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Sensing and Communication Optimal Trade-Off for
MIMO Bistatic Systems
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Abstract—To enable mobile perceptive networks, two critical
components are essential: the adoption of bistatic configurations
that eliminate the need for full-duplex technology and the devel-
opment of methodologies to balance localization and communica-
tion functionalities under respective constraints.Addressing these
challenges, this work investigates a joint sensing communication
(JSC) multiple input-multiple output (MIMO) system employing
a bistatic sensing configuration for target localization. We develop
an analytical framework to derive both exact and low-complexity
suboptimal solutions for the beamforming weight vector, minimiz-
ing localization error while adhering to communication and power
constraints. This framework establishes fundamental limits for
JSC MIMO systems operating in bistatic mode, offering valuable
insights into target localization performance as a function of the
required communication signal-to-noise ratio (SNR). Numerical
results validate the proposed methodology, demonstrating its ef-
fectiveness in optimizing sensing performance across a specified
area of interest while maintaining compliance with communication
constraints for users.

Index Terms—Joint sensing and communication, multiple
antennas, Cramér-Rao bound, Fisher information, localization
error, optimal beamforming.

I. INTRODUCTION

THE integration of sensing and communication functionali-
ties has emerged as a pivotal area of research, driven by the

growing demand for Internet of Things (IoT) applications [2],
[3] and the rapid evolution of next-generation 6G mobile net-
works [4], [5], [6], [7], [8], [9], [10], [11]. Emerging applications
such as perceptive mobile networks [12], intelligent transporta-
tion systems [13], enhanced safety measures [14], assisted liv-
ing technologies, human-machine interfaces, broadcasting ser-
vices [15], and mobile crowdsensing [16], [17] demand systems
capable of achieving seamless coexistence between sensing and
communication [18], [19], [20], [21], [22], [23], [24], [25], [26],
[27], [28].
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With advancements in automation, the need for precise vehi-
cle positioning has become critical, enabling autonomous nav-
igation in increasingly complex environments. Such precision
relies on leveraging mobile networks to sense the environ-
ment [29], including vehicles and pedestrians, while vehicle-to-
everything (V2X) sidelink communication, a powerful enabler
for localization tasks, enhances the capabilities of modern ve-
hicular networks [30], [31], [32], [33].

Recent solutions have explored different strategies to enhance
joint sensing and communication (JSC) capabilities [34], [35],
[36], [37], [38], [39]. For instance, active reconfigurable intel-
ligent surfaces have been shown to improve radar signal-to-
interference plus noise ratio (SINR) through joint optimization
of transmit and reflection parameters while maintaining com-
munication quality of service constraints [40]. On the receiver
side, projection-based schemes have been proposed to mitigate
mutual interference between uplink signal detection and sens-
ing tasks, enabling simultaneous high-performance operation
through joint multi-snapshot processing [41].

To fully exploit the efficiency of integrating these two func-
tionalities, it is essential to design a flexible waveform that
appropriately balances the trade-off between sensing and com-
munication [42], [43], [44], [45], [46]. Recent advancements
in multiple-input multiple-output (MIMO) technology have
demonstrated significant benefits on the communication side,
such as spatial diversity, increased capacity, and robust miti-
gation of channel fading. Additionally, MIMO introduces de-
grees of freedom to accommodate and enhance sensing perfor-
mance [47], [48], [49], [50], [51]. In a MIMO setup, this trade-off
manifests itself in the conflicting requirements of beamforming
patterns: communication performance demands beam design
that maximizes the signal-to-noise ratio (SNR) for the user
equipment (UE), while sensing performance is maximized by
focusing transmitted power toward the target for detection or
localization.

Several recent works have explored the JSC trade-off. For
example, [52] examines a monostatic MIMO base station (BS)
detecting a single target while transmitting data to multiple users.
An analytical expression for the JSC trade-off (detection proba-
bility vs. bit rate) is provided, though it remains unclear whether
the proposed dual-function waveform achieves theoretical lim-
its. Similarly, [53] evaluates the Cramér-Rao Bound (CRB) for
target direction estimation in a monostatic setup, deriving the
optimal trade-off between the CRB and communication SNR.
The finite block-length regime’s impact on the JSC trade-off is
addressed in [54].

However, many studies assume monostatic radar configu-
rations [55], [56], [57], where the BS transmitting the dual-
function waveform also performs sensing using full-duplex tech-
nology [22]. This approach presents practical challenges due to
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weak reflected signals from targets. Additionally, monostatic
configurations are restrictive in scenarios requiring cooperation
between multiple BSs. Consequently, investigating the JSC
trade-off in a bistatic setting becomes crucial for understanding
its potential in networked environments [1], [58], [59], [60],
[61]. Recent efforts have introduced bistatic JSC systems using
orthogonal frequency-division multiplexing [62], standardized
5G New Radio waveforms [63], and integrated multiuser beam-
forming designs [64]. Despite these advancements, key ques-
tions remain unanswered, particularly regarding the analytical
derivation of CRB for target position estimation in a bistatic
system integrated with communication. Existing works do not
jointly optimize beamforming for sensing and communication
functionalities, leaving a significant gap in understanding the
potential of bistatic JSC systems. This work addresses these
gaps by:
� Deriving explicit analytical expressions for the CRB of

target position estimation in a MIMO bistatic configuration
with transmit beamforming.

� Providing an exact solution for the optimal beamforming
weight vector to maximize localization performance while
satisfying power and SNR constraints in the single user
case.

� Proposing suboptimal beamforming strategies that closely
approximate the optimal solution without requiring com-
plex optimization procedures.

� Proposing an optimal design strategy for the beamforming
weight vector is derived to maximize localization perfor-
mance under power and SINR constraints in the multi-user
case, leveraging semi-definite programming (SDP).

� Analyzing the JSC trade-off in both non-line-of-sight
(NLoS) and line-of-sight (LoS) scenarios, incorporating
the effects of channel randomness.

� Demonstrating that optimal beamforming substantially re-
duces the CRB across the area of interest while meeting
communication constraints, thereby validating the effec-
tiveness of the proposed methodology.

Throughout the paper, capital boldface letters denote matri-
ces, lowercase bold letters denote vectors, with vj we represent
the jth column of the matrix V, (·)T stands for transposition,
(·)H stands for Hermitian transposition, In is the n× n identity
matrix, 0n is the vector of n zeros, || · || is the l2-norm, tr(·)
is the trace of a matrix, ∇[·] represents the gradient, | · | is the
absolute value, �{·} is the real part of a complex number, and
E{·} denotes the expectation operator.

The rest of the paper is organized as follows. In Section II,
the scenario and the system model are introduced. Section III
derives the CRB of position estimation. Section IV analyzes the
JSC trade-off, deriving both optimal and suboptimal solutions.
Numerical results are given in Section V. Conclusion are drawn
in section VI.

II. SYSTEM MODEL

Let us consider a dual-function system that combines commu-
nication and sensing capabilities within a bistatic radar configu-
ration, as illustrated in Fig. 1. In this particular arrangement, both
the transmitter and the receiver are equipped with antenna arrays
comprising NT and NR elements, respectively, with NT being
less thanNR. In this context, the transmitted signal serves a dual
purpose: it handles communication by delivering information to
a single antenna UE while simultaneously illuminating a target

Fig. 1. The dual-function system with communication and bistatic radar
capabilities.

for radar purposes. The bistatic pair, consisting of a transmit-
ter and a receiver, is responsible for determining the target’s
position, distinct from that of the UE, all the while ensuring a
predefined level of communication quality for the UE.

To exemplify the scenario, we consider the transmitter (Tx)
and receiver (Rx) to be two BSs, one operating in downlink
and the other listening to the transmitted signal scattered by the
target, both cooperating to perform JSC; however, the Rx can be
a specific device used for sensing purposes only. In the system
under consideration, position estimation relies exclusively on
measuring the angles of arrival and departure. Furthermore, as
in [9], we consider the general case with K communication
users, providing an analytical solution for K = 1 (single user)
and a SDP-based solution for K > 1 (multiuser case). The
rationale behind this distinction is to preserve an analytical
solution for the specific single-user case while simultaneously
enabling a semi-analytical solution for the general case.

The dual-function waveform emitted by the Tx consists of
L symbols and is represented as a NT × L matrix X whose
(i, j)-th element is the discrete signal sample transmitted at the
i-th antenna in the j-th time slot.1 In particular, we consider:

X = WDF SH
C (1)

where WDF � (w1,w2, . . . ,wK) ∈ C
NT×K is the dual func-

tion beamforming matrix to be optimized, being wk � (w
(k)
1 ,

w
(k)
2 , . . . , w

(k)
NT

)T ∈ C
NT×1 the weight vector related to the k-th

user (with k = 1, 2, . . . ,K) and SC = (sC1, sC2, . . . , sCK) ∈
C
K×L is the signal matrix whose k-th row sCk �

(s
(k)
1 , s

(k)
2 , . . . , s

(k)
L )T ∈ C

L×1 contains the zero mean (i.e.,

E{s(k)i } = 0 for i = 1, 2, . . . , L) unit power data stream of
symbols related to the k-th user, so that sC

H
k sCk = L for all

k and SCS
H
C = LIK (being IK the K ×K identity matrix).

Under these assumptions, the covariance matrix is

RX � 1
L
XXH =

1
L
WDFS

H
CSCW

H
DF = WDFW

H
DF (2)

and, by indicating as ‖ · ‖F the Frobenius norm, the transmission
power constraint results in

1
L

NT∑
i=1

L∑
j=1

|xij |2 =
1
L

tr(XXH) = tr(WDFW
H
DF)

= ‖WDF‖2
F ≤ PT (3)

1Without loss of generality, the baseband representation of signals is consid-
ered.
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where PT is the maximum transmit power.

A. Communication Functionality

By denoting as yCk = (y
(k)
1 , y

(k)
2 , . . . , y

(k)
L )T ∈ C

L×1 the
signal received by the k-th UE, the received signal matrix
YC � (yC1,yC2, . . . ,yCK) ∈ C

L×K can be written as

YC = XHH+ ZC (4)

where H � (h1,h2, . . . ,hK) is the NT ×K communication
channel matrix, being hk � (h1, h2, . . . , hNT)

T ∈ C
NT×1 the

vector of the channel coefficients related to the k-th commu-
nication user and ZC � (zC1, zC2, . . . , zCK) ∈ C

L×K is the
noise matrix, being zCk � (z

(k)
1 , z

(k)
2 , . . . , z

(k)
L )T ∈ C

L×1 the
additive white Gaussian noise (AWGN) vector for the k-th
communication user with independent, identically distributed
(i.i.d.) components and E{|zj |2} = σ2

C for j = 1, 2, . . . , L. The
SINRfor the k-th communication user is thus given by

γk =
‖sCkw

H
khk‖2∑K

i=1
i�=k

‖sCiw
H
i hk‖2 + Lσ2

C

=
|hH
kwk|2∑K

i=1
i�=k

|hH
kwi|2 + σ2

C

.

(5)

B. Bistatic Sensing Functionality

Regarding the radar functionality, the bistatic configuration
is represented by the angle of departure (AoD) θT and angle of
arrival (AoA) θR of the target and the baseline l. In this setting,
let us denote with dT and dR the distance of the target from the
Tx and the Rx, respectively. By considering the radar equation in
free space propagation,2 we can define the reflection coefficient
α taking both the path-loss and the radar cross-section (RCS) of
the target, σrcs, into account such that [65]

|α|2 =
GTGRλ2σrcs

(4π)3d2
Td

2
R

(6)

whereGT andGR are the gain of the array elements at the Tx and
Rx, λ = c/fc is the wavelength associated with the transmitted
signal, c is the speed of light, and fc is the carrier frequency.

For the radar purpose, the element xi,j of X is the j-th
fast-time snapshot transmitted at the i-th antenna [52], [53].
Therefore, we can write the reflected echo signal as an NR × L
matrix

YR = αAB(θT, θR)X+ ZR (7)

where each element yRi,j is the j-th fast-time snapshot received
at the i-th antenna, ZR is the AWGN matrix, with covariance
1
LE{ZH

RZR} = σ2
RIL, and AB(θT, θR) ∈ C

NR×NT is a matrix
depending on the steering vectors a(θT) ∈ C

NT×1 at the Tx and
b(θR) ∈ C

NR×1 at the Rx [48], i.e.,

AB(θT, θR) � b(θR)a
H(θT) . (8)

For uniform linear arrays (ULAs) with half-wavelength inter-
element spacing, the steering vectors are

a(θT)=
[
e−j

NT−1
2 π sin θT , e−j

NT−3
2 π sin θT , . . . , ej

NT−1
2 π sin θT

]T
2Typically, radar systems operate in LoS conditions due to the significant

impact of path loss, as described by the radar equation, which severely limits
detection and localization performance in non-line-of-sight scenarios.

b(θR)=
[
e−j

NR−1
2 π sin θR , e−j

NR−3
2 π sin θR , . . . , ej

NR−1
2 π sin θR

]T
(9)

from which it can be readily noticed that

aH(θT)a(θT) = NT, bH(θR)b(θR) = NR, ∀θT, θR . (10)

Moreover, the derivatives ȧ(θT) � da(θT)
dθT

and ḃ(θR) � db(θR)
dθR

result in

ȧ(θT) =

[
−ja1

NT − 1
2

π cos θT,−ja2
NT − 3

2
π cos θT, . . . ,

jaNT

NT − 1
2

π cos θT

]T

ḃ(θR) =

[
−jb1

NR − 1
2

π cos θR,−jb2
NR − 3

2
π cos θR, . . . ,

jbNR

NR − 1
2

π cos θR

]T
(11)

where ai and bi are the i-th elements of a(θT) and b(θR),
respectively. It is easy to verify the following orthogonality
property between steering vectors and their derivatives [48]:

ȧH(θT)a(θT) = ḃH(θR)b(θR) = 0, ∀θT, θR . (12)

The log-likelihood of the received echo signal (7) can thus be
derived as [66]

ln fYR(YR; θT, θR) = −NRL ln(πσ2
R)

− 1
σ2

R

L∑
j=1

(
‖yj‖2 − 2�{αyH

j AB(θT, θR)xj
}

+|α|2xH
jAB(θT, θR)

HAB(θT, θR)xj

)
. (13)

Now, since our goal is to derive the Fisher information matrix
(FIM), we take the expectation of the negative log-likelihood
(13), which after some calculations, and considering that the
transmitted symbols are zero-mean (i.e., E{xj} = 0NT ), leads
to

L(θT, θR) = −E {ln fYR(YR; θT, θR)}

∝ |α|2
σ2

R

L∑
j=1

E
{
xH
jAB(θT, θR)

HAB(θT, θR)xj
}
(14)

where we dropped all the terms that do not depend on the
parameters θT and θR. Now, recalling the properties of the trace
operator we get

L(θT, θR) ∝ |α|2
σ2

R

L∑
j=1

E
{

tr
(
AB(θT, θR)xjx

H
jAB(θT, θR)

H
)}

=
L|α|2
σ2

R

tr
(
AB(θT, θR)RXA

H
B(θT, θR)

)
. (15)

Note that the covariance matrix RX in (15) is directly related
to the beamforming vector w at the Tx via (2). Hence, such
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a beamforming vector impacts both the communication func-
tionality and the sensing one; therefore, w must be designed to
achieve the desired communication/sensing trade-off.

In this work, we focus on target tracking scenarios, partic-
ularly those where the target is stationary or moving slowly.
Under these conditions, the estimated or predicted positions
evolve gradually, making the design of the beamforming pattern
feasible.3

C. Bistatic Sensing Geometry

Without loss of generality, we can set the origin of the Carte-
sian axes on the center of the receiving array, such that the target
position can be expressed as

x = dR sin θR (16a)

y = dR cos θR (16b)

where θR is anti-clockwise oriented, while the x-axis is oriented
from right to left (see Fig. 1).

Consider the triangle with vertices in the target and in the Tx
and the Rx. Once the baseline l is known, it is sufficient to know
two out of the four following quantities to determine the target
position: dT, dR, θT, θR. In the following, we choose to estimate
the two angles θT and θR.4

Thus, to find the relationship between target position and the
two angles, we can start writing the equations of the two lines
shown in Fig. 1 that respectively pass through the target and the
origin (0,0), and the target and the point (l, 0), i.e.,

y = x tan
(π

2
− θR

)
(17)

y = (x− l) tan
(
θT − π

2

)
(18)

from which the x-coordinate of the intersection is obtained by
equating (17) and (18)

x =
l tan

(
θT − π

2

)
tan

(
θT − π

2

)− tan
(
π
2 − θR

) . (19)

Now, remembering the following trigonometric identity
tan(ϕ− π

2 ) = − tan(π2 − ϕ) = − cotϕ, the expression (19)
simplifies into

x =
l

1 + cot θR tan θT
. (20)

Then, the y-coordinate of the target is obtained by substituting
(20) in (17), from which

y =
l

tan θR + tan θT
. (21)

Accordingly, we can define the following change of coordinates:
Ω : (θT, θR) → (x, y) = Ω(θT, θR) where

x = φ(θT, θR) �
l

1 + cot θR tan θT
(22a)

y = ψ(θT, θR) �
l

tan θR + tan θT
. (22b)

3This assumption aligns with that adopted in [9] for the monostatic scenario,
where w is optimized for a direction of interest in which a potential target may
be located.

4Another possible solution is to estimate θR and dT + dR, the last one through
the time difference of arrival between the Tx-Rx path and the Tx-target-Rx path.

Now, the target position is expressed in terms of the two angles
θR, θT to be estimated.

Remark 1: Note that when y = 0, i.e., the target is on the
baseline, cot θR = 0 and tan θT → ∞, therefore an indetermi-
nate form arises for the x-coordinate in (22). Consequently, as
is common in bistatic configurations, target localization is not
feasible in this specific situation.

Remark 2: Note also that (22) are valid for 0 ≤ θT ≤ 2π and
0 ≤ θR ≤ 2π. However, when using ULA antennas, care must
be taken due to potential angle ambiguity. For instance, with
ULAs oriented as in Fig. 1, it is advisable to restrict both θT
and θR to [−π/2, π/2] to avoid ambiguities in AoA and AoD
estimation, unless specific information is available to resolve
this ambiguity.

III. COMMUNICATION VS SENSING TRADE-OFF

A. Fisher Information Matrix for Bistatic Sensing

Let us define

ȦT(θT, θR) �
∂AB(θT, θR)

∂θT
= b(θR)ȧ

H(θT) (23a)

ȦR(θT, θR) �
∂AB(θT, θR)

∂θR
= ḃ(θR)a

H(θT) . (23b)

By observing (15), one can recognize that the FIM coefficients
can be computed by following a procedure similar to that
adopted in [48], obtaining:

JθT,θT =
2L
σ2

R

|α|2tr
(
ȦT(θT, θR)RXȦ

H
T (θT, θR)

)
(24a)

JθT,θR =
2L
σ2

R

|α|2tr
(
ȦT(θT, θR)RXȦ

H
R(θT, θR)

)
= 0 (24b)

JθR,θT =
2L
σ2

R

|α|2tr
(
ȦR(θT, θR)RXȦ

H
T (θT, θR)

)
= 0 (24c)

JθR,θR =
2L
σ2

R

|α|2tr
(
ȦR(θT, θR)RXȦ

H
R(θT, θR)

)
. (24d)

Thus, the FIM results in the 2 × 2 diagonal matrix:

I(θT, θR) =

[
JθT,θT 0

0 JθR,θR

]
. (25)

B. CRB on the AoA and AoD Estimation

The CRB on the AoA and AoD estimation error can be
computed by inverting the FIM (25):

I−1(θT, θR) =

[
1

JθT,θT
0

0 1
JθR,θR

]
(26)

where JθT,θT and JθR,θR are defined by (24). Hence, the CRBs
on the angles of arrival and departure are given by:

CRBθT(θT, θR) =
σ2

R

2L |α|2tr
(
ȦT(θT, θR)RXȦH

T (θT, θR)
)
(27a)
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CRBθR(θT, θR) =
σ2

R

2L |α|2tr
(
ȦR(θT, θR)RXȦH

R(θT, θR)
) .
(27b)

C. CRB on the MSE of the Position Estimate

Let us denote with JΩ the Jacobian of the transformation
Ω : (θT, θR) → (x, y) = Ω(θT, θR) defined by (22)

JΩ �
[
∂φ
∂θT

∂φ
∂θR

∂ψ
∂θT

∂ψ
∂θR

]
(28)

whose elements are
∂φ

∂θT
= − l tan θR

cos2 θT(tan θR + tan θT)2
(29a)

∂φ

∂θR
=

l tan θT

cos2 θR(tan θR + tan θT)2
(29b)

∂ψ

∂θT
= − l

cos2 θT(tan θR + tan θT)2
(29c)

∂ψ

∂θR
= − l

cos2 θR(tan θR + tan θT)2
. (29d)

By defining the inverse transformation Ω−1 : (x, y) → (θT, θR)
= Ω−1(x, y), it is known that its Jacobian is

JΩ−1 = J−1
Ω (30)

from which the FIM with respect to the new coordinates, I(x, y),
can be retrieved from

I(x, y) = JT
Ω−1I(θT, θR)JΩ−1 (31)

and, thanks to (26) and (30), its inverse as

I−1(x, y) = JΩ I−1(θT, θR)J
T
Ω

=

[
∂φ
∂θT

∂φ
∂θR

∂ψ
∂θT

∂ψ
∂θR

] [
1

JθT,θT
0

0 1
JθR,θR

] [
∂φ
∂θT

∂ψ
∂θT

∂φ
∂θR

∂ψ
∂θR

]
.

(32)

Then, starting from (32), it follows that the CRB on target
localization error is

CRB(x, y) = tr
(
I−1(x, y)

)
= tr

(
JΩ I−1(θT, θR)J

T
Ω

)
= tr

(
JT
ΩJΩ I−1(θT, θR)

)
(33)

where

JT
ΩJΩ = G =

[
gTT gTR

gRT gRR

]
=

[
∂φ
∂θT

∂ψ
∂θT

∂φ
∂θR

∂ψ
∂θR

][
∂φ
∂θT

∂φ
∂θR

∂ψ
∂θT

∂ψ
∂θR

]
.

(34)
By substituting (26) in (33) the CRB expression can be further
simplified as

CRB(x, y) =
gTT

JθT,θT

+
gRR

JθR,θR

(35)

where gTT and gRR, are computed starting from (29) and (34),
as follows:

gTT =

(
∂φ

∂θT

)2

+

(
∂ψ

∂θT

)2

=
l2 (1 + tan2 θR)

cos4 θT(tan θR + tan θT)4

(36a)

gRR =

(
∂φ

∂θR

)2

+

(
∂ψ

∂θR

)2

=
l2 (1 + tan2 θT)

cos4 θR(tan θR + tan θT)4
.

(36b)

Note that, from (22), we obtain:

θR = arctan

(
x

y

)
, θT = arctan

(
l − x

y

)
(37)

that allows to write (36a) and (36b) and the CRB as a function
of x and y.5

By using (24) in (35), the CRB of target position estimation
can be written as

CRB(x, y) =
σ2

R

2L|α|2

⎡
⎣ gTT

tr
(
ȦT(θT, θR)RXȦH

T (θT, θR)
)

+
gRR

tr
(
ȦR(θT, θR)RXȦH

R(θT, θR)
)
⎤
⎦ . (38)

D. CRB Coefficients gTT and gRR

In Fig. 2(a), we plot the coefficient gTT in the CRB expression
(35), normalized to l2 and expressed in logarithmic units, as
a function of the target position (x, y). It can be noticed that
the coefficient assumes high values (around 20 dB) along the
baseline and low values (around −20 dB) approximately around
the position (l, 0). The symmetry with respect to the x-axis can
also be noticed.

In Fig. 2(b), instead, the gRR coefficient in the CRB expression
(35), normalized to l2 and expressed in logarithmic units, is
plotted as a function of the target position (x, y). We can notice
that the coefficient assumes high values (around 20 dB) along
the baseline and low values (around −20 dB) in (0,0) (at the
Rx). To understand how the two coefficients impact the CRB it
is interesting to compare them. In Fig. 2(c), the ratio gTT/gRR it
deciBel is depicted, in order to partition the whole plane in three
zones, where: i) gTT ≥ gRR, ii) gTT ≈ gRR, and iii) gTT ≤ gRR.
For each one of these zones, the suboptimal method 1 will be
applied according to Section IV-D1. These coefficients are also
needed for the optimal solution as it will be shown in the next
section.

IV. JSC OPTIMIZATION FOR BISTATIC SENSING

A. Problem Formulation

For the point target scenario with fixed target position (x, y),
the beamforming optimization problem under communication
user’s SINR and power budget constraints can be written as:

Wopt = argmin
WDF

CRB(x, y)

s.t. γk ≥ Γk, ∀k
‖WDF‖2

F ≤ PT. (39)

5Note that these coefficients depend only on the position of the target and not
on the beamforming vector, which instead affects JθT,θT and JθR,θR in (35).
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Fig. 2. Normalized coefficients: (a) gTT/l
2 [dB], (b) gRR/l

2 [dB], and (c) gTT/gRR [dB].

B. Optimization for the Multiuser Case

By applying the Schur component condition as in [53] it can be
proved that minimizing CRB(x, y) is equivalent to the following
SDP:

min
RX�0,tT,tR

σ2
R

2L|α|2
(
gTT

tT
+
gRR

tR

)

s.t.

[
tT 0

0 tr
(
ȦH

T (θT, θR)ȦT(θT, θR)RX

)] � 0

[
tR 0

0 tr
(
ȦH

R(θT, θR)ȦR(θT, θR)RX

)] � 0 .

(40)

Thus, by noticing that RX = WDFW
H
DF =

∑K
k=1 wkw

H
k , the

problem (39) becomes:

min
{wk}Kk=1RX,tT,tR

σ2
R

2L|α|2
(
gTT

tT
+
gRR

tR

)

s.t.

[
tT 0

0 tr
(
ȦH

T (θT, θR)ȦT(θT, θR)RX

)] � 0

[
tR 0

0 tr
(
ȦH

R(θT, θR)ȦR(θT, θR)RX

)] � 0

|hH
kwk|2∑K

i=1
i�=k

|hH
kwi|2 + σ2

C

≥ Γk, ∀k

K∑
k=1

tr
(
wkw

H
k

) ≤ PT , RX =

K∑
k=1

wkw
H
k . (41)

Let us define Qk � hhh
H
k and Wk � wkw

H
k . By using these

quantities in the SINR constraints and by dropping the rank
constraints on Wk for all k, the problem can be relaxed into a
convex problem as follows:

min
{Wk}Kk=1,tT,tR

σ2
R

2L|α|2
(
gTT

tT
+
gRR

tR

)

s.t.

[
tT 0

0 tr
(
ȦH

T (θT, θR)ȦT(θT, θR)
∑K
k=1 Wk

)] � 0

[
tR 0

0 tr
(
ȦH

R(θT, θR)ȦR(θT, θR)
∑K
k=1 Wk

)] � 0

tr (QkWk)− Γk

K∑
k=1
i�=k

tr (QkWi) ≥ Γkσ
2
C, ∀k

K∑
k=1

tr (Wk) ≤ PT , Wk � 0 . (42)

C. Optimization for the Single User Case

The case K = 1 is of particular interest, as it leads to a
simplified optimization procedure while still capturing the main
features of the problem under consideration. Moreover, in prac-
tical scenarios such as multicarrier systems, multiple users can
often be allocated orthogonally to avoid mutual interference. As
a result, it is not uncommon for the trade-off to involve a single
user and a target. Note that, for K = 1, the dual function beam-
forming matrix WDF = (w1,w2, . . . ,wK) ∈ C

NT×K reduces
to a vector w ∈ C

NT×1, where we skip the index k = 1 for sim-
plicity. Thus, the covariance matrix (2) reduces to RX = wwH ,
the power constraint (3) becomes simply:

1
L

NT∑
i=1

L∑
j=1

|xij |2 =
1
L

tr(XXH) = tr(wwH) = ‖w‖2 ≤ PT

(43)

and the SINR for the generic k-th user (5) reduce to the SNR of
the single user:

γ =
‖XHh‖2

Lσ2
C

=
‖wHh‖2

σ2
C

. (44)

Moreover, by using (2), (8), (10), (12), and (23), as well as the
circular property of the trace operator, (24) becomes:

JθT,θT =
2L
σ2

R

|α|2tr
(
b(θR)ȧ

H(θT)wwHȧ(θT)b
H(θR)

)

=
2L
σ2

R

|α|2NR|ȧH(θT)w|2 (45a)

JθT,θR =
2L
σ2

R

|α|2tr
(
b(θR)ȧ

H(θT)wwHa(θT)ḃ
H(θR)

)
= 0

(45b)

JθR,θT = J∗
θT,θR

= 0 (45c)
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JθR,θR =
2L
σ2

R

|α|2tr
(
ḃ(θR)a

H(θT)wwHa(θT)ḃ
H(θR)

)

=
2L
σ2

R

|α|2‖ḃ(θR)‖2|aH(θT)w|2 . (45d)

As a consequence, (27) reduces to:

CRBθT(θT, θR) =
σ2

R

2L |α|2NR|ȧH(θT)w|2 (46a)

CRBθR(θT, θR) =
σ2

R

2L |α|2‖ḃ(θR)‖2|aH(θT)w|2 . (46b)

Note that, due to the orthogonality between a and ȧ, and the
dependence of (46) on the projection ofw onto them, the optimal
weight vector is necessarily a compromise between the reduction
of the two CRBs.

Finally, by using (45) in (35), the CRB of target position
estimation can be written as

CRB(x, y) =
σ2

R

2L|α|2
(

gTT

NR |ȧH(θT)w|2

+
gRR

‖ḃ(θR)‖2|aH(θT)w|2

)
. (47)

Omitting, for the sake of clarity, the dependence on the angles,
the CRB (47) can be further simplified to

CRB(x, y) =
g̃T

|ȧHw|2 +
g̃R

|aHw|2 (48)

with

g̃T � σ2
R

2L|α|2
gTT

NR
(49a)

g̃R � σ2
R

2L|α|2
gRR

‖ḃ(θR)‖2
. (49b)

To optimize the beamforming at the Tx for JSC we need to solve
the following problem:

wopt = argmin
w

CRB(x, y)

s.t. |hHw|2 = γσ2
C

‖w‖2 = PT. (50)

Note that the problem makes sense only if γ ≤ ‖h‖2 PT/σ
2
C. If

this condition is not met, there is insufficient power to satisfy the
communication SNR constraint, even if sensing is disregarded.
In such a case, the only viable option is to allocate the entire
amount of available power to the communication task. This
can be achieved by choosing w = h

|h|
√
PT, thereby obtaining

an actual SNR of ‖h‖2 PT/σ
2
C.

Remark: Although the problem setting may appear similar
to the monostatic case solved in [53], seeking the optimal
beamforming in the bistatic case is significantly more complex
due to a CRB composed of two terms (rather than just one)
involving two orthogonal vectors, a and ȧ, in the optimization
problem. Therefore, the methodology to solve the problem is
entirely new and must be sought in a three-dimensional subspace
rather than a two-dimensional one, making this optimization not
straightforward. Moreover, the approach presented in [53] finds

the optimal beamforming only for AoA estimation, whereas we
solve the more general problem for target position estimation.

In this section we develop a framework to obtain the analytical
expression for the optimal JSC beamforming weights defined by
the problem (50).

1) Optimal Weight Vector Evaluation: Let us start defining
the following subspace:6

S � Span{a, ȧ,h} (51)

having the orthonormal basis:

uȧ � ȧ

‖ȧ‖ , ua � a

‖a‖ , ut �
v

‖v‖ (52)

where

v ∈ S : vHua = vHuȧ = 0 . (53)

Thus, because of the orthogonality between ȧ and a, we can
write

|ȧHw|2 = |w1|2‖ȧ‖2 (54a)

|aHw|2 = |w2|2‖a‖2 = NT|w2|2 (54b)

where by w1 and w2 we denote the components of w among uȧ

and ua, respectively. By substituting (54) in (48), it results in:

CRB(x, y) =
g̃T

‖ȧ‖2|w1|2 +
g̃R

NT|w2|2 . (55)

It is immediate from (55) that only the components of w among
ȧ and a concur to the CRB. Besides, the SNR constraint (5)
depends only on the components of w among h. It follows from
the power constraint that any component of w among directions
not belonging to S would result in a waste of power that does
not impact the CRB nor the SNR constraint. Thus, the optimal
weight (50) has to belong to S, i.e.,

wopt = w1uȧ + w2ua + w3ut. (56)

The problem (50) can be now restated as:

wopt = arg min
w1,w2,w3

g̃T

‖ȧ‖2|w1|2 +
g̃R

NT|w2|2 (57a)

s.t. |w1h
Huȧ + w2h

Hua + w3h
Hut|2 = γσ2

C (57b)

|w1|2 + |w2|2 + |w3|2 = PT. (57c)

By following the Lagrange’s multipliers method,7 we write

∇
[

g̃T

‖ȧ‖2|w1|2 +
g̃R

NT|w2|2

+ λ
(|w1h

Huȧ + w2h
Hua + w3h

Hut|2 − γσ2
C

)
+ μ

(|w1|2 + |w2|2 + |w3|2 − PT
) ]

= 0 (58)

6We recall that the span of a set of vectors is defined as the set of all linear
combinations that can be formed from those vectors.

7Note that the CRB function (57a) to be minimized is convex (except on the
line w1 = 0, w2 = 0) and that the two constraints are represented by convex
functions in R

3.
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where ∇[·] � ( ∂·
∂w1

, ∂·
∂w2

, ∂·
∂w3

, ∂·∂λ
, ∂·∂μ )

T. By setting to zero the
partial derivative with respect w1, w2, w3, we obtain, after some
algebra:

μw1 =
g̃T

‖ȧ‖2|w1|4w1 − λ
[
w1|hHuȧ|2 + w2(h

Hua)(h
Huȧ)

∗

+ w3(h
Hut)(h

Huȧ)
∗] (59a)

μw2 =
g̃R

NT|w2|4w2 − λ
[
w1(h

Huȧ)(h
Hua)

∗ + w2|hHua|2

+ w3(h
Hut)(h

Hua)
∗] (59b)

μw3 = − λw1(h
Huȧ)(h

Hut)
∗ − λw2(h

Hua)(h
Hut)

∗

− λw3|hHut|2 (59c)

from which, we can re-write the last equation as

w1(h
Huȧ) + w2(h

Hua) + w3(h
Hut) = − μw3

λ(hHut)∗
(60)

that, substituted in (59a), (59b), and (57b), provides

g̃T

‖ȧ‖2|w1|4w1 + μw3
(hHuȧ)

∗

(hHut)∗
= μw1 (61)

g̃R

NT|w2|4w1 + μw3
(hHua)

∗

(hHut)∗
= μw2 (62)

μ2|w3|2
λ2|hHut|2 = γσ2

C. (63)

Thus, (61) and (62) can be re-written as

g̃T

‖ȧ‖2|w1|2w∗
1
= μ

[
w1 − w3

(hHuȧ)
∗

(hHut)∗

]
(64)

g̃R

NT|w2|2w∗
2
= μ

[
w2 − w3

(hHua)
∗

(hHut)∗

]
(65)

and, by equaling μ in the two above equations, we get

‖ȧ‖2|w1|2w∗
1

g̃T

[
w1 − w3

(hHuȧ)
∗

(hHut)∗

]

=
NT|w2|2w∗

2

g̃R

[
w2 − w3

(hHua)
∗

(hHut)∗

]
. (66)

Lastly, by considering (66), the power constraint, and the SNR
constraint, we obtain the following system of three equations
with three unknowns:(‖ȧ‖2|w1|4

g̃T
− NT|w2|4

g̃R

)
(hHut)

∗ =

‖ȧ‖2|w1|2w∗
1w3

g̃T
(hHuȧ)

∗ − NT|w2|2w∗
2w3

g̃R
(hHua)

∗ (67a)

|w1h
Huȧ + w2h

Hua + w3h
Hut|2 = γσ2

C (67b)

|w1|2 + |w2|2 + |w3|2 = PT (67c)

and from the first equation, we get

hT

[(‖ȧ‖2|w1|4
g̃T

− NT|w2|4
g̃R

)
u∗

t

]

= hTw3

(‖ȧ‖2|w1|2w∗
1

g̃T
u∗
ȧ − NT|w2|2w∗

2

g̃R
u∗
a

)
(68)

which leads to

w3 =

(
‖ȧ‖2|w1|4

g̃T
− NT|w2|4

g̃R

)
(hHut)

∗

‖ȧ‖2|w1|2w∗
1

g̃T
(hHuȧ)∗ − NT|w2|2w∗

2
g̃R

(hHua)∗
. (69)

Now, by observing (57), we note that the phases of w1, w2, and
w3 play a role in the SNR expression only and not in the CRB
(57a). Thus, by using an argument similar to that adopted in [53],
we have to choose these phases such that

arg{w1}+ arg{hHuȧ} = arg{w2}+ arg{hHua}
= arg{w3}+ arg{hHut} = φ (70)

with arbitrary φ. In other words, the phases of the addends in
(57b) given the power constraint (57c), the sum will result in a
lower SNR. Thus, (69) and (67b) become

|w3| =
(

‖ȧ‖2|w1|4
g̃T

− NT|w2|4
g̃R

)
|hHut|

‖ȧ‖2|w1|3
g̃T

|hHuȧ| − NT|w2|3
g̃R

|hHua|
(71)

|w1||hHuȧ|+ |w2||hHua|+ |w3||hHut| =
√
γσ2

C. (72)

By using (69) in (67b) and (67c) we get:

|w1||hHuȧ|+ |w2||hHua|

+

(
‖ȧ‖2|w1|4

g̃T
− NT|w2|4

g̃R

)
|hHut|2

‖ȧ‖2|w1|3
g̃T

|hHuȧ| − NT|w2|3
g̃R

|hHua|
=
√
γσ2

C

(73a)

|w1|2 + |w2|2

+

(
‖ȧ‖2|w1|4

g̃T
− NT|w2|4

g̃R

)2
|hHut|2(

‖ȧ‖2|w1|3
g̃T

|hHuȧ)| − NT|w2|3
g̃R

|hHua|
)2 = PT.

(73b)

that can be re-arranged as:(
‖ȧ‖2|w1|4

g̃T
− NT|w2|4

g̃R

)
|hHut|

‖ȧ‖2|w1|3
g̃T

|hHuȧ| − NT|w2|3
g̃R

|hHua|

=

√
γσ2

C − |w1||hHuȧ| − |w2||hHua|
|hHut| (74a)

|w1|2 + |w2|2 +
(√

γσ2
C − |w1||hHuȧ| − |w2||hHua|

)2

|hHut|2
= PT. (74b)

The (74a) can be rewritten as:(‖ȧ‖2|w1|4
g̃T

− NT|w2|4
g̃R

)
|hHut|2

=
√
γσ2

C
‖ȧ‖2|w1|3

g̃T
|hHuȧ| − ‖ȧ‖2|w1|4

g̃T
|hHuȧ|2
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− ‖ȧ‖2|w1|3|w2|
g̃T

|hHuȧ||hHua| −
√
γσ2

C
NT|w2|3
g̃R

|hHua|

+
NT|w1||w2|3

g̃R
|hHuȧ||hHua|+ NT|w2|4

g̃R
|hHua|2 (75)

that is

‖ȧ‖2|w1|4
g̃T

(|hHut|2 + |hHuȧ|2)

− NT|w2|4
g̃R

(|hHut|2 + |hHua|2)

=
√
γσ2

C
‖ȧ‖2|w1|3

g̃T
|hHuȧ| −

√
γσ2

C
NT|w2|3
g̃R

|hHua|

+

(
NT|w2|2
g̃R

− ‖ȧ‖2|w1|2
g̃T

)
|w1||w2||hHuȧ||hHua| .

(76)

As far as (74b), it can be rewritten as:

|w1|2|hHut|2 + |w2|2|hHut|2 + γσ2
C + |w1|2|hHuȧ|2

+ |w2|2|hHua|2 + 2|w1||w2||hHuȧ||hHua|

= 2
√
γσ2

C|w1||hHuȧ|+ 2
√
γσ2

C|w2||hHua|+ PT|hHut|2
(77)

that is

a1|w1|2 + a2|w2|2 − 2b1|w1| − 2b2|w2|+ 2b|w1||w2| = −c
(78)

where

a1 � |hHut|2 + |hHuȧ|2 (79a)

a2 � |hHut|2 + |hHua|2 (79b)

b1 �
√
γσ2

C |hHuȧ| (79c)

b2 �
√
γσ2

C |hHua| (79d)

b � |hHuȧ||hHua| (79e)

c � γσ2
C − PT|hHut|2. (79f)

Thus, by solving the second order (78) with respect to |w2|, we
have:8

|w2| = (b2 − b|w1|)
a2

±
√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

a2
.

(80)

Note that:

a2
2|w2|2 = 2(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

± 2(b2 − b|w1|)

8The choice between the solutions with the sign plus and minus in (80) are
done a-posteriori according to the non-negativity constraint of both |w1| and
|w2|. If both the solutions are acceptable, we choose the one which minimize
the CRB.

·
√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

(81a)

a3
2|w2|3 = (b2 − b|w1|)3 ± 3(b2 − b|w1|)2

·
√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

+ 3(b2 − b|w1|)
· [(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

]
± [(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

] 3
2

= 4(b2 − b|w1|)3

− 3(b2 − b|w1|)a2(a1|w1|2 − 2b1|w1|+ c)

± [4(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)]

·
√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

(81b)

a4
2|w2|4 =

[
2(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

]2

− 4a2(b2 − b|w1|)2(a1|w1|2 − 2b1|w1|+ c)

+ 4(b2 − b|w1|)4 ± 4(b2 − b|w1|)
· [2(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

]
·
√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c) .

(81c)

Exploiting (79) in (76) we obtain:

‖ȧ‖2|w1|4
g̃T

a1 − NT|w2|4
g̃R

a2 =
‖ȧ‖2|w1|3

g̃T
b1 − NT|w2|3

g̃R
b2

+

(
NT|w2|2
g̃R

− ‖ȧ‖2|w1|2
g̃T

)
|w1||w2|b (82)

that is

g̃R‖ȧ‖2|w1|4
g̃TNT

a1 + |w2|3 b2 =
g̃R‖ȧ‖2|w1|3

g̃TNT
b1 + |w2|4 a2

+

(
|w2|2 − g̃R‖ȧ‖2|w1|2

g̃TNT

)
|w1||w2|b. (83)

Finally, by using (80) and (81) in (82) we get the implicit
(84), shown at the bottom of the next page, that can be solved
numerically for |w1|, which leads to |w2| via (80), and |w3|
via (67c).9 Then, the optimal beamforming weights can be
computed according to (70) and (56).

2) CRB Expression With Optimal JSC Weights: Here, we use
the three components of the optimal weight vectorwopt obtained
in the previous subsection to get the expression of the JSC
trade-off. To this aim, we have to express both the CRB and the
communication SNR as functions of w1, w2, and w3. For each
instantiation of the communication channel h, the JSC tradeoff
can be expressed, thanks to (49), by the following equations

CRB(x, y) =
σ2

R

2L|α|2
(

gTT(θT, θR)

NR‖ȧ(θT)‖2|w1|2

9Only solutions leading to non-negative |w1|, |w2|, and |w3| are acceptable.
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+
gRR(θT, θR)

NT‖ḃ(θR)‖2|w2|2
)

(85a)

γ =
|w1h

Hua + w2h
Huȧ + w3h

Hut|2
σ2

C

(85b)

where all the other quantities can be expressed as functions
of the Cartesian coordinates (instead of the angles) through
the transformation Ω. Note that the phases of the weights are
irrelevant for the JSC trade-off problem. Note also that the
orthonormalization leads to:

ut = u0h− u∗1ua − u∗2uȧ (86)

where

u0 � 1
‖h− (hHua)ua − (hHuȧ)uȧ‖ (87a)

u1 � hHua

‖h− (hHua)ua − (hHuȧ)uȧ‖ (87b)

u2 � hHuȧ

‖h− (hHua)ua − (hHuȧ)uȧ‖ . (87c)

Thus, the SNR constraint can be re-written as

γ =
w3u0‖h‖2 + (w1 − w3u1)h

Huȧ + (w2 − w3u2)h
Hua

σ2
C

.

(88)
Thanks to (86) and (88), we are now able to express the JSC
trade-off by means of known quantities.

D. Suboptimal Methods

The framework developed so far enables the derivation of
optimal beamforming weights, taking into account power con-
straints and communication SNR. To circumvent the need to
solve an implicit equation, we propose two suboptimal solutions
that are highly effective and computationally efficient.

1) Suboptimal Method 1: Let us indicate as w(2)
opt the weight

vector maximizing |aHw| under the SNR and the power con-
straint. In [53] it is shown that, given the SNR constraint γ = Γ,
it results

w
(2)
opt =

⎧⎪⎪⎨
⎪⎪⎩
√
PT

a
‖a‖ , if PT >

ΓNT σ
2
C

|hTa|2
x1u+ x2au, if σ2

CΓ
‖h‖2 ≤ PT ≤ ΓNT σ

2
C

|hT a|2√
PT u, if PT <

σ2
CΓ

‖h‖2

(89)

where u � h
‖h‖ , au � a−(uHa)u

‖a−(uHa)u‖ and

x1 =

√
σ2

CΓ

‖h‖2

uHa

|uHa| , x2 =

√
PT − σ2

CΓ

‖h‖2

au
Ha

|au
Ha| . (90)

If we now replace a by ȧ, we can prove, in a way that is formally
identical to that adopted in the previous subsection, that the
weight vector w(1)

opt maximizing |ȧHw| under the SNR and the
power constraint results in

w
(1)
opt =

⎧⎪⎪⎨
⎪⎪⎩
√
PT

ȧ
‖ȧ‖ , if PT >

ΓNT σ
2
C

|hTȧ|2
y1u+ y2ȧu, if σ2

CΓ
‖h‖2 ≤ PT ≤ ΓNT σ

2
C

|hT ȧ|2√
PT u, if PT <

σ2
CΓ

‖h‖2

(91)

where ȧu � ȧ−(uHȧ)u
‖ȧ−(uHȧ)u‖ and

y1 =

√
σ2

CΓ

‖h‖2

uHȧ

|uHȧ| , y2 =

√
PT − σ2

CΓ

‖h‖2

uH
ȧ ȧ

|uH
ȧ ȧ|

. (92)

Based on the CRB expression (48), we can consider the fol-
lowing cases, where the first two are “asymptotically optimal”
solutions:
� When g̃T � g̃R, the CRB is dominated by the term g̃R

|aHw|2

and thus wopt → w
(2)
opt .

� When g̃T � g̃R, the CRB is dominated by the term g̃T

|ȧHw|2

and thus wopt → w
(1)
opt .

� When g̃T ≈ g̃R the two addendum in (48) have the same
relevance and we can consider wopt ≈ w

(1)
opt +w

(2)
opt .

2) Suboptimal Method 2: Now we present a sub-optimal
method that is suitable for the whole range of possible target
positions. Let us denote as w(s)

opt the weight vector which mini-
mizes the CRB under the power constraint and regardless of the
communication SNR. In Appendix A we have proven that such
vector can be expressed as

w
(s)
opt =

√
g̃T PT

g̃T + g̃R
uȧ +

√
g̃R PT

g̃T + g̃R
ua . (93)

Let us denote with w
(c)
opt the weight vector which maximizes

the communication SNR under the power constraint regardless
of the CRB, i.e., no guarantee for sensing performance. It is

g̃R‖ȧ‖2|w1|3a3
2

g̃TNT
(|w1|a1 − b1) + b2

[
4(b2 − b|w1|)3 − 3(b2 − b|w1|)a2(a1|w1|2 − 2b1|w1|+ c)

]
± b2

[
4(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

]√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

=
[
2(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

]2 − 4a2(b2 − b|w1|)2(a1|w1|2 − 2b1|w1|+ c) + 4(b2 − b|w1|)4

± 4(b2 − b|w1|)
[
2(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

]√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

+

[
2(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)± 2(b2 − b|w1|)

√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

− g̃R‖ȧ‖2|w1|2a2
2

g̃TNT

]
b|w1|

[
(b2 − b|w1|)±

√
(b2 − b|w1|)2 − a2(a1|w1|2 − 2b1|w1|+ c)

]
(84)



4228 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 75, NO. 3, MARCH 2026

TABLE I
BISTATIC JSC SYSTEM PARAMETERS

immediate that

w
(c)
opt =

√
PT

h

‖h‖ . (94)

Now, by defining the suboptimal beamforming vector

wbal � (1 − ν) w
(s)
opt + ν w

(c)
opt (95)

we can set a trade-off between sensing and communication by
varying the parameter ν ∈ [0, 1].

Remark: In terms of complexity comparison, we note that
the optimal solution involves solving the implicit (84),10 while
the suboptimal ones only require the direct computation of two
vectors (i.e., (91) and (89) for the Suboptimal Method 1, (94)
and (93) for the Suboptimal Method 2) which have the same
complexity as the optimal solution for the monostatic case [53].

V. NUMERICAL RESULTS

This section presents the numerical results derived from the
developed analytical framework.

The parameters defining such a scenario are summarized in
Table I.11 To generalize the results, both the spatial coordinates
and the root CRB are normalized relative to the baseline l,
which does not require explicit specification here. The target
localization error is computed based on the normalized version
of (47) relative to the squared baseline l2. This is followed by a
square root operation, hereafter referred to as the normalized root
CRB. This bound is subsequently averaged over 104 realizations
of the channel vectorh, characterized by i.i.d. complex Gaussian
random entries with unit variance, and mean zero (Rayleigh fad-
ing) or one (Rice fading with Rice factor 1). It should be specified
that the optimization algorithms (both optimal and suboptimal)
are computed based on each specific channel realization, and
only afterward are the resulting CRB values averaged over the
various realizations.

A. JSC Optimal Trade-Off

In this subsection, we analyze the JSC trade-off in terms of
localization CRB versus communication SNR, with a target at
3 different positions such that: a) θR = π/3, θT = π/6 b) θR =
θT = π/3, and c) θR = π/6, θT = π/3.

10(84) is efficiently solvable numerically using standard root-finding methods
and poses no practical computational burden on modern processors.

11Instead of calculating α as a function of distance, according to (6), we
preferred to use a value consistent with [9] for comparison purposes.

1) JSC Optimal Trade-Off in NLoS Single User Scenario:
In Fig. 3, we illustrate the normalized root CRB as a function
of the required communication SNR γ, considering w = wopt
in a NLoS scenario (Rayleigh communication channel model).
Here, wopt denotes the optimal solution, analytically derived
using equations (56), (67c), (80), and (82). For a comprehensive
comparative analysis, we also present results for the case w =
wsub, defined by

wsub =
c1

c0
w

(1)
opt +

c2

c0
w

(2)
opt (96)

where wsub is the weight vector computed using the suboptimal
method 1, as detailed in Sec. IV-D1, i.e., w(1)

opt and w
(2)
opt are

defined by (91) and (89), respectively. Note that c0 is a normal-
ization constant such that ‖wsub‖2 = PT and different values of
c1 and c2 are under consideration. First, it has to be noticed that,
according to (5), the actual communication SNR attained by the
choice w = wsub result in ‖hHwsub‖2/σ2

C that, in general, is
different than Γ. It is evident that, through a discerning selection
of c1 and c2 (as discussed in Sec. IV-D1), the suboptimal method
1 closely approximates the performance of the optimal method in
the various scenarios of target position. More specifically, in the
scenario of Fig. 3(a) (θR = π/3, θT = π/6) the target position is
such that g̃T > g̃R (please refer to Fig. 2). Thus it is not surprising
that the suboptimal method 1 with c1 > c2 is the choice that best
approximates the optimal method. In the scenario of Fig. 3(b)
(θR = θT = π/3), instead, the target is in a position where
(always according with Fig. 2) g̃T = g̃R. As a consequence,
the suboptimal method 1 with c1 = c2 is the choice that best
approximate the optimal method. Finally, in Fig. 3(c) (θR = π/6,
θT = π/3) the target position is such that g̃T < g̃R. Thus the sub-
optimal method 1 with the choice c1 < c2 is the best approxima-
tion. In all these cases, we note that the proposed analytical opti-
mal solution is available only in a certain range of required com-
munication SNRΓ. Within such a range, the communication per-
formance can improve with a negligible degradation of the CRB.
If higher values ofγ are required, the suboptimal method 1 can be
adopted with a proper choice of c1, c2 as previously discussed.

When comparing the suboptimal and optimal cases in the fig-
ures, the line representing the root CRB for the optimal solution
may vanish beyond a certain SNR value. This occurs because
the SNR constraint becomes excessively stringent, making it
infeasible to minimize the CRB further.

2) JSC Optimal Trade-Off in LoS Single User Scenario: In
Fig. 4, the normalized root CRB is still depicted as a function
of the required communication SNR γ, considering w = wopt,
but a LoS scenario (Rice communication channel model, with
a Rice factor equal to 1) is considered instead of a NLoS as in
Fig. 3. The same considerations made previously can be applied
to cases a), b), and c). Furthermore, by comparing Fig. 4 to
Fig. 3 it can be observed that in all considered cases, the LoS
situation implies a significantly smaller increase in localization
error for the same required SNR. For example, in the NLoS case,
the curves corresponding to the suboptimal method exhibit an
almost exponential increase in the CRB beyond a certain value of
the required SNR, whereas in the LoS case, even the suboptimal
cases show a relatively flat trend similar to that of the optimal
case. This is in line with intuition: in the case of less severe
attenuation of the communication channel, the beamforming
orientation required for localization nonetheless attenuates the
communication SNR to a lesser extent.
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Fig. 3. Optimal MIMO vs suboptimal in single user case. Normalized root CRB vs communication SNR in NLoS scenario (Rayleigh channel) for: (a) θR = π/3,
θT = π/6 (b) θR = θT = π/3 and (c) θR = π/6, θT = π/3.

Fig. 4. Optimal MIMO vs suboptimal in single user case. Normalized root CRB vs communication SNR in LoS scenario (Rice channel) for: (a) θR = π/3,
θT = π/6 (b) θR = θT = π/3 and (c) θR = π/6, θT = π/3.

Fig. 5. Optimal MIMO with single user. Normalized root CRB vs communication SNR in NLoS scenario (Rayleigh channel) for: (a) θR = π/3, θT = π/6 (b)
θR = θT = π/3 and (c) θR = π/6, θT = π/3. The effect of increasing the number of antennas.

The effect of the number of antennas: In Fig. 5, we observe
the effect of increasing the number of antennas both at the
transmitter and the receiver while keeping their ratio fixed (in
this case, 4 : 5). The cases considered correspond to a number of
transmitting and receiving antennas of (12,15), (16,20), (20,25),
and (24,30), respectively. As expected, for a fixed communi-
cation SNR requirement, the CRB on the localization error
decreases as the number of antennas increases. This confirms
that system performance scales with the number of antennas.
Increasing NT and/or NR leads to larger matrix sizes, which
can increase computation time—especially in the multiuser case
involving SDP. However, due to the convexity of the problem,
efficient solvers remain practical even for larger dimensions. In
the single-user case, the complexity increase is minimal, as the
main step reduces to solving a scalar equation.

3) JSC Optimal Trade-Off in LoS Multi User Scenario: In
this subsection, we present the results for the multi-user case.

Fig. 6 shows the trade-off between the normalized root CRB
and the minimum SINR required for each user (assumed to be
the same for all K users). For a fair comparison, we consider a
Rayleigh channel as in the single-user NLoS scenario of Fig. 3.
Cases a), b), and c) refer to the same target positions defined in
the corresponding cases considered for the single-user scenario.
By comparing Fig. 3(a) to 6(a), 3(b) to 6(b), and 3(c) to 6(c),
we can observe that, for K = 1, the SDP method obviously
provides the same results as the analytical optimization. Indeed,
the normalized root CRB values are slightly above 0.02in case a),
around 0.025in case b), and between 0.02 and 0.025 in case c), re-
maining nearly constant up to SNR values of about 32–33 dB (as
was also the case with the analytical optimization in Fig. 3). Note
that forK = 1 the SINR clearly reduces to the SNR. ForK = 2,
4, and 8, we observe that, for the same communication SINR
required for each user, the minimum achievable normalized root
CRB increases progressively due to the growing number of
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Fig. 6. Optimal MIMO with K users. Normalized root CRB vs communication SNR in NLoS scenario (Rayleigh channel) for: (a) θR = π/3, θT = π/6 (b)
θR = θT = π/3 and (c) θR = π/6, θT = π/3.

Fig. 7. Optimal MIMO with K users. Normalized root CRB vs communication SNR in LoS scenario (Rice channel) for: (a) θR = π/3, θT = π/6 (b) θR =
θT = π/3 and (c) θR = π/6, θT = π/3.

Fig. 8. Normalized CRB in dB as a function of the target normalized position for: (a) communication optimal weight vector (94); (b) JSC “balanced” weight
vector (95) with ν = 0.5 and (c) sensing optimal weight vector (93). NLoS scenario (Rayleigh channel).

constraints imposed on the optimization. For example, requiring
an SINR of 30 dB with two users does not significantly increase
the minimum achievable normalized root CRB (compared to
the case where an SINR of 30 dB required for a single user);
however, with K = 4 the increase becomes clearly noticeable,
and withK = 8 the problem becomes infeasible (for such SINR
levels required for all users).

4) JSC Optimal Trade-Off in NLoS Multi User Scenario: In
Fig. 7, the normalized root CRB is still depicted as a func-
tion of the required communication SINR for each user, but
a LoS scenario (Rice communication channel model, with a
Rice factor equal to 1) is considered instead of a NLoS as in
Fig. 3. If we compare Fig. 7 with Fig. 4 (related to the NLoS
case with a single user), we can still recognize the validity of
the considerations made in the previous subsection regarding
the impact of requiring a minimum SINR for an increasing

number of users on the minimum achievable normalized root
CRB. These considerations hold for all the target positions a),
b), and c). Furthermore, by comparing Fig. 7 to Fig. 6 it can be
observed that in all considered cases, the LoS situation implies
a significantly smaller increase in localization error for the same
required SINR (exactly as could be observed by comparing the
NLoS scenario with the LoS scenario in the single-user case).
These results are consistent with what was reasonably expected
and strengthen the idea of the robustness of the optimization
models used in both the single-user and multi-user cases.

B. CRB as a Function of the Target Position

We now analyze the JSC trade-off of the MIMO bistatic con-
figuration for different target locations when the beamforming
vector is optimized:
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Fig. 9. Normalized CRB in dB as a function of the target normalized position for: (a) communication optimal weight vector (94); (b) JSC “balanced” weight
vector (95) with ν = 0.5 and (c) sensing optimal weight vector (93). LoS scenario (Rice channel).

i) for communication purposes only;
ii) for sensing purposes only;

iii) by balancing communication and sensing according to
suboptimal method 2.

In Fig. 8(a), the normalized root CRB as a function of the
target position (x, y) is plotted with a weight vector choice that is
optimal for communication purposes (w =

√
PT

h
‖h‖ ), referred

to as case a). We can note that the target positions for which
the CRB on localization error is acceptable (below 10−2, i.e,
−20 dB) do not include large portions of the area, e.g., all
positions with x ∈ [−0.2 l, 0.2 l] or y < 0.6 l. In Fig. 8(b), the
normalized CRB as a function of the target position (x, y) is
plotted, instead, with a JSC “balanced” weight vector choice
based on the suboptimal method 2 described in Sec. IV-D2 (w
as in (95) with ν = 0.5 that takes both sensing and communi-
cation functionalities into account. This is referred to as case
b). As expected, the portion of the space for which the target
localization normalized CRB is under 10−2 (i.e., −20dB) has
an intermediate area between the cases of Figs. 8(a) (optimal
for communication) and 8(c) (optimal for sensing). Finally, in
Fig. 8(c), the normalized CRB as a function of the target position
(x, y) is plotted, with a weight vector choice that is optimal for

sensing (w =
√

PT g̃T
g̃T+g̃R

uȧ +
√

PT g̃R
g̃T+g̃R

ua), referred to as case c).

In this case, the region where the CRB on localization error
is acceptable covers almost the entire area, except for a zone
near the baseline and an approximately triangular section with
vertices at (0,0), (−0.2l,−l), and (0.2l,−l). In Figs. 9(a), 9(b),
and 9(c) the same three situations as in the previous cases a),
b), and c) are represented, with the only difference being that
now the communication channel vector h follows a Rice model
instead of a Rayleigh one, with Rice factor equal to 1. The same
considerations as before apply, with the additional note that,
with respect Fig. 3, the normalized CRB values are pointwise
different in cases a) and b) (where the weight vector also depends
on the coefficienth of the communication channel) and identical
in case c) (where the weight vector does not depend on h).

VI. CONCLUSION

In this work, we investigated the fundamental limits of a
bistatic JSC MIMO system in terms of the CRB for position
estimation and its dependency on the beamforming vector at
the transmitter. The problem of minimizing the CRB under
power and communication SNR constraints was analytically
solved in the case of single user, and an exact solution for the

optimal weight vector was derived. Additionally, two suboptimal
methods were proposed, demonstrating performance close to
the optimal solution across a wide range of practical scenar-
ios. The exact and suboptimal methods were validated through
simulations, highlighting their effectiveness in addressing the
trade-off between sensing and communication functionalities in
bistatic systems. Moreover, in the numerical results, different
numbers of transmit and receive antennas have been included to
illustrate the performance scalability of the proposed solution
when increasing array sizes. Finally, a SDP-based solution is
provided for the optimal beamforming vector, which minimizes
the CRB under power and communication SINR constraints in
the presence of multiple users. These findings enable a precise
characterization of the trade-off between communication and
sensing in multi-antenna bistatic configurations, represented
as the minimum achievable CRB on target localization error
for a given communication SNR (in the single user case) and
SINR (in the multiuser case), or vice versa. This trade-off is
further influenced by key system parameters, including target
position, antenna geometry, power constraints, and channel char-
acteristics. Moreover, the proposed approach can be leveraged
to generate localization error maps, providing predictions of
localization performance based on the target’s position. This
capability offers a valuable tool for network designers, enabling
informed planning and optimization of bistatic JSC systems.

APPENDIX

If we do not have any constraint on the communication SNR,
we can consider λ = 0 in (59), thus obtaining:

|w1|2 =
1

‖ȧ‖

√
g̃T

μ
(97a)

|w2|2 =

√
g̃R

μNT
(97b)

w3 = 0 . (97c)

The multiplier μ can be derived by observing that (57c) with
w3 = 0 leads to |w1|2 + |w2|2 = PT. By substituting such a

condition in (97) we readily obtain
√
μ =

√
g̃T
‖ȧ‖2 +

√
g̃R
NT

PT
and thus
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the solution:

|w1|2 =
g̃′T

g̃′T + g̃′R
PT (98a)

|w2|2 =
g̃′R

g̃′T + g̃′R
PT (98b)

w3 = 0 . (98c)

where we defined g̃′T �
√

g̃T
‖ȧ‖2 and g̃′R �

√
g̃R
NT

. We can observe

that such a solution does not depend on the weights’ phases. The
CRB in (85) results in

CRB(x, y) =
(g̃′T)

2

|w1|2 +
(g̃′R)

2

|w2|2 =
(g̃T + g̃R)

PT

=
σ2

R

2L|α|2PT

(√
gTT(θT, θR)

NR‖ȧ(θT)‖2
+

√
gRR(θT, θR)

NT‖ḃ(θR)‖2

)2

.

(99)
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