))𝑃 (𝑦)(𝜂𝜎−1)′ 𝑑𝑁−1(𝑦),

where 𝛿 is the Dirac delta function and (𝜂𝜎−1)′ denotes the derivative of 𝜂𝜎−1 with respect to 𝜚. Then 

𝑓 (𝜚) − 𝑓 (0) = I𝜚 + II𝜚, (3.42)

where

I𝜚 = 2∫

𝜚

0 ∫𝐵𝜂𝜎−1(𝑠)
𝛿(𝑦1 + 𝐹 (𝑦, 𝑠))𝜕𝑠𝐹 (𝑦, 𝑠)𝑃 (𝑦) 𝑑𝑦 𝑑𝑠

and

II𝜚 = ∫

𝜚

0 ∫𝜕𝐵𝜂𝜎−1(𝑠)
[1+ − 1−](𝑦1 + 𝐹 (𝑦, 𝑠))𝑃 (𝑦)(𝜂𝜎−1)′ 𝑑𝑁−1(𝑦) 𝑑𝑠

≤ ∫

𝜚

0 ∫S𝑁−1
𝑃 (𝜂𝜎−1(𝑠)𝑦)(𝜂𝜎−1(𝑠))′(𝜂𝜎−1(𝑠))𝑁−1 𝑑𝑁−1(𝑦) 𝑑𝑠,

where 𝑠 = 𝜎(𝑠)| ln(𝜎(𝑠))|.
Using (1.1) and the facts that 𝐸 ∈ 𝑆𝑂(𝑁) and 𝜎′(𝑠) = (| ln(𝜎(𝑠))| − 1)−1, we obtain 

𝜚−1II𝜚 ≤ 𝐶𝑁+1𝜔𝑁−1𝜚
−1

∫

𝜚

0

(𝜂𝜎−1(𝑠))𝑁−1

𝐶𝑁+1 + (𝜂𝜎−1(𝑠))𝑁+1

(

𝜂𝜎′(𝑠)
𝜎2(𝑠)

)

𝑑𝑠

≤ 𝐶𝑁+1𝜔𝑁−1(𝜂𝜚)−1 ∫

𝜚

0
(| ln(𝜎(𝑠))| − 1)−1 𝑑𝑠 → 0

(3.43)

as 𝜚 → 0+. Thus, 𝜚−1II𝜚 → 0 as 𝜚 → 0+.
Next, we analyze 𝜚−1I𝜚. Inasmuch as 𝜕𝑠𝐹 (𝑦, 𝑠) = 𝛽−1ℎ (⟨(𝐴 + 𝛾Id)𝑦, 𝑦⟩𝜎′ − (𝑎 − 𝛾)), we have I𝜚 = I1𝜚 + I2𝜚, where

I1𝜚 = −2𝛽−1ℎ (𝑎 − 𝛾)∫

𝜚

0 ∫𝐵𝜂𝜎(𝑠)−1
𝛿(𝑦1 + 𝐹 (𝑦, 𝑠))𝑃 (𝑦) 𝑑𝑦 𝑑𝑠

and

I2𝜚 = 2𝛽−1ℎ ∫

𝜚

0
(| ln(𝜎(𝑠))| − 1)−1 ∫𝐵𝜂𝜎(𝑠)−1

𝛿(𝑦1 + 𝐹 (𝑦, 𝑠))⟨(𝐴 + 𝛾Id)𝑦, 𝑦⟩𝑃 (𝑦) 𝑑𝑦 𝑑𝑠.

Using the approximation of 𝛿 through 12 (1 − tanh2)( ⋅𝜀 ), the properties of 𝑃 (⋅) = 𝑃1(𝐸T⋅) (see (1.1)) and changing the variables, one 
has
15 



B. Bulanyi and B. Ruffini Nonlinear Analysis 261 (2025) 113899 
lim
𝜚→0+

𝜚−1I1𝜚 = −2(𝑎 − 𝛾)𝛽−10 ∫R𝑁
𝛿(𝑦1)𝑃 (𝑦) 𝑑𝑦 = −2(𝑎 − 𝛾)𝛽−10 ∫R𝑁−1

𝑃 (0, 𝑦′) 𝑑𝑦′

= −2(𝑎 − 𝛾)𝛽−10 ∫𝑒⟂
𝑃1(𝑥) 𝑑𝑁−1(𝑥),

(3.44)

where 𝑒 = 𝐷𝜑(𝑥0 ,𝑡0)
|𝐷𝜑(𝑥0 ,𝑡0)|

. On the other hand, using the properties of 𝑃  and changing the variables, we deduce the following chain of 
estimates

lim
𝜚→0+

𝜚−1I2𝜚 = lim
𝜚→0+

2
𝛽ℎ𝜚 ∫

𝜚

0

ln(𝜂𝜎−1)
| ln(𝜎)| − 1

1
ln(𝜂𝜎−1) ∫𝐵𝜂𝜎−1

𝛿(𝑦1 + 𝐹 (𝑦, 𝑠))⟨(𝐴 + 𝛾Id)𝑦, 𝑦⟩𝑃 (𝑦) 𝑑𝑦 𝑑𝑠

= lim
𝑅→+∞

2
𝛽0 ln(𝑅) ∫𝐵𝑅

𝛿(𝑦1)⟨(𝐴 + 𝛾Id)𝑦, 𝑦⟩𝑃 (𝑦) 𝑑𝑦

= lim
𝑅→+∞

2
𝛽0 ln(𝑅) ∫R𝑁−1 ∫

+∞

0
−𝜕𝑦1 (⟨(𝐴 + 𝛾Id)𝑦, 𝑦⟩𝑃 (𝑦)1𝐵𝑅 (𝑦)) 𝑑𝑦1 𝑑𝑦

′

= lim
𝑅→+∞

2
𝛽0 ln(𝑅) ∫|𝑦′|<𝑅

⟨(𝐴 + 𝛾Id)(0, 𝑦′), (0, 𝑦′)⟩𝑃 ((0, 𝑦′)) 𝑑𝑦′

= lim
𝑅→+∞

2
𝛽0 ln(𝑅) ∫

𝑅

0 ∫S𝑁−1∩{0}×R𝑁−1

𝑟𝑁 ⟨(𝐴 + 𝛾Id)(0, 𝜃), (0, 𝜃)⟩ 𝑑𝑁−2(𝜃)
1 + 𝑟𝑁+1 (𝐸T(0, 𝜃))𝑁+1

𝑑𝑟

= lim
𝑅→+∞

2
𝛽0 ln(𝑅) ∫

𝑅

0 ∫S𝑁−1∩𝑒⟂

𝑡𝑁

1 + 𝑡𝑁+1
⟨(𝐴 + 𝛾Id)𝜃, 𝜃⟩

𝑑𝑁−2(𝜃)
 (𝜃)𝑁+1

𝑑𝑡

= 1
𝛽0

tr
((

∫S𝑁−1∩𝑒⟂
𝜃 ⊗ 𝜃

𝑑𝑁−2(𝜃)
 (𝜃)𝑁+1

)

2(𝐴 + 𝛾Id)
)

,

where 𝐴 = 1
2𝐷

2𝜑(𝑥0, 𝑡0). Using this, together with the fact that 𝑓 (0) = 0 and (3.42)–(3.44), in view of (3.41), one has

−𝑔(𝑥0, 𝑡0) ≤ lim
𝜚→0+

𝑓 (𝜚) − 𝑓 (0)
𝜚

+ 𝐶𝑁+1𝜔𝑁−1
1

𝜂| ln(𝜎(𝜚))|
= 𝑓 ′(0)

= −
2(𝑎 − 𝛾)
𝛽0 ∫𝑒⟂

𝑃1(𝑥) 𝑑𝑁−1(𝑥) + 1
𝛽0

tr

((

∫S𝑁−1∩𝑒⟂
𝜃 ⊗ 𝜃

𝑑𝑁−2(𝜃)
 (𝜃)𝑁+1

)

2(𝐴 + 𝛾Id)

)

.

Letting 𝛾 → 0+, we obtain
𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 𝜇1(𝐷𝜑(𝑥0, 𝑡0))(𝐹1(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0)) + 𝑔(𝑥0, 𝑡0)|𝐷𝜑(𝑥0, 𝑡0)|),

which is (2.4) with 𝛼 = 1.
Next, we assume that |𝐷𝜑(𝑥0, 𝑡0)| = 0, 𝐷2𝜑(𝑥0, 𝑡0) = 0 and 𝛽ℎ → 0 as ℎ → 0+. We need to distinguish between three further cases.

Case 2.1: along some subsequence 𝛽ℎ ≠ 0 and 𝜎| ln(𝜎)|𝛽−1ℎ → 0. Then, in view of (3.41) and the fact that 𝐷2𝜑(𝑥0, 𝑡0) = 0, we have

0 = lim
ℎ→0+

−𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝛽ℎ ≤ lim
ℎ→0+

𝛽ℎ
𝑓 (𝜎| ln(𝜎)|) − 𝑓 (0)

𝜎| ln(𝜎)|
= lim
𝜚→0+

𝜚−1𝛽ℎI1𝜚 + lim
𝜚→0+

𝜚−1𝛽ℎI2𝜚

= −2(𝜕𝑡𝜑(𝑥0, 𝑡0) − 𝛾)∫𝑒⟂
𝑃1(𝑥) 𝑑𝑁−1(𝑥) + tr

((

∫S𝑁−1∩𝑒⟂
𝜃 ⊗ 𝜃

𝑑𝑁−2(𝜃)
 (𝜃)𝑁+1

)

2(𝐴 + 𝛾Id)
)

.

Since 𝐴 = 0, letting 𝛾 → 0+, one has 𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 0.

Case 2.2: along some subsequence 𝛽ℎ = 0 or 𝜎| ln(𝜎)|𝛽−1ℎ → +∞ as ℎ → 0+. Assume that 𝑎ℎ → 𝜕𝑡𝜑(𝑥0, 𝑡0) > 0. Then the characteristic 
function of the set

{𝑦 ∈ R𝑁 ∶ 𝛽ℎ𝑦1 − 𝜎| ln(𝜎)|𝑎ℎ + 𝜎⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎2| ln(𝜎)| + 𝜎2|𝑦|
2)(|𝑦| + 𝜎| ln(𝜎)|)) ≥ 0},

which is the same as the set
{𝑦 ∈ R𝑁 ∶ (𝜎| ln(𝜎)|)−1𝛽ℎ𝑦1 − 𝑎ℎ + | ln(𝜎)|−1⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎 + 𝜎| ln(𝜎)|−1|𝑦|2)(|𝑦| + 𝜎| ln(𝜎)|)) ≥ 0},

pointwise converges to the constant function 0. Using this, (3.37) and Lebesgue’s dominated convergence theorem, we obtain

∫R𝑁
𝑃1(𝑦) 𝑑𝑦 ≤ 2∫R𝑁

1+(𝜑ℎ(𝜎𝑦, 𝑡ℎ − ℎ))𝑃1(𝑦) 𝑑𝑦 + 𝑔(𝑥ℎ, 𝑡ℎ − ℎ)𝜎| ln(𝜎)| → 0

as ℎ → 0+, which leads to a contradiction with the fact that ∫R𝑁 𝑃1(𝑦) 𝑑𝑦 > 0.

Case 2.3: along some subsequence 𝜎| ln(𝜎)|𝛽−1ℎ → 𝛽 > 0. Then the characteristic function of the set
{𝑦 ∈ R𝑁 ∶ 𝑦1 + 𝛽−1ℎ (−𝜎| ln(𝜎)|𝑎ℎ + 𝜎⟨𝐴ℎ𝑦, 𝑦⟩ + 𝑂((𝜎2| ln(𝜎)| + 𝜎2|𝑦|

2)(|𝑦| + 𝜎| ln(𝜎)|))) ≥ 0}

pointwise converges to the characteristic function of the set
{𝑦 ∈ R𝑁 ∶ 𝑦1 − 𝛽𝜕𝑡𝜑(𝑥0, 𝑡0) ≥ 0}.

To obtain a contradiction, we conclude as in the proof of Proposition  3.6. This completes our proof of Proposition  3.7. □
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3.3. Convexity of the mobility

In the previous section we established the convergence of the anisotropic scheme of the Bence–Merriman–Osher type to a viscosity 
solution of the equation, which can be written in the form

𝜕𝑡𝑢 = 𝛷𝛼(𝐷𝑢)
(

1
|𝐷𝑢|

𝐹𝛼(𝐷2𝑢,𝐷𝑢) + 𝑔
)

,

where 𝛷𝛼(𝑝) is a 1-homogeneous function equal to 𝜇𝛼(𝑝)|𝑝|. Moreover, it turns out that 𝛷𝛼 is a convex even 1-homogeneous function 
and, hence, a norm. 

Lemma 3.8.  For each 𝛼 ∈ (0, 2), the 1-homogeneous function

𝛷𝛼(𝑝) =
(

2∫𝑝⟂
𝑑𝑁−1(𝑥)

1 + (𝑥)𝑁+𝛼

)−1

|𝑝|

is convex in R𝑁 .

Proof.  For a proof for the case where 𝛼 ∈ (0, 1), we refer to [9, Lemma 3.7]. The proof for the case where 𝛼 ∈ [1, 2) is similar. □

Remark 3.9.  Let 𝛼 ∈ (0, 2) and 𝑝 ∈ R𝑁 ⧵ {0}. Then

∫𝑝⟂
𝑑𝑁−1(𝑥)

1 + (𝑥)𝑁+𝛼
= ∫

+∞

0 ∫S𝑁−1∩ 𝑝⟂

𝑟𝑁−2

1 + (𝑟𝜃)𝑁+𝛼
𝑑𝑁−2(𝜃) 𝑑𝑟

= ∫

+∞

0 ∫S𝑁−1∩ 𝑝⟂

𝑟𝑁−2

1 + 𝑟𝑁+𝛼 (𝜃)𝑁+𝛼
𝑑𝑁−2(𝜃) 𝑑𝑟

= ∫

+∞

0

𝑡𝑁−2

1 + 𝑡𝑁+𝛼 𝑑𝑡∫S𝑁−1∩ 𝑝⟂

𝑑𝑁−2(𝜃)
 (𝜃)𝑁−1

=∶ 𝜆−1𝛼,𝑁 ∫S𝑁−1∩ 𝑝⟂

𝑑𝑁−2(𝜃)
 (𝜃)𝑁−1

,

where we have made the change of variable 𝑡 = 𝑟 (𝜃). Thus, 

𝛷𝛼(𝑝) = 𝜆𝛼,𝑁

(

2∫S𝑁−1∩ 𝑝⟂

𝑑𝑁−2(𝜃)
 (𝜃)𝑁−1

)−1

|𝑝|. (3.45)

It is well known that every norm is uniquely determined by its unit ball. Then a natural question arises: knowing the unit ball 
of the norm 𝛷𝛼 , is it possible to determine the unit ball of the norm   ? We answer this question in dimension 2. 

Proposition 3.10.  Let 𝛼 ∈ (0, 2), 𝑁 = 2 and 𝜆𝛼 ∶= 𝜆𝛼,2 > 0 be the constant defined in Remark  3.9. Then 𝛷𝛼(𝑝1, 𝑝2) = 𝜆𝛼 (−𝑝2, 𝑝1).

Proof.  The proof is a direct consequence of the formula (3.45). □

An immediate consequence of Proposition  3.10 is the next corollary. 

Corollary 3.11.  Let 𝛼 ∈ (0, 2), 𝑁 = 2, 𝑎, 𝑏 > 0 and 𝑞 ∈ [1,+∞)∪{+∞}. The convex set {𝛷𝛼 ≤ 1} is as regular as the convex set { ≤ 1}, 
which has at least a Lipschitz boundary. In particular, if {𝛷𝛼 ≤ 1} = {(𝑝1, 𝑝2) ∶

𝑝21
𝑎2

+
𝑝22
𝑏2

≤ 1} or {𝛷𝛼 ≤ 1} = {‖𝑝‖𝑞 ≤ 1}, then it holds 
{ ≤ 1} = {(𝑝1, 𝑝2) ∶

𝑝21
𝑏2

+
𝑝22
𝑎2

≤ 𝜆2𝛼} or { ≤ 1} = {‖𝑝‖𝑞 ≤ 𝜆𝛼}, respectively.

4. Anisotropic mean curvature motion

4.1. Several stability results

In this subsection, we establish stability results that illustrate the links between the nonlocal anisotropic curvature (3.5) 
considered in the isotropic case in [16] and the local anisotropic curvatures appearing in Propositions  3.6 and 3.7. For convenience, 
for each 𝛼 ∈ (0, 1), we define the measure

𝜈𝛼(𝑑𝑧) = (1 − 𝛼) 𝑑𝑧
 (𝑧)𝑁+𝛼

.

For each 𝛼 ∈ (0, 1) and for each function 𝑢 of class 𝐶1,1 such that |𝐷𝑢(𝑥)| ≠ 0, we define the quantities
𝜅𝛼+[𝑥, 𝑢] = 𝜈𝛼({𝑧 ∈ R𝑁 ∶ 𝑢(𝑥 + 𝑧) ≥ 𝑢(𝑥), ⟨𝐷𝑢(𝑥), 𝑧⟩ ≤ 0}),

𝜅𝛼 [𝑥, 𝑢] = 𝜈𝛼({𝑧 ∈ R𝑁 ∶ 𝑢(𝑥 + 𝑧) < 𝑢(𝑥), ⟨𝐷𝑢(𝑥), 𝑧⟩ > 0})
−

17 
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and 
𝜅𝛼[𝑥, 𝑢] = 𝜅𝛼+[𝑥, 𝑢] − 𝜅

𝛼
−[𝑥, 𝑢]. (4.1)

According to [16, Lemma 1] the above quantities are finite. In particular, 𝜅𝛼+[𝑥, 𝑢] measures how concave the curve {𝑧 ∈ R𝑁 ∶
𝑢(𝑥 + 𝑧) = 𝑢(𝑥)} is near 𝑥 and 𝜅𝛼−[𝑥, 𝑢] how convex it is. Moreover, it holds −(1 − 𝛼)𝜅𝛼(𝑥, 𝑢) = 𝜅𝛼[𝑥, 𝑢] (see (3.5) and Section 1.2 
in [16]). The next proposition is an anisotropic counterpart of [16, Proposition 2]. 

Proposition 4.1.  Assume that 𝑢 ∈ 𝐶2(R𝑁 ) and |𝐷𝑢(𝑥)| ≠ 0. Then 

𝜅𝛼[𝑥, 𝑢] → 1
2|𝐷𝑢(𝑥)|

tr

((

∫S𝑁−1∩ 𝐷𝑢(𝑥)
|𝐷𝑢(𝑥)|

⟂ 𝜃 ⊗ 𝜃
𝑑𝑁−2(𝜃)
 (𝜃)𝑁+1

)

𝐷2𝑢(𝑥)

)

(4.2)

as 𝛼 ↗ 1.

Proof.  Since 𝑢 ∈ 𝐶2(R𝑁 ), for each 𝜂 > 0, there exists 𝛿 > 0 such that for each 𝑧 ∈ 𝐵𝛿(𝑥), 
|

|

|

|

𝑢(𝑥 + 𝑧) − 𝑢(𝑥) − ⟨𝐷𝑢(𝑥), 𝑧⟩ − 1
2
⟨𝐷2𝑢(𝑥)𝑧, 𝑧⟩

|

|

|

|

≤ 𝜂|𝑧|2. (4.3)

Denote 𝑝 = −𝐷𝑢(𝑥) and 𝑊 (𝑧) = 𝑢(𝑥 + 𝑧) − 𝑢(𝑥) − ⟨𝐷𝑢(𝑥), 𝑧⟩. Then 
𝜅𝛼[𝑥, 𝑢] = 𝜈𝛼({𝑧 ∈ R𝑁 ∶ 0 ≤ ⟨𝑝, 𝑧⟩ ≤ 𝑊 (𝑧)}) − 𝜈𝛼({𝑧 ∈ R𝑁 ∶ 𝑊 (𝑧) < ⟨𝑝, 𝑧⟩ < 0})

= (1 − 𝛼)∫R𝑁

[

1{𝑧∈𝐵𝛿∶0≤⟨𝑝,𝑧⟩≤𝑊 (𝑧)} − 1{𝑧∈𝐵𝛿∶𝑊 (𝑧)<⟨𝑝,𝑧⟩<0}

] 𝑑𝑧
 (𝑧)𝑁+𝛼

+ 𝑂(1 − 𝛼),

(4.4)

since

𝜈𝛼(𝐵𝑐𝛿 ) ≤
(1 − 𝛼)𝐶𝑁+𝛼𝜔𝑁−1

𝛼𝛿𝛼
.

In view of (4.3) and (4.4), it is enough to prove the result in the case where 𝑊 (𝑧) = ⟨𝐴𝑧, 𝑧⟩, where 𝐴 ∈ M𝑁×𝑁
sym  (namely, 𝐴 = 1

2𝐷
2𝑢(𝑥)). 

Indeed, rewriting (4.4) with 𝑊 (𝑧) replaced by 12𝐷2𝑢(𝑥) + 𝜂Id and 12𝐷2𝑢(𝑥) − 𝜂Id and performing computations similar to those given 
below, one obtains an upper and a lower bound for the limit of 𝜅𝛼[𝑥, 𝑢]. Then, letting 𝜂 → 0+, one obtains the same result as for 
the case where 𝑊 (𝑧) = ⟨𝐴𝑧, 𝑧⟩. Thus, we study the convergence of

𝐾𝛼 = (1 − 𝛼)∫{𝑧∈𝐵𝛿∶0≤⟨𝑝,𝑧⟩≤⟨𝐴𝑧,𝑧⟩}
𝑑𝑧

 (𝑧)𝑁+𝛼
− (1 − 𝛼)∫{𝑧∈𝐵𝛿∶⟨𝐴𝑧,𝑧⟩<⟨𝑝,𝑧⟩<0}

𝑑𝑧
 (𝑧)𝑁+𝛼

.

For each 𝑧 ∈ R𝑁 , we have 𝑧 = (𝑧1, 𝑧′), where 𝑧′ ∈ R𝑁−1. Let 𝐸 ∈ 𝑆𝑂(𝑁) be such that 𝐸T(1, 0′) = 𝐷𝑢(𝑥)
|𝐷𝑢(𝑥)| . Performing the rotation 

and the change of variables, we can assume that 𝑝 = |𝑝|(1, 0,… , 0). We denote by 𝐴 the matrix we obtain after the rotation, namely 
𝐴 = 𝐸𝐴𝐸T. Then 

⟨𝐴𝑧, 𝑧⟩ = 𝑎1𝑧
2
1 + 2𝑧1⟨𝑎′, 𝑧′⟩ + ⟨𝐴′𝑧′, 𝑧′⟩, (4.5)

where 𝑎 = (𝑎1, 𝑎′) is the first column of 𝐴 and 𝐴′ ∈ M(𝑁−1)×(𝑁−1)
sym . If 𝛿 > 0 is small enough, using (4.5), for each 𝑧 ∈ 𝐵𝛿 , we have

0 ≤ ⟨𝑝, 𝑧⟩ = |𝑝|𝑧1 ≤ ⟨𝐴𝑧, 𝑧⟩ ⇒ 0 ≤ 𝑧1 ≤ (|𝑝| − 𝐶𝛿)−1⟨𝐴′𝑧′, 𝑧′⟩,

(|𝑝| + 𝐶𝛿)−1⟨𝐴′𝑧′, 𝑧′⟩ < 𝑧1 < 0 ⇒ ⟨𝐴𝑧, 𝑧⟩ < ⟨𝑝, 𝑧⟩ = |𝑝|𝑧1 < 0

and

0 ≤ 𝑧1 ≤ (|𝑝| + 𝐶𝛿)−1⟨𝐴′𝑧′, 𝑧′⟩ ⇒ 0 ≤ |𝑝|𝑧1 = ⟨𝑝, 𝑧⟩ ≤ ⟨𝐴𝑧, 𝑧⟩,

⟨𝐴𝑧, 𝑧⟩ < ⟨𝑝, 𝑧⟩ = |𝑝|𝑧1 < 0 ⇒ (|𝑝| − 𝐶𝛿)−1⟨𝐴′𝑧′, 𝑧′⟩ < 𝑧1 < 0,

where 𝐶 = 𝐶(|𝐷𝑢(𝑥)|, 𝐷2𝑢(𝑥)) > 0. This implies that
𝐾𝛼
𝛿,− ≤ 𝐾𝛼 ≤ 𝐾𝛼

𝛿,+,

where

𝐾𝛼
𝛿,+ = 𝜈𝛼({𝑧 ∈ 𝐵𝛿 ∶ 0 ≤ 𝑧1 ≤ (|𝑝| − 𝐶𝛿)−1⟨𝐴′𝑧′, 𝑧′⟩})

− 𝜈𝛼({𝑧 ∈ 𝐵𝛿 ∶ (|𝑝| + 𝐶𝛿)−1⟨𝐴′𝑧′, 𝑧′⟩ < 𝑧1 < 0})

and

𝐾𝛼
𝛿,− = 𝜈𝛼({𝑧 ∈ 𝐵𝛿 ∶ 0 ≤ 𝑧1 ≤ (|𝑝| + 𝐶𝛿)−1⟨𝐴′𝑧′, 𝑧′⟩})

− 𝜈𝛼({𝑧 ∈ 𝐵𝛿 ∶ (|𝑝| − 𝐶𝛿)−1⟨𝐴′𝑧′, 𝑧′⟩ < 𝑧1 < 0}).
18 



B. Bulanyi and B. Ruffini Nonlinear Analysis 261 (2025) 113899 
Letting 𝛿 → 0+, we observe that it is enough to study the convergence of

𝐾𝛼
𝛿 = 𝜈𝛼({𝑧 ∈ 𝐵𝛿 ∶ 0 ≤ 𝑧1 ≤ |𝑝|−1⟨𝐴′𝑧′, 𝑧′⟩}) − 𝜈𝛼({𝑧 ∈ 𝐵𝛿 ∶ |𝑝|−1⟨𝐴′𝑧′, 𝑧′⟩ < 𝑧1 < 0}).

Using [17, Theorem 3.2.22 (3)], if 𝛿 > 0 is small enough, we obtain

𝐾𝛼
𝛿 = (1 − 𝛼)∫{(𝑧1 ,𝑧′)∶|𝑧′|<𝛿, 0≤𝑧1≤|𝑝|−1⟨𝐴′𝑧′ ,𝑧′⟩}

𝑑𝑧
 (𝑧1, 𝑧′)𝑁+𝛼

− (1 − 𝛼)∫{(𝑧1 ,𝑧′)∶|𝑧′|<𝛿, |𝑝|−1⟨𝐴′𝑧′ ,𝑧′⟩<𝑧1<0}

𝑑𝑧
 (𝑧1, 𝑧′)𝑁+𝛼

= (1 − 𝛼)∫S𝑁−2∩{⟨𝐴′𝜃,𝜃⟩≥0} ∫

𝛿

0 ∫

|𝑝|−1𝑟2⟨𝐴′𝜃,𝜃⟩

0

𝑟𝑁−2

 (𝑧1, 𝑟𝜃)𝑁+𝛼
𝑑𝑧1 𝑑𝑟 𝑑𝑁−2(𝜃)

− (1 − 𝛼)∫S𝑁−2∩{⟨𝐴′𝜃,𝜃⟩<0} ∫

𝛿

0 ∫

0

|𝑝|−1𝑟2⟨𝐴′𝜃,𝜃⟩

𝑟𝑁−2

 (𝑧1, 𝑟𝜃)𝑁+𝛼
𝑑𝑧1 𝑑𝑟 𝑑𝑁−2(𝜃)

= (1 − 𝛼)∫S𝑁−2∩{⟨𝐴′𝜃,𝜃⟩≥0} ∫

𝛿

0 ∫

|𝑝|−1⟨𝐴′𝜃,𝜃⟩

0

𝑟𝑁

 (𝑟2𝜏, 𝑟𝜃)𝑁+𝛼
𝑑𝜏 𝑑𝑟 𝑑𝑁−2(𝜃)

− (1 − 𝛼)∫S𝑁−2∩{⟨𝐴′𝜃,𝜃⟩<0} ∫

𝛿

0 ∫

0

|𝑝|−1⟨𝐴′𝜃,𝜃⟩

𝑟𝑁

 (𝑟2𝜏, 𝑟𝜃)𝑁+𝛼
𝑑𝜏 𝑑𝑟 𝑑𝑁−2(𝜃)

= (1 − 𝛼)∫S𝑁−2∩{⟨𝐴′𝜃,𝜃⟩≥0} ∫

𝛿

0
𝑟−𝛼 ∫

|𝑝|−1⟨𝐴′𝜃,𝜃⟩

0

1
 (𝑟𝜏, 𝜃)𝑁+𝛼

𝑑𝜏 𝑑𝑟 𝑑𝑁−2(𝜃)

− (1 − 𝛼)∫S𝑁−2∩{⟨𝐴′𝜃,𝜃⟩<0} ∫

𝛿

0
𝑟−𝛼 ∫

0

|𝑝|−1⟨𝐴′𝜃,𝜃⟩

1
 (𝑟𝜏, 𝜃)𝑁+𝛼

𝑑𝜏 𝑑𝑟 𝑑𝑁−2(𝜃).

We observe that for each 𝑟 ∈ (0, 𝛿),

∫

|𝑝|−1⟨𝐴′𝜃,𝜃⟩

0

1
 (𝑟𝜏, 𝜃)𝑁+𝛼

𝑑𝜏 →
|𝑝|−1⟨𝐴′𝜃, 𝜃⟩
 (0, 𝜃)𝑁+𝛼

as 𝛿 → 0+. In particular, for each 𝜀 ∈ (0, 1), there exists 𝛿 > 0 such that

(1 − 𝜀)
|𝑝|−1⟨𝐴′𝜃, 𝜃⟩
 (0, 𝜃)𝑁+𝛼

≤ ∫

|𝑝|−1⟨𝐴′𝜃,𝜃⟩

0

1
 (𝑟𝜏, 𝜃)𝑁+𝛼

𝑑𝜏 ≤ (1 + 𝜀)
|𝑝|−1⟨𝐴′𝜃, 𝜃⟩
 (0, 𝜃)𝑁+𝛼

.

Using this, together with the fact that

(1 − 𝛼)∫

𝛿

0
𝑟−𝛼 𝑑𝑟 = 𝛿1−𝛼

and letting 𝛼 ↗ 1 and then 𝛿 ↘ 0, we deduce that

𝐾𝛼
𝛿 → ∫S𝑁−2

|𝑝|−1⟨𝐴′𝜃, 𝜃⟩
 (0, 𝜃)𝑁+1

𝑑𝑁−2(𝜃).

Altogether, recalling that 𝑝 = −𝐷𝑢(𝑥) and 𝐴 = 1
2𝐷

2𝑢(𝑥) and 𝐴 = 𝐸𝐴𝐸T, we obtain

𝜅𝛼[𝑥, 𝑢] → 1
2|𝐷𝑢(𝑥)| ∫S𝑁−1∩ 𝐷𝑢(𝑥)

|𝐷𝑢(𝑥)|
⟂

⟨𝐷2𝑢(𝑥)𝜃, 𝜃⟩
 (𝜃)𝑁+1

𝑑𝑁−2(𝜃)

as 𝛼 ↗ 1. This completes our proof of Proposition  4.1. □

Remark 4.2.  It is worth noting that

(𝛼 − 1)𝐶𝑁,𝛼 = (𝛼 − 1)∫

+∞

0

𝑡𝑁

1 + 𝑡𝑁+𝛼 𝑑𝑡→ 1

 as 𝛼 ↘ 1, where 𝐶𝑁,𝛼 is defined in (1.10). Thus, (𝛼 − 1)𝐹𝛼 → 𝐹1 as 𝛼 ↘ 1, where 𝐹𝛼 is defined in (1.8).
Next, we state two convergence results demonstrating how one can recover the anisotropic local mean curvature flow in the 

limit. The first of these appeared in [7], where it was shown that the solution of the nonlocal (eikonal) Hamilton–Jacobi equation 
modeling dislocation dynamics converges, at a large scale, to the solution of a local anisotropic mean curvature motion. The second 
result can be proved using Proposition  4.1. 

Theorem 4.3.  Given a Lipschitz function 𝑢0 ∶ R𝑁 → R and an even nonnegative function 𝑐0 ∈ 𝑊 1,1(R𝑁 ) such that 𝑐0(𝑧) = 1
|𝑧|𝑁+1  ( 𝑧

|𝑧| )
if |𝑧| ≥ 1, we consider the viscosity solution 𝑢𝜀 of the problem

𝜀 𝑁
𝜕𝑡𝑢 = 𝜅 [𝑥, 𝑢]|𝐷𝑢| in R × (0,+∞)
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supplemented with the initial condition 𝑢(0, 𝑥) = 𝑢0(𝑥) in R𝑁 , where 𝜅𝜀[𝑥, 𝑢] is defined by
𝜅𝜀[𝑥, 𝑢] = 𝜈𝜀({𝑧 ∈ R𝑁 ∶ 𝑢(𝑥 + 𝑧) ≥ 𝑢(𝑥), ⟨𝐷𝑢(𝑥), 𝑧⟩ ≤ 0})

− 𝜈𝜀({𝑧 ∈ R𝑁 ∶ 𝑢(𝑥 + 𝑧) < 𝑢(𝑥), ⟨𝐷𝑢(𝑥), 𝑧⟩ > 0})

with 𝜈𝜀(𝑑𝑧) = 1
𝜀𝑁+1

| ln(𝜀)| 𝑐0(
𝑧
𝜀 ) 𝑑𝑧. Then 𝑢𝜀 converges locally uniformly on compact sets in R𝑁 × [0,+∞) to the unique solution 𝑢0 of

𝜕𝑡𝑢 = 𝐹1(𝐷2𝑢,𝐷𝑢) in R𝑁 × (0,+∞)

supplemented with the initial condition 𝑢(𝑥, 0) = 𝑢0(𝑥) in R𝑁  as 𝜀↘ 0. 
Proof.  For a proof, the reader may consult [7, Theorem 1.4] and [16, Lemma 2]. □

Theorem 4.4.  Given 𝛼 ∈ (0, 1), a Lipschitz function 𝑢0 ∶ R𝑁 → R, we consider the viscosity solution 𝑢𝛼 of the problem
𝜕𝑡𝑢 = 𝜇𝛼(𝐷𝑢)|𝐷𝑢|𝜅𝛼[𝑥, 𝑢] in R𝑁 × (0,+∞)

supplemented with the initial condition 𝑢(𝑥, 0) = 𝑢0(𝑥) in R𝑁 , where 𝜅𝛼 is defined in (4.1) and 𝜇𝛼 is defined as in (1.7) with 𝛼 ∈ (0, 1). 
Then 𝑢𝛼 converges locally uniformly on compact sets in R𝑁 ×[0,+∞) to a unique solution 𝑢1 of (1.6), where 𝛼 = 1 and 𝑔 = 0, supplemented 
with the initial condition 𝑢(𝑥, 0) = 𝑢0(𝑥) in R𝑁  as 𝛼 ↗ 1.

Remark 4.5.  In view of Remark  4.2, the viscosity solution 𝑢𝛼 of the problem
𝜕𝑡𝑢 = 𝜇𝛼(𝐷𝑢)(𝛼 − 1)𝐹𝛼(𝐷2𝑢,𝐷𝑢) in R𝑁 × (0,+∞)

supplemented with the initial condition 𝑢(𝑥, 0) = 𝑢0(𝑥) in R𝑁  for some Lipschitz function 𝑢0 ∶ R𝑁 → R, converges locally uniformly 
to a unique solution 𝑢1 of (1.6), where 𝛼 = 1 and 𝑔 = 0, supplemented with the initial condition 𝑢(𝑥, 0) = 𝑢0(𝑥) in R𝑁 , as 𝛼 ↘ 1.

4.2. Variational origin of anisotropic mean curvature motion

The anisotropic mean curvature motion (1.6), where 𝑔 = 0, is of a variational type. To state the result, we associate to 𝛼 ∈ [1, 2)
and   a tempered distribution 𝐿𝛼,  defined by

⟨𝐿𝛼, , 𝜑⟩ = 2𝐶𝑁,𝛼 ∫R𝑁
(𝜑(𝑥) − 𝜑(0) − ⟨𝐷𝜑(0), 𝑥⟩1𝐵1

(𝑥)) 𝑑𝑥
 (𝑥)𝑁+1

,

for 𝜑 ∈ (R𝑁 ), where 𝐶𝑁,𝛼 > 0 is the constant defined in (1.10) and (R𝑁 ) is the Schwartz space of test functions. We define the 
Fourier transform of 𝜑 ∈ (R𝑁 ) by

 (𝜑)(𝜉) = ∫R𝑁
𝜑(𝑥)𝑒−𝑖⟨𝜉,𝑥⟩ 𝑑𝑥.

Theorem 4.6.  For each 𝛼 ∈ [1, 2), there exists a unique 𝜓𝛼 ∈ 𝐶(R𝑁 ) ∩ 𝐶2(R𝑁 ⧵ {0}) such that 𝜓𝛼(−𝑝) = 𝜓𝛼(𝑝), 𝜓𝛼(0) = 0 and
𝐹𝛼(𝑀,𝑝) = tr(𝑀𝐷2𝜓𝛼(𝑝)),

where 𝐹𝛼(𝑀,𝑝) is defined in (1.8). Moreover, 𝜓𝛼 is convex, 𝜓𝛼(𝜆𝑝) = |𝜆|𝜓𝛼(𝑝) for all 𝜆 ∈ R ⧵ {0} and 𝜓𝛼 = − 1
2𝜋 (𝐿𝛼, ), where  (𝐿𝛼, )

is the Fourier transform of 𝐿𝛼, . If 𝑢 ∈ 𝐶2(R𝑁 ) with |𝐷𝑢| ≠ 0, then

𝐹𝛼(𝐷2𝑢,𝐷𝑢) = |𝐷𝑢|div
(

∇𝜓𝛼

(

𝐷𝑢
|𝐷𝑢|

))

,

which means that the anisotropic mean curvature motion derives from the energy ∫ 𝜓𝛼(𝐷𝑢).

Proof.  For a proof, we refer to Section 7 of [7] and in particular to the proof of [7, Theorem 1.7]. □

5. Evolution of convex sets

In this section, under some convexity assumptions on the external force 𝑔, we show that during the anisotropic mean curvature 
flow, which we obtain at the limit of our anisotropic version of the Bence–Merriman–Osher type scheme, the convexity of the set 
𝛺0 is preserved. Namely, at each step of the discrete approximation, the convexity is preserved (see Corollary  5.3), and hence it is 
preserved at the limit.

If 𝑞 ∈ R ⧵ {0}, 𝑎, 𝑏 ≥ 0 and 𝜆 ∈ [0, 1], we define 

𝑀𝑞(𝑎, 𝑏, 𝜆) = ((1 − 𝜆)𝑎𝑞 + 𝜆𝑏𝑞)
1
𝑞 (5.1)

if 𝑎, 𝑏 > 0 and 𝑀𝑞(𝑎, 𝑏, 𝜆) = 0 if 𝑎𝑏 = 0. We also define 

𝑀0(𝑎, 𝑏, 𝜆) = 𝑎1−𝜆𝑏𝜆. (5.2)

For convenience, we recall the following definition. 
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Definition 5.1.  A nonnegative function 𝑓 on R𝑁  is called 𝑞-concave on a convex set 𝐸 if
𝑓 ((1 − 𝜆)𝑥 + 𝜆𝑦) ≥𝑀𝑞(𝑓 (𝑥), 𝑓 (𝑦), 𝜆)

for all 𝑥, 𝑦 ∈ 𝐸 and 𝜆 ∈ [0, 1], where 𝑀𝑞(𝑎, 𝑏, 𝜆) is defined in (5.1) and (5.2).
It is worth noting that if 𝑞 > 0 (respectively, 𝑞 < 0), then 𝑓 is 𝑞-concave if and only if 𝑓 𝑞 is concave (respectively, convex), and 

in particular, 1-concave is just concave in the usual sense (see [19, Section 9]). If 𝑞 = 0 and 𝑓 is positive, then 𝑓 is 0-concave if and 
only if ln(𝑓 ) is concave. If 𝑓 is positive, then 𝑓 is −1-concave if and only if 𝑓−1 is convex.

We recall the following result, which can be proved using [19, Corollary 11.2] (see [19, p. 379]). 

Proposition 5.2.  Let 𝑞 ≥ −1∕𝑁 , 𝑓 ∈ 𝐿1(R𝑁 ) be a 𝑞-concave function on R𝑁  and 𝐾 ⊂ R𝑁  be a convex set with nonempty interior. Then 
𝑓 ∗ 1𝐾 is 𝑞∕(𝑁𝑞 + 1)-concave on R𝑁 .

Corollary 5.3.  Let 𝛺0 ⊂ R𝑁  be an open convex set, 𝛼 ∈ [1, 2) and 𝑔 ∈ 𝐶([0,+∞)). Then for each ℎ > 0 and for each 𝑛 ∈ N, the set 𝛺ℎ
𝑛ℎ

defined in (1.5) is convex.

Remark 5.4.  Let us comment on the importance of the assumption that the external force 𝑔 depends only on time for the proof of 
Corollary  5.3. Assume that 𝑔 ∈ 𝐶(R𝑁 × [0,+∞)). Then to prove Corollary  5.3 we need the fact that max{‖𝐽ℎ‖𝐿1(R𝑁 ) − 𝑔ℎ𝛽(𝛼, ℎ), 0}

− 1
𝛼

is a concave function on R𝑁  for each ℎ ∈ [0,+∞), where 𝐽ℎ is defined in (1.3), (3.6), 𝛽(𝛼, ℎ) is defined in (1.4) and 𝑔ℎ(⋅) = 𝑔(⋅, ℎ). 
Since a nonnegative concave function on R𝑁  is a constant, we deduce that for each fixed ℎ ∈ [0,+∞), 𝑔ℎ ∶ R𝑁 → R is a constant 
function. This implies our condition on 𝑔, namely, the assumption that 𝑔 ∈ 𝐶([0,+∞)). A proof in the case where 𝑔 ∈ 𝐶(R𝑁 ×[0,+∞))
would require stronger convexity properties of the kernel 𝐽ℎ.

Proof of Corollary  5.3.  Since the function 𝜃 ↦ (𝜎𝛼(ℎ)
𝑁+𝛼
𝛼 + 𝜃𝑁+𝛼)

1
𝑁+𝛼  is nondecreasing and convex on [0,+∞) and since   is 

convex, the function 𝑥 ↦ (𝜎𝛼(ℎ)
𝑁+𝛼
𝛼 +  (𝑥)𝑁+𝛼)

1
𝑁+𝛼  is convex on R𝑁 , and hence the function 𝐽ℎ is −1∕(𝑁 + 𝛼)-concave. Then, 

according to Proposition  5.2, 𝐽ℎ ∗ 1𝛺0
 is −1∕𝛼-concave. In view of the facts that 𝐽ℎ ∗ [1𝛺0

− 1𝛺𝑐0
] = 2𝐽ℎ ∗ 1𝛺0

− ‖𝐽ℎ‖𝐿1(R𝑁 ) and 
𝛺ℎ
ℎ = {𝐽ℎ ∗ [1𝛺0

− 1𝛺𝑐0 ] ≥ −𝑔(0)𝛽(𝛼, ℎ)}, we have

𝛺ℎ
ℎ = {(2𝐽ℎ ∗ 1𝛺0

)−
1
𝛼 ≤ max{‖𝐽ℎ‖𝐿1(R𝑁 ) − 𝑔(ℎ)𝛽(𝛼, ℎ), 0}

− 1
𝛼 }.

Observing that the function (2𝐽ℎ ∗ 1𝛺0
)−

1
𝛼 −max{‖𝐽ℎ‖𝐿1(R𝑁 ) − 𝑔(ℎ)𝛽(𝛼, ℎ), 0}

− 1
𝛼  is convex (as a sum of convex functions), we deduce 

that 𝛺ℎ
ℎ is an open convex set. Iterating this procedure, we deduce that 𝛺ℎ

𝑛ℎ is an open convex set, which completes our proof of 
Corollary  5.3. □

In view of Corollary  5.3 and the convergence of the front propagation, we obtain the following result.

Corollary 5.5. 
Let 𝛼 ∈ [1, 2), 𝑔 ∈ 𝐶([0,+∞)) and 𝑢0 ∶ R𝑁 → R be uniformly continuous. Assume that for each 𝑠 ∈ R, the set {𝑢0(⋅) > 𝑠} is convex, 

namely, 𝑢0 is quasiconcave. Then if 𝑢 is a unique viscosity solution of (1.6) supplemented with the initial condition 𝑢(⋅, 0) = 𝑢0(⋅) in R𝑁 , 
then the sets {𝑢(⋅, 𝑡) ≥ 𝑠} are convex for each 𝑡 ≥ 0.

Proof of Corollary  5.5.  If 𝑡 = 0, then {𝑢(⋅, 0) ≥ 𝑠} = {𝑢0(⋅) ≥ 𝑠} is convex, since 𝑢0 is quasiconcave. Let 𝑡 > 0, 𝑥, 𝑦 ∈ {𝑢(⋅, 𝑡) ≥ 𝑠}. 
Assume that there exists 𝑧 ∈ [𝑥, 𝑦] such that 𝑢(𝑧, 𝑡) < 𝑠. Let 𝛿 > 0 be such that 𝑢(𝑧, 𝑡) < 𝑠− 𝛿. Define 𝛺0 = {𝑢0(⋅) > 𝑠− 𝛿∕2}. Then 𝛺0 is 
convex by assumption. According to Corollary  5.3, 𝛺ℎ

𝑛ℎ is convex for each ℎ > 0 and for each 𝑛 ∈ N. In view of Theorem  1.3, 𝑢ℎ → 1
locally uniformly in 𝛺𝑡 as ℎ → 0+. Since 𝑥, 𝑦 ∈ 𝛺𝑡, 𝑢ℎ(⋅, 𝑛ℎ) = 1 locally around 𝑥 and 𝑦 for each ℎ > 0 small enough, where 𝑛ℎ → 𝑡
as ℎ → 0+. This, in view of the convexity of 𝛺ℎ

𝑛ℎ, implies that there exists an open convex set containing [𝑥, 𝑦] whose closure is a 
subset of 𝛺ℎ

𝑛ℎ for each ℎ > 0 small enough, where 𝑛ℎ→ 𝑡. This yields that 𝑢ℎ(⋅, 𝑛ℎ) = 1 locally around 𝑧 for each ℎ > 0 small enough, 
where 𝑛ℎ → 𝑡 as ℎ → 0+. Since sign∗(𝑢(⋅, ⋅) − 𝑠 + 𝛿∕2) is the maximal upper semicontinuous subsolution of (1.6) supplemented with 
the initial datum 1𝛺0

− 1𝛺𝑐0
 (see [10]), using Proposition  3.4, we deduce that 1 = lim sup∗ 𝑢ℎ(𝑧, 𝑡) ≤ sign∗(𝑢(𝑧, 𝑡) − 𝑠 + 𝛿∕2). Thus, 

𝑢(𝑧, 𝑡) − 𝑠 + 𝛿∕2 ≥ 0 and 𝑢(𝑧, 𝑡) ≥ 𝑠 − 𝛿∕2 > 𝑠 − 𝛿, which leads to a contradiction with the fact that 𝑢(𝑧, 𝑡) < 𝑠 − 𝛿. This completes our 
proof of Corollary  5.5. □

6. Splitting the flow

In this section, we show that a local anisotropic mean curvature flow with a forcing term depending only on time can be obtained 
by alternating local anisotropic mean curvature flows without a forcing term and evolutions with only a forcing term. Using this, we 
shall see how the distance between two sets evolves under the action of a forced local anisotropic mean curvature flow. A similar 
result was obtained in [9] for a nonlocal anisotropic mean curvature flow.

For each 𝜀 > 0, we consider the sets 𝐸𝜀 =
⋃

𝑛∈N(2𝑛𝜀, (2𝑛 + 1)𝜀] and 𝑂𝜀 = (0,+∞) ⧵ 𝐸𝜀. Given 𝛼 ∈ [1, 2), 𝑔 ∈ 𝐶([0,+∞)), 𝑡 > 0, 
𝑝 ∈ R𝑁 ⧵ {0} and 𝑠 ∈ R, we define

𝐻𝜀(𝑡, 𝑝, 𝑠) = 21 (𝑡)𝛷 (𝑝)𝑐 (𝑡) + 21 (𝑡)𝜇 (𝑝)𝑠,
𝛼 𝐸𝜀 𝛼 𝜀 𝑂𝜀 𝛼
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where 𝛷𝛼(𝑝) = 𝜇𝛼(𝑝)|𝑝| (see also (3.45)) and 𝑐𝜀 ∶ [0,+∞) → R is defined by

𝑐𝜀(𝑡) =
1
2𝜀 ∫

2(𝑛+1)𝜀

2𝑛𝜀
𝑔(𝜏) 𝑑𝜏

if 𝑡 ∈ (2𝑛𝜀, 2(𝑛 + 1)𝜀] for each 𝑛 ∈ N. We also define

𝐻𝛼(𝑡, 𝑝, 𝑠) = 𝜇𝛼(𝑝)𝑠 +𝛷𝛼(𝑝)𝑔(𝑡).

For fixed 𝑝 and 𝑠, we observe that 𝑡 ↦ ∫ 𝑡0 (𝐻
𝜀
𝛼 (𝜏, 𝑝, 𝑠) −𝐻𝛼(𝜏, 𝑝, 𝑠)) 𝑑𝜏 → 0 locally uniformly on [0,+∞) as 𝜀 → 0+. Let 𝑢0 ∶ R𝑁 → R

be a uniformly continuous function and construct the function 𝑢𝜀 ∶ R𝑁 → R as follows. Let 𝑢𝜀(⋅, 0) = 𝑢0(⋅) in R𝑁  and for each 𝑛 ∈ N, 
define 𝑢𝜀 on R𝑁 × [𝑛𝜀, (𝑛 + 1)𝜀] as the unique viscosity solution of the equation 

𝜕𝑡𝑢 = 𝐻𝜀
𝛼 (𝑡, 𝐷𝑢, 𝐹𝛼(𝐷

2𝑢,𝐷𝑢)) in R𝑁 × [𝑛𝜀, (𝑛 + 1)𝜀] (6.1)

supplemented with the initial condition 𝑢(⋅, 𝑛𝜀) = 𝑢𝜀(⋅, 𝑛𝜀), where 𝐹𝛼(𝐷2𝑢,𝐷𝑢) is defined in (1.8). 

Proposition 6.1.  Let 𝑢0 ∶ R𝑁 → R be uniformly continuous and 𝑢 be a unique viscosity solution of Eq.  (1.6) supplemented with the initial 
condition 𝑢(⋅, 0) = 𝑢0(⋅) in R𝑁 . Let 𝑢𝜀 ∶ R𝑁 → R be the uniformly continuous function such that 𝑢𝜀(⋅, 0) = 𝑢0(⋅) in R𝑁  and 𝑢𝜀 is a unique 
viscosity solution of Eq.  (6.1) for each 𝑛 ∈ N. Then 𝑢𝜀 → 𝑢 locally uniformly on R𝑁 × [0,+∞) as 𝜀→ 0+.

Proof.  Since 𝑢𝜀 is uniformly continuous, up to a subsequence (not relabeled), we can assume that 𝑢𝜀(𝑥, 𝑡) → 𝑣(𝑥, 𝑡) locally uniformly 
as 𝜀 → 0+ for some 𝑣 ∈ 𝐶(R𝑁 × [0,+∞)). We shall prove that 𝑣 is a viscosity solution of Eq.  (1.6) supplemented with the initial 
condition 𝑣(⋅, 0) = 𝑢0(⋅) in R𝑁 . Since the latter admits a unique viscosity solution 𝑢, 𝑣 does not depend on a subsequence and 
𝑢𝜀 → 𝑢 = 𝑣 locally uniformly as 𝜀 → 0+.

We shall only prove that 𝑣 is a subsolution of (1.6) (see Definition  2.2,Theorem  2.3), since the proof that 𝑣 is a supersolution of 
(1.6) is similar. We follow the strategy of [20].

Let 𝜑 be a smooth test function and (𝑥0, 𝑡0) ∈ R𝑁 × (0,+∞) be a strict global maximum of 𝑣−𝜑. Assume that |𝐷𝜑(𝑥0, 𝑡0)| ≠ 0. We 
define

𝜓𝜀(𝑡) = 𝐻𝜀
𝛼 (𝑡, 𝐷𝜑(𝑥0, 𝑡0), 𝐹𝛼(𝐷

2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0)))

−𝐻𝛼(𝑡, 𝐷𝜑(𝑥0, 𝑡0), 𝐹𝛼(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0)))

and observe that ∫ 𝑡0 𝜓𝜀(𝜏) 𝑑𝜏 → 0 locally uniformly as 𝜀 → 0+. This, since 𝑢𝜀 → 𝑣 locally uniformly as 𝜀 → 0+, implies that 
𝑢𝜀(𝑥, 𝑡) − ∫ 𝑡0 𝜓𝜀(𝜏) 𝑑𝜏 → 𝑣(𝑥, 𝑡) uniformly on compact subsets of R𝑁 × [0,+∞). Then there exist points (𝑥𝜀, 𝑡𝜀) ∈ R𝑁 × (0,+∞) of global 
maximum of the function 𝑢𝜀(𝑥, 𝑡) − ∫ 𝑡0 𝜓𝜀(𝜏) 𝑑𝜏 −𝜑(𝑥, 𝑡) such that (𝑥𝜀, 𝑡𝜀) → (𝑥0, 𝑡0) as 𝜀 → 0+. If 𝑡𝜀∕𝜀 ∈ N, then, since 𝑢𝜀 is a viscosity 
solution and |𝐷𝜑(𝑥𝜀, 𝑡𝜀)| ≠ 0 for each sufficiently small 𝜀 > 0, 

𝜕𝑡𝜑(𝑥𝜀, 𝑡𝜀) + 𝜓𝜀(𝑡𝜀) ≤ 𝐻𝜀
𝛼 (𝑡𝜀, 𝐷𝜑(𝑥𝜀, 𝑡𝜀), 𝐹𝛼(𝐷

2𝜑(𝑥𝜀, 𝑡𝜀), 𝐷𝜑(𝑥𝜀, 𝑡𝜀))). (6.2)

If 𝑡𝜀∕𝜀 ∈ N, then replacing 𝜓𝜀 and 𝐻𝜀
𝛼 by their left limits and taking into account [21], we observe that (6.2) still holds. Thus, we 

have

𝜕𝑡𝜑(𝑥𝜀, 𝑡𝜀) ≤ 𝐻𝛼(𝑡𝜀, 𝐷𝜑(𝑥0, 𝑡0), 𝐹𝛼(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0)))

+𝐻𝜀
𝛼 (𝑡𝜀, 𝐷𝜑(𝑥𝜀, 𝑡𝜀), 𝐹𝛼(𝐷

2𝜑(𝑥𝜀, 𝑡𝜀), 𝐷𝜑(𝑥𝜀, 𝑡𝜀)))

−𝐻𝜀
𝛼 (𝑡𝜀, 𝐷𝜑(𝑥0, 𝑡0), 𝐹𝛼(𝐷

2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0))).

Letting 𝜀 → 0+ and observing that

𝐻𝜀
𝛼 (𝑡𝜀, 𝐷𝜑(𝑥𝜀, 𝑡𝜀), 𝐹𝛼(𝐷

2𝜑(𝑥𝜀, 𝑡𝜀), 𝐷𝜑(𝑥𝜀, 𝑡𝜀)))

−𝐻𝜀
𝛼 (𝑡𝜀, 𝐷𝜑(𝑥0, 𝑡0), 𝐹𝛼(𝐷

2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0))) → 0,

we obtain 

𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 𝐻𝛼(𝑡0, 𝐷𝜑(𝑥0, 𝑡0), 𝐹𝛼(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0))), (6.3)

since 𝜑 is smooth and 𝐻𝛼(⋅, 𝐷𝜑(𝑥0, 𝑡0), 𝐹𝛼(𝐷2𝜑(𝑥0, 𝑡0), 𝐷𝜑(𝑥0, 𝑡0))) is continuous.
Next, assume that |𝐷𝜑(𝑥0, 𝑡0)| = 0 and 𝐷2𝜑(𝑥0, 𝑡0) = 0. Let (𝑥𝜀, 𝑡𝜀) be a global maximum of 𝑢𝜀 − 𝜑 such that (𝑥𝜀, 𝑡𝜀) → (𝑥0, 𝑡0) as 

𝜀→ 0+. Since 𝑢𝜀 is a viscosity solution, we have

𝜕𝑡𝜑(𝑥𝜀, 𝑡𝜀) ≤ [𝐻𝛼
𝜀 ]

∗(𝑡𝜀, 𝐷𝜑(𝑥𝜀, 𝑡𝜀), 𝐹𝛼(𝐷2𝜑(𝑥𝜀, 𝑡𝜀), 𝐷𝜑(𝑥𝜀, 𝑡𝜀))) → 0

as 𝜀 → 0+, in view of the definition of 𝐻𝛼
𝜀 . Thus, 𝜕𝑡𝜑(𝑥0, 𝑡0) ≤ 0 as desired. This, together with (6.3) and Theorem  2.3, implies that 

𝑣 is a viscosity subsolution of (1.6) and completes our proof of Proposition  6.1. □
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7. Geometric uniqueness in the convex case

In this section, we obtain the estimate (see Proposition  7.2) of the distance between two generalized evolutions with different 
external forces. Using this estimate, we prove that if the initial set 𝛺0 is convex and bounded, then the evolution is unique. The 
proof of the uniqueness is based on [22, Theorem 8.4]. Thus, we provide a different proof of the uniqueness of the evolution of a 
convex bounded set than in [10], namely, where the proof is based on the use of the comparison principle. In general, the inclusion 
principle and the uniqueness of evolutions follow from the scheme and the comparison principle (see Remark  7.5). It is worth noting 
that a counterpart of Proposition  7.2 was established earlier in [9] in the context of a nonlocal anisotropic mean curvature flow and 
with a different initial condition (see [9, Proposition 6.2]).

We recall that the mobility 𝛷𝛼 is a norm on R𝑁  (see Lemma  3.8). For each 𝛼 ∈ [1, 2), we shall consider the distance dist𝛷◦
𝛼
 on 

R𝑁  induced by the dual norm
𝛷◦
𝛼(𝑥) = sup{⟨𝜉, 𝑥⟩ ∶ 𝛷𝛼(𝜉) ≤ 1}

of 𝛷𝛼 . Given 𝜂 > 0, 𝑥 ∈ R𝑁  and 𝐸 ⊂ R𝑁 , we define
𝑑𝜂𝜕𝐸 (𝑥) = −𝜂 ∨ (𝜂 ∧ (−dist𝛷◦

𝛼
(𝑥,𝐸) + dist𝛷◦

𝛼
(𝑥,𝐸𝑐 ))),

so that 𝑑𝜂𝜕𝐸 (𝑥) = 𝜂 ∧ dist𝛷◦
𝛼
(𝑥,𝐸𝑐 ) if 𝑥 ∈ 𝐸 and 𝑑𝜂𝜕𝐸 (𝑥) = −𝜂 ∨ −dist𝛷◦

𝛼
(𝑥,𝐸) if 𝑥 ∈ 𝐸𝑐 . In particular, 𝑑𝜂𝜕𝐸 (𝑥) = 0 if 𝑥 ∈ 𝜕𝐸. 

Lemma 7.1.  Let 𝛼 ∈ [1, 2) and 𝐸1 ⊂ 𝐸2 be two nonempty subsets of R𝑁 . Let 𝑐𝑖 ∈ R and 𝐸𝑖(𝑡) be the evolution of the flow 𝑣𝑖(𝑝) = 𝑐𝑖𝛷𝛼(𝑝)
such that 𝐸𝑖(0) = 𝐸𝑖 for each 𝑖 ∈ {1, 2}, which means that 𝐸𝑖(𝑡) = {𝑥 ∈ R𝑁 ∶ 𝑢𝑖(𝑥, 𝑡) ≥ 0}, where 𝑢𝑖 ∶ R𝑁 → R is a unique viscosity 
solution to the problem

{

𝜕𝑡𝑢𝑖 = 𝑐𝑖𝛷𝛼(𝐷𝑢𝑖),
𝑢𝑖(𝑥, 0) = 𝑑𝜂𝜕𝐸𝑖 (𝑥).

Assume that dist𝛷◦
𝛼
(𝜕𝐸1, 𝜕𝐸2) > 0. Then the function

𝛿(𝑡) = dist𝛷◦
𝛼
(𝜕𝐸1(𝑡), 𝜕𝐸2(𝑡))

satisfies

𝛿(𝑡) ≥ 𝛿(0) + (𝑐2 − 𝑐1)𝑡

for each 𝑡 ∈ [0, 𝑡𝑠], where 𝑡𝑠 = inf{𝜏 > 0 ∶ 𝛿(𝜏) = 0}.

Proof.  First, we assume that 𝑐1, 𝑐2 ≤ 0. According to the Hopf–Lax formula for the Hamiltonian 𝐻𝑖(𝑝) = |𝑐𝑖|𝛷𝛼(𝑝), for each 𝑖 ∈ {1, 2}, 
the solution of the system

{

𝜕𝑡𝑢𝑖(𝑥, 𝑡) + |𝑐𝑖|𝛷𝛼(𝐷𝑢(𝑥, 𝑡)) = 0,
𝑢𝑖(𝑥, 0) = 𝑑𝜂𝜕𝐸𝑖 (𝑥),

is given by

𝑢𝑖(𝑥, 𝑡) = inf
𝑦∈R𝑁

{

𝑑𝜂𝜕𝐸𝑖 (𝑦) + 𝑡𝐻
∗
𝑖

(𝑥 − 𝑦
𝑡

)}

,

where 𝐻∗
𝑖  denotes the Legendre–Fenchel conjugate of 𝐻𝑖, namely

𝐻∗
𝑖 (𝜉) =

{

0 if 𝛷◦
𝛼(𝜉) ≤ |𝑐𝑖|,

+∞ otherwise

(see, for instance, [23]). Thus, 
𝑢𝑖(𝑥, 𝑡) = inf{𝑑𝜂𝜕𝐸𝑖 (𝑦) ∶ 𝛷

◦
𝛼(𝑦 − 𝑥) ≤ |𝑐𝑖|𝑡, 𝑦 ∈ R𝑁}. (7.1)

In view of (7.1) and the fact that 𝑑𝜂𝜕𝐸𝑖 (𝑦) ≤ 0 for each 𝑦 ∈ 𝐸𝑐𝑖 , we have the following 

{𝑥 ∈ R𝑁 ∶ 𝑢𝑖(𝑥, 𝑡) > 0} = {𝑥 ∈ 𝐸𝑖 ∶ dist𝛷◦
𝛼
(𝑥, 𝜕𝐸𝑖) > |𝑐𝑖|𝑡}. (7.2)

Let 𝑡 < 𝑡𝑠 and 𝑥𝑖 ∈ 𝜕{𝑥 ∈ R𝑁 ∶ 𝑢𝑖(𝑥, 𝑡) > 0}, 𝑖 ∈ {1, 2} satisfy 𝛿(𝑡) = 𝛷◦
𝛼(𝑥1 − 𝑥2). Denote by 𝜉 the unique point of the intersection of 

𝜕𝐸1 and [𝑥1, 𝑥2]. Let 𝑧 be the projection of 𝑥2 onto 𝜕𝐸2. Then 𝛷◦
𝛼(𝑧 − 𝑥2) = |𝑐2|𝑡 and the following holds

𝛿(𝑡) = 𝛷◦
𝛼(𝑥1 − 𝑥2)

= 𝛷◦
𝛼(𝑥2 − 𝜉) +𝛷

◦
𝛼(𝜉 − 𝑥1)

≥ 𝛷◦
𝛼(𝑥2 − 𝜉) + |𝑐1|𝑡

≥ 𝛷◦(𝑧 − 𝜉) −𝛷◦(𝑧 − 𝑥 ) + |𝑐 |𝑡
𝛼 𝛼 2 1
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≥ 𝛿(0) − |𝑐2|𝑡 + |𝑐1|𝑡

= 𝛿(0) + (𝑐2 − 𝑐1)𝑡.

This proves Lemma  7.1 in the case where 𝑐1, 𝑐2 ≤ 0. The proof in the case where 𝑐1, 𝑐2 ≥ 0 is similar. Indeed, if 𝑐1, 𝑐2 ≥ 0 and 𝑢𝑖 is 
a viscosity solution of the equation 𝜕𝑡𝑢 − |𝑐𝑖|𝛷𝛼(𝐷𝑢) = 0 supplemented with the initial condition 𝑢𝑖(𝑥, 0) = 𝑑𝜂𝜕𝐸𝑖 (𝑥), then 𝑣𝑖 = −𝑢𝑖 is 
a viscosity solution of the equation 𝜕𝑡𝑣 + |𝑐𝑖|𝛷𝛼(−𝐷𝑣) = 0 supplemented with the initial condition 𝑣𝑖 = −𝑑𝜂𝜕𝐸𝑖 . In this case, the set 
{𝑥 ∈ R𝑁 ∶ 𝑢𝑖(𝑥, 𝑡) > 0} is the interior of the set {𝑥 ∈ R𝑁 ∶ 𝑣𝑖(𝑥, 𝑡) > 0}𝑐 . If 𝑐1 < 0 and 𝑐2 > 0, reasoning similarly, we have

𝐸1(𝑡) = {𝑥 ∈ 𝐸1 ∶ dist𝛷◦
𝛼
(𝑥, 𝜕𝐸1) ≥ |𝑐1|𝑡} and 𝐸2(𝑡) = {𝑥 ∈ R𝑁 ∶ dist𝛷◦

𝛼
(𝑥,𝐸2) ≤ 𝑐2𝑡}.

Let 𝑥1 ∈ 𝜕𝐸1(𝑡) and 𝑥2 ∈ 𝜕𝐸2(𝑡) be such that 𝛿(𝑡) = 𝛷◦
𝛼(𝑥1 − 𝑥2). Denote by 𝑦𝑖 ∈ 𝜕𝐸𝑖 the unique point of the intersection of 𝜕𝐸𝑖 and 

[𝑥1, 𝑥2] for each 𝑖 ∈ {1, 2}. Since
𝛷◦
𝛼(𝑥1 − 𝑥2) = 𝛷◦

𝛼(𝑥2 − 𝑦2) +𝛷
◦
𝛼(𝑦2 − 𝑦1) +𝛷

◦
𝛼(𝑦1, 𝑥1)

≥ 𝛿(0) + |𝑐2|𝑡 + |𝑐1|𝑡

= 𝛿(0) + (𝑐2 − 𝑐1)𝑡,

we deduce that 𝛿(𝑡) ≥ 𝛿(0) + (𝑐2 − 𝑐1)𝑡. This completes our proof of Lemma  7.1. □

Proposition 7.2.  Let 𝛼 ∈ [1, 2), 𝑔1, 𝑔2 ∈ 𝐶([0,+∞)), 𝐸1 ⊂ 𝐸2 be two nonempty subsets of R𝑁  and for each 𝑖 ∈ {1, 2}, 𝑢𝑖 be a unique 
viscosity solution to the problem

{

𝜕𝑡𝑢 = 𝜇𝛼(𝐷𝑢)𝐹𝛼(𝐷2𝑢,𝐷𝑢) +𝛷𝛼(𝐷𝑢)𝑔𝑖,
𝑢(𝑥, 0) = 𝑑𝜂𝜕𝐸𝑖 (𝑥).

Let for each 𝑡 ∈ [0,+∞), 𝐸𝑖(𝑡) = {𝑥 ∈ R𝑁 ∶ 𝑢𝑖(𝑥, 𝑡) ≥ 0}. Assume that dist𝛷◦
𝛼
(𝜕𝐸1, 𝜕𝐸2) > 0. Then the function 𝛿(𝑡) = dist𝛷◦

𝛼
(𝜕𝐸1(𝑡), 𝜕𝐸2(𝑡))

satisfies

𝛿(𝑡) ≥ 𝛿(0) + ∫

𝑡

0
(𝑔2(𝜏) − 𝑔1(𝜏)) 𝑑𝜏

for each 𝑡 ∈ [0, 𝑡𝑠], where 𝑡𝑠 = inf{𝜏 > 0 ∶ 𝛿(𝜏) = 0}.

Proof.  Without loss of generality, we can assume that 𝜕𝐸𝑖(𝑡) = 𝜕{𝑥 ∈ R𝑁 ∶ 𝑢𝑖(𝑥, 𝑡) < 0}, namely, that the front does not develop an 
interior. For each 𝑖 ∈ {1, 2}, let 𝑢𝜀,𝑖 and 𝑐𝜀,𝑖 be the functions defined in Section 6 for 𝑔 = 𝑔𝑖. Denote 𝐸𝜀,𝑖(𝑡) = {𝑥 ∈ R𝑁 ∶ 𝑢𝜀,𝑖(𝑥, 𝑡) ≥ 0}
and 𝛿𝜀(𝑡) = dist𝛷◦

𝛼
(𝜕𝐸𝜀,1(𝑡), 𝜕𝐸𝜀,2(𝑡)). By Proposition  6.1, 𝛿𝜀(𝑡) → 𝛿(𝑡) for each 𝑡 ∈ [0, 𝑡𝑠). Fix 𝑡 ∈ [0, 𝑡𝑠) and define 𝑛∗ = max{𝑛 ∈ N ∶

𝑛𝜀 < 𝑡}. Then the following holds 
𝛿𝜀(𝑡) = 𝛿𝜀(0) + (𝛿𝜀(𝜀) − 𝛿𝜀(0)) + (𝛿𝜀(2𝜀) − 𝛿𝜀(𝜀)) + (𝛿𝜀(3𝜀) − 𝛿𝜀(2𝜀)) +… + (𝛿𝜀(𝑡) − 𝛿𝜀(𝑛∗𝜀)). (7.3)

Since the 𝑢𝜀,𝑖’s solve in (0, 𝜀] the equation 𝜕𝑡𝑢 = 2𝛷𝛼(𝐷𝑢)𝑐𝜀,𝑖, then, according to Lemma  7.1, 

𝛿𝜀(𝜀) ≥ 𝛿𝜀(0) + 2𝜀(𝑐𝜀,2(𝜀) − 𝑐𝜀,1(𝜀)). (7.4)

Since the 𝑢𝜀,𝑖’s solve in (𝜀, 2𝜀] the geometric and translation-invariant equation
𝜕𝑡𝑢 = 2𝜇𝛼(𝐷𝑢)𝐹𝛼(𝐷2𝑢,𝐷𝑢),

the distance 𝛿𝜀 is nondecreasing on [𝜀, 2𝜀] and hence 𝛿𝜀(2𝜀) ≥ 𝛿𝜀(𝜀). Using this, (7.4) and repeating the procedure, we obtain 
{

𝛿𝜀(𝑘𝜀) − 𝛿𝜀((𝑘 − 1)𝜀) ≥ 2𝜀(𝑐𝜀,2(𝑘𝜀) − 𝑐𝜀,1(𝑘𝜀)) if 𝑘 is odd,
𝛿𝜀(𝑘𝜀) − 𝛿𝜀((𝑘 − 1)𝜀) ≥ 0 otherwise.

(7.5)

Thus, summing over 𝑘 ∈ {1,… , 𝑛∗} and taking into account (7.3) and (7.5), we have

𝛿𝜀(𝑡) ≥ 𝛿𝜀(0) + 2𝜀
⌊

𝑛∗−1
2 ⌋

∑

𝑙=0
(𝑐𝜀,2((2𝑙 + 1)𝜀) − 𝑐𝜀,1((2𝑙 + 1)𝜀)) ≥ 𝛿𝜀(0) + ∫

2𝜀⌊ 𝑛∗+12 ⌋

0
(𝑔2(𝜏) − 𝑔1(𝜏)) 𝑑𝜏.

Letting 𝜀 → 0+, yields 𝛿(𝑡) ≥ 𝛿(0) + ∫ 𝑡0 (𝑔2(𝜏) − 𝑔1(𝜏)) 𝑑𝜏 and completes our proof of Proposition  7.2. □

Using Proposition  7.2 and taking into account the proof of [22, Theorem 8.4], we deduce the next result. 

Corollary 7.3.  Let 𝛼 ∈ [1, 2), 𝑔 ∈ 𝐶𝑏([0,+∞)), 𝐸1 ⊂ 𝐸2 be two compact convex subsets of R𝑁 , and 𝑋𝑡(𝐸1) and 𝑋𝑡(𝐸2) be the generalized 
evolutions (see Definition  2.4) corresponding to (1.6). Then 𝑋𝑡(𝐸1) ⊂ 𝑋𝑡(𝐸2) for each 𝑡 ≥ 0.

Proof of Corollary  7.3.  If 𝐸1 has an empty interior, then 𝑋𝑡(𝐸1) = ∅ for all 𝑡 > 0 and the proof follows. Thus, we can assume that 𝐸1
has a nonempty interior and that the origin belongs to the interior of 𝐸 . Let us fix 𝑠 > 1. For each 𝑡 ∈ [0,+∞), we define 𝑔 (𝑡) = 𝑔(𝑡)
1 1
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and 𝑔2(𝑡) = 𝑔(𝑡∕𝑠2)∕𝑠. If 𝑢 is a unique viscosity solution of Eq.  (1.6) supplemented with the initial condition 𝑢(⋅, 0) = 𝑑𝜂𝜕𝐸2
(⋅) in R𝑁 , 

then the function 𝑢𝑠(𝑥, 𝑡) = 𝑠𝑢(𝑥∕𝑠, 𝑡∕𝑠2) is a unique viscosity solution of the equation 𝜕𝑡𝑢 = 𝜇𝛼(𝐷𝑢)(𝐹𝛼(𝐷2𝑢,𝐷𝑢)+𝑔2|𝐷𝑢|) supplemented 
with the initial condition 𝑢(⋅, 0) = 𝑠𝑑𝜂𝜕𝐸2

(⋅) in R𝑁 . Notice that the generalized evolution corresponding to the solution of the latter 
equation is defined by 𝑠𝑋𝑡∕𝑠2 (𝐸2). Setting 𝛿𝑠(𝑡) = dist𝛷◦

𝛼
(𝜕𝑋𝑡(𝐸1), 𝑠𝜕𝑋𝑡∕𝑠2 (𝐸2)), we observe that 𝛿𝑠(0) > 0. According to Proposition 

7.2,

𝛿𝑠(𝑡) ≥ 𝛿𝑠(0) + ∫

𝑡

0

(

1
𝑠
𝑔
(

𝜏
𝑠2

)

− 𝑔(𝜏)
)

𝑑𝜏

for each 𝑡 ∈ [0, inf{𝜏 > 0 ∶ 𝛿𝑠(𝜏) = 0}), where

∫

𝑡

0

(

1
𝑠
𝑔
(

𝜏
𝑠2

)

− 𝑔(𝜏)
)

𝑑𝜏 = (𝑠 − 1)∫

𝑡∕𝑠2

0
𝑔(𝜏) 𝑑𝜏 − ∫

𝑡

𝑡∕𝑠2
𝑔(𝜏) 𝑑𝜏

≤
(𝑠 − 1)𝑡‖𝑔‖∞

𝑠2
+
𝑡(𝑠 − 1)(𝑠 + 1)‖𝑔‖∞

𝑠2
≤ 𝑡(𝑠 − 1)‖𝑔‖∞ + 2𝑡(𝑠 − 1)‖𝑔‖∞
= 3𝑡(𝑠 − 1)‖𝑔‖∞

and 𝛿𝑠(0) ≥ 𝑐(𝑠 − 1), where 𝑐 > 0 depends only on 𝐸1, 𝐸2 and 𝛷𝛼 . Thus, 𝛿𝑠(𝑡) ≥ 0 while 𝑡 ≤ 𝑐
3‖𝑔‖∞

, which does not depend on 𝑠. This 
implies that 𝑋𝑡(𝐸1) ⊂ 𝑋𝑡(𝐸2), which completes our proof of Corollary  7.3. □

Remark 7.4.  The same proof shows that a strictly star-shaped domain with respect to a center point 𝑥0 will have a unique evolution 
for a positive time as long as no line emanating from 𝑥0 becomes tangent to its boundary.

Remark 7.5.  It is worth noting that our scheme is monotone. Indeed, if 𝛺1 ⊂ 𝛺2, then (𝛺1)ℎ𝑛ℎ ⊂ (𝛺2)ℎ𝑛ℎ for each ℎ > 0 and for 
each 𝑛 ∈ N, which comes from the definition (see (1.5)). Let (𝑋𝑡(𝛺1))𝑡≥0 and (𝑋𝑡(𝛺2))𝑡≥0 be the generalized evolutions of 𝛺1 and 
𝛺2 with uniformly continuous initial conditions 𝑢1,0(⋅) and 𝑢2,0(⋅) such that 𝑢1,0(⋅) ≤ 𝑢2,0(⋅) in R𝑁  (recall that 𝛺1 = {𝑢1,0(⋅) > 0} and 
𝛺2 = {𝑢2,0(⋅) > 0}), respectively (see Definition  2.4). Then the monotonicity of the scheme (in combination with the application of 
the comparison principle) yields the inclusion 𝑋𝑡(𝛺1) ⊂ 𝑋𝑡(𝛺2) for each 𝑡 ≥ 0. In order to prove this inclusion principle, assume 
by contradiction that for some 𝑡 > 0 there exists 𝑥 ∈ 𝑋𝑡(𝛺1) such that 𝑥 ∉ 𝑋𝑡(𝛺2). Then there exists 𝛿 > 0 such that 𝑢2(𝑥, 𝑡) < −𝛿, 
where 𝑢𝑖 is the unique viscosity solution of (1.6) satisfying the initial condition 𝑢𝑖(⋅, 0) = 𝑢𝑖,0(⋅) in R𝑁  for each 𝑖 ∈ {1, 2}. Since 
𝑢1,0(⋅) ≤ 𝑢2,0(⋅), defining 𝛺𝛿∕2

𝑖 = {𝑢𝑖,0(⋅) + 𝛿∕2 > 0} for each 𝑖 ∈ {1, 2}, we have 𝛺𝛿∕2
1 ⊂ 𝛺𝛿∕2

2 . Inasmuch as 𝑢1(𝑥, 𝑡) ≥ 0 > −𝛿∕2, 
𝑥 ∈ (𝛺𝛿∕2

1 )𝑡. Then, according to Theorem  1.3, 𝑢1,ℎ → 1 locally uniformly around 𝑥 as ℎ → 0+. This, together with the monotonicity 
of the scheme and the fact that 𝛺𝛿∕2

1 ⊂ 𝛺𝛿∕2
2 , implies that there exists 𝜀 > 0 such that 𝐵𝜀(𝑥) ⊂ (𝛺𝛿∕2

1 )ℎ𝑛ℎ ⊂ (𝛺𝛿∕2
2 )ℎ𝑛ℎ for each ℎ > 0

small enough, where 𝑛ℎ → 𝑡 as ℎ → 0+. Next, taking into account that sign∗(𝑢2(𝑥, 𝑡) + 𝛿∕2) is the maximal upper semicontinuous 
subsolution of (1.6) supplemented with the initial datum 1𝐸 − 1𝐸𝑐  (see [10]), where 𝐸 = 𝛺𝛿∕2

2 , using Proposition  3.4, we deduce 
that 1 = lim sup∗ 𝑢2,ℎ(𝑥, 𝑡) ≤ sign∗(𝑢2(𝑥, 𝑡) + 𝛿∕2). Thus, 𝑢2(𝑥, 𝑡) + 𝛿∕2 ≥ 0 and 𝑢2(𝑥, 𝑡) ≥ −𝛿∕2 > −𝛿, which leads to a contradiction with 
the fact that 𝑢2(𝑥, 𝑡) < −𝛿. This completes our proof of the inclusion principle.

8. Large times asymptotics

In this section, we describe the asymptotic behavior of the generalized evolutions corresponding to (1.6), in the limit 𝑡 → +∞, 
in the case where 𝑔 ≡ 𝑐 is a positive constant function. Namely, if the initial set 𝛺0 is bounded and contains a sufficiently large ball 
𝐵𝑅, then the generalized front propagation is asymptotically similar to the Wulff shape  of the energy function 𝑐 𝛷𝛼 , where

 = {𝑥 ∈ R𝑁 ∶ ⟨𝑥, 𝑝⟩ ≤ 𝑐 𝛷𝛼(𝑝) for all 𝑝 ∈ S𝑁−1}

𝑐 > 0 is a constant and 𝛷𝛼 is the mobility defined in (3.45). We recall that 𝛷𝛼 is a norm on R𝑁  (see Lemma  3.8). It is worth noting 
that  = {(𝑐 𝛷𝛼)◦ ≤ 1} is the unit ball of the dual norm (𝑐 𝛷𝛼)◦ of 𝑐 𝛷𝛼 . Furthermore,  is a compact convex subset of R𝑁  with the 
origin as its interior point (see [5, Section 5]) and the following result holds. 

Theorem 8.1.  Let 𝛼 ∈ [1, 2) and 𝑐 > 0. Then there exists 𝑅 = 𝑅(𝛼, 𝑐,𝑁, ) > 0 such that if 𝜀 > 0 and 𝛺0 ⊂ R𝑁  is open, bounded and 
contains 𝐵𝑅, then for some 𝑇 > 0 and for each 𝑡 ≥ 𝑇 ,

{𝑥 ∈  ∶ dist(𝑥, 𝜕) > 𝜀} ⊂ 𝑡−1𝑂𝑡(𝛺0) and 𝑡−1𝑋𝑡(𝛺0) ⊂ {𝑥 ∈ R𝑁 ∶ dist(𝑥,) < 𝜀},

where (𝑋𝑡(𝛺0), 𝑂𝑡(𝛺0))𝑡≥0 is the generalized evolution corresponding to (1.6) with 𝑔 ≡ 𝑐 (see Definition  2.4). In particular, 𝑡−1(𝑋𝑡(𝛺0) ⧵
𝑂𝑡(𝛺0)) → 𝜕 in the Hausdorff distance as 𝑡→ +∞.

Proof.  Define 𝑢 = 1𝐸 , where 𝐸 =
⋃

𝑡≥0 𝑂𝑡(𝛺0) × {𝑡}. It is well known (see, for instance, [10]) that 𝑢 is a viscosity supersolution of 
the equation 

𝜕 𝑢 = 𝜇 (𝐷𝑢)𝐹 (𝐷2𝑢,𝐷𝑢) + 𝑐 𝛷 (𝐷𝑢) in R𝑁 × (0,+∞). (8.1)
𝑡 𝛼 𝛼 𝛼
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According to [5, Lemma 6.3], there exist 𝑅 = 𝑅(𝛼, 𝑐,𝑁, ) > 0 and 𝛿 = 𝛿(𝛼, 𝑐,𝑁, ) > 0 such that if 𝑢 = 1 on 𝐵𝑅 × {0} (or, 
equivalently, 𝐵𝑅 ⊂ 𝛺0), then 𝑢(𝑡𝑥, 𝑡) = 1 for each pair (𝑥, 𝑡) ∈ 𝐵𝛿 × [0,+∞). This defines our 𝑅 > 0. Let 𝑢 ∶ R𝑁 → {0, 1} be a lower 
semicontinuous function defined by

𝑢(𝑥) ∶= lim
𝜀→0+

inf{𝑢(𝑠𝑦, 𝑠) ∶ 𝑠 > 𝜀−1, 𝑦 ∈ 𝐵𝜀(𝑥)}.

Then 𝑢 is a viscosity supersolution of the equation 

− ⟨𝑥,𝐷𝑣⟩ − 𝑐 𝛷𝛼(𝐷𝑣) = 0 in R𝑁 (8.2)

(see [5, Lemma 6.1]). Indeed, defining the function 𝑓 (𝑥, 𝑡) = 𝑢(𝑡𝑥, 𝑡), we can show that 
𝑡𝜕𝑡𝑓 ≥ ⟨𝐷𝑓, 𝑥⟩ + 𝑡−1𝜇𝛼(𝐷𝑓 )𝐹𝛼(𝐷2𝑓,𝐷𝑓 ) + 𝑐𝛷𝛼(𝐷𝑓 ) in R𝑁 × (0,+∞) (8.3)

holds in the viscosity sense. Assume that 𝜑 ∈ 𝐶2(R𝑁 ), 𝑢 − 𝜑 has a strict minimum at 𝑥̂ and
lim

|𝑥|→+∞
𝜑(𝑥) = −∞, 𝑢(𝑥̂) = 𝜑(𝑥̂).

Next, we can define a sequence (𝛼𝑛)𝑛∈N ⊂ (0,+∞) such that the function

𝑓∗(𝑥, 𝑡) − 𝜑(𝑥) − (𝜀𝑛 −
1
𝑛
)𝑒−

1
𝑛 (𝑡−𝑛) + 𝛼𝑛𝑡,

where

𝜀𝑛 = inf
𝑥∈R𝑁 ,𝑡≥𝑛

(𝑓∗(𝑥, 𝑡) − 𝜑(𝑥)) → 0

as 𝑛→ +∞, achieves its minimum over R𝑁×[𝑛,+∞) at some point (𝑥𝑛, 𝑡𝑛) ∈ R𝑁×(𝑛,+∞), where, up to a subsequence (not relabeled), 
𝑥𝑛 → 𝑦̂ as 𝑛→ +∞. We can choose 𝛼𝑛 so that

𝜀𝑛 − (𝜀𝑛 −
1
𝑛
)𝑒−

1
𝑛 (𝑡𝑛−𝑛) + 𝛼𝑛𝑡𝑛 ≤ 𝑓∗(𝑥𝑛, 𝑡𝑛) − 𝜑(𝑥𝑛) − (𝜀𝑛 −

1
𝑛
)𝑒−

1
𝑛 (𝑡𝑛−𝑛) + 𝛼𝑛𝑡𝑛 ≤

1
2𝑛

and hence 𝛼𝑛𝑡𝑛 → 0 and 𝑢(𝑦̂) − 𝜑(𝑦̂) = 0, which implies that 𝑦̂ = 𝑥̂, since 𝑥̂ is a strict minimum of 𝑢 − 𝜑 and 𝑢(𝑥̂) = 𝜑(𝑥̂). Next, since 
𝑓∗ is a viscosity solution of (8.3), 𝑡𝑛𝑛 𝑒

− 1
𝑛 (𝑡𝑛−𝑛) ≤ 1 (where 𝑡𝑛 > 𝑛) and for some 𝑟 > 0, (𝑥𝑛)𝑛∈N ⊂ 𝐵𝑟(𝑥̂), there exists a constant 𝐶 > 0

independent of 𝑛 such that

⟨𝑥,𝐷𝜑(𝑥𝑛)⟩ + 𝑐𝛷𝛼(𝐷𝜑(𝑥𝑛)) −
𝐶
𝑡𝑛

≤ 𝜀𝑛 −
1
𝑛
.

Letting 𝑛 → +∞, we deduce that −⟨𝑥,𝐷𝜑(𝑥̂)⟩ − 𝑐𝛷𝛼(𝐷𝜑(𝑥̂)) ≥ 0. This proves that 𝑢 is a viscosity supersolution of (8.2). Since 𝑢 = 1
in 𝐵𝛿 and 𝑢 is a viscosity supersolution of (8.2), [5, Theorem 5.3] implies that 𝑢 = 1 in int(). This yields that for each 𝜀 > 0 there 
exists 𝑇 > 0 such that for each 𝑡 ≥ 𝑇  and for each 𝑥 ∈  satisfying dist(𝑥, 𝜕) > 𝜀, it holds 𝑢(𝑡𝑥, 𝑡) = 1 (since 𝑢 takes values in {0, 1}). 
Observing that for each pair (𝑥, 𝑡) ∈ R𝑁 × (0,+∞), 𝑢(𝑡𝑥, 𝑡) = 1𝑡−1𝑂𝑡(𝛺0)(𝑥), we obtain

{𝑥 ∈  ∶ dist(𝑥, 𝜕) > 𝜀} ⊂ 𝑡−1𝑂𝑡(𝛺0)

for each 𝑡 ≥ 𝑇 . Next, define 𝑤 = 1𝛴 , where 𝛴 =
⋃

𝑡≥0𝑋𝑡(𝛺0) × {𝑡}. Then 𝑤 is an upper semicontinuous viscosity subsolution of Eq. 
(8.1) (see [10]). Let 𝑤̄ ∶ R𝑁 → {0, 1} be defined by

𝑤̄(𝑥) = lim
𝜀→0+

sup{𝑤(𝑠𝑦, 𝑠) ∶ 𝑠 > 𝜀−1, 𝑦 ∈ 𝐵𝜀(𝑥)}.

By [5, Lemma 6.1], 𝑤̄ is an upper semicontinuous viscosity subsolution of Eq.  (8.2). According to [5, Lemma 6.2], for some 
𝐿 = 𝐿(𝛼, 𝑐,𝑁, ) > 0, 𝑤̄ = 0 in 𝐵𝑐𝐿. Then, applying [5, Theorem 5.3], we deduce that 𝑤̄ = 0 in 𝑐 , which implies that for 
each 𝜀 > 0 there exists 𝑇 > 0 such that for each 𝑡 ≥ 𝑇 ,

𝑡−1𝑋𝑡(𝛺0) ⊂ {𝑥 ∈ R𝑁 ∶ dist(𝑥,) < 𝜀}.

This completes the proof of Theorem  8.1. □
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