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Abstract
This paper investigates the form of optimal reinsurance contracts in the case of clusters of
losses. The underlying insured risk is represented by a marked Hawkes process, where the
intensity of the jumps depends not only on the occurrence of previous jumps but also on
the size of the jumps, which represents the financial magnitude of the loss. The reinsurance
contracts are applied to each loss at the time of occurrence, but their structure is assumed to be
constant.Wederive closed-form formulaswithin themean-variance framework.Additionally,
we demonstrate that the optimal contract is not the classical excess-loss (deductible) form.
The optimal contract is piecewise linearwith three ranges: first, no reinsurance below a certain
threshold; second, reinsurance with a slope greater than 1; and finally, full reinsurance.When
themarked process converges to aPoisson process,we recover the optimality of the deductible
form.
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1 Introduction

The problem of optimally setting up an insurance policy is an old and pivotal question for
insurance and reinsurance companies, as highlighted in the seminal paper by Borch [17]. A
key result, due to Arrow [5], is that the optimal contract for a risk-averse buyer takes the form
of 100 percent coverage above a deductible minimum; this is known as the excess-of-loss
contract. Arrow’s analysis is quite general (see possible extensions in [35] and references
therein): he assumes that the premium is a proportion of the actuarial value of the policy and
that the insured chooses the coverage function based on standard utility maximization. The
payments are non-negative, and the description is static, focusing on a one-period model with
a premiumand a random loss. The extension to a continuous-time frameworkwas achieved by
Aase [1], where the occurrence of losses is represented by a compound Poisson process, and
the insurance premium is paid continuously over time. Arrow’s result is preserved essentially
because of the infinite divisibility with respect to time. According to [1] and as extended by
[31] and [35], the formulation of the criterion remains purely static, applying the reinsurance
contract to a single aggregated loss over a fixed time window. The model thus belongs to the
Cramér-Lundberg setup; see also Bauerle [10] and Touzi [52]. However, while the premium
payment can be reasonably assumed to be proportional to time, since it is paid on a fixed
schedule, the hypothesis of a constant accident arrival rate per unit of time is too restrictive,
as noted by Grandell [36, Chapter 2]. Losses are observed, or can be considered, occurring
in clusters in many insurance areas, such as lapse risk in life insurance [9], cyber risk [8, 18],
natural disaster for insurance [48] and mortality intensity [44].

In recent years, attempts have been made to relax the Poisson framework by using Cox
processes; see, for instance, Albrecher and Asmussen [4], Brachetta and Ceci [19], Dassios
and Jang [27] and Embrechts et al. [32]. The main issue with Cox processes is that there
is a hidden process describing the intensity of accident arrivals, which needs to be inferred
from data. There is a substantial and growing body of literature on filtering in insurance; see,
for instance, [20, 28]. In order to overcome this difficulty and to maintain a parsimonious
model, we model the arrival of losses using a Hawkes process, as discussed in [38]. This
resulting model is fully observable since the times of loss arrivals are known as in all the
standard models in insurance. In our set-up, the intensity will increase at each of these times
and will exhibit exponential decay between accidents. The use of a Hawkes process to model
accident arrivals has garnered interest from researchers in recent years, including Dassios
and Zhao [29], Garetto et al. [33], but also in cyber risk [18, 26, 40], natural disasters [48].
Hawkes processes can be viewed as a parsimonious form of a Cox process, see Albrecher
and Asmussen [4], in which the intensity is driven by the jumps themselves.

However, to our knowledge, the shape of the optimal contract has not yet been studied
in this framework, as previous works have directly considered the cases of proportional
and/or excess-of-loss reinsurance. We point out that, in the presence of accident clusters, the
arguments in [1, 31, 35] to reduce the problem to the static one à la Arrow are no longer
valid. When focusing on a cluster of accidents, the insurance buyer will not be covered by the
seller at the deductible threshold for each loss. The insurance buyer is, therefore, concerned
about the increasing frequency of losses and may prefer a contract with a different shape.

To study this problem, we propose a marked Hawkes model for loss arrivals, as discussed
in [13]. The marked Hawkes setup captures both the clustering effects and the self-exciting
feature: a significant accident is more likely to trigger the arrival of new accidents compared
to smaller ones. The marked Hawkes process, along with its generalization to branching
processes, has been extensively utilized in recent financial literature to capture the evolution
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of stochastic volatility and the VIX index [42, 46], commodities [23, 25], term structures
[12, 45], and market microstructure [2, 7, 41]. The case of non-exponential decay, which
represents the non-Markovian scenario, has been more recently studied using stochastic
Volterra equations with jumps; see [3, 15, 16].

To the best of our knowledge, our work is the first to focus on the problem of optimal
reinsurance contract design within a marked Hawkes framework, where accidents can be
clustered and themagnitude of a loss has a direct impact on the occurrence of future accidents.
We will study the case of a generic feedback effect and then specify it into constant and linear
impact, that is the two more standard cases. The first where the excess of the intensity after a
loss does not depend on the loss size itself. The second, that is more natural, where the large
losses have more impact on the future losses that the small ones.

Our main result is that the optimal contract is no longer the deductible one in the second
setup. Instead, it is piecewise linear with three ranges. First, as in the deductible case, there
exists a threshold a below which there is no reinsurance. Conversely, there is a second
threshold b > a abovewhich the optimal contract provides total reinsurance. Finally, between
the two thresholds [a, b], the reinsurance is affine with respect to the loss, ensuring the
continuity of the reinsurance contract relative to the loss; see Figure 1, where, on the x-axis,
there is the claim size and, on y-axis, the covered amount. This result is obtained under the
assumption of a mean-variance utility function, in accordance with Bauerle [10].

At first glance, one might consider that because the slope of the optimal contract is greater
than 1, this strategy could induce moral hazard, in line with the analysis of Huberman et al.
[43]. However, ex-antemoral hazard (specifically, the distortion of the insurer’s dynamic risk)
does not arise, as the reinsurance payment is lower than the loss incurred. Furthermore, the
intensity of loss occurrence increases after each event, which means that the insurer remains
risk-averse even in case of very large losses (that are perfectly covered by the contract), since
such losses could trigger a cascade of subsequent events.

For instance, in the case of health insurance, classical theory postulates that having Insuran-
ce coverage diminishes an individual’s incentive to engage in preventivemeasures tomaintain
their health, see Harris and Raviv [37]. However, this theory is based on the implicit assump-
tion that the occurrence of new diseases is independent of prior incidents, a strong hypothesis
that can be easily falsified. An example of this can be found in the application of Hawkes
processes in health management [33].

Focusing on ex-post moral hazard (specifically, the distortion of claims), this issue also
does not arise in our model. In fact, an increase in the claim size leads to a more significant
shift in the intensity of new events. This outcome is a result of the marked Hawkes setup we
have chosen, in contrast to a standardHawkes process, where the intensity is influenced solely
by the occurrence of events. For example, in the context of cyber insurance, an insurer might
delay declaring a vulnerability, thereby increasing the associated claim. However, postponing
the official declaration, also providesmore opportunities for cyber attacks, delays the updating
of information systems, and ultimately heightens the risk of a cyber pandemic.

The rationale behind our result is that the reinsurance buyer pays a constant premium
per unit of time but is potentially exposed to the presence of clusters. Moreover, this risk
is magnified by the impact of the marks on the intensity of future losses. The reinsurance
buyer is risk-averse and prefers to be fully covered for significant accidents, as they will
need to account for potential future losses. At first glance, the particular shape of the optimal
contract appears to transfer completely the risk of large accidents to the reinsurer. However,
this analysis neglects the feedback effect resulting from the cascade of small losses induced
by the initial large accident. This effect has been highlighted in the Hawkes literature as a
cluster decomposition; see Hawkes and Oakes [39], as well as more recent works [42, 46].
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Fig. 1 Optimal reinsurance
contract. Claim size on x-axis
and covered amount on y-axis

After this Introduction, in Section 2, we present the stochastic representation of the insured
risk through a marked Hawkes process. We define the insurer’s wealth process and the
reinsurance contracts. Finally, we introduce the mean-variance criterion to be considered in
the decision-making process and provide an explicit formula. In Section 3, we prove the
existence of an optimal reinsurance contract and outline its form. We also investigate the
limiting case when the Hawkes process converges to a Poisson process and demonstrate that
we recover the deductible form.

2 The dynamic reinsurance framework

2.1 Stochastic representation of the risk

Let us set-out the following stochastic framework. Let (�, {Ft }t≥0,F,Q) be a filtered prob-
ability space, satisfying the usual conditions, see for instance [47, page 10], equipped with a
marked Hawkes process, represented by its Poisson measure ν(dt, dz). Hereafter, we define
the marked Hawkes process following [13, Definition 2] and [24].

Definition 1 The point process {λt }t≥0 is a marked Hawkes process if its compensator is
given by �(dz)λt−dt , where �(dz) is a measure on (R+,B(R+)), and λt reads

λt = λ0 + β

∫ t

0
(λ − λs−)ds +

∫ t−

0

∫
R+

f (z)ν(ds, dz) (1)

with λ0 > λ, the long run intensity and f is a given non-negative function, square-integrable
with respect to the measure�(dz). Moreover we assume the following integrability assump-
tion: ∫ +∞

0
z2�(dz) < +∞. (2)

This function f captures the self-exciting effect. We will be interested in two polar cases:

Constant impact: the function f is a constant equal to f . This is the case where the
excess of intensity does not depend on the size of the previous claims
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Linear impact: f (z) = �z, for some non-negative constant �. This is the central case
of our main result. From a practical point of view, it is more natural to assume that the
large losses have more impact on the future losses that the small ones.

Throughout the paper, we assume that �(dz) admits at least moments up to order two.
We recall that ν(ds, dz) is the Poisson measure associated to the (Ti , Zi )i≥1, where the Ti

are the times of occurrence and the Zi the sizes of the jumps. In the following, each Ti will
represent the time of occurrence of an insured loss and Zi will be the financial cost associated
to this loss. From now on, we assume the following usual mean-reverting condition for norm
of the kernel, which can be reformulate as the L1(�)-norm smaller than the mean-reversion
parameter β, i.e. ∫

R+
f (z)�(dz) < β. (3)

Under assumption (3), the Hawkes process {λt }t≥0 is well defined, mean-reverting, admits
moments up to order two and its Laplace Transform is known, see [14, Proposition 7.3, p.
176]. For sake of readability, set out the following functions of time:

m(t) := E [λt ] , M(t) :=
∫ t

0
m(s)ds = E

[∫ t

0
λsds

]
, (4)

m(2)(t) := E
[
λ2t

]
, and M (2)(t) :=

∫ t

0
m(2)(s)ds = E

[∫ t

0
λ2s ds

]
. (5)

Definition 2 Let H denote the following set of functions

H := {
h : R+ −→ R ; such that �-a.s. |h(z)| ≤ z

}
.

For every h ∈ H we define the process {Xt [h]}t≥0 by

Xt [h] :=
∫ t

0

∫ +∞

0
h(z)ν(ds, dz) (6)

and the functional H : H −→ R defined as

H [h] :=
∫ +∞

0
h(z)�(dz). (7)

In the sequel we will denote by I denotes the identity function on R+.

Next proposition gives the expected value of the process X [h].
Proposition 1 Let h ∈ H, then the process X [h] is integrable and its expectation reads

E

[
XT [h]

]
=

∫ +∞

0
h(z)�(dz)M(T ) = H [h] · M(T ) (8)

Proof We first remark that |XT [h]| ≤ XT [I]. As a consequence, the integrability of XT [I]
guarantees the integrability for all XT [h]. It is now easy to note that XT [I] is the cumulated
loss process: see the last term in Eq. (1). The integrability of the cumulated loss process is
guaranteed by the square integrability assumption on � given in (2), see for instance [14,
Section 5]. We now focus on the computation of the expectation, we have

E

[
XT [h]

]
= E

[∫ t

0

∫ +∞

0
h(z) {ν(ds, dz) − λs−�(dz)ds + λs−�(dz)ds}

]
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Since h ∈ H and the integrability condition obtained before, we have that
∫ t
0

∫ +∞
0 h(z){ν(ds,

dz) − λs−�(dz)ds} is a martingale. The final result is then obtained by Fubini theorem. ��

Another possible approach is to exploit the link between Poisson and Hawkes process, see
[13, Proposition 2] for the case of a bounded jump size, [21, Section 2] for the unbounded
with technical integrability condition and the condition can be relaxed to include our case
following [53].

2.2 The insurer program

In this section, we express the wealth of an insurer that can access to a reinsurance contract
in order to mitigate the global risk exposure. Our formulation follows the setup à la Cramer-
Lundberg developed in Bauerle [10]. See Brachetta et al. [21] for an adapted setup with
Hawkes driver. In particular, we consider that the reinsurance contract applies at any loss Zi

occurring at any time Ti , not on an aggregated wealth at a final time.
The insurer is endowed with a certain capital amount R0 at time t = 0. It is assumed to

insure all the claims generated by the marked Hawkes process.
The premium of these claims is assumed to be paid continuously over time with a rate ρθ ,

expressed in Euros by year. Quantity θ denotes

θ :=
∫
R+

z�(dz) = H [I] (9)

and represents the average loss associated to the sinister. We observe that, by Definition 7
the mean-reverting assumption (3) rewrites as H [ f ] < β.

Definition 3 A reinsurance contract is a function in H, non-negative �-almost everywhere.
We denote by C the set of reinsurance contracts, i.e. C ⊂ H and

C := {
h : R+ −→ R ; such that �-a.s. 0 ≤ h(z) ≤ z

}
.

The cost of such a contract is assumed to be linear in φ, and paid continuously over time
with a rate

c
∫ +∞

0
φ(z)�(dz).

The total wealth of the insurer at time t , applying reinsurance contract φ, is given by

Rt (φ) = R0 +
∫ t

0

∫ +∞

0
(φ(z) − z) ν(ds, dz) + ρθ t − ct

∫ +∞

0
φ(z)�(dz) . (10)

With the notations given inDefinition 2, we can rewrite the insurer’s wealth at final horizon
time T of the program as

RT (φ) = R0 + (ρ − c)T · θ + XT [φ − I] − cT H [φ − I]. (11)

We observe that the stochastic part is located only in the third term of the right hand side.
We consider the following mean-variance criterion, in the spirit of Bauerle [10]:

U(φ) := E [RT (φ)] − γV [RT (φ)] , (12)

where γ is a positive constant and V denotes the variance.
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Theorem 1 The mean-variance criterion writes

U(φ) = R0 + (ρ − c) θT + H [φ − I] · (M(T ) − cT ) − γ H
[
(φ − I)2

] · M(T )

− γ H2[φ − I]A(T ) − γ H [φ − I] · H [ f · (φ − I)] · B(T )
(13)

where

A(T ) = 2
∫ T

0

∫ t

0
e−(β−H [ f ])(t−s)

[
βλM(s) + m(2)(s)

]
ds dt − M2(T ) ,

B(T ) = 2
∫ T

0

∫ t

0
e−(β−H [ f ])(t−s)m(s)ds dt .

Proof of Theorem 1: The expectation of RT (φ) can be deduced by Proposition 1. We observe
that in RT (φ) given in (11) there is only the third term as random, so obviouslyV [RT (φ)] =
V [XT (φ)]. We have to compute the variance or, equivalently, the second order moment of
XT [h], the computation of which is the result of the following lemma. Given the Lemma,
in order to obtain the result stated in the Theorem, is then sufficient to apply Lemma 1 to
h = φ − I. ��
Lemma 1 The second order moment of XT [h] writes

E
[
X2

T [h]] = H2 [h]
(

A(T ) + M2(T )
)

+ H [h] · H [ f · h] · B(T )

+ H
[
h2] M(T ).

(14)

Proof By Itô formula (see [50] Theorem 32, p. 71), we have

X2
T [h] = 2

∫ T

0
Xt−[h]

∫ +∞

0
h(z)ν(dt, dz) +

∫ T

0

∫ +∞

0
h2(z)ν(dt, dz)

By taking the expectation, and using the definition of the compensator, we obtain

E
[
X2

T [h]] = 2H [h]
∫ T

0
E

[
Xt−[h] λt−

]
dt + H

[
h2] M(T ). (15)

Now, let us focus on the term E
[
Xt−[h] λt−

]
. By Itô formula, we have

XT [h] · λT =
∫ T

0
Xt−[h] dλt +

∫ T

0
λt−d Xt [h] +

∫ T

0

∫ +∞

0
f (z)h(z)ν(dt, dz)

=β

∫ T

0
Xt−[h] (λ − λt−

)
dt +

∫ T

0
Xt−[h]

∫ +∞

0
f (z)ν(dt, dz)

+
∫ T

0
λt−

∫ +∞

0
h(z)ν(dt, dz) +

∫ T

0

∫ +∞

0
f (z)h(z)ν(dt, dz).

Let define for any 0 ≤ t ≤ T
U (t) := E [Xt [h] · λt ] .

By the definition of the compensator andEq. (6), adapting the proof of Proposition 1 and using
stochastic Fubini theorem [50, Theorem IV.65, p 208], we obtain the following (implicit)
relation

U (T ) = H [h]
∫ T

0

(
βλM(t) + m(2)(t)

)
dt − (β − H [ f ])

∫ T

0
U (t)dt + H [ f · h] · M(T ).
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We look at the solution under the form U (t) = e−(β−H [ f ])t V (t), with V0 = 0 since by
(6) we have U0 = 0. The function V satisfies the following ordinary differential equation:

e−(β−H [ f ])t V ′(t) = H [h]
(
βλM(t) + m(2)(t)

)
+ H [ f · h] · m(t).

Hence,

U (T ) = H [h]
∫ T

0
e−(β−H [ f ])(T −t)

(
βλM(t) + m(2)(t)

)
dt

+ H [ f · h]
∫ T

0
e−(β−H [ f ])(T −t)m(t)dt

(16)

Using Eqs. (15) and (16), we obtain the result. ��
The form of the mean-variance criterion is significantly simplified when the Hawkes

process is reduced to a Poisson process as detailed in the following Corollary.

Corollary 1 Assume that ν is Poisson process with (constant) intensity λ0. Then the mean-
variance criterion writes

U(φ) = R0 + (ρ − c)θT + H [φ − I] · (λ0 − c) T − γ H [(φ − I)2]λ0T . (17)

That is only the first line in the Eq. (13).

Proof The twoextra terms inEq. (13) vanishes in thePoisson setup. In fact Poisson case can be
deduced from theHawkes one by setting the self-exciting parameter f and themean-reverting
speed β to zero. The long run intensity λ will then coincide with λ0. As a consequence we
immediately have M(t) = λ0t , A(t) = 0, cancelling the first term into the second line of
Eq. 13. The last term vanishes when the self exciting function f cancels. ��

We highlight that the expression (17) of the mean-variance criterion in Poisson case
depends on the loss only though the functions (φ − I) and (φ − I)2.
In the next corollary we show that, if the self exciting function is constant, i.e. f (z) ≡ f ,
then the criterion also depends only on these two terms. As a consequence, the Hawkes case
with constant feedback effect will produce the same optimal contract as in the Poisson case.
Different optimal contracts can only arise when the feedback depends on the size of the loss.

Corollary 2 Assume that f (z) ≡ f . Then, the mean-variance criterion writes

U(φ) =R0 + (ρ − c) θT + H [φ − I] (M(T ) − cT )

− γ H2[φ − I] (A(T ) + f B(T )
) − γ H

[
(φ − I)2

]
M(T ).

(18)

Formulae given by Eqs. (17) and (18) do not depend on a specific term H [ f · (φ − I)] as
in the general case stated in Theorem 1. This additional term will give rise to specific form
of reinsurance contracts as we will see in next section.

3 Optimal reinsurance contracts

3.1 Regularity of the criterion

Let us introduce the following lemma on the regularity of the map U . We show that U admits
a Fréchet-derivative; see for instance Dieudonné [30] for classical definition of Fréchet-
derivative of a map defined on a normed space.
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Lemma 2 The mapping U : L2(�) −→ R is Fréchet-derivable in L2(�) and the Fréchet-
derivative is a function in L2(�) given by DU(φ)(z) = G(φ)�(dz) with

G(φ) :=
(
(M(T ) − cT ) − 2γ H [φ − I]A(T ) − γ H [ f · (φ − I)]B(T )

)
1

− γ H [φ − I]B(T ) f − 2γ M(T ) (φ − I)

where 1 denotes the constant function.

Proof We start from the expression of U(φ) given by Theorem 1. The eq.(13) shows that U
depends on φ through three terms: H [φ −I], H [(φ −I)2] and H [ f · (φ −I)]. We will study
the Fréchet-derivative of the three terms. The final result will then be obtained as the sum
of three Fréchet-derivative terms. Firstly, map H [φ − I] is continuous and linear on L2(�),
hence Fréchet-derivable, with Fréchet-derivative constant given by g �→ ∫ +∞

0 g(z)�(dz).
Now, let us turn to the term H [(φ − I)2]. We have, for any g ∈ L2(�),

H [(φ − I + g)2] =
∫ +∞

0
(φ(z) − z)2 �(dz) + 2

∫ +∞

0
(φ(z) − z) g(z)�(dz)

+
∫ +∞

0
g2(z)�(dz).

Then, the Fréchet-derivative of H [(φ −I)2] is g �→ 2
∫ +∞
0 g(z) (φ − I)�(dz). Finally, we

focus on H [ f · (φ − I)]. We have, for any g ∈ L2(�),

H [ f · (φ − I + g)] =
∫ +∞

0
f (z) (φ(z) − z) �(dz) +

∫ +∞

0
f (z)g(z)θ(dz).

Then, the Fréchet-derivative of H [ f · (φ − I)] is g �→ ∫ +∞
0 g(z) f (z)�(dz). ��

We notice that, in the constant case i.e. f ≡ f 1, the Fréchet-derivative depends only on
H [φ − I], which is what we have in the usual Poisson case.
So, from now on, we assume the linear case i.e. f (z) = �z.

3.2 The Solution of the Program

Proposition 2 The insurer program given by

(Pr) : sup
φ∈C

U(φ)

admits a solution φ∗ ∈ C

Proof The setC is closed, convex and bounded in L2(�). It is therefore a compact for theweak
topology (cf. Corollary 3.22, p. 71 in [22]). The function U is derivable, hence continuous
for the norm topology on L2(�), thanks to the previous lemma. Hence, it admits a minimum
on C. ��

We can now state the main result of our paper:

Theorem 2 Assume the support of �(dz) be not bounded, � > 0 and cT − M(T ) > 0. Then
the optimal solution φ∗ of the insurer program verifies the following.
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1. On A0 := {z|G(φ∗)(z) < 0} �= ∅, φ∗ ≡ 0.
2. On A1 := {z|G(φ∗)(z) = 0} �= ∅, the optimal contract is affine with a slope larger than

1 such that the the following implicit system is satisfied

φ∗(z) =
(
1 − �

B(T )

2M(T )
H [φ∗ − I]

)
z − C∗ (19)

with

C∗ := cT − M(T ) + 2γ A(T ) H [φ∗ − I] + γ B(T )H [�I · (φ∗ − I)]
2γ M(T )

.

3. On A2 := {z|G(φ∗)(z) > 0} �= ∅, φ∗(z) = z.

Remark 1 Assumption cT − M(T ) > 0 means that the reinsurance cost is larger than the
expected cumulated intensity over [0, T ].
Proof We follow the approach of Raviv [51] based on variational inequalities. An approach
by penalisation has also been proposed by Gollier [34].

Let φ ∈ C and α ∈ [0, 1]. We have U (φ∗) ≥ U (φ∗ + α(φ − φ∗)). Letting α go to 0, we
obtain the first order necessary condition

∀φ ∈ C,

∫ +∞

0
G(φ∗)[z] (φ(z) − φ∗(z)

) ≤ 0. (20)

First of all, assuming by contradiction that the optimal solution is full reinsurance, i.e.φ∗ = I,
we would have H [φ∗ − I] = H [�I · (φ∗ − I)] = 0 and G(φ∗) = (M(T ) − cT ) < 0.
It is in contradiction with Eq. (20). Hence, the optimal solution is different from the total
reinsurance: φ∗ �= I.

Second, assuming by contradiction that the optimal solution is no-reinsurance at all, i.e.
φ∗ = 0, we have H [−I] = −θ < 0. A direct computation gives G(0) = (M(T ) − cT ) +
2γ θ A(T ) + γ H [�I2]B(T ) + γ

[
θ�B(T ) + 2M(T )

] I, for �-almost surely every z. This
result violates condition (20), since the support of � is not bounded.

Let ε small enough and Dε := {z|ε < φ∗ < z − ε}, which is non empty thanks to the
assumption and the previous step of the proof. Then, φ∗+ := φ∗ + εIDε and φ∗− := φ∗ − εIDε

are in C. It yields G(φ∗) = 0 on Dε , thanks to (20). Taking the limit of ε goes to zero,
we obtain G(φ∗) = 0 on A1 �-almost surely thanks to monotone class theorem. Direct
computation of this condition yieldsA1. The two other domains,A0 andA1 are given by the
same kind of arguments.

Now, let us characterise the sets A0, A1 and A2. First, we notice that the gradient of U
is increasing on A0 and the slope of φ∗, as given in Eq. (19), is greater than 1 (because
H [φ∗ − I] < 0). Therefore, we have A0 = [0, a], A1 =]a, b] and A2 =]b,+∞[. We
also deduce from that configuration that a cannot be equal to 0. Indeed, assume that a = 0,
then φ∗(z) > z because its slope is larger than 1 on A1, which is not possible. In this case,
the only solution would be A1 = ∅, which is not the case from the previous steps of the
demonstration. Now, we can see that A2 cannot be empty because the slope of φ∗ is larger
than 1 on A1. ��
Remark 2 The form of the solution given by Theorem 2 is displayed in Figure 1. We can
see that φ∗ is piecewise affine, with three different parts. When the solution is not trivial
(in the interval [a, b]), its slope is greater than 1 and the extra-slope is driven by �, that is
the self-exciting parameter. This part stems from the clusters effects through the term B(T ).
This slope greater than one induces more reinsurance than in the classical case where the
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deductible is optimal. This leads to a zone where the extreme risks are totally reinsured.
Corollary 3 specifies the form of the optimal solution as a function of a and b.

Corollary 3 Let the assumptions of Theorem 2 hold. Then, the optimal solution of (Pr) is
given by

φ∗(z) = min

{
z ; b

b − a
(z − a)+

}

with b > a satisfying

�

∫ b

0

(
z − b

b − a
(z − a)+

)
�(dz) = 2M(T )

B(T )

a

b − a
.

Proof From Theorem 2, we know that φ∗ is affine on [a, b], equal to 0 at a and equal to b at
b. Its slope is, therefore, b

b−a . It is also equal, by Eq. (19), to 1− �
B(T )
2M(T )

H [φ∗ − I]. Direct
computation yields the result. ��

3.3 Limit to the Poisson case

In this subsection, we show how the previous result converges to the Poisson framework
when the self-exciting parameter � goes to zero. Since the parameter � impacts not only the
shape of the optimal contract but also the frequency of the losses over the considered window
time [0, T ], we will assume that the parameters are changed in such way that the following
holds.

Invariance of the expected number of events: the frequency of the loss arrival in the
Poisson case, denoted by λP coincide with the average intensity of the Hawkes arrival.
That is λP = M(T )/T .

Invariance of the expected cost: The optimal contract is specified by its cost cH [φ∗]. We
will assume that the cost is constant and then H [φ∗] is invariant when � changes.

The first condition guarantees that the average number of events during the window [0, T ] is
unchanged when � decreases. A direct computation, adapting for instance the arguments in
[13, Section 5.1], the average number of events M(T ) increases with the self-exciting param-
eter �. We have, in particular, M(T ) = β

β−θ�
λT + (λ0 − λ)e−(β−θ�)T . As a consequence,

when � decreases, we have to increase the parameter λ to keep M(T ) = λP T .
To simplify our analysis, we assume that the contract is signed outside cluster period, in

order to can assume λ0 = λ. We sum-up the results into the following corollary.

Corollary 4 (Convergence to Poisson setup) Under the previous conditions, the optimal con-
tract φ∗ converges to the excess-of-loss reinsurance contract when the self-exciting parameter
� decreases to zero and in particular we have that

Decreasing slope: The slope in the intermediate region A1 decreases when � decreases and
converges to 1 if � goes to zero.

Decreasing franchise: The deductible threshold a decreases when � decreases, such that
the optimal contract is to not cover any loss below to a.

Increasing threshold b: The threshold b increases when � decreases, such that the optimal
contract is to cover all loss above b.
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Proof Since λ0 = λ, we directly obtain m(t) = β

β−θ�
λ = λP , see [13, Section 5.1], and

then m(t) is unchanged when � changes. By a direct integration we have

B(T ) = 1 − e−(β−�θ)T

(β − �θ)2
λP

It is easy to see that B(T ) is increasing in �. It is easy then to see that �B(T ) is a strictly
increasing function of �. When � decreases the slope of the optimal contract in the inter-
mediate region A1 is then decreasing.

The two other results are obtained by contradiction. Assumefirst that there exists�1 > �2

such that a(�1) < a(�2). Then, since the slope of optimal contract in the intermediate region
A1 increases with �, it is easy to see that the optimal contract for �1 dominates the one for
�2 violating the condition of invariant cost cH [φ∗]. A similar argument guarantees that the
threshold b increases when � decreases. ��

Finally, we can easy remark that the mean variance criterion of the Hawkes setup, see
Eq. (13), converges to the one of Poisson, see (17), since the last term is proportional to �

whereas the second-to-last is proportional to A(T ) which disappears when � goes to zero.
In particular the function A(T ) can be interpreted as a variance of the number of the jumps
expected in the window [0, T ]. In this sense the second-to-last term in (13) can be interpreted
as the result of a Wald identity that will disappear in the Poisson limit.

4 Conclusion

In a static framework, the optimal form of reinsurance contract is the excess-loss contract, as
demonstrated by Arrow [6]. This result has been extended to a continuous-time framework
[1]. However, we show that this is no longer valid in the presence of clustering effects
on losses. We consider a marked Hawkes process, where the times of jumps represent the
occurrence of claims, and the marks indicate the associated financial losses. The intensity of
theHawkes process increaseswith each jump, reflecting the presence of clusters of events. The
reinsurance contract is modelled as a function in L2(R+) and applies to each loss occurrence.
The criterion used to assess the risk profile is a static mean-variance function over a given
finite horizon T . We derive a closed-form formula for this criterion and demonstrate that
the optimal contract is not an excess-loss function (deductible), but rather comprises three
components:

• No reinsurance below a certain level of loss a.
• Reinsurance according to an affine function on [a, b], with a slope greater than 1. This

slope, which exceeds 1, is a consequence of clustering effects and stochastic jump inten-
sity, and it accounts for the existence of the third component.

• Full reinsurance above the level of loss b.

This result is derived under very mild assumptions regarding the distribution of loss sizes
(with non-bounded support) and the reinsurance cost (which exceeds the expected intensity of
jumps). The specific form of the optimal contract in the clustered case is a direct consequence
of the stochastic jump intensity, which influences the variance. When our model converges
to a Poisson process while maintaining a constant average intensity over the interval [0, T ],
the optimal contract aligns with the classical excess-loss problem.

This result highlights that clustering effects can significantly alter the perception of risk
and the need for reinsurance. Specifically, the optimal form of reinsurance in the presence of
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clusters of jumps tends to fully cover tail risk. We emphasize that, in contrast to a substantial
body of literature [37, 43], our setup does not lead to amoral hazard issue. First, ex-antemoral
hazard, referring to the distortion of insurers’ behaviour, does not arise due to the feedback
effect of the Hawkes process, which increases the probability of new events. Meanwhile, ex-
post moral hazard, related to the distortion of claims, is canceled in ourmarkedHawkes setup,
where the arrival of new events is positively influenced not only by previous occurrences but
also by their magnitudes.

Future investigations could include a statistical studyof the feedback self-exciting effect, in
particular relaxing the hypothesis of exponential kernel usingLaplace transform technique see
[7, 15, 16, 18, 40]. Techniques proposed by Brignone et al. [23] in the context of commodities
could be adapted for this purpose. Additionally, Brachetta et al. [21] have examined amixture
of Poisson and Hawkes frameworks without focusing on the shape of the optimal contract,
providing an opportunity to analyse how the optimal contract depends on the chosen filter.
Finally, a more general form of contracts could be explored, such as relaxing the non-negative
constraint as suggested by Gollier [34].
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