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Paul de Faget de Casteljau
*19.11.1930 124.3.2022

On March 24, 2022, we were saddened by the loss of Paul de Faget de Casteljau, one of the most prominent
founding members of the research area Computer Aided Geometric Design (CAGD) and pioneer of modern
applied geometry in industry. With this special issue we take the opportunity to celebrate his contributions
and to reflect on the impact of his research to the field. After a careful review process, we decided to
accept 17 out of the 28 submissions, including 2 articles about Paul de Casteljau’s work and life, 5 surveys
summarizing the numerous research directions inspired by his ideas, and 10 research articles which showcase
that these ideas are still alive and keep stimulating the CAGD community.

Life and work of Paul de Faget de Casteljau

Paul de Casteljau was a brilliant and highly intuitive mathematician, best known for what is now
commonly referred to as the de Casteljau algorithm. This algorithm is widely used across various domains
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and continues to have far-reaching implications, as evidenced by the survey and research articles featured
in this special issue. In his paper, “A tour d’horizon of de Casteljau’s work”, Miiller| (2024b) explores
many other significant results achieved by Paul de Casteljau in diverse fields, including geometry, algebra,
and number theory. The paper also examines de Casteljau’s extensive work on polar forms, encompassing
polynomial polar forms (later termed blossoms by Ramshaw), polar forms of focal splines (which led to dual
focal splines and offset curves), an arithmetic polar form linked to continued fractions, a bifocal polar form
for the definition of conjugate mirrors in geometric optics, and the interpretation of Ptolemy’s theorem as a
polar form of Pythagoras’ theorem. Additionally, he highlights the design of interpolative or continuously
smooth curves, entirely based on polar form configurations. Theorems on quaternions, a 14-point strophoid,
a generalization of the golden ratio. and a generalized Euclidean algorithm illustrate the breadth of this
paper. Paul de Casteljau provided a detailed autobiography, which he sent to Andreas Miiller in July 1997. In
“Paul de Casteljau: The story of my adventure—From an autobiographical letter”, Miller| (20244a)) transcribes,
translates, and comments on this autobiography, and he provides a scanned copy of the handwritten original
as supplementary material.

Paul de Casteljau’s early career and the birth of the algorithm

After studying at the prestigious Ecole Normale Supérieure in Paris, Paul de Casteljau was hired in April
1958 by the car manufacturer Citroén to develop a method for converting designers’ hand-drawn curves into
numerical data, enabling their use in upcoming numerically controlled machines.

Just ten months later, in February 1959, Citroén submitted a 12-page document authored by Paul
de Casteljau to the Institut National de la Propriété Industrielle (INPI, the French National Institute for
Industrial Property). To maintain a competitive advantage, Citroén kept this document confidential until
1971 (Krautter and Parizot, [1971)). The three pages specifically dedicated to the algorithm (which Paul de
Casteljau referred to as the “barycentric method”) were only published in 1999 by Boehm and Miiller!

Despite its brevity, this document contains many groundbreaking insights, including a generalization
to surfaces and several visionary statements. One particularly striking excerpt reads: “Another method of
plotting curves by points has been developed to meet practical needs; it already appears so interesting in itself
that it could establish itself even without the support of the calculation method.” He further states: “In what
follows, we will see a very interesting application of the notion of barycentre, which undoubtedly allows for
mathematically fixing forms that were previously governed by aesthetic.”

This document is a historically significant artifact, authenticating both the date of the algorithm’s
invention and the short time in which Paul de Casteljau developed it, foresaw its importance, and anticipated
some of its consequences. A scanned copy is included as supplementary material of this editorial, with
the kind permission of Stellantis, the successor of Citroén. A translation, along with commentary on its
significance and the early days of modern applied geometry in industry, is expected to be published in a
forthcoming issue.

It is important to note that, although Paul de Casteljau later provided the analytical expression for the
computed points in the four-point case (i.e., the third-degree parametric polynomial), his approach was not
analytical. Instead, he aimed to create a practical tool for designers. His primary concern was to avoid
unwanted oscillations in the resulting curves—what he later described as “staying within the sheet of paper”.
To achieve this, he repeatedly used barycenters of consecutive points, ensuring stability and control over the
curve’s shape.

Why we usually say “Bézier curves” and “de Casteljau algorithm”

Because Citroén imposed strict confidentiality, Pierre Bézier was unaware of Paul de Casteljau’s work
when, working in Renault, another car manufacturer, he developed the same curves through a completely
different approach in early 1960s (Rabut], 2002)). Since Renault did not impose secrecy on Bézier, his results
were made public nearly a decade before Paul de Casteljau’s and became widely known as “Bézier curves”.
However, Paul de Casteljau had developed the same curves—then called “courbes a poles™—about three
years earlier. Besides, though Paul de Casteljau referred to it as the “barycentric method”, the algorithm is
commonly known as “de Casteljau’s algorithm”.



Survey articles

Paul de Casteljau’s work has inspired numerous research directions, many of which are explored in the
five survey articles featuring in this special issue.

The famous de Casteljau’s algorithm has long been a fundamental tool in curve and surface design,
with applications spanning scientific computing and discrete geometry. As nonlinear data science gains
traction, its constructive approach has proven effective in extending smooth parametric curves to manifolds,
offering new ways to analyze geometric data. The survey “De Casteljau’s algorithm in geometric data anal-
ysis: Theory and application” by Hanik et al.| (2024) reviews recent theoretical advancements and practical
applications in fields such as geometric morphometrics, as well as longitudinal data analysis in medicine,
archaeology, and meteorology.

While this work primarily focuses on using generalized Bézier curves for interpolation and approximation
of manifold-valued data, the article “Splines on manifolds: A survey” by Mancinelli and Puppol| (2024)
provides a broader overview of splines in the manifold setting. Unlike in Euclidean space, defining splines
on manifolds presents unique challenges—different mathematical approaches yield varying results, existence
conditions can be restrictive, and computations are complex. The paper specifically examines curves on
embedded surfaces, discussing methods such as extensions of the de Casteljau algorithm, subdivision, and
variational techniques, alongside publicly available implementations.

Modeling free-form surfaces is a key area in CAGD. Most research has traditionally focused on four-sided
parametric patches, such as Bézier, B-spline, and Coons patches. However, designing surfaces with arbitrary
topology requires alternative approaches beyond classical tensor-product or Boolean sum methods. While
four-sided patches dominate CAD/CAM applications, they can be limiting—potentially degrading surface
quality and requiring complex workarounds. In many cases, multi-sided surfaces are essential, particularly
in aesthetic design and advanced operations like lofting and blending. The article “Genuine multi-sided
parametric surface patches — A survey” by Varady et al.|(2024) reviews the latest advancements in parametric
multi-sided surface representations within a ribbon-based modeling framework and highlights open challenges
in the field.

The survey “On the accuracy of de Casteljau-type algorithms and Bernstein representations” by |Delgado
et al.| (2023) instead deals with purely numerical aspects, investigating the numerical properties of evaluation
algorithms based on the corner-cutting method, of which de Casteljau’s algorithm is the primary example. It
presents results on backward and forward error analyses for these algorithms when applied to univariate and
multivariate functions using Bernstein and related bases. Additionally, the study explores the conditioning
of these bases and recent advances in designing algorithms for totally positive matrices, which improve the
accuracy of interpolation and approximation using Bernstein-type bases.

De Casteljau’s algorithm is traditionally derived from algebraic manipulations of the Bernstein basis
recurrence formula, but an alternative approach relies on the blossoming principle. Introduced by Ramshaw
(1987, 1989) and inspired by de Casteljau’s work, this method constructs curves by splitting a single variable
into multiple ones, allowing basis functions to emerge naturally. The concept extends beyond polynomials
to Extended Chebyshev spaces, where geometric poles (now known as Bézier points) enable shape control
through de Casteljau-type algorithms. The survey “De Casteljau’s geometric approach to geometric design
still alive” by |Ait-Haddou and Mazure| (2024) delves into these ideas, with a particular focus on dimen-
sion elevation and convergence properties, emphasizing the enduring relevance of de Casteljau’s geometric
approach in the study of Extended Chebyshev spaces.

Research articles on curve design

Aesthetic curve shape design is a crucial task in practical applications and was one of the main motivations
for de Casteljau’s work. Three research articles in this special issue address this topic, all based on the
principle of optimal curvature variation. In the paper “2D Bézier curves with monotone curvature based
on Class A matrices”, Wang et al| (2024al) introduce a new sufficient condition in terms of the singular
values of Class A matrices. This condition is then used to develop a method for designing 2D Bézier
curves with monotone curvature. The second paper “Fuler Bézier spirals and Euler B-spline spirals”, by
Yang| (2024])), explores Euler Bézier spirals and Euler B-spline spirals with approximately linearly varying
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curvature for designing aesthetically pleasing curves in 3D. In the third paper “px-Curves: Interpolatory
curves with curvature approzimating a parabola”, [Wang et al.| (2024b]) propose a smooth curve composed of
curve segments, each approximating a parabola and passing through a data point at the parabola’s apex,
thereby attaining maximum curvature at that point.

Research articles related to control polygons

One key ingredient for intuitive curve shape design is the concept of a control polygon. It allows the user
to modify the shape of a curve by manipulating a small number of control points and can be traced back
to de Casteljau’s idea of designing curves and surfaces using “pilot points” [2]. The paper “Construction
of planar quintic Pythagorean-hodograph curves by control-polygon constraints” by |Farouki et al.| (2023)
extends this concept and explores the design of quintic Pythagorean-hodograph (PH) curves, a special class
of Bézier curves with favorable properties. PH curves can be specified by fixing their end points as well as
the lengths and directions of any two of the five control polygon edges, while the other three control edges
are determined by the roots of a quadratic or quartic equation, owing to the special algebraic structure of
these curves. Some novel insights into this algebraic structure are provided by [Hormann et al. (2024) in
the paper “New algebraic and geometric characterizations of planar quintic Pythagorean-hodograph curves”,
which also presents further insight into the geometric nature of quintic PH curves.

Research articles related to the de Casteljau algorithm

De Casteljau’s famous algorithm for evaluating Bézier curves and surfaces is based on repeated convex
combinations, or rather weighted averages of control points, and this special contains five papers that relate
to this algorithm in various ways. The first paper “Hermite subdivision schemes for manifold-valued Hermite
data” by Ben-Zion Vardi et al.|(2024)) builds on the fact that it is possible to extend the de Casteljau algorithm
to manifold-valued data by considering more general weighted means of objects. The authors exploit this
idea for the construction of subdivision schemes that approximate curves on manifolds using samples of
points and tangent directions. And while the standard version of the de Casteljau algorithm is based on
barycentric coordinates in a simplex, the second paper “Generalized Bézier volumes over simple convex
polyhedra” by |Qin et al| (2024) explains how to use it with generalized barycentric coordinates in a simple
convex polyhedron for generating Bézier volumes. The third paper, “Apollonian de Casteljau-type algorithms
for complex rational Bézier curves” by |Juttler et al.| (2023 presents a new de Casteljau-type algorithm for
complex rational Bézier curves, demonstrating that these curves achieve maximal possible circularity. The
authors further show that a rational curve of complex degree n generically admits n! distinct de Casteljau-
type algorithms, corresponding to different orderings of the denominator’s roots. A fourth extension of
the de Casteljau algorithm can be found in the paper “Subdivision algorithms with modular arithmetic” by
Goldman| (2024)), where it is used over the ring of integers mod m for any odd integer m > 2 and can be used
to generate periodic sequences of regular m-pointed stars that represent the eigenvectors of the associated
subdivision matrix. Finally, it is well known that the de Casteljau algorithm can also be used to evaluate
the derivatives of Bézier curves, but |[Chudy and Wozny| (2024) propose a faster algorithm with an interesting
geometric interpretation in the fifth paper “Fast evaluation of derivatives of Bézier curves”.

Supplementary material

In addition to the publishing the previously described articles, this special issue further gives us the chance
to present several significant documents related to Paul de Casteljau, shared with the kind permission of
the relevant individuals and institutions, as supplementary material to this editorial.

As noted earlier, Paul de Casteljau introduced what he called the “barycentric method”, now commonly
known as the “de Casteljau algorithm”, in a document registered with the Institut National de la Propriété
Industrielle to establish the priority of his method for generating curves and surfaces:

[1] P. de Casteljau. Enveloppe Soleau 40.040. Internal report P.2108, Société Anonyme André Citroén,
February 1959.



Four years later, the following internal report—a 58-page document—provided detailed mathematical ex-
planations, arguments, and instructions for designers:

[2] P. de Casteljau. Courbes et Surfaces a Poles. Internal report P.4147, Société Anonyme André Citroén,
July 1963. With annotations by Wolfgang Boehm.

Another three years later, Paul de Casteljau authored a 17-page document, in which he studied three types
of tolerances (or error bounds), namely normal tolerance, geodesic tolerance, and tolerance between grooves.

[3] P. de Casteljau. Calcul de la Tolérance. Unpublished manuscript, Société Anonyme André Citroén,
February 1966.

In a letter to Wolfgang Boehm, written on 7 September 1995, Paul de Casteljau gives three examples of a
joint view of point and tangent, which he explains in his book about quaternions (de Casteljau, 1987):

[4] P. de Casteljau. Ovale de Descartes, 1995.
[5] P. de Casteljau. Figure de Schwarzschild, 1995.

[6] P. de Casteljau. Coordonées Bipolaires du Deuxiéme Type—Coniques Homofocales, 1995.

Miiller (2024b) mentions [4] in Section 10 and explains [5] and [6] in Sections 12.2 and 10.3, respectively.
We also make the following testimony of his vast correspondence with fellow researchers available:

[7] P. de Casteljau. Letter to Hartmut Prautzsch, 14 December 2010.

To emphasize that Paul de Casteljau was not only a brilliant scientist, but also a remarkable personality,
we decided to further include this heartfelt tribute that Yvon Gardan, who knew him well, published in his
honour:

[8] Y. Gardan. A personal tribute to Paul Faget de Casteljau, 9 November 2023. The French original
“Hommage personnel & Paul de Faget de Casteljau” can be found online.
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