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Abstract

We define a suitable class PDG of functions bearing unbalanced energy estimates, that are embodied
by local weak subsolutions to doubly nonlinear, double-phase, Orlicz-type and fully anisotropic operators.
Then we prove that members of PDG are locally bounded, under critical, sub-critical and limit growth
conditions typical of singular and degenerate parabolic operators, with quantitative point-wise estimates
that follow the lines of the pioneering work of Ladyzhenskaya, Solonnikov and Uraltseva [31]. These local
bounds are new in the critical case and sub-critical cases, and have been obtained without any qualitative
boundedness assumption. In particular, our proof of local boundedness in the critical case is valid disre-
garding of any additional integrability conditions and covers both the classical p-Laplacian and the porous
medium equations.
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1. Introduction

In [14] Ennio De Giorgi proved that the Holder continuity of weak solutions to

Y Di(ai j(x)Dju) =0

i,j

for a; ; measurable and bounded coefficients, is a property inherent to their energy, i.e. the satis-
faction of Caccioppoli inequalities, rather than to the fact that u solves an equation. This concept
has gained a parabolic flavor in the pioneering work [31], where the authors identify a suitable
energy class B, (Q27), for Q7 = Q x (0, T'], consisting of functions

U € Croe(0,T; L2 (Q)NLE (0, T; Wh2(Q),  QcRY,

satisfying, for a fixed positive constant ¢y, the energy inequalities

T
&= sup /(u—k)i;z(x,t)dx—l—//IV[(u—k)i§]|2dxdt
(t_ﬂ’r)l(,, r—nl(p

(1.1)
<ci /(u—k)ié (x,T—n)dx +c //(u—k)i[|§t|+|D§| i|dxdt

T-nK,

for any k € R, any cylinder K, x (t —n, ) C Q7 with p,n > 0, and any suitable piecewise
smooth cutoff function ¢ vanishing on 9K, (see also [16,17,23,30] and references therein). In
order to understand the extent of this definition, we observe that weak solutions to parabolic
equations with measurable and bounded coefficients

u; — div(A(x, H)Vu) =0

with A(x,1) = (a;,j (x, t))l .| measurable and satisfying MEP <&TA(x,H)E <AJE2,0<A <
A, are members of BQ(QT) More in general the parabolic quasi-minima, as introduced by [39],
which are functions

ue L} 0. T; Wi (),

satisfying for some Q > 1 the variational inequality
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—//u¢,dxdt+//F(x,t,u,Vu)dxdt, being QO = supp(¢),
0 0
SQ//F(x,t,u—gb,Vu—qu)dxdt,
0

with suitable assumptions on F as simply A|€|> < F(x,,u, &) < A|€|%, can be shown to be-
long to B,(27). Hence, any property derived for the members of B,(£27) passes to local weak
solutions, minima, and parabolic quasi-minima.

Now, when the growth of the operator is unbalanced, as in the case of the parabolic
p-Laplacian

uy — div(A(x, £)|Vu|P~2Vu) =0,

the energy estimates &, suffer from an inhomogeneity on the parabolic and elliptic energy term:

E,= sup /(u—k)zig“z(x,t)dx+//|V[(u—k)i§]|pdxdt

(T—n,7)
! K, T-nKp

T

< cz/(u —biix, Tt —mdx+e / /(u - k)i[m + |V;|P] dxdt, ¢ >0,
Ky TN K,

(1.2)
and still nowadays a complete regularity theory for the class of functions satisfying these in-
equalities is not available, since more energy inequalities tied to the structure of the equation are
needed (see [15], [16]) to control the oscillation, while a complete study of the local bounded-
ness is still possible. The local boundedness of weak solutions, together with quantitative bounds
on the essential suprema, is the starting point for the study of higher interior regularity such
as C%%, C1¢ interior regularity, Harnack-type inequalities and much more (see, for example
[16,17,26,30,31]).

In this work we generalize this principle to operators that have a very wild unbalance in the
energy, as for instance the doubly nonlinear parabolic equation with standard growth

"y — div(|w'"|"—2w'") =0, m>0, (1.3)

the doubly nonlinear parabolic equation with generalized Orlicz growth ¢ (see subsection 4.2)

div(gCr, 1,u, V")) V”m) 0 (1.4)
uy —di x,t,u,|Vu =0, .
t % [Vur|
and the doubly nonlinear anisotropic parabolic equation
N
ue = Y Di (w0 D 2 D) =0, (1.5)

i=1
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as well as their quasi-linear generalizations with bounded and measurable coefficients. In connec-
tion with the growth of these equations, we consider sets of numbers { pi}lN: 1 {qi}lN: 1 {mi}f\]: 1
{n; }zNzl , where the p;’s and g;’s are linked by

l<pi<qgi Vi=12,...,N,
and are meant to reflect the unbalance of the operator in its elliptic structure - such as double-
phase (p, g) growth, fully anisotropic, Orlicz -, while m;’s and n;’s are meant to represent the

unbalance offered from the point of view of the time derivative, when considering equation (1.3)
as

(u)y—Apu=0, I=1/m.
In this framework, the parameters ¢; and n; describe the generalized growth behavior of the
operator, complementing the standard spatial and temporal structure captured by p; and m;, and

may reflect, for example, double-phase or generalized Orlicz-type growth (see Subsection 4.2).
We define the numbers

O<m:=min(m,my,....,my,n1,n2,...., AN), q :=max(q1, ..., qN), (1.6)

the parabolic anisotropic energy spaces in a cylindrical domain Q7 = Q x (0, T'] as

Vioe (1) := {u : Q7 — R measurable and such that foralli =1,..., N,
(1.7)

m;(pi—=1)+m n; (g —=1)+m m;(pi—=1)+m

u Pi u P , D; (L{ Pi ) e L?(0,T; L (Q))}a

loc

and the geometric configurations

N
07y (. 7) = Kr(y) x (t —n.7),  with K;(y>:=1"[{|x,-—yi|<r,-,}. (1.8)

i=1

With this notation, we can finally define the suitable parabolic De Giorgi class in the cylinder
Qr, with @ ¢ RY open and bounded.

Definition 1.1. A non-negative function u belongs to De Giorgi’s class PDG1(Qr, C) if

i € Croc(0, T5 LIF™(2)) N Vie (1),

loc

and for every k > 0, every cylinder Qgrg,(y,7) C Q7, and every piecewise smooth, cutoff
function ¢ (x, t) vanishing on d K7(y) and such that 0 < ¢ (x, 1) < 1 the inequality

N
1
EM=sup /g(um,km)g‘fderEZ // u M=M= D™ — k™Y P dx dt

T—n<UIST ;
TR =lg; 6.0

4
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< / g™ k"™ tldx+C // g™, k™) ¢ dxdt+

Kz (y)x{r—n} Q5 (,7)

N
+C Y / umi=mPi=D M _ MP D | P dx di+

=10: (30

N
+C Y // u @D g — U D |4 dx de,  (1.9)

=l 60

is valid with a constant C > 0 depending only on the data,' and

u

1
g™ k™) = Z/z%_l(z — k") dz.
km

Remark 1.1. In the case of the standard p-Laplacian equation u, — A,u =0, i.e. in (1.3) with
m = 1, the function g(u, k) above reduces to the classic parabolic term g(u, k) = (u — k)2+ /2.

Remark 1.2. Since u € V,.(27), then all the integral quantities in (1.9) are convergent, and the
chain rule

(o (i D
Di{[u™] 7

will be tacitly assumed in the membership u € Vo (27).

Pi P i
= yi| Dilu" PP yi = (M) :
pim

Novelty and Significance

Motivation of this paper relies on the relatively recent research in [34], where the regularity
results for solutions of double phase elliptic equation with (p, g) growth were proved under
additional assumptions that

Np
N-—p

Np
N_

N
q > , pP<N and uel] (Q) with s>—(g—p)> (1.10)
p

The boundedness of solutions to elliptic equations with (p, g) growth in the case g < NN—fp
(as well, to parabolic equations under condition 1\%_4]\-]2 <p<Lg<pd+ %)) starting with the
papers of Kolodii [28,29] is well known, see, for example [1,2,6,7,12,13,20,21,33,35,36]. At the
same time, examples constructed by Marcellini [32] and Giaquinta [22] show that there exist
unbounded solutions, provided that g > IéVTp In this case, additional assumptions are needed on

the solution for its local boundedness, that are extra-integral conditions as (1.10).

I we say that a constant C depends only on the data if it depends only on {p;, g;, n;, m;, N}.
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Similar questions arise for parabolic equations with nonstandard growth, but, unlike elliptic
equations, in this case two special exponents show up: one of them (see case A > 1 in the next
Section) is responsible for the behavior of subsolutions in the degenerate case, and the second
(see case A < 1 in the next Section) in the singular case. Surprisingly, even in the case of standard
growth, i.e. referring to PDGT(Qr) withO <m =m; =n;, p=p; =qi,i =1, ..., N and (m +
Dp+N(m(p—1)—1)=0(if m = 1 thatis p = 25, orif p =2 thatis m = =3, N > 3),local
boundedness was known only under the additional condition that u € Lj  .(27) with sufficiently
large s (see, for example [3-5,16,17], [24], [25]). As Theorem 1.1 shows, this condition can be
removed.

About the known counter-examples (see for instance [5]), simple computations show that the
known unbounded solutions in this borderline case do not belong to the corresponding Sobolev
spaces defining the solutions, and so, the corresponding unbounded solutions fail to be weak
solutions.

Here we also note that in the sub-critical case the quantitative point-wise estimate is usually
proved under the additional condition that u is qualitatively locally bounded (see [3-5,16,17]
for the standard case); while in [11] this assumption has been removed in a two-step proof.
Theorem 1.2 shows that the qualitative boundedness condition can be discarded, for the whole
class PDGT(Q7), by means of a direct method.

Main Results

In order to state our main results we need to define numbers {A;} lN: 1 1A} lN: | by
Ai=mi(pi — 1) < Aji=ni(gi—1) Vi=1,...,N,

relative to the set of numbers {p,~}lN:1 , {qi}lN:1 , {mi}lN:1 , {ni}lN:1 of PDGV(Qr). Then we define
the special indexes

N N
1 1 1 A 1 Ai

A :=max(Aq,...,Ay), —i=— —, ’—‘1=— —, P<N.
p N;m p N;Pi

When A < 1 we say that the equation has singular behavior, while when A > 1 we say that
the equation has degenerate behavior. Clearly, we refer to the case A =1 as the limiting case.

Theorem 1.1. Let u € PDGT () and let
A p
C::max(l,A)<p‘—‘+(m+1)—=:./\/l, (1.11)
p N
then u is locally bounded. In particular, if
A
L <p‘—‘ + (m + I)B,
)4 N

then for any cylinder Qg g (X0, to) C QT the following estimate holds true

L N+p r (Mfﬁw .
sup  u<y|H®O,p) 7 // W™ dxdt +R@O, p), (1.12)
(x0,10)

Q -
5.5 0;.0(x0.10)

6
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for a constant y > 0 that depends only on the data, while the functions H(9, p), R(9, p) are
defined, respectively, in (3.4) and (3.5).

Remark 1.3. In the critical case £ = M, local boundedness is established without a quantitative
point-wise bound, which can be obtained only under the additional assumption u € L} (2r),
see Theorem 1.2 below.

Now, in order to formulate the respective of Theorem 1.1 in the sub-critical case £ > M, we
need to define the non-degeneracy number

ps+N(p|5| =D, if A<l

N , (1.13)
p(s+1—A)+N(pyF| —A), if A>1.

Xy = p(s+1—£)+N(p’%‘—£):i

Theorem 1.2. Let u € PDG(Q7), let L > M and let s > m + 1 be any number such that

N A
xs >0, e s>£—1+—(£—p‘—‘). (1.14)
p p
If we assume additionally that u € L], (Qr), then u is locally bounded, and moreover, the fol-
lowing inequality holds
N
L Ntp s -
sup  u< y(?—[(@, p) P // u’ dxdt) + RO, p), (1.15)

Q5 g (x0,t0)
5.5 0l 05,6 (x0,10)

for a constant y > 0 depending only on the data.

Remark 1.4. The condition x; > 0 allows us to control the behavior of u both in the singular
case (A < 1) and in the degenerate case (A > 1). Our approach allows us to prove the L} (21)
bound in both of these cases simultaneously.

By simple computations on the exponents one sees that for the p-Laplacian equations (1.2)
the condition £ < M corresponds to p > 2N /(N + 2), so that, coherently with the study of
[16], we refer to Theorem 1.1 as the super-critical case, since £ < M, and Theorem 1.2 as the
critical/sub-critical case, since L > M.

Structure of the Proof

The proofs of Theorems 1.1-1.2 are based on the method of De Giorgi [14], for an exhaus-
tive overview on the subject, see, for example [16,17,23,30,31]. Although the general technique
for establishing boundedness is similar to the standard p-growth, we had to overcome the diffi-
culties offered by the presence of (m;, p;)-(n;, g;) growth coming from the unbalanced energy
inequality (1.9) defining PDG " (Q7). In the limiting case £ = M we also explore the ideas
from [2,12,20,21]. Here below we explain, in the simplified case of the p-Laplacian equations,
the strategy of the proof for the critical case.

-Critical case: The Underlying Strategy -

7
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The usual L*°-bounds machine in the variational case consists in chaining an embedding

1,
”U”Lp*(]()fy ||VU|L1’(K)» for veW, p(K)’

locally with the energy estimates - constructing so a sequence of numbers y;, which are weighted
integral averages of the solution in some shrinking compact sets, and which must satisfy the
assumptions of the technical iterative Lemma 2.2.

Suppose for the sake of clarity that we are in the p-Laplacian case (i.e. (1.3), m = 1), which is,
function u > 0 satisfies the energy inequality (1.2) that we rewrite on ideally designed shrinking
sets (as in Section 3) Q; = B; x I; and increasing levels k; as

sup/(u— ]+1)+§]dx+//|V(u— kjv1)o|P¢dxdr < 2o //(u kj)2 dxdi, (1.16)

tel;

having chosen k > (6/p?)? = and being in this case p = the critical case. Now, setting

= N+2
i ::/ (u —kj)2% dxdt,

Qj

and using Lemma 2.3 and (1.16), we obtain

N+p

Vi1 <y2i7 oW fyT (1.17)

Lemma 2.2 can be applied to inequality (3.14) yielding lim;_,», y; = 0 (and therefore the local
boundedness of u), provided that

k 2 1 _N+p
yo= //(u— 2 dvdr < Lo, (118)
2 14
Qp,H
Since
hrn //(u — —)+ dxdt < l1m // w?dxdt = 0,
k— 00

Qp.eNfu=k/2}

we can choose k large enough to satisfy (1.18). Observe that in this case the value of k is only
qualitative. When more information, such as u € Lfoc(QT) is available, then this machinery can
be refined to expliciting k and having a quantitative upper bound, see Subsection 3.2.2 for further
details.

Comparison with known literature

Theorem 1.1 generalizes Ok’s result [34] for elliptic equations with (p, g) growth and, in
addition, refines known results in the so-called sub-critical case for doubly nonlinear parabolic
equations with standard (m, p)-growth, [5]. In particular, if

8
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(m+Dp+N@m(p—-1)—1)=0, m >0,

we obtain the local boundedness of non-negative sub-solutions without the assumption that

u € Lj, .(S27) with some sufficiently large s > 1. Our results also cover the new cases of parabolic

equations with nonstandard (m, p) — (n, q) and anisotropic (m;, p;) growth, generalizing the
parabolic studies of [8], [9], [18], [19], and literature therein. See subsection 4.3 for more details.
The case p > N will be the aim of further investigations.

Structure of the paper: In Section 2 we collect some preliminary and technical properties,
Section 3 is devoted to the proofs Theorems 1.1-1.2. Finally, Section 4 contains several exam-
ples illustrating that solutions to equations (1.3)-(1.4)-(1.5) belong to PDG™* (1), and therefore
Theorems 1.1, 1.2 apply to them.

2. Auxiliary material

In this brief section we collect our main tools of the trade. First, we start with a Lemma that
allows to estimate more precisely function g in (1.9) of Definition 1.1. For u, k, m € R set

u
1
g+(u, k) 2=iz/z%_l(z—k)idz.
k

Then, truncations g+ (u, k) are bounded above and below.

Lemma 2.1 (e.g. [5], Lemma 3.2). There exists constant y > 0 depending only on m such that
1 L 2 1 2
;(k+u)'" (u—k)i <gelu, )<y k+u)ym™ (u—k)i.

The next Lemma is called in the literature The Geometric Convergence Lemma, it is a classic
tool for a priori estimates for which we refer to [16], Chapter 2.

Lemma 2.2. Let {y;} jeN be a sequence of positive numbers satisfying the recursive inequalities
I <SABIYIT =01
Yi+l X y/ P J=U, 1.

where A, B > 1 and § > 0 are given numbers. If

| —
YSATSB &,

then limj_, o y; =0.
Finally, we will need the following anisotropic embedding at its full strength.
Lemma 2.3 (e.g. [37] or [19] Prop. 2.3.). Let Q C RN be open and bounded, u € WOI’I(Q) and

N
Z/|Diu“i|p"dx<oo, a; >0, p<N.
i:lQ
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Then there exists ¢, depending on N, p1, ..., pN, 1, ..., &N such that

N—p

N va N 1 o
(/|u|1’dx) V<o (/|Diu°‘i|pidx)Np’, =t a=—Ya
o o N-p N i=1

i=1

2.1. Notation

We refer to the parameters C, N, m 1, ..., mMiN, 1, ..., AN, P1y s PN> {15 ---, N aS OUT Struc-
tural data, and we write y if it can be quantitatively determined a priori only in terms of the
above quantities. The generic constant y may change from line to line.

3. Local boundedness: proof of Theorems 1.1, 1.2
The first step is a common energy estimate. We set up the iterative geometry: let us fix
(x0, o) € Qr such that Qg gs (x0, o) C Q7. For k > 0 to be determined, we define the increas-

ing sequence of levels

km

m __m
kj =k pymg

- 1 1 -
B = UKD KT = S R,

and the decreasing geometric sequences
_— o ! 1 0 { 1
rj.—E +ﬁ , 77]'.—5 +F ,
K; = K7, (x0), Qj:=K;x1Ij, Ij:=(to—mnj,t0).
Now, let g“;l)(x) € Cé (K ;) be a cut-off function between K; and K1, i.e.

V=1 in Kpp, 0<¢P<l,

and therefore obliged to satisfy the decays

) 2/ .
|Di§j (x)|<3/—', Vi=1,..,N.

1

Moreover, in order to localize with respect to time, let us consider {}2)(0 € C1(R) such that
2 2
¢P0)=0 for t<t—n;. P =1 for 1>10—nj1,

2J
(2) (2)
1?0 <1 g ol<y

and finally set ¢; := {}1)5;2). In order to control the parabolic energy terms, we observe that on
the set {u > k; 1} one has

10
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u 2%

Jj+1 i
< < <y2/Y
/ ! /

um — [kj]m um [k]]m k;'nJrl _ [kj]m

~ ’

and hence Lemma 2.1 yields

211'), (Mm e )l+%
14

g™, K1) > i

, if u}kj_,_].

Moreover, on the set {u > k;.}

u™ + [k 1" 2u™ 20k 1"
< I < < 1

rmo rm S g/ m
N N AT T

<y2”?,
and hence, using the fact that (¢ — [k}]’”)Jr <@ — IET)Jr, from Lemma 2.1 we get

. - 1
g™ K1) <y 207 @ — R

Therefore, setting

m pj

by (3.1), (3.2), inequality (1.9) can be rewritten as

J

N
1+ 1P
sup/(um —k;-’:Ll)Jr '"g']’.]dx—i— E //ID,'(um —k;"+l)i'|pl§;1dxdt
i=1
Qj

tEIj
y2JY 4
< 7 //(u"’—k;”)+ dxdt+

Y y277 (mj—m)(pi—1) (. .m _ Tm\Di
+Y e //u =D g — kP dx di+
=t g

Y y2/Y (ni—m)(qi—=1)(,,m _ Tm\di
+E 7 //u i 4= (u — kY dxdt
i=1 1 0

J

3.1)

(3.2)

) klfﬁ N k)»,'*,C N kA,'f,C 1+£
<y2”’|: - +Z p +Z o }//(um—k7)+*"dxdt. (3.3)
i=1 4 i=1 4 0;

S 1

i=1a

By the simple arithmetic fact that Zle a; > (Z
in brackets in (3.3) are estimated by stipulating to take

11

-1
) for any S > 1 and a; > 0, the terms
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1

L .
sz<1(p,)l ’+21A<1(9)H"', it A=1=CL,
k>R(9715)= lt

(ip) t+Z,1( )ﬁ, if A<l1=CL,
6

1

A .
+ZIA<A(%ZZAI AP[) ,if 1<A=L.

Therefore, setting

L if A<,
1 1 1 :
HO, ) =7+ Lin= _pl{?i+2i:Ai=1F’ it A=1,

1 ER
Dini=A ot Diihi=A P it A>1,
1 1

the energy inequality (3.3) gets simplified into

sup/(u —k;"H)+ '"qu —i—Z//lD @" =K "|Pi;j.1dxdt

tEIj
i=1
Qj

qi A
Zl:k[:A (p ) 4 Zl ‘A=A (pi )A '+ Zl A <A (,0% ZZIA[:A plpl)A g +

(3.4)

3.5)

. £
<y2IY HO, p) //(um - k;?*)f’" dxdt. (3.6)

Here the proof of the two Theorems splits.
3.1. Proof of Theorem 1.1

3.1.1. Case L < M
Choose

Let us set

1
o = min o, T := min , =qll4+—).
gy P Gy q( +P_Ol_>

By Holder’s inequality and Lemma 2.3, from (3.6) we obtain

12
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/ W™ — J+1)+ " dxdr

Qj+1
1+45 1+£
<( 1w —kpeer avar) ™ 10; 0w ki
p(1+ )
Sup/(um km)+ qu ) Npx «
tel;
Nap N—p l+% 1—
a~ N %
<([[ [ 1= el P ax] T an) T 0, 0z k)
1j B
p(+£)
sup/(u — kLt ’"; d) Mo
tel;

I+5

i 1+£
i - i D% 1-—=
Z//|D — kDY) 1|7 dx df) QN u kil

t]Qj

and by the common energy estimates (3.6) we obtain

L
/(u — KPS dxdi
Qj+1

1+£
1+£ ==
)(//(um —k;”)+ m dxdt) X
Qj

(1+ )(N+p)

7—[(9 p) // " k'")+ " dxa’t] L

Therefore, if we define

L
v; =/ " — kM dxd,

then from (3.7) we obtain

+£ a+Ewep gy P
Vit <y2]}/k (m+L)(1- [H(G ,0)] PN y] PxN

By Lemma 2.2 lim;_, o, y; = 0, provided that k is chosen to satisfy

13

1+£

TPk

3.7

(3.8)

(3.9)



S. Ciani, E. Henriques, M.O. Savchenko et al. Journal of Differential Equations 462 (2026) 114235

(m+1)p+N(p\%|—ll)

P A N+p
Ko > y[HO.5)] 7 . (3.10)
From this, taking into account (3.4) and (3.5), we arrive at the required estimate (1.12).

Remark 3.1 (Explicit formulas). In the singular case A < 1 = £, formula (1.12) takes the explicit
shape

P
1 TOPINGIETD
sup U< y(N—er // um+1 dxdt)< +Dp+N(pl %] 1)+
Q; g (x0,%0) 0 7
2

9
2 05,0 (x0,10)

N 1

S )T ()] an

i=1 i i=1

while in the limiting case A = 1 = L the expression (1.12) is

1 N+p "
sup ugy([e Z -+ // W ddt )( +1)p+N(p\ -

q,
(x0,t0) =1 in=1Pi Q.6 (x0,10)
6\ 0\
| X (n) T X ()T e
Pi itAi<1 Fi

i:)»i<l i

Q5
2

[4
2

and finally in the degenerate case 1 < A = £ we have

i
1 1 152 P TS S
sup u<y<[ St Y T] P // um+Adxdt)( HDPENGATI-N)
0g.4000 it=A P ih=n i 0716 (v0.10)
Ppi AT qu AT 1 e
LA Ti A= AR
+V|:Z(0) +Z(9) +Z(Pi2pl) +
ihi=A A=A <A Pi L:a=A

3.1.2. Case L=M
Let us set

Vj :://(um—k;”)f_* dxdt,
Qj
1 L A
pe=ap+(+ )2 =142, ap=1+L|2).
m N m m

Using Lemma 2.3 and (3.6), similarly to (3.9) we obtain

14
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N+p

yi+1 <2V [H, p)] ]N : (3.14)

By Lemma 2.2, inequality (3.14) yields lim;_, o y; = 0, provided that

» I L.
yo_/ ™ )+*d xdt < [H(e,p)] P (3.15)
Qp9
Since
/ (u m_ X )i* dxdr < // u™P* dxdt
Qoo 00N (uzk2"7)

and using Chebyshev’s inequality together with the absolute continuity of the integral with re-
spect to the domain

1 x
1/m mp _
khm [[u = k27/™M]) < hm e //u dxdt=0 =
Q5.0

= lim // u™Px dxdt =0,
k— 00

1
Qp,0Nfu=k27m}

we choose k large enough that (3.15) holds, and hence

sup u <k,
0 ¢ (xo.0)
202

completing the proof of Theorem 1.1.
3.2. Proof of Theorem 1.2
3.2.1. Case L> M
Due to the fact that £ > p| i‘ +(m+1) % we cannot follow the proof of Theorem 1.1. Let us

estimate the integral on the right-hand side of (3.6), for this set

s—m—L 1 A
€=—""—, p*=ozp+(1+—)£, ap:l—i—ﬁ)—‘.
S — mMpy m- N m

Note that by assumptions £ > M and (1.14) one can estimate
N A A

s>L—1+ —(E—p)—‘) >L+m> p’—‘ +m+ (m+ 1)£ =map + (m + 1)£ = mpy,
p p p N N

so that € € (0, 1) is well defined. Fix number d such that

15
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1

d:=( // w'dxdr)’,

05,0 (x0,10)

L —
then by the Holder inequality, and using the fact that w =, we obtain
—€

/( m km)+ m dxdt /(M km)el’* m+L—mepy dxdt

//(u —kmh dar ) ( //u dxdr)

< y2/7@s1-o (//(u’" — Kb dxdt)e. (3.16)
Q;

Inequalities (3.6), (3.16) yield

sup/(u —k]+1)+ g dx+2//|D(u — K ) |Pied dixdr

tel;

<y277 O30, ) (//(u'" — Kb dxdt)e. G.17)
Q;

Similarly to (3.14), by Lemma 2.3, using the Holder inequality and (3.17), we have

N]-vi-P 6N+p
Vit :=/ " =k} ) dxde <y27 [df“ VH(, p)] v © (3.18)
Q0+
Calculations give
P —LAD+NPL[=L)
e(N +p) — =—— >0, (3.19)
S — Mpy S — Mpy

and hence e% > 1, so, from (3.18), by Lemma 2.2 we obtain that lim;_, » y; = 0, provided

that

N+p

yo < — [dS(l 6)7_[(9 )] e(N+p)— N. (3.20)
14

By the Holder inequality

16
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km
Yo = / " — 7)? dxdt < // uPr dxdt <

- 1
Q5.0 0. 0N(u=k2" )

__mpx
<d™*| Q5 9(xo0,10) N fu = k27m)|' T

Evidently we have

1
1 2mdys
|Q5.00x0.0) N> k27m)| < (=)

and hence

2m(1=5)gs

Yo < T (321)
Therefore, (3.21) implies (3.20), provided that we choose k large enough such that
s(l—e N s, N
fSTMPx — yds-i-W [7‘[(9, ﬁ)]ﬁ — ydm["}-ﬂ(@, 5)]% (3.22)

Taking into account (3.19) and the definition of d, (3.22) can be rewritten as

sp N+ N+p L
k=ydx [HO,p)] ™ =y[H(®, p)] // u dxdt

Q5.0 (x0,%0)

and hence

sup u <k,

0 ¢ (xo.0)
2

0
2

which, taking into account (3.4), (3.5), proves Theorem 1.2 in the case £ > p‘ %| + (m + 1)%.

3.2.2. Case L.=M
Set

1 c A
yj:=//(um—k'.")i*dxdr, pe=ap+(+—2 —14%2, ap=142|%]
J m’ N m mlp
Q0

by (3.14), (3.15) limj_, oo y; = 0, provided that

N+p

[HO.5)] 7. (3.23)

YI»—*

with H(6, §) defined in (3.5). By (3.21)

17
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m

2m (1= g ; §
yogw, d=( u‘dxdt) .

Q5.0 (x0,10)

Therefore, inequality (3.23) holds, provided that & is chosen to satisfy
o Ntp
TP = y[?—[(@, ,0)] » // u’dxdt.
05.0(x0,10)

By our choice of £, calculations give s — m p, = % . Taking into account (3.4), we arrive at the
required (3.14), (3.15), this completes the proof of Theorem 1.2.

4. Examples

In this Section we show that local weak sub-solutions to many evolutionary nonlinear equa-
tions belong to our parabolic class PDGT(Qr). In this context, two new points should be
highlighted for the equations presented in the next subsection: doubly nonlinear equations (1.3)
cover both the parabolic p-Laplacian and the porous medium equations, for which local bound-
edness is established in the critical case.

4.1. Example (1.3) - doubly nonlinear equations

Local weak solutions to doubly nonlinear parabolic equations with standard growth as (1.3)
satisfy inequality (1.9) in the cylinder Q, ,(y, T) = B, (y) x (r —n, 7) with

m=m|=..=my=np=..=ny, p=pr=..=PN=({1=..=(N,

see, for example [5]. Conditions (1.11) are translated into
£ =max{Lm(p— D} <m(p = 1)+ (m+ 1) = M.

We specify Theorems 1.1-1.2 under the dichotomy degenerate/singular.

Let (xq,f0) € Q7 and p > 0 be such that the sub-cylinder Qg 8g(xo, o) C Q7 is properly
contained in the domain.

In the degenerate and limiting case A =m(p — 1) > 1 the condition £ < M is always satis-
fied, hence the quantitative bound is always at hands.

Corollary 4.1 (Degenerate and Limiting case A > 1). Let u > 0 be a local weak subsolution to
(1.3) with A > 1 and p < N. Then there exists a constant y > 1 depending only on the data such

that
1o T 6 \ =D
m+ —m(p—
sup u <y(|:—+—i| // u”‘pdxdt) -|—J/<—> .
0.6 (x0.10) o pf oP

025,20 (x0,%0)

On the other hand, in the singular case A < 1 then £ = 1 and we have to distinguish between
super and sub-critical: here, the non-degeneracy number is »%; = ps + N(m(p — 1) — 1).

18
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Corollary 4.2 (Singular case A < 1). Let u > 0 be a local weak subsolution to (1.3) with A < 1
and p < N. There exists a constant y > 1 depending only on the data such that:

e If p, m are in the super-critical range

(m+1)N
P>
m(N+1)+1

then the following quantitative upper bound is valid

P 1
N+ N[m(p—D)—1]+(m+1)p 0 T-m(p—1)
sup  u < y(@ N // ut! dxdt) + y(—) .
Qp.0(x0,10) pP

02,260 (x0,10)

e In the critical case p = (m + 1)N/[m(N + 1) 4 1] the local weak sub-solution u is quali-
tatively locally bounded. Such a qualitative property can be made quantitative by assuming
extra local integrability, as in the next point.

e Otherwise, in the critical and sub-critical range

_ _m+DN
P NF 1

N

any extra integrability condition u € Lj

(27) for any number s such that

s=ps+Nm(p—1)—1)>0, s>m+1,
results in the quantitative upper bound

p

_N+p xs Q lfm(lpfl)
sup u<yl6 » // u® dxdt +y|l— .
0.6 (x0,10) pP

025,260 (x0,%0)

4.2. Example (1.4) - generalized Orlicz growth

Doubly nonlinear parabolic equations with generalized Orlicz growth as (1.4), i.e.

Vu™
[Vu™|

ut—div<g0(x,t,u,|Vum_|) ):0, (x,1) € Qr,

where ¢ (x, t, u, v) is increasing in v for all (x, #) € Qr and u > 0 and satisfies the conditions
Klu(m*mf)(Pfl)vP <O(x,t,u,v) =@, t,u,v)v< K2u(n7m7)(qil)vq, “.n

where m™ :=min(m,n) >0, p< g, m(p—1) <n(g —1).

19



S. Ciani, E. Henriques, M.O. Savchenko et al. Journal of Differential Equations 462 (2026) 114235

Remark 4.1. The case of double-phase equations is covered by this one; the only difference be-
ing that the constants K, K, above and therefore the constant C of the definition of PDGT(Qr)
(see (1.9)) depend on the local maximum and on the minimum value of the phase (see [10],
Lemma 3.1).

Definition 4.1. A function

u € Cloe(0,T; L™ (Qr)), u™ €Li(0,T; Wloj(sz))
m(p—1)4+m— ng—D+

w o eLl O, T;WhP@), u ¢ €Ll

loc loc

(0, T; LY, ()

is a local, weak subsolution to (1.4) if for every compact set K C 2 and every subinterval
[#1, 2] C (0, T] the inequality

/u{dx // —ul +o(x, tu, |[Vu™ |)| |V{}dxdt <0, 4.2)

n K

is valid for all test functions 0 < ¢ € Wl1 L]er O, T: L'"*"" (K))NL? (0,T; WOI"’(K)).

loc

We show that local weak sub-solutions to (1.4) belong to PDG1(Qr).

Proof. First we observe that the following inequality holds true:

b
o, t,u,a)b<eplx,t,u,a)a+ox,t,u,—)b, (x,t)eQr, €,u,a,b>0. 4.3)
€

Indeed, if b < €a, then ¢(x,t,u,a)b < ep(x,t,u,a)a, and if b > ea, by the fact that ¢(-, -, -, a)
is increasing, we obtain ¢ (x, t,u,a)b < ¢o(x,t, u, [E’) b, from which the claim follows.

Now, let us test (4.2) by (u™ —k™ ), ¢4, where ¢ (x, t) is a piecewise smooth cutoff function,
vanishing on 0B, (y) x (t —n,71), 0 < ¢(x,t) <1 and integrate over B,(y) X (t — n, t1) with
t1 € (t —n, ). The use of such a test function is justified, modulus a mollified process firstly
presented by Kinnunen and Lindqvist [27] for the parabolic p-Laplacian and considered also in
the study of doubly nonlinear equations by several other authors (as in [5], [11] and [38] just to
name a few), we obtain

3]
/ g+(u'"’,km")qux+/ /<D(x,t,u,|V(um_—km_)+|)§qudt

Br(y)x{n} =1 Br(y)

14|
< / g+<u’"ikm’);‘fdx+/ /g+<u”,km’>|¢t|dxdr+

By (y)x{r—n} =1 Br(y)

1
”/ / QO L u, V™ — K" ) D@ — k") 1Ve| 29  dxd.

T—n Br(y)
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We estimate the last term of this inequality using (4.3) with

- - - - 1
A=V =K )l b=q@" —K")iVeleT! and =3,

to get

31
_ _ 1 _ _
/ RN >;qu+5/ /cb(x,r,u,wmm K, ¢ ddr

B (y)x{n} =1 By (y)

3]
< / g+(um_,k’”_)g‘qu+/ /g+(u””,km‘)|cz|dxdt+

By (y)x{r—n} =1 By (y)

1
+61/ /W(x’l,u,ZCI(um_—km_)+||VC|€_1)(Mm_—km_)+|V§|§q_1dxdf-
7—773;<(y)

From this by (4.1)

n
_ _ K _ _ -
[y [ [ e bwe e e et dar
B (y)x{r1} =1 B, (y)

1
< / g+(u'"‘,k’”‘>z‘fdx+/ /g+<um‘,k'"‘>|;t|dxdt+

By (y)x{r—n} =1 By (y)

5]
+v(q, K2) / / utmI@=D @m 1\ Ve |9 dxdt,  (4.4)
T—'lBr(Y)

that is inequality (1.9) with

m =..=my=m, nN=..=AN=H, pPl=..=pPN=PD, {I=..=¢gN=(.
Conditions (1.11) and £ > M are translated into
max(l,n(g—1)) <m(p—1)+(m‘+1)%, or max(l,n(g—1)) >m(p—1)+(m‘+1)%.
The numbers »; defined in (1.13) can be rewritten as

e — ps+Nm(p—-1)-1, if ng-1) <],
T ps+1—n(g—1))+Nm(p—1)—n(g—-1), if nig—1)>1. O
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4.3. Example (1.5) - doubly nonlinear anisotropic equations

Here we cover the case of doubly nonlinear anisotropic parabolic equations such as (1.5) in
Qr,with p; > 1 foralli=1..., N and m = min(my, ..., my) > 0.

Definition 4.2. A function

- 1’ =
u € Cloe(0, T: LI (1)), u™ € LP(0, T; W,,F (),
m; (pj—D+m m; (pj—D+m

wu n  Di(u P )eLPi(O,T;L(Q), i=1,..,N,

is a local, weak subsolution to (1.5) if for every compact set K C 2 and every subinterval
[#1, 2] C (0, T'] the inequality

n N
15
/u€dx t2+//{_"‘Q+Z(u("’i—”’)(”"—])|D,-um|p"_2DiumD,-{}dxdt<O, (4.5)
! i=1

K K

is valid for all non-negative testing functions ¢ € WZ]D’CH’”(O,T;LH”’(K NN sz)C(O, T;
L3
Wy (K)).

We show that local weak sub-solutions to (1.5) belong to PDGT(Qr).

Proof. Test (4.5) by (u™ — k™) §P+, where pT :=max(pi, ..., py) and (x, ) is a piecewise
smooth, cutoff function, vanishing on dK57(y) x (t —n,7), 0 < ¢(x,) < 1 and integrate over
K7(y) x (v —n,t1) with t; € (t — n, ). The use of such a test function is justified, modulus a
standard averaging process (see [27] and [11] for the details), we obtain

N N
g(u’",km)§p+dx+2/ /u(’""_m)(”i_l)|D,~(um—k’”)+|”i§p+dxdt

Kz(y)x{n) =l Kay)

14|
< / g(u’",k’">c"*dx+/ /g(um,km>|a|dxdr+

Kz (y)x{r—n} =1 Kz(y)

N n
+2_pi / / u Mm@ Dy @ — k) P @ — k)4 | Dig e dxdt,

=1 k)

from which by the Young inequality we arrive at

N U
1
/ " KM g dx 5 / / u Mm@ Dy " — k)P 5P dxd

Kz (y)x{n) ] )
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N

1
g™, k™) §p+dX+/ /g(um,k'”)lé“tldde
Ki () x{r—n} -1 K7 (y)

4]

N
Fyrepn Y [ ummemD @ e D dxar, - 46
=leon k()
that is inequality (1.9) with m; =n;, p; =¢;, i =1, ..., N. Conditions (1.11), £ > M are trans-
lated into

A A
max(1, A) < p| =+ m+ DL, or max(1,8) > p|E[+ m+ DL,
p N )4 N
A :=max(mi(p; — 1), ....,mny(py — 1)). The numbers »; defined in (1.13) can be rewritten as

ps+N(p|§|—1), if A<l,
T p(s+1—A)+N(p|%|—A), if A>1. O
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