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Abstract

We show that local weak solutions to anisotropic ellip-
tic equations with bounded and measurable coefficients,
whose prototype is

N
- Z ai(|aiu|pi_25iu) = O,Wlth 1< pi < 00,
i=1

N
satisfying Z 1/p;=1,
i=1

are continuous. Our analysis exploits a particular intrin-
sic geometry that, within the limiting case on the
exponents, allows for a reduction of the oscillation of
the solution.
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ON THE CONTINUITY OF SOLUTIONS TO ANISOTROPIC ELLIPTIC OPERATORS IN THE LIMITING CASE 1549

1 | INTRODUCTION TO THE PROBLEM

Let Q ¢ RY be an open and bounded set. We are concerned with the regularity of local weak solu-
tions to anisotropic elliptic equations with measurable and bounded coefficients, whose prototype

—Apu 1= — Z ai(|6iu|pi_25iu) =0, locallyweaklyin Q c RY, 1)
i

has both an orthotropic and nonstandard behavior. More precisely, we consider equations defined
by

Z/Ai(x,u, Vu)d,pdx =0, 1.2)
i K

for all compact sets K C Q and functions ¢ € CS°(K), where A; : Q X R X RN — R are measur-
able functions enjoying the structure conditions

X A(x,5,8)-§ 2 CL 21617,
=5 13)

Pi

|4;(x, 5,9 < Cz(Z 1€; Ipf) )

foralli €{1,2,...,N}, and constants C;, C, > 0. In particular, the exponents {p; f\i | satisfy
I<pispys-spy<oo,

and are linked by the condition

1 _.N
21117_ (1.4)

which is reminiscent, in the special case p; = p of p-Laplacean type equations, of the conformally
invariant theory; we refer, for instance, to the pioneering work of Morrey [39, Theorem 4.3.1, p.
105], of Ladyzhenskaya and Ural’tseva [29, chapter 2, section 6, Lemmas 6.1 and 6.2] the hole-
filling technique of Widman (cf. [54]), and many other developments including [18, 19, 31]. In
this work we take advantage of the limiting condition p = N, to show that local Weak solutions
to anisotropic operators behaving like (1.2)-(1.4) upgrade their regularity from W, p(Q) NLPN(Q)
(see Section 2) to L°§C(Q) and finally that they have a continuous representative.

loc

1.1 | Context, novelty and significance

Although the problem dates way back to the late 1960s (see, for instance, the book [32]), the
regularity of solutions to equations as (1.2)-(1.3) remains an open problem. In general, when the
p;s are unrelated, local boundedness is not inherent in the definition of local weak solution to
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1550 | CIANI ET AL.

(1.2)—(1.3), see [16, 35]. Already in [25] and [27] the authors study the local boundedness of local
weak solutions (with Dirichlet boundary data) to equations as (1.2)—(1.3); later, in the western
countries, the study of regularity for anisotropic elliptic equations has been undertaken after the
pioneering work [36]. We refer to the surveys [34, 37, 38] for an exhaustive treatment of the subject
and references. Anyhow, even if enjoying a nonstandard behavior, equations with structure (1.3)
do not enter the realm of the so-called double-phase, because the equation degenerates any time
that a single directional derivative vanishes. Moreover, most of the known regularity results for
this kind of anisotropic equations has been developed for operators with regular coefficients: the
Lipschitz regularity for the prototype case was obtained in [3, 4] and in the pioneering work [36]
for operators (see also the references therein); results on higher integrability can be found in [7]
and references therein. Concerning the continuity of solutions in the framework of anisotropic
evolutionary equations much less is known: we refer for instance to [5, 8, 21-24] and [47].

The issue of continuity of solutions for anisotropic operators with measurable and bounded
coefficients, behaving like (1.3) still remains a major challenge after more than 50 years (have
a glance at the next subsection for an insight). To the extent of our knowledge, partial results
have been found in [10, 30, 33] and [41], within a range of exponents p;s restricted to the use of
parabolic techniques; while in [15] the authors employ a more general approach but again the
result is obtained under a qualitative condition on the sparseness of p;s. As stronger tools leading
to Harnack-type inequalities and Holder continuity are not at stake, the continuity of local weak
solutions to (1.2)—(1.3) is still, in the anisotropic context, an open question. Classically, the idea
of using the logarithm to prove the boundedness of the reciprocal of solutions of second-order
elliptic equations dates back to the seminal work of Moser [40]. For higher order equations a
similar idea was then adopted in [44-46]. Here we show how this strategy can be tailored to the
fully anisotropic case, when the equation is read, roughly speaking, in a local geometry that is
defined by the solution itself; hence the epithet intrinsic.

In what follows, we investigate the local properties of weak solutions to (1.2)-(1.3) within the
borderline exponents’ range (1.4), therefore leaving the description of the (still open) problem of
regularity for p < N to the already rich literature. Along our study, the condition (1.4) together
with u € Lf; JZ (Q) is the only assumption on the sparseness of p;s, and it will prove to be strong
enough to show that solutions are continuous.

1.2 | Issues of anisotropy: The technique in brief

All in a word, when referring to the prototype equation to (1.2)-(1.3), the major obstacle for the
development of a regularity theory is the anisotropic nature of the operator (1.1), that encum-
bers the usual arguments a la De Giorgi [12], or d la Moser [40] (see also [50]), and results in an
unbalanced control between powers of the level sets and powers of the levels themselves.

To clarify this last sentence, let us consider the usual argument a la De Giorgi to reach control of
the oscillation in the case of p-Laplacian type equations - which, from the structural viewpoint, are
(1.2)-(1.3) with p; = pfor all i = 1,..., N. In this simple case, the classical Caccioppoli estimates
prescribe the existence of a constant y such that, for any ball B,, C Q, any level l € R, and 0 €
(0,1), the energy estimates

(o

Y
/ IV(u—1),|Pdx < p)pB/(u—l)i’dx, 1.5)

Boa-o)
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are satisfied. Then an application of the Discrete Isoperimetric Inequality (see [14, chapter 10,
Proposition 5.1]) together with Holder’s inequality give, for levels 0 < k < [ and a constanty > 0,

rp

(I-B|lu>IllnB,| { ———
P [[u < k] an| [k<u<I]

[Vuldx

ve b\’ 2
<— TP V(u-1),|Pd k<u<IlnB,|?.
W <KInB,) /Bp| (u—1D, | dx |[ u<llnB,

Now, an information on the relative size of |[u < k] N B,| and the usual Caccioppoli estimates
(1.5) can be employed to bound from above the previous inequality, to get

P p—-1
(I-k)P|[u>1nB, <V|I(”_l)+“§,32p [k <u<InB,| . (1.6)

If we impose a relation between [, k such as

l=Il =supu—w2 ") and k=k,=supu—w2,

B, By

so that in (1.6) the powers of w and 2% are ruled out, we are left with
p p
|[u > 1] an| < V1Bl |[k <u<lI]nB,]

Now, taking the 1/(p — 1) power, summing over s = 1, ..., s*, bounding from below the left-hand
side by |[u > ]| and from above the right-hand side with the telescopic sum one gets

1-p
[u>1l.1nB,| <y(s™) » |Bgl.

This last estimate allows us to shrink as much as we want the measure of the set where u is
close to its essential supremum. This is a crucial step in the machinery that allows to estimate
the oscillation of the solution, see, for instance, [6, 12, 29] for the classics, or [14, chapter X] for a
modern exposition.

A very important ingredient in this reasoning is that the homogeneity of the operator plays a
crucial role in (1.6). On the other hand, in the anisotropic setting, that is, when the p;s are different,
this ingredient is missing and the previous argument leads us to the estimate

14

I-BIu>nB,| <« ————
PP u < k1N B, | Jik<us

[Vul|dx

1

-1
<|[u<}l/c—nB| </ |a(“_l)+|p’dx> I[k<u<l]nB|p,

y— _ p; i Pl_jl
<I[u<knB| (Z/ |(u =D, | dx> Nk <u<IInB,| »
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1552 | CIANI ET AL.

Here homogeneity is lost, and all the previous measure-shrinking machine jams.

In this paper, we show a suitable technique that combines the introduced approach with
Moser’s truncated logarithm in the framework of the method of intrinsic scaling (reminiscent of
parabolic equations, see [13] and [52]), that employs suitable local sets as

1

b Pi”PN 1—EN
Bp(v>=H{lxi—xo,i| <priv P } B, = Ny = 0 = pNopen 1)

for x, € Q, and v, p > 0 constants. In this setting, admitting v ~ lull 0.0 and p = N, the right-
hand side of the last estimate above becomes homogeneous, at the price of the appearance of
some lower-order terms. Suitably managing these ones in a nonlinear iteration, we show that the
oscillation of local weak solutions to equations of the kind of (1.2)—(1.3) can be reduced, and prove
their continuity. Within this generality on the coefficients, we are unable to prove the Holder
continuity of solutions: in this respect our result is reminiscent of the one of [28, section VI], or
[51] for nonuniformly elliptic equations.

1.3 | Main results
Our main result is the following.

Theorem 1.1. Let u be a locally bounded local weak solution to Equations (1.1)-(1.3)—(1.4), in an
open bounded set Q C RN. Then, u coincides almost everywhere with a continuous function.

We will prove Theorem 1.1 through an estimate of the oscillation of solutions, of indepen-
dent interest.

Accommodation of degeneracy

Let u be as in Theorem 1.1. For x, € Q, and p > 0, we define the set
. p
K(paﬁo) = pﬁ(xo)ZH{lxi_xo,il <Pﬁ° } CQ5 6(): - (18)
i
Now, there exists a radius p, > 0 such that

W, = €ss oscu > pf",

K(0o.80)

because otherwise the oscillation of u is reduced for every radius, and we are done. Now again,
either the inclusion

B, (@) € K(p,, o),

is valid, or for some ith projection the inclusion fails, hence

b PiZPN P

pllw, " > e > w,<pl,
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and the oscillation is reduced again. This procedure allows us to assume

w, > €ess osc u.
B, (w,)

Po 0

Lemma 1.2. Let u be a locally bounded local weak solution to Equations (1.1)—(1.3)-(1.4), in an open
bounded set Q C RN. Let x, € Q, and let w > w, and 0 < p < p, be numbers such that

w>ess oscu and Bp(co) C Q. (1.9)
B(@)

Then, there exist numbers y >0 and &€ (0,1) depending only on the data
{C1,Cy, pisN, ”“”oo,K(po,ﬁo)} such that for any fixed n € (0,1/2), either

w<ypfo, (1.10)
or

ess osc u < dw + 6(p), (111)
Byp(w)

with

Yo

pi
6(0) =, < /K s 16,1 dx> , (112)

1

being y, > 0 a constant depending only on the data, and specified in (4.19).

2 | PRELIMINARIES

The proper function spaces for Equations (1.2)—(1.3) to make sense are the anisotropic function
spaces

wP@Q) ={f e W@ : 6f Ll ()},

loc

1)
WoP(Q) = {f e Wh(Q) : a,f € LPi(Q)}

By a local weak solution of (1.2)—(1.3), we understand a function u € WIIO’E(Q) that satisfies for
each compact set K C Q the equality (1.2), with the structure conditions (1.3). The anisotropic
spaces above have been investigated for long time, although a unitary treatment in the literature
seems missing; let aside the book [1], that employs mixed LP-norms. Luckily enough, for our aim
the embedding W;’p(Q) < L9(Q) proved first by Ven’Tuan (see [53]) in 1961, and then by Troisi
(see [49]) independently, will suffice. See also [20, 26, 42, 48] for a more detailed account. For our
purposes, we need a version for the special case p = N.
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1554 | CIANI ET AL.

Lemma 2.1 [53, Lemma 1, p. 28]. Let E C RN be an open bounded rectangular domain. Let f €
W;’p(E) and p = N, then for any q > 1 the following inequality is valid for a positive constant y =
Y(N, p;):

1/ lLace) < 7|E|% 2 </E 10, f |7 dx) " (2.2)

1

Moreover, when E C RY is a rectangular set, the continuous embedding WP(E) < LI(E) is
valid for any q > 1 (see [43, Theorem 1]).

Next lemma introduces a well-known Poincaré inequality. For a radius p > 0, we denote with
K, = [1:Ix;| < o} the cube of side 2p centered in the origin.

Lemma 2.2 [13, Proposition 2.1, p. 5]. Let f € Wl’q(Kp), for p > 0and q > 1. Then, there exists a
constant y > 0 independent of f, p, such that

K|
||f||Lq(Kp) <Y N1 ||Vf||Lq(Kp). (2.3)
I[f =0]lnK,|'~

Finally, we conclude with the so-called Fast Geometric Convergence Lemma.
Lemma 2.3 [13, Lemma 4.1, p. 12]. Let (Y,,),, be a sequence of positive numbers verifying
Y, <Cb" Y},
being C > 0, b > 1 and a > 0 given numbers. Then the following logical implication holds true
Y, <CVaptet o limY, = 0.

We say that a constant y depends only on the data if it depends only on
{Ch C2,Na pia “u“oo,K(po,ﬁo)}'

3 | LOCAL BOUNDEDNESS

In this preliminary section, we show that local weak solutions u € Lf; "C’ (Q) satisfying to (1.2)-(1.4)
are locally bounded. The case p < N has been first studied in [25, 27] (see also [15]); while for the
extremal cases p, py = p* we refer to [2, 11], and references therein.

Let x,, be the origin and p > 0 be such that B,, C Q, where B,, = B,,(1) in the notation of
(1.7). For n € NU {0}, and k > 0 to be determined, we define the sequences of sets and levels

K, =B, (1), for pn=pQ+27",
3.1
k,=k(1-27").
Now, we test Equations (1.2)-(1.3) with the function

» = (u - kn+1)+§pN 5
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being 1, < ¢ <1, asmooth cut-off function between K, ; and K,, satisfying

n

onp
10,¢1P1 < ypp , foreach ie{l,..,N}.

The testing procedure entails the following energy estimates

3 [ k0 de <y D101 [ e de
i n i n

Z”P PN -2
< 7/_ </ (u n+1)pN dx) |[u > kn+1] N Kn| PN

(3.2)
4”PN
Z kPN—P / (u— n+1)p dx
kn+l)f—N dx ’
where we have used Holder’s inequality and
k \™ P
<2n+1> [[u > kn+1] nK,l = / (Kp1 — kn)pN dx < / (u— kn)+N dx.
Icnn[u>kn+1] ICn
Hence, we can rewrite (3.2) as
AN 4"PN
Y [ ik I <y o0 [ @k dx, (33)
i Ky o K,

Using the embedding (2.2) with ¢ = py and (3.3), we obtain

PN
/ (u =k 1)3" dx < / [(u = kypy ), P2 IPN dx
K K

n+1 n

Py

PN p
< }’IICn|<Z //c 10;[(w — kpppq) 4 & P1 Y|P dx>

1+PN_P
p

N
< yb PPN O(k) P </ (u— kn)fiN) , b>1.
KVZ
Hence, dividing by the measure of K, ;, the previous estimate gives a relation of the kind of

Xon i= 4 k)l dx <y 90T XIS = (o - D).

lCn+1

Referring to Lemma 2.3, if k is taken such that

11 __PN
X, = f uNdx <yTa b @ dk) WP, (3.4)
B

20
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1556 | CIANI ET AL.

then the iteration provides the bound
P—PN

PN
supu, < ¥y f uiN dx , (3.5)
B By,

o

where ¥ is the inverse function of ®, both being decreasing. It is possible to give a rougher but
clearer estimate than (3.5) by admitting k > 1. In this case,

_IN
PN

N 1 T NP N \ 5 PN (N =PD)
®(k) W7 = <2 kpN_pl) e
1

and (3.4) is
PN (PN—P1)
X, = f uNdx <yk e (3.6)
By,
so that
1 PN*P)
PN “PN-P1
supu, < y(f uiN dx) +1. (3.7
Bp Bap

Finally,asu € Lf:) IZ (Q) then (3.7) is finite, and being —u a local weak solution of a similar equa-
tion, estimate (3.7) is valid for u_ too, which completes the proof of the local booundedness of
u.

Remark 3.1. We chose g = py to show (3.5)-(3.7) in a fully anisotropic context that prescribes
PN # P-

4 | OSCILLATION ESTIMATES: PROOF OF LEMMA 1.2

For fixed x, € Q, and p, w as in the statement, we define

ut=sup u and u = inf u.

By@) By(@)
Again we can reduce our analysis inside K(p, 3,), as either

B4p(w) C K(P, ﬁo)a
or (1.10) holds true. We also can assume u* — w/4 > u~ + w/4, the claim being otherwise trivial.
We will prove Theorem 1.2 in two main steps. Indeed, let us assume for the moment that v €
(0,1) is fixed (see (4.8)) in terms only of the data; then we have the following dichotomy: either
llu <p™ +aw/4ln B (@) <V |B(0)l, (4.1)

or

lu < ut —w/4lnBy(w)| > v |By(w)]. (4.2)
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4.1 | Alternative (4.1)

In this case, we perform a classical iterative argument a la De Giorgi, where nevertheless the
assumption p = N plays a crucial role of simplification within our special geometry (1.7). Let
n € NU {0}, let k > 0 to be determined and define the sequences of decreasing sets and increasing
levels

B, =B, (@), for  p,=pn+QQ-m27"),
(4.3)
k,=pu +w(@+27")/8.

Now, we test Equations (1.2)-(1.3) with the function
¢ =—{PN(u—ky)_,
beingly < { <1y asmooth cut-off function between B, and 13, satisfying
r2"
[p(1 = m)]PewPi=pn’

The testing procedure joint with Young’s inequality’ entails the following energy estimates

Y[ tourerdx < p(€.C) RIS [ i) 1P dx
i JB,nlusk,] i

n

21D ¢yPN~Di )
<r Y (C;—p /B | — k)| dx) (4.4)
L

18;¢ 1P < foreach ie{l,..,N}

n

QNP PN
ST |[u <kl 0 Byl
having used that 7 < 1/2, so that
np P
[tk goapax <y 220 < k10 B 45)
i By

Using Holder inequality, the embedding (2.2) with p = N and q > 1 to be chosen, and the estimate
(4.5), we obtain

()l < k] Bl < | (u=k)- dx

n+4
2 Bn+ln[u<kn+l]

< </ [(u—k,)_{PN ] dX>q |[u < k] ﬁB’nll_é
B

n

1
1 P 11
<81 (X [ 18—k goaax ) <kl n B,
i By

21D ¢yPN
pP

1
1 P 1.1
<y|Bn|q< )"uuskn]nb’nﬁp i

(4.6)

T Here for the cut-off function, we split the exponent py — 1 = py/p; — py(p; — 1)/p; foralli = 1,2,...,N.
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Letting « = (p~! — ¢~1) and dividing by | B,| besides recalling that |B,| > 27"|B,,,, |, we get

PN
llu <k,ln B, 22 ! 1
Yo 1= e o IBPY T =2 4.7)
n+1
Recalling Lemma (2.3), once the condition
lu<pu™ +o/4dlnBy(w)| 2 -w
— <2 @yapr=:vp (4.8)

o~ 1B, ()|

is provided by assumption (4.1), we conclude
Yo.o=0 = u>k, =4 +w/8 a.e. B, (),
which results in

€SS 0sC U < (1 — l)w.
Byp(@) 8

Remark 4.1. We observe that our computations are valid for each g > p. Nevertheless, in order to
fix number v, the choice g = 2py suffices.

Usually, the homogeneity in the exponents of estimate (4.7) follows from a particular choice of
a self-similar geometry (see, for instance, [9, Lemma 2.6], or [10, Lemma 2.4]), which is different
from ours, (1.7). Here, condition p = N is essential, as it adjusts the power of w in (4.7) to zero.

4.2 | Alternative (4.2)

We proceed in three steps, roughly speaking. First we change coordinates, then we estimate 1/u
with an upper bound reminiscent of the previous section and finally the job is concluded by esti-
mating the LP-norm of 1/u. Let 8 = 8(p) be a quantity to be chosen depending on p. In this
section we will use repeatedly the assumption

w > 0. (4.9
4.3 | Transformation
Under the change of variables
— PN—Pi _ P
v(z) = u(x)T,u, z;=(x;—Xp)w P p P, Vi=12,.,N, (4.10)

the new function v satisfies for all ¢ € W;’p (K, ) the integral condition

Z/ Ai(z;,Vv)9, 9dz =0, being K; = H{|zi| <1} (411)
i JK i
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Here we denoted with

=N

Ai(z,Vv) = A;(x, V)w Px roi,
the new Caratheodory vector field, that satisfies the following growth conditions

A i(z,v,Vv)o,v>C coPN,o—N |9,,vP1, Vie{l,2,..,N},
1

-1 (4.12)

pPi

1Az, v, Vo)l < czcoPNp—N<z |azjv|Pf>
J

4.4 | Estimates

Let us define

. 1 _
w(z) = <v+6/w 4>+’

and forn < h < 1and o € (0,1) let ¢ be a smooth cut-off function such that

g, S <1k, with |V{|<y/c.
We test Equation (4.11) with the admissible function
o(2) = (w— k), P,
for a number k > 0 to be determined. Moreover, we observe the following rule

o;v

10;(w — k)| = ‘X[u»k]m .

(4.13)

Hence, we get
(0,,0)
Z/ Ai(z,V v){—2 +)/(6ZA§’)(w—k)+§'pN_1}dz=0.
~ JK,nlw>k] +6/w) :
Now we take into account the structure conditions (4.12), to get from the previous estimate

Cylou|PidPn / _ pi B
——— 5 dzsy C |8,;v|Pi 18,¢|(w — k), ¢PN "1 dz,
zl: /Khn[w>k] (V+08/w)? Zl: X, 2 z}: J i +$
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which, multiplying and dividing by (v + 6/w)? and using Young’s inequality again leads us to

0.v|Pi¢PN
W -

Jnlwsk] (U +0/w)?

<Y / 10,4 1Pi(w — k)Y (v + 6/w)* P~V ¢ PN dz
i JKj
<2 W — k)P (v + 6/ PV dz =: B,

obn

using the fact that |9,{| < y. We estimate A from below and B from above, respectively.

B=y 2 Kh(w — k¥ +6/w)y* P~V dz
L

Pi
_YZ/h [U+6/ _(4+k) +(U+e/a))2(pi_1)dz
<y2 Kh(w_k)+dz’

as (v + 0/w) < 2 using (4.9) and (4.10). To estimate y A from below, we use (4.13) to get

d.v|Pi¢PN
m:Z/K Ll Sl
i

Wnlwsk] (U +0/w)?

=) / 19;(w — k), |Pi(v + 8 /)X Pim VPN dz
i JKp

>y / 10, — k), ¢ PN [Pi(v + 6/ P~V dz — yB
i JKp

2pi—1)
>Z< > /Ic?(w k) $PN|Pidz —yB

2(pn—1)
>(55w) 2 mw-kugnpdz-ys,
1+2M ~ Jx, +

again using (4.9), and M = 2||u||;» . These two estimates finally imply
g g L (K(po:Bo))

/ 16,(w — k), ¢PV|Pi dz <Y( ) g-2(py—1) / W—-k(—0)), dz.  (414)
Kn[w>k] Ky
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Now we proceed to an iteration, similarly to the previous case. We estimate by Hélder inequality

and then by the embedding (2.2) to obtain

1
a 1
/ (w—k),dz < </ (w- k>3dz> [w> K10 Ky |7
Kpa-o) Kha-o)

< (/ [(w—k) ¢PN]d dz> [[w > k] nKh(l_o)|1_E
Ky

-1

< y(Z /K 18l =0, dz) k‘“‘3)< /K k1=, dz>

2pn—1 G-

y b gl P

< 6 r k q [w—k(1—-0)],dz .
o2pPN/P K,

We choose for n € N U {0},

h=n+0-n2"", (A-0)=[+Q-n2""V]/[n+Q0-n27"],

levels k,=k(1-0), k,; =k, andsets K, =Kjq_q), K, =K,,

to get from (4.15)

(4.15)

q 1
Y., :=/ (W= kyy), dz <ybno 2T Dyt oo <l—1>, b>1.
Kyt

We choose the number k in order to satisfy
pN—l -1
Y, =/ w, dz <7 TP,
Ky

which is

i(z:l) _Zq(pN—l)
k= </ w, dz) 6 ra-D,
Ky

Hence, Lemma 2.3 ensures that Y,, converges to zero, and in particular

p(L&=) _2N(pN—Dg
supw+‘“’ <6  a» / w, dz.
K, K

(4.16)

(4.17)
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4.5 | Uniform bound for the integral of @

Now we proceed to estimate the right-hand side of (4.17). Assumption (4.2) gives the measure

estimate
1
— —4) =0
'[(U"‘G/w >+

We employ Lemma 2.2 with g = 1, to obtain

1
w dz:/ <——4> dz
/K1 * kK \U+6/w N

14
<
IK; N [(V+6/w) ! < 4]|(N—1)/N /K1

nK,| > vK,|.

dz

(o),

< w—(N—l)/N/ 2 l9:] _dz
K1n[w>0] (v+06/w)

L
<YM Y < / |8;v]P dz> "
i Ky
1

bi
<y(v,M)8~2 Z cu_ppp_N/ [8;u|Pi dx ,
i BP(CU)

changing variables in the penultimate inequality. As p = N and w > 6, last display reads

1
pi
/ w, dz < y(v,M)0~>7P Z / [BulPidx | ,
K, B (@)

i

and we can evaluate

1

p(LL) _2N(pN-Dg_, pi

supw, 7 <y(v,M)e  ap ? pz / [QulPidx | .
K B,(w)

7 i
Hence, choosing 6 from the relation (see Remark 4.1, or just pick g = 2py)

Yo

pi
6= / [B;ulPidx | , (4.18)
2 < KB

Yo =(q—p)/[2Nq(py —1) +2(q — p) + p(g — p)], (4.19)

we obtain a uniform bound for the supremum of w, in K,

1
supw, =sup | ——— -4} <y(v,M).
Knp * Knp<v+6/co >+ 4 )
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Transforming back to u, this results in the inequality

. u—u" 1 . _
inf > b/ = inf u>w/y+u -6,
Bopp(@) @ ,M)+4) / By 2(@) v+

which finally implies that we can reduce the oscillation of u

ess oscu < <1 - l)w +06,
B a () 14

as desired. To finish the proof of (1.11), we choose

5=max{<u>,z}, (4.20)
Y 8

and the neglected alternative w < 6(p) is included, as usual, in the formulation of (1.11).

5 | CONTINUITY: PROOF OF THEOREM 1.1

Let R > 0 be such that K(4R, 8,) C Q, defined as in (1.8). Let us observe at first that at the price
of taking y larger in (4.20), the relation (1.11) can be stated more roughly with § = (1 —1/y). We
define 7 = (2y)~! + 1. Now, if for all radii p € (0, R] the estimate

ess oscu < P(pPo +6(p)) =: (o), (5.1)
K(4R,8,)

holds true, then there is nothing to prove, being ¥ (p) infinitesimal for small values of p. Let (5.1)
be violated, then there exists p, € (0, R] such that

Wy = €ss oscu 5.2
0 1 e85 OS¢ 7%(po)- (52)
In this case, we set
+ . - . : + - .
U= sup u, uy = inf u, wy=wul —uy, By =B, (wy).
0T (4R,Il)30) 0 T (AR 0 =Ho ~ K 0 po \ %0

By (5.2), in particular, w, > pO °, and the set-inclusion B,, C K(4R, 3,,) is valid. Henceforth,

ess oscu < C()O.
By

Now we apply Lemma 1.2, to find an estimate of the oscillation in a smaller set,

essoscu < (1 —1/y)wy+60(py) <A —1/2y))aw, =: Swo, (5.3)

Biog(@o

thanks to our definition of 7. Let us set

P1 =1 Pos w, 1= max{§ w,, PP(py)}, B, =B, (@),
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where 7 € (0, 1) is chosen from the condition

~[2

ni=6r,
so that from this and (5.3) we obtain the first step of iteration

B, 1= B, (w;) C By, and ess oscu < w;.
1

We remark that the precise choices of the special geometry (1.7) and 7, make this set inclu-
sion possible. Repeating this procedure we define, inductively for any natural number n > 1, the
following

P =0"P0 @y = max{8w,_y PP(o,- )} 2 050, By 1= By, (@), G4
that satisfy by Lemma 1.11 and by definition the relations

ess oscu < w

n

and B, C B,_;. (5.5)

n»

We observe that the sequence {w,,} <y is uniformly bounded

Wy < (1 Z 5>[wo +3%(pp)]- (5.6)

For any tworadii 0 < r < p < py let j, m € N be determined by the conditions

po) <p<pen’™', and pn" <r<pn™t.
Beginning similarly to [17, Lemma 8.23], we iterate m times inequality (5.5) starting from step j,
and use (5.6) to obtain

m—1 N
ess 0scu < sm w; +79(p;) Z sk < 6™ w;j + %zﬁ(pj)
k=0

m+j

r

< (%) et pEsp@<r (L) ot weol 6)

with a € (0,1) depending only on § and y* > 1 depending only on the data. Let 4 € (0, 1), fix g
by the condition g : = r“pé_“ , then inequality (5.7) and (5.6) yield

a(l—p)
ess oscu < ess oscu < y* <L> [wy + P(pg)] + 7™ zp(r“p(l)_“), (5.8)
B2, () By j Po

for v =9(1 — 5)‘1(w0 + 1(py)). Letting r | 0 and using the absolute continuity of the integral
complete the proof. We observe finally that the limit in (5.8) for small r is zero, with different
rates in each direction.
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