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SYMMETRY AND MONOTONICITY OF SINGULAR SOLUTIONS OF
DOUBLE PHASE PROBLEMS

STEFANO BIAGI, FRANCESCO ESPOSITO, AND EUGENIO VECCHI

ABSTRACT. We consider positive singular solutions of PDEs arising from double phase
functionals. Exploiting a rather new version of the moving plane method originally
developed by Sciunzi, we prove symmetry and monotonicity properties of such solutions.

1. INTRODUCTION

Integral functionals of the form
(1.1) " / £(Va) da
Q

where Q C RY and f has non-standard growth, have been object of intensive study in the
Calculus of Variations since the seminal papers of Marcellini [32, 33]. Subsequently, the
interest has moved towards the study of non-autonomous functionals, whose prototype can
be given by

(1.2) (e / [VulP + a(z)|Vu|? dz,
0

where, in general, 1 < p < ¢ < N and a(-) > 0. Without any aim of completeness, we refer
e.g. [2, 10, 11, 22]. Functionals of the type (1.2) are called double phase functionals and
have been introduced in homogenization theory by Zhikov [47, 48] with the aim of modeling
strongly anisotropic materials. The common trait between the aforementioned papers is
the study of regularity properties of minimizers, a pretty technical topic which has brought
to light first the deep interplay between the two exponents p and ¢, and second the great
influence of the term a(-) when dealing with non-autonomous functionals. In both cases,
the upper bounds on ¢ are strictly related to the so called Lavrentiev phenomenon, see e.g.

[17].
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In this paper we are more interested in considering the natural PDE counterpart of the
functional

(1.3) " / IVl + a(e)|Vul? de — F(u),
Q
whose Euler-Lagrange equations is given by
(14) —div (p|Vul[P2Vu + ga(x)|Vu|!™2Vu) = f(u) in Q,
’ u=0 on 0f.

Here F'is a primitive of f, which is assumed to be a locally Lipschitz and positive function.
We stress that some fundamental analytical tools like weak comparison principle and
summability estimates for the second order derivatives of the solutions of (1.3) have been
recently established in [39]. The literature concerning existence and multiplicity results of
double phase problems is rapidly growing, see e.g. [31, 36, 28] up to the very recent [27]
where double phase Kirchhoff problems have been object of study by means of variational
techniques.

The aim of this work is different from the above mentioned papers and it is of classical
flavour. Indeed, we will prove purely qualitative properties of solutions of double phase
problems of the form (1.4). In particular, we are interested in generalizing some very
recent results contained in [20] in order to get some symmetry and monotonicity results
for nontrivial solutions u € C*(Q \ T') to the following quasilinear elliptic boundary value
problem

—div (p|Vul|P~2Vu + ga(z)|Vu|?>Vu) = f(u) in Q\T,
(1.5) w>0 inQ\T,
uw=0 on 0.

where Q C R” is a bounded and smooth domain, with N > 2 and 1 < p < ¢ < N, while
I' C Qs a closed set. See below for the details. The solution u has a possible singularity
on the critical set I and in fact we shall only assume that u is of class C! far from the
critical set. Before stating our main result, we need to properly describe what a solution
to equation (1.5) is.

Definition 1.1. We say that a function v € C*(Q\T) is a solution to problem (1.5) if it
satisfies the following two properties:

(1) u>014n Q\T and u="0 on 0;
(2) for every ¢ € CHQ\T) one has

(1.6 | 019uP - qa(@)] Tup ) (90, 99y ds = [ fluppds
Q Q
where (-,-) denotes the standard scalar product in RY .

Now we state our main result.
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Theorem 1.2. Let ¢ > p > 2 and let Q@ C RY be a convex open set, symmetric with respect
to the xy-direction. Moreover, let ' C QN {xy = 0} be a closed set such that

Cap, (') = 0.

Finally, we assume that the following ‘structural’ assumptions are satisfied:

(1) a € L>*(Q2) N C*Y(Q) is non-negative and independent of z,
(2) f:R =R is a locally Lipschitz continuous function with f(s) >0 for s > 0.

Then, any solution u € C*(Q\T) to (1.5) is symmetric wrt the hyperplane {x; = 0} and
increasing in the x1-direction in Q N {xy < 0}. Furthermore,

ou .
8_5131>O mQﬂ{x1<0}.

We stress that for a = p/q, the problem (1.3) reduces to

—Aju—Aju=f(u) inQ\T
(1.7) u >0 in Q\T
u=20 on 0f2

where the operator appearing on the left hand-side is called (p, q¢) — Laplacian. Obviously,
by taking a = 0 our result boils down to the p-Laplacian case considered in [20].

We notice that in the planar case N = 2, I" reduces to a point: in this case, Theorem
1.2 can be seen as a generalization of [43, 7] to the double phase setting. The case of point
singularity for cooperative elliptic systems has been considered in [5].

Let us now spend a few comments on the Theorem 1.2. The technique that we will
develop to prove Theorem 1.2 is a quite recent version of the moving plane method
introduced by Sciunzi in [40] in order to deal with singular solutions of semilinear elliptic
problems driven by the classical Laplacian operator. The technique is so powerful and
flexible that has been recently extended to cover the case of unbounded sets [19], the p—
Laplacian operator [34], cooperative elliptic systems [6, 18], the fractional Laplacian [34]
and mixed local-nonlocal elliptic operators [4]. We want to stress that the technique we will
use to prove Theorem 1.2 actually works for any ¢ > p > 2. Nevertheless, the result is more
meaningful if stated for 2 < p < ¢ < N because there are no sets of zero g-capacity when
q > N, see e.g. [30]. We also want to highlight that our result holds for ¢ > p > 2; this
lower bound for p is somehow necessary for a quite technical reason. Indeed, if 1 < p < 2
the operator may become very singular near the set I' and hence the inverse of the weight
p = (|Vu|+ |Vu,])?~2 may not have the right summability properties (see Remark 4.1 for
more details). This issue already occurs when dealing with the p-Laplacian, see [20]. In
that case however, the authors made an accurate analysis of the behaviour of the gradient
of the solution near the set I' based on previous results contained in [38]: whether a similar
approach could be fruitful in our setting is currently an open problem and will be the aim
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of future projects.

It is clear from our previous considerations that the lower bound on p (i.e. p > 2) may
be avoided if I' = (). To the best of our knowledge, Theorem 1.2 is new even in this simpler
setting. In this case, symmetry and monotocity properties of the solutions hold true for
every ¢ > p > 1, and the proof can be performed by using the classical moving plane method
introduced by Alexandrov [1] and Serrin [42], and subsequently improved in the celebrated
papers [29] and [3] in the context of semilinear elliptic equations. Since then, the literature
relative to generalizations of these result to more and more general situations has become
so huge that we do not even attempt at recalling all the contributions. We limit ourselves
to [44, 16, 15, 8, 9] for the case of cooperative elliptic systems (also on unbounded/non
smooth domains) and for the case of the composite plate problem. Finally, we refer to
(12, 13, 14, 21, 24, 25, 26, 35] for the quasilinear case, which is very close to our present
needs. For completeness we state the following:

Theorem 1.3. Let p,q > 1 and let Q@ C RY be a convex open set, symmetric with respect
to the x1-direction. Moreover, let us assume that the following ‘structural’ assumptions are
satisfied:

(1) a € L>=(Q) N CH() is non-negative and independent of z;

(2) f:R =R is a locally Lipschitz continuous function with f(s) >0 for s > 0.
Then, any solutionu € CY(Q) to (1.5) with T = () is symmetric wrt the hyperplane {x, = 0}
and increasing in the x1-direction in QN {x; < 0}. Furthermore,

Ju ,
a_$1>0 ’LTLQH{.T1<O}.

Before closing the Introduction, we must comment on the assumption made on the term
a(x). We believe that the requirement of being independent of ; is a merely technical issue
strictly related to the moving plane method. Indeed, our assumption on a appears also in
[37] where the authors prove symmetry results for nonnegative solutions of fully nonlinear
operators. We plan to come back to the possibility of removing such an assumption in a
future paper.

The plan of the paper is the following:

- In Section 2 we fix the notations used in all the paper. Moreover, we recall the
notion of r-capacity and some related theorems. Finally, we prove Lemma 2.3
and Lemma 2.4 that are two key ingredients in order to apply the moving plane
procedure.

- In Section 3 we prove Theorem 1.2 performing the moving plane technique in the
xp-direction and using the results stated in Section 2.

- In Section 4 we prove Theorem 1.3 using some results contained in [20, 39] and
performing the moving plane method in a standard way (since I' = ().

- In the Appendix we state two essential results: a strong comparison principle and
a Hopf-type lemma that apply specifically to our context.



2. NOTATIONS AND AUXILIARY RESULTS

The aim of this section is twofold: on the one hand, we fix once and for all the relevant
notations used throughout the paper; on the other hand, we present some auxiliary results
which shall be key ingredients for the proof of Theorem 1.2.

2.1. A review of r-capacity. Let 1 <r < N be fixed, and let K C R¥ be a compact set.
We remind that the r-capacity of K is defined as

(2.1) Cap,(K) := inf {/ V| dr : ¢ € C°(RY) and ¢ > 1 on K}.
RN

Moreover, if D C R¥ is any bounded set containing K, it is possible to define the r-capacity
of the condenser (K, D) in the following way

(2.2) Cap”(K) := inf {/ IVo|"dz : ¢ € C°(D) and ¢ > 1 on K}.
RN

As already described in the Introduction, the main aim of this paper is to investigate
symmetry/monotonicity properties of the solutions to (1.5), which may present singularities
on the (compact) set I'. Since the key assumption on I' is that

Cap,(I') =0

(broadly put, I" has to be ‘small enough’), it is worth reviewing some basic facts about
compact sets with vanishing capacity. In what follows, we denote by H¢(-) the standard
d-dimensional Hausdorff measure on RY | as defined, e.g., in [23].

Theorem 2.1. The following assertions hold true.
(1) If Cap,(K) = 0, then Cap?(K) = 0 for any bounded set D D K.
(2) If Cap,.(K) =0, then H*(K) =0 for every s > N —r.
(3) If HN="(K) < oo, then Cap,(K) = 0.

For a complete proof of Theorem 2.1, we refer the Reader to [30, Sec. 2.24].
Corollary 2.2. Let 1 <p < q< N and let K CR"N be compact. Then,
Cap,(K) =0 = Cap,(K) = 0.

Proof. Since, by assumption, Cap,(K) = 0, by Theorem 2.1-(2) we have H*(K) = 0 for
every s > N — ¢; in particular, as p < ¢, we derive that

HNP(K) = 0.
Using this fact and Theorem 2.1-(3), we then conclude that Cap,(K) = 0. O
On account of Corollary 2.2, if I' C R” is as in Theorem 1.2 we have

Cap,(I') = 0.
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2.2. Notations for the moving plane method. Let I' C Q C RY be as in the statement
of Theorem 1.2, and let u € C*(Q \ ') be a solution of (1.5). For any fixed A € R, we
indicate by R, the reflection trough the hyperplane II, := {x; = A}, that is,
(2.3) Ry(z) =) = 2\ —z1,29,...,2N) (for all z € RY);
accordingly, we define the function
(2.4) ux(z) = u(xy), for all z € R\(Q2\T).
We point out that, since u solves (1.5) and a is independent of x1, one has
(1) ux € CHRA(Q\T));
(2) uy > 0in Ry\(Q\T) and uy =0 on Ry (9N \ T);
(3) for every test function ¢ € CH(R)(2\ T')) one has

(2.5) / (pIVurP + qa(z)|Vun %) (Vuy, V) dz = / f(uy)pde.
RA(Q) RA(Q)

To proceed further, we let

(2.6) a=ag:= ;Ielgfz T

and we observe that, since 2 is (bounded and) symmetric with respect to the x;-direction,
we certainly have —oo < a < 0. Hence, for every A € (a,0) we can set

(2.7) M ={reQ: z <A}
Notice that the convexity of ) in the x;-direction ensures that
(2.8) O C RA(Q)NQ.
Finally, for every A € (a,0) we define the function
wy(x) == (u—uy)(x), for z € (Q\T) N RA(Q\T).
On account of (2.8), wy is surely well-posed on Qy \ Ry(T).

2.3. Auxiliary results. From now on, we assume that all the hypotheses of Theorem 1.2
are satisfied. Moreover, we tacitly inherit all the notations introduced so far.

To begin with, we remind some identities between vectors in R which are very useful
in dealing with quasilinear operators: for every s > 1 there exist constants C,Cs, C5 > 0,
only depending on s, such that, for every n,n’ € RY, one has

(Inl*=2n = 101", n =) = Cr(Inl + [0')**In — |7,
|[n* =20 = 10'1°~20| < Cao(lnl + ' )*2n =1,
(Inl*=>n— 120", n—n) = Csln—n'|”  (if s > 2),
=20 = 10" 20| < Culn =P (if1<s<2).
We refer, e.g., to [12] for a proof of (2.9).

(2.9)
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Next, we need to define an ad-hoc family of Sobolev functions in {2 allowing us to ‘cut
off” of the singular set I'. To this end, let € > 0 be small enough and let

B} :={z e RV : dist(z, R\(T')) < e}.
Since R, is an affine map, it is easy to see that
Cap, (R\(I")) = 0;
as a consequence, by Theorem 2.1-(1) there exists ¢. € C>°(B2) such that

(2.10) w. > 1on Ry(I') and / Ve |?de < e.
B2

We then consider the Lipschitz functions
e T'(s) := max{0;min{s; 1}} (for s € R),
e g(t) := max{0; —2s+ 1} (for t > 0)
and we define, for z € RY,
(2.11) e () = g(T(pe(2))).
In view of (2.10), and taking into account the very definitions of 7" and g, it is not difficult
to recognize that 1. satisfy the following properties:

(1) . =1 on RY \ B} and 1. = 0 on some neighborhood of R)(T), say V2;
(2) 0 <4. <1onRY;

(3) 1. is Lipschitz-continuous in RY, so that ., € W (RY);

(4) there exists a constant C' > 0, independent of ¢, such that

(2.12) / Vi |?dx < Ce.
RN
In particular, by combining (1), (2.12) and Hoélder’s inequality we get
(2.13) / |V |" dae = / |Vip.|"dz < C'e"™/7 for every 1 < r < g,
RN B
where C” > 0 is a constant which can be chosen independently of ¢.

With the family {¢.}. at hand, we can prove the following key lemma.
Lemma 2.3. For any fized X € (a,0) we have

(2.14) / (p(IVu| + [Vur)P =2 + ga(z)(|Vu| + [Vuy])?7?) - [Vwy |* dz < c,
Qx

where cg > 0 is a constant only depending on p,q, A and ||ul|z(q,)-
Proof. For every fixed £ > 0, we consider the function

_Jwi (@) grti(e) = (u—w) (@) YrH(z), if z €y,
Pe() 1=

0, otherwise.

We claim that the following assertions hold:
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(i) ¢ € Lip(RY);
(i) supp(pe) C Q) and ¢. = 0 near Ry(I).

In fact, since u € C1(Q,) and uy € CH(Qy \ RA(Q)), we have wy € Lip(Qy \ V) for every
open set V'O Ry(I'); as a consequence, reminding that ¢, € Lip(RY) and ¢. = 0 on a
neighborhood of Ry(T'), we get . € Lip(£2,). On the other hand, since . = 0 on 0,
we easily conclude that . € Lip(RY), as claimed. As for assertion (ii), it is a direct
consequence of the very definition of ¢. and of the fact that

Y. =0on V) D Ry(T).

On account of properties (i)-(ii) of ., a standard density argument allows us to use p. as
a test function both in (1.6) and (2.5); reminding that a is independent of x;, this gives

p/ (|VulP2Vu — |Vuy|P~*Vuy, V. ) dz
Qx
+ q/ a(z) (| Vu|"*Vu — [Vuy|"2Vuy, Vi) do
Qx

_ / (f(w) = flur))e da.

By unraveling the very definition of ., we then obtain

p [ YPT|VulP PV — [Vua P> Vuy, Vuy ) do
Qx

+q [ WP a(x) ([Vu|"*Vu — |[Vuy | *Vauy, Vi) dz

Qx

(2.15) +p(p+q) / wy PP (VP VU — [Vua PV, Vi) do

Qx

+q(p+q) / wy P a(z) (V] Ve = [V |17 Vay, V) de
Qx

= [ () = su)wf 2o
Qx5
We now observe that the integral in the left-hand side of (2.15) is actually performed on
the set Oy := {x € Q) : u > uy} \ Ry(I"); moreover, for every x € O, we have
0 < ux(z) < ulx) < ||ullpey)-

As a consequence, since f is locally Lipschitz-continuous on R, we have

[ ) = g vrrras - H) = 7G) (2 ypa g

(2.16) L

< L/ (wj)Zl/Jﬁ*qu,
Qx5
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where L = L(f,u,\) > 0 is the Lipschitz constant of f on the interval [0, ||| f~q,)] € R.
Using (2.16) and the estimates in (2.9), from (2.15) we then obtain

01/ W (V] + [Vua)P2 + qale) (V] + Va7 - [Vt P de
Q)
< p/ PP VulP2Vu — |Vup [P *Vuy, Vwy) do
Q
+ q/ YPta(x) <|Vu]q*2Vu — |VuA|q*2Vu,\, ij) dx
Qx

(2.17) gpQr+qX/ w§¢?¢4.HVMPQVU—ﬂVUAVQVuﬂ|Vdex

Qx

+qp+ q)/ wy PPt () HVu]q_zVu — |Vu,\|q_2Vu,\‘ |Vw|dz
Qx

Ly [ (Pt
Qx
g%(@+@+/@@ﬁwﬂm)
Qx
where Cy = Cy(p, ¢, A, ||u|| L), f) > 0 is a suitable constant and

Iy = / wi PP (V| + [Vun | )72Vl | [Vee] da,

Q

(2.18) ’
Iy = / wi PP (V] + [Vun )12Vl | [ Ve | da.

Qx

In order to complete the proof, we start from (2.17) and we provide an estimate of both
I, and 1. Actually, we limit ourselves to consider I,, since I, can be treated analogously.

To begin with, we split the set €2, as 2, = Q7 UQP | where
Q) = {z € U\ R\(I) : [Vup(@)| < 2|Vul}  and
Q) = {z € O\ Ra(T) : [Vup(a)| > 2|Vul};

accordingly, since Theorem 2.1-(2) ensures that HY (R, (T')) = 0, we write
-[p :Ip,1+[p,2a with [p,i = /(){}dIE (Z: 1,2)
of
We then proceed by estimating I, 1, I, 2 separately.

STEP I: ESTIMATE OF I ,. By definition, for every z € Qg\l) we have

(2.19) |Vuy(x)| + |Vu(z)| < 3|Vu(x)|;
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Using the weighted Young inequality and (2.19), for every p > 0 we get

ha 2§ [0Vl Va2 Tut P ot da
Q/\

Pt =9

1

+— [ (IVul + [Vua )P Ve * (wi)? 922 da
2p oV

gg (V| + [V V] P de

32

o [ TPV (e de = ()

P Jall

from this, reminding that 0 <. <1 and using Holder’s inequality, we have

(%) < ” / U (V] 4 [Tus] )2 Vo P
gr—2
2p

<5 o 7 (9 DV o

+

L 9P w2 o
A

p—2 4

3p-2 i ;
Py,P P +\p
w5 ([ rwreras) ([ 1ve wiy)

(since 0 < 9. <1and 0 < wy <u < |ullz=,))

< g (V] 4 [V 2 VP da

p—2

+E(/ |Vu|pdx> ’ (/ |V¢E|p>p
P\ Jaol ol

(reminding that a > 0 and p,q > 2)
<? 5 WW‘ {p(IVul + [Vur[)P=* + qa(@) (|Vu| + [Vur )72} - [V [P da

b

p—2 2
+5( ]Vu\pdx) ’ ( |wgv)> ,
IO Q,\ Q)\

where ¢ = c(p, A, ||u[[z=(q,)) > 0. Summing up, we have obtained the estimate

o < § [ 02 (Va4 190 o) (Tl ¢ [)) "2 T e
(2.20) -

+E( |Vu]pd:v) ’ < |V¢€]”)p,
p QA QA

holding true for every choice of p > 0.
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STEP 1I: ESTIMATE OF Iy,. By definition, for every = € Qg?) we have
1 3
(2.21) 5\Vm| < |Vuy| = [Vu| < [Vw,| < |Vuy| + [Vu| < §|Vu>\|.

Using again the weighted Young inequality and (2.21), for every p > 0 we get

1 L p(p—2) »  plotg=1)
IP,Q S (1 - _)pP—l/ (|VU| + |VU)\|) p—1 |vw;\“’m wa p—1 dx
p Q(AZ)
1
e p +\p
pr? Jo Vel (wy)” do
1\ = (p—2) T s
= (1) / (IVu] + [V ) 55 [V 7172 [V 2o ™7 da
p o
e \V4 - P + Pq
ppP Q@’ Vel (wy)” dz
(remind that p > 2, so that p/(p — 1) —2 < 0)
L p(p—2) » e
< Cp pPTl /(2) |VU,\ p—1 |VU)\ o1 2 ‘Vw;”z ¢f+q+p71 dr
Q)\

o | IVl G = o),
A

where we have used the notation

1\ 73\ 22 1 22
Cp = (“;)(5) (5) ;

from this, reminding that 0 < ¢. <1 and 0 < w} < ||ul|f(q,), we have

_4q
(o) = cop™ [ IV (D Pzt 0F T do
Q)\

3 VO i
A

/
< c’ppzl/ \Vu,\\p2|ij]2w§+qu+c—/ |V [P da
Q(f) PP Qg\z)
(since p > 2 and the function a is non-negative)
< pit / PP p(|Vu] + [Vua| )P 2 + galz) (|[Vul + [Vun )72} - [Vl P de

Qx
/

+ S vy da,
PP Ja,
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where ¢’ = c/(p, A, ||ul|z>(a,)) > 0. Summing up, we have obtained the estimate

%QSC%Jlf/%W{MWWPHVMW“Q+WW@OVM+¢VWD“qW%§%m
(2.22) y "
+ — |V¢E|p dr,
PP Ja,

Gathering together (2.20) and (2.22), we finally derive

I, < (g—l—/{pzﬁ)x

« / WP (V] + (Va2 + qa(e) (V| + V)02 Vi de
Qx

+f(/ |vu|pd$) ’ ( |w5|p)”+i/ VP da,
p QA Q)\ pp Q)\

(2.23)

for a suitable constant x only depending on p, A and ||u[|z=(q,). Furthermore, by arguing
exactly in the same way, we obtain the following analogous estimate for I,

I, < (g + /@’pﬁ> X

(224 <[ ur {plITul+ [V + gale) (Val + [Van)) 2} 9 P do
A

q—2

+5(/ |Vu]qd:1:) ! (/ \V%|‘1)q+i/ V. |¢ du,
p Q) Qx pq Qx

where &' is another constant only depending on ¢, A and ||u| g~ (q,).
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With the above estimates for I, and I; at hand, we are finally ready to conclude the
proof: in fact, by combining (2.17), (2.23) and (2.24), we get

(Cl — Cop — Cyk ,op%l — C'O/f’pq%l> X

X e {p(\Vu\ + | Vua|)P~2 + qa(x) (|Vu| + ]Vu,\])q’2}\ij]2 dx

Qx
K . Pk
< Co{—( |Vu|pda:> ( |V1/Jg|p) + — |V P dz

P\ Ja, o PP Ja,

K o i K
+ —( [Vul? dx) ( \nglq) + — |V |? dz
P\ Ja, Q, p1 Ja,
(2.25) +/ (w))? P dx}
Qx

(since 0 <. <1 and 0 < wy < [Ju|pe(ay))

gco{f< |Vu|pd:c> ’ ( |w5|1’)p+ﬁ Ve |P dz
p Q) Qx pp Qx

!

q=2 2
+ 3( |Vu|qu) ' ( |w5|4) LB vede
p Q,\ Q)\ pq Q/\

luloiony -HN(Q»};

from this, by choosing p > 0 in such a way that

p q 1
C1 — Cop — Cok pr=T — Cok/pa—T < 5>

and by letting ¢ — 0 with the aid of Fatou’s lemma (remind the properties (1)-to-(4) of
the function ¢, and that u € C'(€,) if A < 0), we obtain

/ [p(IVul + [Vun )P~ + qa(z) (|Vu| + [Vua])? %] [Vw) |* dz < c,
Q)

where ¢y = 2y ||u||%oo(m) - HN (). This is ends the proof. O

Another key tool for the proof of Theorem 1.2 is Lemma 2.4 below. Before stating this
result, we first introduce a notation: for every fixed A € (a,0), we define

(2.26) Zy:={z e W\ R\(T): Vu(z) = Vuy(z) = 0}.
We also notice that, since u, uy € C*(Qy \ RA(T)), the set Z, is closed (in €2,).

Lemma 2.4. Let A € (a,0) and let Cy C Q, \ (RA\(I') U Z)) be a connected component of
(the open set) Q\ \ (RA(I') U Z)). If u = uy in Cy, then

Cr=0.
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Proof. We first notice that, since it is a connected component, the set C, is surely open.
In order to prove the lemma, we then consider the Il -symmetric set

C .= C)\ U R,\(C,\),
and we show that C = @. To this end, we argue by contradiction and we assume that
C+o.

Since C, is open and R, is a bijective linear map, also the set C is open; as a consequence,
since v > 0 on 2\ I' and f is (continuous and) positive on (0, 00), we have

(2.27) /Cf(u) dz > 0.

On the other hand, since u is a solution of (1.5), one has
(2.28) 0< / flu)pdx :/ (p|VulP~? + qa(2)|Vu|*?)(Vu, Vi) dz
Q Q

for every function ¢ € C}(Q\ T') such that ¢ > 0 on Q\ T'. We now aim at choosing an
ad-hoc test function in (2.28) allowing us to contradict (2.27).

To begin with, since I'y := I' U R,(I") has vanishing g-capacity (as the same is true of
both I' and R, (I")), we can imitate the construction of the family {¢.} in (2.11): this leads
to another family of functions, say {7.}, satisfying the following properties:

(1) . is Lipschitz-continuous in R¥, so that v, € W1 (RY);
(2) 0 <7 <1lonRY;
(3) 9. =1on RV \ O} and 7. = 0 on W2, where

02 = {z e RY : dist(z, ) < e},

and W2 C 02 is a suitable neighborhood of T;
(4) there exists a constant C' > 0, independent of ¢, such that

(2.29) / VA |?de < Ce.
RN

Moreover, for every fixed € > 0 we consider the maps G, h. : [0,00) — R defined as

0, ifo<t<e, G
Ge(t) == 2t —2¢, ife<t<2e, and he(t) == Et .
t, if t > 2e.

Using the family {~.} and the function h. just introduced, we set

he(|Vu(a)]) - 72(x), fzeC,

. RY SR, (x) =
4 Pe() {0, if x ¢ C,
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and we claim that ¢. can be chosen as a test function in (2.28). In fact, since both 7. and
h. are Lipschitz-continuous on the whole of RY we clearly have . € Lip(C); moreover,
since u = uy in Cy and u = 0 on 02, one has

(2.30) u=0on K := R)(9C\ N 0N).
Now, reminding that 4 > 0 in Q\ I and v € C*(Q\ T), from (2.30) we infer that
Vu = Vuy,=0o0ndC\ Iy;

as a consequence, taking into account the very definition of h., it is not difficult to recognize
that ¢. € Lip(R") and that supp(p.) C C \ I'p. By a standard density argument we are
then entitled to use p. as a test function in (2.28), obtaining

0< [ f@h(Vulydr = |52 (IVaP + 0@ Val"™) (T0. V(b o [Vul) do
C

+ 2/h5(|Vu|) Ve - (;0|Vu|p_2 + qa(x)|Vu|‘1_2) (Vu, Vv.) dz.
c

To proceed further we observe that, since u € C’l(ﬁ,\) and u = uy on C, C ), we have
u € C'(C). We can then invoke the regularity results proved by Riey [39], ensuring that

(2.31) u € W*5(C) for a suitable s = s, € (1,2].

As a consequence, we can write

/C 22 (pIValP? + a(@)| Ve 2) (Vu, V(he o |Vu])) de
(2.32)
= /ché(|vu|)73 - (pIVulP~? + a(x)|Vu|*?) (Vu, V|Vul) dz

From this, since by definition one has

(2.33) he(t) <1 and hL(t) <2/e,
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using Schwartz’s inequality, (2.33) and reminding that 0 < . < 1, we then get

o</f (V)2 de

\Y%
<2 B 192 + qa() Val2) [ D%l 2
cr{e<|Vul<2e} €

+ 2/% . (p|Vu|p_1 + qa(z)|Vu\q_1) V.| da
c

<tp | Va2 Dula2 do +4g | a(a)|Vul"? | DPully? do
Cn{e<|Vul|<2e} Cn{e<|Vul|<2e}

(2.34)
+ 2/%- (I VulP™" + qa(2)[Vul*™) Vo] da
C

<tp [ [Vup 2| D2ul? - 1o, do +4g [ ae)|Val" 2| D%uly? - 1o, d
C C

+2p(/|Vu]pda:> ’ (/|V’y€]pda:>p
c c
a-1 1
+2q||aHLoo(Q)(/]Vu\qu) </|V%|qu) ,
c c

where D, := CN{e < |Vu| < 2¢} and 1p, is the indicator function of D,.

We now aim to apply a dominated-convergence argument to let ¢ — 0% in (2.34). To
this end we first notice that, by definition of D., we have (a.e.on C)

- —201 Y2, (|2 T —21 2, |2 — 0
tim (Va2 D%y - 1n.) = lim (a()[ Vel D2ul? - 1) = 0
moreover, reminding that v € C*(C) and ¢ > p, one has

|[VulP2 D*ulyZ - 1p,| < [Vul" | D% and

|a(@)[Vu|"|| D*ull4Z - 1p, | < C[Vul"~*|| D*ul],

q—p—2
Le=(C)”
precisely, Corollary 1 with § =~ = 0), we know that

where C' := ||a|| o) - || Vul| Appealing once again to some results by Riey [39] (see,

[VulP| D*ul| € LY(C);

as a consequence, by taking into account (2.33) and the properties of ~., we can pass to
the limit as ¢ — 07 in (2.34) with the aid of Lebesgue’s theorem, obtaining

/C f(u) do =

This is clearly in contradiction with (2.27), and the proof is complete. U
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3. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. By assumptions, the singular set I' is contained in the hyperplane
{z1 = 0}, then the moving plane procedure can be started in the standard way, see e.g [20]
for the p-laplacian case, by using the weak comparison principle in small domains, see [39,
Theorem 4.3]. Indeed, for a < A < a4 7 with 7 > 0 small enough, the singularity does not
play any role. Therefore, recalling that wy has a singularity at I" and at R,(I"), we have
that wy < 0 in ©,. To proceed further we define

A={a<A<0:u<u in Q \ R() for all t € (a, A]}

and \g = sup Ag, since we proved above that Ag is not empty. To prove our result we have
to show that A\g = 0. To do this we assume that A\ < 0 and we reach a contradiction
by proving that v < uy 4, in Qyg4r \ Rag-(I') for any 0 < 7 < 7 for some small 7 > 0.
We remark that |Z,,| = 0, see [14, 39]. Let us take H,, C 2, be an open set such that
Z5, Ny, C Hy, CC Q. We note that the existence of such a set is guaranteed by Theorem
A.2. Moreover note that, since |Z,,| = 0, we can take H,, of arbitrarily small measure.
By continuity we know that u < u,, in 2y, \ Ry, (I'). We can exploit Theorem A.1 to get
that, in any connected component of Q,, \ Z,,, we have

U < Uy, or U= Uy,

The case u = u,, in some connected component C,, of €2y, \ Z,, is not possible, since by
symmetry, it would imply the existence of a local symmetry phenomenon and consequently
that Q\ Z,, would be not connected, in spite of what we proved in Lemma 2.4. Hence we
deduce that u < uy, in Qy, \ Ry, (I'). Therefore, given a compact set K C §2y, \ (R, (') U
H, ), by uniform continuity we can ensure that v < uy,, in K for any 0 < 7 < 7 for some
small 7 > 0. Note that to do this we implicitly assume, with no loss of generality, that
R, (I") remains bounded away from K.
Arguing in a similar fashion as in Lemma 2.3, we consider

+ pHq
w)\o—wwa y 1N Q/\o+Ta

3.1 ci=wy PPt =
(3:1) 4 Aotr¥ Dot {O, otherwise.

By density arguments as above, we plug ¢, as test function in (1.6) and (2.5) so that,
subtracting, we get
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p [ VAV [V Ve, Vi, ) 2
Q/\0+T\’C
fa [ )TV (D [ Vs Vo, ) 021 da
Q>\O+T\K

(3.2) +plp+a) / \ (IVulP=?Vu — [Vtrg 7 P> Vurgr, Vi) 927wl | da
Qagir\K

+ Q(p + Q) / a($><‘vu|q72vu - ‘VU’)\o-&-T’qizvqu-i-Tv v¢€> ¢§+Q*1w;|:0+7— dz

Qg+ \K

_ / (F(u) — flu)wi, 0P da.
Qrg+r\K

Now we split the set €,,4, \ K as the union of two disjoint subsets QY and 0P, such

Ao+T7 Xo+T7
that Q1 \ £ =0, uQ®

Aoir US4, In particular, we set

QY. = {2 € Do \K ¢ [V r(2)] < 2[Vu(e)[}  and

0P = {r € Qyir \K ¢ |[Vurger(2)] > 2|Vu(a)[}-

From (3.2) and using (2.9), repeating verbatim arguments along the proof of Lemma 2.3,
we have

Cl / PP (V| + [Vurg )P 72 + qa(@) (IVul + [Vurg )72}V, [? de
Q)\0+T\’C
<Cy (p + KPP T+ ff’pq%l) X

x / VI {p(IVul + Vi1 )77 + qa(@) (IVul + Vs )2 Vg [* do
Q/\0+T K

p—2

+co{f(/ |Vu|pdx) ’ (/ |V¢E|p)p +ﬁ/ IV |P do
P\ Jay, K Qgir\K PP J Qg4 \K
K = 2 K
L5 V)t dz )+ —/ V] da
P\ Jay, - \K Qrgir\K PT Iy i \K

iy [ Peran),
Q)\0+T\K

where Cy = Co(p, ¢, Mo, 7, ||u]| ()). Taking p > 0 sufficiently small in such a way that

P q 1
C1 — Cop — Coripr—t — Cok'pi—T < 5



19

as we did above passing to the limit for ¢ — 0 (thanks to Fatou’s lemma) we obtain

/ [p(IVul + [Vare - )72 + qa(@) (| Vu| + [Vurg- )72 [V, 292 de
Qxrg+r\K
(3.3)
< QCOLf/ (W}, r)* da.
Q>\0+T\K

We now observe that, since p > 2, we have
[VulP=2 < p(IVu| + [Vurgs- )72 < p(IVu] + [Vurg )72 + qa(@) (V] + [V ]) 72

Setting p := |Vu[P~2, we see that p is bounded in Q,, ., hence p € L'(Q,+,). By applying
the weighted Poincaré inequality to (3.3), see [39, Theorem 4.2], we deduce that

(3.4)

[ oVl
Q)\0+T\IC

<[ OV Vargerl 2 4 ga@) (V] + V)72 [V, o
Qg+ \K
< ZC’OLf/ (wy ) da
Qg+ \K

<2G0L | \KI) [ oIV, s

Q)\0+T\’C

where C,(-) tends to zero if the measure of the domain tends to zero. For 7 small and K

large, we may assume that
1
2oL Cyl|0 - \ KI) < 3

as a consequence by (3.4) and Lemma 2.3 we deduce that

/ p|Vwy [P de = / p|Vwy [P dz =0,
Q)‘0‘*'7 Q/\0+T\lC

and this proves that u < uy i, in Qs \ Ragsr(I') for any 0 < 7 < 7 (provided 7 > 0 is
small enough). Such a contradiction shows that

)\0:0.

Since the moving plane procedure can be performed in the same way but in the opposite
direction, then this proves the desired symmetry result. The fact that the solution is
increasing in the z;-direction in {z; < 0} is implicit in the moving plane procedure. U
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4. PROOF OF THEOREM 1.3

Proof of Theorem 1.3. First of all we observe that, in the case ¢ > p > 2, Theorem 1.3
immediately follows from Theorem 1.2 by choosing I' = (). As a consequence, we assume
from now on that 1 < p <2 < ¢ (the case 1 < p < ¢ < 2 is very similar).

By proceeding exactly as in the proof of Theorem 1.2, we easily recognize that

N={a<A<0:u<wu in Q forallte (a,\} #0,
and thus Ao := sup(Ag) € (a,0]. Arguing by contradiction, we suppose that
A <0

and we proceed again as in the proof of Theorem 1.2: choosing an open neighborhood #,,
of Z,, with arbitrary small Lebesgue measure, for every compact set I C Qy, \ H,, we
are able to find a suitable 7 > 0 such that

(4.1) U < Uyy4r in K for any 0 < 7 < 7.

We now fix 7 € (0,7) and we consider the function ¢ : RN — R defined as follows:

— ot .
w = w/\0+7‘ ]'Q)\O+T'

Since u € C'(€2), we clearly have that ¢ € Lip(R") and supp(¢) C Qy,4-. By a standard
density argument we can use @ as a test function in (1.6) and (2.5), thus obtaining

p/Q \’C<|VU’p_2VU - |VU>\0+T|p_2vu/\0+7'7 vw;\_0+T> dx
Ag+T
(4.2) + q/Q . a(@)(|Vu|"*Vu — [Vurg | Vurgsr, Vooi | ) dz
Ao+T

:/Q \K(f(u)—f(uA))w;de

Starting from (4.2), we closely follow the proof of Lemma 2.3 up to formula (2.17): since
in our case we formally have 1. = 1 (and thus V. = 0), we get

/ {p(IVu| + |Vur - )P 7% + qa(z)(|Vu| + [Vurg- )2} - [V, [P da

QA0+T\’C

(4.3)

<c [ ot
Q)\0+T\’C

where C' = C(p, ¢, ||u]| L), f) > 0 is a suitable constant. To proceed further, we set

p—2
0 = (]_ + |VU‘2 + ‘VU)\O_H—P) 2

in order to exploit the weighted Sobolev inequality from [46]. We remind that the results
of [46] do apply if o € L'(Qy) and if there exists some ¢ > N/2 such that

1/@ S Lt(Q)\)
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In particular, if @ € R" is any (non-void) open set, the space Hg ,(O) (see [14, 40])
coincides with the closure of C2°(QO) with respect to the norm

1
2

loll, == 11Vl = ( /O p|w|2da:) |

and there exists a suitable constant C'gy > 0 such that
(4.4) lwll 20y < Cs I1Vellzo,  for any w e H,(O),

where the exponent 2*¢ is defined via the relation

Lo 1y

25 2 t) N’
We now observe that, since u € C'(Q) (and 1 < p < 2), it is possible to find two constants
Ky, K3 > 0, only depending on p and on ||ul|c1 ), such that

2—p

(4.5) (1+ [Vul> + [Vurg-?) 7 < K1+ Ko|Vuye "7 in Qygur

Using (4.5) and the fact both u and uy, ., are of class C* on Q,,,, (see (2.7) and remind
that, since I' = (), one actually has u € C*(Q)), we deduce that

1/0:= (14 [Vul + |Vur1-2) 7 € L¥(Qng1r)-

We are then entitled to use the Sobolev inequality (4.4) in (4.3): observing that

2—p

o) (V] + [Vusgir )7 < 277" (IVuf? + | Vurger ) 2

<27 (1+ |Vul® + |[Vure %)

by exploiting (4.6) and Hélder’s inequality we obtain

(4.7)
[ dval. P
Q)\0+T\K
2-p p—2 q—2 + 2
<27 {p(IVul + [Vurg -2 + qa(@)(|Vul + [Vurg )72} - Vo], |* dz

Qrg+r\K

< Cp/ (wy ) da
Qxrg+r\K

2 : / <wjo+7>22 d.’L‘
Qrg+r\K

< 0,(|%sr \ K / oVl . [*da,

Q>\0+T\K

-

m*‘l\"
&
Ibae“\’

<Gy HY (Qgar \ K)'
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where ©,(-) tends to zero if the measure of the domain tends to zero. For 7 sufficiently
small and C sufficiently large, we may assume that

1
Op(|24+ \ K]) < 5;

as a consequence, from (4.7) and (4.1) we deduce that
/ p|Vw;rO+T|2dx: / p|Vw;\“O+T|2dx =0,
Q/\0+T Q)\0+T\IC
and this proves that v < uy 4, in Q4+, for any 0 < 7 < 7 (provided 7 > 0 is sufficiently
small). Such a contradiction shows that

Ao = 0.

Since the moving plane procedure can be performed in the same way but in the opposite
direction, then this proves the desired symmetry result. The fact that the solution is
increasing in the x;-direction in {z; < 0} is implicit in the moving plane procedure. U

Remark 4.1. As already mentioned in the Introduction, the approach adopted in the proof
of Theorem 1.3 cannot be reproduced if I' # () and p € (1,2).

In fact, when T' # () the reflected function uy, ., is not of class C' on Qy,4r; as a
consequence, even if (4.5) remains valid (at least out of Ry,.-(I"), which has zero Lebesgue
measure), we cannot deduce from this estimate that

2—p

o= (14 |Vul> + [Vurgi-?) = € L=(Q1-),

nor that 1/0 € L'(Qx,4r) for a sufficiently large t. This lack of information on the sum-
mability of 1/o prevents us to apply the weighted Sobolev inequality (4.4) in (4.3).

On the other hand, when p € (1,2) we cannot use p = |VulP~2 as a weight for the Sobolev
inequality: this is due to the fact that, in general, we cannot expect that

p < p(IVul + [Vurgr )P~ + qa(@)([Vul + Vs, )

APPENDIX A. THE STRONG COMPARISON PRINCIPLE AND THE HOPF LEMMA.

We provide here a strong comparison principle and a Hopf-type lemma which apply to
our context. Though these results seems to be very well-known as consequences of rather
general results by Serrin [41], we explicitly write them here for future reference.

In what follows, if V C RY is open and v € C1(V), we say that v satisfies
—div (p|Vv|P*Vu + qa(z)|Vv|"*Vo) > [<] 0 in V

if, for every non-negative test function p € C1(V), one has
/ (PIVO["2 + qa(2)[Vo|*#)(Vo, Vi) dz > [<] 0.
1%

The function a is assumed to be non-negative, bounded and of class C! on V.
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Theorem A.1. Let V C RY be a connected open set, and let vy, v, € CY(V) satisfy
— div (p|Vu1[P*Vuy + ga(z)| Vi [7°Vu ) <0 in Y,
— div (p|Vua[P*Vua + qa(z)|[ Ve *Vy) > 0 in V,
respectively. We assume that
(A1) |Vui| # 0 or |Vue| # 0 on the whole of V.
Then, either vi = vy or v1 < vy throughout V.

Proof. If p > 2, this result is a particular case of [41, Theorem 1]: in fact, following the
notation of this cited theorem, our setting corresponds to the choices

(1) A(z, 2,&) = pl¢[P~2€ + qa(2)[£]97%€ (for x € V, 2 € R and £ € RY);

(2) B(z,z,€) =0.
We explicitly notice that, since ¢ > p > 2 and a € C1(V), the function A(x, z,§) is of class
C! on V x R x R¥; moreover, since for every (z,z,£) € V x R x RY we have

0A(r, 2,€) = pleP [T + L2 (6 )| + ae@lel v + 206 )],

€17 €17

it follows from assumption (A.1) that at least one of the two matrices 0:A(x, vy, Vuy) and
O¢A(z, va, Vug) is positive definite for every x € V.

If, instead, p < 2, the function A is no longer differentiable at £ = 0; however, we claim
that estimates (8) and (10) in [41] are still satisfied in our case: more precisely, if K C V
is compact, there exist constants ¢y, co > 0 such that, for any x € K, one has

(A.2) |A(a:,v2, Vuy) — A(z, v, Vvl)| < ¢1|Vuy — Vs
(A.3) (A(z,ve, Vuy) — A(z,v1, V), Vg — Voy) > co| Vg — V’L}1’2.

In fact, let us assume (to fix ideas) that ¢ > 2; the case 1 < ¢ < 2 can be faced analogously.
Using the explicit expression of A and the second estimate in (2.9), we have

| A, 02, Vo) = A, 01, Vo )|
(A.4) (since a is bounded on V)

< Co(p(IV0r| + V0l + gllall ey (| V1] + [V eal)2) [ V5 = V.

Moreover, since vy, vy € C*(V), K CV is compact and ¢ > 2, one has

_ —2
(A.5) (V| + |[Vp])i72 < (m}?X|VU1| + m}z{xx|Vv2|)q =: /ig)m.
Finally, since p € (1,2), by crucially exploiting assumption (A.1) we get
(A.6) (|Vor| + |Vuy|)P~2 < (i%f|wl| +i%f|w2|)p-2 LB, < o0

Gathering together (A.4), (A.5) and (A.6), we then obtain (A.2).
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As regards (A.3), we proceed essentially in the same way: using the explicit expression
of the function A and the first estimate in (2.9), we have

(A(x,ve, Vvg) — A(z, v1, Vr), Vg — Voy)
> Gy (pUIVer] + V022 + ga(@) (V01| + [V ])7~2 ) [V = Ve
(reminding that ¢ > 0 on V)
> p Oy (|Vor| + | Vo )P 2|V, — Vo |
On the other hand, since p € (1,2), again by exploiting assumption (A.1) we get
(A.B) (|Vv1] + [Vuo|)P~2 > (mlz(ix Vo | + max (Voo )72 = k(D€ (0, 00).

(A.7)

V1,02

Gathering together (A.7) and (A.8), we then obtain (A.3).

With (A.2)-(A.3) at hand, we can exploit the celebrated Harnack inequality established
by Trudinger [45] and conclude exactly as in the proof of [41, Theorem 1]. O

Theorem A.2. Let V C RY be a fived open set, and let v € C(V) satisfy
—div (p| Vo' *Vu + ga(z)|Vul"*Vv) >0 in V.

We assume that v < 0 on'V and that there exists a point y € OV such that v(y) = 0. Then,
if V satisfies the interior cone condition at y and |Vv| # 0 on V, one has

Vu(y) # 0.

Proof. First of all, by [41, Theorem 3] (applied here with u = 0) we know that the zero
of v ad y is of finite order, say m € NU {0}. In fact, following the notations in this cited
theorem, our context corresponds to the choices

(1) A(z, 2,€) = plE[P*€ + qa(x)|€]77¢ (for z € V, 2 € R and £ € RY);

(2) B(z,z,€) =0.
We explicitly notice that, when p > 2, the function A is continuously differentiable on the
whole of V x R x RY; when p € (1,2), instead, the function A is no longer differentiable
ad £ = 0 but we have at our disposal the estimates (A.2)-(A.3).

To conclude the demonstration it suffices to observe that, since in our case we have

B(z,z,€) =0, a closer inspection to the proof of [41, Theorem 3] shows that

m = 0;
from this, we immediately deduce that Vu(y) # 0, as desired. U
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