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ARTICLE INFO ABSTRACT

JEL classification: We examine the sensitivity at the origin of the distributional robust optimization problem in the
60H10 context of a model generated by a mean field stochastic differential equation. We adapt the finite
91G45

dimensional argument developed by Bartl, Drapeau, Obloj, & Wiesel to our framework involving
the infinite dimensional gradient of the solution of the mean field SDE with respect to its initial

Keywords:

Distributionally robust optimization data. We revisit the derivation of this gradient process as previously introduced by Buckdahn,
Tangent process for McKean-Vlasov SDEs Li, Peng, & Rainer and we complement the existing properties so as to satisfy the requirement
Model risk of our main result. We use the theory developed in the context of a mean-field systemic risk

model by evaluating the sensitivity with respect to the initial distribution for the variance of the
log-monetary reserve of a representative bank.

1. Introduction

Distributionally robust optimization (DRO) has been very popular in the recent Operations Research literature. The main idea
is to formulate the traditional worst case evaluation of some criterion g(u) of a model defined by a probability measure u outside
the restricted framework of parametric models, and to consider instead all possible deviations of the underlying model in the set of
probability measures. The discrepancy between such probability measures was evaluated through the Kullback divergence in Lam
[1], the total variation distance in Farokhi [2], a criterion based a cumulative distribution functions in Bayraktar and Chen [3], and
more recently through the p—Wasserstein distance in Esfahani and Kuhn [4] and Blanchet and Murthy [5], see also Neufeld, En, and
Zhang [6], Fuhrmann, Kupper and Nendel [7], Blanchet and Shapiro [8], Nendel and Sgarabottolo [9], Blanchet, Chen and Zhou [10],
Blanchet, Kang and Murthy [11], Blanchet, Li, Lin and Zhang [12], Lanzetti, Bolognani and Doérfler [13], Yue, Kuhn and Wiesemann
[14].

By restricting to models in the p—Wasserstein ball with radius 6 centered at the model of interest, the DRO value function reduces
to a scalar function of § defined as the worst evaluation of the criterion g in this neighborhood. Our interest here is on the sensitivity
at the origin of the DRO as derived in Bartl, Drapeau, Obloj, and Wiesel [15], see also Bartl and Wiesel [16] for similar results in the
context of the adapted Wasserstein ball, Jiang and Obloj [17] for the continuous time extension of [16], and Sauldubois and Touzi
[18] for the martingale Wasserstein ball with possibly restricted marginals.

* Corresponding author.
E-mail addresses: defeo@math.tu-berlin.de (F. de Feo), s.federico@unibo.it (S. Federico), fgozzi@luiss.it (F. Gozzi), nizar.touzi@nyu.edu (N.
Touzi).

https://doi.org/10.1016/j.spa.2025.104868

Received 10 April 2025; Accepted 31 December 2025

Available online 3 January 2026

0304-4149/© 2026 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/spa
https://www.elsevier.com/locate/spa
https://orcid.org/0000-0002-0536-2161

$g(\mu )$


$\mu $


$p-$


$p-$


$\delta $


$\delta $


$g$


$g(\mu ):=\phi \,\circ \,(T_\#\mu )$


$T$


$\mu $


$g(\mu ):=\phi \,\circ \,(T_\#\mu )$


$\mathbb R^{d \times h}$


$d \times h-$


$\mathbb R$


$|\cdot |$


$^{T}$


$E$


$\mathcal {B}(E)$


$\sigma -$


$E$


$\mathcal {P}(E)$


$(E, \mathcal {B}(E)).$


$x\in E$


$\delta _x$


$\mathcal {P}(\mathbb R^{d } \times \mathbb R^{d })$


$\mu , \mu ' \in \mathcal {P}(\mathbb R^{d})$


$\Pi (\mu ,\mu '):=\big \{\pi \in \mathcal {P}(\mathbb R^{d } \times \mathbb R^{d }): \ \pi (\cdot \times \mathbb R^{d })=\mu , \ \pi (\mathbb R^{d } \times \cdot )=\mu ^{\prime }\big \} .$


$(\Omega , {\mathcal F}, \P )$


$X \colon \Omega \to {\mathbb R}^{d \times h}$


$\P _X$


$X$


$p>0$


$L^p(\mathcal F; {\mathbb R}^{d \times h})$


$p-$


$X$


$\| X\|_{L^p}:={(\E |X|^p)}^{1/p}$


$L^p(\mathcal F):=L^p(\mathcal F; \mathbb R)$


$p=2$


$\langle \cdot ,\cdot \rangle _{L^2}$


$(\Omega , \mathcal F, \P )$


$A \in \mathcal F$


$\P (A)>0$


$B \subsetneq A$


$\P (B)>0.$


$\mu \in \mathcal P(\mathbb R^{d \times h})$


$X \colon \Omega \to \mathbb R^{d \times h}$


$\P _X=\mu .$


$\mathcal {P}_2(\mathbb R^{d }):=\left \{\mu \in \mathcal {P}(\mathbb R^{d }): \|\mu \|_2<\infty \right \},$


$\|\mu \|_2:={\left ( \int _{\mathbb R^{d}} | x|^2 \mu (d x) \right )}^{1/2}.$


$\mathcal {P}_2(\mathbb R^{d })$


$2$


\begin {equation*}\mathcal {W}_2\left (\mu , \mu ^{\prime }\right ):=\inf _{\pi \in \Pi (\mu ,\mu ')} {\left ( \int _{\mathbb R^{d } \times \mathbb R^{d }} |x-y|^2 \pi (d x, d y) \right )}^{\frac {1}{2}},\quad \mu , \mu ^{\prime } \in \mathcal {P}_2(\mathbb R^{d }).\end {equation*}


$\left (\mathcal {P}_2(\mathbb R^{d }), \mathcal {W}_2\right )$


$\pi ^* \in \Pi (\mu ,\mu ')$


$\mathcal {W}_2\left (\mu , \mu ^{\prime }\right )=\int _{\mathbb R^{d } \times \mathbb R^{d }} |x-y|^2 \pi ^*(d x, d y)$


\begin {equation}\label {eq:W2(mu,delta0)} \|\mu \|_2=\mathcal W_2(\mu ,\delta _0), \quad \mu \in \mathcal {P}_2(\mathbb R^{d }).\end {equation}


$B^2_\delta (\mu ):=\left \{ \mu ' \in \mathcal {P}_2(\mathbb R^{d }) : \ \ \mathcal {W}_2\left (\mu ', \mu \right ) \leq \delta \right \}$


$(\Omega , \mathcal F, \P )$


$\mathcal {P}_2(\mathbb R^{d })=\left \{ \P _X: X \in L^2(\mathcal F; \mathbb R^{d } )\right \},$


$\mu \in \mathcal {P}_2(\mathbb R^{d })$


$X\in L^2(\mathcal F;\mathbb R^d)$


$\P _{X}=\mu $


$\mu , \mu ' \in \mathcal {P}_2(\mathbb R^{d })$


$\Pi (\mu ,\mu ') \subset \mathcal {P}_2(\mathbb R^{d } \times \mathbb R^{d })$


$\Pi (\mu ,\mu ')=\Big \{\P _{(X,X')} : \ X,X' \in L^2(\mathcal F; \mathbb R^{d } ), \ \mathbb P_X = \mu , \mathbb P_{X'} = \mu ' \Big \} .$


$\mu , \mu ^{\prime } \in \mathcal {P}_2(\mathbb R^{d })$


$\mathcal {W}_2\left (\mu ,\mu ^{\prime }\right ):=\inf \big \{ \| X-X'\|_{L^2}: \ X,X' \in L^2(\mathcal F; \mathbb R^{d }),\ X \sim \mu , \ X' \sim \mu ' \big \}.$


$X,X' \in L^2(\mathcal F; \mathbb R^{d })$


$\P _{(X , X')}=\pi ^* \ \ \mbox {and} \ \ \mathcal {W}_2\left (\mu , \mu ^{\prime }\right )=\| X-X'\|_{L^2}.$


$L-$


$\phi \colon \mathcal {P}_2\left (\mathbb {R}^d\right ) \rightarrow \mathbb R$


$\delta _\mu \phi : \mathcal {P}_2\left (\mathbb {R}^d\right ) \times \mathbb {R}^d \rightarrow {\mathbb R}$


$x \mapsto \delta _\mu \phi (\mu , x)$


$x$


$\mu $


\begin {equation*}\phi (\mu ^{\prime })-\phi (\mu )=\int _0^1\int _{\mathbb {R}^d} \delta _\mu \phi (\mu ^\lambda ,x) \left (\mu ^{\prime }-\mu \right )(dx) d \lambda , \ \ \ \mu , \mu ^{\prime } \in \mathcal {P}_2 (\mathbb {R}^d),\end {equation*}


$\mu ^\lambda :=\lambda ( \mu ^{\prime }-\mu )+ \mu $


$\mathcal C^1_{LF}( \mathcal {P}_2(\mathbb {R}^d);\R )$


$\phi \colon \mathcal {P}_2\left (\mathbb {R}^d\right ) \rightarrow \mathbb R$


$L$


$\mathcal {C}_{LF}^1\left ( \mathcal {P}_2\left (\mathbb {R}^d \right ); \mathbb {R} \right )$


$\mu \in \mathcal {P}_2\left (\mathbb {R}^d\right )$


$x \mapsto \delta _\mu \phi (\mu , x)$


$(\mu , x) \mapsto \partial _x \delta _\mu \phi (\mu , x) \in \mathbb {R}^{d}$


$x$


$\mu $


$\partial _x \delta _\mu \phi $


$L$


$\phi $


$C^1\left (\mathcal {P}_2\left (\mathbb {R}^d\right );\mathbb {R} \right )$


$C^1\left (\mathcal {P}_2\left (\mathbb {R}^d\right );\mathbb {R}^{d\times m} \right )$


$L-$


$\partial _x \delta _\mu \phi $


$C^{1} (\mathbb R^d \!\times \! \mathcal {P}_2\left (\mathbb {R}^d\right );\mathbb R^{d \times m} )$


$\phi \colon \mathbb R^d \times \mathcal {P}_2\left (\mathbb {R}^d\right ) \longrightarrow \mathbb R^{d \times m}$


$\phi (\cdot ,\mu ) \!\in \! C^1\left (\mathbb {R}^d;\mathbb {R}^{d\times m} \right )$


$\mu \in \mathcal {P}_2\left (\mathbb {R}^d\right )$


$\partial _{x} \phi (x,\mu )$


$\phi (x,\cdot ) \!\in \! C^1\left (\mathcal {P}_2\left (\mathbb {R}^d\right );\mathbb {R}^{d\times m} \right )$


$x \in \mathbb R^d$


$L-$


$\partial _{\tilde x} \delta _{\mu } \phi (x,\mu ,\tilde x)$


$C^{1}_b (\mathbb R^d \times \mathcal {P}_2\left (\mathbb {R}^d\right );\mathbb R^{d \times m} )$


$\phi $


$\partial _{x} \phi $


$\partial _{\tilde x} \delta _{\mu } \phi $


$C^{1,1} (\mathbb R^d \times \mathcal {P}_2\left (\mathbb {R}^d\right );\mathbb R^{d \times m} )$


$C^{1,1}_b (\mathbb R^d \times \mathcal {P}_2\left (\mathbb {R}^d\right );\mathbb R^{d \times m} )$


$\phi $


$\partial _{x} \phi $


$\partial _{\tilde x} \delta _{\mu } \phi $


$T>0$


$\left \{B_t\right \}_{t \in [0,T]}$


$m$


$(\Omega , \mathcal {F}, \P )$


$\mathbb {F}=(\mathcal {F}_t)_{t \in [0,T]}$


$B$


$\mathcal S^2([0,T];\mathbb R^{d \times h})$


$\mathbb {F}-$


$Y$


$\mathbb R^{d \times h}$


$\|Y \|_{\mathcal S^2}^2:=\E \left [ \sup _{t \in [0,T]} |Y_t|^2\right ] < \infty .$


$\xi \in L^2\left (\mathcal F_0; \mathbb R^d\right )$


$b=(b^0,b^1) \colon \mathbb R^d \times \mathcal P(\mathbb R^d) \to \mathbb R^d\times \mathbb R^{d \times m}$


\begin {equation}\label {eq:sde} X_t^{\xi }=\xi +\int _0^t b( X_s^{\xi }, \P _{X_s^{\xi }} ) d Z_s, \quad t \in [0, T], ~\mbox {where}~ Z_t =\begin {bmatrix} Z_t^0\\ Z_t^1 \end {bmatrix} :=\begin {bmatrix} t\\ B_t \end {bmatrix}.\end {equation}


\begin {equation}\label {ass:sde} \left |b( x, \mu )-b\left (x^{\prime }, \mu ^{\prime }\right )\right | \leq C \left (\left |x-x^{\prime }\right |+\mathcal {W}_2\left (\mu , \mu ^{\prime }\right )\right ), ~(x, \mu ),\left (x^{\prime }, \mu ^{\prime }\right ) \in \mathbb {R}^d \times \mathcal {P}_2\big (\mathbb {R}^d\big ),\end {equation}


$C>0$


$X^{\xi }$


$\mathcal S^2([0,T];\mathbb R^d)$


$C>0$


\begin {equation}\label {eq:estimate_E_X_X0_wrt_initial_cond} \|X^{\xi }\|_{\mathcal S^2} \leq C \|\xi \|_{L^2} ~\mbox {and}~ \|X^{\xi }-X^{ \xi '}\|_{\mathcal S^2} \leq C \|\xi - \xi '\|_{L^2}, ~\mbox {for all}~ \xi , \xi ' \in L^2\big (\mathcal F_0 ; \mathbb {R}^d\big ).\end {equation}


$X^\xi $


$\xi $


\begin {equation}\label {class} \mathcal {R}_{\mu _{0}}:= \big \{\xi \in L^2(\mathcal F_0;\mathbb R^d): \ \P _{\xi }=\mu _{0}\big \}.\end {equation}


$\mu _{0}$


$\xi \in \mathcal {R}_{\mu _{0}}$


$\P _{\!X_t^{\mu _0}}$


$\P _{\!X_t^{\xi }}$


$\xi \in \mathcal {R}_{\mu _{0}}$


$\phi \colon \mathcal {P}_2(\mathbb {R}^d) \longrightarrow \mathbb R$


$r=0$


\begin {equation*}\Phi (\mu _0 ,r) := \sup _{\mu _0' \in B^2_r(\mu _0)} \phi \big (\mu _T'\big ), \ \ \ \quad \mu _0 \in \mathcal {P}_2(\mathbb {R}^d), \ r \geq 0 ,\end {equation*}


$\mu _t^\prime :=\P _{\!X_t^{\mu '_0}}=\P _{\!X_t^{\xi '}}$


$t\in [0,T]$


$X^{\xi '}$


$\xi '\in \mathcal {R}_{\mu _{0}'}$


$\mu _0'=\mu _0,$


$\xi $


$\mu _t:=\P _{X_t^{\xi }}$


$t\in [0,T]$


$\phi $


$C>0$


$| \phi (\mu )|\leq C(1+\|\mu \|_2^2),$


$\mu \in \mathcal P_2(\mathbb R^d).$


$\phi \in C^1\left (\mathcal {P}_2\left (\mathbb {R}^d\right )\right )$


$\varpi $


\begin {align*}& |\partial _x \delta _\mu \phi (\mu ',x )- \partial _x \delta _\mu \phi (\mu ,x )| \leq \varpi (\mathcal W_2(\mu ',\mu )), & \mu , \mu ' \in \mathcal P_2(\mathbb R^d),x \in \mathbb R^d,\end {align*}


$\mu \in \mathcal P_2(\mathbb R^d)$


$\varpi _\mu $


\begin {align*}& |\partial _x \delta _\mu \phi (\mu ,x' )- \partial _x \delta _\mu \phi (\mu ,x )| \leq \varpi _\mu (|x'-x|), & x,x' \in \mathbb R^d.\end {align*}


$f \in C^1(\mathbb R^d)$


$\nabla f$


$\phi (\mu ):=\int _{\mathbb R^d} f(x) \mu (dx)$


$f$


$\partial _x \delta _\mu \phi (\mu ,x )=\nabla f(x)$


$\psi \in C^1(\mathbb R)$


$\psi '$


$f\in C^1_b(\mathbb R^d)$


$\nabla f$


$\phi (\mu ):=\psi \left (\int _{\mathbb R^d} f(x) \mu (dx)\right )$


$\psi ,f$


$\partial _x \delta _\mu \phi (\mu ,x )=\psi '\left (\int _{\mathbb R^d} f(y) \mu (dy) \right )\nabla f(x)$


$\varpi $


$\mathcal W_1$


$1$


\begin {align*}|\partial _x \delta _\mu \phi (\mu ',x )-\partial _x \delta _\mu \phi (\mu ,x )| &\leq \left |\psi '\left (\int f d\mu '\right ) - \psi '\left (\int f d\mu \right ) \right | |\nabla f(x)| \\ & \leq \varpi \left (\left |\int f d\mu '-\int f d\mu \right | \right )\leq \varpi \left (\mathcal W_1(\mu ',\mu ) \right ) \leq \varpi \left (\mathcal W_2(\mu ',\mu ) \right ),\end {align*}


$f$


\begin {align*}|\partial _x \delta _\mu \phi (\mu ,x' )-\partial _x \delta _\mu \phi (\mu ,x )|\leq \left | \psi '\left (\int f d\mu \right ) \right | |\nabla f(x')-\nabla f(x)| \leq \left | \psi '\left (\int fd\mu \right ) \right | \varpi (|x'-x|).\end {align*}


$C>0$


$| {\Phi } (\mu _0,r )|\leq C (1+r^2+ \|\mu _0 \|_2^2),$


$\mu _0 \in \mathcal {P}_2(\mathbb {R}^d), \ r >0.$


\begin {equation*}K_R := \sup _{t \in [0,T]}\sup _{\mu _0\in B^2_R(\mu _0)} \left \| \partial _x \delta _\mu \phi (\mu _t,X_t^{\xi })\right \|_{L^2} <\infty ~\mbox {for all}~R>0.\end {equation*}


$r >0$


$\mu _0 \in \mathcal {P}_2(\mathbb {R}^d)$


$\mu '_0\in B^2_r(\mu _0)$


$C$


$\big |\phi \big (\mu _T'\big )\big | \leq C\big (1+\big \|\mu _T'\big \|_2^2\big )=C\big (1+\big \|X_T^{\xi '}\big \|_{L^2}^2\big )$


$\mathcal W_2(\cdot ,\cdot )$


\begin {equation*}\big |\phi \big (\mu _T'\big )\big | \leq C\big (1+\big \|\xi '\big \|_{L^2}^2\big ) = C\big (1+\big \|\mu _0'\big \|_{2}^2\big ) \leq C\big (1+\mathcal W_2(\mu _0',\mu _0)^2+\big \|\mu _0\big \|_{2}^2\big ) \leq C (1+r^2+ \|\mu _0 \|_2^2),\end {equation*}


$t \in [0,T]$


$\mu _0 \in \mathcal {P}_2\left (\mathbb {R}^d\right )$


$\|\mu _0 \|_2 \leq R$


$\|\mu _t\|^{2}_{2}= \|X_t^{\xi } \|^{2}_{L^2}\leq {C} (1+ \|\xi \|^{2}_{L^2})={C} (1+ \|\mu _0\|^{2}_{2})\leq {C} (1+R^{2})$


$C>0$


$|\partial _x \delta _\mu \phi |$


$C_{R}>0$


\begin {align*}\left \| \partial _x \delta _\mu \phi (\mu _t,X_t^{\xi })\right \|_{L^2}^2 \leq C_R (1+ \|X_t^{\xi } \|_{L^2}^2) \leq C_R (1+ \|\xi \|_{L^2}^2)=C_R (1+ \|\mu _0\|_{2}^2)\leq {C_{R}(1+{R}^{2})}.\vspace {-.6cm}\end {align*}


$\Phi $


$\mu $


$\xi \mapsto X_t^{\xi }$


$(E,\|\cdot \|_E),(F,\| \cdot \|_F)$


$\mathcal L(E,F)$


$L$


$E$


$F$


$|L|_{\mathcal L } := \sup _{\|x\|_E=1}\|Lx\|_F$


$\xi \mapsto X_t^{\xi }$


$D_{\xi }X_t^{\xi }\in \mathcal {L}\left (L^2(\mathcal F_0;\mathbb R^d); L^2(\mathcal F_t;\mathbb R^d)\right )$


$D_{\xi }X_t^{\xi }$


$(D_{\xi }X_t^{\xi })^*$


\begin {equation}\label {GD} \left ([D_{\xi }X_t^{\xi }]\eta \right ) (\omega ):=\nabla X_t^{\xi , \P _{\xi }}(\omega )\eta (\omega ) +\left [ \partial _{\xi } X_{t}^{\xi , \P _{\xi }} \eta \right ] (\omega ) , \ \ \ \eta \in L^2(\mathcal F_0;\mathbb R^d).\end {equation}


\begin {equation}\label {eq:D_X0_XtX0*} \left [ {\left (D_{\xi }X_t^{\xi } \right )}^*\eta \right ](\omega )= {\left (\partial _{x_0} X_t^{\xi , \P _{\xi }} \right )}^T(\omega ) \eta (\omega ) +\left [ {\left (\partial _{\xi } X_{t}^{\xi , \P _{\xi }} \right )}^* \eta \right ](\omega ) .\end {equation}


$b\in C^{1,1}_b (\mathbb R^d \times \mathcal {P}_2\left (\mathbb {R}^d \right ) ; \mathbb R^{d} \times \mathbb R^{d \times m})$


$d=m=1$


$\hat b\in C^{1,1}_b (\mathbb R \times \mathbb R ; \mathbb R \times \mathbb R)$


$g \in C^{1,1}_b(\mathbb R)$


$b(x,\mu ):=\hat b \left (x,\int _{\mathbb R^d} g(y)\mu (dy)\right )$


$\partial _x \hat b, \partial _y \hat b$


$\hat b$


\begin {equation*}\partial _{x} b (x,\mu )=\partial _{x}\hat b \left (x,\int _{\mathbb R^d} g(z) \mu (dz) \right ), \ \
\partial _{\tilde x} \delta _\mu b (x,\mu ,\tilde x )=\partial _{y}\hat b\left (x,\int _{\mathbb R^d} g(z) \mu (dz) \right )g'(\tilde x).\end {equation*}


$t \in [0,T]$


$\xi \in L^2(\mathcal F_0;\mathbb R^{d}) \mapsto X_t^{\xi }\in L^2(\mathcal F_t;\mathbb R^{d })$


${\xi } \in L^2 (\mathcal F_0;\mathbb R^d)$


$D_{\xi } X_t^{\xi } \in \mathcal L\left (L^2(\mathcal F_0;\mathbb R^d); L^2(\mathcal F_t;\mathbb R^d)\right )$


\begin {equation*}\sup _{\xi \in L^2 (\mathcal F_0;\mathbb R^d)} \sup _{t \in [0,T]} \left \| D_{\xi }X_t^{\xi } \right \|_{\mathcal L}<\infty ~~\mbox {and}~~ \lim _{r \to 0}\frac 1 {|r|} \left \| X_t^{ \xi +r \eta }-X_t^{\xi }-r\, D_{\xi } X_{t}^{\xi } \eta \right \|_{L^2}=0, \ \ \ \eta \in L^2 (\mathcal F_0;\mathbb R^d).\end {equation*}


$\xi \mapsto D_{\xi }X_t^{\xi }$


$\eta \in L^2 (\mathcal F_0;\mathbb R^d)$


$\varpi _\eta $


\begin {align}\left \|\left (D_{\xi }X_t^{\xi '} - D_{\xi }X_t^{\xi }\right ) \eta \right \|_{L^2} \leq \varpi _\eta (\|\xi '-\xi \|_{L^2}), \ \ \xi , \xi ' \in L^2 (\mathcal F_0;\mathbb R^d).\end {align}


${\left (D_{\xi }X_t^{\xi } \right )}^* \in \mathcal L (L^2(\mathcal F_t;\mathbb R^d); L^2(\mathcal F_0;\mathbb R^d) )$


$\big \|{\big (D_{\xi }X_t^{\xi }\big )}^*\big \|_{\mathcal L}$


$(t,\xi )$


$t \in [0,T]$


\begin {equation*}\left \|\left [ {\left (D_{\xi }X_t^{\xi '}\right )}^*-{\left ( D_{\xi }X_t^{\xi }\right )}^*\right ]\eta \right \|_{L^2} \leq \varpi _{\eta } (\|\xi '-\xi \|_{L^2}), \ \xi ,\xi '\in L^2 (\mathcal F_0;\mathbb R^d),~\eta \in L^2 (\mathcal F_t;\mathbb R^d).\end {equation*}


$\varpi _\eta $


$\mu _0 \in \mathcal {P}_2\left (\mathbb {R}^d\right )$


$r \longmapsto {\Phi }(\mu _0,r)$


$0$


\begin {align*}\frac { \partial {\Phi }}{\partial r} (\mu _0,0 ) =\Big \| {\big (D_{\xi }X_T^{\xi } \big )}^* \partial _x \delta _\mu \phi (\mu _T,X_T^{\xi } )\Big \|_{L^2}.\end {align*}


$\Delta _r := \frac {{\Phi }(\mu _0, r)-{\Phi }(\mu _0, 0)}{r},$


$\zeta :={\big (D_{\xi }X_T^{\xi } \big )}^* \partial _x \delta _\mu \phi (\mu _T,X_T^{\xi })$


$\xi \in \mathcal {R}_{\mu _{0}}$


$\limsup _{r \searrow 0} \Delta _r \leq \| \zeta \|_{L^2}$


$L-$


\begin {align*}r\Delta _r = \sup _{\mu _0' \in B^2_r(\mu _0)} \left \{\phi \left (\mu _T'\right )- \phi \left (\mu _T \right )\right \} &=\sup _{\mu _0' \in B^2_r(\mu _0)} \int _0^1\int _{\mathbb R^d} \delta _\mu \phi (\mu _T^{\lambda _1},x) (\mu _T'-\mu _T)(dx) d \lambda _1 \\ &=\sup _{\mu _0' \in B^2_r(\mu _0)} \int _0^1 \E \left [ \delta _\mu \phi (\mu _T^{\lambda _1},X_T^{\xi '}) -\delta _\mu \phi (\mu _T^{\lambda _1},X_T^{\xi }) \right ] d \lambda _1 \\ &= \sup _{\mu _0' \in B^2_r(\mu _0)} \int _0^1\int _0^1 \E \left [ \left \langle \partial _x \delta _\mu \phi (\mu _T^{\lambda _1},X_T^{\lambda _2} ), X_T^{\xi '}-X_T^{\xi } \right \rangle \right ] d\lambda _2d \lambda _1,\end {align*}


$\mu _t^{\lambda _1}:=\lambda _1 ( \mu _t'-\mu _t) + \mu _t, \ \ X_t^{\lambda _2}:=\lambda _2(X_t^{\xi '}-X_t^{\xi }) +X_t^{\xi },$


$\lambda _1, \lambda _2\in [0,1], t \in [0,T].$


$X_T^{\xi '}-X_T^{\xi }=\int _0^1 \big [D_{\xi }X_T^{\xi ^{\lambda _3}}\big ](\xi '-\xi )d \lambda _3$


$\xi ^{\lambda _3}:=\lambda _3(\xi '-\xi ) +\xi .$


$\lambda =(\lambda _1, \lambda _2,\lambda _3)$


\begin {align}r\Delta _r &=\sup _{\mu _0' \in B^2_r(\mu _0)} \int _{[0,1]^3} \E \left [ \left \langle \partial _x \delta _\mu \phi (\mu _T^{\lambda _1},X_T^{\lambda _2} ), D_{\xi }X_T^{\xi ^{\lambda _3}} (\xi '-\xi ) \right \rangle \right ]d\lambda \nonumber \\ &=\sup _{\mu _0' \in B^2_r(\mu _0)} \int _{[0,1]^3} \E \left [ \left \langle \zeta ^\lambda , \xi '-\xi \right \rangle \right ]d\lambda , ~~\mbox {with}~~ \zeta ^\lambda := {\big (D_{\xi }X_T^{\xi ^{\lambda _3}}\big )}^* \partial _x \delta _\mu \phi (\mu _T^{\lambda _1},X_T^{\lambda _2} ). \label {eq:delta_Delta}\end {align}


$\xi ',\xi \in L^2(\mathcal F_0;\mathbb R^d)$


$\P _{(\xi ',\xi )} \in \Pi (\mu _0,\mu '_0)$


$\mu '_0=\P _{\xi '},$


$\mu _0=\P _{\xi }$


\begin {align}\Delta _r \leq \frac 1{r} \sup _{\mu _0' \in B^2_r(\mu _0)} \int _{[0,1]^3} \big \| \zeta ^\lambda \big \|_{L^2} \big \| \xi '-\xi \big \|_{L^2} d\lambda &= \frac 1{r} \sup _{\mu _0' \in B^2_r(\mu _0)} \int _{[0,1]^3} \big \| \zeta ^\lambda \big \|_{L^2} \mathcal W_2(\mu _0',\mu _0)\ d\lambda \nonumber \\ &\leq \sup _{\mu _0' \in B^2_r(\mu _0)} \int _{[0,1]^3} \big \| \zeta ^\lambda \big \|_{L^2} \ d\lambda .\label {eq:equality_incremental limit_varphi}\end {align}


$\mu _0' \in B^2_r(\mu _0)$


\begin {equation*}\begin {aligned} {E} :=\big \| \zeta ^\lambda -\zeta \big \|_{L^2} \leq E_1+E_2 ~\mbox {where}~ & E_1:=\left \| {\left (D_{\xi }X_T^{\xi ^{\lambda _3}} \right )}^* \left [ \partial _x \delta _\mu \phi (\mu _T^{\lambda _1},X_T^{\lambda _2} )- \partial _x \delta _\mu \phi (\mu _T,X_T^{\xi } ) \right ] \right \|_{L^2} \\ & E_2:= \left \| \left [ {\left (D_{\xi }X_T^{\xi ^{\lambda _3}} \right )}^* - {\left (D_{\xi }X_T^{\xi } \right )}^*\right ] \partial _x \delta _\mu \phi (\mu _T,X_T^{\xi } )\right \|_{L^2}. \end {aligned}\end {equation*}


$\varpi _{\mu _T}$


\begin {align*}E_1&\leq C \left [ \left \| \partial _x \delta _\mu \phi (\mu _T^{\lambda _1},X_T^{\lambda _2} )- \partial _x \delta _\mu \phi (\mu _T,X_T^{\lambda _2} ) \right \|_{L^2}+\left \| \partial _x \delta _\mu \phi (\mu _T,X_T^{\lambda _2} )- \partial _x \delta _\mu \phi (\mu _T,X_T^{\xi } ) \right \|_{L^2} \right ]\\ & \leq C\left [ \varpi \left (\mathcal W_2(\mu _T^{\lambda _1},\mu _T) \right ) + \left \| \varpi _{\mu _T} \left (|X_T^{\lambda _2} -X_T^{\xi } | \right ) \right \|_{L^2}\right ] \\ & \leq C \left [\varpi \left (\left \| X_T^{\lambda _1} -X_T^{\xi } \right \|_{L^2} \right ) + \varpi _{\mu _T} \left (\left \| X_T^{\lambda _2} -X_T^{\xi } \right \|_{L^2} \right )\right ]\leq \varpi \left ( \left \| \xi ' -\xi \right \|_{L^2} \right ),\end {align*}


$\varpi $


$\mu _T$


$\mu _0$


$E_2$


$E_{2} \leq \varpi _{\xi } (\left \| \xi ^{\lambda _3} -\xi \right \|_{L^2} )$


$\hat \varpi $


\begin {equation}\label {eq:E} E \leq \hat \varpi \left ( \left \| \xi ' -\xi \right \|_{L^2} \right )=\hat \varpi (\mathcal W_2(\mu _0',\mu _0) ) \leq \hat \varpi (r), \ \ \ \mu _0' \in B^2_r(\mu _0),\end {equation}


$\P _{(\xi ',\xi )}=:\pi ^* \in \Pi (\mu _0,\mu '_0)$


$\mu '_0=\P _{\xi '}$


$\mu _0=\P _{\xi }$


$\Delta _r \leq \hat \varpi (r)+ \|\zeta \|_{L^2}$


$\limsup _{r \to 0}$


$\|\zeta \|_{L^2} \leq \liminf _{r \searrow 0} \Delta _r$


$\xi \in \mathcal {R}_{\mu _{0}}$


$\hat \xi :=\xi +r \frac {\zeta }{ \|\zeta \|_{L^2} }$


$\hat \mu _0:=\P _{ \hat \xi }$


$\zeta \in L^2(\mathcal F_0;\mathbb R^d),$


$\hat \xi \in L^2(\mathcal F_0;\mathbb R^d)$


$\mathcal W_2( \hat \mu _0, \mu _0) \leq \| \hat \xi -\xi \|_{L^2} = r,$


$\hat \mu _0 \in B^2_r(\mu _0).$


$\mu '_0:=\hat \mu _0$


\begin {align*}\Delta _r \ge \int _{[0,1]^3} \frac {\E \big [ \big \langle \zeta ^\lambda , \hat \xi - \xi \big \rangle \big ]}{r\|\zeta \|_{L^2}}d\lambda = \int _{[0,1]^3} \!\!\frac {\E \big [ \big \langle \zeta ^\lambda , \zeta \big \rangle \big ]}{\|\zeta \|_{L^2}} d\lambda & = \|\zeta \|_{L^2} + \int _{[0,1]^3} \!\!\frac {\E \big [ \big \langle \zeta ^\lambda -\zeta , \zeta \big \rangle \big ]}{\|\zeta \|_{L^2}}d\lambda \\ & \geq \|\zeta \|_{L^2}-\varpi (\| \hat \xi -\xi \|_{L^2} ) = \|\zeta \|_{L^2} -\varpi (r),\end {align*}


$\liminf _{r \to 0}$


$X_t^{x_0,\P _{\xi }}$


$\xi $


$\P _{X_{s}}^{\xi }$


$(\P _{X_s^{\xi }})_{s\in [0,T]}$


$X_{s}$


\begin {equation}\label {eq:sde_BLPR} X_t=x_0+\int _0^t \hat b\left (s, X_s\right ) d Z_s, \quad t \in [0, T],\end {equation}


$x_0\in \R ^{d}$


$\hat b\left (s, x\right ):= b\left (x, \P _{X_{s}^{\xi }}\right )$


$\mathcal {S}^2\left ([0, T] ; \mathbb {R}^{d }\right )$


$X^{x_0,\xi }$


$\xi $


$\P _{\xi }=\P _{\xi '}$


$\P _{X_t^{\xi }}=\P _{X_t^{\xi }}$


$t \in [0,T]$


$X^{x_0,\xi }$


$X^{x_0,\xi '}$


$X_t^{x_0,\P _{\xi }}:=X_t^{x_0,\xi }$


$\hat \xi $


$\in L^{2}({\mathcal {F}_{0}})$


\begin {equation}\label {aas1} X_t^{\hat \xi ,{\xi }}(\omega ):= X_t^{\hat \xi ,\P _{\xi }}(\omega ):= X_t^{\hat x_0,\P _\xi }(\omega )\mid _{\hat x_0=\hat \xi (\omega )} \quad \mbox {for a.e.} \ \omega \in \Omega , \quad t \in [0,T].\end {equation}


\begin {equation}\label {aas} X_t^{\xi ,{\xi }}(\omega ):= X_t^{\xi ,\P _{\xi }}(\omega )= X_t^{x_0,\P _\xi }(\omega )\mid _{x_0=\xi (\omega )} \quad \mbox {for a.e.} \ \omega \in \Omega , \quad t \in [0,T].\end {equation}


$X_t^{\xi ,\P _\xi }$


\begin {equation}\label {aaa} X^{\xi ,\P _{\xi }}= X^{\xi }, \quad \P \textit {-a.s.}\end {equation}


$B$


$\mathcal {F}_{0}$


\begin {equation*}\begin {aligned} \E \left [ X_t^{\hat \xi , {\xi }} \,\big |\, \hat \xi =\hat x_{0}, \, \xi =x_0\right ]=\E \left [ X_t^{\hat x_0, \delta _{x_0}} \right ],\quad t\in [0,T], \ x_0, \hat x_{0} \in \mathbb R^d. \end {aligned}\end {equation*}


$\hat \xi =\xi $


\begin {equation*}\begin {aligned} \E \left [ X_t^{\xi , {\xi }} \,\big |\, \xi =x_0\right ]= \E \left [ X_t^{\xi , \P _{\xi }} \,\big |\, \xi =x_0\right ]=\E \left [ X_t^{x_0, \delta _{x_0}} \right ],\quad t\in [0,T], \ x_0 \in \mathbb R^d. \end {aligned}\end {equation*}


$X_t^{x_0,\P _{\xi }}$


$x_0$


$X_t^{x_0,\P _{\xi }}$


$x_0$


$\nabla X^{ x_0, \P _{\xi }}$


\begin {align}\label {eq:tangent_process} &\nabla X_t^{ x_0, \P _{\xi }}= I_{d}+\int _0^t\partial _{x} b \left (X_r^{x_0, \P _{\xi }}, \P _{X_r^{\xi }}\right ) \nabla X_r^{x_0, \P _{\xi }} d Z_r ,\end {align}


$I_d$


$\R ^{d\times d}$


$\xi \in L^2(\mathcal F_0; \mathbb R^{d })$


$x_0 \mapsto X^{x_0,\P _{\xi }} \in \mathcal {S}^2\left ([0, T] ; \mathbb {R}^{d }\right )$


$x_0$


\begin {equation}\label {limit} \lim _{h \to 0} \frac 1{|h|} \left \| X^{ x_0+h, \P _{\xi }}-X^{x_0, \P _{\xi }}-\nabla X^{x_0, \P _{\xi }} h\right \|_{ \mathcal S^2}=0.\end {equation}


$C >0$


$t \in [0, T]$


$x_0, x_0^{\prime } \in \mathbb {R}^d$


$\xi , \xi ^{\prime } \in L^2\left (\mathcal F_0; \mathbb {R}^d\right )$


\begin {equation}\label {eq:tangent_lec_C} \left \|\nabla X^{x_0, \P _{\xi }}\right \|_{\mathcal S^2}^2 \leq C,\end {equation}


\begin {equation}\label {eq:tangent_continuity_est} \left \|\nabla X^{x_0, \P _{\xi }}-\nabla X^{x_0', \P _{\xi '}} \right \|_{\mathcal S^2}^2 \leq C\left (\left |x_0-x_0^{\prime }\right |^2+\mathcal W_2(\P _{\xi },\P _{\xi '})^2\right ),\end {equation}


$x_0,\xi $


$C>0$


\begin {equation}\label {eq:differentiability_x0_estimate} \left \| X^{ x_0+h, \P _{\xi }}-X^{x_0, \P _{\xi }}-\nabla X^{x_0, \P _{\xi }} h\right \|_{\mathcal S^2}\leq C |h|^2, \ \ \ \ \xi \in L^2(\mathcal F_0; \mathbb R^{d }), \ x_0, h \in \mathbb R^d.\end {equation}


$\nabla X^{\xi , \P _{\xi }}:=\left .\nabla X^{x_0, \P _{\xi }}\right |_{x_0=\xi }$


$\mathcal {S}^2\left ([0, T] ; \mathbb {R}^{d \times d}\right )$


\begin {equation}\label {eq:partial_x0_X_t_X0_X0} \begin {aligned} \nabla X_t^{ \xi , \P _{\xi }}= & I_{d}+\int _0^t \partial _{x} b\left (X_r^{\xi }, \P _{X_r^{\xi }}\right ) \nabla X_r^{\xi , \P _{\xi }} d Z_r. \end {aligned}\end {equation}


$X_t^{ x_0, \P _{\xi }}$


$\xi $


$(\Omega , \mathcal {F}, \mathbb {F}, \P )$


$( \tilde {\Omega }, \tilde {\mathcal {F}}, \tilde {\mathbb {F}}, \tilde {\P })$


$X$


$( \Omega , \mathcal {F}, \mathbb {F}, \P )$


$\tilde X$


$X$


$( \tilde {\Omega }, \tilde {\mathcal {F}}, \tilde {\mathbb {F}}, \tilde {\P })$


$\tilde \E [\tilde X]:=\int _{\tilde \Omega } \tilde X d\tilde P$


$\tilde X$


$\xi , \eta \in L^2(\mathcal F_0;\mathbb R^d)$


$\mathbb R^d$


\begin {equation}\label {eq:Y_t_X0_eta} \begin {aligned} & Y_t^{\xi }(\eta )= \int _0^t \left ( \partial _{x}b \left (X_r^{ \xi }, \P _{X_r^{\xi }}\right ) Y_r^{\xi }(\eta ) + \tilde {\mathbb {E}}\left [\partial _{\tilde x} \delta _{\mu } b \left (X_r^{\xi , \P _{\xi }}, \P _{X_r^{\xi }}, \tilde {X}_r^{ \tilde \xi }\right ) \left (\nabla \tilde {X}_r^{ \tilde \xi ,\P _{\xi }} \tilde {\eta }+\tilde {Y}_r^{ \tilde \xi }(\tilde {\eta })\right )\right ] \right ) d Z_r, \end {aligned}\end {equation}


$( \tilde \xi , \tilde \eta , \tilde {B},\tilde X^{\tilde \xi },\tilde {Y}^{ \tilde \xi }(\tilde {\eta }))$


$(\xi , \eta , B,X^{\xi },Y^{ \xi }(\eta ))$


$( \tilde {\Omega }, \tilde {\mathcal {F}}, \tilde {\mathbb {F}}, \tilde {\P })$


$\tilde {Y}_r^{ \tilde \xi }(\tilde {\eta })$


$Y_r^{ \xi }(\eta )$


$x_0 \in \mathbb R^d$


\begin {equation*}\begin {aligned} &Y_t^{x_0, \xi }(\eta )= \int _0^t\left ( \partial _{x} b \left (X_r^{ x_0,\xi }, \P _{X_r^{\xi }}\right ) Y_r^{x_0, \xi }(\eta ) + \tilde {\mathbb {E}}\left [\partial _{\tilde x} \delta _{\mu } b \left (X_r^{x_0, \P _{\xi }}, \P _{X_r^{\xi }}, \tilde {X}_r^{ \tilde \xi }\right ) \left (\nabla \tilde {X}_r^{ \tilde \xi ,\P _{\xi }} \tilde {\eta }+\tilde {Y}_r^{ \tilde \xi }(\tilde {\eta })\right )\right ] \right ) d Z_r , \end {aligned}\end {equation*}


$b,\sigma $


$\left (Y^{\xi }(\eta ), Y^{x_0,\xi }(\eta ) \right ) \in \mathcal {S}^2\left ([0, T] ; \mathbb {R}^{ d} \times \mathbb {R}^{d} \right )$


\begin {equation}\label {eq:Y_X0,X0=Y_X0} Y_t^{\xi , \xi }(\eta ):=Y_t^{x_0, \xi }(\eta )\mid _{x_0=\xi } = Y_t^{ \xi }(\eta ).\end {equation}


$Y_t^{\xi }(\eta ), Y_t^{x_0,\xi }(\eta )$


$\eta $


$\alpha _1 Y_t^{\xi }(\eta )+\alpha _2Y_t^{\xi }(\eta ')$


$\alpha _1\eta +\alpha _2 \eta '$


$\alpha _1Y_t^{\xi }(\eta )+\alpha _2Y_t^{\xi }(\eta ')=Y_t^{x_0,\xi }(\alpha _1\eta +\alpha _2\eta ')$


$Y^{\xi }_t \eta $


$Y^{x_0,\xi }_t\eta $


$C>0$


$x_0 \in \mathbb R^d$


$\xi , \eta \in L^2(\Omega ;\mathbb R^d)$


\begin {equation*}\|Y_t^{x_0, \xi }\eta \|_{L^2} \leq \left \|Y^{x_0, \xi }\eta \right \|_{\mathcal S^2} \leq C \|\eta \|_{L^2},\end {equation*}


$t \in [0,T]$


$Y_t^{x_0, \xi }\in \mathcal L\left (L^2(\mathcal F_0;\mathbb R^d),L^2 (\mathcal F_t;\mathbb R^d)\right )$


$t \in [0, T] .$


$x_0,y \in \mathbb R^d, \xi \in L^2(\mathcal F_0;\mathbb R^d)$


$\mathbb R^{d \times d}$


\begin {equation*}U_t^{\xi }(y)= \int _0^t \left (\partial _{x} b \left (X_r^{\xi }, \P _{X_r^{\xi }}\right ) U_r^{\xi }(y) + \tilde {\E }\left [\partial _{\tilde x} \delta _{\mu } b \left (X_r^{\xi }, \P _{X_r^{\xi }}, \tilde {X}_r^{y, \P _{\xi }}\right ) \left (\nabla \tilde {X}_r^{y, \P _{\xi }}+ \tilde {U}_r^{ \tilde \xi }(y) \right )\right ] \right ) d Z_r,\end {equation*}


$\left (\tilde \xi , \tilde {B}, \tilde X^{x_0,\P _{\xi }}, \tilde {U}^{ \tilde \xi }(y)\right )$


$\left (\xi ,B,X^{x_0,\P _{\xi }},U^{ \xi }(y), \right )$


$( \tilde {\Omega }, \tilde {\mathcal {F}}, (\tilde {\mathcal {F}}_t)_{t \in [0,T]}, \tilde {\P })$


$\tilde U_t^{\tilde \xi }(y)$


$U_t^{\xi }(y)$


\begin {equation*}U_t^{x_0, \xi }(y)=\int _0^t \left (\partial _{x} b \left (X_r^{ x_0, \P _{\xi }}, \P _{X_r^{\xi }}\right ) U_r^{x_0, \xi }(y) + \tilde {\E }\left [ \partial _{\tilde x} \delta _{\mu } b\left (X_r^{ x_0, \P _{\xi }}, \P _{X_r^{\xi }}, \tilde {X}_r^{y, \P _{\xi }}\right )\left ( \nabla \tilde {X}_r^{y, \P _{\xi }} + \tilde {U}_r^{ \tilde \xi }(y)\right ) \right ] \right )d Z_r,\end {equation*}


$\left (U^{\xi }_{\cdot }(\eta ), U^{x_0,\xi }_{\cdot }(y) \right ) \in \mathcal {S}^2\left ([0, T] ; \mathbb {R}^{d \times d } \times \mathbb {R}^{d \times d} \right )$


\begin {equation}\label {eq:U_X0,X0=U_X0} U_t^{ \xi ,\xi }(y):=\left .U_t^{ x_0,\xi }(y)\right |_{x_0=\xi }=U_t^{ \xi }(y).\end {equation}


$C>0$


$t\in [0,T],x_0,x_0' \in \mathbb R^d,$


$\xi ,\xi ' \in L^2(\mathcal F_0;\mathbb R^d)$


\begin {equation}\label {eq:est_U_t^x_0,X0} \left \|U^{x_0, \xi }(y)\right \|_{\mathcal S^2} \leq C, \quad \left \| U^{x_0, \xi }(y)-U^{ x_0^{\prime }, \xi ^{\prime }}\left (y^{\prime }\right )\right \|_{\mathcal S^2} \leq C\left (\left |x_0-x_0^{\prime }\right |+\left |y-y^{\prime }\right |+\mathcal W_2\left (\P _{\xi }, \P _{\xi ^{\prime }}\right )\right ) .\end {equation}


\begin {equation*}U_t^{x_0, \P _{\xi }}(y):=U_t^{x_0, \xi }(y).\end {equation*}


$X_t^{ x_0, \P _{\xi }}$


$\xi .$


$(t,x_0) \!\in \! [0,T]\times \mathbb R^d$


$\xi \!\in \! L^2(\mathcal F_0; \mathbb R^{d }) \longmapsto X_t^{ x_0, \P _{\xi }}\!\in \! L^2(\mathcal F_t; \mathbb R^{d })$


$\xi \mapsto \partial _{\xi } X_t^{x_0, \P _{\xi }} \in \mathcal L \left ( L^2(\mathcal F_0;\mathbb R^{d}); L^2(\mathcal F_t;\mathbb R^{d })\right ),$


\begin {equation*}\lim _{\|\eta \|_{L^2} \rightarrow 0 } \frac 1{\|\eta \|_{L^2} } \left \| X_t^{ x_0, \P _{\xi +\eta }}-X_t^{x_0, \P _{\xi }}-\partial _{\xi } X_{t}^{x_0, \P _{\xi }} \eta \right \| _{L^2} =0, \ \ \ \ \xi \in L^2(\mathcal F_0;\mathbb R^d).\end {equation*}


$\partial _{\xi } X_{t}^{x_0, \P _{\xi }}$


\begin {equation}\label {eq:partial_X0_X_t_x_0,P_X0=Y=EU} \partial _{\xi } X_{t}^{x_0, \P _{\xi }} \eta =Y_t^{x_0, \xi }\eta =\tilde {\E }\left [U_t^{x_0, \P _{\xi }}( \tilde {\xi }) \tilde {\eta }\right ] \quad t \in [0,T], \ \eta \in L^2(\mathcal F_0;\mathbb R^d).\end {equation}


$C>0$


\begin {align*}&\left \|\partial _{\xi } X_t^{x_0, \P _{\xi }} \right \|_{\mathcal L} \leq C,\ \ \ \ \ \ \ t\in [0,T], \ x_0 \in \mathbb R^d, \ \xi \in L^2(\mathcal F_0;\mathbb R^d).\end {align*}


$C>0$


$t\in [0,T], \ x_0,x_0' \in \mathbb R^d, \ \xi ,\xi ' \in L^2(\mathcal F_0;\mathbb R^d)$


\begin {align*}\left \|\partial _{\xi } X_t^{x_0, \P _{\xi }}-\partial _{\xi } X_t^{x_0', \P _{\xi '}} \right \|_{\mathcal L} & \leq C \left ( |x_0-x_0'|+\mathcal W_2\left (\P _{\xi },\P _{\xi '}\right )\right ).\end {align*}


$t, x_0,\xi $


$C>0$


$x_0 \in \mathbb R^d$


$t \in [0,T]$


$\xi \in L^2(\mathcal F_0;\mathbb R^d)$


\begin {equation*}\left \| X_t^{ x_0, \P _{\xi +\eta }}-X_t^{x_0, \P _{\xi }}-\partial _{\xi } X_{t}^{x_0, \P _{\xi }} \eta \right \| _{L^2} \leq C \|\eta \|_{L^2}^2 .\end {equation*}


$x_0=x_0'$


$x_0 \neq x_0'$


\begin {equation}\label {eq:partial_X0_X_X:0=Y_X0} \begin {aligned} \partial _{\xi } X_t^{\xi , \P _{\xi }}\eta &:=\partial _{\xi } X_t^{x_0, \P _{\xi }} \Big |_{x_0=\xi } \eta =\tilde {\E }\left [U_t^{ x_0,\P _{\xi }}( \tilde \xi )\tilde \eta \right ] \Big |_{x_0=\xi } =\tilde {\E }\left [U_t^{ \xi }( \tilde \xi ) \tilde \eta \right ]. \end {aligned}\end {equation}


$x_0 ,h\in \mathbb R^d$


\begin {equation}\label {eq_conditional_expectation_wrt_eta_X0} \begin {aligned} \E \left [ \partial _{\xi } X_t^{\xi , \P _{\xi }} \eta \,\big |( \xi ,\eta )=(x_0,h)\right ]=\E \left [ \partial _{\xi } X_t^{x_0, \delta _{x_0}} h\right ]=\E \left [ Y_t^{x_0} h\right ]=\E \left [ \tilde E[U_t^{x_0}(x_0)h] \right ]. \end {aligned}\end {equation}


$X_t^{\xi }=X_t^{\xi , \P _{\xi }}$


$\partial _{\xi } X_t^{\xi , \P _{\xi }}$


$\xi $


$X_t^{x_0,\P _{\xi }}$


$x_0=\xi $


$X_t^{\xi }=X_t^{\xi , \P _{\xi }}$


$\xi $


$D_{\xi }X_t^{\xi }$


$X_t^{\xi }$


$\xi $


\begin {equation}\label {pooi} \xi \in L^2(\mathcal F_0;\mathbb R^{d})\longmapsto X_t^{\xi }=X_t^{\xi ,\P _{\xi }}\in L^2(\mathcal F_t;\mathbb R^{d }).\end {equation}


$D_{\xi } X_t^{\xi } \in \mathcal L\left (L^2(\mathcal F_0;\mathbb R^d); L^2(\mathcal F_t;\mathbb R^d)\right )$


$D_{\xi }X_t^{\xi }$


$\eta \in L^2(\mathcal F_0;\mathbb R^d)$


$\xi \in L^2(\mathcal F_0;\mathbb R^d)$


\begin {align}\label {deff} D_{\xi }X_t^{\xi }\eta =\ & \eta +\int _0^t \left ( \partial _{x}b (X_s^{\xi },\P _{X_s^{\xi }}) D_{\xi }X_s^{\xi }\eta + \tilde { \E }\left [ \partial _{\tilde x} \delta _{\mu } b (X_s^{\xi },\P _{X_s^{\xi }}, \tilde X_s^{\tilde \xi }) D_{\xi }\tilde X_s^{\tilde \xi } \tilde \eta \right ]\right ) dZ_s,\end {align}


$\tilde X_s^{\tilde \xi }$


$(\tilde \Omega , \tilde {\mathcal {F}}, \tilde {\mathcal {F}}_t, \tilde B_t, \tilde {\P })_{t \in [0,T]}$


$\tilde \xi $


$\tilde {\P }_{\tilde \xi }=\mu _0$


$b$


$D_{\xi }X_t^{\xi }\eta $


$D_{\xi }X_t^{\xi }$


\begin {align*}\left \| D_{\xi } X_{t}^{\xi } \eta \right \|_{L^2} \leq \left \|\nabla X_t^{\xi , \P _{\xi }} \eta \right \|_{L^2} + \left \|\partial _{\xi } X_{t}^{\xi , \P _{\xi }} \eta \right \|_{L^2}, \quad \eta \in L^2(\mathcal F_0;\mathbb R^d).\end {align*}


\begin {align*}\left \|\nabla X_t^{\xi , \P _{\xi }} \eta \right \|_{L^2}= {\left ( \E \left [\E \left [ \left | \nabla X_t^{\xi , \P _{\xi }} \eta \right |^2 \bigg | \left ( \xi ,\eta \right ) \right ] \right ] \right )}^{1/2} .\end {align*}


$(\xi ,\eta )$


$\mathcal F_0-$


$B_t$


$\mathcal F_0$


$x_0,h \in \mathbb R^d$


\begin {align*}\E \left [ \left | \nabla X_t^{\xi , \P _{\xi }} \eta \right |^2 \bigg | \left ( \xi ,\eta \right )=(x_0,h) \right ] =\E \left [ \left | \nabla X_t^{x_0, \delta _{x_0}} h \right |^2 \right ] \leq C |h|^2,\end {align*}


$\left \| \nabla X_t^{\xi , \P _{\xi }} \eta \right \|_{L^2} \leq C \left \| \eta \right \|_{L^2}$


\begin {align*}\left \|\partial _{\xi } X_t^{\xi , \P _{\xi }} \eta \right \|_{L^2}= {\left ( \E \left [\E \left [ \left | \partial _{\xi } X_t^{\xi , \P _{\xi }} \eta \right |^2 \bigg | \left ( \xi ,\eta \right ) \right ] \right ] \right )}^{1/2}\end {align*}


$x_0,h \in \mathbb R^d$


\begin {align*}\E \left [ \left | \partial _{\xi } X_t^{\xi , \P _{\xi }} \eta \right |^2 \bigg | \left ( \xi ,\eta \right )=(x_0,h) \right ] =\E \left [ \left | \partial _{\xi } X_t^{x_0, \delta _{x_0}} h \right |^2 \right ] \leq C |h|^2,\end {align*}


$\left \| \partial _{\xi } X_{t}^{\xi ,\P _{\xi }} \eta \right \|_{L^2} \leq C \left \| \eta \right \|_{L^2}$


\begin {equation*}\left \| D_{\xi } X_{t}^{\xi } \eta \right \|_{L^2} \leq C \left \| \eta \right \|_{L^2} ,\end {equation*}


$\eta , \xi ,\xi '\in L^2(\mathcal F_0;\mathbb R^d)$


\begin {align}\label {eq:est_DX0_XtX0-DX0_XtX0prime} \left \| \left (D_{\xi } X_{t}^{\xi } - D_{\xi } X_{t}^{\xi '} \right ) \eta \right \|_{L^2} \leq E_t^1(\eta )+E_t^2 (\eta ), ~\mbox {where}~ E_t^1(\eta ):=& \left \| \left (\nabla X_t^{\xi , \P _{\xi }} - \nabla X_t^{\xi ', \P _{\xi '}} \right ) \eta \right \|_{L^2} \nonumber \\ E_t^2 (\eta ):=& \left \| \left ( \partial _{\xi } X_t^{\xi , \P _{\xi }} - \partial _{\xi } X_t^{\xi ', \P _{\xi '}} \right ) \eta \right \|_{L^2}.\end {align}


$E_t^1(\eta )$


$(\xi ,\xi ')$


$B_t$


$x_0,x_0' \in \mathbb R^d$


\begin {align*}\E \left [ \left | \nabla X_t^{\xi , \P _{\xi }} - \nabla X_t^{\xi ', \P _{\xi '}} \right |^2 \bigg | \left ( \xi ,\xi ' \right )=(x_0,x_0') \right ] &=\E \left [ \left |\nabla X_t^{x_0, \delta _{x_0}} - \nabla X_t^{x_0', \delta _{x_0'}} \right |^2 \right ] \\ & \leq C \left (\left |x_0-x_0^{\prime }\right |^2+\mathcal W_2{\left (\delta _{x_0},\delta _{x_0'}\right )}^2\right )\leq C \left |x_0-x_0^{\prime }\right |^2,\end {align*}


\begin {equation}\label {eq:partial_x0XtX0-partial_x0XtX0'} \left \| \nabla X_t^{\xi , \P _{\xi }} - \nabla X_t^{\xi ', \P _{\xi '}} \right \|_{L^2} \leq C\| \xi -\xi ' \|_{L^2},\end {equation}


$\eta \in L^\infty (\mathcal F_0;\mathbb R^d)$


\begin {align}\label {eq:estm_Et1_eta_in_L_infty} E_t^1 (\eta )\leq \left \| \nabla X_t^{\xi , \P _{\xi }} - \nabla X_t^{\xi ', \P _{\xi '}} \right \|_{L^2} \|\eta \|_{L^\infty } \leq C\| \xi -\xi ' \|_{L^2} \|\eta \|_{L^\infty } .\end {align}


$\eta \in L^2(\mathcal F_0;\mathbb R^d).$


$\eta _N := \eta I_{|\eta | \leq N} \in L^{\infty }(\mathcal F_0;\mathbb R^d)$


$\|\eta _N - \eta \|_{L^2} \to 0),$


\begin {align*}E_t^1 (\eta ) \leq E_t^1 (\eta -\eta _N) + E_t^1 (\eta _N).\end {align*}


$E_t^1 (\eta -\eta _N) \leq C \|\eta _N - \eta \|_{L^2}.$


$E_t^1 (\eta _N ) \leq C \| \xi -\xi ' \|_{L^2} \|\eta _N\|_{L^\infty }.$


\begin {align*}E_t^1 (\eta ) \leq C \|\eta _N - \eta \|_{L^2} +C \| \xi -\xi ' \|_{L^2} \|\eta _N\|_{L^\infty }.\end {align*}


$\epsilon >0$


$\bar N$


$C \|\eta _{\bar N} - \eta \|_{L^2} < \epsilon /2$


$\delta >0$


$C\| \xi -\xi ' \|_{L^2} \|\eta _{\bar N}\|_{L^\infty }< \epsilon /2$


$\| \xi -\xi ' \|_{L^2} < \delta .$


$\eta \in L^2(\mathcal F_0;\mathbb R^d)$


$\varpi _\eta $


$E_t^1 (\eta ) \leq \varpi _\eta ( \| \xi -\xi ' \|_{L^2} )$


$E_t^2(\eta )$


$\eta \in L^2 (\mathcal F_0;\mathbb R^d)$


\begin {align*}E_t^2(\eta ) & = \left \| \tilde {\mathbb E}\left [ \left (U_t^{ \xi ,\P _{\xi }}(\tilde {\xi }) -U_t^{ \xi ',\P _{\xi '}}(\tilde {\xi '}) \right ) \tilde {\eta }\right ] \right \|_{L^2} \leq \left \| {\left ( \tilde {\mathbb E}\left [ \left | U_t^{ \xi ,\P _{\xi }}(\tilde {\xi }) -U_t^{ \xi ',\P _{\xi '}}(\tilde {\xi '}) \right |^2 \right ] \right )}^{1/2} \right \|_{L^2} \| \tilde \eta \|_{L^2}\\ &= {\left ( \mathbb E \left [ \mathbb E \left [ \tilde {\mathbb E}\left [ \left | U_t^{ \xi ,\P _{\xi }}(\tilde {\xi }) -U_t^{\xi ', \P _{\xi '}}(\tilde {\xi '}) \right |^2 \right ] \bigg | \left ( \xi ,\xi ' \right ) \right ] \right ] \right )}^{1/2} \| \eta \|_{L^2} .\end {align*}


$x_0,x_0' \in \mathbb R^d$


\begin {align*}\mathbb E \left [ \tilde {\mathbb E}\left [ \left | U_t^{ \xi ,\P _{\xi }}\!(\tilde {\xi }) -U_t^{\xi ', \P _{\xi '}}\!(\tilde {\xi '}) \right |^2 \right ] \bigg | \left ( \xi ,\xi ' \right )\!=\!(x_0,x_0') \right ] =\mathbb E \left [ \tilde {\mathbb E}\left [ \left | U_t^{ x_0,\delta _{x_0}}(x_0) -U_t^{x_0', \delta _{x_0'}}(x_0') \right |^2 \right ] \right ] \leq C|x_0-x_0'|^2.\end {align*}


$E_t^2(\eta ) \leq C \| \xi -\xi ' \|_{L^2} \| \eta \|_{L^2}$


\begin {equation}\label {eq:norm_estimate_DX0_XtX0-DX0_XtX0prime} \left \| \partial _{\xi } X_t^{\xi , \P _{\xi }} - \partial _{\xi } X_t^{\xi ', \P _{\xi '}} \right \|_{\mathcal L}\leq C \| \xi -\xi ' \|_{L^2},\end {equation}


$D_{\xi } X_{t}^{\xi }$


\begin {align}\label {eq:limit_directional_derivative} & I_t (|r|,\eta ) := \frac 1 {|r|} \left \| X_t^{ \xi +r \eta }-X_t^{\xi }-r D_{\xi } X_{t}^{\xi } \eta \right \|_{L^2} \xrightarrow {r \to 0}0, \quad \eta \in L^2(\mathcal F_0;\mathbb R^d).\end {align}


$\eta \in L^4(\mathcal F_0;\mathbb R^d)$


$r \in \mathbb \R $


$\eta \in L^4(\mathcal F_0;\mathbb R^d)$


\begin {align*}& I_t (|r|,\eta ) = \frac 1 {|r|} \left \| X_t^{\xi +r\eta , \P _{\xi +r\eta }}-X_t^{\xi ,\P _{\xi }}-\left [ r\nabla X_t^{\xi , \P _{\xi }} \eta + r \partial _{\xi } X_{t}^{\xi , \P _{\xi }} \eta \right ] \right \|_{L^2}\\ &\leq \frac 1 {|r|} \left \| X_t^{\xi +r \eta , \P _{\xi +r\eta }} - X_t^{\xi , \P _{\xi + r \eta }}-r \nabla X_t^{\xi , \P _{\xi }} \eta \right \|_{L^2} \\ &\quad + \frac 1 {|r|} \left \| X_t^{\xi , \P _{\xi +r \eta }}-X_t^{\xi ,\P _{\xi }}-r \partial _{\xi } X_{t}^{\xi , \P _{\xi }} \eta \right \|_{L^2}=: I^1_t (|r|,\eta ) +I^2_t (|r|,\eta ) .\end {align*}


$I_t^1(|r|,\eta )$


\begin {align*}I_t^1 (|r|,\eta ) = \frac 1 {|r|} {\left ( \E \left [\E \left [ \left | X_t^{\xi +r \eta , \P _{\xi +r \eta }} - X_t^{\xi , \P _{\xi + r\eta }}- r \nabla X_t^{\xi , \P _{\xi +r \eta }} \eta \right |^2 \bigg | \left ( \xi ,\eta \right ) \right ] \right ] \right )}^{1/2} .\end {align*}


$(\xi ,\eta )$


$B_t$


$x_0,h \in \mathbb R^d$


\begin {align*}& \E \left [ \left | X_t^{\xi +r \eta , \P _{\xi +r \eta }} - X_t^{\xi , \P _{\xi +r \eta }}- r \nabla X_t^{\xi , \P _{\xi }} \eta \right |^2 \bigg | \left ( \xi ,\eta \right )=(x_0,h)\right ]\\ &=\E \left [ \left | X_t^{x_0+r h, \P _{x_0+r h }} - X_t^{x_0, \P _{x_0+r h }}- r \nabla X_t^{x_0, \delta _{x_0}} h\right |^2 \right ]\\ &=\E \left [ \left | \int _0^1 \nabla X_t^{x_0+\theta r h , \P _{x_0+r h}} rh \ d\theta - r \nabla X_t^{x_0, \delta _{x_0}} h\right |^2 \right ]\\ & \leq C \left (|r|^2 |h|^2+\mathcal W_2( \P _{x_0+rh}, \delta _{x_0})^2 \right ) |r|^2 |h|^2 \leq C |r|^4 |h|^4 ,\end {align*}


$C>0$


$x_0, |r|, |h|.$


$I^1_t (|r|,\eta ) \leq C |r| {\left (\E \left [|\eta |^4 \right ]\right )}^{1/2} = C |r| \|\eta \|_{L^4}^2$


$I^2_t(|r|,\eta )$


\begin {equation*}I^2_t (|r|,\eta ) = \frac 1 {|r|} {\left ( \E \left [ \E \Big [ \left | X_t^{\xi , \P _{\xi +r \eta }}-X_t^{\xi ,\P _{\xi }}-r\partial _{\xi } X_{t}^{\xi , \P _{\xi }} \eta \right |^2 \, \big | \, (\xi ,\eta ) \Big ] \right ] \right )}^{1/2}.\end {equation*}


$x_0,h \in \mathbb R^d$


\begin {align*}& \E \left [ \left | X_t^{\xi , \P _{\xi +r \eta }}-X_t^{\xi ,\P _{\xi }}-r\partial _{\xi } X_{t}^{\xi , \P _{\xi }} \eta \right |^2 \bigg | (\xi ,\eta )=(x_0 , h) \right ] \\ &=\E \left [ \left | X_t^{x_0, \P _{x_0+r h }}-X_t^{x_0,\delta _{x_0}}-r \partial _{\xi } X_{t}^{x_0, \delta _{x_0}} h\right |^2 \right ] \leq C |r|^4 |h|^4 ,\end {align*}


$C$


$x_0, |r|, |h|.$


$I^2_t (|r|,\eta ) \leq C |r| {\left (\E \left [|\eta |^4 \right ]\right )}^{1/2} = C |r| \|\eta \|_{L^4}^2.$


$C>0$


$\eta $


\begin {equation}\label {eq:I_leq_C_r_eta_L4} I_t (|r|,\eta ) \leq C |r| \|\eta \|_{L^4}^2.\end {equation}


$\eta \in L^2(\mathcal F_0;\mathbb R^d)$


$\eta _N := \eta I_{|\eta | \leq N} \in L^{\infty }(\mathcal F_0;\mathbb R^d)$


$\|\eta _N - \eta \|_{L^2} \to 0$


$N\to \infty $


$D_{\xi }X_t^{\xi }$


\begin {align*}I_t (|r|,\eta ) & \leq \frac 1 {|r|} \Big \| X_t^{\xi +r\eta }-X_t^{\xi }-r D_{\xi } X_{t}^{\xi } \eta - \left \{ X_t^{\xi +r\eta _N}-X_t^{\xi } -r D_{\xi } X_{t}^{\xi } \eta _N \right \} \Big \|_{L^2}+I_t (|r|,\eta _N) \\ & \leq \frac 1 {|r|} \Big \| X_t^{\xi +r\eta } - X_t^{\xi +r\eta _N} \Big \|_{L^2} + \Big \| D_{\xi } X_{t}^{\xi } ( \eta - \eta _N) \Big \|_{L^2}+I_t (|r|,\eta _N)\\ & \leq 2C \|\eta - \eta _N\|_{L^2}+C |r| \|\eta _N\|_{L^4}^2.\end {align*}


$\varepsilon >0$


$N\geq 1$


$2C \|\eta - \eta _N\|_{L^2} < \varepsilon /2$


$\delta >0$


$C \delta \|\eta _N\|_{L^4}^2 < \varepsilon /2$


$I_t (|r|,\eta )<\varepsilon $


$|r|<\delta $


$\varepsilon $


${\left (D_{\xi }X_t^{\xi } \right )}^* \in \mathcal L (L^2(\mathcal F_t;\mathbb R^d); L^2(\mathcal F_0;\mathbb R^d) )$


\begin {align*}&{\left (D_{\xi }X_t^{\xi } \right )}^*={\left ( \partial _{x_0} X_t^{\xi , \P _{\xi }} \right )}^* +{\left ( \partial _{\xi } X_{t}^{\xi , \P _{\xi }} \right )}^*.\end {align*}


${\left ( \nabla X_t^{\xi } \right )}^* \in \mathcal L\left (L^2(\mathcal F_t;\mathbb R^d); L^2(\mathcal F_0;\mathbb R^d)\right )$


\begin {align*}\left \langle {\left ( \nabla X_t^{\xi } \right )}^* \xi _t, \eta \right \rangle _{L^2}&=\left \langle \xi _t, \nabla X_t^{\xi } \eta \right \rangle _{L^2}= \E \left [\left \langle \xi _t, \nabla X_t^{\xi } \eta \right \rangle _{\R ^{d}} \right ]=\E \left [\left \langle {\left ( \nabla X_t^{\xi } \right )}^T \xi _t , \eta \right \rangle _{\R ^{d}} \right ] = \left \langle {\left ( \nabla X_t^{\xi } \right )}^T \xi _t, \eta \right \rangle _{L^2},\end {align*}


$\xi _t \in L^2(\mathcal F_t;\mathbb R^d), \eta \in L^2(\mathcal F_0;\mathbb R^d)$


${\left (D_{\xi }X_t^{\xi } \right )}^*$


${\left (D_{\xi } X_{t}^{\xi } \right )}^*$


$D_{\xi } X_{t}^{\xi }$


${\left (D_{\xi } X_{t}^{\xi } \right )}^*$


\begin {equation*}\begin {aligned} \left \| {\left (D_{\xi } X_{t}^{\xi } - D_{\xi } X_{t}^{\xi '} \right )}^* \eta \right \|_{L^2} & \leq \left \| {\left ( \nabla X_t^{\xi , \P _{\xi }} - \nabla X_t^{\xi ', \P _{\xi '}} \right )}^T \eta \right \|_{L^2} \\ & \quad +\left \| {\left ( \partial _{\xi } X_t^{\xi , \P _{\xi }} - \partial _{\xi } X_t^{\xi ', \P _{\xi '}} \right )}^* \eta \right \|_{L^2} =: \tilde E_t^1(\eta )+\tilde E_t^2 (\eta ). \end {aligned}\end {equation*}


\begin {align*}\tilde E_t^2(\eta )&\leq \left \|{\left ( \partial _{\xi } X_t^{\xi , \P _{\xi }} - \partial _{\xi } X_t^{\xi ', \P _{\xi '}} \right )}^*\right \|_{\mathcal L } \| \xi -\xi ' \|_{L^2} \leq C \| \xi -\xi ' \|_{L^2}.\end {align*}


$\eta \in L^\infty ((\Omega ,\mathcal F_t,\P );\mathbb R^d)$


\begin {align*}&\tilde E^1_t(\eta ) \leq \left \| {\left ( \nabla X_t^{\xi '} - \nabla X_t^{\xi }\right )}^T\right \|_{L^2} \left \| \eta \right \|_{L^\infty } \leq C\|\xi '-\xi \|_{L^2} \left \| \eta \right \|_{L^\infty } .\end {align*}


$\eta \in L^2(\mathcal F_t;\mathbb R^d)$


$E^1_t$


$\tilde E^1_t(\eta )\leq \varpi _{\eta } (\|\xi '-\xi \|_{L^2})$


$L^2(\mathcal F_0;\mathbb R^d) \to L^2(\mathcal F_t;\mathbb R^d)$


$\xi \mapsto X_t^{ \xi }$


$b^0(x,\mu )=b^0(x)$


$b^1(x,\mu )=b^1(x)$


$b^0,b^1 \in C^2$


$t \in [0,T]$


$\xi ,\eta \in L^2(\mathcal F_0;\mathbb R^d)$


$X_t^{\xi }=X_t^{x}\mid _{x=\xi }$


$X_t^{\xi +\eta }-X_t^{\xi }=\int _0^1 \nabla X_t^{\xi +\theta \eta } \eta d\theta $


\begin {align*}X_t^{\xi +\eta }-X_t^{\xi }- \nabla X_t^{\xi } \eta =\int _0^1 \left [ \nabla X_t^{\xi +\theta \eta } - \nabla X_t^{\xi }\right ] d\theta \ \eta =\left [\int _0^1\int _0^\theta \partial _{x_0^2} X_t^{\xi +\lambda \eta } d\lambda d\theta \ \eta \right ] \eta ,\end {align*}


$\partial _{x_0^2} X_t^{\xi }$


\begin {align}\label {eq:DX0Xt_not_expected_to_be-frechet} \left \| X_t^{\xi +\eta }-X_t^{\xi }- \nabla X_t^{\xi } \eta \right \|_{L^2} ={\left ( \E \left \{ \left | \left [ \int _0^1\int _0^\theta \partial _{x_0^2} X_t^{\xi +\lambda \eta } d\lambda d\theta \ \eta \right ] \eta \right |^2 \right \} \right )}^{1/2} \approx \left ( \E \left [|\eta |^4 \right ] \right )^{1/2},\end {align}


$o\left ( \left ( \E \left [|\eta |^2 \right ] \right )^{1/2} \right )$


$\left ( \E \left [|\eta |^2 \right ] \right )^{1/2} \to 0,$


$N$


$i$


$1$


\begin {align}\d X^i_s &= \; \frac {a} {N} \sum _{j=1}^N (X_t^j-X_t^i) \,\d s + \sigma (X_t^i)\,\d B^i_s,\qquad X^i_t = \xi ^i,\end {align}


$a >0$


$i$


$j$


$\sigma \in C^{1,1}_b(\mathbb R)$


$B^i$


$\xi ^i\sim \mu _0\in \mathcal P_2(\mathbb R)$


$N\to \infty $


\begin {align}\d X_t &= \; a\big ( \E [X_t]-X_t \big ) \,\d t + \sigma (X_t)\,\d B_t,\qquad X_0 = \xi \in L^2(\mathcal F_0), \ \P _\xi = \mu _0\in \mathcal P_2(\mathbb R),\end {align}


\begin {equation*}b(x,\mu ):=\left (a\bigg (\int _{\mathbb R} y\mu (dy)-x\bigg ),\sigma (x) \right ), \ \ \ \ \partial _x b (x,\mu ) = (-a,\partial _x\sigma (x)), \
\ \ \partial _{\tilde x} \partial _{\mu } b (x,\mu ,\tilde x) = (a,0).\end {equation*}


\begin {equation}\label {eq:expectation_log_monetary} \E \left [X_t^{\xi }\right ]=\E [\xi ], \quad t \geq 0.\end {equation}


$T>0$


\begin {equation*}\phi (\mu _T)=\mbox {Var}[X_T^\xi ]=\E [(X_T^\xi )^2]-(\E [X_T^\xi ])^2,\end {equation*}


\begin {equation*}\phi \colon \mathcal {P}_2(\mathbb {R}) \rightarrow \mathbb R, \ \
\phi (\mu ):=\int _{\mathbb R}x^2\mu (dx)-\left (\int _{\mathbb R}x\mu (dx)\right )^2.\end {equation*}


$\int _{\mathbb R}x^2\mu (dx)$


$\left (\int _{\mathbb R}x\mu (dx)\right )^2$


$\partial _x \delta _\mu \phi (\mu ,x )=2x-2\int _{\mathbb R} y \mu (dy)$


\begin {equation*}\Phi (\mu _0 ,\delta ) := \sup _{\mu _0' \in B^2_\delta (\mu _0)} \phi \big (\mu _T'\big ), \ \ \ \quad \delta \geq 0,\end {equation*}


\begin {align}\label {eq:sensitivity_systemic_risk} \frac { \partial {\Phi }}{\partial \delta } (\mu _0,0 ) =2 \ \Bigg \| {\big (D_{\xi }X_T^{\xi } \big )}^* \left ( X_T^{\xi }-\E \left [X_T^{\xi }\right ] \right ) \Bigg \|_{L^2}=2 \ \Bigg \| {\big (D_{\xi }X_T^{\xi } \big )}^* \left ( X_T^{\xi }-\E \left [\xi \right ] \right ) \Bigg \|_{L^2},\end {align}


$D_{\xi } X_t^{\xi } \in \mathcal L\left (L^2(\mathcal F_0); L^2(\mathcal F_t)\right )$


$t \in [0,T]$


\begin {align*}D_{\xi }X_t^{\xi }\eta &= \eta +\int _0^t \left (-aD_{\xi }X_s^{\xi }\eta +a \E \left [ D_{\xi } X_s^{ \xi } \eta \right ]\right ) ds+\int _0^t \partial _x \sigma (X_s^{\xi })D_{\xi }X_s^{\xi }\eta \ dB_s \\ &=\eta +\int _0^t \left (-aD_{\xi }X_s^{\xi }\eta +a \E \left [ \eta \right ]\right ) ds +\int _0^t \partial _x \sigma (X_s^{\xi })D_{\xi }X_s^{\xi }\eta \ dB_s, & \eta \in L^2(\mathcal F_0),\end {align*}


$\E \left [D_{\xi }X_t^{\xi }\eta \right ]=\E [\eta ]$
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In this paper, we consider the case where the criterion g(u) := ¢ o (T;u) where T is a transport map of the initial law u through the
solution of a mean field stochastic differential equation. This setting is motivated by the huge interest in mean field models resulting
from interacting population of agents in several application areas. The seminal papers of Lasry and Lions [19] and Huang, Malhamé,
and Caines [20] introducing mean field games initiated a large interest interacting populations control and games problems and their
mean field limit, see also Carmona and Delarue [21]. We are particularly interested in applications to default contagion and systemic
risk modeling in financial mathematics, e.g., see Fouque, Carmona and Sun [22], Nadtotchiy and Shkolnikov [23], Djete and Touzi
[24], and De Crescenzo, de Feo, and Pham [25].

The current setting in this paper with criterion involving the law of a mean field SDE is in the general spirit of the static setting
considered by Bartl, Drapeau, Obloj, and Wiesel [15]. However, the criterion considered in this paper g(u) := ¢ o (Tyu) does not fall
in the setting considered in there, and involves a nontrivial nonlinearity due to the mean field dependence. In order to adapt their
derivation approach of the DRO sensitivity at the origin and to characterize it in our dynamic setting, we essentially analyze the
regularity of this transport map. This requires a careful study of the gradient process of the solution of the mean field stochastic
differential equation with respect to its initial condition which was introduced previously by Buckdahn, Li, Peng, and Rainer [26]
(see also Chassagneux, Crisan, and Delarue [27]). We revisit the approach of [26] and complement their result as follows. Under
appropriate conditions, this gradient process is the Gateaux derivative of the solution of the mean field SDE, it is a uniformly strongly
continuous functional of its initial condition, and it is bounded in the operator norm. The corresponding adjoint process inherits the
last properties and is the main ingredient for the expression of the DRO sensitivity at the origin. We use the theory developed in the
context of a mean-field systemic risk model [22, Section 2] by evaluating the sensitivity with respect to the initial distribution for the
variance of the log-monetary reserve of a representative bank.

The paper is organized as follows. Section 2 introduces the general framework. Section 3 contains the main results together with
the justification of the distributionally robust sensitivity. All arguments related to the differentiability of the solution of the McKean-
Vlasov SDE with respect to its initial law are reported in Section 4. Finally, we provide in Section 5 an application in the context of
the systemic risk model of Carmona, Fouque and Sun [22].

2. The underlying framework
2.1. Basic notations

We denote by R?* the space of d x h—matrices with entries in R and by | - | the Frobenius norm on this space. The transpose of
a matrix is denoted by the superscript 7.

Given a Polish space E, we denote by B(E) the Borel c—algebra on E and by P(E) the set of probability measures on (E, B(E)).
The Dirac’s delta measure concentrated at x € E is denoted by .. We denote the set of couplings in P(R¢ x RY) with given marginals
u. i € PRY) by M(u, p') := {7 € PRI xRY) : 7(- xRY) =y, m(RY x )= p'}.

Given a probability space (Q, 7, P) and a random variable X : Q — R?*", we denote by Py the law of X. For p > 0 we denote by
LP(F;R%") the Banach space of p—integrable random variables X with norm || X||;, := (E|X|?)'/?. We denote LP(F) := L’(F;R).
When p = 2 we denote by (:,-);> the corresponding inner product on this space. A probability space (Q, F, P) is said to be atomless if
for every A € F such that P(A) > 0, there exists B ¢ A such that P(B) > 0. It is well known [21] that, in this case, for every u € P(R?*")
there exists a random variable X : Q — R?" random variable such that Py = u.

2.2. The wasserstein space

We define P,(RY) := {u € PRY) : ||ull, < oo}, where ||ully 1= (fpa |x|2;4(a'x))l/2. We endow P,(R?) with the 2-Wasserstein dis-
tance

1

2

Wy(p,p') 1= inf (/ IX—yIZﬂ(dx,dy)> . i € PyRY).
m€ll(p,u’) RAxRA

The space (PZ(R" ), Wz) is a Polish space. It is well-known [21] that an optimal coupling always exists, i.e. there exists z* € II(u, ')
such that W, (u, #') = [gayga |X — yI*7*(dx, dy). We recall [21] that the following equality holds:

lully = Wau, 89),  u € Po(RY). o

We denote B2(u) := {u' € P,(RY) : W,(u', u) < 5}.
If (Q, 7, P) is atomless, we have Py(R?) = {Py : X € L*(F;R%)}, that is, given u € P»(R¢), we may construct X € L*(F;R?) such

that Py = u. Hence, given u, ' € P,(R?), we have I(y, ') C P,(R? x R?) and I1(u, p') = {P(X’X,) DX, X' e L2(F;RY), Py = u,Pys =

u } Thus, for every u, 4’ € P,(RY), we have W, (. ¢') :='inf {||IX —= X'|| ;2 : X, X' € L*(F;R?), X ~ u, X' ~ y'}. Finally, there exist
X, X" e LA(F;RY) such that Py yn = z* and Wy(u. 4') = IIX = X'l 2.

2.3. Derivatives in the wasserstein space

We recall here the definition of linear functional derivative and of L—derivative [21].

2
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Definition 1. (i) A map ¢: P,(RY) — R is said to have a linear functional derivative if there exists a map 6,¢ : P,(R?) xR - R
continuous for the product topology, such that the function x ~ 6,$(u, x) has at most quadratic growth in x locally uniformly in u
and

1
(') — p(u) = /0 /R ) 8, x)(u' — p)(dx)dA, p,u' € PyRY),

where u* := A(y’ — i) + p. We denote by C} .(P,(R9); R) the class of such maps.

(i) A map ¢: P,(RY) — R is said to be L-differentiable if: it belongs to C; .(P,(R?);R); for every u € P,(R) the real-valued
map x = 8, ¢(u, x) is differentiable; the map (u, x) — 0.8,¢(u,x) € R¢ is continuous and has at most of quadratic growth in x, locally
uniformly in u. In this case, the map 9,6,¢ is called the L-derivative of ¢. We denote the set of such maps by C!(P,(R?);R).
Analogously, we define the space C!(P,(R?); R?m).

We recall that the L—derivative 0,6, ¢ coincides with the Lions derivative [21] and the Wasserstein gradient [28]. We extend the
previous definition as follows.

Definition 2.

1. CHRI%P, (RY);R¥*™) is the space of maps ¢ : R? x P,(R?) — R¥™ such that
o ¢C, W EeC (R R™™) for all 4 € P,(R?) with partial Jacobian denoted by d,¢(x, u),
o P(x, ) eC(P,(R?); R¥™M) for all x € R?, with partial L—derivative denoted by 0:,$(x, u, X).
2. We denote by
o C}(RY x P, (R?);R?™) the subspace of functions ¢ with bounded 9,¢ and 9;6,,¢.
o CH(RY x P,(R?); RPM) (resp., Cbl’l(Rd X P, (R¥); R¥m)) the corresponding subspace of functions ¢ with Lipschitz (resp., Lip-
schitz and bounded) partial gradients 9, ¢ and 955, ¢.

2.4. McKean-Vlasov stochastic differential equation

Let T > 0 and let {B, } (€[0.T] be an m-dimensional Brownian motion defined on a complete atomless probability space (Q, F, P). We
denote by F = (F,),c0.1) the completion of the filtration generated by B, which is also right-continuous, so that it satisfies the usual
conditions. We denote by S2([0, T']; R9*") the space of continuous F—adapted processes Y with values in R?*"* such that ||Y||?92 =

E[supsejor 1Y:1?] < 0.
Given & € L*(Fy;R?) and b= (°,b') : RY x P(R?) - R? x R*", we consider a SDE of McKean-Vlasov (MKV) type:

t 0
> =§+/ b(X5,Py)dZ,, 1€0,T], where Z, = [g’l 1= [ztz] @)
0 3 t t

Under the standard Lipschitz condition

|b(x,;4) —b(x" )| < C(|x =X |+ Wy (. i)), o). (X' i) € RY x PZ(Rd), 3

for some constant C > 0, there exists a unique solution X?¢ to (2) in the class of processes S2([0,T]; R9), see e.g. [21, Th.4.21 and
Lemma 4.34]. Moreover, there exists C > 0 such that

1X%llg2 < Cli€ll 2 and [|X¢ — X% ||g2 < C|I& = &|| 2. forall £,&' € L?(Fy;RY). &)

By the uniqueness in law of the solution to the MKV SDE, it follows that the law of the process X¢ is independent of the choice of the
initial r.v. £ in the set

R, i={&€ L*(Fp:RY) 1 Py =py}. (5)
In the following, we shall often confuse y, with the reference initial conditions ¢ € R, , and abuse notation writing P, instead of
t
PX’g for an arbitrary { € R, .

3. Sensitivity of functionals for McKean-Vlasov SDEs

Let ¢ : P,(RY) — R, our goal is to analyze the differentiability at the origin » = 0 of the map

D(ug.r) 1= sup  (uy), Ho € Pr(RY), r >0,
H)EB2 (o)

where y] 1= Px“{’ = Pxf' for t € [0,T], and X¢ is the solution to (2) with an arbitrary initial condition & € RM(/). When /1(’) = py, We
,

denote the corresponding reference starting condition by ¢ and set y, := Pxf fort € [0,T1].

Assumption 1. The functional ¢ satisfies the following.

(1) There exists C > 0 such that |¢(u)| < C(1 + [|u]|3), for all u € P,(R).

3
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(ii) ¢ € C!(P,(R?)), there exists a modulus of continuity w such that
10,8, P, x) = 0,8, p(, )| < @', ), u i € Py(RY), x € RY,
and for all 4 € P,(R?%) a modulus of continuity @, such that
1048, P(p, x") = 0,8, Pp(u, )| < @, (|x" = x]), x,x' e R4,

We provide some examples of functionals satisfying the previous assumptiontion and which justify that the variance criterion con-
sidered in the example of Section 5 is included in our setting.

Example 1. Let f € C'(R?) be a function with sub-quadratic growth and uniformly continuous gradient Vf. Then ¢(u) :=
/Rd f(x)u(dx) satisfies Assumptiontion 1. Indeed, (i) follows from the subquadratic growth of f; (ii) follows from the fact that
0,6, x) = V f(x).

Example 2. Lety € C'(R) have uniformly continuous derivative y’ and let f € C; (R?) have uniformly continuous gradient V f. Then
d(u) 1= lI/( fRd f (x)y(dx)) satisfies Assumption 1. Indeed, (i) follows from sublinear growth of y, f. As for (ii), we have 9,6, ¢(u, x) =
v’ ( /[Rd fO)udd y)) V f(x), so that for some modulus w (which may change from line to line), denoting by W, the 1-Wasserstein distance,

we have
y' (/ fdﬂ’) -y’ (/ fdll>
sw( /fdﬂ’—/fduD <wa(W,w) <w (W', 1),

where in the third inequality we have used the Kantorovich-Rubinstein duality [21, Corollary 5.4] up to rescaling by the Lipschitz

constant of f. Finally, we have
w’(/fdﬂ> uf’(/fdﬂ)

For later use, we start by providing some estimates.

10,8, b(’, X) = 0,8, (1, x)| < V£l

10,8, P(p, x") = 08, (1, %)| < V)= V)l < @(]x’ = x|).

Lemma 1. Let Condition (3) and Assumption 1 (i) hold. Then:

(i) There exists C > 0 such that |D(ug, )| < C(1+ r? + ||po13), for every uy € P,(R), r > 0.
(ii) Under the additional Assumption 1 (ii), we have:

Kg := sup sup
1€10.T1 yye B (o)

ax5u¢(ﬂ,,X,§)“L2 < oo forall R> 0.

Proof. (i) For r > 0, let y, € P,(RY) and /4(’) S Bf(ﬂo). By Assumption 1 we have for some constant C that may vary from line to line
2
in the inequalities, d)(u’T)) <Cc(1+ “,4}”2) =C(1+ Hxif

for W, (-, -) that:

2
‘L2). Then, it follows from (4) together with (1) and the triangle inequality

2 2 2
|e(up)| < cO+]je],.) ) < CO+ W o + o) < €O+ + gD,

which induces the required claim.
(ii) For arbitrary 1 € [0,T] and uy € P,(R?) such that [|ull, < R, by (4) we have ||4,|% = ||X;f||2L2 <Cc(+ ”5”2Lz) =C(+llpll3) <
C(1 + R?) for some C > 0. We can then use (4) and the growth bound for |0,6,¢| in Definition 1 to get, for some Cg > 0,

=C(1+‘

Ho

2
0,6,9( XD, < CrU1+1XF112,) < Cr(1 + €12, = Cr(l + lll13) < Cr(1 + R2).

To go towards our main result concerning the study of the sensitivity of the functional ® with respect to u, we first investigate
the dependence of the solution of the MKV equation with respect to the initial datum. Questions of this type have been addressed in
[27] and in [26] (see also [29] for extensions to McKean Vlasov SDEs with jumps and [30] for mean-field backward doubly stochastic
differential equations). We notice that these papers address the smoothness of the map & Xf with different approaches. While
[27] show the Gateaux differentiability by analyzing the dependence of the Picard iterations on the initial law, we shall follow the
approach of [26] who introduced an auxiliary process with initial law concentrated at a point thus reducing the initial value of the
process to a deterministic object.

Given two Banach spaces (E, || - || ). (F, | - || ), we denote by L(E, F) the Banach space of linear bounded operators L from E to
F, endowed with the operator norm |L|, := sup, xllp=t ILx]l - The notion of derivative of the map & — Xf is provided by Theorem 1

below. Such a derivative is seen as an operator D; X f € L(L2(Fy; RY); L2(F;;RY)). Relying on the results of [26], we are able to prove

Gateaux differentiability of this map and some estimates concerning DX, f and its adjoint (D, X, f )*. In Subsection 4.2, we will also
derive their explicit expressions (28) and (36). We refer to Remark 3 for a discussion. Our analysis requires to strengthen condition
(3) as follows.

Assumption 2. b€ C,"'(R? x P,(R?); R? x R*™).
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Example 3. Assume d = m = 1 for simplicity. Let b € C,"' (R x R;R x R) and g € C,"' (R). Then b(x, u) := b(x, [pa g(¥)u(dy)) satisfies
Assumption 2. Indeed, denoting by d,.b, d,b, respectively, the partial derivatives with respect to the first and second variable of b, we
have

a.b(x, u) = ax13<x, /R , g(z)u(dz)), 058, b(x, 4, %) = ayi)<x, /R , g(z)y(dz))g'(fc).

Proceeding as in Example 2, we have the claim.
abc

Theorem 1. Let Assumption 2 hold.
() For all t €[0,T], the map & € L*(Fy; RY) Xf € L*(F,;RY) is Gateaux differentiable with bounded differential; i.e., for dll ¢ €
L2(Fy; RY), there exists D;X; € L£(L*(Fy; RY); LA(F;; RY)) such that

.1 £
|£ <o and lim —IHX,-”” -xf- ngan”Lz =0, neL%(FuRY).

r=0 |r

sup sup ”DéX;f
EeL2(Fo;R4)1€[0.T]

Moreover, & — DX f is uniformly strongly continuous; that is, for every n € L*(Fy; RY) there exists @, modulus of continuity such that
!
“(D;Xf - D.X¢ >”HL2 <l £l 2), £.& € A(FyiRY), ®)

(ii) The adjoint (DgX f >* € L(LX(F,; RY); L2(Fy; RY)) inherits the boundedness and the uniform strong continuity, i.e. H (DeX f )* H/: bounded
uniformly in (t,&) and for all t € [0, T]:

[(Déxf’>' - (Dng)]'I”LZ < @, (1€ — Ell2), &8 € L2(FpRY), n € LX(F;;RY).
for some modulus of continuity w,.

Proof. See Subsection 4.2.
Our main result is the following.

Theorem 2. Let Assumptions 1 and 2 hold. Then, for each u, € P,(R), the function r — ®(uy, r) is differentiable at 0 and
0D ENF £
S (0. 0) = || (D) 08,0k X5 -

Proof. Denote A, := w, and ¢ := (DéXi)*ax(S”qﬁ(yT,Xi) for an arbitrary ¢ € R, . We organize the proof in two steps.

Step 1. We first prove that lim sup, o A, < ||¢|l ;2. By definition of linear functional derivative and L—derivative, we may write

1
A = sup {b(up) —blur)} = sup /0 /R |8y )y, = pr)(d)d

H)EBF (o) HyEBE (o)

1
A 4 A
= sup / E[ﬁ,,qs(u;,xi)—5y¢(uTI,X§>]dal
HoEBE(ug) /0

1 1
M oy !
sup /0/0E[<axéu¢(yT‘,XT~),X§—X§>]d12dﬁl,

HyEBE (o)

where ;4;1‘ 1= /11(}4,' — )+ uy, sz i= Az(Xf/ — Xf) + Xf, A, 4, €10,1],¢ € [0, T]. By Theorem 1, we may apply [31, Theorem 4.A, p.
’ A
148] to obtain the equality X5 — X5 = [ [D, X5 |(¢/ — &)d 43 with &% = 43¢ — &) + &. Then, setting A = (A, Ay, A3),

ra, = sup / CE[(0bu00 X7 0 xE7 @ - 00) ] s
[0.1F

H)EBE (o)
. a3\ * A A
= sup / 1E[(g*,g’—g)]d/l, with ¢4 ::(DgXi ) 08, b(uzt, X72). )
HhEBE () /1017

By the Hélder inequality, and choosing &', & € L?(Fy; RY) such that P ¢ € (uy, w}) is an optimal coupling for uf = Py, ptg = P¢, this
implies that

A,S% sup /[0‘”3 HQJHLZ)

HoEBF (o)

5, ) 5“1“2(11 B l o /[0,1]3 HC&”]JWZ(”(,J’/‘O) di

-
H)EB2 (o)

PR N P

HhEBE (o)
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We next estimate for all ;4(’) € Bf(yo) the difference

E := ”gi _ C”Lz < E, + E, where E| := “(D‘fo3 )* [0x5,‘¢(M;1,X7{2) - 0,6, (ur,

E, = “ [(D,fxﬁ3 ) - (Dgxi)*]axam(ﬂpx;)

L2
Using Theorem 1 (iii), Assumption 1(iii) (taking without loss of generality a concave modulus of continuity @y therein), (4), and
Jensen’s inequality, we have

A

X7) = 0,6,8(ur. X7, +

on ),
) +ww(\lxi2 —x¢| )] < w (e ~el.e).

where the moduli of continuity changed from line to line and we dropped the dependence of w from yu; since the letter is a fixed law
(for fixed ). By similar arguments, we may also estimate E, noting that, by Theorem 1 (iii), we have E, < w§(||.§’13 —¢||;2), and we
may then conclude that there exists a modulus of continuity @ such that

E<o(|& —&ll2) = oV uo) < &), pfh € BX(uo) ©

where the last equality holds because P -y =: 7* € TI(1, p)) is an optimal coupling for y) = Pxs and y, = P,. Plugging the last estimate
in (8), we obtain A, < @(r) + ||{|| 12, which induces the required result by taking the lim sup,._.

E, < C|]0,8,00:

0,3, Xy = 0.8, b(ur. X3, |

<c [w(wzw;‘ ) ) + ‘

<clo(x: -

Step 2. We next show that ||{[|;2 < liminf,\ A, to complete the proof of the theorem. Fix an arbitrary { € R, , set Eizer——

Ho? ||¢||Lz

and f :=Pz. As ¢ € L*(Fy;RY), by Lemma 1 and Theorem 1 (iii), we have & € L*(Fy; R?). Moreover W, (i, o) < ||IE — &ll ;2 = r, so
that g, € Bf(uo). Hence, by (7) and, using the same notations as in Step 1 with ;4(’) = fly, we may write

E[(¢%.é-¢)] E[(¢~.0)] E[(¢*-¢.0)]
—_——dl= ——di= dA
= /[o,us IEl, /[0,1]3 12T, ell.2 +/[0,1]3 e

2 ¢l 2 = @€ = Ell2) = €Il 2 = w (),

where the last inequality follows from (9). Taking the liminf,_, completes the proof.

4. Differentiability of solutions of McKean-Vlasov SDEs with respect to the initial datum

This section is dedicated to the proof of Theorem 1 by essentially revisiting the arguments of [26], pointing out some relevant
features and completing them appropriately for our needs.

4.1. The auxiliary process X, 0Py

We recall that the idea of [26] to study the differentiability of solutions of McKean-Vlasov SDEs with respect to the initial datum
is to disentangle in the McKean-Vlasov SDE the dependence on the initial datum ¢ and the dependence of the coefficients on the
law P5 So, one starts by freezing the dependence of the coefficients on the flow of measures (Pxf)vem 1) and introduce the auxiliary

(standard) SDE in X

t
X,=x0+/ b(s,X,)dZ,, te][0,T], (10)
0

where x, € R? and b(s, x) := b(x, Py ) Clearly, under our assumptions, (10) admits a unique solution in the class $2([0,T]; R¢), that

we denote by X*0¢, Notice that this solution only depends on the law of &: if P: = Pz, we have Pye =Pye for every 7 € [0, T], so that
g 1 1

P, . s
Xx*0¢ and X*0¢" are indistinguishable. Then, we can define without ambiguity X[X0 ‘= tho"f. More generally, given & € L?(F), we
define without ambiguity

XH@) =X @) = X" %) |y s, foraeweQ 1e€l0.T] 11
In particular

Xf’f(w) = X 0) = X ) |y py forae.weQ, 1€[0,T]. 12)
Clearly, X ¢ satisfies (2); hence, by pathwise uniqueness of solutions to (2), we have

xf"’f =x¢, Pas. (13)



F. de Feo et al. Stochastic Processes and their Applications 195 (2026) 104868

Remark 1. Since the increments of the Brownian motion B are independent of F), we observe for later use that
g 2 £ ’b‘x A
E[Xf"f )5 =% £= xo] = E[Xf“ 0], 1 €[0,T], x, % € R?.
In particular, taking & = ¢, we obtain

E[X54| & = xo| = E[X/™¢ | & = x| = E[X]" ‘U], 1€0,T], xo € RY.

L Pe L
4.1.1. Derivative of X ,x "¢ with respect to x,

In this subsection we construct the derivative of the auxiliary process X ,X " with respect to x,. To this purpose, we introduce the
tangent process VX*0F¢ as the unique solution of

vxore _1d+/ P b( X0 P )vxf”’Pde,, 14)

where I, denotes the identity matrix of R%*¢. Under Assumption 2, for every & € L*(Fy; R?), the map x, = X*0F¢ € S2([0, T];R) is
continuously differentiable with respect to x, and

}112,(1) IT”Xxo+h Pg XxU,Pg _ VXxo,PthSZ =0. (15)

Moreover, there exists C > 0 such that, for every ¢ € [0, T], every xo, x), € R¢, and every ¢,&' € L?(Fy; R?), we have

[vacom |, <c. 16)

and

”VXXO,Pg _ VXXG,Pﬁ/

2 12 N
| <C( [0 = x| +maPePe? ). a7
as proved in [26, Lemma 4.1]. Hence, the limit in (15) is uniform in x,, £ and, in particular, there exists C > 0 such that,

”xwhfz — xoPe _ VX"O’Péh”sz <Clh%  Ee LAFyRY), xo.h € R, (18)

As observed in [26, Remark 4.1], the process VX% := VXXO'Pé‘ : is the unique solution in S2([0,7];R%*¢) to the SDE
Xp=
t
vxPe o, +/ 6xb<Xf,PX¢>VXf’P5dZ,. (19)
o H

4.1.2. Derivative of X' OF¢ With respect to &

Let us consider a copy of (Q, F,F,P), which we denote by (Q, 7, F,P). In this setting, given any random variable X defined on
(Q,F,F,P), we may consider a random variable X, which is identical to X, but it is defined on (Q, 7, F, P); hence, the expectation
E[X] := [ Xd P will apply only to X.

For &, € L?(Fy; R?), consider the family of mean-field SDEs with values in R?

Yf(ﬂ)=/0t (axb(Xf,PX5>Y5(,7)+[E[() 5 b( XE%p e, X )(V)Zf’%ﬁ+f’f(fl))]>dzr, (20)

where (€7, B, X%, V4(i)) is a copy of (¢, 5, B, X£,Y4(y)) defined on the probability space (&, 7, F, P). In addition, given a copy Yrg(i]) of
a solution Yf(n) to (20), we also consider the standard SDE for all x, € R¢:

t .
Y, %) = / (0.6(xz05,Pye )vodn) + E[0,,b( X7 Py, XF) (VA 5+ Vi) )| )azZ,
0 ;
As in [26, Egs. (4.15)-(4.16)], due to the boundedness of the derivatives of b, s (see Assumption 2), the system of equations above
admits a unique solution (Y¢(y), Y*0€()) € S2([0,T];R? x RY). By uniqueness of solutions to (20), we have
Y := Y05 () | = Y (). (21)

otice that Y (), n) are linear in  (i.e. a; Y () + a, Y (') satisfies or a7 + a,n’ and then, thanks to uniqueness of solutions
Notice that Y/ (), Y, () are linear in 5 (i.e. a, Y/ (1) + @, Y7 (') satisfies (20) for @, + ayn’ and then, thank iq f soluti
we have ¢, Yf(q) +a, Yf(;y’ )= ern.é(am + a,1')); hence we will write an and thn,g”. Moreover, as in [26, Eq. (4.17)], there exists C > 0
such that for each x, € RY and &, € L*(Q; R?), one has

I nl 2 < |

yeoly| < Clinllge,

for every ¢ € [0, T; this implies Yf‘””’ € L(L*(Fy:RY), L2(F,;RY)), for every ¢ € [0, T].
Now, let x,,y € R, & € L*(Fy; R?) and consider also the family of mean-field SDEs with values in R*?

7
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! - P
U,‘f(y)=/0 (axb(Xf,Pxf)Uf(y)+E[axéub(Xf oo X 5)(VXy : +U§(y))])dz,,
where (El?)? xo-Pg U'E(y)> is a copy of (£,B, X oPe, U%(),) defined on the probability space (Q, 7, (F,),cjo.. P)- Given a copy
Uf (y) of a solution Uf (y) to such equation, consider also the standard SDE
t
U (y) :/0 (0.5(X°7. P U 0 + E[0,8,b( X070 P X7 ) (VR + TF ) )] )azZ,

As in [26, Egs. (4.48)—(4.49)], the system of equations above admits a unique solution (U (), U*<(y)) € S%([0,T]; R x R4*?)
and we have again

U = U0 = Ui (22)

By [26, Lemma 4.3], under Assumption 2, there exists C > 0 such that for every ¢ € [0, T1], x, x(’) eRe & e LZ(F‘O; RY),

Due to the result above, we can define without ambiguity

< ([0 = xp| + [y =¥/ [ + Wa(Pe.Pe) ). (23)

vl sc. |

usfy) - vo? ()
P K
U ) = U4 0.
We now have all ingredients to state the Fréchet differentiability of X[XO’P: with respect to &.

Lemma 2. Let Assumption 2 hold.
(i) For all (t,x)€[0,T] x RY, the map &€ L*(Fy; RY) —> X,xo’Pg € L*(F,; R?) is continuously Fréchet differentiable; i.e. there exists a
continuous map & - 0:X, "¢ € L£(L2(Fy; RY); LA(F;; RY)), s.

. 1 X0:Pesy x0.Pg x0.Pe 2 d
lim ——||X -X ()X =0, € L“(Fy; RY).
llnll ;20 |7l 2 ” ! ! “L2 ¢ Fo )
(ii) The Fréchet derivative 0: X *o-Pe satisfies
&
P Pr oo
0. X, en = Y0 = U Bii| 1€10.TL ne PFgRY. 24)

(iii) There exists C > 0 such that
Joex;

(iv) There exists C > 0 such that for every t € [0,T], xo,x(, € R4, & & € L2(Fy; RY),

XUP

,SC 1El0T] xg€ R?, &£ € L2 (Fy:RY).

Pg/

o
90X, — 0. X,

i < C(Ixg = xpl + Ws Pz, Pyr)).

In particular, it follows that the limit in (i) is uniform in t,x, ¢ and there exists C > 0 such that, for every x, € R?, t€[0,T], and & €
LA(Fy; RY),

X0,P, Xxq,P. X0,
e = X% — 0, x|, < clmi?,

2=
Proof. (i), (i), and (iii) follows directly from [26, Proposition 4.2]. As for (iv), notice that the estimate in (iv) with x, = x(’) has been
shown in the proof of [26, Proposition 4.2], using 23. Such calculation can be extended to prove (iv) for general x; # x.

With usual notations, we have

EP x0.P P
9. X 1= 0.x" f| =E [U " 5(5):1] | E[Uf@]. 25)
Remark 2. As for Remark 1, for every xy, h € R, we have

Elo.x; " = (x| = E[aEXXO | = E[Y; ] = E[E1U;° oo (26)

. . P Pe . . - .
In view of the equality X; £_ xoPe , we warn the reader not to confuse ang ¢, i.e. the (partial) derivative with respect to & of

t

X, *o-Pe evaluated at x, = &, with the (total) derivative of X, - X ¢ with respect to &, which we will denote by DX, f .
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4.2. Derivative of X f with respect to &

Recall (12) and consider the map

&P

g€ LA(FyRY) w— XF = X;'¢ € L*(F;RY). 27)

Formally, computing the derivative of this map, it is natural to expect (see also [26, Eq. (4.8), p. 840]) that it is the operator D, X, f €
L(L2(Fy; RY); L2A(F,;RY)) given by

(10:XE 1) @) := VX @) + [0.X; “n|@). e 12RO, (28)

In this section, we will show that the operator D:X f defined above is indeed the Gateaux derivative of (27). Let n € LZ(FO; R?). By
(19) and (20), we have, for every & € L2(Fy; RY),

X9, X )dz,, (29)

D5an=n+/ (o b(XS,PX;)D¢XEn+E[dX DXL,

where X! is the solution to (2) on (&, 7,7, B,, P)ieto.ry With initial condition  such that Pz = y,. Moreover, due to boundedness of
the derivatives of b (cf. Assumption 2), we have that D, X, fn is the unique solution to the equation above.
Proof of Theorem 1. Step 1. We start by showing the estimates of Claim (i) for the operator DéXf defined in (29). Indeed, we have

&P §Pf

L St I

For the first term on the right-hand-side we have

|)VX,§’P5'1|)L2 =< [ [|VX5P511\2‘(5,11)”>1/2.

By the independence of (£,#) (which are F,—measurable) and the increments of B, (which are independent of 7)), and using (16),
for all xy, h € R4,

M2

[(VX

'(g 0= (xO,h)] = E[ VX, 0%

] <C|h?,

so that HVXf’ “n

fooxi®al, . = (eleffoexsoffen])

By Remark 2 and Lemma 2, for all x,, h € R?

‘LZ < C|Inll ;2. For the second term on the right-hand-side, we have

} <Clh?,

[(05 n| ‘(é n) = (xo,h)] =E 'a Xx‘) h

P
so that Hang 511“L2 < C|Inll ;2. Hence

|pexEn|| , < Clnll .

so that we have the claim.
Next, we prove the uniform strong continuity estimate. For 7, &,& € L2(Fy; RY), we have:

&P éPr
<VXt -vx, ¢ >;1

/
D:X: = D:X: )n| < E!)+ EX(n), where E(y) :=
e : .

L2
EP &Py
EXn) = < 0: X, F 0. X, "¢ >n (30)
12
e Consider Etl(r[). By the independence of (¢, &) and the increments of B,, it follows from (17) that for all x, x6 e R4
&P &Py %08 g |
EHVX ovXx; ¢ '(5,5’) = (xo,x(,)] =E||VvX,"0-vXx,
2 2 2
< C(‘xo - x(’)‘ +W2(5X0,5x6> ) < C‘xo - x(’)‘ s
which implies that
P ' P,
‘vxf fovx| <cpe-ee 31)
L2
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and therefore for 7 € L™ (Fy; RY):

’
&Py
t

1 &.Pe
Elm < VX7 - VX

L2||'1||Loo <ClE-E N2 lnll s (32)
Let now € L%(F,; R?). By considering ny := nlj, <y € L®(Fy:RY) (so that ||ny — 5]l ;2 — 0), we have
E/(n) < E/(n—ny) + E(ny).
Using (16), we have E['(n —ny) < Cllny —nll ;2. Moreover, by (32), we have E,'(nN) <CllE=El2llny |l Lo . Hence

E!) < Cllny —nll 2 + ClIE = Ell 2 llmy |l oo

Let e > 0. Take first N such that C|lng — nll;2 < €/2. Then there exists § > 0 such that C||& — &|| ;2 [lng [l .= < €/2, forall |& — &'|| ;2 <
8. Hence, for all 7 € L2(F; R?) there exists a modulus of continuity w, such that E!(n) < w,([|€ - €| 12).
« Consider E%(). Let n € L*(Fy; RY). By (25), we have
27n 172
_[|. ep: -
CIERCEEAG)

E [(Uf’P5 &-u (é’))ﬁ]
1/2

’ 2
- (E[E[EHU?P%—Uf‘Pf’($'>| “(:,:’)] ) Il 2.

As in Remark 2 and using Lemma 2, for all x, x6 eRY,

!
I3 »ng/

EXn) = < )

L2

17l 2
2

x6,6x/ ,
(x)=U,  °(xp)

X006
U f

t

p &P 2 [ 2
[E[[E ”Uf ‘©-u’ ‘f’(éf)‘ H(g, &) :(xo,x())] =E [E[ ” < Clxp — %)

1t follows Etz(n) < CllE = & |l ;21Inll ;2. Notice that we have actually proved that

.f',Pgr
= 0:X,

&.Pg
H():X,

. <ClE =€ Ng2s (33)

a stronger estimate implying the required claim.
Step 2. We now complete the proof of Claim (i), i.e. that we have, for D, X f defined in (29),

1 r—0
LArl,m) = m“xf*’” - X{ —rDXfn| ,—— 0. 1€ LAFuR. (34)

We first provide an estimate when 5 € L*(Fy; RY) and then use a density argument. Given r € R and n € L*(F,; R?), we have

1 E+rnPey, EP P P
Llrlmy = | X = X X ro x| .
1 S+ Pty EPesry &P
< e e X

1| &Perm &P &P .
ST S R ] R A RO RS (G RN

feal])”

Since (&, ) is independent of B, and using Remarks 1, 2, as wells as (15), (17), we have for every x,, h € R¢

- As for I'(|r|,n), we have

Pesr Peir Peir
Itl(|r|,;1) = |1| <E[E[|X,§+m S —)(f e _rV)(f e
r

Errn Py, &Py &Py |2
E[|X, X x| 1(5,n)=<xo,h)]
_ E[ Xx0+rhvpx0+rh 2]
2]

1
1
+OrhPy ., B
=E[/ VX, 4o — rV X, 0 R
0

t
< CIrPIRP + Wy(Pry 83, P ) IrPIAI < Clri* I,

x0:Pxg+rh

by
- X, —rVX,""0p

for C > 0 independent of xy, ||, |2|. Hence I(|rl, ) < C|rl(E[In|*])"/* = cirllinl?,.

2
— As for 17(|r|. ), we have

12
1 EPeyy &P &P |2
If(|r|,n):m<E[EHX, D S o |(§,n)]]> .

10
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As before, using now Remarks 1, 2, and Lemma 2, we have for every x,, h € R?

&Perr &P ep: |2
E[|XI X ro, X, 5,,| ‘(é,n)=(x()’h)]

g

where C is independent of x,, |rl, |A]. Hence, I2(|r|,n) < CIr|(E[Inl*])""* = ClrlInlP,.

Xq.P. h X(,9, X(.6.
X0 x0T g X,

2
] < CIr*lAl,

We therefore conclude that there exists C > 0 (independent of #) such that
1(rl.m) < Clrllinll,.- (35)

Now, let n € L*(Fy; RY) and define ny := nl}, <y € L®(Fy; RY). Clearly, we have |lqy —nll;2 — 0 as N — co. By (4), the estimate
on the operator norm of DX, f , and (35), we have

1 ¥ r
I(|rl,n) < m“Xer n_ Xf - ngan - {Xf+ N _ Xf - rDéXfr/N }“L2 + L(Irl,ny)

1 S+ E+rny
< m“Xr ~X

L+ pexia—no

o Ldrlny)
<2C|n = ny 2 + Clrlling ..

Take now ¢ > 0 and choose first N > 1 such that 2C||n — ny |l ;2 < €/2 and then 6 > 0 such that C§||ny ||2L4 < €/2. Then, we get I,(|r|,n) <
¢ for every |r| < §. By arbitrariness of ¢, we have proved (34).

Step 3. We now prove (ii). Clearly, the adjoint operator (DE X f) € L(L*(F,; RY); L2(Fy; RY)) satisfies

(Dgxf)* = (aXOXf‘Pf)* + (afxf‘Pf)*.
Notice that (VXF )" € £(L2(F;RY); L2(Fy; RY)) satisfies
((vxf)*;,n>Lz = (&, VXin) . =E[(&,VXin),,] = E[((fo)75t7n>kd] - <(VX’§)T§”7>L2’
for every & € L2(F,;;RY), n € L?(Fy; R?). Hence, (Dng>* is characterized by
[(D:xE) n] @) = (0,x5%) @t + [ (0:X5%) ] @ 36)

¥
As for the estimate on the operator norm of (D;X f ) , it directly follows from the corresponding estimate for D, X, f

.
Finally, we prove the uniform strong continuity estimate of (DéX f ) . Indeed, we have

T
Pe ' P
<fo ‘_vx® f’> n

t

£ AN
”(DiX, - Dx}) nH <
2

2

®
f,Pf f/.Pgr
+ <6§X’ - 6§X, n

=: E'(n) + EX(n).
2
First, by (33) we have

&P; ra\"
<B§X, -0, X, )

Next, for every € L®((Q, F,, P); R%), by (31) we have

EXn <

lE=¢&ll2 <ClE =& NIz
L

~ ’ T
£l < |(vXF - vxE) | il <l =gl sl

Hence, for n € L*(F,;R¢), we can proceed as we did with E,1 in the previous step to get E[' n) < wﬂ(||§/ — €| ;2). The claim follows.

Remark 3. (i) We report here an argument communicated to us by R. Buckdahn and J. Li, which shows that in general we may not
expect that the map L2(Fy;RY) — L*(F;R?), & — Xf is Fréchet differentiable. Consider (2) with 50(x, u) = b%(x), b'(x, u) = b'(x) and
1, b! € C? with bounded and Lipschitz first and second order derivatives. Fix ¢ € [0,T] and let &y € L?>(Fy; R?). Then, with usual
notations, we have X% = X* [ X xE = fol VX140, and

1 1 0
Byt uxéy = 00 _ gy 4o = £ein
X xE_vxig= /0 [vxi+r - vxt|ao n = [/0 /0 02X dAde n] .

11
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where the second order derivative process 9, X, f was defined in [26, Section 5]. Hence, in general we may only expect
0

e ) 1/2
v (E{ ‘ [/ / axﬁxf”"uﬁ ,,],1 }) ~ (E[|r]|4])l/2’ (37)
o Jo °

and not a behavior of the type o((E[lnlz] ) 1 2) for (E[In?]) 172 0, as required by the definition of Fréchet differentiability.

&+ ¢ ¢
||X, T_ X5 - VX

5. DRO Sensitivity for a systemic risk model

We consider an extension of the systemic risk model presented in [22, Section 2] to the case of multiplicative noise. Consider
a model of interbank borrowing and lending of N banks, where the log-monetary reserve of each bank i given by the following
1-dimensional SDE

N
dx!= Z3(x/ - xDds+o(x)dBl, X/ =¢& (38)
j=1

a
N

where a > 0 measures the rate of borrowing/lending between bank i and bank j, ¢ € C;"([R) is the volatility coefficient of the bank
reserve, B’ are standard real-valued i.i.d. Wiener processes, and & ~ p, € P,(R) are i.i.d random variables. When N — o, the log-
monetary reserve of a representative bank is provided by the McKean-Vlasov SDE

dX, = a(E[X,] - X,)dr +o(X)dB,, X, =¢& € LA(Fy), P: = py € P,(R), (39)

which is covered by Example 3, with
b(x, p) 1= <a< /R yu(dy) - x>,6(X)>, 0. b(x, u) = (=a,0,0(x)), 050,b(x, u, %) = (a,0).
Moreover, we have
E[x¢] =Eel 120, 40)

In order to evaluate systemic risk, according to the criterion in [22], we evaluate the variance of the log monetary reserve at some
time T > 0, i.e.

d(ur) = Var[X5] = E[(X5)?] — (E[X5.D)°,

where
2
$: PyR) = R, ¢(p) := /R x> u(dx) - < /R xu(dX)> .

Notice that both the functional fR x2u(dx) and ( fR xu(d x))2 satisfy our assumptions (see Examples 1 and 2) and we have 9,6, ¢(u, x) =
2x —2 fR yu(dy). Hence, with the notations of Section 3, we may consider

D, 8) = sup  P(uf), 6>0,

! 2
Ho € B3 (up)

and apply Theorem 2 to evaluate the sensitivity with respect to the initial distribution, measuring the change in the variance of the
log-monetary reserve with respect to the initial distribution. We get

, (41)

%(/40’0)=2 ”(D:Xi)*(xi_E[Xib 2

_2 ”(DgXi)*(Xi ~ El¢1)

2

where we have used (40) and where D§X;§ € E(LQ(FO);Lz(F,)), t € [0,T], is provided by Theorem 1 and (29). Here, the latter is
characterized as solution to

Dngn=11+/
0

t 1
= n+/0 (—aD§X5n+aE[n])ds+/0 0,6(X5)D:X5n d B, n € LX(Fy),

1

1
(—aD;Xin+ aE[D X%y])ds + / 0,6(X5)D;Xn dB,
0

where we used that E[Dngn] = E[n].

12
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