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Abstract

We realize the irreducible representations of a compact Lie supergroup G, with a contragredient
simple Lie superalgebra, in the space of square integrable (in the sense of Berezin) holomorphic
sections on X = G A, A is the real torus in the complexification of G. We give an explicit
ealization of unitary representations when G = SU(1|1).

2024 The Author(s). Published by Elsevier GmbH. This is an open access article under the CC BY
icense (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Let G be a compact semisimple Lie group, and let X be a G-invariant measurable
space. A standard idea in harmonic analysis is to let some square integrable functions
on X form a unitary G-representation H, then study the irreducible G-representations
which occur in H. An example is the Borel–Weil theorem [3] described as follows. Fix
a maximal torus T of G. Let L be the complexification of G. Let a = it, so l has
Cartan subalgebra h = t + a (Gothic letters always denote Lie algebras corresponding
to the Lie groups in Roman letters). We have the Iwasawa decomposition L = G AN ,
where n consists of root spaces of a choice of positive system in h. Then, B = H N is
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a Borel subgroup of L , and G/T acquires a complex structure via G/T ∼= L/B. Fix
a dominant integral weight λ ∈ h∗, and let the group homomorphism eλ : H −→ C×

e its character. Let Cλ = G ×λ C denote the homogeneous line bundle on X given by
gh, z) ∼ (g, eλ(h)z) for all g ∈ L , h ∈ H and z ∈ C. Let H(G/T,Cλ) be the space of
olomorphic sections on Cλ. Then the Borel–Weil theorem states that

H(G/T,Cλ) = irreducible G-representation with highest weight λ. (1)

Let X = G A. The Iwasawa decomposition leads to X ∼= L/N . Since N is complex,
X has a complex structure. There is a left G-action on X . Since H normalizes N ,
there is also a right H -action on X . Let H(G A) denote the holomorphic functions on
G A. Let H(G A)λ be the G-subrepresentation consisting of those holomorphic functions
that transform by eλ under the right H -action. The holomorphic sections s of Cλ can
be identified with f ∈ H(G A)λ by s(g) = (g, f (g)) for all g ∈ G A. This leads to
H(G/T,Cλ) ∼= H(G A)λ, so (1) can be formulated as

H(G A)λ = irreducible G-representation with highest weight λ. (2)

More generally, if G is not compact, but has a Cartan subgroup, Harish-Chandra [26]
hows that H(G/T,Cλ) is a discrete series representation (under a suitable positivity
ondition on λ). It is unitary under the L2 condition imposed by integration over the
aar measure of G.
For a Lie supergroup G, recent works [7,8] show that H(G/T,Cλ) is a Harish-

handra highest weight supermodule. However, it is an algebraic object without con-
ideration for unitary structure via integration; though some results have appeared
n [1,9,14].

In view of these developments, it is natural to attempt to introduce the framework
f harmonic analysis to the super setting, and realize unitary representations of a
ontragredient Lie supergroup as Bergman spaces with respect to invariant supermeasures
n analogy with [12,24,25,32,34] for the ordinary setting.

We use the word “ordinary” for the theory of Lie algebras, Lie groups and their
epresentations, to make a distinction from the theory of their super counterparts.

Version (2) of the Borel–Weil theorem is more interesting than (1) in the sense that,
ithout fixing a particular λ, we obtain more G-representations in H(G A). Thus in this

rticle, we let G be a compact real form of a complex contragredient Lie supergroup
L , that is, l = Lie(L) is complex contragredient (see [13,20,27] for compact forms
nd [5,6,19,21] for real forms in the super setting). Consider

X = G A ∼= L/N

nder the left G and right H -actions. Let H(X ) be the space of holomorphic functions
n X . Via the Super Harish-Chandra pairs (SHCP) language (see [4, Chapter 7]), we also
ave natural left and right actions of G and H on H(X ).

We now equip X with a G×T -invariant supermeasure [1,2,17,30,35]. Let F : a −→ R
e a strictly convex function, namely its Hessian matrix is positive definite everywhere.
he exponential map identifies a with A, so its inverse map is a diffeomorphism log :

A −→ a. We consider the function eF log
: A −→ R (namely a ↦→ eF(log a)). We extend

t naturally to a G-invariant function on X , and consider the measure on X by
F log
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
https://doi.org/10.1016/j.exmath.2024.125586.

µ = e µG µA, (3)
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where µG and µA are Haar supermeasures on G and A respectively. The weight function
eF log is common in harmonic analysis, and is motivated by the potential function F of
Kähler forms (see for instance [12,16]).

Consider the resulting Bergman space

H2(X, µ) = { f ∈ H(X ) ;

∫
X

| f (x)|2µx converges}, (4)

where the integral is the Berezin integral (see [10,11,17,37] and refs. therein). Since µ
is G × T -invariant, we obtain a G × T -representation on H2(X, µ).

For convenience, without using more notation, we let h∗ denote the space of linear
maps λ : h −→ C with real values on a and imaginary values on t. We let λa : a −→ R
resp. λt : t −→ iR) denote the restriction of λ to a (resp. t).

The subalgebra n is determined by a positive system of roots, and we let ∆+

0 (resp.
+

1 ) denote the positive even (resp. odd) roots. Let ρ =
1
2 (
∑

∆+

0
α −

∑
∆+

1
α). Let

F ′
: a −→ a∗ denote the gradient mapping of F . Adhering to the notation in [28]

Chapter V, regarding Harish-Chandra modules in the ordinary setting, we formulate the
following result.

Theorem 1.1. Let Θλ+ρ be the Harish-Chandra supermodule with highest weight λ. If
λa is in the image of 1

2 F ′, then Θλ+ρ occurs in H2(X, µ).

Theorem 1.1 opens the door to more interesting ideas in this direction. One may
onsider non-compact real forms G of contragredient Lie supergroups which have
ompact Cartan subgroups (so X = G A acquires complex structure as an open subset of

L/N ), and the construction of the Bergman space (4) may incorporate prequantum line
undle via symplectic geometry and geometric quantization formalism [25,29], as done
n [12]. We shall discuss this supergeometric approach in future works.

The unitarity and multiplicity of Θλ+ρ in H2(X, µ) are delicate issues, and the
ollowing theorem takes a closer examination on the special case G = SU(1|1). It will be
nteresting to prove its generalization to a wider class of Lie supergroups. Let H2(X, µ)λt
enote the G-subrepresentation consisting of the functions that transform by the character
λt under the right T -action.

heorem 1.2. Let G = SU(1|1) and assume λa is in the image of 1
2 F ′. The invariant

easure µ unitarizes Θλ+ρ , by providing an inner product for it, inside the Bergman
pace H2(X, µ)λt .

. Preliminaries

We start with the definition of super Hermitian form, then we define unitary represen-
ations for supergroups. For all the main definitions and results concerning supergeometry
ee [4,33].

Let V be a complex super vector space. A hermitian form on V is a complex valued
esquilinear form (, ) (linear in the first, antilinear in the second argument) such that:

(u, v) = (−1)|u||v|(v, u), ∀u, v ∈ V (5)
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
https://doi.org/10.1016/j.exmath.2024.125586.



4 M.-K. Chuah, C.A. Cremonini and R. Fioresi / Expo. Math. xxx (xxxx) xxx

i

H
o
c
s
s
o

e

u
s
c
f
a

3

s
i
f
s
a
s

n

and (u, v) = 0 for |u| ̸= |v|, where |u| denotes the parity of a homogeneous element
u ∈ V (see [33] pg 111 and [22] Section 4). If X is an endomorphism of V , we define
ts adjoint X† as

(Xu, v) = (−1)|u||X |(u, X†v), (6)

We have (see [33] pg 110):

⟨u, v⟩ =

{
i(u, v) |u| = |v| = 1
(u, v) otherwise

(7)

is an ordinary hermitian form.
(, ) is a hermitian product on V if (, ) and i(, ) are positive definite on V0 and V1

respectively, i.e. if the ordinary form ⟨ , ⟩ is positive definite on V .
Let V be a g module, where g is a real Lie superalgebra, via the representation π .

Then, V (or π ) is said to be unitary if there is a hermitian product (, ) for V such that

(π (X )u, v) = −(−1)|u||X |(u, π(X )v) (u, v ∈ V, X ∈ g), (8)

We now turn to supergroup representations. We view a supergroup G, in the Super
arish-Chandra Pairs (SHCP) formalism, as a pair G = (G0, g) consisting of an
rdinary Lie group G0 and a Lie superalgebra g together with some natural compatibility
onditions (see [4] Chapter 7). We can also, equivalently, view a supergroup G as a
upermanifold, that is, a pair G = (G0,OG) consisting of a topological space G0 and a
heaf of superalgebras on G0, locally isomorphic to Rm|n (or Cm|n). For the equivalence
f these notions, in a categorical manner, see [4] Chapter 7. It is important to recall that

G is globally split, that is, its structural sheaf OG ∼= C∞

G0
⊗∧(ξ ), where ∧(ξ ) denotes an

xterior algebra with generators ξ1, . . . , ξn .
We say that a representation of the supergroup G = (G0, g) is unitary, if it is a

nitary representation of the ordinary group G0 and a unitary representation for the
uperalgebra g, together with the natural compatibility conditions expressed in [9]. We
an, equivalently, give the notion of unitary representation of a supergroup G via the
unctor of points [4] Chapter 2: it is a supergroup representation into a super space with
hermitian product, preserving such product [9].

. Representations of compact Lie supergroups

Let L be a complex simply connected Lie supergroup with a simple contragredient
uperalgebra l (see [27]) as its Lie superalgebra. Let g be a compact real form of l, i.e. g0
s a compact real form of l0. There exists only in Lie superalgebras of type 1, that is,
or the A and C families [13]. Let t be a Cartan subalgebra of g0, so it is also a Cartan
ubalgebra of g. Let a = it and let h = t + a, so h is a Cartan subalgebra of l. Fix an
dmissible positive system of roots on h ([15], Section 6) and let n be the positive roots
pace. Then we have the super Iwasawa decomposition

l = g + a + n. (9)

Since G0 is compact, we have the Iwasawa decomposition L0 = G0 AN0 in the ordi-
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
https://doi.org/10.1016/j.exmath.2024.125586.

ary setting [28], so L = G AN (see Lemma 3.6, 3.7 [8]). We define the supermanifold
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X = L/N ∼= G A. Since N is complex, the expression L/N equips X with a complex
structure as the quotient of complex supergroups (see [23]).

There is clearly a left G action on X . Since H normalizes N , there is also a right
H -action on X . These two actions induce G × H -actions on H(X ), the holomorphic
unctions on X . For the ordinary Lie group H , if rh denotes the right translation by

h ∈ H , we have the action R defined as follows:

Rh( f + φ) := r∗

h ( f + φ), ∀ f + φ ∈ H(X ), h ∈ H (10)

The left action of G = (G0, g) on H(X ) consists of an action of the ordinary Lie
roup G0, which is given by:

Lg( f + φ) := ℓ∗

g( f + φ), ∀ f + φ ∈ H(X ), g ∈ G0 (11)

g being the left translation by G0 on G A, and an action of the Lie superalgebra g, which
ccurs as left invariant vector fields (see [4, Chapter 7]).

Let h be a fixed Cartan subalgebra in g and let λ ∈ h∗ be integral and for α even
(Hα) ∈ Z≥0, where Hα are defined in [21,22] Chapter 3, when discussing Chevalley
ases; notice Hα ∈ a. By Theorem 8 (1) in [27], we have that such condition guarantees,
n our hypotheses, the highest weight representation of l, with highest weight λ, to be
nite dimensional and irreducible.

We define a character χ of H as χ (exp(h)) = eλ(h), where exp is the exponential of
he ordinary Lie group H , with Lie algebra h. Recall that λ has real (resp. imaginary)
alues on a (resp. t), so χ (t) ∈ S1 for t in T and χ (a) ∈ R+ for a ∈ A.

We now define:

H(X )λ := {u ∈ H(X ) | Rhu = χ (h)u, h ∈ H}.

e observe most immediately that H(X )λ is a G subrepresentation of H(X ), because
G acts (via SHCP) on the left. We also notice that this is the representation studied in

heorem 4.27 in [8], defined in Section 4 of the same paper. Because λ(Hα) ∈ Z≥0 for α
ven, this representation is a finite dimensional representation of G and the Borel–Weil
heorem as in [7] (see also refs. therein) applies here.

Since G acts on H(X )λ, using Hopf superalgebra language, we have that a coaction
f H(G) the holomorphic sections of G on H(X )λ (see [4] Chapter 10):

hi ↦→

∑
r

air ⊗ hr (12)

or (hi ) a fixed basis of Vλ irreducible of highest weight λ in H(X )λ; the sum is finite.
ence in the functor of points notation, we can write:

hi (gy) =

∑
r

air (g)hr (y) (13)

s in the ordinary setting; here g ∈ G(R), y ∈ A(R) for a supermanifold R (see [4]
hapter 2, 4).
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
https://doi.org/10.1016/j.exmath.2024.125586.



6 M.-K. Chuah, C.A. Cremonini and R. Fioresi / Expo. Math. xxx (xxxx) xxx

H

T

4

r
4
U
t
v
(
W
s

Proof of Theorem 1.1. Let h =
∑

ci hi (finite sum). Since (12), we have∫
G A |h(gy)|2µ =

∑
ci c j

∫
G A hi (gy)h j (gy)µ

=
∑

i, j,r,s ci c j
∫

G A ari (g)hi (y)as j (g)h j (y)µ

=
∑

i, j,r,s ci c j
(∫

G ari (g)as j (g)µG
) (∫

A hi (y)h j (y)e−F(log(y))µA
)

where µ = eF log µG µA and µG and µA denote the Haar measures on G and A (see (3)).
Notice F : a −→ R, moreover since A is an ordinary Lie group, we can assume y ∈ A,
log(y) ∈ a.

Since G is compact and all sums are finite, we need only to consider the convergence
of the integrals:∫

A
hi (y)h j (y)e−F(log(y))µA.

Since hi ∈ H(X )λ, we have hi (y) = χ (y)hi (1) and similarly for h j . Hence:∫
A

hi (y)h j (y)e−F(log(y))µA = hi (1)h j (1)
∫

A
e−F(log(y))χ2(y)µA.

ence, the integral converges if∫
A

e−F(log(y))+2λ(log(y))µA < ∞.

he result now follows from the ordinary one as expressed in [12] Proposition 4.4.
■

. Unitary representations of SU(1|1)

In this section, we look at the example G = SU(1|1) and prove Theorem 1.2. The
epresentations of SU(1|1) are all 1|1-dimensional and classified by the integers (Theorem
.2 in [6]). We start by computing the well known Haar supermeasure of Lie supergroups
(1|1) and SU(1|1) ([17,35,36] and refs. therein). Here we follow a strategy closer to

he standard Lie groups setting: we compute explicit expressions for the Haar Berezinian
ia the integral form obtained from right-invariant1 differential forms. The uniqueness
up-to a scalar multiple) of the Haar supermeasure [2,17,30] allows for such approach.

e shall employ the functor of point notation, so that a supermatrix in the general linear
upergroup GLm|n(R) is defined for any supermanifold R (see [4] Chapter 1 and 2). We

also fix a (canonical) global splitting G ∼= G0 × G1, where G0 is a Lie group and G1
an affine superspace with Grassmann (global) coordinates (see also [21]). By following
the convention (6), we immediately see that a realization of a U(1|1)(R) supermatrix is
given by

Z =

(
ei t√1 − i η̄η −ieis η̄

ei tη eis√1 − iηη̄

)
,

Z†
= Z−1

=

(
e−i t√1 − i η̄η ie−i t η̄

−e−isη e−is√1 − iηη̄

)
,

1 The same construction can be done using Maurer–Cartan forms, i.e., left-invariant forms.
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
https://doi.org/10.1016/j.exmath.2024.125586.
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t

where t, s are even and η, η̄ are odd ([4] Chapter 1). Notice that the Berezinian of Z is

Ber (Z ) = ei(t−s) ,

hen, we can obtain a supermatrix of SU(1|1)(R) simply by imposing t = s:

SU(1|1)(R) =

{
Z (t, η, η) =

(
ei t√1 − i η̄η −iei t η̄

ei tη ei t√1 − iηη̄

)}
.

Notice that:

Z (t, η, η)Z (t ′, η′, η′) = Z (t + t ′
− (1/2)η̄η′

+ (1/2)η̄′η, η + η′, η + η′)

Z†(t, η, η) = Z−1(t, η, η) = Z (−t,−η,−η).
(14)

A basis of right-invariant forms is given by

d Z−1
· Z =

(
V 1 ψ1

ψ2 V 2

)
=

(
−idt +

i
2 dη̄η +

i
2 η̄dη ei(s−t)dη̄

−ei(t−s)dη −ids +
i
2 dη̄η +

i
2 η̄dη

)
.

(15)

For computational convenience in dealing with explicit expressions, we will use the
realization of integral forms described in [10,11,18,37], so that the Haar Berezinian can
be written as

Ber (U(1|1)) = V 1
∧ V 2

∧ δ
(
ψ1)

∧ δ
(
ψ2) . (16)

By substituting in (16) the explicit expressions given in (15) and by using standard
properties of integral forms we obtain

Ber (U(1|1)) = idt ∧ ds ∧ δ (dη) ∧ δ (dη̄) .

Similarly, we have for SU(1|1):

Ber (SU(1|1)) = V 1
∧ δ

(
ψ1)

∧ δ
(
ψ2)

= dt ∧ δ (dη) ∧ δ (dη̄) . (17)

This immediately leads to the well-known (see, e.g. [17,31]) result of the zero volume
of U(1|1) and SU(1|1)2:

Vol (U(1|1)) =

∫
U (1|1)

Ber (U(1|1)) = 0

Vol (SU(1|1)) =

∫
SU(1|1)

Ber (SU(1|1)) = 0 ,

because the Lebesgue integral over the reduced group is convergent, while the Berezin
integration gives zero. Despite this fact, we shall see that we can nevertheless define a
(non degenerate) hermitian product on a superspace of holomorphic functions in H(X ),
X = G A. Since the Haar supermeasure is unique up to a constant multiple, let us define,
starting from the integral form in (17):

2 With a small abuse of notation we write
∫

M for the integral over the total space
∫
Π T M , as explained

in [37].
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
https://doi.org/10.1016/j.exmath.2024.125586.
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µSU(1|1) = −idt ∧ δ (dη) ∧ δ (dη̄) (18)

in the notation of [10,33].
We define a hermitian form, in the sense of Section 2, on H2(X, µ), X = SU(1|1)A,

for A diagonal positive real matrices, as follows:

( f, g) =

∫
X

f gµF (19)

where, we recall, µF = e−F logµSU(1|1)µA, µSU(1|1) is as above and µA is a fixed positive
Haar measure on A.

Let us choose coordinate y = ea for the supergroup A with a even.
Let us define, for m ∈ Z:

h1,m := em(i t+a)
(√

1 − i η̄η
)m

= em(i t+a)
(

1 −
im
2
η̄η

)
, h2,m := em(i t+a)η.

Clearly hi,m ∈ H(X ) the holomorphic functions on the supermanifold X = G A.
Let λ be an integral weight in h∗. Since λ is determined by its (integral) values on Hα

= diag(1, 1), this means that λ(Hα) = m ∈ Z, we can therefore identify λ and m ∈ Z.

emma 4.1. Let λa ∈ Im
( 1

2 F ′
)
. We have hi,m ∈ H2(X, µ)λ. Moreover, the super

ermitian product (19) is positive definite on the superspace Vλ generated by the hi,m .

roof. We need first to show that:∫
X

|hi,m |
2µF converges.

n particular, we have

(h1,m, h1,m) =
∫

X h1,m h̄1,mµF

=
∫

G

[
eimt

(
1 −

im
2 η̄η

)
e−imt

(
1 −

im
2 η̄η

)]
µSU(1|1)

∫
A e2m log(y)−F(log(y))µA

= m
∫

A e2m log(y)−F(log(y))µA ,

(20)

here we have fixed the ordering of the Berezin integral as
∫
ηη̄ = −

∫
η̄η = 1. The

integration of h2,m reads

(h2,m, h2,m) =
∫

X h2,m h̄2,mµF =
∫

G

[
eimtηe−imt η̄

]
µSU(1|1)

∫
A e2m log(y)−F(log(y))µA

= −i
∫

A e2m log(y)−F(log(y))µA .

(21)

e can immediately verify the orthogonality of h1,m and h2,m :

(h1,m, h2,m) =

∫
X

h1,m h̄2,mµF =

∫
G

[
eimt

(
1 −

im
2
η̄η

)
e−imt η̄

]
µSU(1|1)

×

∫
A

e2m log(y)−F(log(y))µA

=

∫
G
η̄µSU(1|1)

∫
A

e2m log(y)−F(log(y))µA = 0 . (22)
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
https://doi.org/10.1016/j.exmath.2024.125586.



M.-K. Chuah, C.A. Cremonini and R. Fioresi / Expo. Math. xxx (xxxx) xxx 9

(
t

a

s

P
h
m

w

H
v

Since m ∈ Z>0 the ordinary integral:∫
A

e2m log(y)−F(log(y))µA < 0

see [16] Appendix A2), we obtain our result. Notice that our convention (18) ensures
hat ( , ) is positive definite. ■

We now define a natural action of the real supergroup G = SU(1|1) on the superspace
Vλ := span{h1,m, h2,m}, via the functor of points notation. Let A(a) = diag(ea, ea),

even. The holomorphic superfunctions f ∈ H(X ) can be viewed as functions on
X = G A, i.e. f (Z (t, η, η)A(a)). We can then define, in analogy with the ordinary setting
a left G action and a right T action. For the left G action:(

Z (t∗, η∗, η∗) · f
)

(Z (t, η, η)A(a)) := f (Z (−t∗,−η∗,−η∗) Z (t, η, η) A(a))
= f (Z (t − t∗ + (1/2)η̄∗η − (1/2)η̄η∗, η − η∗, η̄ − η∗)A(a))

(23)

ee also (14).
For the right T action, for U (t∗) = diag(ei t∗ , ei t∗ ), t∗ even:

( f · U (t∗))(Z (t, η, η)A(a)) := f (Z (t, η, η)U (t∗)A(a)).

Lemma 4.2. Let the notation be as above. Then Vλ is stable with respect to the above
G action, i.e.

g · v ∈ Vλ(R), g ∈ G(R), v ∈ Vλ(R).

Proof. It is enough to show the stability for v = hi,m , that is:(
Z (t∗, η∗, η∗) · hi,m

)
(Z (t, η, η)A(a)) = c1,i h1,m + c2,i h2,m .

A direct calculation leads to
c1,1 = e−i t∗m

(
1 −

im
2 η∗η∗

)
, c1,2 = −e−i t∗mη∗,

c2,1 = e−i t∗m imη̄∗, c2,2 = e−i t∗m
(
1 +

im
2 η∗η∗

)
. ■

(24)

roof of Theorem 1.2. Given Lemmas 4.1 and 4.2, we only need to show that Vλ is a
ighest weight representation of highest weight λ for sl(1|1) = span{Hα, Xα, X−α}. This
eans X#

α(h1,m) = 0 or, equivalently:

(1 ⊗ Xα)M∗(h1,m) = 0

here M is the multiplication in G A, (see [4] Chapter 7). This is a straightforward
calculation based on the previous proof. ■

Remark 4.3. Notice that in H(X ) we may also consider Ṽλ the span of:

h̃1,m := em(i t+a)
(√

1 + i η̄η
)m

= em(i t+a)
(

1 +
im
2
η̄η

)
, h̃2,m := em(i t+a)η̄.

With computations similar to the ones in the proof of Lemma 4.1, we have that h̃i,m ∈
2(X, µ)λ and furthermore we can define a negative definite hermitian product on Ṽλ

ia (19). As one can readily check, Lemma 4.2 holds, hence Ṽ is also an irreducible G
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
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representation with highest weight λ. It is not difficult to see that H2(X, µ)λ splits into
the direct sum of the two irreducible representations Vλ and Ṽλ, on which the hermitian

roduct is, respectively, positive and negative definite; so the natural inner product (19)
s not positive definite on H2(X, µ)λ. This is a peculiarity, and a difference from the
rdinary setting, coming from the Berezin integral: there are non-zero functions that
ntegrate to zero, for example em(i t+a)

= h1,m + h̃1,m .
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C.A.C. acknowledges GAČR grant EXPRO 19-28628X for financial support. R.F.
s grateful to Charles University for its hospitality. R. F. was partially supported by
HAIA H2020-MSCA-RISE-2017 777822, COST CaLISTA CA 21109, CaLIGOLA
SCA-2021-SE-01-101086123, MSCA-DN CaLiForNIA - 101119552, PNRR (PE12)
NESYS, INDAM-GNSAGA, PNRR National Center for HPC, Big Data and Quantum
omputing, INFN Sezione Bologna.

Finally, we thank V.S. Varadarajan for his advice and work, which has been a constant
nspiration to us.

ppendix. Chevalley basis

We quickly recap here the notion of Chevalley basis for classical Lie superalgebras,
ee [21] for all the details and the proof of its existence, (see [27] for the definition of
lassical Lie superalgebras).
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Let k be a generic ground field, with char k ̸= 2, 3.
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Definition A.1. Let g be a classical Lie superalgebra and fix a positive system for
its root system ∆. We call Chevalley basis of g any homogeneous k-basis B =

Hi
}

1,...,ℓ

∐{
Xα

}
α∈∆

such that:
(a)

{
H1, . . . , Hℓ

}
is a k-basis of h .

(b)
[
Hi , H j

]
= 0 ,

[
Hi , Xα

]
= α(Hi ) Xα , ∀ i, j ∈{1, . . . , ℓ } , α∈∆

(c)
[
Xα , X−α

]
= σα Hα, ∀ α ∈ ∆ ∩ (−∆)

with σα := −1 if α ∈ ∆−

1 , σα := 1 otherwise and with Hα ∈ h , such that
(Hα) = 2, whenever (α, α) = 0

(d)
[
Xα , Xβ

]
= cα,β Xα+β, ∀ α, β ∈ ∆ : α ̸= −β , β ̸= −α , with

(d.1) if (α + β) ̸∈ ∆ , then cα,β = 0 , and Xα+β := 0 ,
(d.2) if

(
α, α

)
̸= 0 or

(
β, β

)
̸= 0 , and if Σ α

β :=
{
β − r α , . . . , β + q α

}
s the α-string through β , then cα,β = ±(r + 1) , with the following exceptions: if
= P(n) , with n ̸= 3 , and α = β j,i , β = αi, j , then cα,β = ±(r + 2) .

(d.3) if
(
α , α

)
= 0 =

(
β , β

)
, then cα,β = ±β

(
Hα

)
.

Notice that the condition in (c) α ∈ ∆∩ (−∆) regards just strange superalgebras (see
roposition 3.1.1 in [21] for more details).

More explicitly, we report here Chevalley bases for the type A, B,C, D superalgebras.

A(m, n) , m ̸= n .

In this case g = sl(m + 1| n + 1) ⊆ gl(m + 1| n + 1) . We fix the distinguished
simple root system Π := {α1, . . . , αm+n+1} with αi := εi − εi+1

(
i = 1, . . . ,m

)
,

αm+1 := εm+1 − δ1 , αm+1+ j := δ j − δ j+1
(

j = 1, . . . , n
)

, using standard notation
in [27]. Then we define the Hk’s as Hk := Hαk = ek,k −ek+1,k+1 for k ̸∈ {m+1,m+n+2 } ,
and Hm+1 := Hαm+1 = em+1,m+1 + em+2,m+2 . For the root vectors Xα’s instead we just
take all the ei, j ’s with i ̸= j . It is then a routine matter to check that these vectors form

a Chevalley basis. A(n, n) .

In this case g = sl(n + 1| n + 1)
/

k I2(n+1) . Keeping notation as above, we set

x := x + k I2(n+1) in sl(n +1| n +1)
/

k I2(n+1) = g . Then I2(n+1) =
∑n

i=1 i Hi +

(n+1) Hn+1 −
∑n

j=1 j H2(n+1)− j , so that we have
n∑

i=1

i H i + (n+1) H n+1 −

n∑
j=1

j H 2(n+1)− j = 0

a Z-linear dependence relation among simple coroots which reflects a similar rela-
tion among simple roots; thus we can get H 2n+1 from the other simple coroots.
Then

{
H i
}

i=1,...,2n

⋃ {
X i, j

}
i ̸= j is a k-basis of g which satisfies all properties in

efinition A.1.
B(m, n) , C(n) , D(m, n) , m ̸= n .

Here g = osp(M | N ) ⊆ gl(M | N ) for some M ∈ N , which is odd, zero or even
positive according to whether we are in case B, C or D respectively, and some even
N ∈ N . Then M ∈ {2 m + 1, 2 m} and N = 2 n for suitable m, n ∈ N . In any case, g
is an orthosymplectic Lie superalgebra, and we can describe all cases at once.
Please cite this article as: M.-K. Chuah, C.A. Cremonini and R. Fioresi, Harmonic
analysis of compact Lie supergroups, Expositiones Mathematicae (2024) 125586,
https://doi.org/10.1016/j.exmath.2024.125586.
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With notation as before, we consider the following root vectors (for all 1 ≤ i, j ≤ m ,
M + 1 ≤ i ′, j ′

≤ M + n ):

E+εi −ε j := ei, j − e j+m,i+m , E−εi +ε j := ei+m, j+m − e j,i
(

i < j
)

E+εi +ε j := ei, j+m − e j,i+m , E−εi −ε j := e j+m,i − ei+m, j
(

i < j
)

E+εi := +
√

2
(
ei,2m+1 − e2m+1,i+m

)
, E−εi := −

√
2
(
ei+m,2m+1 − e2m+1,i

)
E+δi ′ −δ j ′

:= ei ′, j ′ − e j ′+n,i ′+n , E−δi ′ +δ j ′
:= ei ′+m, j ′+m − e j ′,i ′

(
i ′ < j ′

)
E+δi ′ +δ j ′

:= ei ′, j ′+n + e j ′,i ′+n , E−δi ′ −δ j ′
:= ei ′+n, j ′ + e j ′+n,i ′

(
i ′

̸= j ′
)

E+2 δi ′ := ei ′,i ′+n , E−2 δi ′ := ei ′+n,i ′

E+εi +δ j ′
:= ei, j ′+n + e j ′,i+n , E−εi −δ j ′

:= ei+m, j ′ − e j ′+m,i

E+εi −δ j ′
:= ei, j ′ − e j ′+n,i+m , E−εi +δ j ′

:= ei+m, j ′+n + e j ′,i

E+δ j ′
:= +

√
2
(
e2m+1, j ′+n + e j ′,2m+1

)
, E−δ j ′

:= −
√

2
(
e j ′+n,2m+1 − e2m+1, j ′

)
here ±(εi ± ε j ) , ±εi , ±(δi ′ ± δ j ′ ) , ±2δi ′ , ±(εi ± δ j ′ ) , ±δ j ′ are the roots of the
rthosymplectic Lie superalgebra. The Hi ’s are just Hα , with α ∈ Π ′

g where Π ′
g is

hosen as follows:

Π ′

B(m,n) :=
{
δ1 − δ2 , . . . , δn−1 − δn , 2 δn , ε1 − ε2 , . . . , εm−1 − εm , εm

}
if m ̸= 0 ,

Π ′

B(0,n) :=
{
δ1 − δ2 , . . . , δn−1 − δn , 2 δn

}
Π ′

C(n) :=
{
ε1 , δ1 − δ2 , . . . , δn−2 − δn−1 , 2 δn−1

}
Π ′

D(m,n) :=
{
δ1− δ2 , . . . , δn−1− δn , . . . , 2 δn , ε1− ε2 , . . . , εm−1− εm , εm−1+ εm

}
using standard notation as in [27]). Note that in all cases but B(0, n) the chosen Π ′

g is
ust a distinguished set of simple roots. Setting j ′

:= M+ j = 2 m+ 1 , with m = 1 in
ase C(n) , the corresponding coroots are

Hδ j −δ j+1 :=
(
e j ′, j ′ − e j ′+n, j ′+n

)
−
(
e j ′+1, j ′+1 − e j ′+1+n, j ′+1+n

)
in all cases

Hεi −εi+1 :=
(
ei,i − ei+m,i+m

)
−
(
ei+1,i+1 − ei+1+m,i+1+m

)
in all cases

H2 δn :=
(
en′,n′ − en′+n,n′+n

)
in all cases

Hε1 :=
(
e1,1 − e2,2

)
for C(n)

H2 δn−1 :=
(
e(n−1)′, (n−1)′ − e(n−1)′+n, (n−1)′+n

)
for C(n)

Hεm−1+εm :=
(
em−1,m−1− em−1+m,m−1+m

)
+
(
em,m − em+m,m+m

)
for D(m,n)

Now, a Chevalley basis is formed by the root vectors Xα := Eα and the Cartan
enerators (simple coroots) Hα as above: the verification follows by a careful, yet
ntirely straightforward, calculation.
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