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Cohomology ring of non-compact abelian arrangements

E. Bazzocchi, R. Pagaria and M. Pismataro

ABSTRACT

We give an Orlik—Solomon-type presentation for the cohomology ring of arrangements in
a non-compact abelian Lie group. The new insight consists of comparing arrangements in
different abelian groups. Our work is based on the Varchenko—Gel'fand ring for real hyperplane
arrangements and from that we deduce the cohomology rings of all other abelian arrangements.
As a by-product, we obtain a new proof of the Orlik—Solomon relations and those of De
Concini—Procesi.

1. Introduction

The topology of hyperplane arrangements is a classical subject whose study goes back to the
sixties. It was originally motivated by connections with braid groups [Del72] and configuration
spaces [CLMT76|. The study of arrangements was also motivated by combinatorics, in particular
matroid theory, and by singularity theory.

A first generalization of hyperplane arrangements — now called toric arrangements — was
introduced in |[Loo93|. In the 2000s, De Concini and Procesi [DCPO05| started a systematic
study of toric arrangements motivated by the application to the knapsack problem. Finally,
abelian arrangements were introduced in 2016 by Bibby [Bib16].

An important focus of this subject is the description of the cohomology ring of the arrange-
ment complement. Arnold identified relations between differential forms in the cohomology
ring of braid hyperplane arrangements [Arn69] and Brieskorn described the cohomology
ring of arrangements of Coxeter type [Bri72|. A milestone is the famous result by Orlik
and Solomon [OS80]: they presented the cohomology ring of the complement of complex
hyperplane arrangements by generators and relations. Later, Varchenko and Gel’fand studied
the cohomology ring of real hyperplane arrangements using Heaviside functions as generators
[VG8T|. They observed an analogy between the real and the complex case:

The relation (3.4)) ﬂis the even analogue of a relation of Orlik and Solomon [OS80] for
differential forms.

However, they did not find a geometric connection between the two cases.

The cohomology of subspace arrangements was determined in [GM12| as a module and
a rational model was provided in [DCP95|. The multiplicative structure of the integral
cohomology ring was later established in [FZ00| and |[dLS01].

Proudfoot [Pro06| relates the VG-algebra and the OS-algebra with Fo-coeflicients overcom-
ing the non-commutativity of the OS algebra. Moseley [Mos17] shows an isomorphism between
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the VG-algebra and the cohomology of (subspace) arrangements in (R*)". The Varchenko-
Gel’fand presentation was generalized to oriented matroids and conditional oriented matroids
I[GR89, |Cor02, [ DB23, DBPW22]|.

An Orlik—Solomon-type presentation for toric arrangements was obtained by De Concini and
Procesi [DCPO5| in the unimodular case and later extended to all toric arrangements |[CD17
CDD™20]. The cohomology of the complement can be also computed, via the Morgan model,
from the cohomology of a wonderful compactification and their strata. This approach, for toric
arrangements, was developed in a sequence of articles [DCG18, DCG19,[DCGP20, DCG21|
MP22, [GPS24].

In the more general case of abelian arrangements only a few results are known: Bibby
computed the Euler characteristic in the case of complex groups [Bib16| and Liu, Tran, and
Yoshinaga described the additive structure of the cohomology in the case of non-compact
abelian groups [LTY21].

Our main result is a new and uniform approach to the cohomology ring of non-compact
abelian arrangements. Our technique consists in the pushforward of the cohomological relations
from the real hyperplane case (see [VG87]) to the general non-compact abelian arrangement.
The main theorem (Theorem is an Orlik—Solomon-type presentation of the cohomology
ring of non-compact abelian arrangements.

We obtain a new proof of the Orlik—Solomon result [OS80] for complexified hyperplane
arrangements and of the De Concini-Procesi presentation [DCPO5| for unimodular toric
arrangements. We also obtain a new proof of the presentation of the rational cohomology
ring for general toric arrangements, that firstly appeared in [CDD™20]. In all other cases our
result is original.

We start by setting the notation in Section In Section we explicitly describe the
pushforward along the map i: M®(A) — M*?(A) induced by the inclusion R < R® x (S1).
We manipulate the Varchenko-Gel’fand relations to obtain relations in the cohomology ring
of central and unimodular arrangements (see Lemma . Section [4] extends the results of
[ILTY21] to the case of non-central arrangements (see Theorem. Then, in Sectionwe use
the technique of separating coverings developed in [CDD™ 20| to obtain the main theorem. In
Section |§|We consider toric arrangements and we compare the presentation in [CDD™20] with
our own; we also show how to derive the former from the latter. Finally, in Section [7} we apply
our theorem to the arrangements of type A,, improving a result of [CT78] on configuration
spaces in R x (S1)2.

2. Definitions and notations

Consider the abelian group G = R® x (S1)? canonically oriented and let e = (0,...,0,1,...,1)
be the unit of G. We denote d := dim(G) —1=a+b— 1.

Let A= 7Z" be a lattice with the choice of an orientation, so that Hom(A,G) ~ G"
has a natural orientation. A primitive character y € A corresponds to a group morphism
x: Hom(A,G) — G. Let E be a finite set with a total ordering. An abelian arrangement
is a finite collection of connected subvarieties in Hom(A, G) defined by a finite list of primitive
characters y; and elements g; € G indexed by E:

A={H;:= Xi_l(gi)}iEE-

This definition, specialized to the case G = C, corresponds to hyperplane arrangements with
the property that each hyperplane has a normal vector with rational coordinates.

The poset of layers L(A) (or intersection poset) of A is the set of all connected components
of intersections of elements in A, ordered by reverse inclusion. An arrangement is called central
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if the intersection of all the subvarieties is non-empty, and it is called unimodular whenever all
the possible intersections of elements in A4 are either connected or empty.
The complement of the arrangement is:

M(A) =Hom(A,G)\ | J Hi.
i€E
We also denote M (A) by M%*(A), when we need to specify what abelian group G' = R® x (S')¢
we are working with. When G = R, we write M®(A) instead of M%1(A).

Central abelian arrangements are related to matroids, oriented matroids, and arithmetic
matroids, we briefly recall definitions and terminology. For further details we refer to the
standard textbooks |[Ox111, BLVST99, And25| for oriented matroids, to the articles [DM13,
BM14] for arithmetic matroids and to [Pag20, [PP21] for the interaction between oriented
and arithmetic matroids.

Consider a central abelian arrangement A = {H; = x; '(e)}icr, the collection of y; € A
defines a realizable, oriented, and arithmetic matroid in the following way. A matroid (E,rk)
is a pair of a groundset E and a rank function rk: 2 — N satisfying the three properties:
(R1) rk(A) < |A| for all AC E,

(R2) (increasing) rk(A) <rk(B) forall AC BC E,
(R3) (submodular) rk(A) 4+ rk(B) > rk(AN B) + rk(AU B) for all A,B C E.

For any central arrangement A, consider the rank function rk 4(A) = rkz(x; | ¢ € A) for any
A C E; the pair (F,rk4) is a matroid. The real codimension of the intersection N;c 4 H; is equal
to (a+b)rk4(A). A subset A is independent if tk(A) = |A|, dependent if rk(A) < |A[, and a
basis if tk(A) = |A| = rk(E). A subset B is dependent on A C F if rk(A U B) = rk(A). A set
C C E is a circuit if it is a minimally dependent set, i.e. tk(C) = |C| —1 and for all A C C
rk(A) = |A|. A subset A C F has nullity 1 if rk(A) = |A| — 1 and, in this case, we denote by
C(A) the unique circuit contained in A.

An arithmetic matroid is a triple (E,rk,m) where (E,rk) is a matroid and the multiplicity
function m: 2F — Ny satisfies:

(AM1) m(AU{i}) | m(A) for all A C F and all i € E dependent on A,

(AM2) m(A) | m(AU{i}) for all A C F and all ¢ € FE independent on A,

(AM3) for all subsets A C B C F such that B is a disjoint union B =AU F UT satisfying
tk(C) =1k(A) + |C N F| for all A C C C B, then

m(A)m(B) = m(AU F)m(AUT),
(AM4) for all A C B C E with rk(A) = rk(B), then

Y. (=pMim@e) > o,

ACCCB

(AM5) for all A C B C E with |A| +rk(E\ A) = |B| +1k(E \ B), then
> (=1)/Mim(E\C) > 0.

ACCCB

The function m4: 2F — Ny defined by m(A) = #tor A/{x; | i € A), i.e. the cardinality
of the torsion of the quotient A/(x; | i € A) endows the matroid (E,rk4) with an arithmetic
matroid structure. Since the arrangement A4 is central, the number of connected components
of the intersection M;eaH; is equal to m4(A)®. In particular, for a = 0 all intersections are
connected. A subset A C E is unimodular if m(A) = 1.

The above definitions are unchanged if we replace some y; with —x;. Now, we fix for each
subvariety H; a choice of a character x;. The construction of the oriented matroid depends on
these choices.
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A signed subset (CT,C7) of E is a pair of disjoint subsets of E and we denote its support by
C = Ct UC~. An oriented matroid is a pair (F,C) consisting of a groundset F and a collection
of signed subsets of E such that:

(C0) (0,0) ¢C,

(C1) (symmetry) if (C*,C7) €C, then (C~,CT) €C,

(C2) (incomparability) for all (C*,C~),(D*,D~) € C such that C C D then (C*T,C7) =
(DY, D7) or (CT,C7) = (D~,D7"),

(C3) (circuit elimination) for all (C*,C~),(D*,D™) such that (C*,C~) # (D~,D") and
for all i € CT N D~ there exists (BT,B~) € C such that BT C (CtUD™)\ {i} and

S (CTUDT)\{i}

We call oriented circuits the signed subsets of an oriented matroid. The set {C'} ¢+ c-)ec is

the set of circuits of a matroid and such a matroid is unique.

Consider, for each minimal linear relation ) ;.- n;x; = 0 among characters of A, the sets
Ct ={ie€ E|n; >0} and the set C~ = {i € E | n; < 0}. The collection C4 of all such pairs
(Ct,C7) defines an oriented matroid. Notice that for each signed circuit (C*,C™) the linear
relation is unique up to scalar multiplication, so also the pair (C~,C™) is a signed circuit and
we call it the opposite circuit of (C*,C~). For the sake of notation we will denote an oriented
circuit by C = CT U C~.

An alternative definition of oriented matroids is given by basis orientations (also called
chirotopes): define, for each basis B C E, sgn(B) to be the sign of the basis (b1, bs,...,b,) of
A ®7 Q, where we take the elements of B = {by,...,b.} in the order prescribed by the ordered
set E. The collection of sgn(B) for all bases B of the matroid determines the oriented matroid.
Changing the orientation of A reverses all signs sgn(B), but does not affect the oriented matroid.

The situation for non-central arrangements is different. Let A = {H; = x; '(¢;)} be an
abelian arrangement. The collection of characters x; for i € E defines an oriented arithmetic
matroid as in the central case. For A C FE if the intersection N;c;H; is non-empty, then it
has codimension (a + b)| 4| and m(A)® connected components. If A is an independent set, the
intersection is certainly non-empty. Otherwise, it depends on the elements g; for i € A. We say
that a dependent set is central if the corresponding intersection is non-empty.

In order to define certain cohomological classes in H2T*~1(G\ {e}) we consider the
immersion of a small sphere i: S9*~1 <5 G\ e centered at e. Let W be the top dimensional
class generating H,,p—1(5%T*~1). We denote by w the class in H*T*~1(G\ {e}) dual to i, (W)
with the orientation given by the outer normal first rule.

For j =1,---,a, let Y7 be the standard generators of H;(S') and let Y be the top class in
H,((S1)?). For x € R®\ {0} we consider the immersion

ip: (SH = G\ {e}
z (2, 2),
Up to homotopy, i, only depends on the connected component of R® \ {0} to which the point z
belongs. In the case b = 1 we choose x < 0, otherwise the choice of the point does not matter.
Denote by 17 the class in H*(G \ {e}) dual to (i,)«(Y”?) and by % the class in H*(G \ {e})

dual to (iz)«(Y).
For any i € E, the map x; induces (x; — ;)| aran(ay: M*P(A) = G\ {e}. So we set

wi = (Xi — il pranw(ay)*(w) € HHPTH(M*P(A)),

W] = (il pgae)"(87) € HH(M®Y(A)),
i = (Xilpgae)" () € H(M*P(A)).
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We have wiz/Jf =0 for any i € E and any j < a because w/ = 0 in H*(G;Z). In particular,
w;z =0 for any z € ker (H*(G";Z) — H*(H;;Z)). Note that, when b = 1, the classes 1); have
degree a = a + b — 1, the same degree as the elements w;’s.

3. Central and unimodular arrangements

Consider a proper map f: N — M between oriented manifolds. Such a map induces a
pushforward map in cohomology f. obtained from the pushforward in Borel-Moore homology
(for a general reference see [HR96]) by composing with the Poincaré duality isomorphism.

H*(N) __ I+ | ppdimM—dim N+E ()

PDN\L TPD;}

Him N w(N) —5— Hgm n (M)

The map f, increases the degree by dim M — dim N and has the following properties:
(P1) (Functoriality) fi« o g« = (f 0 g)s.
(P2) (Projection formula) f.(f*(y) — z)=1y— fi(z) for any z € H*(N) and any y €
(P3) (Naturality) For any pullback diagram
N N

A
M —— M
with f and f’ proper maps and dim M — dim N = dim M’ — dim N’, we have

g o fo=floh".

(P4) (Embedding) If f is a closed embedding then f, is the composition of the Thom
isomorphism for the normal bundle

for HA(N) =5 BT, T\ N) — H*(M, M\ N) — H+(0M)

where we identify the normal bundle with a tubular neighborhood N C T C M and
d = dim M — dim N. The second map is provided by the excision theorem of M \ T' and
the last one is the map from the long exact sequence of the pair (M, M \ N).

We consider the pushforward in cohomology i,: H(R\ {0}) — H***~1(G \ {e}) induced by
the closed inclusion i: R\ {0} — G\ {e}, i(z) = (x,0,---,0,1,--- ,1). Let w' and w™ be the
two standard generators of H°(R \ {0}). Poincaré Duality maps w* and w~ to the classes in
HBM(R\ {0}) represented by the infinite chains ¢t and ¢~, corresponding respectively to the
positive and negative semi-axes. By checking intersection numbers, we obtain PD(w) = i.c™
and, when b = 1, PD(%)) = i.ct +i,c™ =i,1. Note that, if b > 1, i,ct +i,c™ =0in HPM(G'\
{e}). To summarise:

in(wt) = w, i*(w):{w_w 6 =1, i*(l):{w 6 =1, (3.1)

. ) .
—w otherwise 0 otherwise.

Now we consider A as a real hyperplane arrangement, for any i € E let w;” = x}(w*) and
w; = x;(w™) be the classes in H(M®(A)) corresponding to the positive and negative half-
spaces.



Page 6 of 22] E. BAZZOCCHI, R. PAGARIA AND M. PISMATARO

(R x S1)\ (0,1)

\
4
15 C

4
iwct

AR
[/

Figure 1: In the case (a,b) = (1,1), the homology class Y is represented in red and W in
blue. The two arrows represent the support of Borel Moore homology classes i.cT,i.c™ €
HPM(R\ {0}).

THEOREM 3.1 [VG87, Theorem 5]. Let A be a central real hyperplane arrangement. The
ring HO(M®(A)) is generated by the classes w;,w; with i € E and subject to the following
relations:

o w; =1—w;

° w;"w: =0;

e for any oriented circuit C = CT UC™, [[;,cor wit [ljec-w; =0.

We will write, for I C F, w;r =Iler o.)j' and w; [[;c;w; - Similarly, wy = w;,wi, ... w;, and
Wy =i, Wiy ..y, where I = {i1,142,...,i;} and the product is taken in the order induced by
the ordered ground-set F.

REMARK 1. From the first and second relations it follows that (wi)? = wi. Consider a

central circuit C, using the first and the third relations for C, we get
0= ] wi [T C-w)H)= > DVuwbw)= > (-)Vwi,, (3.2)
ieCt jeCc— JCC— JCC—
and for the opposite circuit
0= JJ wf JT C-w)H= > DVYwfwi = > () w) . (3.3)
e jec+ Jco+ Jcc+

By summing the equations above with a suitable sign, we get the following relations:

Yo g, - DY () heg o =0,

Jge- Jeer
> e o= ST (D), =0 (3.4)
KCC~ Kcct
K0 K40

From these identities, we will obtain a relation in H*(M®*(A)) by applying the pushforward
map f.

DEFINITION 1. Let A, B be disjoint subsets of E. We denote by ¢(A, B) the sign of the
permutation that takes A LI B as a ordered subset of E to the concatenation of A and B.
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DEFINITION 2. Let A and B be disjoint subsets of E' and define

nap = (—1)¥AB) g g € H* (ML (A)).

REMARK 2. Let B C A be a sub-arrangement and j: M:Z(b — M g’b be the inclusion of the
complements. From the definitions it follows that j*ng D= né p- So we will not specify the
ambient space. Since waz = 0 for any z € ker (H*(G";Z) — H*(NiccHy;Z)), we have ne.p =0
if D is dependent on C.

LEMMA 3.2.  Let A be a unimodular central arrangement of rank r. Consider the
closed immersion i: M®(A) — M**(A) and its pushforward in cohomology i.: H'(M®(A)) —
H’”(“er*l)(Ma’b(A)). Let I C E be an independent set and B C E a basis containing I :

o Ifb=1, then i,(w]) = sgn(B)nr -

0 if tk(I) #r,

Ifb> 1, then i, (wf) =
o If en iy (wy) sen(%w;  otherwise.

Proof. Let B C.A be the sub-arrangement {H;|b¢€ B}. Consider the inclusions
7% MR(A) — MR(B) and j: M**(A) — M*®(B). Recall that d =a+b—1 is the codi-
mension of R in G. The following diagram commutes by the naturality of pushforward in

cohomology (property [(P3)):

HO(MP(A)) L HOMP(B)) «E— HOR\ 0)®"

iA*l lis* li‘?r

Hrd(Ma,b(A)) W Hrd(Ma,b(B)) % Hd(G \ e)@r

The horizontal maps in the left-hand square are induced by the inclusion of the complement
of A in the complement of B, in R” and G" respectively. Since M®(B) = (R\ {0})" and
M**(B) = (G'\ {e})", the horizontal maps in the right-hand square are given by the Kiinneth
isomorphisms. Note that the Kiinneth isomorphism k®® depends on the sign of the basis B.

For the sake of notation we assume that I are the first elements of B, the general case differs
by the sign (—1)%(B\) (where £(A, B) is introduced in Definition (1)) given by the reordering
of w; and ¢y, for i € I and b € B\ I. We have

,L-A*(w}i-) _ iA*jR*k]R((er)@\I\ ® 1®n7|1|) _ ja’b*ka’b((i*w+)®|l| ® i*1®n7|l|)
We use eq. (3.1)) distinguishing two cases. If b =1,
ian(wi) = Gk (@M @ @) = ot (sgn(B) Ywrip 1) = sen(B) nr, g1,

where in the last equality we use Remark Otherwise b > 1, i,(1) = 0 and hence i 4, (w]) =0
if tk(I) # r. If rk(I) = r, then

iA*(w;r) — ja,b*ka,b(w@m) — ja’b*(sgn(l)dwz) — sgn(I)dwf.
This completes the proof. |
REMARK 3. Note that, also in the case b =1, the image of i, does not depend on the

choice of the (unimodular) basis B. In fact, if B’ C F is another (unimodular) basis containing
I, sgn(B)d¢B\Iw1 = sgn(B’)dq/JB/\le by using the linear relations among the classes .
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DEFINITION 3. Let C' C E be a circuit and B 2 C such that B\ {i} is a basis for any i € C.
We denote by ¢; the sign of the determinant of the matrix whose columns are the elements in

B\ {i}.
Up to a global sign, the ¢;’s do not depend on the choice of B.

LEMMA 3.3.  Let A be a central arrangement and C C E a unimodular oriented circuit
with C = CT U C~. The following relations hold in H*(M®**(A)):

o Ifb=1,
Z (=)'l nenk rvin — Z (—1)!%led e kv =0 (3.5)
KCCc™ Kcct
K0 K20

where i € K.
e Ifb>1 and d odd,

Z(—l)‘c<ile\{i} = 0. (3.6)
i€C
o Ifb>1 and d even,

Y woviy — Y wovgy =0 (3.7)

i€C— ieCt

Proof. Let r be the rank of the arrangement A and n be the rank of the circuit C'. Consider
the additive map given by the following composition:
HO(MR(O)) _Z*_> Hn(a+b71) (Ma,b(c)) _P*_) Hn(a+b71) (Ma,b(A))

where p is the restriction of the projection G" — G"/ Neec He ~ G™.

Consider the relation (3.4) in H°(M®(C)) and we apply Lemma to the essentialization
of the arrangement C. For any independent J C CT (resp. J € C7), the choice of i € K =
C*T\ J (resp. ix € K = C~\ J) corresponds to completing C* | | J = C \ K to a basis C'\ ix
of the sublattice generated by the elements of C'. By Lemma [3.2] and Remark [2] we have:

p*(i*(wg\K)) = p*(ch WC\KJ{\iK) = C?KUC\K,K\iKa
and so Equation (3.4) is sent to

Z (—D)Fled nenk ke — Z (—D)IFled nenk v =0

KCC™ Kcct
K#0 K0
for b =1, and to
d d
Z CiwoNi — Z ciwen; =0
1€C— ieCt

for b > 1. Since C' is unimodular, the dependence relation among the characters of the circuit
is Ziec(fl)‘c@"qxi =0, hence i € C* if and only if ¢; = (—1)I€<il. O

REMARK 4. Lemma [3:3] holds also for a central circuit C' in a non-central arrangement
A. Tt is sufficient to consider the map H*(M**(C)) — H*(M**(A)) induced by the inclusion
MY (A) — M*b(C).

ExXAMPLE 1. Let us consider the central arrangement A = {H;};=1 23 in G? defined by
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Hs

Ho

Figure 2: A picture of the arrangement in Examplefor (a,b) = (1,0) on the left, and (a,b) =
(0,1) on the right.

the columns of the matrix

1 0 1
0 1 1
(see Figure . This is an arrangement of type As, hence M(A) is the configuration space
of 3 points in G (cf. Section [7). The subspace H*(G?) C H*(M(A)) is generated by the
classes 1,93 and o] = ] + 43, with j = 1,--- ,a. Furthermore, we have defined the classes
w; € H*P=1(M(A)) for i = 1,2, 3. The circuit C = CT LU C~ = {1,2} U {3} gives the following
relations
o ifb=1,
Wi — (—l)dWQLU3 — WiWwg — W31ﬂ1 = 0, (38)
o ifb>1,

Wiy — (—1)dLU20J3 — Wiy = 0. (39)

4. The long exact sequence of the pair

Now, we deal with the case of general arrangements, possibly non-central and non-
unimodular. Firstly, we prove a variation of the Brieskorn Lemma, a deletion-restriction short
exact sequence, and an identity between Poincaré and characteristic polynomials. We will apply
these results in Section [l to unimodular covers.

Given a subvariety H € A of the arrangement, we denote by A" := A\ {H} the deletion
of H and A” the restriction to H, i.e. the arrangement of connected components of K N H
for K € A’. The complement M(A") = M(A)U M(A") is a disjoint union of an open and a
closed subset. The relative cohomology H*(M(A’), M(A)) is isomorphic to H*~2~*(M(A"))
via the Thom isomorphism and the excision theorem. Therefore, the forgetful map of the
long exact sequence of the pair (M (A"), M(A)) can be identified through the aforementioned
isomorphism with the pushforward ¢,, where ¢: M(A") — M(A’) is the closed immersion (see
property .

For any layer p € L(.A) we consider the local arrangement A, :=={H € A|p C H} at p and
let gp: M(A) — M(A,) be the inclusion of the complements.

THEOREM 4.1.  Let A be an arrangement of rank r and H € A a subvariety, then:
() te: H*(M(A")) — H*to+b(M(A")) is the zero map,
(ii) the map @pecrgy: Dpepr H (M (Ap)) — H*(M(A)) is surjective.
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Proof. In the central case the theorem follows from [LTY21, Theorem 7.7]. We prove the
claims by induction on the rank and the cardinality of the arrangement A. The base case
is a central arrangement and the results hold. The assumption that A is not central implies
|Ap| < |A] for any p € L". Consider p € L(A”) and let p € L(A") be the unique minimal layer
containing p (if H is not a coloop then p = p), the diagram

M(A") —— M(A)

g;’J{ J{g;
M(A7) —— M(A})
is a pullback diagram and so ¢, 0 g,* = g5 © 1. by property Since the long exact sequence

of the pair and the Thom isomorphism are functorial, the following diagram commutes:

=01 (M(AY)) —7 HE(M(A) s HE(M(A,) — B9 (AD))

HF=4-1 (M (A7)~ MM (A)) —Ls HF(M(A) —s B0 (A7)
For p € L(A) \ L(A"”) we have a similar diagram

0 —————— HF(M(A,)) /N H*(M(A4y)) ————— 0

| | Js |
HEA1(M(A")) s HYM(A) —2— HE(M(A)) —2s HF=4(M(A"))
because A}, = A,. We consider the direct sum of the previous sequences for all p € L(.A). Since

rk(A”) < rk(A), the map @pecrg,* is surjective and ¢y, = 0 by the inductive step:

By HE— 4= (M (A1) —s @5 HE(M(AL) 22 @, HY(M(A,)) 225 @, HF—4(M(AT))

iéﬁpg;/* i@pg'; J,@pgz i@pg;/*

HE 4 (M(A) — HYM(A)) —L s HE(M(A)) ——s HF4(M(A"))
It follows that ¢, = 0. The two rows are exact because they are long exact sequences of pairs
and by diagram chasing the map @®,ecrg, is surjective. |

The corollary below follows directly from Theorem

COROLLARY 4.2.  Let A be an arrangement of rank r and H € A a subvariety. The
following sequence is exact

-k

0— H*(M(A)) L H*(M(A)) = H*=Y(M(A")) — 0.

The characteristic polynomial of an abelian arrangement is

xa(t):= Y u(0,W)r =W,
WeL(A)

where 4 is the M&bius function of the poset of layers £(A).

COROLLARY 4.3.  For any abelian arrangement A in a non-compact group G, the Poincaré
polynomial only depends on the characteristic polynomial of the arrangement:

Pa(t) = (—t“*b”)TXA( - (tlajbf)la )
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%
Hs
4\
H2/
&
4
Hy
H,

Figure 3: A picture of the non-central arrangement in Example [2| when (a,b) = (1,0) on the
left, and (a,b) = (0,1) on the right.

Proof. The identity follows by deletion-contraction recurrence, using the exact sequence in

Corollary O

The same formula for the Poincaré polynomial is proven for central abelian arrangements in
[ILTY 21, Theorem 7.8]

COROLLARY 4.4. Let C be a unimodular, possibly non-central, circuit of A. Then

UJCZO.

Proof.  Assume that C' = {1,2,...,n} and consider the subvariety H obtained as the unique
translated of H; containing N;jec {13 H;. The set D := (C'U{0}) \ {1} is a central circuit and
we can multiply the relations of Lemma [3.3] by wy obtaining

Z (*UlKlemeD\K,K\iK - Z (*UlKlCiinmD\K,K\iK = 0.
KCD~™ KCDt
K#0 K#0
The elements 0, 1 are parallel, so wow; = 0 and w1y = 0, see also Remark [2] In particular, all
the terms in the above sum are zero unless the one with K = {0}, hence the equation reduces
to we = 0 in the cohomology ring of the arrangement A4 U {Hy}. The claimed equality follows
from the injectivity of the map H*(M(A)) - H*(M(AU{Hy})) by Corollary O

EXAMPLE 2. Let us consider the arrangement obtained from the arrangement in the
Example [1| by adding the two hyperplanes Hy = {x5'(—e)} and Hy = {(x1 + x2) " *(—e)} as
shown in Figure
The arrangement is no longer central, but it is still unimodular. As in the previous example,
the cohomology H*(M(A)) is generated by the classes 91,93, ¢4 =] +43, j=1,--- ,a and
w1, Ws, Wsr, w3, ws . There are two central circuits:

C=CtuC ={1,2}U{3}, ' =(C)"u(C) ={1,2}u{3}

When b = 1, the first circuit leads to the same relation eq. (3.8) of Example|l] while the second
one to the new relation:

wiwy + (—1)wyws — wiwy — wyhy = 0. (4.1)
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The case b > 1 is analogous. The Poincaré polynomial of the complement is given by P(t) =
(1+t)%* 4+ 5(1 +¢)* + 6. The four non-central circuits provide the following relations:

wawyr = 0, wawsz =0,

wiwowsz = 0, wiwgrwz = 0,

by Corollary

5. Non-unimodular case

In this section we prove our main result on the cohomology of the complement of abelian
arrangements, without any assumption of centrality and unimodularity. We adapt the argument
in [CDD™ 20| constructing a separating cover for an abelian arrangement A.

DEFINITION 4. A separating cover of A C F is a cover m: Hom(T', G) — Hom(A, G) such
that the connected components of 7=!(H;) for i € A form a unimodular, possibly non-central,
arrangement.

A covering is induced from an extension I' D A, for each character x € A let a € N be the
largest integer such that X € I'. The cover separates A if and only if the characters X generate
a split subgroup of T'. In general, there is no separating cover for A, but if A has nulhty at
most one then it exists.

Indeed, let X C E of nullity 1, hence X = C' U F contains a unique circuit C' and set n =
rk(C). Let

" {mm e m(C\{j}) forieC
m(X) forie F
and let A" be the lattice in A ®z Q generated by the characters %:. This cover separates the
set X of nullity 1. '

LEMMA 5.1.  The lattice A’ contains A as a sublattice and the inclusion induces a covering
7: Hom(A',G) — Hom(A, G) of degree m(C)*m(X)(r—1) [Tice m(C\ i)en=1),

Proof. The proof of the first statement is analogous to that of [CDD™ 20, Lemma 6.4]. Let
i€ C, as in |[CDD™20, Lemma 6.5] we compute the index of A in A’

[A: Ax\q _ HjeX\i a m(C)m(X)" Hjec\i HleC\j m(C\1)

N A= = — = -
A A= T R ] ~ X0\ m(X)m(C\ )
=m(C)m(X)" [ m(C\ )"~
i€C
It follows that the degree of the covering is [A’ : A]°. O

Let Ay be the arrangement in U := Hom(A’, G) given by the set of connected components
of the preimages of the subvarieties in A

Av = | mo(x"(H)).

HeA

LEMMA 5.2 [CDD™ 20, Lemma 6.7]. The arrangement Ay is unimodular.
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Let H; € A, L a connected component of 7~Y(H;) and q € L. The subvariety L has equation
Xi — Xi(g) where x = x o m. We define

a; a;

*

= (-], @ ertna), (5.1

= ()] @ e, 5:2)
v/ IM(Av)

W=(B)] @ emona), 5:3)
v/ IM(Au)

REMARK 5. For H; € A, let L be a connected component of 7~ Y(H;) and p,q € L. Then
we have 2*(¢) = X*(p) and hence w¥(q) = WY (p).

)

As in Section for I C E, we write w¥ = wgwg .. .wgc and ¥ = wg g .. .1/12»Uk where I =
{i1,142,...,1r} and the product is taken in the order induced by the ordered groundset E.
Let A C E be an independent subset, W a connected component of (,., H; and p € W.

Since 7* is injective, we define wy, 4 as the unique class in H*(M (A);Z) such that

Pewa) = e 2 A= Y ) (54)

g€~ (p) L cc. of 7= 1(W)

where L is any connected component of 7 (W) and g; € Eﬂﬁ_l(p) for each connected
component L of #=1(W). For any A, B C E disjoint, we denote

4 p(q) = (~)* AP (gl € H*(M(Av))
and
nwoap = (—1)UAB gy 4hp € H (M(A)).

The classes ww,4 do not depend on the choice of the cover 7: U — G" as in [CDD™"20,
Theorem 5.4].

LEMMA 5.3.  Let A be an independent set and W a connected component of ﬂieA H;.
Then, for every z € ker (H*(G";Z) — H*(W;Z))

ww,az = 0.
In particular, if B C E is dependent on A then for any j=1,--- ,a,

ww,a¥p = 0.

Proof. If A is a unimodular subset then ww,4 = wq,Wa, - - - Wa, and wyy, sz = 0 for every
i € A and any j < a. Such elements )] generate ker (H*(G";Z) — H*(W;Z)) as an ideal and
hence ww, 42z = 0.

In the non-unimodular case, we consider the separating cover Ay and let L be a connected
component of 7=1(W). Since 7* is injective, it is enough to prove that w4 (qz)zY = 0 for any
2V € ker (H*(U;Z) — H*(L;Z)), because 7*(ww, 1) is a linear combination of wY(qr). The
arrangement Ay is unimodular and the result follows as in the previous case.

The last statement follows from the fact that ¢} € ker (H*(G";Z) — H*(W;Z)) if (and only
if) the set B is dependent on A. O
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LEMMA 5.4. Let X be a set of nullity 1 and A, B C X such that AU B is a mazximal
independent set. Let W be a connected component of ();c o Hi and p € W. Then,

N m(AU B)®
™ (nw,a,B) = (m(A)a) Z 77%,3(4)
ger—1(p)

Proof. By definition,
= ([T at)vi
i€EB

The following computation of |L N7 ~!(p)| is analogous to that in [CDD™20, Lemma 6.10].
The cardinality of the inverse image of p is the degree of the covering. The number of connected
components of 7~ (W) is

() 2% - (Lheas)”

Therefore,

m(C)*m(X)* "D [iee m(C\ 9)*" " Vm(A)*
[licaal
m(C)*m(X)* "D []iee m(C\ 9)* " Um(A)*
m(X )4l HieAﬁCHjeC\i m(C \ j)*
= m(C) (X)) [T m(e \ iy 40D TT (e i)

i€eC i€ ANC

LN (p)| =

It follows that

™ (nw,a,B) = HlEBg)(—l)de(A’B) Z A

I 1
ILnr=(p o
where,
[Licpai _ m(X)aIB\ [Ticc m(C\Z’)a\BﬁC| . 1
|LO7T_1(p)| HlEBﬁCm(C\ ')a |Lﬂ7r_1(p)‘
m(X)? (|A|+|B|- T+1)H (C\Z-)a(|BﬁC\+\AmC|7n+1)

m(C)*m(A)® HieAmcm(C\i)“HieBmcm(C\i)“
m(X)* [Liec m(C\ )"
A

m(C)*m(A)* [ ;c(avpync m(C\ 1)
~ m(X)*m((AuB)NC)*  m(AUB)®

B m(C)em(A)e  m(A)e
In this last computation the final equality comes from property |(AM3)|of arithmetic matroids.
O

LEMMA 5.5.  We have
0 if A, A’ are not disjoint or AL A’ dependent, (5.5)
w w 7 5 = , .
W,AWW’ A (71)d€(A,A ) ZL c.c. of WnW! WL, AUA/ otherwise.
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Proof. We start with the case of ALl A’ of nullity at most one. Consider any separating
cover m: U — G" of AU A’, we have

m(wwawwra) = > wilqr) > wi (qrr)
Lemo (=1 (W)) Lemo (=1 (W)
— U U
= Z wa (qr)war (qx)
Kemo(n=1(WNW'))
= (- 3 > wHualan)
Lemg(WNW') Kemg(r—1(L))
= (~1)*AA) Z T (wr,auar)
Lemg(WNW")

if AN A’ =10, otherwise in the second line above we have wY(gx)wY (¢x) =0 because
(w¥(qr))? = 0. By injectivity of m, and Corollary the claimed equality follows.

Now consider arbitrary independent sets A and A’ and fix a subset AC X CANA" of
nullity one. Consider a separating cover f: U — G" for A’ and a separating cover g: V — U
for f=1(X). Notice that f o g is a separating cover for X. We have

flowra) = Z Wi (qrr)
Lemo(f=H(W"))

and it is enough to prove that f*(ww, a)wY x(qr/) =0 for all L’ € 7o (f~*(W')). We apply g*
to obtain

9 (f*(wwa)wiinx (ar)) = > whla) Y, whnx(ax)

Lemo(g~1f~H(W)) Kemo(g~ (L))

but all products wY (¢1)w4 ~x (¢x) are zero because X is a dependent set, see Corollary
This completes the proof. |

LEMMA 5.6. Let X =CUF be a central set of nullity 1, let C be the unique oriented
circuit contained in X, and let' Y be a connected component of (\;c H;. Then
o Ifb=1,

S (il MELK)

(X \ig)® W, X\K,K\ir
KCC™

K#0
. (5.6)
_ Z (_1)|K\C¢ m(X\K) W, X\ K, K\i -0
KCcot m(X \dg)e T ’
K#0

where i € K and, for each summand, W is the connected component of ﬂieX\K H; such
that Y CW.
e Ifb>1 and d odd,

Z(_l)‘CQ‘WY,X\i =0. (5.7)
ieC
e Ifb>1 and d even,

Z Wy, x\i — Z wy,x\i = 0. (5.8)

€C— ieCt
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Hs

Hs

H,

Figure 4: A picture of the non-unimodular circuit {1,2,3} in Example [3[ when (a,b) = (1,0)
on the left, and (a,b) = (0,1) on the right.

Proof. We apply Lemma to the circuit C' in the abelian variety U = Hom(A’, G). Let
p € Y be any point. If b = 1, we have:

Z ( )lKICZKnC\K K\IK( ) - Z ( )‘K‘CZK’WC\K K\”(( ) =0

KCC™ Kcct
K40 K0

for all ¢ € 7=1(p). We multiply this equation by w¥(q), and we get:
Z (_1)|K|C?K77)I£\K,K\iK(Q) - Z (_1)|K|C;‘1K77)U(\K,K\ik(q) =0.

KCC~ Kcet
K40 K40

Summing over all ¢ € 7~(p), we obtain:

0="> 2 O¥edamucmu@= > D (=

U
Kled S i revine (@)
gen—1(p) KCC™ gen—1(p) KCOT

K#0 K#0
K d U K| d U
= Z ‘ e Z nX\K,K\iK(q)_ Z (_1>‘ lCiK Z nX\K,K\iK<q)
KCC™ qu*l(p) KCCct qem—1(p)
K#0 K#0

= Z,(_ ‘K‘ d T’m *(nW,X\K,K\iK)
KK%gA

- Z ( 1)|K| ¢ m *(nW,X\K,K\iK)-

Kcct
K40
Since 7* is injective, equation ({5.6|) follows.
If b > 1, through an analogous Computatlon equations (|5.7)) and ( . ) hold. ]
EXAMPLE 3. Let us consider the arrangement A = {H;};—1,23.4 in G® associated to the
matrix
1 0 2 1
01 10
0 0 0 2

(see Figure [4). The sets of nullity 1 are C=CTUC™ ={1,2}U{3} and X =CUF =
{1,2,3} b {4}.
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Let W be the layer Hy N Hy N Hs. If b > 1, applying formula (5.6]) to the central circuit C
we obtain the relation

1
w2 + (=1)%wpw oz — wwis + 27w3¢2 =0. (5.9)

Notice that in the case a = 1 the unimodular covering of A is the arrangement in Example

and the pullback of eq. (5.9) is the sum of equations (3.8]) and (4.1J).

Now consider a set X of nullity 1, we get 2% relations because the intersection H; N Ho N Hz N
H, =W N Hy has 2¢ distinct connected components, p1,--- ,p2e and for any ¢ =1,--- 2%
1
Wp,,124 + (*1)dwp,;,234 — Wp;,134 — 47002,341/)2 =0, (5.10)
where Z is the layer H3 N Hy. The Poincaré polynomial of the complement is (¢ 4+ 1)3® + 4(¢ +
1)%% + 7(t +1)* + 6.

DEFINITION 5. Let R be the free H*(G")-module generated by the classes ww 4 €
H*(M(A)) with A C E independent set and W a connected component of (1, , H;. We endow
R with a ring structure by defining the multiplication

0 if A, A’ are not disjoint or A LI A’ dependent,

; 5.11
(—l)dé(A”“ ) oL ce of WAw WL, AuAr  Otherwise. ( )

WIW,AWW AT = {

Notice that, for any A, B C E and for any connected component W of [, 4, H;, the element
Nw,a,B € R is defined as ww 4YB.

THEOREM 5.7.  Let A be an arrangement in G”, where G = R® x (SY)%. The integer
cohomology of the complement H* (M (A);Z) is the quotient of R by the following relations:
e For any independent set A C E and any connect component W of NjeaH; and any z €
ker (H*(G";Z) — H*(W;Z)),

Ww,AZ = 0 (512)

e For any central set X = C UF of nullity 1 with associated signed circuit C = CTUC™,
and for any connected component Y of ;¢ x Hi,

x Ifb=1,
_N\IK| .4 m(X \ K)° )
Kg( 1) Cik 7m(X\Z«K)a77W,X\K,K\zK
K#0
5.13
B P c V. P
Kcc+ Hm(X \ ik )® WA i )
K#0

for some ix € K and where, for each summand, W 1is the connected component of
Niex\r Hi such thatY CW.
* If b>1 and d odd,

Z(_1)|C<i|77Y,X\i,(D =0. (5.14)
ieC
* If b > 1 and d even,
Z MY, x\i,0 — Z Ny, x\i,0 = 0. (5.15)

€C— i€Ct
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REMARK 6. It is easy to see that eq. (5.12) implies UJW,AlNé =0forall j=1,...,a and
all B C FE dependent on A. The converse, for essential arrangements, holds only under the
assumption that A4 is unimodular or after tensoring with Q.

Proof of Theorem . Consider the map p: R — H*(M(A);Z) given by the pullback of
M(A) — G" and that sends the formal generators wyy, 4 to the cohomology classes wyy 4. The
map p is a ring homomorphism because the product in R (defined in eq. ) coincides with
the product in cohomology (see Lemma .

Let I be the ideal generated by relations (5.12) and (5.13) (or (5.14) or (5.15) depending
on b and d) and J be the ideal generated by only. The ideal of relations I is contained
in kerp: indeed, Relation holds by Lemma and Relations (5.13)), (5.14), (5.15) by
Lemma

We prove that p induces an isomorphism R/I — H*(M(A);Z) by induction on the
cardinality of A. The base case A = () is trivial.

Let S=R/J and fix i € E. Let S’, S”, I', I"” be the analogous objects with respect to the
deletion A’ and the contraction A” of the subvariety H;. Consider the short exact sequence

0558 584850

given by the inclusion and the residue map g defined by

gl az) = Ww, A\iZ, ifie A,
W 0 otherwise,

for any z € H*(G"), where Z is the image of z through the restriction map H*(G") — H*(H;).
Checking that the maps are well defined and the sequence is exact is a routine exercise that
can be carried out using the key fact that J is generated by relations as a Z-module.

With an abuse of notation, we call I the image of the ideal I in the quotient ring S. Consider
the diagram

| “ |
I ker p I’

0 s’ S g S 0
. 5

0 —— H*(M(A)) —— H*(M(A)) S B*~@-D(M(A")) — 0

| |

0 0
By induction hypothesis the first and last columns are exact. The second row is exact by the

previous considerations and the last one by Corollary [£.2] The left square of diagram commutes
because j* (0 4 ) = W, 4,55 S0 does the right one since res(nw,a,5) = M, a\(iy,5 i 7 € A and
res(nw,a,5) = 0 otherwise.

The Snake Lemma implies that the map p is surjective, and that

0—1I —kerp—1I"—=0

is exact.

Now we prove kerp = I, we already noticed that kerp O I. Regarding the other inclusion,
observe that for any relation r of type (0.13)) and any generator nw, 4,5 the element rnw, 4 5
is a linear combination of relations of types (5.12) and (5.13)). In particular, the ideal I is
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generated by (5.12) and (5.13)) as a Z-module. It follows that the map g;;: I — I" is surjective.
Moreover, I’ C I and this implies kerp C I.
This completes the inductive step and concludes the proof. |

6. Relation with [CDD™20]

Our presentation, specialized to toric arrangements, is similar to the one obtained in
[CDD™20]. The integral cohomology ring was studied in [CDD™20, Section 7] without
providing an expllclt ;)resentation7 but showing that the cohomology is generated by the
differential forms ( Au 5y 1IW,A,B- Those cohomological classes ny, 4,5 correspond to our classes
Nw,a,B; recall that they depend on the choice of an orientation of each hypertorus.

The rational cohomology was presented in [CDD ™20, Theorem 6.13] using the differential
forms 7y, 4 p. Those differential forms are an average of nw, 4,5 over all possible orientation

choices
_ m(A\ D
Mw,AB = Z (—1)D|2|A\D|WUW(A\D),A\D,BUD- (6-1)

DCA

Therefore, eq. (28) in [CDD™20, Theorem 6.13] corresponds to our multiplication rule in R
eq. (5.11) and to eq. (5.12)), and their eq. (29) holds in H*(G") C R. The eq. (30) is equivalent
to e in a very intricate way which we are going to explain.
Let X be a subset of nullity 1, let C = C*T LU C~ be the oriented circuit in X, and let Y be
a connected component of N;cx H;. We substitute eq. in their eq. (30):
—% Y (mnyHaltEe ) e as
m(X\ {i}) A

i€C BCCO\{i}

|B| even

=Y Y, D (=pkelisne |+D2|A\D|MWW (A\D),A\D,BUD>

i€C BCC\{i} DCA
|B| even

where A = X \ (BU{i}) and W(A) is the unique connected component of N;c 4 H; containing
Y.
Let E = A\ D and notice that for any i,j € C' we have

cﬁW(E),E,X\(Eu{i}) _ C‘nW(E),E,X\(Eu{j})
m(X \ {i}) Tom(X\ {5}
Substituting eq. (6.2)) we have

=S Y Y (cpAsdsnes |+D2|E|((\E~E})77W BB

ECX BCC\Ei€C\(EUB)
|B| even

_ m(E)cinw (m),B,x\(E . -
= Z (—1)X\EI-1ol 2l J ()((i{ }\( u{iH Z Z (—1)|BUD)<il+IBNCT | o
ECX J BCC\E i€C\(EUB)

|B| even

(6.2)

where j is any element in X \ E. Notice that ¢; = (—1)IX<:/[FH{30C71 and we claim that

—2lC\EI-1 i £ C\ E C CT,
Z Z (_1)|B<i\—1+\(BU{i})ﬁC’I = { 9IC\E|-1 if0£C\ECC, (6.3)

BCC\E i€C\(EUB) 0 otherwise.
|B| even
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The left hand side of eq. (6.3)) is equal to

Z (_1)\BﬂCf|—l

BCC\E
|B| odd

where B = BU {i}, and so proving eq. (6.3) becomes an exercise left to the reader.
Finally, we have

_ _1 U E)enw (B),B.X\(BULD)
(30) — (_1)|X\E| 12|EUC| 1 ik

P m(X\ 7))
0£C\ECC~
_ Z (—1)|X\EI=1glBUC|-1 m(E)c;nw g),8,x\(BU{)})

= m(X\ 7]
P£C\ECC
m(X \ F)
= Z (—1)|F|2|X\F|+Z(F’X\F)TX)UT,V),FT(W(X \ F), X\ F),

FCX\C

where X = F'U(C U E) and we denote by (W (Z), Z) the relation (5.13]) for the subset Z of
nullity 1 and the connected component W (Z).
This provides an alternative proof of [CDD™ 20, Theorem 6.13].

7. Configuration spaces

In this section, we apply the main result of this article to the cohomology ring of ordered
configuration spaces in R x (S1)e.
Let X be a topological space, the configuration space of n points in X is:

Conf,(X) = {(z1,...,2,) € X" | x; # x; Vi # j}.
As above, let G = R® x (S1)¢, and consider the totally unimodular and central arrangement
Ap = {Hij}i,ggg_n]a Hij = (xi —x5) 7 (e),
where x;: G™ — G is the projection on the i-th component. Notice that
Conf,(G) = M**(A,).

Cohen and Taylor |[CT78| used a spectral sequence to compute the cohomology of
configuration spaces in R” x M, for b > 1 and M a connected manifold (see [CT78} Example
1]). More precisely, there exists a filtration F, on H*(Conf, (R’ x M);K) for a field K and
they described explicitly the associated graded

grp H*(Conf, (R x M);K)
as a ring. In the case M = (S1)% and b > 1, Theorem implies that
grp. H*(Conf, (G);K) ~ H*(Conf, (G); K)

as a ring. In the case b=1, we have the opposite behavior: indeed, the two rings
grp H*(Conf, (G;K)) and H*(Conf,(G); K) are not canonically isomorphic. Finally, our result
extends the coefficients from fields to integers.

Now, we write down the presentation of H*(Conf,(G);Z) by using Theorem The ground
set of the associated matroid is the set E = {ij|i,j € [n],i < j} with the lexicographic order.
The poset of layers is L£(A,) = IIj,), the poset of set partitions of [n]. The circuits of the
arrangement are of the form {ij, ik, jk} with 4,5,k € [n] and i < j < k.
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By Theorem the cohomology of the configuration space is generated as an H*(G™)-
module by the classes w;; € H%(Conf,(G)) with ij € E.

Relations ((5.12))-(5.14) become
o w;ji; =0 for all ij € E;
e for b=1,

WijWjk — Wijwik + Wjrwik — Yijwix = 0; (7.1)
e forb>1,
WijWik — Wijwik + Wikwix = 0. (7.2)

Recall that in H*(G™), ¥ir = vij + ¢, and that w?; =0 by the product rule. Moreover,
the relation w;;jwjrwir = 0 holds by multiplying equation (resp. eq. ) by w;k. In the
case b = 1, correction terms appear in our formulas. In the article [CT78| and in this one, the
element w;; represents the class of the subvariety H;; and hence there is no canonical morphism
between the two algebras gr, H*(Conf, (G;K)) and H*(Conf, (G);K) for n > 3.
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