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Abstract

In this brief note we discuss local Holder continuity for solutions to anisotropic elliptic
equations of the type

s N
Zaz’iu+ Z 8i<Ai(x,u,Vu)>:0, z2€QCCRY  for 1<s<N-1,
i=1 i=s+1

where each operator A; behaves directionally as the singular p-Laplacian, 1 < p < 2
and the supercritical condition p + (N — s)(p — 2) > 0 holds true. We show that the
Harnack inequality can be proved without the continuity of solutions and that in turn
this implies Holder continuity of solutions.
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Introduction

Along the following work we show that it is possible to provide an Harnack inequality
independently of the continuity of solutions, for bounded weak solutions to some operators
whose prototype

s N
Zaiiu + Z 0; (|8iu|p28iu> =0, weaklyin QccRY, 1<p<2, (0.1)
i=1 i=s+1

has a non-degenerate behavior along the first s-variables, and a singular behavior on the
last ones, with s € N, 1 < s < N — 1. Moreover we show that Holder continuity of
solutions is a consequence of the sole Harnack inequality, following the heritage of Moser’s
approach ([44], [45]). The terms degenerate and singular are classic in evolutionary partial
differential equations, for which we refer for instance to the texts [12], [52] and the references
therein. The type of operators in (0.1) is widely studied to describe the steady states of
non-Newtonian fluid with different directional diffusions, see for instance [2], [36]. On the
other hand these adjectives are somehow of a minor use in the context of elliptic equations
(see [13] for instance). In what follows we adopt this terminology, because it embodies our
point of view on the study of regularity for these equations: we regard them as if they were
parabolic, being the driving term the nondegenerate one.

Before entering the details of the equation under study, we believe it is worth of interest
to present the general problem, which represents an open mathematical challenge still after
half a century.

Indeed, the anisotropic elliptic partial differential equation (0.1) is a particular case of a
more general kind of operators

N
— Z DiAi(z,u,Vu) = B(z,u,Vu), weaklyin Q cc RY, (0.2)

=1

where the maps A;, B: Q x R x RY — R are Caratheodory functions ([25], Definition 4.3)
satisfying an anisotropic growth condition as

Sy Az, 5,6) &> CL NN |G - €, for € €RY,

|4i(z,5,6)] < Co N &P+ C, for ie{s+1,..,N}, (0.3)

|B(z,5,8)| < CEL, |Gt +C

where C7,Cs > 0, C' > 0 are given constants that we will always refer to as the data. The
equation is called homogeneous when C =0. When 1 < p;=p < oo foralli=1,...N, the
equation (0.2) reduces to an equation of p-growth, whose theory of regularity is reasonably
complete (see for instance [13] Chap. X, [25], [33], [36], [44], [50]). It does not coincide with
the usual p-Laplacian, but with a similar equation called pseudo-p-Laplacian: the theory
of Oth-order regulairty (as Holder continuity and expansion of positivity) is similar to the
p-Laplacian, but Lipschitz estimates become more difficult because the set of degeneration
of derivatives is unboundend. When p;’s are different, the study of regularity was first
studied in [51], [39], [40], [41]. See the recent surveys [42]-[43] for a more exhaustive list of



references. A first condition to start a study of local regularity of solution is boundedness.
It has been shown in [23], [28], [29], that local boundedness is inherent in the notion of local
weak solution, provided the following restriction of p;’s, which is p; < Np/(N — p) =: p* for
alli=1,...,N, being p = (Zf;l 1/p;)~! the harmonic mean (see the subsection ). When
this condition is violated, one can construct unbounded solutions, as local minimizers of
energy integrals whose Euler-Lagrange equation fits into (0.2)-(0.3), as

Pi g, Q ccRY,

1
F(u; Q) :Z; Q|81-u

with p; =2 fori=1,..., N —1 and py big enough to violate the above condition py < p*.
This is the content of [24] and [38]. See also [10] for a discussion under limit growth
conditions. Lipschitz continuity has been proved by a double-iterative argument and some
very particular choices of test functions in [3]. The bibliography is far from being complete.

Regarding the Hélder continuity of solutions, the most general result insofar is a result
of stability [16] (see also [18], [20], [21], [27] for some interesting discussions around the
subject). A Harnack inequality (and therefore, as we will show later, local continuity itself)
is provided to the prototype elliptic equation in [9], but only for a range of exponents that
is parabolic. See also the interesting work [22] in the case of fast diffusion. The case of an
equation similar to (0.1) has been studied in [37], for the degenerate case (i.e. p > 2) and
in [35] for a similar structure than ours, but with the restriction s = 1. We refer to [8] for
a discussion on the subject. In these two works the authors study the local properties of
weak solutions to (0.1) from a parabolic point of view. The main difference relies on the
technique: while in the former the authors use a transformation which is strongly linked to
condition s = 1, in the latter the authors use the special structure of the equation, mainly
that p; =2 fori =1,...,s, with a particular choice of test functions that allows to write the
nondegenerate part of the energy in a boundary-term. This boundary term is finally used to
derive specific logarithmic estimates, as in [5], [15]. Both techniques spread new light on the
interpretation of elliptic anisotropic operators, and as such can be seen as a starting point
for a whole new theory. In this paper we mainly prove Harnack inequality, whose statement
is given in Section 1, without assuming the property of continuity of solutions. Then, we
get Holder continuity in Section 5 by using the Harnack estimate, following the idea first
developed by Moser in [45] and then by DiBenedetto et al. in [14] for degenerate parabolic
equations with rough coeflicients.

The paper is structured as follows. In Section 1 we introduce the functional setting, the
definition of variational local weak solutions to equation (1.1) and we state our main results.
The description of the main analytic devices that are used along our work, included the
consistency of the definition of solution with truncations are contained in Section 2. Section
3 contains the point-wise behaviour of local weak solutions, while in Section 4 we prove the
Harnack inequality and finally in Section 5 we develop the Holder continuity.

Notations

- If Q is a measurable subset of R, we denote by |2] its Lebesgue measure. We will write
Q cc RY when € is an open bounded set.

- Forr >0 and = (7/,7") € R®* x RV ™%, we denote by B,(Z) the ball of radius r and center
#; the standard polydisc is denoted by Qg., = Be(Z') x B,(Z") C RY. Furthermore, by
ws = |B1(0")] and wy—s = |B1(0")| we denote the measures of the respective unit balls.



- The symbol V.. stands for -for almost every- .

- For a measurable function u :  — R, by inf u and sup v we understand the essential infimum
and supremum, respectively. When a € R, we omit the domain when considering sub/super
level sets, i.e. [u z a] = {:c € Q:u(x) E a}. We let 0;u denote the partial weak derivatives.

- We make the usual convention that a constant 7 > 0 depending only on the data, i.e.
v =v(N,2,p,C1,Cs,C), may vary from line to line along calculations.

- We consider positive numbers (p1, p2, . . ., pn) ordered increasingly and we call p = (Zfil 1/p))~"
and p* = Np/(N — p), respectively the harmonic mean of p;’s and its Sobolev’s exponent.
Finally, we set

A= N(p—2)+1p, and X=M=p+(N-3s)(p—2).

1 Definitions and Main Results

Let © cC RY be an open bounded set with N > 2, andfor 1 <p<2and1<s< N -1
let us consider the elliptic partial differential equation

s N
Zaﬁu—i— Z 0;Ai(x,u, Vu) =0, weakly in  Q, (1.1)
i=1 i=s+1

where the Caratheodory! functions 4; : © x R x RY — R satisfy the following structure
conditions for almost every z € €2,

S Az, €) &> O XN &GP~ C, for E€RN, ueR, z€Q
(1.2)
|A;i(z,u,8)| < Col&|P~1+C, for i€ {s+1,.,N},

where C1,Cy > 0, C' > 0 are given constants that we will always refer to as the data. A
function u € L2 () N ioaad (), where we define

loc loc

loc loc

whEPl Q) = {u eLi ()| uel} (Vi=1,.s duell () Vi=s+1, N}

Wol,[Z;D] (Q) = Wol’l(Q) N VVl](;[ZP] (Q)v

C

is called a local weak solution to (1.1)-(1.2) if for each compact set K CC Q it holds the
following integral estimate

s N
// Z&u&sadx+// > Ai(wu, Vu) dppdr =0, Vo e WyPPI(K).  (1.3)
K =1 K

All along the present work we will suppose that truncations of local weak solutions u to
(1.1)-(1.2), defined by

+(u—k)r = tmax{t(u—k), 0}, for keR,

IMeasurable in (u,€) for all z € Q and continuous in z for a.e. (u,£) € R x RN.



preserve the property of being sub(super)-solutions. That is, for any k € R, every compact
subset K CC Q, and ¢ € W27 (K) we have

// {Za u— k)£ + Z Ai(z, k£ (u— k), 0i(u — )i)ai¢}d$§(2)0. (1.4)

1=s+1

Assumption (1.4) above is quite natural, see for instance Section 2.

Let us fix some geometrical notations and convention. For a point z, € €2, let us denote it
by z, = (2!, z!/) where z/, € R® and 2/ € RVN~%. Let 6, p > 0 be two parameters, and define

0 o

the polydisc
Qo,p(w0) := Bo () x By(g).

We will say Qg,, is an intrinsic polydisc when 6 depends on the solution u itself. We will
call first s variables the nondegenerate variables and last (N — s) ones singular variables.
Using this geometry we state our main result, an intrinsic form of Harnack’s inequality. Let
P be the harmonic mean of p;s, i.e.

Lol 1 dfs Nos\o o 2N
7 NZp N\G2TT, ) P=oN s 1 ps

=

The central point of the present work is that the following theorem can be obtained without
the continuity of solutions.

Theorem 1.1 (Harnack estimate). Let u be a bounded, nonnegative, local weak solution to
(1.1)-(1.2)-(1.4). Let z, € Q be a point such that u(x,) > 0 and p > 0 small enough to allow
the inclusion

Qo) €O, being M = [[ul| T p%. (1.5)

Assume also that
x=p+(N—-s)(p—2)>0. (1.6)

Then there exist constants K > 1,6, € (0,1) depending only on the data such that either
u(z,) < Kp,

or

[SIiS]

u(z,) < K inf wu, with 6 = Sou(xo)%Tpp . (1.7)
Qﬂ,p(IO)

The condition (1.5) is part of the hypothesis and it ensures that polydisc Qg,, is contained
in the set of definition of the equation €. Estimate (1.7) is valid for every p > 0 small
enough for the infimum to be taken in a defined set, and it is purely elliptic, i.e. it does not
require a waiting ”time”. The intrinsic Harnack estimate (1.7) above can be used, following
an approach pioneered by J. Moser in [45] and developed by many others (see for instance
[17]), to prove that local weak solutions are locally Holder continuous, with an estimate as
the one below.



Theorem 1.2 (Holder Continuity). Let u be a bounded local weak solution to (1.1) with
structure conditions (1.2)-(1.4). Moreover, let p,s satisfy (1.6). Then u is locally Hélder
continuous. More precisely, there exist constants v > 1, a € (0,1) depending only on the
data {N,p,s,C;, i =0,1,2} such that for any compact set K CC ) we have

5 2
2" =y |7 lullg o + 12" = 4"\ *
—au@)] < Al : , 1.8
ute) ~ ()] < Al (T e ) (1.8
for x;y € K and being
p—2
(2,p) — dist(K,09) = inf {|x’ —y|r Jull Zg+ 12" =y, s € K,y € 89}. (1.9)

2 Preliminaries and Tools of the Trade

The Banach spaces of functions V[/llo’f’p ) (Q), Wo [2.7) (Q) enjoy various properties of embed-

ding and approximation by smooth functions, when their topology is induced by the norms

s N
||u||Wllf;C[2pr(Q) = ||U||L1(Q) + Z ||8iu||L2(Q) + Z ||8iu||LP(Q)7

i=1 i=s+1
and

s N
||U||W;v[2wl(g) = Z ||aiu||L2(Q) + Z ||aiu||LP(Q)-
i=1 i=s+1

For some references in this direction, we mention the following partial list [6, 31, 46, 48, 49].
Notice the interesting approach of interpolation of [1] to the anisotropic case.

Anisotropic spaces V[/li’f’p ) () are the spontaneous sets where to define variational solutions,

even if the potential and viscosity approaches would not require a priori this integrability,
at the price of a suitabe comparison principle. This is why our assumption (1.4) that
truncations are subsolutions themselves is very natural. Let us consider for instance the
monotone case, i.e. we assume that the following monotonicity property holds

<Ai(w78777) - Ai(x787<)7 (ni - Cz)> > 0, (21)

-

for n, ¢ € RV=% with n; # (; for alli = s+1,.., N and (x,s) € Q x R. The assumption (2.1)
is natural when considering theory of existence and uniqueness of solutions to (0.1) (see for
instance [36], [47]), and eventually leads to the assumption (1.4).

Proposition 2.1. Let u be a local weak solution to (1.1) with structure conditions (1.2). If
monotonicity assumption (2.1) holds with

0i A (z,u,0) € L},.(Q) for each i€{s+1,...,N}, (2.2)

then property (1.4) holds.



Proof. Let € > 0 and test the equation (1.3) with the test function ¢ = %w, being

0 < py € Wy 2 ](Q) admissible, with ¢ < 1 almost everywhere in 2. We prove the
assertion for truncations from below (v — k), the other case being similar. We observe that
almost everywhere on the set [u > k] we have

Ai(z,u, Vu) = Aj(x, k+ (u—k)1, V(u—k)+).
Applying the dominated convergence theorem we obtain

Z//a (u— k)4 0¢p dx + Z //A ak+ (u—k)y, V(u—k)y) Oipda

1=s+1

(x,k+ (u—Fk)1,V(u—Fk)+)0i(u—k)+
< — 1m1nf€// (u—F)s 12 Y dx

(2.3)

Now for each i € {s+1,..., N} we split the last term on the right of (2.3) into the following
decomposition:

// (x, bk + (u—Fk)+, V(u—k)Jr)(?i(u—k)er}dI
[(U—k)++€]2
—5// (kb +(u—Fk)1,V(u—k)+) — Az, k+ (u—k)4+,0), ai(u_k)+>z/1d:v
[(u— k)4 + €

// {3A (k4 (w— k)4, 000 + Ay (z, k + (u— k)4, )ﬂp}%dm

and last term on the right is zero on the limit ¢ | 0, thanks to property (2.2), divergence
theorem and ¥ = 0 on 0K. This means by monotonicity that the last term on the right
of (2.3) is negative and can be discarded, obtaining that (v — k)4 is a sub-solution to an
equation similar to (1.1). Being the structure conditions dependent mainly on the derivatives
|0iu| X [usk) = |0i(u — k) 4], they remain unvaried. O

Here below we introduce some particular tools of the trade, which are particular properties
of solutions to (1.4)- (1.2) that permitted in [8] the achievement of Theorem 1.1. The
first result is about local boundedness of solutions, and its particular use should be deeply
analyzed, as its condition on the exponent is the origin of the parabolic range (1.6). Observe
that 6, p > 0 are parameters that can be chosen freely.

Lemma 2.1. Le u be a locally bounded local weak solution to (1.1)-(1.2). Let 1 <1< 2 and
A=N({P—-2)+1p>0,

Then there exist constants v,C > 0 depending only on the data, such that for all polydiscs
Q20,20 C 2 we have either

&
N
s T
~
»n
IS
A
2
N
U=
N——
=
R
N\
\
S
<
I
QL
IS
N———
g
_|_
2
VRS
2| R
N———
L]
]



Another fundamental tool for our analysis of local regularity is the following integral esti-
mate, which can be seen as an Harnack estimate within the L' — L topology, and is typical
of singular parabolic equations (see for instance [12], Prop. 4.1 Chap VII).

Theorem 2.1. Let u be a nonnegative, bounded, local weak solution to (1.1)-(1.2). Fix a
point & € Q and numbers 0,p > 0 such that Qge,s,(Z) C Q. Then there exists a positive
constant v depending only on the data such that either

62\ 7

T /02\ 7%
9_SpS_N// udr < 7{ inf pS_N(/ u(-,z'") d;EH) + (—) }
Qe,p(i) B% (z/) sz(j”) pp

In this case, the exponent of the first integral on the right can be negative. If additionally
property (1.6) holds, then either we have (2.4) or

or

P\ X PN
sup u < ”y{ (—> inf pSN(/ u(~,x”)daj”) + <—> } (2.5)
Q5@ =) By By (2) o

The main tool to achieve both Harnack inequality and Hélder continuity in [8] is a particular
expansion of positivity, along the singular variables and valid for each relative measure of
positivity.

Theorem 2.2. Let T € Q and let u > 0 be a bounded, local weak solution to (1.1)- (1.2),
satisfying (1.4). Suppose that for a point T € Q and numbers M,p > 0 and v € (0,1) it
holds ,

[ < M]NQo,p(@)| < (1 =1)|Qup(@)], for 0=p%(@EM)=,

and Q20,2,(Z) C Q, for a number § = §(v) € (0,1). Then there exist constants K > 1 and
do € (0,1) depending only on the data and v such that either

M < Kop,

or
u(@) 2 8,M/2. Voo v € Quapl®),  where n=(20)%(6,M)F".

Finally, we will use in a crucial way the following Lemma, proven in [9], following an approach
that generalises a first idea on viscosity solutions ([4]). We believe that the viscosity solution
approach would contribute significantly to the theory of anisotropic equations, because
already the main problem of degeneracy on an infinite set can be seen in a method involving
higher derivatives; see for instance [11] for the case p; = p of the pseudo p-Laplace operator.

Lemma 2.2 (Lemma 4.1 [9]). Let (X, d) be a quasi-metric space with quasi-metric constant
v and xo € X. Let B,(z) be the ball in (X,d) of radius p > 0 and center z € X. Then
for any B > 0 there exists a constant w = w(y,B) > 1 such that for any bounded function
w: By (zo) = R with u(ze) > 1 there exist x € By(xg) and r > 0 such that

B, (z) C By(x0), P sup u < w, rPu(z) > 1/w.
B, (z)



3 Pointwise behaviour

Lower semicontinuty of solutions to (1.1)-(1.2) can be proven as a consequence of L™ es-
timates (see for instance [19], [32]) or more generally as a consequence of a theoretical
maximum principle called De Giorgi-type Lemma (Lemma 2.4 in [8]), in this respect we
refer to [7, 34]. Here we show an approach which is similar to [19], but it uses a different
L estimate, being p < 2.

Proposition 3.1. Any bounded local weak solution u of (1.1) with (1.2) and p > 2N/(N+1)
in the supercritical range, has a lower semicontinuous representative.

Proof. We first consider (RY,.Z, dys), where . is the Lebesgue’s measure and dy is the
distance defined as follows for any 0 < M € Q, z,y € RV,

dar (2, y) = maz{|a’ —y'[PPM 2P 2" —y"|}.

Thus, notice that @ /21 ,(x0) = Dy (o), where D,(20) is the ball in (RY,.Z, das) of center
zo € RY and radius p > 0. We observe that (RN, £, dn), where £ is the standard Lebesgue
measure, is a doubling metric measure space since

ZL(D2y(20)) = |Q2p)r/201,20(T0)| < ClQpor201,,(0)] = L (Dp(20)),

for an universal constant C' > 0.
Now let V() the set of L1(2)-Lebesgue points of (2,.%,dy), i.e.

Var(Q) = {a: cQ: ][]éw) lu(y) — u(z)|dy — 0, as p — o},

as (Theorem [26], Theorem 1.8]) guarantees |V, (Q)| = |Q| for each positive M € Q. Finally,
we consider the full-measure set

V) =[] Vam(Q), Vi ()] = 192].
MeQ

Let us consider therefore a point € V(Q), and let us modify u € Wll"c[2"p] (©) to be the

(o]
representative in such a class. We need to divide the proof into two cases, due to non-

homogeneity of the equation, by using Lemma 2.1.

If (%/pP)'/2=P) < Cp, then by choosing 6 = 2||u||«.q We obtain the condition

2||uf|co,0 < Cp, = osc u < Cp,
Qo,,(7)

and this reduction of oscillation implies Lipschitz continuity of solutions (see Section 5).
If on the other hand (6%/p?)Y/(2=P) > Cp, then the following estimate is valid by choosing
I =1and @ = pP/2M, where M > 0 to be chosen, so that we get

p/M1
sup  u < yMAHN=sR/PM (][][ u(x)+dx) + M2/ (2P), (3.1)
Qo/2,p/2(T) Qo,p(Z)

where Ay > 0 since p > 2N/(N + 1) is in force.



Now, being Z € V(Q), for any £, > 0, there exists p = p(e1) > 0 such that

£, e =i < )

Since u — u(Z) is a solution of an equation of the type of (1.1), then for every € > 0, by
using (3.2) in (3.1), we have

sup  (u(Z) —u)y < 7<M—2(1\7—s)p/p/\1&.1;//\1 + M2/(2—p)) < 57 (3.3)
Qoy2,p/2(T) 4
by choosing appropriately
M2(N=s)p/pA1 Ar/p
g1 = (62—> N M = (8/2’7)(2_17)/2. (34)
2l

Now we claim the lower semicontinuity, that is the following

u(Z) < essliminfu(z) = esslim inf wu(x).

T—T P—0 Qg ,(Z)
We proceed by contradiction, supposing that there exists € > 0 and Ry > 0 such that for
all 0 < p < Ry, we have

u(z) —lim inf w(z)=¢&>0.

P=0Qg/2,5/2(T)
Then, choosing again § = p?/?>M and M as in (3.4),, so that, if ¢ = & defined before, we
reach the required contradiction since, by (3.3)

F= sup (u(®)—u)s <
Q%,%(f)

=] M

The proof is so concluded. O

4 Proof of Harnack inequality 1.7 without continuity

Consider a bounded local weak solution u to (1.1) in €, let z, € Q be a point where?
u(z,) > 0, and for any p > 0 appropriate to satisfy (1.5), construct the cylinder Qg ,(z,)
such that

2—p

Qo.p(70) = Bo(w,) X By(zy) CC Qump(ro) € Q. with 0 =u(z,)™> p2,

[NS]

with M defined in (1.5). Now we proceed to normalize the solution u : Qg,,(z,) — R with

the transformation ) .
o(a, o) = u< T 7 ‘%), (1.1)
u(zx,) 0 P
that is a bounded local weak solution to an equation similar to (1.1) in Q1 1, i.e. solves

s N
> (@) + Y 0iAi(x,v,Vv) =0,  weaklyin Qi1 = Bi(0)) x B1(0"), (4.2)
=1 1=s+1

2Notice that this point-wise value can be identified thanks to Proposition 3.1.

10



with structure conditions

Zij\;s Al(fb, Sug)gi > C?l Zfis |§i|p — C‘p, . ~
{|z‘~1‘(:v+sl Ol <N |5-U|Pj11+ cr—1 being €= (Cp)/u(x,). (4.3)
i\ Ly 9, =~ L2 i=s+1 Y7 ’

For parameters A € (0,1) and 8 > 1 to be chosen later, we consider the equation

1—Xo)#
sup u(0,2") = 1=20)7" 0)

—: M/2. (4.4)
IHEB,\O 2

Then, by continuity, the proof in [8] exhibited a maximal root Ag of the equation (4.4)
together with a point " € By, (0”) such that, by defining suitable r = r(Xg), the authors,
exploiting a popular argument of Krylov and Safonov (see [30]), obtain the estimate
M /=1 /
— <o((0,z") < sup v(0, ) <yM. (4.5)
2 BT(:E//)
From this estimate on, the proof in [8] follows the lines of [15] and uses twice (2.5) to arrive
at a measure estimate of the kind

[v(2',) < eM]N B,ja(@)| < (1 —a)|Byjal, for e>0 and ae(0,1), (46)

and finally use the expansion of positivity along the singular variables, i.e. Theorem 2.2, to
obtain a lower bound

v>M, in Q#5,1, being ﬁ:do(M)rp/z,

for some constants M, 5,(M) € (0,1) depending only on § and the data. At this point
the proof is concluded by transforming back the function v into w, and consequently the
estimate above transforms into the final claim:

2—p

u(z,) < M~ tu(z), T € Qn,p(To), with 7 = dou(z,) = p2.

Now, the argument that follows shows that we can as well obtain estimate above (4.5)
without using the continuity of u. We use indeed Lemma 2.2 for the bounded function
v(0',-) : B1(0”) — R of the sole a”-variable, in the euclidean metric space (B1(0"),d.),

where d.(z”,y") = \/Zfisﬂ(:vg’ —y/)2. Therefore for each 8 > 0 we find '’ € B1(0") and

K2

7,7 > 0 such that by setting M = r~” we obtain

M
— <o(0,7") < sup o0, ) <M.
Y B,(z")

But this is precisely (4.5) by redefining the constant M, and the proof can now carried on
the same way. O

5 Holder Continuity

Let K be a compact subset of €, consider (2,p) — dist(K,99Q) as in (1.9). For any point
Yo € K we construct the polydisc Qa, r(yo) with

.
R=[(2,p) - dist(K,00)]/2, 0, =R w,” .,  wo=2|ulec.cr (5.1)

11



We claim that Qg, r(y,) C 2 by the choice of R and 6, above. Indeed, for z € Qg, r(vo),
it holds

.
12—y < 0, = RP2w,” <inf{lz' —y/|, z € K, y € 9},

and
|2 —yl| < R<inf{|z" —y"|, v € K, y € 90Q}/2.

Thus, by (1.9), we get Qo,,r(Yo) C .
Next, we consider a generic point z, € K, and we show that we can reduce the proof of
Holder Continuity to the assumption

To € Qo,,R(Yo)- (5.2)

Indeed, if this is not the case, namely z, ¢ Qa, r(Yo), we obtain Lipschitz continuity. In
particular, assume either

2-p
|:zrg—yg|>90:Rp/2w02, or |$g_yg|>Ra

then, by computing straightforward, we obtain the Lipschitz condition

2 2=2
p— D P p—
|I/ /|p " 1"
o Yo| P Wo + |'ro Yo >
)

[u(zo) — u(yo)| < 2w, < 4w0< 7

where we used the definition of w,, R. So we proceed by assuming (5.2) and, before proving
the Holder Continuity, we show that there exists a sequence of intrinsic polydiscs Qg
with center in y, where the oscillation of u can be controlled uniformly.

nsPn

Proposition 5.1 (Oscillation Decay). Let u be a bounded local weak solution to (1.1) with
structure conditions (1.2)-(1.4). Assume also y, € K and define w, and R as in (5.1).
There exist a constant § € (0,1) such that if we define

pn =0"R, 8§ =4K/(4K 4+ 1) € (0,1),
Wn = 6”&)0, 911 = 570p§1/2(U7TTp = 2%72 Soéan/ij%pu
where K > 1 defined in Theorem 1.1, then

QnJrl C Qny fOT Qn = Yo + Qﬁn,pna QO = Yo + QGD,R;

and

oscu < 6" w,. (5.3)
Proof. We proceed by induction observing first that the first step is achieved from the
definition of w, so that we have oscg, u < w,. Moreover, we observe that the polydiscs O,
for n € N are monotonic. Indeed, since w; < wg and 67 < 6, then Q7 C Qqy and this is
sufficient to establish Q,,+1 C Q,, for all n € N. So we assume that (5.3) is valid until step n
and we prove it for the n + 1-th. We also assume, by contradiction, that oscg,, u > wn1.
Now we define

M, =supu, m, = iélf’u,,

and we suppose that one of the two following estimates holds

M, — u(yo) > wnt1/4, or w(Yo) — My > wpt1/4. (5.4)

12



This can be assumed because otherwise we have

osc u < oscu < Wpyi,
Qnt1 n

leading to an absurd. Let us suppose that (5.4)s is valid, the other case is similar. Let (1.5)
and (1.6) be valid, then we apply Theorem 1.1, so that (1.7) is valid for the non-negative
function u — m,,, which is still a solution of a similar equation to (1.1) with (1.2). So we
obtain

(4K) Ywn < K u(y,) —my) < inf  (u—m,) < inf (u—my,) =0, (5.5)

Qo,r(Yo) Qnt1

provided that Q,11 C Q. r(Yo), i-€.
_ 2-p _ _
5opﬁ/+21wnipl < do(ulys) — mn)z_pr/Q, and 6"T'R < R.

The first inequality is satisfied exactly thanks to our assumption wn11 < 2(u(y,) — My).
Finally, since Q,, 11 C Q,, by (5.5), the inductive hypothesis and definition of § and w,, the
absurd inequality is reached

1 1
Qoiclu < My —my — (4K)  wpi1 <wp — AK)  Ywng1 = wnp (5 — E) = Wny1-
O

Now we are ready to prove the Holder Continuity, namely Theorem 1.2, whose statement is
given in Section 1.

Conclusion of the Proof of Theorem 1.2

For z, € Qg, r(Yo) let n € N be the last number such that z, € Q, but z, ¢ OQnt1. The
latter implies that either

p=2
2—p x/ — 2/pw p
|20 — )| > Opy1 = 70" RP%w,? , thatis 0"%/P < |76 = yol"Peo” y01|{ 2

or

| 7 — y//
[ 95| > pur = "R, thatis §" < s
for a constant 7, = 7,(d,) > 0 depending only on the data. Being p < 2 and estimating

quantities that are smaller than 1, we have

p—2
snlp < o (1Ze =l | |70 = Yol Pwo”
— R R )

p=2 g
|25 — Yol + |2 — yol*Pwo” \*
7 .
This, together with condition z, € Q,, and Proposition 5.1 gives

:>6"§7(

[NS]

p—2
|2y — yo| + |z — Yo > Pwo” )

— < gn <
(o) — u(yo)| < wo_ww()( d

the proof is concluded. O
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