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Extracting the frequency from a complex signal is a common task in many applications, and multiple methods
exist for accurate frequency estimation under different noise conditions. Iterative algorithms based on the
interpolation of the discrete Fourier transform (DFT) are known to achieve high accuracy, and methods that
employ auxiliary coefficients around the peak of the DFT are recurrent in the literature. This paper presents a
novel iterative algorithm for frequency estimation based on successive parabolic interpolations of three DFT
coefficients. Unlike other similar methods, which typically require auxiliary fine estimators for bias reduction,
the proposed method refines the frequency estimate by progressively decreasing the offset of the DFT coefficients
employed at each iteration. This approach eliminates the need for external correction steps and enhances esti-
mation accuracy as the interpolation narrows around the true frequency. The algorithm achieves performance
very close to the Cramér-Rao lower bound while maintaining computational efficiency, and the fine estimation
step implemented can be flexibly applied to signals with or without zero-padding, making its use suitable for a
wide range of signal processing applications. Simulations confirm the high accuracy and robustness to noise of

the proposed estimator, showing comparable or better performance than existing iterative techniques.

1. Introduction

Parameter estimation from a complex signal corrupted by Additive
White Gaussian Noise (AWGN) is a critical task across multiple fields,
with frequency estimation being essential for a wide range of applica-
tions. Examples include radar and Doppler navigation [1-3], remote
sensing of planetary atmospheres [4-7], and carrier synchronization in
telecommunications [8]. Given its widespread application, the theory of
frequency estimation has been thoroughly analyzed in the literature
since its initial formulation for the continuous-time [9] and
discrete-time [10] models. For these models, the maximum likelihood
estimator (MLE) for the frequency is defined as the argument that
maximizes the absolute value of the discrete Fourier transform (DFT) of
the signal, and the minimum possible variance of estimation is charac-
terized by the Cramér-Rao Lower Bound (CRLB) [10]. The significant
interest in frequency estimation has driven the evolution of the field,
resulting in the development of many representative methods based on
DFT maximization. These methods are typically classified into direct
[11-22] and iterative approaches [23-29], with both strategies imple-
menting a two-step estimation process. First, the DFT is computed to
provide a coarse estimation of the signal’s frequency, usually with a fast
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Fourier transform (FFT) algorithm to improve computational efficiency.
The accuracy of this initial estimate is limited, primarily due to the
resolution of the FFT, the length of the signal, and the number of samples
considered. As a result, this estimate typically leaves a residual error, as
the true frequency may lie between the discrete frequency lines of the
DFT. This residual frequency is then computed with a more precise fine
estimation by interpolation of the DFT around the coarse estimation.
While the coarse estimation step is consistent across all methods, it is the
approach used for the fine estimation that generally distinguishes each
algorithm.

In direct approaches, the residual frequency is determined in a single
step using a specific set of DFT coefficients obtained during the coarse
estimation step, making these methods both fast and computationally
efficient. Conversely, it has been observed that the estimation accuracy
of direct methods depends on the value of the residual frequency and
does not always reach the CRLB [23], making these algorithms suitable
for real-time processing, but not for applications that require high ac-
curacy. Examples of notable direct methods include the Jacobsen esti-
mator [19], the Quinn estimator [20], and the Candan estimator [17].
All three algorithms use three coefficients of the DFT around the coarse
frequency to determine the residual, using a closed-form equation based
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on the value of the coefficients used. Between these, the Quinn and
Jacobsen estimators have been observed to exhibit bias [16], and the
key difference between the three methods consists in how the co-
efficients are combined. In particular, the Candan algorithm introduces
a multiplicative factor proportional to the signal length to correct the
bias present in the Jacobsen estimator [19]. In a different way,
Djukanovi¢ et al. [13] capitalize on the shape of the DFT around its peak
by performing a single parabolic interpolation using three coefficients
around the coarse estimation. These coefficients are obtained by first
performing a DFT maximization and then applying the Candan esti-
mator to reduce the residual frequency. Finally, the vertex of the
parabola is computed analytically using the output of the Candan fine
step as a coarse estimate and two auxiliary coefficients around it.
Another approach is used by Wang et al. [11], with an algorithm that
uses two adjacent DFT coefficients around the peak to interpolate and
estimate the frequency deviation. By calculating the ratio between the
amplitude of the two coefficients, the algorithm determines the fre-
quency offset from the coarse estimation. The fine step then adjusts for
biases using a phase-based detection technique. More recently,
improved methods based on parabolic interpolation (PIpDTFT) [12] or
linearization (LIpDTFT) [22] of the Discrete-Time Fourier Transform
(DTFT) near the spectral peak have been proposed. These methods are
direct in the sense they do not perform multiple iterations, but they rely
on an intermediate estimation using the Candan algorithm to reduce the
residual frequency before performing the interpolation step. When
developing these methods, the authors have additionally characterized
how reducing the frequency offset of auxiliary DTFT coefficients when
using parabolic interpolation effectively improves the accuracy of esti-
mation by reducing the bias [12].

Unlike direct algorithms, iterative methods gradually refine the
frequency estimation by implementing successive corrections to the
estimate. This gradual process enhances precision and ultimately con-
verges to the true frequency with very high accuracy. Aboutanios and
Mulgrew suggest two interpolation algorithms, referred to as AME1 and
AME2, based on the peak of the DFT and two adjacent coefficients with a
fixed offset [28]. The AME]1 method uses the real part of the DFT at the
coarse frequency and at two coefficients offset by +0.5 to perform the
interpolation, while the AME2 algorithm is based on the magnitude of
the DFT using the same coefficients. Each iteration of the methods re-
fines the estimate, and the three coefficients are updated for the next
computation, reaching the CRLB typically after 2 iterations. Fan and Qi
propose a more flexible frequency estimator (FQE) based on the inter-
polation of three DFT spectral lines [26]. The FQE involves using two
auxiliary spectral lines symmetrically positioned around the peak of the
DFT. These auxiliary lines can be located within the main lobe or the
first sidelobe of the frequency spectrum, allowing for greater flexibility
compared to traditional methods with fixed positions. Serbes developed
an algorithm for frequency estimation, referred to as g-shift estimator
(QSE), and its variation HAQSE. The two are based on the same theo-
retical derivation, but the latter performs better when the number of
samples analyzed is low [25,29]. Similarly to the FQE, these approaches
use the peak of the DFT and two auxiliary frequency bins with a variable
offset g, with g being a fractional frequency between —0.5 and 0.5.
Differently from the previously mentioned approaches, these algorithms
support padding the signal with zeros, adding flexibility and increasing
the signal-to-noise ratio (SNR) range of applicability of the estimation.
Another flexible estimator is proposed by D’Amico et al. [23], referred
to as MLE. This estimator uses only two symmetrical Fourier coefficients
around the DFT peak at each iteration and is based on their ratio to
compute the residual frequency. Similarly to [12], D’Amico reports the
accuracy of estimation depends on the shift distance of the coefficients
and the value of the residual frequency at the first iteration, demon-
strating that low shift values of the residual increase the accuracy of
estimation.

An alternative distinction can be made between non-analytical and
analytical methods. The former are characterized by a local linearization
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of the problem, providing a very accurate but not completely unbiased
estimation, while the latter are known to be accurate without iteration
and only sensitive to noise [30]. Examples of analytical estimators are
those proposed by Bertocco et al. [31], Aboutanios [32], and an adap-
tation of the estimator proposed by Quinn [20,21,30]. Although unbi-
ased, the accuracy of estimation using analytical methods shows a
dependency on the residual frequency, with the Aboutanios being better
for small values, and the analytical version of Quinn performing better
for large residual frequencies, resulting in the choice of the optimal
estimator depending on the application [30].

The methods reported here are not exhaustive due to the vastity of
the field, but some of the most representative algorithms from the
literature are summarized to highlight the high accuracy of iterative
approaches and the typical employment of multiple DFT coefficients
around the coarse estimated frequency to perform the fine estimation
step. In this context, this paper describes and characterizes the iterative
estimator based on successive parabolic interpolations (SPI) of DTFT
coefficients that was developed to perform the analysis of Cassini’s
Doppler tracking data during the cruise solar conjunction experiments in
2001 and 2002 [33]. This algorithm is currently used in radio science
investigations of the Juno and BepiColombo space missions to process
data recorded by wideband receivers [7,34,35]. This paper aims to
provide a comprehensive characterization of its performance and limi-
tations, as well as a comparison to comparable methods. The main
contributions of this paper are summarized as follows:

- The fine frequency estimation algorithm is derived and proposed. It
relies solely on parabolic interpolations and an iteratively decreasing
offset of supporting DTFT coefficients to ensure convergence to the
true frequency. This approach can be seen as an improvement from
single-step estimators from the literature that use a single parabolic
interpolation [12,13], and typically rely on auxiliary external
methods to achieve accurate frequency estimation.

- The computational cost of the proposed estimator is analyzed and

compared with similar methods, showing a comparable burden in

terms of the number of DTFT coefficients required per iteration. The
dominant contribution to the computational load can be attributed to
the number of iterations needed for convergence.

The estimation accuracy of the proposed method is evaluated

through extensive numerical simulations, showing consistent per-

formance even with a limited number of samples. The results show
accuracy equal to or exceeding that of comparable estimators from
the literature.

The rest of the paper is organized as follows. In Section 2, the model
of complex signals used and the theory regarding the coarse estimation
step are defined. In Section 3, the theoretical approach used to obtain
the proposed algorithm and its fine estimation step are described. Then,
Section 4 addresses the performance of the proposed method and com-
pares it to similar estimators as the residual frequency, signal length, and
SNR change. Finally, Section 5 summarizes the findings and presents the
conclusions.

2. Signal model and coarse estimation

A signal in its discrete-time model can be written in the form of:
2(n) = Aexp(j(2afon /f;+6)) +v(n) n=0,...,.N—1 (€))

Where A, fo, and 6y are the amplitude, frequency, and phase of the
signal, respectively. j defines the imaginary unit, and f; the sampling
frequency of the signal. Eq. (1) assumes the signal of length N is mono-
component and its frequency is time-invariant. Additionally, a noise
contribution is considered in the form of AWGN v. The complex noise
term is characterized by a variance ¢? that corresponds to its power. The
noise itself is modelled as a bivariate normal distribution CN(0,6?).
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As introduced in Section 1, estimation methods based on DFT co-
efficients typically involve a coarse step to initialize the subsequent fine
estimation, as the coarse step identifies the DFT coefficient with the
highest absolute value to be used as an initial estimate. To improve the
procedure, the signal can be zero-padded by adding an arbitrary number
of zeros to the original signal: although zero-padding increases the
computational cost of computing the DFT, this step improves both the
resolution of the coarse estimate and the overall robustness of the esti-
mation process [25]. The computational cost of the DFT for a signal of
length N is O(N?). To mitigate this, the FFT is commonly used to reduce
the complexity to O(Nlog,(N)) while maintaining a fixed frequency
resolution. In this context, zero-padding can be beneficial to improve
robustness, as the DFT magnitude at the coarse frequency does not
generally represent the true peak of the signal’s continuous Fourier
transform. This discrepancy arises due to spectral leakage, a phenome-
non caused by the finite length and discretization of the signal. Specif-
ically, the actual peak of the continuous Fourier transform may lie
between two coefficients of the DFT, causing the signal energy to spread
into adjacent frequency values. Consequently, the DFT coefficient cor-
responding to the coarse frequency often underestimates the true
magnitude of the continuous transform. In noisy conditions, this spectral
leakage can lead to significant errors in the coarse estimate, as the true
frequency might be far from the identified DFT peak. Zero-padding
mitigates this issue by increasing the resolution of the DFT, therefore
reducing the probability of large estimation errors (or outliers). Without
loss of generalization, the zero-padding process can be quantified using
the zero-padding coefficient { = M/N, where M represents the total
length of the signal after padding.

The DFT can be considered as a sampled version of the discrete-time
Fourier transform (DTFT). The DTFT of a signal z of length {N can be
computed using Eq. (2), where f represents the continuous frequency at
which the DTFT is evaluated.

M-1

DTFT(f) = > z(n)exp(—j 2af n) f € [0, 1) 2

In other words, the DFT can be obtained by sampling the DTFT at
discrete frequencies. Specifically, the DFT can be defined as a function of
the index k, where for a given k € {0,1,...,(N — 1}, the DFT is expressed
as DFT(k) = DTFT(k /{N). Given the DFT of a signal, the MLE of the
frequency corresponds to the index that maximizes the absolute value of
the DFT squared, also called the periodogram. The MLE of the frequency
is reported in Eq. (3).

Ko = argmax<|DFT(k)\2> 3

. . ale
The coarse frequency estimation foc of z(n) can then be computed
using Eq. (4).

(o) ke
= MEL e €{0,1,...,CN—1 4
fo { N [ e {0,1,...,¢ } @

By increasing the value of ¢, the resolution of the set on the right-
hand side of Eq. (4) is improved, leading to a more accurate coarse
estimation. This strategy, however, increases the computational cost of
the DFT and is not effective for a fine estimation. It is known the esti-
mation variance is limited by the CRLB, which is reported in Eq. (5) for
the discrete-time model [10].

6

CRLB = m 5)

In Eq. (5), T; defines the sampling time of the discrete model of the
signal, and p = |A|*/6? is the SNR of z(n). The CRLB effectively relates to
the maximum resolution of estimation achievable, so it is not possible to
define an optimal value of ¢ applicable to every condition, as this de-
pends on the noise level and signal length. This limitation justifies
implementing a fine estimation step.
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In general, the goal of frequency estimators in the fine estimation
stage is to obtain the residual frequency & through interpolation of the
DFT around its estimated peak. Eq. (6) defines the estimated normalized
frequency that is output by frequency estimators, with — 0.5 < § < 0.5.

I
fo=fo +§T\I (6)

The fine estimation provides a correct estimate only if the coarse
estimation is sufficiently close to the true frequency, so that Eq. (6) is
satisfied. The estimation can then converge to the correct value with an
accuracy that depends on the SNR of the signal and the number of
samples considered. This non-linear phenomenon is well described in
[36] in consideration of the stochastic nature of noise: in sufficiently
high SNR conditions, Eq. (3) always finds the DFT coefficient closest to
the true frequency. As the SNR lowers, a first threshold is found where
outliers start to appear. This value of SNR is called the SNR breakdown
threshold and depends on the number of samples N, and the
zero-padding coefficient . The second threshold found is the
no-information SNR threshold, which defines the maximum SNR value
for which the DFT coefficient associated with the signal is always buried
in noise. For a signal sampled at a sampling frequency f;, outliers in the
coarse step consist in uniformly distributed random estimations in the
frequency range [— f; /2, f; /2], with a variance of f2/12. Given these
considerations, Eq. (5) can be expanded to Eq. (7) to compute the
Mean-Squared Error (MSE) of estimation for any value of SNR by ac-
counting for the probability of a coarse estimation being an outlier y,
assuming the estimator is optimal.

MSE = (1 —)CRLB 4+ —/— = (1) 6 / @

- + _

1212 (2nT,)’N(N> —1)p  12T7

In general, estimations below the SNR breakdown threshold are

characterized by y >0, which tends to 1 at and below the no-

information threshold [30]. Contrarily, for signals with a high SNR,
the MSE tends to the CRLB (Eq. (5)).

3. The proposed estimator

The proposed estimator is based on SPI to overcome the resolution
limitations of the DFT. By iteratively applying parabolic interpolations,
the estimator progressively converges to the true frequency, ensuring
that the CRLB is approached without bias after a few iterations [12]. As
it was found by Belega in [12], the estimation bias in parabolic inter-
polation becomes negligible if the auxiliary DTFT bins are closest to the
coarse estimate. In general, the residual frequency can be as far as half
the FFT resolution from the true frequency, and this makes it unfeasible
to reduce the search interval to very small values at the first iteration to
obtain an accurate estimation. Other estimators, like PIpDTFT [12] rely
on a supporting fine estimation method to obtain a first frequency value
close to the true frequency, before being employed. The proposed esti-
mator differs from other iterative methods as the offset between the
central coefficient and the auxiliary ones is initialized at 0.5 bins and is
reduced at each step to converge around the true frequency, making the
algorithm robust and applicable without requiring auxiliary methods in
support of the estimation. Similarly to others, this method leverages the
shape of the DFT in the vicinity of the true frequency. Specifically, the
main lobe of the DFT, which can be described by a sinc function, is
efficiently approximated using a parabolic function, and as the offset of
the auxiliary coefficients is reduced, the error in the parabolic approx-
imation becomes negligible. This approximation simplifies the compu-
tational cost while preserving the accuracy of the fine frequency
estimation.

Assuming the coarse estimation ]?E)C) obtained from the FFT maximi-
zation is sufficiently close to the true frequency, the initial search in-
terval A of the fine estimation step is set to half the resolution of the FFT,
or 1/(2¢N) for a signal of length N with or without zero-padding. This
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initial value coincides with the possible maximum value of the residual
frequency in case of a correct coarse estimation. As the DFT needs to be
computed at frequency values outside of the discrete set of Eq. (4), the
DTFT is used, and to simplify the interpolation procedure, the three
values of the DTFT employed are always chosen so that the coefficient
with the highest magnitude is in the middle. At a given iteration i the
DTFT is evaluated at the three frequencies ?8) — A0 ffj | and fﬁ,‘) + a0,
with )?gl) :j?gc) at the first iteration. If the value of the DTFT at the
central frequency line is not the highest among the three, the frequencies
are adjusted by A® in the appropriate direction to ensure that the
middle frequency corresponds to the maximum DTFT value. Applying
this correction once generally satisfies the requirements, it does not
increase excessively the computational cost of the algorithm and sim-

plifies the parabolic fitting, so that the solving equations can be written
in matrix form as:

|DTFT<fg) - a9)]|
|DTFT(fg))| .

0 —lo o

[DTET(F, +40)] !
|DTFT(fg))|

With y the array of coefficients describing the second order poly-
nomial fit. The form of Eq. (8) comes from scaling the frequency points

-1

(€©))

— e
<

by A and shifting by fg)‘ After proper algebraic manipulations, it is
possible to solve for the y parameters, resulting in Eq. (9), Eq. (10), and
Eq. (11).

S0 S0

. % <|DTFT(f0 :@A())‘ IDTFT(f, :;)A()) ) 2) o
DTFT(f, ) | DTFT(f, )|
0 0

=3y <|DTFT<f0 :oAU) |t :mA()) }> 10)
IDTFT(f, )| IDTFT(f, )|

w, =0 an

Finally, the estimated true frequency ff;“) at the end of each itera-
tion i can be computed using the solving equation of the proposed fine
estimation strategy, which consists in the peak of the parabola re-scaled
by A and added to the previous estimation:

1) () S
— _ A2
Jo =y —atgE

7

AD |DTFT(f(()i) " Au))! _ }DTFT@?) _ A<i>)|

2 [DTFT () + A7) | + [DTFT(f}) — A0 )| - 2[DTET (1)
(12)

The procedure continues until an accuracy threshold is reached (i.e.
the estimated frequency does not change sensibly between two
consecutive iterations) or a number of iterations has been performed.
When validating the performance of the algorithm, it was found that 5
iterations are enough for accurate estimation even in a very high SNR
scenario and when a small number of samples is available. A conver-
gence threshold can also be set on the refinement of the frequency
output to reduce the computational cost. Performing 5 iterations con-
sists of a final interval A® = 0.031/¢N.

Eq. (12) is the fundamental step of the proposed estimator, and the
pseudo-code for the procedure is reported in Table 1. This equation is

Signal Processing 237 (2025) 110094

Table 1
Pseudo-code of the proposed estimator.

Input: Complex signal z(n) of length (N
1.

2.

Find 7Y (Eq. (2), Eq. (3), Eq. (4))
S0 0
Set: fo = fo
3. Loop: fori=1to 5 do
1
20N
1 DTFT( ?g)) < DTFT (ff)” +A10) do

Set A =

~(i) ~( .
setfy =Jo + A0
~(i) ", )
Else if DTFT( fg) < DTFT(fg) A1) do
Setfy =7y - A®

~(i+1)
Compute f, ~ (Eq. (12))
1) D)
Iflf, " —fol<e
Stop
~(i+1)

Set fo = fo

very similar to the one of the direct methods of Belega et al. [12],
Djukanovi¢ et al. [13], and Jacobsen [19]. However, the proposed
estimator differs in several key aspects: it is iterative, it reduces the offset
A at each iteration, and it operates independently of any auxiliary fine
estimation method. In particular, the fine step can be initialized directly
from the coarse frequency, while other methods [12,13] are applied
after a first interpolation using supporting fine estimation methods like
[171, or employ the complex DFT coefficients rather than their magni-
tude, as in [19].

To define the improvement to the estimation accuracy by reducing
the offset of the auxiliary coefficients, we can adapt the results from
Belega et al. [12,22] to the notation and signal model used in this work.
Specifically, the estimation error of parabolic interpolation-based
methods can be related to the initial frequency estimation error Afy
and the fractional offset A of the auxiliary DTFT coefficients. For the
proposed estimator, the estimation error at iteration i can be estimated
using Eq. (13), illustrating that reducing the offset A improves the
estimation accuracy. Adapting the results from [12], the estimation bias
at the end of iteration i can be computed from the distance between the
central coefficient and the true frequency.

) 2 /A 2
AV & ;’—O<A ffN> Afy) (13)

The fine estimation step of the proposed estimator is visually
described in Fig. 1, where the DTFT, the interpolation interval, and the
parabolic interpolation at the first iteration are shown for a residual
frequency of 6 = 0.25 and f; = {N.

In terms of computational cost, the coarse estimation step of the
proposed estimator requires the evaluation of the DFT over {N samples
and consists in {N/2log,({N) complex multiplications and {Nlog,(¢{N)
complex additions when using an FFT algorithm. This cost is common to
all frequency estimators and can be at least N/2log,(N) + Nlog,(N) for
methods that do not support or use zero-padding. The fine step uses the
absolute value of the pre-computed peak of the FFT and two auxiliary
DTFT coefficients to make an estimation. Subsequent iterations require
the computation of 3 coefficients to be interpolated. Assuming no zero-
padding is performed, computing one DTFT coefficient requires N
complex products and (N —1) complex additions, which result in 6 real
operations (4 multiplications, 2 additions), and 2 real additions,
respectively. Table 2 provides an overview of the computational cost of
the proposed estimator and comparison to similar algorithms. It is
assumed all estimators use an FFT algorithm, and therefore the cost of
the coarse estimation is the same for all methods: 5Nlog,N real opera-
tions. The reported cost does not include O(1) operations, as their
complexity may depend on the specific numerical implementation, and
it is generally negligible with respect the cost of computing DTFT
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Fig. 1. Fine estimation step of the proposed algorithm, first iteration (§ = 0.25). Comparison of DFT and DTFT resolution, DTFT coefficients used for the parabolic

interpolation, and estimated frequency after one iteration.

Table 2
Computational cost of the proposed and comparable estimators.

Estimator Real Operations (fine estimation, single Iterations
iteration)
AME1 [28] 16N+ O(1) 1+
HAQSE [25] 16N+ O(1)
Parabolic [13] 24N+ 0(1)
FQE (iteration 1) 16N+ O(1) 1+
[14]
FQE (iteration 2) 24N+ 0(1)
[14]
PIpDTET [12] 24N+ 0(1) 1
LIpDTFT [22] 24N+ O(1)
Proposed (iteration 16N+ O(1) 1+
D
Proposed (iteration 24 N + 0(Q1)
2)

coefficients. This assumption is reasonable, and more accurate as the
number of samples increases (N>1). It is also assumed no adjustment to
the central coefficient is required at each step of the proposed estimator,
which would require additional 8N real operations. Overall, the pro-
posed estimator can be considered slightly less efficient than other
comparable estimators in terms of computational cost per iteration,
which is similar across most algorithms. However, its total computa-
tional cost depends on the number of iterations performed, and while
more iterations increase the cost, they also enhance the estimation ac-
curacy, as demonstrated in Section 3.

The number of operations defined in Table 2 assumes no zero-
padding is performed ({ = 1). Still, the flexibility of the estimator
makes it especially useful for different requirements, as ¢ > 1 improves
the robustness of estimation in low SNR scenarios, while { = 1 mini-
mizes the computational cost of the estimator. If zero-padding is
employed, the robustness of estimation increases when the SNR ap-
proaches the breakdown threshold, but the computational cost of the
fine step increases by a factor of ¢ for each iteration (16{N at the first
iteration, 24¢(N for subsequent iterations). The increase in robustness
from zero-padding is a generally known phenomenon [25], and while

the definition of the SNR breakdown threshold depends on how it is
defined in terms of divergence from the CRLB, a simple approximation is
defined in [37] as SNRy, =~ 30/N. More quantitatively, the application of
the algorithm from [25] shows an increase in the SNR threshold by
approximately 2 dB when changing from { =1 to { =2 (N = 512).

4. Simulations and performance characterization

The performance of the proposed estimator is verified through sim-
ulations of complex signals in noisy and noise-less conditions to assess
the accuracy of estimation. The performance metric considered when
dealing with noisy signals is the Mean Squared error (MSE), as it can be
directly compared to the CRLB. For all simulations in this section the
following parameters of the signal model from Eq. (1) are used: A =1,
fo € [0.f), 6 € [0,27), f; =N. No zero-padding is used in any simulation
to perform an appropriate comparison between all methods.

The first behavior assessed is the dependency of the MSE as the re-
sidual frequency § varies. Figs. 2 and 3 show the MSE of estimation over
10,000 estimations, using the proposed estimator and two unbiased
analytical estimators [30], on signals of length 1024 with a SNR of 30 dB
and 90 dB, respectively. Results show the proposed method is robust to
noise independently from the value of the residual frequency § in both
cases, while analytical estimators have a varying performance as &
changes, as reported in the literature [30].

The general performance of the proposed estimator is shown in Fig. 4
computing the MSE over 1,000,000 simulations. As expected of an
optimal estimator, the MSE approaches the CRLB in the high SNR region
and departs from it when the SNR falls below the breakdown threshold,
which diminishes as the number of samples increases. The estimator
shows it can accurately extract the frequency content of signals even
when using only 4 samples. As modelled in Eq. (7), the experimental
curves tend to stabilize at approximately f2/12 Hz? in the no-
information region.

The performance of the proposed estimator for a small number of
samples (N = 4) is shown in Fig. 5, where the MSE of estimation is
computed on 1,000,000 simulations. The proposed estimator shows a
MSE very close to the CRLB in a wide range of values of SNR, and up to
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Fig. 2. MSE of estimation vs. residual frequency at low SNR (30 dB) of the proposed algorithm and best performing analytical estimators from [30].
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Fig. 3. MSE of estimation vs. residual frequency at high SNR (90 dB) of the proposed algorithm and best performing analytical estimators from [30].

90 dB. With respect to other estimators, AME1 [28], Parabolic [13], FQE
[14], and LIpDTFT [22] have a consistent low MSE in all SNR scenarios,
while HAQSE [25] tends to have a MSE always higher than other esti-
mators, and PIpDTFT [12] departs from the CRLB for very high values of
SNR. No clear breakdown threshold is visible for all estimators. For all
simulation scenarios, LIpDTFT and PIpDTFT use an offset of 0.03 f; /N
and 0.05 f;/N respectively. Although reducing the offset improves the
estimation accuracy of both methods, the authors suggest that further
reduction below these values yields no additional improvement. The
parabolic interpolation method employs an offset of 0.1 f; /N, and AME1
and FQE are stopped after 10 iterations. HAQSE uses the optimal shift as
prescribed in [25].

A different visualization of the same scenario is shown in Fig. 6,
where the ratio between the MSE and the CRLB is highlighted. In this, it
can be appreciated the AME1 estimator has a generally higher MSE than

the other estimators that approach the CRLB (MSE/CRLB~:1.005). The
PIpDTFT has a near-CRLB performance up to 60 dB, after which its
performance degrades. The rest of the methods considered seem to
perform equally in the range of SNR of interest. To better compare the
performance of the estimators then, we compute the MSE ratio of all
algorithms with respect to the proposed method, as shown in Fig. 7.
From this, it can be observed how the LIpDTFT and FQE have the lowest
MSE and can provide very accurate frequency estimations down to 45
and 35 dB, respectively, while the proposed estimator seem to be more
robust to noise and have the lowest MSE at values of SNR below 35 dB.

The same analysis is replicated in Figs. 8-10 for a scenario with a
high number of samples (N = 1024). In this case, all algorithms seem to
be stable and consistently attain the CRLB at all SNR above the break-
down threshold (Fig. 8). When compared to the CRLB, the MSE of AME1
still shows a higher ratio (~1.015) than other estimators (Fig. 9). Fig. 10
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Fig. 5. MSE of estimation vs. SNR for the proposed and comparable estimators (N = 4).

reports a different behavior of the estimators than in Fig. 7, with the
Parabolic and FQE estimators showing a higher MSE than the proposed
method, while the LIpDTFT achieves very low MSE in the high SNR
scenarios, but diverges from the CRLB and the reference MSE once the
SNR falls below 25 dB. Likewise, the PIpDTFT departs from the CRLB at
SNRs below 5 dB. In contrast, when a high number of samples is
considered, HAQSE matches the performance of the proposed estimator
and performs significantly better than in the case with only 4 samples.
More generally, the performance of HAQSE has been observed to not be

distinguishable from that of the proposed estimator when N > 512.
However, as N decreases below this threshold, the estimation accuracy
of HAQSE deteriorates, exhibiting a more variable and increased MSE
ratio. This degradation becomes particularly pronounced in low-noise
scenarios and when few samples are used, with results consistent with
Fig. 7 for N<16 (MSE Ratio >1.0003). In the intermediate range
16 < N < 512, HAQSE maintains performance comparable to the pro-
posed estimator, although with a slight degradation (1 < MSE Ratio <
1.0003). Figures corresponding to these considerations have been
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omitted for brevity, as the results are consistent with the trends already
illustrated in Figs. 7 and 10.

Overall, the simulation scenarios show the proposed estimator is
robust to noise and changes in the residual frequency, and achieves a
near-CRLB accuracy even when few samples are available and the SNR is
near the threshold, even when no zero-padding ratio is employed to
improve the coarse step.

5. Conclusions

This paper presents an iterative algorithm for accurate frequency
estimation in complex signals based on successive parabolic in-
terpolations of DTFT coefficients. The key advantage of the proposed
method lies in its iterative refinement approach, which progressively

reduces the offset of the auxiliary interpolation coefficients. This
approach effectively overcomes limitations present in other
interpolation-based methods, providing enhanced accuracy while
maintaining computational efficiency comparable to state-of-the-art
techniques. Through comprehensive numerical simulations, we
demonstrated that the proposed estimator consistently achieves the
CRLB across various SNR conditions and signal lengths. Notably, it
maintains robust estimation accuracy even in challenging scenarios
characterized by low SNR or very short signals, conditions under which
conventional iterative methods can encounter difficulties. The perfor-
mance comparison with established frequency estimation algorithms
highlights the competitiveness of the proposed SPI-based method. Spe-
cifically, the method excels in scenarios demanding high precision
despite substantial noise interference or limited sample availability.
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These findings suggest that the proposed estimator represents a valuable
solution for practical applications requiring reliable and precise fre-
quency estimation under diverse operational conditions.
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