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Abstract. We study the melting of a domain wall in the quantum simple exclu-
sion process with all-to-all hoppings (a.k.a. the charged SYK2 model). We show
that the real-time dynamics of physical quantities of interest can be obtained
exploiting spectral results in random matrix theory. We first show that the eigen-
values of the correlation matrix corresponding to the initially charged subsystem
evolve according to a Jacobi process, which is defined in terms of a closed system
of stochastic differential equations. In turn, this observation allows us to obtain
the real-time dynamics of all the eigenvalue moments. We present two physical
applications. First, we study the dynamics of the averaged von Neumann entan-
glement entropy, arriving at a fully explicit expression in the thermodynamic
limit. Second, we compute analytically the full-counting statistics of the charge.
Our formula allows us to perform a thorough comparison with the full-counting
statistics of the classical simple exclusion process. Notably, we show that, in the
thermodynamic limit, the quantum and classical full-counting statistics coincide,
with no finite-time corrections.
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1. Introduction

Stochastic processes and random-matrix theory (RMT) are very versatile tools in quan-
tum many-body physics, allowing us to model a number of different physical situations.
Besides providing a useful description of open-system dynamics [1], where the unknown
interactions with the environment introduce effective randomness, stochastic processes
can also be used to study the typical behavior of isolated many-body systems. In this
context, random variables model generic values of the interactions, allowing one to
explore large regions in parameter space and remove any fine tuning.

Perhaps counterintuitively, modeling the typical dynamics of a many-body system
by stochastic processes may introduce simplifications in its theoretical description, even
leading to analytic results. In the past decade, this approach has been beautifully
exemplified within the study of random unitary circuits (RUCs) [2–4]. These mod-
els proved to be ideal settings to investigate quantities that are hard to compute away
from exactly solvable models, allowing us to obtain analytic results on, e.g. the entan-
glement growth [2, 5–11], the operator spreading [12–19], and scrambling of quantum
information [20–22].

RUC were originally defined as discrete dynamics, but parallel studies considered
analogous models defined in terms of stochastic continuous-time Hamiltonian evolu-
tion [23–29]. In this work, we focus in particular on one model that has played an
important role in the past decade, namely the quantum symmetric simple exclusion
process (QSSEP) [23, 30, 31]. This model can be defined on different graphs, and it
describes fermions hopping with random amplitudes between sites that are connected
by an edge of the graph. As such, it can be viewed as a quantization of the SSEP, a
prototypical model for classical transport [32–37].

The QSSEP introduces simplifications compared to RUC models, as its dynam-
ics is described in terms of an Hamiltonian generator that is quadratic in the fermionic
modes, allowing us to employ analytic techniques from the theory of fermionic Gaussian
states [38, 39]. At the same time, despite its apparent simplicity, the model and its
generalizations [40–43] display a rich phenomenology, making them ideal toy mod-
els to build a quantitative understanding of quantum fluctuations, and a solid basis
towards the development of a quantum macroscopic fluctuation theory for diffusive
transport [44–46].

In the past few years, several analytic results have been derived to describe the
late-time properties of the QSSEP, both in the absence of an external bath [30, 42, 47–
50] and in the presence of transport-inducing boundary driving [40, 43, 51–54]. On the
contrary, it is highly non-trivial to characterize the QSSEP dynamics. Indeed, while the
averaged time evolution of simple observables is mapped to the classical SSEP [23], the
dynamics of quantities that are non-linear in the system density matrix is determined
by coherent quantum fluctuations. Examples of such quantities include the bipartite
entanglement entropy and the particle full-counting statistics, describing the particle
fluctuations within a given spatial region.

A standard approach to study the moments of coherent quantum fluctuations in
the QSSEP is based on the mapping onto a non-unitary evolution in a suitable replica
space [2, 55]. This approach allowed, for instance, for the exact computation of the
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subsystem purity [56], which involves second moments of the density matrix, but
becomes more complicated for the analysis of quantities involving higher moments [55].
This difficulty represents a bottle-neck to arrive at a complete analytic understanding
of the quantum-fluctuation dynamics.

In this work, we consider a non-equilibrium protocol involving the melting of an
initially localized domain wall, focusing on the fully connected QSSEP, also known
as the charged SYK2 (after Sachdev, Ye, and Kitaev [57, 58]). Recent results for the
integrability of a family of clean SYK models can be found in [59]. Although this is a
special setting, domain-wall melting is a standard protocol where to gain an intuition on
various phenomena, including transport processes and entanglement growth [50, 60–71].
As our main result, we develop an analytic approach describing the melting dynamics,
based on recent spectral results from RMT. We stress that the dynamics of the SYK2

model can also be tackled via the standard replica approach, to obtain predictions
for the dynamics of quantities like the system purity [72]. Our approach differs from
previous studies in that it gives us direct access to all moments of the coherent quantum
fluctuations.

Specifically, we first show that the eigenvalues of the correlation matrix correspond-
ing to the initially charged subsystem evolve according to a Jacobi process, which
is defined in terms of a closed system of stochastic differential equations (SDE). In
turn, this observation allows us to obtain the real-time dynamics of all the eigenvalue
moments. We present two physical applications. First, we study the dynamics of the
averaged von Neumann entanglement entropy, arriving at a fully explicit expression
in the thermodynamic limit. Second, we compute analytically the full-counting statis-
tics of the charge. The interest of our results is two-fold. On the one hand, our work
presents a new approach to stochastic dynamics, featuring a particularly nice and direct
application of RMT constructions. On the other hand, our analytic formulas allow for a
rare exact comparison between particle fluctuations in the quantum and classical SSEP
dynamics.

Outline — The rest of this work is organized as follows. In section 2, we introduce the
fully-connected QSSEP and the domain-wall quench protocol, and recall how entangle-
ment and particle fluctuations can be computed from the spectrum of the correlation
matrix. In section 3, we show that the non-zero eigenvalues of the reduced correlation
matrix evolve according to a Jacobi process, and we exploit known results from RMT
to characterize their dynamics in the thermodynamic limit. In section 4 we apply these
results to compute explicitly the time evolution of the von Neumann entanglement
entropy and of the charge full-counting statistics. In section 5 we compare the latter
with the corresponding classical dynamics of the all-to-all SSEP, showing that the sta-
tionary fluctuations coincide in the thermodynamic limit. In section 6 we extend this
comparison to finite times, deriving the evolution equations for the generating functions
and quantifying finite-size corrections. Finally, section 7 contains our conclusions and
perspectives, while technical details are collected in the appendices.
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2. Setup

2.1. The model and the quench protocol

We consider a model of L fermionic modes and study the all-to-all QSSEP (or charged
Brownian SYK2 model), defined by the Hamiltonian generator

dĤ (t) =
1√
L

∑
1⩽i<k⩽L

(
ĉ†j ĉk dW jk (t)+ ĉ†kĉj dW

jk
(t)
)
. (1)

Here {ĉj, ĉ†k}= δjk are standard spinless fermionic operators, while dW jk(t) and dW
jk
(t)

form a pair of complex conjugated Brownian motions satisfying dW jk(t)dW
mn

(t) =
δjmδkndt, where we used the standard notation in Itō calculus [73]. We set the lattice

spacing a= 1 and we rescaled the overall amplitude of the dynamics by a factor 1/
√
L

such that the thermodynamic limit yields well-defined quantities. Note that we may
rewrite the generator in matrix form as

dĤ (t) =
L−1∑
i,j=1

ĉ†j (dW (t))jk ĉk (2)

where

(dW (t))jk =


1√
L
dW jk (t) , k ⩾ j;

1√
L
dW

jk
(t) , k < j,

(3)

while

dW (t)dW (t) = 1L×Ldt. (4)

The dynamics of the system is governed by the SDE

dρ̂(t) =−i
[
dĤ (t) , ρ̂(t)

]
− 1

2

[
dĤ (t) ,

[
dĤ (t) , ρ̂(t)

]]
=−i

[
dĤ (t) , ρ̂(t)

]
+L(ρ̂)dt (5)

with (deterministic) Lindblad part

L(•) : =−1

2

[
dĤ (t) ,

[
dĤ (t) ,•

]]
=

1

L

∑
1⩽i⩽k⩽L

(
ℓ̂jk • ℓ̂†jk+ ℓ̂†jk • ℓ̂jk−

1

2

{
ℓ̂jk ℓ̂

†
jk+ ℓ̂†jk ℓ̂jk,•

})
(6)

and jump operators ℓjk := ĉ†j ĉk from site j→ k (and symmetrically from k→ j).
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As mentioned, we focus on a particular nonequilibrium protocol. Namely, we consider
preparing the system in a pure state with M particles

|Ψ(0)⟩= ĉ†1 . . . ĉ
†
M |0⟩, (7)

and let the system evolve unitarily according to the all-to-all QSSEP. The nonequilib-
rium protocol can be viewed as a melting of the initial domain wall (7). In the following,
we will denote by U(t) the (stochastic) unitary operator mapping the initial state |Ψ(0)⟩
to the evolved state |Ψ(t)⟩, namely

|Ψ(t)⟩= U (t) |Ψ(0)⟩ . (8)

We will be interested in the evolution of the subsystem Aℓ = {1, . . . ,ℓ}, containing
the initially charged modes, and we will focus on two quantities. First, we will study
the evolution of the bipartite entanglement (Rényi) entropy

S
(q)
ℓ (t) :=

log tr(ρ̂ℓ (t)
q)

1− q
, (9)

where

ρ̂ℓ (t) = trL\Aℓ
|Ψ(t)⟩⟨Ψ(t) |. (10)

Note that the Von Neumann entanglement entropy

Sℓ (t) =− tr(ρ̂ℓ (t) log ρ̂ℓ (t)) (11)

is obtained via the limit Sℓ(t) := limq→1S
(q)
ℓ (t). Second, we will study particle fluctuation

statistics via the moment generating function

Zℓ (ϕ, t) := ⟨eiϕN̂ℓ⟩, (12)

where

N̂ℓ =
∑
j∈Aℓ

ĉ†j ĉj. (13)

An illustration of the setup is shown in figure 1.

2.2. Entanglement and particle fluctuations in Gaussian states

As mentioned, the QSSEP introduces simplifications compared to generic RUC
dynamics, as the Hamiltonian generator is quadratic in the fermions. Therefore, we
may apply techniques of Gaussian fermionic states to compute the bipartite entangle-
ment and the moment generating functions. We recall that fermionic Gaussian states
are defined by the fact that they satisfy Wick theorem [38, 39]. As a consequence, the
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Figure 1. Illustration of the setup. We consider a one-dimensional quantum system
of size L, where spinless fermions can hop between any pair of sites j→ k, with
amplitudes given by different realization of the complex Brownian motion. The
hopping amplitudes are reset at each time step. The system is initialized in a
domain-wall configuration, with the leftmost M sites occupied and the rest of the
chain empty. During the evolution, we probe fluctuations in a subregion Aℓ of size
ℓ.

density matrix of a Gaussian state |ψ⟩ is completely specified by its correlation (or
covariance) matrix

Γi,j = ⟨ψ|ĉ†i ĉj|ψ ⟩. (14)

Importantly, the initial state (7) is Gaussian, its correlation matrix reading

Γ(0) =

(
1M ,M 0M ,L−M
0L−M ,M 0L−M ,L−M

)
, (15)

where pedices indicate the dimensions of the matrices. The evolved state |Ψ(t)⟩ thus
remains Gaussian at all times, and one can express the corresponding covariance matrix
as

Γ(t) = U (t)Γ(0)U † (t) . (16)

Here, U(t) is the single-particle unitary matrix associated with the evolution operator
U(t) defined by equation (8), see section 3.

The covariance matrix fully determines the properties of the state, including the
value of the Rényi entropies and the full-counting statistics. Indeed, denoting by A(ℓ)

the matrix obtained by selecting the first ℓ rows and columns of a matrix A, we
have [74]

S
(q)
ℓ (t) = (1− q)−1

ℓ∑
j=1

ln [λj (t)
q +(1−λj (t))

q] , (17)

where {λj(t)}ℓj=1 are the eigenvalues of Γ(ℓ)(t) (which satisfy 0⩽ λj(t)⩽ 1). Similarly
(see e.g. [43])

https://doi.org/10.1088/1742-5468/ae824a 7
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Zℓ (ϕ, t) = ⟨eiϕN̂ℓ⟩= det
[
1ℓ×ℓ+

(
eiϕ− 1ℓ×ℓ

)
Γ(ℓ) (t)

]
=

M∏
j=1

(
1+

(
eiϕ− 1

)
λj (t)

)
.

These formulas allow us to study numerically the evolution of the entanglement entropy
and full-counting statistics efficiently, as they require a computational cost scaling only
polynomially, rather than exponentially, with the system size L. However, they are in
general not suitable for analytic investigations, because for general connectivity it is hard
to determine the eigenvalues λj(t). For this reason, previous approaches to entanglement
evolution in the local and non-local QSSEP relied on replica calculations [56, 72]. In
the next section, instead, we will show that in our quench protocol recent RMT results
allow us to write down a closed system of SDEs for λj(t), arriving at exact and explicit
results for entanglement and particle fluctuations.

3. The Jacobi process

3.1. SDEs for the correlation-matrix eigenvalues

The quadratic generator (1) induces a stochastic evolution for the covariance matrix
Γ(t), which is driven by a unitary operator U(t), see equation (16). The relation between
U(t) in equation (8) and U(t) in equation (16) follows from the theory of fermionic
Gaussian states [38]. In particular, it is straightforward to derive the differential equation
satisfied by the matrix U(t), reading

dU (t) =−idWtU (t)− 1

2
dWtdWtU (t) =−idWtU (t)− 1

2
U (t)dt, (18)

where we used (4), while dWt is the matrix introduced in equation (3).
Now, writing

U (t) =

(
Xℓ,M (t) Ỹℓ,L−M (t)

YL−ℓ,M (t) X̃L−ℓ,L−M (t)

)
, (19)

and considering the form of the initial covariance matrix (15), we immediately obtain
the covariance matrix restricted to Aℓ at time t, namely

Γℓ (t) =X (t)X† (t) , (20)

which is a ℓ× ℓ matrix. We note that Γℓ(t) has the same non-zero eigenvalues of the
M ×M matrix

J (t) =X† (t)X (t) . (21)

Indeed, for any matrix A, if λ is a non-zero eigenvalue of AA†, i.e. ∃|v⟩ s.t. AA† |v⟩=
λ |v⟩, then, defining |w⟩=A† |v⟩ we have

A†A |w⟩=A† (AA†) |v⟩= λ |w⟩ , (22)

https://doi.org/10.1088/1742-5468/ae824a 8
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so λ is a non-zero eigenvalue of A†A (note that |w⟩ ̸= 0, because A |w⟩=AA† |v⟩=
λ |v⟩ ̸= 0).

At finite time t, all non-zero eigenvalues of J(t) and Γℓ(t) are expected to be non-
degenerate with probability 1. Therefore, in order to study the distribution of the eigen-
values of Γℓ(t), we may study the eigenvalues of J(t). This observation is particularly
useful, because the dynamics of J(t) has been studied in the context of the so-called
Jacobi process, introduced in [75]. In the following, we adapt the derivation of [75] to
our framework, to write down a closed SDE for the matrix J(t).

Let us first write dWt in block diagonal form as

dWt =

(
dAℓ,ℓ dBℓ,L−ℓ

dB†
ℓ,L−ℓ dCL−ℓ,L−ℓ

)
. (23)

Using the decomposition (19), it follows from (18) that

dX (t) =−i (dA)X (t)− i (dB)Y (t)−αLX (t)dt, (24)

dX† (t) = iX† (t)(dA)+ iY † (t)
(
dB†)−αLX

† (t)dt, (25)

where αL = (L− 1)/(2L) and we used that dA is Hermitian. In order to derive a differ-
ential equation for J(t), we use

(dA)† (dA) =
ℓ

L
1ℓ,ℓdt, (26)

(dB)† (dB) =
ℓ

L
1L−ℓ,L−ℓdt, (27)

and also

Y † (t)Y (t) = 1−X† (t)X (t) , (28)

which follows from unitarity. From the equations above, making use of Itô rules and
some algebra, we obtain

dJ (t) = d
[
X† (t)X (t)

]
=
(
dX† (t)

)
X (t)+X† (t)dX (t)+dX† (t)dX (t) (29)

= iY † (t)(dB)†X (t)− iX† (t)(dB)Y (t)+

(
ℓ

L
1− J

)
dt. (30)

Defining now

dW (t) = J−1/2 (t)X† (t)dBY (t) [1− J (t)]−1/2 , (31)

the SDE becomes

dJ (t) = [1− J (t)]1/2dW† (t)J1/2 (t)+ J1/2 (t)dW (t) [1− J (t)]1/2+

(
ℓ

L
1− J

)
dt. (32)

Finally, by direct computation, we can show that dW(t) are complex Brownian motions,
i.e.

dWx,ydW̄t,z =
1

L
δx,tδy,z. (33)
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The SDE (32) defines a Jacobi process. In this case, it follows from the so-called
Bru’s Theorem [75, 76] that the eigenvalues of J(t) also satisfy a SDE

dλi(t) =

√
2

L

√
(λi(t)(1−λi(t))dνi(t)

+
1

L

ℓ−Lλi(t)+
∑
j ̸=i

λi(t)(1−λj(t))+λj(t)(1−λi(t))

λi(t)−λj(t)

dt, (34)

where νj(t)
M
j=1 are real Brownian motions

dνi (t)dνk (t) = δi,k dt. (35)

3.2. The thermodynamic limit

The closed system of SDEs (34) can be in principle solved numerically, yielding a com-
plete characterization of any property that only depends on the spectrum of the reduced
covariance matrix, including the bipartite entanglement and the full counting statistics.
In fact, it is possible to go further, and exploit the underlying RMT structures to obtain
an analytic expression of all the eigenvalue moments in the thermodynamics limit.

To be precise, let us consider the limit where M ,L,ℓ→∞, keeping the ratios

θ :=
ℓ

L
, ζ :=

M

ℓ
,

M

L
= θζ, (36)

fixed. We shall denote this limit as limTh in the expressions below. It was proven in the
mathematical literature that in this limit the expectation value of the normalized trace
of any finite tuple of matrices drawn from Jt converges [77, 78]. In particular, the limits

mζ,θ
n (t) := lim

Th

1

M
E(tr [(Jt)

n]) (37)

exist for all n > 0 and t > 0. In fact, in this case the problem can be formulated in terms
of an abstract probability space, and the Jacobi process converges to the so-called free
Jacobi process [77], see also references [76–80]. The goal of this section is to show how
some of the results derived in these works can be exploited directly for our purposes,
leading to a fully analytic expression for the entanglement dynamics.

First of all, introducing the resolvent and its normalized trace

R(z) :=
1

Jt− z
, R (z) :=

1

M
trR(z) , (38)

we note that in the thermodynamic limit

lim
Th
R (z) =

1

z

∞∑
n=0

mn (t)

zn
, (39)
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where we omitted explicit dependence on θ, ζ. Now, starting from (32), a key result of
references [77, 81] was a differential equation for the moments mn(t), which also allows
one to derive a differential equation for the trace of the resolvent R(z). Specifically, one
can derive

∂tmn (t) =−nmn (t)+ θnmn−1 (t)+ ζθn
n−2∑
k=0

mn−k−1 (t)(mk (t)−mk+1 (t)) , (40)

from which it follows

∂tRt = ∂z
{
[(1− 2ζθ)z− θ (1− ζ)]Rt+ ζθz (z− 1)R2

t

}
. (41)

These two simple equations are not easy to derive, and involve sophisticated mathemat-
ical tools. In the following, we will simply exploit their consequences for our problem.

A final crucial result is that equation (40) can be solved explicitly: the solution
can be found in [77, 81] for θ = 1/2, ζ = 1 and in [79] for arbitrary θ and ζ. Quite
surprisingly, the form of the solution is very simple for θ = 1/2, ζ = 1, while it is quite
involved in the latter case. For simplicity, in the following we will restrict to θ = 1/2,
ζ = 1. Physically, this corresponds to a domain wall initial state with a bipartition of
the system into two halves.

4. Physical applications

4.1. The entanglement dynamics

We now discuss our first application. We begin by reporting the exact solution to
equation (40) with θ = 1/2 and ζ = 1, which reads [81]

mn (t) =
1

22n

(
2n
n

)
+

1

22n−1

n∑
k=1

(
2n
n− k

)
1

k
L
(1)
k−1 (2kt)e

−kt, (42)

where L
(1)
n (x) is the nth Laguerre polynomial of index 1. Let us show how this result

can be used to arrive at a fully analytical expression for the entanglement dynamics in
the thermodynamic limit (when ℓ/M = 1 and ℓ/L= 1/2). First, we use the expansion

−x lnx− (1−x) ln(1−x) = ln2−
∞∑
n=1

22n

(−1+2n)2n

(
x− 1

2

)2n

, (43)

which is convergent in the interval x ∈ (0,1). Next, we recall that the normalized von
Neumann entanglement entropy can be written as

s(t) =−1

ℓ

ℓ∑
j=1

[λj lnλj +(1+λj) ln(1+λj)] , (44)
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where λj are the eigenvalues of J(t). From (44), taking the expectation value in the
thermodynamic limit and using equations (42) and (43), we obtain

s(t) = log(2)−
∞∑
n=1

2n∑
k=0

(−1)k 2k−1
(
2n
k

)(
21−2k

∑k
k=1

e−ktL
(1)
k−1(2kt)

k +2−2k
(
2k
k

))
n(2n− 1)

. (45)

This expression can be simplified a bit, yielding the final result

s(t) = 2log(2)− 1−
∞∑
n=1

1

n(2n− 1)

n∑
k=1

(−2)−2k

2k

(
2n

2k

)
×2 F1

(
2k+

1

2
,2k− 2n;4k+1;2

)
e−ktL

(1)
k−1 (2kt) (46)

where 2F1 is the Gaussian hypergeometric function. We note that the long-time limit
of equation (46) can be obtained from the moment formula (42). For any fixed n, the
Laguerre contribution is a finite sum over k multiplied by e−kt, and therefore vanishes
as t→∞. This yields the stationary moments

mn (∞) =
1

22n

(
2n

n

)
, (47)

which correspond to the arcsine eigenvalue distribution ρ∞(λ) =
[
π
√
λ(1−λ)

]−1
on

[0,1]. This distribution is the universal spectral measure of the correlation matrix in the
stationary state [48, 82], reflecting the fact that the dynamics generates an effectively
random Gaussian state subject to particle-number conservation. As a result, the steady
state is maximally mixed within this constrained class, but not maximally entangled.
This is precisely why the entropy density saturates at

s(∞) = 2log(2)− 1< log(2) , (48)

in agreement with the constant term in equation (46). We have tested the validity of
equation (46) against numerical simulations for finite system sizes. An example of our
numerical data is reported in figure 2, showing excellent agreement already at moderate
values of L. Details of the numerical simulations can be found in appendix A.

4.2. Charge full-counting statistics

We also consider the cumulant generating function in the thermodynamic limit, defined
as

F (ϕ, t) = lim
Th

1

ℓ
E [logZℓ (ϕ, t)] . (49)
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Figure 2. Entropy density dynamics from a domain-wall initial state with L=
32 and M = ℓ= L/2. The solid line corresponds to the analytic prediction in
equation (46), while the symbols are obtained from numerical simulations of the
quantum dynamics (see appendix A), averaged over 200 realizations. The dashed
horizontal line marks the steady-state value s(∞) = 2log(2)− 1.

Expanding the logarithm as

log
(
1+

(
eiϕ− 1

)
λ
)
=
∑
n≥1

(−1)n+1

n

(
eiϕ− 1

)n
λn, (50)

one obtains the explicit expression

F (ϕ, t) =
1

ℓ

∑
n≥1

(−1)n+1

n

(
eiϕ− 1

)n
mn (t) (51)

in terms of the moments mn(t) introduced above. In the domain-wall configuration
M = ℓ= L/2, inserting the explicit expression (42) for the moments yields a closed
form for the generating function. Writing α := eiϕ− 1, after simple algebra detailed in
appendix B, one finds

F (α, t) =Fss (α)− 2
∑
k≥1

e−ktL
(1)
k−1 (2kt)

(
−α
4

)k
2F1

(
k+ 1

2 ,k;2k+1;α
)
, (52)

with stationary value,

Fss (α) = 2log

(
1+

√
1+α

2

)
. (53)
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Figure 3. Charge full-counting statistics dynamics from a domain-wall initial state
with L= 32 andM = ℓ= L/2. The solid lines correspond to the analytic predictions
in equation (52), while the symbols are obtained from numerical simulations of the
quantum dynamics (see appendix A), averaged over 200 realizations. Several values
of α are shown, as indicated by the color legend.

This expression is exact in the thermodynamic limit. In figure 3, a comparison with
numerical simulations at finite size shows excellent agreement already for modest system
sizes L≲ 32.

We emphasize that the exact knowledge of the moments mn(t) of the eigenval-
ues λi(t), governed by the stochastic evolution (34), allows one to characterize the
thermodynamic-limit behavior of generic spectral observables of the form

Xf (t) :=
1

ℓ

ℓ∑
i=1

f (λi (t)) , (54)

under mild smoothness assumptions on the function f(λ). This class includes, in par-
ticular, the entanglement entropy and the charge full-counting statistics.

In appendix C, we show that such observables (in particular s(t) and F(α, t)) exhibit
a self-averaging behavior,

Var(Xf (t)) = E
[
(Xf (t)−E [Xf (t)])

2
]
=O

(
1

Lℓ

)
. (55)

This property will play a key role in comparing the charge fluctuation statistics of the
fully-connected QSSEP with that of the classical process associated with the noise-
averaged dynamics, discussed in the following sections.

https://doi.org/10.1088/1742-5468/ae824a 14

https://doi.org/10.1088/1742-5468/ae824a


Domain-wall melting in all-to-all QSSEP from random-matrix theory

J.S
tat.M

ech.(2026)
073101

5. Comparison to the classical SSEP

5.1. Noise-averaged dynamics: all-to-all SSEP

We now consider the noise-averaged density matrix ρ̄(t) := E[ρ̂(t)], which evolves accord-
ing to

∂tρ̄(t) = L(ρ̄(t)) . (56)

Expanding ρ̄(t) in the occupation-number basis at fixed particle number M ,

ρ̄(t) =
∑
η,η ′

ρη,η ′ (t) |η⟩⟨η ′|, η ∈ {0,1}L ,
∑
i

ηi =M , (57)

we decompose it into diagonal and off-diagonal parts,

ρ̄(t) = ρ̄diag (t)+ ρ̄off (t) , (58)

with ρ̄diag(t) =
∑

ηPt(η)|η⟩⟨η|. A direct computation using fermionic exclusion shows
that the diagonal sector is invariant under L, and evolves according to

∂tPt (η) =
1

L

∑
j ̸=k

[
ηj (1− ηk)Pt

(
ηj→k

)
− ηk (1− ηj)Pt (η)

]
, (59)

with ηj→k denoting the configuration obtained from η after a particle hopping from
j→ k.

This is precisely the generator of the symmetric simple exclusion process on a com-
plete graph [35, 83], where particles hop from any occupied site k to any empty site j
with rate 1/L.

Similarly, the off-diagonal sector is preserved by L, and evolves independently under
dephasing. Therefore, for observables depending only on site occupations (in particular

the subsystem particle number N̂ℓ) the noise-averaged dynamics is exactly described by
the all-to-all SSEP.

5.2. Stationary charge full-counting statistics

We consider the all-to-all SSEP with L sites andM particles, and the subsystem particle
number

Nℓ =
∑
j∈Aℓ

ηj. (60)

The induced dynamics for Nℓ is a birth-death process on n= 0, . . . ,min(M ,ℓ) with rates

bn =
(ℓ−n)(M −n)

L
, dn =

n(L− ℓ−M +n)

L
. (61)
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The stationary measure π(n) follows from the detailed balance condition

π (n) bn = π (n+1) dn+1, (62)

which, upon iteration, yields the hypergeometric distribution

π (n) =

(
ℓ
n

)(
L−ℓ
M−n

)(
L
M

) . (63)

In the case M = ℓ= L/2, this reduces to

π (n) =

(
2ℓ

ℓ

)−1(
ℓ

n

)2

. (64)

Hence, the stationary generating function for the classical all-to-all SSEP

Zclass
ss;ℓ (α) :=

M∑
n=0

π (n)(1+α)n , F class
ss (α) := lim

L→∞

1

M
logZclass

ss;ℓ (α) , (65)

read (for M = ℓ= L/2)

Zclass
ss;ℓ (α) =

1(
2ℓ
ℓ

) ℓ∑
n=0

(
ℓ

n

)2

(1+α)n . (66)

Note that Zclass
ss;ℓ (α) is independent of the connectivity, and has the same form for the

local QSSEP.
The large-L asymptotics is obtained by a saddle-point evaluation. Writing n= xℓ

and using Stirling’s approximation,(
ℓ

xℓ

)
≍ eℓh(x), h(x) :=−x logx− (1−x) log(1−x) , (67)

one finds

logZclass
ss;ℓ (α)∼ ℓ sup

x∈[0,1]
[2h(x)+x log(1+α)− 2log2] . (68)

Extremization yields x* =
s

1+s with s=
√
1+α, and evaluating the exponent gives

F class
ss (α) = Fss (α) = 2log

(
1+

√
1+α

2

)
. (69)

We thus observe that, in the thermodynamic limit, the stationary charge full-
counting statistics of the classical process coincides with that of the all-to-all QSSEP,
see equation (53), in agreement with the results of [43, 53, 54, 84] for the boundary-
driven case. Going beyond previous work, however, we can now ask whether such equiv-
alence is restricted to the steady state, or extends to finite times.
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Figure 4. Comparison between the classical and quantum dynamics of the charge
full-counting statistics. Symbols: numerical data for the time evolution of F class

ℓ (α, t)
for ℓ=M = L/2 = 16 as a function of time for different values of α (see color leg-
end), obtained from equation (81) by direct matrix exponentiation. Solid lines: ana-
lytic solution for the quantum dynamics F(α, t), given in equation (52). Dashed
horizontal lines indicate the steady-state value in equation (69).

At lowest orders, a direct calculation (see appendix D) shows that both the mean
and the variance of the all-to-all SSEP agree with their quantum counterparts already
at finite times. Moreover, numerical data for the full counting statistics of the classical
process show convincing agreement with the exact result obtained in the quantum
setting, see figure 4. Motivated by these observations, we show in the following section
that the equations of motion for the full fluctuation statistics, as encoded in the classical
and quantum generating functions, coincide up to finite-size corrections.

6. Finite-time dynamics: quantum and classical charge fluctuations

6.1. Quantum evolution equation

We start by considering the quantum process introduced in section 2. We define the
following finite-size cumulant generating function for M = ℓ

Fqu
ℓ (α, t) :=

1

ℓ
logZℓ (α, t) =

1

ℓ

ℓ∑
i=1

log(1+αλi (t)) , (70)

such that F(α, t) = limThE[Fqu
ℓ (α, t)]. We will work with Fqu

ℓ as defined above, since it
is important to keep track of finite-size corrections in the derivation below. Using Itō
calculus together with the SDE (34) for λi(t), one finds the structure

∂tE [Fqu
ℓ (α, t)] = E

[
Ãα (t)

]
, (71)
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where the drift Ãα can be computed explicitly from equation (34). After symmetrizing
the interaction term and exploiting cancellations, one obtains the exact equation

∂tE [Fqu
ℓ (α, t)] =

1

ℓL
E

[
ℓ∑

i=1

α(ℓ−Lλi)

1+αλi

]
− α2

ℓL
E

( ℓ∑
i=1

λi
1+αλi

) ℓ∑
j=1

1−λj
1+αλj

 . (72)

The details of the derivation of equations (71) and (72) can be found in appendix E.
Introducing the biased density

nα (t) := ∂αFqu
ℓ (α, t) =

1

ℓ

ℓ∑
i=1

λi (t)

1+αλi (t)
, (73)

the evolution equation can be rewritten as

∂tE [Fqu
ℓ (α, t)] =

αℓ

L
−α

(
1+

2αℓ

L

)
E [nα] +

α2ℓ

L
(1+α)E

[
n2α
]
. (74)

In the case ℓ= L/2, this simplifies to

∂tE [Fqu
ℓ (α, t)] =

α

2
−α(1+α)E [nα] +

α2

2
(1+α)E

[
n2α
]
. (75)

To close the equation, we use self-averaging. Since nα is itself a spectral observable,
its fluctuations are suppressed as Var(nα) =O(L−2) (see equation (55) and appendix C),
implying

E
[
n2α
]
= E [nα]

2+O
(
L−2

)
. (76)

We conclude therefore that the charge full-counting statistics for the all-to-all QSSEP
for M = ℓ= L/2 satisfies the equation

∂tE [Fqu
ℓ (α, t)] =

α

2
−α(1+α)E [nα] +

α2

2
(1+α)E [nα]

2+O
(
L−2

)
. (77)

The initial condition follows from λi(0) = 1, yielding Fqu
ℓ (α,0) = log(1+α). By con-

struction, the solution to this equation is given in equation (52), up to finite-size
corrections.

6.2. Classical evolution equation

We now consider the classical process. We introduce the moment generating function
of the subsystem occupation number,

Zclass
ℓ (s, t) := E

[
sNℓ(t)

]
=

min(M ,ℓ)∑
n=0

Pn (t) s
n, s= 1+α, (78)
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where Pn(t) = Prob(Nℓ(t) = n). The dynamics of Pn(t) is governed by the birth-death
equation

∂tPn = bn−1Pn−1+ dn+1Pn+1− (bn+ dn)Pn, (79)

with rates given in equation (61). In the domain-wall settingM = ℓ= L/2, these simplify
to

bn =
(ℓ−n)2

L
, dn =

n2

L
. (80)

This defines a finite-dimensional Markov process with support n ∈ [0,ℓ], and bound-
ary conditions encoded in d0 = 0 and bℓ = 0. The initial condition reads Pn(0) = δn,ℓ.
Equivalently, introducing the probability vector P (t) = (P0(t), . . . ,Pℓ(t))

T, the dynam-
ics can be written in matrix form as

∂tP(t) =GP(t) , (81)

where G is a tridiagonal Markov generator with entries

(G)n,n =−(bn+ dn) , (G)n,n−1 = bn−1, (G)n,n+1 = dn+1. (82)

The formal solution reads P(t) = etGP(0), which allows for straightforward numerical
evaluation via direct matrix exponentiation for moderate system sizes, see figure 4.

To make progress, it is convenient to introduce the finite-size cumulant generating
function for M = ℓ

F class
ℓ (α, t) :=

1

ℓ
logZclass

ℓ (1+α, t) , (83)

so that F class = limThF class
ℓ . Differentiating with respect to time and using equation (79),

one finds

∂tF class
ℓ (α, t) =

1

ℓ

〈
αbn−

α

1+α
dn

〉
class,α

, (84)

where ⟨·⟩class,α denotes expectation with respect to the tilted measure proportional to
Pn(t)(1+α)n. Introducing the biased density

nclassα (t) := ∂αF class
ℓ (α, t) , (85)

one can express moments of n in terms of derivatives with respect to α. After straight-
forward algebra, this yields the exact evolution equation

∂tF class
ℓ (α, t) =

αℓ

L
−α

(
1+

2αℓ

L

)
nclassα +

α2ℓ

L
(1+α)

(
nclassα

)2
+
α(α− 1)

L
nclassα +

α(α− 1)(1+α)

L
∂2αF class

ℓ (α, t) . (86)
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In the case ℓ= L/2, this simplifies to

∂tF class
ℓ (α, t) =

α

2
−α(1+α)nclassα +

α2

2
(1+α)

(
nclassα

)2
+O

(
L−1

)
, (87)

with initial condition F class
ℓ (α,0) = log(1+α).

Comparing equations (75) and (87), we conclude that,

F (α, t) = lim
Th

E [Fqu
ℓ (α, t)] = lim

Th
F class
ℓ (α, t) , (88)

and that F(α, t) satisfies the nonlinear equation

∂tF =
α

2
−α(1+α) ∂αF +

α2

2
(1+α)(∂αF)2 , (89)

with initial condition F(α,0) = log(1+α) and solution given by equation (52).

6.3. Finite-size corrections

The previous result shows that, in the thermodynamic limit, the half-system charge
full-counting statistics of the all-to-all QSSEP during domain-wall melting coincides
with that of the corresponding classical process. This classical reducibility, already at
finite times, is specific to transport observables and does not extend, for instance, to
the thermodynamic entanglement entropy discussed in section 4.1, which has no clas-
sical counterpart. Finite-size corrections, however, distinguish the quantum and classi-
cal processes already at the level of transport, as encoded in the charge full-counting
statistics.

To quantify such finite-size deviations, we introduce

QL (α, t) := E [Fqu
ℓ (α, t)] , CL (α, t) := F class

ℓ (α, t) , (90)

which, for 2ℓ= L, satisfy

∂tQL = F (∂αQL)+ rquL , ∂tCL = F (∂αCL)+ rclassL , (91)

with F defined by the r.h.s. of (89), with common initial conditionQL(α,0) = CL(α,0) =
log(1+α), and remainders

rquL =O
(
L−2

)
, rclassL =O

(
L−1

)
. (92)

Defining ∆L :=QL−CL, we obtain

∂t∆L = F (∂αQL)−F (∂αCL)+
(
rquL − rclassL

)
, ∆L (α,0) = 0. (93)

Since ∂α∆L = ∂αQL− ∂αCL and F is smooth, the nonlinear term can be written as

F (∂αQL)−F (∂αCL) = vL (α, t) ∂α∆L, (94)
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Figure 5. Numerical analysis of the finite-size deviation |∆L(α, t)| between the
classical and quantum charge full-counting statistics as a function of L, for different
values of α and t. Quantum data are obtained from simulations of the all-to-all
QSSEP as described in appendix A, while classical results are computed from the
corresponding Markov process in equation (81) via direct matrix exponentiation.
For each system size, the number of samples is chosen as Nsamp ∼O(L4), ensuring
that statistical errors remain smaller than the finite-size deviations. The expected
scaling ∼ L−1 is shown as a dotted black line for reference.

where

vL (α, t) =−α(1+α)+
α2

2
(1+α)(∂αQL+ ∂αCL) =O (1) . (95)

Hence,

∂t∆L = vL (α, t) ∂α∆L+O
(
L−1

)
, ∆L (α,0) = 0. (96)

This is a transport equation with a forcing term of order L−1. Since the initial
condition is zero, transport alone does not generate deviations, and the difference is
entirely controlled by the forcing. Therefore, for any fixed time,

sup
α

|∆L (α, t) |=O
(
L−1

)
. (97)

We conclude that∣∣E [Fqu
ℓ (α, t)]−F class

ℓ (α, t)
∣∣=O

(
L−1

)
. (98)

This scaling can be verified numerically, see figure 5. For the quantum process,
E[Fℓ(α, t)] is estimated by averaging over Nsamp realizations. Since the standard devia-

tion scales as O(
√
L), the statistical error behaves as O(

√
L/Nsamp). Resolving a signal

of order L−1 therefore requires Nsamp ≫ L3, so that the statistical error remains much
smaller than the finite-size correction of interest. In practice, this restricts the numerical
analysis to modest system sizes.
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7. Outlook

In this work we have studied the melting of a domain wall in the QSSEP with all-to-
all hoppings. By means of recent results in RMT, we have derived explicit and exact
formulas for the bipartite entanglement entropy and the full counting statistics at all
times. Different from previous approaches, we do not make use of replica methods
but employ a mapping to the so-called Jacobi process, allowing us to obtain an exact
description of all the moments of the eigenvalues of the subsystem correlation matrix.
For the boundary-driven case, we mention a recent replica-based approach to the model
in equation (1), extending steady-state results of the local model [40] to the all-to-
all QSSEP [85]. Therefore, our work presents a new approach to stochastic dynamics,
featuring a particularly nice and direct application of RMT constructions.

As we have highlighted, our analytic formulas allow for a rare exact comparison
between particle fluctuations in the quantum and classical SSEP dynamics. Notably,
we find that the quantum and classical particle full counting statistics coincide in the
thermodynamic limit, with no finite time corrections. To our knowledge, such a compar-
ison was previously only available in the QSSEP for late-time stationary states [43, 53,
54, 84], with no finite-time result available. Therefore, our work motivates further inves-
tigations in this direction. It would be particularly interesting to understand whether
finite-time corrections appear for different initial states or different connectivity of the
underlying lattice, which could yield further insight into the role of coherent fluctuations
on particle transport. We leave these questions to future work.
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Appendix A. Numerical simulations

We briefly describe the numerical procedure used to simulate the real-time dynamics of
the all-to-all QSSEP defined in section 2. We work directly at the level of the correlation
matrix Γ(t) introduced in equation (16). For each realization, the initial condition is
the domain-wall state (7), corresponding to

Γij (0) = δijΘ(M − i) , (A.1)
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where Θ(M − i) is the Heaviside theta function. The stochastic evolution is implemented
by discretizing time, t→ t+∆t. The the unitary increment corresponding to
equation (16) is realized by setting

U (∆t)≃ exp[−i ∆tJ (t)] , (A.2)

where

(J (t))jk =


1√
L

(
J jkR (t)+ iJ jk

I (t)
)
, k ⩾ j;

1√
L

(
J jkR (t)− iJ jk

I (t)
)
, k < j.

(A.3)

Here J jkR (t) and J jk
I (t) are real random variables drawn from a Gaussian distribution

with vanishing mean and variance

E
[
J jkR (t)J jkR (t)

]
= E

[
J jk
I (t)J jk

I (t)
]
=

1

∆t
. (A.4)

At each time step, a new realization of J(t) is generated and the correlation matrix
is then updated according to

Γ(t+∆t) = U (∆t) Γ(t) U † (∆t) , (A.5)

which is the discrete-time counterpart of the stochastic evolution induced by
equation (18).

At each time step, we restrict Γ(t) to the subsystem Aℓ = {1, . . . ,ℓ}, and compute its
eigenvalues {λj(t)}ℓj=1. As discussed in section 2.2, these fully determine both the entan-
glement entropy and the charge full-counting statistics for each realization of the noise.
The final results are then obtained by averaging over Nsamp independent realizations of
the noise,

Sℓ (t) =
1

Nsamp

Nsamp∑
r=1

S
(r)
ℓ (t) , logZℓ (α, t) =

1

Nsamp

Nsamp∑
r=1

logZ
(r)
ℓ (α, t) . (A.6)

The value of ∆t controls the accuracy of the numerical results. For all figures, we have
verified that ∆t is small enough as not to cause discretization errors that are visible at
the scales of the plots.

Appendix B. Details on the calculations of the charge full-counting statistics

We provide additional details on the derivation of equation (52) for the case M = ℓ=
L/2. Using the expression of the moments in equation (42), the charge full-counting
statistics can be rewritten as

F (α, t) = Fss (α)+ F̃ (α, t) , (B.1)
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with

Fss (α) :=
∑
n≥1

(−1)n+1

n

(α
4

)n(2n
n

)
, (B.2)

and

F̃ (α, t) := 2
∑
n≥1

(−1)n+1

n

(α
4

)n n∑
k=1

(
2n

n− k

)
1

k
L
(1)
k−1 (2kt) e

−kt. (B.3)

We first evaluate the stationary contribution. Using the identity∑
n≥1

(−1)n+1

n

(
2n

n

)
xn = 2log

(
1+

√
1+4x

2

)
, (B.4)

one obtains

Fss (α) = 2log

(
1+

√
1+α

2

)
. (B.5)

We now turn to the time-dependent contribution. Exchanging the order of summa-
tion over k and n, one finds

F̃ (α, t) =
∑
k≥1

2

k
L
(1)
k−1 (2kt) e

−kt
∑
n≥k

(−1)n+1

n

(
2n

n− k

)(α
4

)n
. (B.6)

Setting n=m+ k, the inner sum becomes

∑
m≥0

(−1)m+k+1

m+ k

(
2m+2k

m

)(α
4

)m+k

. (B.7)

Using the identity

1

m+ k

(
2m+2k

m

)
=

22m

k

(2k)m
(
k+ 1

2

)
m

(2k+1)m m!
, (B.8)

where (k)m denotes the Pochhammer symbol, together with

(k)m
(k+1)m

=
k

k+m
, (B.9)

and recalling the definition

2F1 (a,b;c;z) :=
∑
m≥0

(a)m (b)m
(c)m

zm

m!
, (B.10)
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one obtains∑
n≥k

(−1)n+1

n

(
2n

n− k

)(α
4

)n
=−

(
−α
4

)k
2F1

(
k+

1

2
,k;2k+1;α

)
. (B.11)

Therefore,

F̃ (α, t) =−2
∑
k≥1

e−ktL
(1)
k−1 (2kt)

(
−α
4

)k
2F1

(
k+

1

2
,k;2k+1;α

)
. (B.12)

Combining this with equation (B.5) yields equation (52).

Appendix C. Self averaging behavior

In this appendix, we investigate the self-averaging of the following class of spectral
observables

Xf (t) :=
1

ℓ

ℓ∑
i=1

f (λi (t)) , (C.1)

where λi(t) are the non-zero eigenvalues of Γℓ(t), evolving according to the SDE in
equation (34). Writing the SDE schematically as

dλi (t) =Ai (t) dt+dBi (t) , (C.2)

with drift

Ai (t) :=
1

L

ℓ−Lλi (t)+
∑
j ̸=i

λi (t)(1−λj (t))+λj (t)(1−λi (t))

λi (t)−λj (t)

 , (C.3)

and noise

dBi (t) :=

√
2

L
λi (1−λi)dνi (t) , (dBi)

2 =: σi (t)dt=
2

L
λi (1−λi) dt, (C.4)

an application of Itō calculus yields

dXf (t) = Ãf (t) dt+dB̃f (t) , (C.5)

with

Ãf (t) =
1

ℓ

ℓ∑
i=1

[
f ′ (λi)Ai (t)+

1
2σi (t)f

′′ (λi)
]
, dB̃f (t) =

1

ℓ

ℓ∑
i=1

f ′ (λi)dBi (t) , (C.6)

https://doi.org/10.1088/1742-5468/ae824a 25

https://doi.org/10.1088/1742-5468/ae824a


Domain-wall melting in all-to-all QSSEP from random-matrix theory

J.S
tat.M

ech.(2026)
073101

and quadratic variation

(
dB̃f

)2
= σ̃f (t) dt, σ̃f (t) =

1

ℓ2

ℓ∑
i=1

(f ′ (λi))
2 2

L
λi (1−λi) . (C.7)

Assuming f ∈ C2([0,1]) with bounded derivatives, one has

σ̃f (t)≤
∥f ′∥2∞
2Lℓ

. (C.8)

Using Itō calculus for X2
f and taking expectations, one finds

d

dt
Var(Xf (t)) = 2

(
E
[
Xf Ãf

]
−E [Xf ]E

[
Ãf

])
+E [σ̃f ] . (C.9)

Since Ãf is a smooth bounded function of the eigenvalues λi(t), one has∣∣E[Xf Ãf

]
−E [Xf ]E

[
Ãf

]∣∣≤ Cf Var(Xf ) , (C.10)

for some constant Cf . It follows that

d

dt
Var(Xf (t))≤ 2Cf Var(Xf (t))+

∥f ′∥2∞
2Lℓ

. (C.11)

With deterministic initial condition, Grönwall’s inequality yields

Var(Xf (t)) =O
(

1

Lℓ

)
. (C.12)

In particular, for ℓ∼ L,

Var(Xf (t)) =O
(
L−2

)
, (C.13)

so that Xf (t) is self-averaging.
The observables of interest fall within this class. In particular, the Rényi entropies

and the charge full-counting statistics correspond to

fq (λ) =
1

1− q
log(λq +(1−λ)q) , fα (λ) = log(1+αλ) , (C.14)

which have bounded derivatives on [0,1], so that the above result applies directly. More
generally, the argument requires that

λ(1−λ)(f ′ (λ))
2
, λ(1−λ) |f ′′ (λ) | (C.15)

remain bounded. This condition is also satisfied by the von Neumann entropy,

fvN (λ) =−λ logλ− (1−λ) log(1−λ) , (C.16)
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Figure C1. Sample-to-sample variance (C.18) for the entanglement (left panel)
and charge full-counting statistics (right panels) as a function of L. The dashed
line indicates the expected scaling ∼ L−2. In these figures, we set Nsamp = 200.

for which the divergences of f ′ and f ′ at the endpoints are compensated by the factor
λ(1−λ). Hence the entanglement entropy is self-averaging as well.

Self-averaging can be tested numerically by estimating the sample average overNsamp

independent realizations,

Xf (t) =
1

Nsamp

Nsamp∑
r=1

X
(r)
f (t) . (C.17)

A quantitative measure is provided by the sample-to-sample variance

Var[Xf ] =
1

Nsamp

Nsamp∑
r=1

(
X

(r)
f −Xf

)2
. (C.18)

Self-averaging implies Var[Xf ]→ 0 as L→∞, with the scaling Var[Xf ]∼ L−2 predicted
by the analytical argument. This behavior is confirmed numerically in figure C1 for
both the entanglement entropy and the full counting statistics.

Appendix D. Finite-time calculation of the lowest cumulants

In this appendix, we provide a direct calculation of the mean and variance of the subsys-
tem occupation number Nℓ(t) in the all-to-all SSEP with L sites and M particles. The
dynamics of Nℓ is a birth-death process with rates given in equation (61). Accordingly,
the mean satisfies

d

dt
E [Nℓ (t)] = E [bNℓ

− dNℓ
] =

ℓM

L
−E [Nℓ (t)] , (D.1)
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which yields

E [Nℓ (t)] =
ℓM

L
+

(
E [Nℓ (0)]−

ℓM

L

)
e−t. (D.2)

For the domain-wall initial condition with M = ℓ= L/2, this reduces to

E [Nℓ (t)] =
ℓ

2

(
1+ e−t

)
. (D.3)

The second moment satisfies a closed equation, from which one obtains the variance

V class
ℓ (t) := Var(Nℓ (t)) . (D.4)

In the case M = ℓ= L/2, one finds

d

dt
V class
ℓ (t) =−2

(
1− 1

L

)
V class
ℓ (t)+

L

8

(
1+ e−2t

)
, (D.5)

with initial condition V class
ℓ (0) = 0. Solving this equation and taking the thermodynamic

limit yields

V class
ℓ (t) =

L

16

[
1+ (2t− 1)e−2t

](
1+O

(
L−1

))
. (D.6)

We now extract the first two cumulants from the quantum generating function asso-
ciated with the all-to-all QSSEP. Using equation (51),

F (α, t) =
1

ℓ

∑
n≥1

(−1)n+1

n
αnmn (t) , (D.7)

the cumulants can be expressed as

κqu1 (t)

M
=m1 (t) ,

κqu2 (t)

M
=m1 (t)−m2 (t) . (D.8)

For M = ℓ= L/2, one has

m1 (t) =
1

2

(
1+ e−t

)
, m2 (t) =

3

8
+

1

2
e−t+

(
1

8
− t

4

)
e−2t. (D.9)

This yields

κqu1 (t) = E [Nℓ (t)] =
ℓ

2

(
1+ e−t

)
, (D.10)

and

κqu2 (t) =
L

16

[
1+ (2t− 1)e−2t

]
. (D.11)
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We conclude that, in the thermodynamic limit, the mean and variance of the classical
and quantum processes coincide exactly, already at finite times.

Appendix E. Details of the derivation of equations (71) and (72)

In this appendix, we provide the details of the derivation of equations (71) and (72),
which govern the exact evolution of the charge full-counting statistics in the all-to-
all QSSEP. We begin by recalling the definition of the finite-size charge full-counting
statistics,

Xα (t)≡Fqu
ℓ (α, t) =

1

ℓ

ℓ∑
i=1

log(1+αλi (t)) , (E.1)

which we denote by Xα(t) for brevity in this section. Using Itō calculus together with
the SDE dλi(t) =Ai(t) dt+dBi(t) (see equation (34) and appendix C), one finds

dXα =
1

ℓ

ℓ∑
i=1

α

1+αλi
dλi−

1

2ℓ

ℓ∑
i=1

α2

(1+αλi)
2 σidt, (E.2)

with σ = 2λi(1−λi)/L as in appendix C. This equation can be schematically written
as

dXα = Ãαdt+dB̃α. (E.3)

Here,

Ãα :=
1

ℓ

ℓ∑
i=1

α

1+αλi
Ai−

1

2ℓ

ℓ∑
i=1

α2

(1+αλi)
2σi, dB̃α :=

1

ℓ

ℓ∑
i=1

α

1+αλi
dBi. (E.4)

Taking expectation yields equation (71),

∂tE [Xα (t)] = E
[
Ãα (t)

]
. (E.5)

We now analyze the drift term. Using the explicit expressions of Ai and σi, one
obtains

Ãα (t) =
1

ℓL

ℓ∑
i=1

[
α(ℓ−Lλi)

1+αλi
− α2

(1+αλi)
2λi (1−λi)

]

+
1

ℓL

ℓ∑
i=1

α

1+αλi

∑
j ̸=i

λi (1−λj)+λj (1−λi)

λi−λj
. (E.6)
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The double sum can be symmetrized by pairing (i,j) and (j, i). Defining gα(λ) =
α/(1+αλ), one finds

ℓ∑
i=1

gα (λi)
∑
j ̸=i

λi (1−λj)+λj (1−λi)

λi−λj
=−α2

∑
i<j

λi (1−λj)+λj (1−λi)

(1+αλi)(1+αλj)
. (E.7)

Rewriting the pair sum in terms of products of single sums yields

(E.7) =−α2

(
ℓ∑

i=1

λi
1+αλi

) ℓ∑
j=1

1−λj
1+αλj

+α2
ℓ∑

i=1

λi (1−λi)

(1+αλi)
2 . (E.8)

The last term cancels the explicit Itō correction, and the drift simplifies to

Ãα (t) =
1

ℓL

ℓ∑
i=1

α(ℓ−Lλi)

1+αλi
− α2

ℓL

(
ℓ∑

i=1

λi
1+αλi

) ℓ∑
j=1

1−λj
1+αλj

 . (E.9)

We thus obtain the exact evolution equation in (72)

∂tE [Xα (t)] =
1

ℓL
E

[
ℓ∑

i=1

α(ℓ−Lλi)

1+αλi

]

− α2

ℓL
E

( ℓ∑
i=1

λi
1+αλi

) ℓ∑
j=1

1−λj
1+αλj

 . (E.10)

ORCID iDs

Denis Bernard  0000-0002-5492-8360
Lorenzo Piroli  0000-0002-0107-3338
Stefano Scopa  0000-0001-7638-8804

References

[1] Breuer H P and Petruccione F 2002 The Theory of Open Quantum Systems (Oxford University Press on
Demand)

[2] Nahum A, Ruhman J, Vijay S and Haah J 2017 Phys. Rev. X 7 031016
[3] Potter A C and Vasseur R 2022 Entanglement Dynamics in Hybrid Quantum Circuits Entanglement in Spin

Chains: From Theory to Quantum Technology Applicationsed A Bayat, S Bose and H Johannesson (Springer
International Publishing) pp 211–49

[4] Fisher M P, Khemani V, Nahum A and Vijay S 2023 Annu. Rev. Condens. Matter Phys. 14 335–79
[5] Rakovszky T, Pollmann F and von Keyserlingk C W 2019 Phys. Rev. Lett. 122 250602
[6] Zhou T and Nahum A 2019 Phys. Rev. B 99 174205
[7] Gullans M J and Huse D A 2019 Phys. Rev. X 9 021007
[8] Bertini B, Kos P and Prosen T 2019 Phys. Rev. X 9 021033
[9] Znidaric M 2020 Commun. Phys. 3 1–9

[10] Huang Y 2020 IOP SciNotes 1 035205
[11] Zhou T and Nahum A 2020 Phys. Rev. X 10 031066

https://doi.org/10.1088/1742-5468/ae824a 30

https://orcid.org/0000-0002-5492-8360
https://orcid.org/0000-0002-5492-8360
https://orcid.org/0000-0002-0107-3338
https://orcid.org/0000-0002-0107-3338
https://orcid.org/0000-0001-7638-8804
https://orcid.org/0000-0001-7638-8804
https://doi.org/10.1103/PhysRevX.7.031016
https://doi.org/10.1103/PhysRevX.7.031016
https://doi.org/10.1146/annurev-conmatphys-031720-030658
https://doi.org/10.1146/annurev-conmatphys-031720-030658
https://doi.org/10.1103/PhysRevLett.122.250602
https://doi.org/10.1103/PhysRevLett.122.250602
https://doi.org/10.1103/PhysRevB.99.174205
https://doi.org/10.1103/PhysRevB.99.174205
https://doi.org/10.1103/PhysRevX.9.021007
https://doi.org/10.1103/PhysRevX.9.021007
https://doi.org/10.1103/PhysRevX.9.021033
https://doi.org/10.1103/PhysRevX.9.021033
https://doi.org/10.1038/s42005-020-0366-7
https://doi.org/10.1038/s42005-020-0366-7
https://doi.org/10.1088/2633-1357/abd1e2
https://doi.org/10.1088/2633-1357/abd1e2
https://doi.org/10.1103/PhysRevX.10.031066
https://doi.org/10.1103/PhysRevX.10.031066
https://doi.org/10.1088/1742-5468/ae824a


Domain-wall melting in all-to-all QSSEP from random-matrix theory

J.S
tat.M

ech.(2026)
073101

[12] Nahum A, Vijay S and Haah J 2018 Phys. Rev. X 8 021014
[13] von Keyserlingk C W, Rakovszky T, Pollmann F and Sondhi S L 2018 Phys. Rev. X 8 021013
[14] Chan A, De Luca A and Chalker J T 2018 Phys. Rev. X 8 041019
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