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GOAL-ORIENTED ADAPTIVITY FOR MULTILEVEL STOCHASTIC1

GALERKIN FEM WITH NONLINEAR GOAL FUNCTIONALS2

ALEX BESPALOV, DIRK PRAETORIUS, AND MICHELE RUGGERI3

Abstract. This paper is concerned with the numerical approximation of quantities of interest
associated with solutions to parametric elliptic partial differential equations (PDEs). The key
novelty of this work is in its focus on the quantities of interest represented by continuously
Gâteaux differentiable nonlinear functionals. We consider a class of parametric elliptic PDEs
where the underlying differential operator has affine dependence on a countably infinite num-
ber of uncertain parameters. We design a goal-oriented adaptive algorithm for approximating
nonlinear functionals of solutions to this class of parametric PDEs. In the algorithm, the ap-
proximations of parametric solutions to the primal and dual problems are computed using the
multilevel stochastic Galerkin finite element method (SGFEM) and the adaptive refinement
process is guided by reliable spatial and parametric error indicators that identify the dominant
sources of error. We prove that the proposed algorithm generates multilevel SGFEM approxi-
mations for which the estimates of the error in the goal functional converge to zero. Numerical
experiments for a selection of test problems and nonlinear quantities of interest demonstrate
that the proposed goal-oriented adaptive strategy yields optimal convergence rates (for both the
error estimates and the reference errors in the quantities of interest) with respect to the overall
dimension of the underlying multilevel approximations spaces.

1. Introduction4

Numerical approximation methods and efficient solution strategies for high-dimensional para-5

metric partial differential equations (PDEs) have received a significant attention in the last two6

decades, particularly in the context of uncertainty quantification; see the review articles [SG11,7

GWZ14, CD15]. The focus of the work presented in this paper is on the design and analysis8

of adaptive algorithms that generate accurate approximations of, in general, nonlinear quanti-9

ties of interest (QoIs) derived from solutions to parametric elliptic PDEs. While the classical10

Monte Carlo sampling and its more efficient modern variants (such as Quasi-Monte Carlo and11

multilevel Monte Carlo) are effective in estimating the moments of solutions, the surrogate ap-12

proximations that are functions of the stochastic parameters can be used to estimate a wide13

range of QoIs derived from solutions. Two variants of surrogate approximations, both based14

on spatial discretizations with the finite element method (FEM), have been extensively studied:15

stochastic collocation FEMs generate uncoupled discrete problems by sampling the PDE inputs16

at deterministically chosen points (typically, the nodes of a sparse grid) and build a multivariate17
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interpolant from the sampled discrete solutions; in stochastic Galerkin FEMs, the approxima-18

tions are defined via Galerkin projection and represented as finite (sparse) generalized polynomial19

chaos (gPC) expansions whose spatial coefficients are computed by solving a single fully coupled20

discrete system.21

Numerical approximations of QoIs derived from solutions to parametric PDEs have been ad-22

dressed in a number of works. The multilevel Monte Carlo (MLMC) algorithm for estimating23

bounded linear functionals and continuously Fréchet differentiable nonlinear functionals of the24

solution has been studied in [CST13] and [TSGU13] for a large class of elliptic PDEs with25

random coefficients. In particular, the convergence with optimal rates for MLMC approxima-26

tions of nonlinear output functionals has been proved in [TSGU13] using the duality technique27

from [GS02]. In the same context of using the MLMC for estimating QoIs, an adaptive algo-28

rithm based on goal-oriented a posteriori error estimation has been developed in [EMN16]. The29

proposed algorithm performs a problem-dependent adaptive refinement of the MLMC mesh hi-30

erarchy aiming to control the error in the QoI and thus substantially reducing the complexity of31

MLMC computations.32

Goal-oriented a posteriori error estimates for generic surrogate approximations of solutions33

to parametric PDEs have been proposed in [BPW15] and specifically for stochastic collocation34

approximations in [AO10]. In both these works, various goal-oriented adaptive refinement strate-35

gies guided by the error estimates are discussed and tested for model PDE problems with inputs36

that depend on a finite number of uncertain parameters. In the context of stochastic Galerkin37

FEM (SGFEM), the a posteriori error estimation of linear functionals of solutions was addressed38

in [MLM07, BPRR19b] and, for nonlinear problems, in [BDW11]. In particular, in our previous39

work [BPRR19b], we considered a class of parametric elliptic PDEs where the underlying differ-40

ential operator had affine dependence on a countably infinite number of uncertain parameters.41

We used the duality technique (e.g., from [GS02]) to design a goal-oriented adaptive SGFEM42

algorithm for accurate approximation of moments of linear functionals of the solution to this43

class of PDE problems. In the algorithm, the solutions to the primal and dual problems were44

computed using the SGFEM in its simplest (albeit converging with suboptimal rates) single-level45

variant, where all spatial coefficients in the gPC expansion resided in the same finite element46

space.47

In this paper, we extend the results of [BPRR19b] in three directions. Firstly, we extend the48

goal-oriented a posteriori error analysis in [BPRR19b] and the associated adaptive algorithm to49

a class of continuously Gâteaux differentiable nonlinear goal functionals. Secondly, aiming for50

optimal convergence rates, we employ the multilevel variant of SGFEM, where different spatial51

gPC-coefficients are allowed to reside in different finite element spaces; see [EGSZ14, CPB19,52

BPR21, BPR22]. Finally, we prove the convergence result for the proposed goal-oriented adaptive53

algorithm (thus, providing a theoretical guarantee that, given any positive error tolerance, the54

algorithm stops after a finite number of iterations). We also demonstrate in a series of numerical55

experiments that the proposed goal-oriented adaptive strategy yields optimal convergence rates56

(for both the error estimates and the reference errors in nonlinear quantities of interest) with57

respect to the overall dimension of the underlying multilevel approximations spaces.58

The paper is organized as follows. Section 2 introduces the parametric PDE problem that we59

consider in this work along with its weak formulation. In section 3, we follow [BPR21, BPR22]60

and recall the main ingredients of the multilevel SGFEM as well as the computable energy61

error estimates for multilevel SGFEM approximations. Focusing on a class of nonlinear goal62

functionals, section 4 addresses the goal-oriented error estimation as well as the design of the goal-63

oriented adaptive algorithm and its convergence analysis. The results of numerical experiments64

are reported in section 5.65
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2. Problem formulation66

LetD ⊂ Rd, d ∈ {2, 3}, be a bounded Lipschitz domain with polytopal boundary ∂D, endowed67

with the standard Lebesgue measure. With Γ :=
∏∞
m=1[−1, 1] denoting the infinitely-dimensional68

hypercube, we consider a probability space (Γ,B(Γ), π). Here, B(Γ) is the Borel σ-algebra on Γ69

and π is a probability measure, which we assume to be the product of symmetric Borel probability70

measures πm on [−1, 1], i.e., π(y) =
∏∞
m=1 πm(ym) for all y = (ym)m∈N ∈ Γ. We refer to D and71

Γ as the physical domain and the parameter domain, respectively.72

We aim to approximate a functional value g(u) ∈ R, where u : D×Γ→ R solves the stationary73

diffusion problem74

−∇ · (a(x,y)∇u(x,y)) = f(x,y) x ∈ D, y ∈ Γ,

u(x,y) = 0 x ∈ ∂D, y ∈ Γ.
(1)75

In (1), the differential operators are taken with respect to the spatial variable x ∈ D. We76

assume that f ∈L2
π(Γ;H−1(D)) and that the diffusion coefficient a has affine dependence on the77

parameters, i.e., there holds78

a(x,y) = a0(x) +

∞∑
m=1

ymam(x) for all x ∈ D and y = (ym)m∈N ∈ Γ. (2)79

We suppose that the scalar functions am ∈ L∞(D) in (2) satisfy the following inequalities80

(cf. [SG11, section 2.3]):81

0 < amin
0 ≤ a0(x) ≤ amax

0 <∞ for almost all x ∈ D, (3)82

τ :=
1

amin
0

∥∥∥∥ ∞∑
m=1

|am|
∥∥∥∥
L∞(D)

< 1 and
∞∑
m=1

‖am‖L∞(D) <∞. (4)83

84

Let X := H1
0 (D). We consider the Bochner space V := L2

π(Γ;X) and define the following85

symmetric bilinear forms on V:86

B0(u,v) :=

∫
Γ

∫
D
a0(x)∇u(x,y) · ∇v(x,y) dx dπ(y), (5)87

B(u,v) := B0(u,v) +
∞∑
m=1

∫
Γ

∫
D
ymam(x)∇u(x,y) · ∇v(x,y) dx dπ(y). (6)88

89

Owing to (2)–(4), the bilinear forms B(·, ·) and B0(·, ·) are continuous and elliptic on V. More-90

over, the norms they induce on V, denoted by ||| · ||| and ||| · |||0, respectively, are equivalent in the91

sense that92

λ |||v |||20 ≤ |||v |||2 ≤ Λ |||v |||20 for all v ∈ V, (7)93

where the constants λ := 1− τ and Λ := 1 + τ satisfy 0 < λ < 1 < Λ < 2.94

The weak formulation of (1) reads as follows: Find u ∈ V such that95

B(u,v) = F (v) :=

∫
Γ

∫
D
f(x,y)v(x,y) dx dπ(y) for all v ∈ V. (8)96

The existence of a unique solution u ∈ V to (8) is guaranteed by the Riesz theorem. Throughout97

this work, we will refer to (8) as the primal problem.98

Since we aim to approximate g(u) ≈ g(u•) by the functional value attained by an approxima-99

tion u• ≈ u, we assume that the goal functional g : V → R is continuous. Further assumptions100

on g will be specified later.101
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3. Multilevel SGFEM discretization102

In this section, we introduce the main ingredients of the multilevel SGFEM discretization103

employed in our goal-oriented adaptive algorithms. We follow the approach (and the notation)104

of [BPR21, BPR22].105

3.1. Discretization in the physical domain and mesh refinement. Let T• be a mesh, i.e.,106

a regular finite partition of D ⊂ Rd into compact nondegenerate simplices (i.e., triangles for107

d = 2 and tetrahedra for d = 3). Let N• denote the set of vertices of T•. For mesh refinement,108

we employ newest vertex bisection (NVB) [Ste08]. We consider a (coarse) initial mesh T0 and109

denote by refine(T0) the set of all meshes obtained from T0 by performing finitely many steps of110

NVB refinement. Throughout this work, we assume that all meshes used for the discretization111

in the physical domain belong to refine(T0).112

For each mesh T• ∈ refine(T0), we denote by T̂• its uniform refinement. For d = 2, T̂• is113

the mesh obtained by decomposing each element of T• into four triangles using three successive114

bisections. For d = 3, we refer to [EGP20, Figure 3] and the associated discussion therein.115

Let N̂• be the set of vertices of T̂•. We denote by N+
• := (N̂• \ N•) \ ∂D the set of new116

interior vertices created by uniform refinement of T•. For a set of marked vertices M• ⊆ N+
• ,117

let T◦ := refine(T•,M•) be the coarsest mesh such that M• ⊆ N◦, i.e., all marked vertices118

of T• are vertices of T◦. Since NVB is a binary refinement rule, it follows that N◦ ⊆ N̂• and119

(N◦ \N•)\∂D = N+
• ∩N◦. In particular, the choicesM• = ∅ andM• = N+

• lead to the meshes120

T• = refine(T•, ∅) and T̂• = refine(T•,N+
• ), respectively.121

With each mesh T• ∈ refine(T0), we associate the finite element space122

X• := S1
0 (T•) := {v• ∈ X : v•|T is affine for all T ∈ T•} ⊂ X = H1

0 (D),123

consisting of globally continuous and T•-piecewise affine functions. We denote by {ϕ•,ξ : ξ ∈124

N• \ ∂D} the basis of X• comprising the so-called hat functions, i.e., for all ξ ∈ N•, ϕ•,ξ ∈ X•125

satisfies the Kronecker property ϕ•,ξ(ξ′) = δξξ′ for all ξ′ ∈ N•. Consistent with this notation,126

X̂• := S1
0 (T̂•) denotes the finite element space associated with the uniform refinement T̂• of T•,127

and {ϕ̂•,ξ : ξ ∈ N̂• \ ∂D} is the corresponding set of hat functions (the basis of X̂•). There holds128

the (H1-stable) two-level decomposition X̂• = X• ⊕ span{ϕ̂•,ξ : ξ ∈ N+
• }.129

3.2. Discretization in the parameter domain and parametric enrichment. For all m ∈130

N, let (Pmn )n∈N0 be the sequence of univariate polynomials which are orthogonal to each other131

with respect to πm such that Pmn is a polynomial of degree n ∈ N0 with ‖Pmn ‖L2
πm

(−1,1) = 1 and132

Pm0 ≡ 1. It is well-known that {Pmn : n ∈ N0} constitutes an orthonormal basis of L2
πm(−1, 1).133

Let NN
0 := {ν = (νm)m∈N : νm ∈ N0 for all m ∈ N}. We define the support of ν = (νm)m∈N ∈134

NN
0 as supp(ν) := {m ∈ N : νm 6= 0}. We denote by I := {ν ∈ NN

0 : # supp(ν) < ∞} the set of135

all finitely supported elements of NN
0 . Note that I is countable. With each ν ∈ I, we associate136

the multivariate polynomial Pν given by137

Pν(y) :=
∏
m∈N

Pmνm(ym) =
∏

m∈supp(ν)

Pmνm(ym) for all ν ∈ I and all y ∈ Γ.138

It is well-known that the set {Pν : ν ∈ I} is an orthonormal basis of L2
π(Γ); see, e.g., [SG11,139

Theorem 2.12].140

Our discretization in the parameter domain will be based on an index set P•, i.e., a finite141

subset of I. We denote by supp(P•) :=
⋃
ν∈P• supp(ν) the set of active parameters in P•. We142

denote by 0 = (0, 0, . . . ) the zero index and consider the initial index set P0 := {0}. Throughout143

this work, we assume that all index sets employed for the discretization in the parameter domain144
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contain the zero index, i.e., there holds P0 ⊆ P• for each index set P•. Following [BS16], we145

introduce the detail index set146

Q• := {µ ∈ I \P• : µ = ν ± εm for all ν ∈ P• and all m = 1, . . . ,MP• + 1}. (9)147

Here, MP• := # supp(P•) ∈ N0 is the number of active parameters in P•, while, for any m ∈ N,148

εm ∈ I denotes the m-th unit sequence, i.e., (εm)i = δmi for all i ∈ N. A parametric enrichment149

of P• is obtained by adding to it some marked indices M• ⊆ Q•, i.e., P◦ := P• ∪M•. Clearly,150

P• ⊆ P◦ ⊆ P• ∪Q•, where at least one of the inclusions is strict.151

3.3. Multilevel approximation and multilevel refinement. We start by observing that the152

Bochner space V = L2
π(Γ;X) is isometrically isomorphic to X ⊗ L2

π(Γ) and that each function153

v ∈ V can be represented in the form154

v(x,y) =
∑
ν∈I

vν(x)Pν(y) with unique coefficients vν ∈ X. (10)155

A finite-dimensional subspace of V can be obtained by considering functions with a similar156

representation, where the infinite sum in (10) is truncated to a finite index set and the coefficients157

vν ∈ X are approximated in suitable finite element spaces. To this end, let PPP• = [P•, (T•ν)ν∈I]158

be a multilevel structure [BPR22], consisting of a finite index set P• ⊂ I and a family of meshes159

(T•ν)ν∈I, where T•ν ∈ refine(T0) for all ν ∈ P•, while T•ν = T0 for all ν ∈ I\P•.160

For two multilevel structures PPP• = [P•, (T•ν)ν∈I] and PPP◦ = [P◦, (T◦ν)ν∈I], we say that PPP◦ is161

obtained from PPP• using one step of multilevel refinement, and we write PPP◦ = REFINEREFINEREFINE(PPP•,MMM•), if162

the following conditions are satisfied:163

• MMM• = [M•, (M•ν)ν∈P• ] with M• ⊆ Q• andM•ν ⊆ N+
•ν for all ν ∈ P•;164

• P◦ = P• ∪M•;165

• for all ν ∈ P•, there holds T◦ν = refine(T•ν ,M•ν);166

• for all ν ∈ I\P•, there holds T◦ν = T•ν = T0.167

Mimicking the notation in subsections 3.1–3.2, we consider the initial multilevel structure PPP0 :=168

[P0, (T0ν)ν∈I] consisting of the initial index setP0 and such that T0ν = T0 for all ν ∈ I. We denote169

by REFINEREFINEREFINE(PPP0) the set of all multilevel structures obtained from PPP0 by performing finitely many170

steps of multilevel refinement. Throughout this work, we assume that all multilevel structures171

employed to construct a finite-dimensional subspace of V belong to REFINEREFINEREFINE(PPP0).172

Given a multilevel structure PPP• = [P•, (T•ν)ν∈I], let X•ν = S1
0 (T•ν) for all ν ∈ P•. We consider173

the multilevel approximation space174

V• :=
⊕
ν∈P•

V•ν ⊂ V with V•ν := X•ν ⊗ span{Pν} = span
{
ϕ•ν,ξPν : ξ ∈ N•ν \ ∂D

}
. (11)175

Note that dimV• =
∑

ν∈P• dimX•ν , i.e., V• is a finite-dimensional subspace of V, and that each176

function v• ∈ V• can be represented in the form (cf. (10))177

v•(x,y) =
∑
ν∈P•

v•ν(x)Pν(y) with unique coefficients v•ν ∈ X•ν .178

Moreover, by construction, multilevel refinement implies nestedness of the associated multilevel179

spaces, i.e., if PPP◦ ∈ REFINEREFINEREFINE(PPP•) then V• ⊆ V◦.180

For the multilevel approximation space V• associated with any given multilevel structure181

PPP• = [P•, (T•ν)ν∈I], we consider the enriched subspace V̂• ⊂ V defined as182

V̂• :=

⊕
ν∈P•

[
X̂•ν ⊗ span{Pν}

]⊕(⊕
ν∈Q•

[
X0 ⊗ span{Pν}

])
. (12)183
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Note that V• ⊆ V◦ ⊆ V̂• for any PPP◦ = REFINEREFINEREFINE(PPP•,MMM•). Moreover, V̂• corresponds to the184

multilevel structure P̂PP• = REFINEREFINEREFINE(PPP•,MMM•) with MMM• = [Q•, (N+
•ν)ν∈P• ].185

3.4. Multilevel SGFEM approximation. Given an arbitrary w ∈ V, let w• ∈ V• and ŵ• ∈186

V̂• denote the Galerkin projections of w onto V• and V̂•, respectively, i.e.,187

B(w•,v•) = B(w,v•) for all v• ∈ V•, (13a)188

B(ŵ•, v̂•) = B(w, v̂•) for all v̂• ∈ V̂•. (13b)189
190

Existence and uniqueness of both w• ∈ V• and ŵ• ∈ V̂• follow from the Riesz theorem. More-191

over, there holds the so-called Galerkin orthogonality192

B(w −w•,v•) = 0 for all v• ∈ V• (14)193

as well as the best approximation property194

|||w −w• ||| = min
v•∈V•

|||w − v• ||| (15)195

(the same properties clearly hold also for ŵ• with V• replaced by V̂•). Furthermore, since196

V• ⊂ V̂•, there holds197

|||w −w• |||2 = |||w − ŵ• |||2 + |||w• − ŵ• |||2. (16)198

In particular,199

|||w − ŵ• ||| ≤ |||w −w• ||| and |||w• − ŵ• ||| ≤ |||w −w• |||. (17)200

We define the multilevel SGFEM approximation u• ∈ V• of the solution u ∈ V to the primal201

problem (8) as the Galerkin projection of u onto the multilevel approximation space V•. Equiv-202

alently, u• ∈ V• can be characterized as the unique solution of the following discrete variational203

problem: Find u• ∈ V• such that204

B(u•,v•) = F (v•) for all v• ∈ V•. (18)205

3.5. A posteriori error estimation. To obtain computable estimates of the energy error206

|||w − w• ||| of the Galerkin projection, we follow the approach proposed in [BPR21], which207

is based on the separate estimation of the error components associated with discretizations in208

physical and parameter domains.209

Here and in the sequel, for the sake of brevity, we denote the inner product on X = H1
0 (D) by210

〈w , v〉D :=
∫
D a0∇w · ∇v dx and the induced energy norm by ‖ · ‖D := ‖a1/2

0 ∇(·)‖L2(D).211

The parametric components of the error in the Galerkin approximation w• are estimated using212

the hierarchical error indicators213

τ•(w|ν) := ‖ew|•ν‖D for all ν ∈ Q•, (19a)214

where ew|•ν ∈ X0 is the unique solution of215

〈ew|•ν , v0〉D = B(w −w•, v0Pν) for all v0 ∈ X0. (19b)216

The errors attributable to spatial discretizations are estimated using the two-level error indicators217

τ•(w|ν, ξ) :=
|B(w −w•, ϕ̂•ν,ξPν)|

‖ϕ̂•ν,ξ‖D
for all ν ∈ P• and all ξ ∈ N+

•ν . (20)218

Overall, we thus consider the a posteriori error estimate219

τ•(w) :=

( ∑
ν∈P•

∑
ξ∈N+

•ν

τ•(w|ν, ξ)2 +
∑
ν∈Q•

τ•(w|ν)2

)1/2

. (21)220
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Remark 1. Note that, for a general unknown w ∈ V, the error estimate τ•(w) is not computable.221

However, we shall employ the estimate τ•(w) only for w ∈ {u, z[u•]}, where u ∈ V is the solution222

to the primal problem (8), while z[·] ∈ V denotes the solution to the so-called dual problem223

(see, (26) below). For these choices of w, one can evaluate B(w −w•, ·) in (19)–(20), so that224

τ•(w) becomes fully computable; e.g., for the primal solution w = u and v ∈ {v0Pν , ϕ̂•ν,ξPν},225

one has B(u− u•,v) = F (v)−B(u•,v).226

It follows from the first inequality in (17) that the error of the Galerkin projection associated227

with the enriched multilevel space V̂• is not larger than the one for the space V•. We say that the228

saturation assumption is satisfied, if considering the enriched multilevel space leads to a uniform229

strict reduction of the best approximation error, i.e., if there exists a constant 0 < qsat < 1 such230

that231

|||w − ŵ• ||| ≤ qsat |||w −w• |||. (22)232

We now recall the following main result from [BPR21], which shows the equivalence of the233

error estimate τ•(w) in (21) to the error reduction |||w• − ŵ• |||. This implies that the proposed234

error estimator is efficient, i.e., up to a multiplicative constant, it provides a lower bound for the235

energy norm of the error, while its reliability (i.e., the upper bound for the error) is equivalent236

to the saturation assumption (22).237

Theorem 2 ([BPR21, Theorem 2]). Let d ∈ {2, 3} and w ∈ V. For the multilevel structures238

PPP•, P̂PP• ∈ REFINEREFINEREFINE(PPP0), consider the multilevel approximation spaces V• ⊆ V̂• with the associated239

Galerkin solutions w• ∈ V• (solving (13a)) and ŵ• ∈ V̂• (solving (13b)). Then, there holds240

C−1
est ||| ŵ• −w• ||| ≤ τ•(w) ≤ Cest ||| ŵ• −w• |||. (23)241

Furthermore, under the saturation assumption (22), the estimates (23) are equivalent to242

(1− q2
sat)

1/2

Cest
|||w −w• ||| ≤ τ•(w) ≤ Cest |||w −w• |||, (24)243

The constant Cest ≥ 1 in (23)–(24) depends only on T0, the mean field a0, and the constants244

λ,Λ > 0 in (7). �245

4. Goal-oriented adaptive SGFEM with nonlinear goal functional246

In this section, for a class of (possibly nonlinear) goal functionals g : V → R, we develop a247

goal-oriented error estimation strategy, design the associated adaptive algorithm with multilevel248

SGFEM approximations, and perform its convergence analysis.249

4.1. Dual problem and goal-oriented error estimate. Let the goal functional g :V → R250

be in C1, in the sense that it is Gâteaux differentiable and its Gâteaux derivative g′ : V→ V∗ is251

continuous. Following the approach adopted in [BPRR19b] for the case of linear goal functionals,252

we aim to formulate a dual problem which allows to derive a goal-oriented error estimate.253

Let 〈· , ·〉D×Γ denote the duality pairing between V and its dual V∗. The fundamental theorem254

of calculus proves that255

g(u)− g(u•) =

∫ 1

0
〈g′(u• + t (u− u•)) , u− u•〉D×Γ dt =: 〈g?u(u•) , u− u•〉D×Γ. (25)256

This identity suggests to consider a dual problem with right-hand side given by g?u(u•) ∈ V?.257

However, g?u(u•) depends also on the unknown solution u and thus cannot be used to formulate258

a practical dual problem. Observing that formally ‖g?u(u•) − g′(u•)‖V? → 0 as u• → u, for a259

given w ∈ V (in what follows, w ∈ {u,u•}), we consider the following (practical, if w is known)260

dual problem: Find z[w] ∈ V such that261

B(v, z[w]) = 〈g′(w) , v〉D×Γ for all v ∈ V. (26)262
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Later, we will approximate z[w] ∈ V by its Galerkin projection z•[w] ∈ V•, i.e.,263

B(v•, z•[w]) = 〈g′(w) , v•〉D×Γ for all v• ∈ V•. (27)264

Existence and uniqueness of both z[w] ∈ V and z•[w] ∈ V• follow from the Riesz theorem. Note265

that266

g(u)− g(u•)
(25)
= 〈g?u(u•)− g′(u•) , u− u•〉D×Γ + 〈g′(u•) , u− u•〉D×Γ

(26)
= 〈g?u(u•)− g′(u•) , u− u•〉D×Γ +B(u− u•, z[u•])

(14)
= 〈g?u(u•)− g′(u•) , u− u•〉D×Γ +B(u− u•, z[u•]− z•[u•]).

267

We suppose that there exists Cgoal ≥ 0 such that268

|〈g′(v)− g′(w) , z〉D×Γ| ≤ Cgoal |||v −w |||||| z ||| for all v,w, z ∈ V. (28)269
270

This leads to271

〈g?u(u•)− g′(u•) , u− u•〉D×Γ
(25)
=

∫ 1

0
〈[g′(u• + t(u− u•))− g′(u•)] , u− u•〉D×Γ dt272

(28)
≤ Cgoal

∫ 1

0
t|||u− u• |||2 dt =

1

2
Cgoal |||u− u• |||2.273

274

In particular, we derive the following estimate of the error in the nonlinear goal functional:275

|g(u)− g(u•)| ≤ |||u− u• |||||| z[u•]− z•[u•] |||+
1

2
Cgoal |||u− u• |||2. (29)276

Remark 3. The key assumption (28), and hence the error estimate (29), is valid at least for277

linear and quadratic goal functionals. First, for a bounded linear goal functional g ∈ V∗, one has278

〈g′(v) , z〉D×Γ = 〈g , z〉D×Γ for all v, z ∈ V. Hence, the dual problem in (26) simplifies to the279

following: Find z ∈ V such that B(v, z) = 〈g , v〉D×Γ for all v ∈ V. Furthermore, inequality (28)280

is satisfied with Cgoal = 0 and the error estimate (29) reduces to the following (cf. [BPRR19b,281

section 1.1]):282

|g(u)− g(u•)| ≤ |||u− u• ||| ||| z − z• |||.283

Second, consider the quadratic goal functional g(u) = b(u,u), where b : V×V→ R is a continuous284

bilinear form. Then, 〈g′(v) , z〉D×Γ = b(v, z) + b(z,v), and it follows that285

〈g′(v)− g′(w) , z〉D×Γ = b(v −w, z) + b(z,v −w) ∀v,w, z ∈ V.286
287

Hence, (28) is satisfied and Cgoal > 0 depends only on the continuity constant for b(·, ·).288

The following lemma will later turn out to be a crucial argument.289

Lemma 4. For any w ∈ V, there holds290

|||z•[w]− z•[u•] ||| ≤ |||z[w]− z[u•] ||| ≤ Cgoal |||w − u• |||. (30)291
292

Proof. First, it follows from (26)–(27) that293

|||z•[w]− z•[u•] |||2 = B(z•[w]− z•[u•], z•[w])−B(z•[w]− z•[u•], z•[u•])294

= B(z•[w]− z•[u•], z[w])−B(z•[w]− z•[u•], z[u•])295

= B(z•[w]− z•[u•], z[w]− z[u•]) ≤ ||| z•[w]− z•[u•] |||||| z[w]− z[u•] |||,296
297
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which proves the first estimate. The second estimate follows from (26) and (28), namely298

|||z[w]− z[u•] |||2 = B(z[w]− z[u•], z[w])−B(z[w]− z[u•], z[u•])299

(26)
= 〈g′(w) , z[w]− z[u•]〉D×Γ − 〈g′(u•) , z[w]− z[u•]〉D×Γ300

= 〈g′(w)− g′(u•) , z[w]− z[u•]〉D×Γ

(28)
≤ Cgoal|||w − u• |||||| z[w]− z[u•] |||.301

302

This concludes the proof. �303

To estimate the energy errors appearing on the right-hand side of (29), we consider the error304

estimation strategy introduced in section 3.5. In the rest of the paper, unless otherwise specified,305

we use the abbreviated notation306

µ• := τ•(u) and ζ• := τ•(z[u•]). (31)307

The same notation will be used for local contributions to the error estimates, i.e.,308

µ•(ν) := τ•(u|ν), µ•(ν, ξ) := τ•(u|ν, ξ) and ζ•(ν) := τ•(z[u•]|ν), ζ•(ν, ξ) := τ•(z[u•]|ν, ξ). (32)309

We emphasize that both error estimates in (31), as well as their local contributions, are indeed310

computable. Combining the error estimate (29) with the results of Theorem 2 and Lemma 4,311

we obtain a reliable a posteriori error estimate of the error in the nonlinear goal functional. We312

emphasize that the constant Crel in the following estimate (33) depends only on the saturation313

assumption (22) forw = u andw = z[u], while any dependence on z[u•] as used in the definition314

of ζ• is avoided.315

Proposition 5. Let d ∈ {2, 3}. Suppose the saturation assumption (22) for both the primal316

solution w = u to (8) and the (theoretical) dual solution w = z[u]. Then, there holds the317

a posteriori goal-oriented error estimate318

|g(u)− g(u•)| ≤ Crel µ•
[
µ2
• + ζ2

•
]1/2

, (33)319
320

where Crel > 0 depends only on the constants Cgoal ≥ 0 in (28), Cest ≥ 1 in (23), and 0 < qsat < 1321

in (22).322

Proof. Under the saturation assumption (22) for w = u, Theorem 2 proves that323

|||u− u• ||| ≤
Cest

(1− q2
sat)

1/2
µ•. (34)324

325

Under the saturation assumption (22) for w = z[u], Theorem 2 proves that326

|||z[u•]− z•[u•] ||| ≤ |||z[u]− z[u•] |||+ |||z[u]− z•[u] |||+ |||z•[u]− z•[u•] |||327

(30)
≤ 2Cgoal |||u− u• |||+ |||z[u]− z•[u] |||328

(24)
≤ 2Cgoal |||u− u• |||+

Cest

(1− q2
sat)

1/2
τ•(z[u]).329

330

Note that the a posteriori error estimate has a seminorm structure and hence331

|τ•(z[u])− ζ•| ≤ τ•(z[u]− z[u•])
(23)
≤ Cest ||| (ẑ•[u]− ẑ•[u•])− (z•[u]− z•[u•]) |||332

≤ Cest

(
||| ẑ•[u]− ẑ•[u•] |||+ |||z•[u]− z•[u•] |||

) (30)
≤ 2CestCgoal|||u− u• |||.333

334
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Combining the last two estimates, we derive that335

|||z[u•]− z•[u•] ||| ≤ 2Cgoal

(
1 +

C2
est

(1− q2
sat)

1/2

)
|||u− u• |||+

Cest

(1− q2
sat)

1/2
ζ•336

(34)
≤ Cest

(1− q2
sat)

1/2

[
2Cgoal

(
1 +

C2
est

(1− q2
sat)

1/2

)
µ• + ζ•

]
. (35)337

338

Overall, we thus see that339

|g(u)− g(u•)|
(29)
≤ |||u− u• |||||| z[u•]− z•[u•] |||+

3

2
Cgoal |||u− u• |||2340

. µ•
[
µ• + ζ•

]
+ µ2

• ' µ•
[
µ2
• + ζ2

•
]1/2

.341
342

This concludes the proof of (33). �343

4.2. Adaptive algorithm. Our aim in this section is to extend the adaptive SGFEM algorithm344

from [BPR21] (see Algorithm 7.C therein) to the present goal-oriented setting for parametric345

PDEs. On the one hand, following [BPR21], the enhancement of the approximation space V` for346

each ` ∈ N0 is steered in Algorithm 6 below by the Dörfler marking criterion [Dör96] performed347

on the joint set of all spatial and parametric error indicators (see steps (iv)–(v)). On the other348

hand, in view of the a posteriori error estimate (33), we exploit the ideas proposed in [BIP21]349

in a much simpler non-parametric setting to ensure that either the primal estimator µ` or the350

combined primal-dual estimator (µ2
` + ζ2

` )1/2 tends to zero as `→∞.351

Algorithm 6. Input: PPP0 = [P0, (T0ν)ν∈I] with P0 = {0} and T0ν := T0 for all ν ∈ I, marking352

parameter 0 < θ ≤ 1.353

Loop: For all ` = 0, 1, 2, . . . , iterate the following steps:354

(i) Compute the discrete primal solution u` ∈ V` and the discrete dual solution z`[u`] ∈ V`355

associated with PPP` = [P`, (T`ν)ν∈I].356

(ii) For all ν ∈ Q`, compute the parametric error indicators µ`(ν), ζ`(ν) given by (32)357

and (19).358

(iii) For all ν ∈ P` and all ξ ∈ N+
`ν , compute the spatial error indicators µ`(ν, ξ), ζ`(ν, ξ)359

given by (32) and (20).360

(iv) Determine the sets M′` ⊆ Q` andM′`ν ⊆ N
+
`ν for all ν ∈ P` such that361

θ µ2
` ≤

∑
ν∈P`

∑
ξ∈M′`ν

µ`(ν, ξ)
2 +

∑
ν∈M′`

µ`(ν)2, (36)362

where the overall cardinality M ′` := #M′` +
∑

ν∈P` #M′`ν is minimal amongst all tuples363

MMM′` = [M′`, (M′`ν)ν∈P` ] satisfying (36).364

(v) Determine the sets M′′` ⊆ Q` andM′′`ν ⊆ N
+
`ν for all ν ∈ P` such that365

θ
[
µ2
` + ζ2

`

]
≤
∑
ν∈P`

∑
ξ∈M′′`ν

[
µ`(ν, ξ)

2 + ζ`(ν, ξ)
2
]

+
∑
ν∈M′′`

[
µ`(ν)2 + ζ`(ν)2

]
. (37)366

where the overall cardinality M ′′` := #M′′` +
∑

ν∈P` #M′′`ν is minimal amongst all tuples367

MMM′′` = [M′′` , (M′′`ν)ν∈P` ] satisfying (37).368

(vi) If M ′` ≤M ′′` , then choose M` := M′` andM`ν :=M′`ν for all ν ∈ P`. Otherwise choose369

M` := M′′` andM`ν :=M′′`ν for all ν ∈ P`.370

(vii) For all ν ∈ P`, let T`+1,ν := refine(T`ν ,M`ν).371

(viii) Define P`+1 := P` ∪M` and T(`+1)ν := T0 for all ν ∈ Q`+1.372

Output: For all ` ∈ N0, the algorithm returns the multilevel stochastic Galerkin approxima-373

tions u`, z` ∈ V` as well as the corresponding error estimates µ` and ζ`. �374
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We note that Algorithm 6 can be seen as an extension of the goal-oriented adaptive algorithm375

from [BPRR19b] to the case of nonlinear goal functionals andmultilevel SGFEM approximations.376

While the computations of the discrete primal and dual solutions in step (i) of Algorithm 6 can377

be carried out in parallel in the case of a linear goal functional g ∈ V∗ (in this case, the discrete378

primal and dual problems are independent of each other), in the nonlinear case they must be379

performed sequentially (first the primal problem, then the dual problem), because the right-hand380

side of the discrete dual problem, i.e., (27) with w = u•, depends on the discrete primal solution.381

4.3. Convergence analysis. The following theorem is the main theoretical result of the present382

work. Specifically, we prove that Algorithm 6 drives the goal-oriented error estimates µ`
[
µ2
` +383

ζ2
`

]1/2 to zero. We emphasize that this result holds independently of the saturation assump-384

tion (22).385

Theorem 7. Let d ∈ {2, 3}. For any choice of the marking parameter 0 < θ ≤ 1, Algorithm 6386

yields a convergent sequence of estimator products, i.e., µ`
[
µ2
` + ζ2

`

]1/2 `→∞−−−→ 0.387

The following result is an immediate consequence of Theorem 7 and the goal-oriented error388

estimate (33) from Proposition 5.389

Corollary 8. Let d ∈ {2, 3}. Suppose that the saturation assumption (22) holds for both the390

primal solution w=u and the (theoretical) dual solution w = z[u]. Then, for any choice of the391

marking parameter 0 < θ ≤ 1, Algorithm 6 drives the error in the goal functional to zero, i.e.,392

|g(u)− g(u`)| ≤ Crel µ`
[
µ2
` + ζ2

`

]1/2 `→∞−−−→ 0.393

The proof of Theorem 7 exploits the ideas from our own work [BPRR19a] on the convergence394

of adaptive single-level SGFEM. In the multilevel framework for goal-oriented adaptivity, as con-395

sidered in the present work, the analysis needs to account for two distinctive aspects: (i) different396

spatial coefficients in the finite gPC-expansion (that represents the SGFEM solution) may reside397

in different finite element spaces, and (ii) the structure of the goal-oriented adaptive SGFEM398

algorithm is inherently nonlinear (due to the error bound being the product of two error esti-399

mates). Therefore, we include full details of analysis where it addresses these two aspects (cf.400

Proposition 13 and the proof of Theorem 7 below), while referring to [BPRR19a] for results that401

carry over from the single-level SGFEM setting.402

The first lemma is an early result from [BV84], which proves that adaptive algorithms (without403

coarsening) always lead to convergence of the discrete solutions.404

Lemma 9 (a priori convergence; see, e.g., [BPRR19a, Lemma 13]). Let V be a Hilbert space.405

Let a : V × V → R be an elliptic and continuous bilinear form. Let F ∈ V ∗ be a bounded linear406

functional. For each ` ∈ N0, let V` ⊆ V be a closed subspace such that V` ⊆ V`+1. Furthermore,407

define the limiting space V∞ :=
⋃∞
`=0 V` ⊆ V . Then, for all ` ∈ N0 ∪ {∞}, there exists a unique408

Galerkin solution u` ∈ V` satisfying409

a(u`, v`) = F (v`) for all v` ∈ V`.410

Moreover, there holds lim
`→∞

‖u∞ − u`‖V = 0. �411

We will exploit Lemma 9 for the limiting multilevel space V∞ =
⋃∞
`=0 V` as well as for412

the limiting finite element spaces X∞ν :=
⋃∞
`=0 X`ν , ν ∈ I, which are well-defined with the413

understanding that X`ν = {0} for ν ∈ I \P`.414

The next proposition replicates Proposition 10 in [BPRR19a]; it states that the parametric415

enrichment satisfying the Dörfler marking criterion along a subsequence guarantees convergence416

of the whole sequence of parametric error estimates. The proof is independent of the structure417
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of the underlying finite element spaces and, therefore, carries over from [BPRR19a] without418

changes.419

Proposition 10. Let ρ`(ν) ∈
{
µ`(ν),

(
µ`(ν)2 + ζ`(ν)2

)1/2} for each ν ∈ P` (` ∈ N0). Let420

0 < ϑ ≤ 1. Suppose that Algorithm 6 yields a subsequence (`k)k∈N0 such that421

ϑ
∑
ν∈Q`k

ρ`k(ν)2 ≤
∑

ν∈M`k

ρ`k(ν)2. (38)422

Then, there holds convergence
∑
ν∈Q`

ρ`(ν)2 `→∞−−−→ 0. �423

To prove a convergence result for the spatial contributions of error estimates, we will use the424

following notation: For ω ⊂ D, we define425

Bω(v, w) :=

∫
Γ

∫
ω
a0∇u · ∇v dx dπ(y) +

∞∑
m=1

∫
Γ

∫
ω
ymam∇u · ∇v dx dπ(y) for v, w ∈ V.426

Note that Bω(·, ·) is symmetric, bilinear, and positive semidefinite. We denote by ||| v |||ω :=427

Bω(v, v)1/2 the corresponding seminorm. The following lemma is an analogue of Lemma 16428

in [BPRR19a]. Since the result is formulated for individual indices ν ∈ P`, the proof carries over429

from [BPRR19a] without significant modifications.430

Lemma 11. Let ν ∈ P`, ξ ∈ N+
`ν and denote by ω`ν(ξ) :=

⋃
{T ∈ T`ν : ξ ∈ T} the associated431

vertex patch. Then, the following estimates hold:432

µ`(ν, ξ) ≤ C|||u− u` |||ω`ν(ξ), (39a)433
434

µ`(ν, ξ)
2 + ζ`(ν, ξ)

2 ≤ C
(
|||u− u` |||2ω`ν(ξ) + |||z[u`]− z`[u`] |||2ω`ν(ξ)

)
. (39b)435

Furthermore, let u∞ ∈ V (resp., z∞[uk] ∈ V for k ∈ N0) be the limit of (u`)`∈N0 (resp.,436

(z`[uk])`∈N0) guaranteed by Lemma 9. If ϕ̂`ν,ξ ∈ X∞ν , then there hold437

τ`(u|ν, ξ) = µ`(ν, ξ) ≤ C|||u∞ − u` |||ω`ν(ξ), (40a)438
439

τ`(u|ν, ξ)2 + τ`(z[uk]|ν, ξ)2 ≤ C
(
|||u∞ − u` |||2ω`ν(ξ) + |||z∞[uk]− z`[uk] |||2ω`ν(ξ)

)
. (40b)440

The constant C > 0 in (39) and (40) depends only on a0 and τ . �441

While Lemma 11 holds for each index ν ∈ P`, its application in the convergence proof for442

spatial error estimates in the multilevel setting will require the following elementary lemma, which443

formulates a generalized dominated convergence result for sequences. The proof is elementary444

and is left to the reader.445

Lemma 12. Let (αn)n∈N, (βn)n∈N ⊂ R with
∑∞

n=1 |βn| < ∞. Let C > 0. For k ∈ N0, let446

(α
(k)
n )n∈N, (β

(k)
n )n∈N ⊂ R with |α(k)

n | ≤ C |β(k)
n | and α

(k)
n → αn as k → ∞, for all n ∈ N.447

Then, the convergence
∑∞

n=1 |βn − β
(k)
n | → 0 as k → ∞ implies that

∑∞
n=1 |αn| < ∞ and448 ∑∞

n=1 |αn − α
(k)
n | → 0 as k →∞. �449

With Lemmas 11 and 12 at hand, we can extend the result established in [BPRR19a, Propo-450

sition 11] for single-level SGFEM to the multilevel setting.451

Proposition 13. Let 0 < ϑ ≤ 1. Let ρ`(ν, ξ) ∈
{
µ`(ν, ξ),

(
µ`(ν, ξ)

2 + ζ`(ν, ξ)
2
)1/2} for each452

ν ∈ P` and ξ ∈ N+
`ν (` ∈ N0). Suppose that Algorithm 6 yields a subsequence (`k)k∈N0 such that453

ϑ
∑
ν∈P`k

∑
ξ∈N+

`kν

ρ`k(ν, ξ)2 ≤
∑
ν∈P`k

∑
ν∈M`kν

ρ`k(ν, ξ)2. (41)454
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Then, there holds convergence
∑
ν∈P`k

∑
ξ∈N+

`kν

ρ`k(ν, ξ)2 k→∞−−−→ 0.455

Proof. The proof follows the lines of the one of [MSV08, Theorem 2.1]. Therefore, we only sketch456

it and highlight how the results of [MSV08] for deterministic problems can be extended to the457

parametric setting. The proof is split into six steps.458

Step 1. The variational problems (8) and (26), their discretizations, and the proposed adap-459

tive algorithm satisfy the general framework described in [MSV08, section 2]:460

• the variational problems (8) and (26) fit into the class of problems considered in [MSV08,461

section 2.1];462

• the Galerkin discretizations (18) and (27) satisfy the assumptions in [MSV08, equa-463

tions (2.6)–(2.8)];464

• the spatial NVB refinement considered in the present paper satisfies the assumptions on465

the mesh refinement in [MSV08, equations (2.5) and (2.14)];466

• the Dörfler marking criterion (41) implies the weak marking condition in [MSV08, equa-467

tion (2.13)];468

• finally, Lemma 11 proves the local discrete efficiency estimate in the parametric setting469

(cf. [MSV08, equation (2.9b)]). Note that the global reliability of the estimator (see the470

lower bound of (24) and [MSV08, equation (2.9a)]) is not exploited here (and hence,471

not needed for the proof of Theorem 7). In particular, the estimates (39) and (40) from472

Lemma 11 replace [MSV08, eq. (2.9b)] and [MSV08, eq. (4.11)], respectively.473

Step 2. Let ν ∈ P∞ :=
⋃∞
`=0 P`. Let T∞ν :=

⋃
k≥0

⋂
`≥k T`ν be the set of all elements which474

remain unrefined after finitely many steps of refinement, where T`ν = ∅ if ν 6∈ P`. In the spirit475

of [MSV08, eqs. (4.10)], for all ` ∈ N0, we consider the decomposition T`ν = T good
`ν ∪T bad

`ν ∪T neither
`ν ,476

where477

T good
`ν := {T ∈ T`ν : ϕ̂`ν,ξ ∈ X∞ν for all ξ ∈ N+

`ν ∩ T},478

T bad
`ν := {T ∈ T`ν : T ′ ∈ T∞ν for all T ′ ∈ T`ν with T ∩ T ′ 6= ∅},479

T neither
`ν := T`ν \ (T good

`ν ∪ T bad
`ν ).480

481

The elements in T good
`ν are refined sufficiently many times in order to guarantee (40). The set482

T bad
`ν consists of all elements such that the whole element patch remains unrefined. The remaining483

elements are collected in the set T neither
`ν . Note that T good

`ν is slightly larger than the corresponding484

set G0
`ν in [MSV08, eq. (4.10a)], while T bad

`ν coincides with the corresponding set G+
`ν in [MSV08,485

eq. (4.10b)]. As a consequence, T neither
`ν is smaller than the corresponding set G∗`ν in [MSV08,486

eq. (4.10c)].487

Step 3. In this step, we consider the two cases of ρ`(ν, ξ) separately. Let ρ`(ν, ξ) = µ`(ν, ξ).488

By arguing as in the proof of Proposition 4.1 in [MSV08], we exploit the uniform shape-regularity489

of the mesh T`ν guaranteed by NVB and use Lemma 11 and Lemma 9 to prove that490 ∑
T∈T good

`ν

∑
ξ∈N+

`ν∩T

µ`(ν, ξ)
2

(40a)
.

∑
T∈T good

`ν

∑
ξ∈N+

`ν∩T

|||u∞ − u` |||2ω`ν(ξ)491

. |||u∞ − u` |||2
`→∞−−−→ 0. (42)492

493

Let Dneither
`ν :=

⋃
{T ′ ∈ T`ν : T ∩ T ′ 6= ∅ for some T ∈ T neither

`ν }. Since T neither
`ν is contained in494

the corresponding set G∗`ν in [MSV08, eq. (4.10c)], arguing as in Step 1 of the proof of Proposi-495

tion 4.2 in [MSV08], we show that |Dneither
`ν | → 0 as ` → ∞. Hence, Lemma 11, uniform shape496
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regularity, and the fact that the local energy seminorm is absolutely continuous with respect to497

the Lebesgue measure, i.e., ||| v |||ω → 0 as |ω| → 0 for all v ∈ V, lead to498 ∑
T∈T neither

`ν

∑
ξ∈N+

`ν∩T

µ`(ν, ξ)
2

(39a)
.

∑
T∈T neither

`ν

∑
ξ∈N+

`ν∩T

|||u− u` |||2ω`ν(ξ)499

. |||u− u` |||2Dneither
`ν

`→∞−−−→ 0. (43)500
501

Now, let ρ`(ν, ξ) =
(
µ`(ν, ξ)

2 + ζ`(ν, ξ)
2
)1/2 (32)

=
(
τ`(u|ν, ξ)2 + τ`(z[u`]|ν, ξ)2

)1/2. To verify the502

analogue of (42) in this case, note that503 ∑
T∈T good

`ν

∑
ξ∈N+

`ν∩T

[
τ`(u|ν, ξ)2 + τ`(z[u`]|ν, ξ)2

](40b)
. |||u∞ − u` |||2 + |||z∞[u`]− z`[u`] |||2.504

505

We also note the a priori convergence result |||z∞[u∞] − z`[u∞] ||| + |||z`[u∞] − z`[u`] ||| → 0 as506

`→∞, where the limiting functions u∞, z∞[u∞] ∈ V are provided by Lemma 9. Therefore, the507

triangle inequality and Lemma 4 prove that508

|||z∞[u`]− z`[u`] ||| ≤ |||z∞[u`]− z∞[u∞] |||+ |||z∞[u∞]− z`[u∞] |||+ |||z`[u∞]− z`[u`] |||509

. |||u∞ − u` |||+ |||z∞[u∞]− z`[u∞] ||| `→∞−−−→ 0.510
511

Hence, we are led to512 ∑
T∈T good

`ν

∑
ξ∈N+

`ν∩T

[
τ`(u|ν, ξ)2 + τ`(z[u`]|ν, ξ)2

] `→∞−−−→ 0.513

514

Similar observations verify the analogue of (43). Indeed,515 ∑
T∈T neither

`ν

∑
ξ∈N+

`ν∩T

[
τ`(u|ν, ξ)2 + τ`(z[u`]|ν, ξ)2

](39b)
. |||u−u` |||2Dneither

`ν
+ |||z[u`]− z`[u`] |||2Dneither

`ν
.516

517

Since |||z[u`]− z`[u`] ||| → |||z[u∞]− z∞[u∞] ||| and |Dneither
`ν | → 0 as `→∞, we have518 ∑

T∈T neither
`ν

∑
ξ∈N+

`ν∩T

[
τ`(u|ν, ξ)2 + τ`(z[u`]|ν, ξ)2

] `→∞−−−→ 0.519

520

Thus, for both cases of ρ`(ν, ξ), we have proved that521 ∑
T∈T good

`ν

∑
ξ∈N+

`ν∩T

ρ`(ν, ξ)
2 +

∑
T∈T neither

`ν

∑
ξ∈N+

`ν∩T

ρ`(ν, ξ)
2 `→∞−−−→ 0. (44)522

523

Step 4. The aim of this step is to strengthen (44) so that the convergence holds for the524

sum over multi-indices ν ∈ P`. We will show this for ρ`(ν, ξ) = µ`(ν, ξ), with all the arguments525

applying to the case of ρ`(ν, ξ) =
(
µ`(ν, ξ)

2 + ζ`(ν, ξ)
2
)1/2 without changes.526

Recall that the index set I is countable so that we can identify each index ν ∈ I with a natural527

number n ∈ N. For ` ∈ N0, we consider the following sequence:528

(α(`)
n )n∈N = (α(`)

ν )ν∈I :=

( ∑
T∈T good

`ν

∑
ξ∈N+

` ∩T

µ`(ν, ξ)
2 +

∑
T∈T neither

`ν

∑
ξ∈N+

`ν∩T

µ`(ν, ξ)
2

)
ν∈I

,529
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where T`ν = ∅ and, consequently, α(`)
ν = 0 if ν ∈ I\P`. We already know from (44) that530

α
(`)
ν → 0 =: αν as ` → ∞, for all ν ∈ I. Arguing as in the proof of [BPR21, Lemma 5, Step 2],531

we find that532

0≤α(`)
ν ≤

∑
T∈T`ν

∑
ξ∈N+

`ν∩T

µ`(ν, ξ)
2.

∑
ξ∈N+

`ν

µ`(ν, ξ)
2. ‖ê`ν‖2D =:β(`)

ν ,533

534

where ê`ν ∈ X̂`ν solves535

〈ê`ν , v̂`ν〉D = B(û` − u`, v̂`νPν) for all v̂`ν ∈ X̂`ν . (45)536

Defining V′′` :=
⊕

ν∈P`
[
X̂`ν ⊗ span{Pν}

]
⊆ V̂` and e′′` :=

∑
ν∈P` ê`νPν , we conclude from (45)537

and (13b) with w = u that e′′` ∈ V′′` is the unique solution to538

B0(e′′` ,v
′′
` ) = B(u− u`,v

′′
` ) for all v′′` ∈ V′′` .539

540

Since V′′` ⊆ V′′`+1 for all ` ∈ N0 and since w` → w∞ as ` → ∞, we can argue as in the proof541

of [BPRR19a, Lemma 14] to see that Lemma 9 provides e′′∞ =
∑

ν∈I ê∞νPν ∈ V such that542 ∑
ν∈I
‖ê∞ν − ê`ν‖2D = ||| e′′∞ − e′′` |||20

`→∞−−−→ 0,543

544

where ê`ν = 0 if ν ∈ I\P`. In particular, it follows that545 ∑
ν∈I

∣∣‖ê∞ν‖2D − ‖ê`ν‖2D∣∣ =
∑
ν∈I

∣∣‖ê∞ν‖D − ‖ê`ν‖D∣∣[‖ê∞ν‖D + ‖ê`ν‖D
]

546

≤
∑
ν∈I
‖ê∞ν − ê`ν‖D

[
‖ê∞ν‖D + ‖ê`ν‖D

]
547

≤ 2
[
||| e′′∞ |||0 + ||| e′′` |||0

]
||| e′′∞ − e′′` |||0

`→∞−−−→ 0.548
549

With βν := ‖ê∞ν‖2D, we can thus apply Lemma 12 to strengthen the parameter-wise convergence550

to551 ∑
ν∈I

α(`)
ν =

∑
ν∈P`

α(`)
ν

`→∞−−−→ 0.552

553

In explicit terms, this proves that for both cases of ρ`(ν, ξ), the convergence result in (44) can554

indeed be strengthened to555 ∑
ν∈P`

( ∑
T∈T good

`ν

∑
ξ∈N+

`ν∩T

ρ`(ν, ξ)
2 +

∑
T∈T neither

`ν

∑
ξ∈N+

`ν∩T

ρ`(ν, ξ)
2

)
`→∞−−−→ 0. (46)556

557

Step 5. To conclude the proof, it remains to consider the sets T bad
`ν . If ξ ∈M`kν and T ∈ T`kν558

with ξ ∈ T , then T ∈ T`kν \ T bad
`kν

= T good
`kν

∪ T neither
`kν

. Therefore, it follows from (46) that559

ϑ
∑
ν∈P`k

∑
ξ∈N+

`kν

ρ`k(ν, ξ)2
(41)
≤

∑
ν∈P`k

∑
ξ∈M`kν

ρ`k(ν, ξ)2 k→∞−−−→ 0.560

In particular, we obtain (cf. [MSV08, eq. (4.17)])561 ∑
ξ∈N+

`kν
∩T

ρ`k(ν, ξ)2 k→∞−−−→ 0 for all ν ∈ P` and all T ∈ T bad
`kν

. (47)562
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Arguing as in Steps 2–5 of the proof of Proposition 4.3 in [MSV08], we use (47) and apply the563

Lebesgue dominated convergence theorem to derive that564 ∑
T∈T bad

`kν

∑
ξ∈N+

`kν
∩T

τ`k(w|ν, ξ)2 k→∞−−−→ 0 for all ν ∈ P`.565

As in Step 4, this parameter-wise convergence can be strengthened to566 ∑
ν∈P`k

∑
T∈T bad

`kν

∑
ξ∈N+

`kν
∩T

ρ`k(ν, ξ)2 k→∞−−−→ 0. (48)567

568

Step 6. Combining (46) and (48), we obtain569 ∑
ν∈P`k

∑
ξ∈N+

`kν

ρ`k(ν, ξ)2≤
∑
ν∈P`k

( ∑
T∈T good

`kν

∑
ξ∈N+

`kν
∩T

ρ`k(ν, ξ)2 +
∑

T∈T bad
`kν

∑
ξ∈N+

`kν
∩T

ρ`k(ν, ξ)2
570

+
∑

T∈T neither
`kν

∑
ξ∈N+

`kν
∩T

ρ`k(ν, ξ)2

)
k→∞−−−→ 0.571

572

This concludes the proof. �573

We are now in a position to prove our main result.574

Proof of Theorem 7. The proof is split into five steps.575

Step 1. Let (`′k)k∈N0 be the sequence of iterations, where the marking strategy of Algorithm 6576

selects M`k = M′`k and M`kν = M′`kν for all ν ∈ P`k (i.e., marking with respect to the577

primal error estimate µ`). Let (`′′k)k∈N0 be the index sequence, where the marking strategy of578

Algorithm 6 selects M`k = M′′`k andM`kν =M′′`kν for all ν ∈ P`k (i.e., marking with respect to579

the combined primal-dual error estimate
[
µ2
` + ζ2

`

]1/2). Note that this provides a partitioning of580

the sequence
(
µ`
[
µ2
` + ζ2

`

]1/2)
`∈N0

into two disjoint subsequences
(
µ`′k

[
µ2
`′k

+ ζ2
`′k

]1/2)
k∈N0

and581 (
µ`′′k

[
µ2
`′′k

+ ζ2
`′′k

]1/2)
k∈N0

. Without loss of generality (as the following arguments will show), we582

can assume that both subsequences are countably infinite.583

Step 2. In this step, we show the convergence µ`′k → 0 along the iteration sequence (`′k)k∈N0 ,584

where the primal error estimate is employed for marking, i.e.,585

θµ2
`′k
≤
∑
ν∈P`′

k

∑
ξ∈M′

`′
k
ν

µ`′k(ν, ξ)2 +
∑

ν∈M′
`′
k

µ`′k(ν)2.586

587

To this end, the sequence (`′k)k∈N0 is further partitioned into two disjoint subsequences (`′+k )k∈N0588

and (`′−k )k∈N0 , where589

•
∑

ν∈P
`′+
k

∑
ξ∈M′

`′+
k
ν

µ`′+k
(ν, ξ)2 ≥ 1

2

( ∑
ν∈P

`′+
k

∑
ξ∈M′

`′+
k
ν

µ`′+k
(ν, ξ)2 +

∑
ν∈M′

`′+
k

µ`′+k
(ν)2

)
,590

•
∑

ν∈P
`′−
k

∑
ξ∈M′

`′−
k
ν

µ`′−k
(ν, ξ)2 <

1

2

( ∑
ν∈P

`′−
k

∑
ξ∈M′

`′−
k
ν

µ`′−k
(ν, ξ)2 +

∑
ν∈M′

`′−
k

µ`′−k
(ν)2

)
,591

respectively. Again, without loss of generality (as the following arguments will show), we assume592

that also these two subsequences are countably infinite.593
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Step 2a. Along the sequence (`′+k )k∈N0 , by definition, it follows that594

θ
∑

ν∈P
`′+
k

∑
ξ∈N+

`′+
k
ν

µ`′+k
(ν, ξ)2 ≤ θµ2

`′+k
≤ 2

∑
ν∈P

`′+
k

∑
ξ∈M′

`′+
k
ν

µ`′+k
(ν, ξ)2,595

596

i.e., there holds the Dörfler marking criterion (41) for spatial discretizations with ϑ = θ/2.597

Therefore, Proposition 13 proves that598 ∑
ν∈P

`′+
k

∑
ξ∈N+

`′+
k
ν

µ`′+k
(ν, ξ)2 k→∞−−−→ 0599

and, hence, also µ2
`′+k
→ 0 as k →∞.600

Step 2b. Along the sequence (`′−k )k∈N0 , by definition, it follows that601 ∑
ν∈M′

`′−
k

µ`′−k
(ν)2 >

1

2

( ∑
ν∈P

`′−
k

∑
ξ∈M′

`′−
k
ν

µ`′−k
(ν, ξ)2 +

∑
ν∈M′

`′−
k

µ`′−k
(ν)2

)
602

603

and, hence,604

θ
∑

ν∈Q
`′−
k

µ`′−k
(ν)2 ≤ θµ2

`′−k
< 2

∑
ν∈M′

`′−
k

µ`′−k
(ν)2,605

606

i.e., there holds the Dörfler marking criterion (38) for parametric discretizations with ϑ = θ/2.607

Therefore, Proposition 10 implies that608 ∑
ν∈Q

`′−
k

µ`′−k
(ν)2 k→∞−−−→ 0609

610

and, hence, also µ2
`′−k
→ 0 as k →∞.611

Step 2c. From the preceding Steps 2a–2b, we prove that the sequence (µ`′k)k∈N0 can be parti-612

tioned into two subsequences (µ`′+k
)k∈N0 and (µ`′−k

)k∈N0 , which both converge to zero. According613

to basic calculus, this implies that µ`′k → 0 as k →∞.614

Step 3. Note that the dual error estimate ζ` defined in (31) is uniformly bounded, as615

ζ`
(23)
. ||| ẑ`[u`]− z`[u`] |||

(17)
≤ ||| z[u`]− z`[u`] |||

(15)
≤ ||| z[u`] ||| ≤ |||z[u]− z[u`] |||+ |||z[u] |||616

(30)
≤ Cgoal |||u− u` |||+ |||z[u] |||

(15)
. |||u |||+ |||z[u] ||| for all ` ∈ N0.617

618

Consequently, it follows from Step 2 that619

µ`′k

[
µ2
`′k

+ ζ2
`′k

]1/2 k→∞−−−→ 0. (49)620
621

Step 4. Note that the roles of the primal and the combined primal-dual error estimates in all622

the preceding arguments in Steps 2–3 can be swapped. Hence, it follows that623

µ`′′k

[
µ2
`′′k

+ ζ2
`′′k

]1/2 k→∞−−−→ 0, (50)624
625

where we recall that the combined primal-dual error estimate is employed for marking along the626

iteration sequence (`′′k)k∈N0 .627
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Step 5. Overall, we obtain that the sequence
(
µ`
[
µ2
`+ζ

2
`

]1/2)̀
∈N0

can be partitioned into two628

subsequences
(
µ`′k

[
µ2
`′k

+ζ2
`′k

]1/2)
k∈N0

and
(
µ`′′k

[
µ2
`′′k

+ζ2
`′′k

]1/2)
k∈N0

, which both converge to zero.629

According to basic calculus, this implies that µ`
[
µ2
` + ζ2

`

]1/2 → 0 as `→∞. �630

Remark 14. Note that standard adaptive SGFEM formally corresponds to the case, where the631

iteration sequence (`′′k) in the proof of Theorem 7 is void. Therefore, the proof of Theorem 7632

also establishes plain convergence of the adaptive multilevel SGFEM algorithms from [BPR21].633

In particular, the analysis of the present work for combined Dörfler marking (as employed in634

Algorithm 6) can be used to prove plain convergence of adaptive algorithms with separate Dörfler635

marking of spatial and parametric indicators (as done, e.g., in [BPRR19a]).636

5. Numerical results637

In this section, to illustrate the performance of Algorithm 6 and to underpin our theoretical638

findings, we present a collection of numerical experiments in 2D. All computations have been639

performed using the MATLAB toolbox Stochastic T-IFISS [BRS21, BR22]. Throughout this640

section, we consider the parametric model problem (1) introduced in section 2 and assume that641

each parameter in y = (ym)m∈N ∈ Γ is the image of a uniformly distributed independent mean-642

zero random variable, so that dπm(ym) = dym/2.643

5.1. Test problems. We consider four different setups for model problem (1) by varying the644

physical domain D ⊂ R2 (square, L-shaped, and slit domains), the right-hand side function f ,645

and the goal functional g. The diffusion coefficient is the same for all four setups and is the one646

introduced in [EGSZ14, Section 11.1] (and considered in many other works, e.g., [EGSZ15, BS16,647

EM16, BR18, BPRR19b, BPR21]). Specifically, for every x = (x1, x2) ∈ D, we set a0(x) := 1648

and choose the coefficients am(x) in (2) to represent planar Fourier modes of increasing total649

order, i.e.,650

am(x) := Am−2 cos(2πβ1(m)x1) cos(2πβ2(m)x2) for all m ∈ N,651

where 0 < A < 1/ζ(2) (here ζ(·) denotes the Riemann zeta function), β1 and β2 are defined as652

β1(m) := m−k(m)(k(m)+1)/2 and β2(m) := k(m)−β1(m), respectively, with k(m) := b−1/2+653 √
1/4 + 2mc for all m ∈ N. Assumption (3) is satisfied with amin

0 = amax
0 = 1. Since τ = Aζ(2),654

assumption (4) is fulfilled for any choice of 0 < A < 1/ζ(2). We set A := 0.9/ζ(2) ≈ 0.547,655

which yields τ = 0.9.656

In each setup, the goal functional features a weight function w ∈ L∞(D) that we use to657

introduce local spatial features in the corresponding QoI. For the sake of reproducibility, we658

specify the tolerance tol > 0 that we use to stop the algorithm (i.e., we stop the computation659

when the goal-oriented error estimate µ`
√
µ2
` + ζ2

` is less than tol) as well as the (lower) tolerance660

tolref > 0 that is used for computing the reference solution uref . In all experiments presented661

below, we use θ = 1/2 in (36)–(37). Let us now describe the problem specifications for each662

setup.663

• Setup 1: expectation of a weighted L2-norm. The physical domain is the unit square D =664

(0, 1)2. The right-hand side function is constant: f ≡ 1 in D. The goal functional is the665

expectation of the (squared) weighted L2-norm:666

g(u) =

∫
Γ

∫
D
w(x)u(x,y)2 dx dπ(y);667

cf. [BIP21, Section 3.1]. In this experiment, we choose w = χS/|S|, where χS : D → {0, 1} is668

the characteristic function of the square S = (5/8, 7/8) × (9/16, 13/16) ⊂ D. The initial mesh669
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T0 is a uniform mesh of 512 right-angled triangles. The tolerances are set to tol = 3 · 10−7 and670

tolref = 1 · 10−7.671

• Setup 2: expectation of a nonlinear convection term. The physical domain is the L-shaped672

domain D = (−1, 1)2 \ (−1, 0]2. The right-hand side function is constant: f ≡ 1 in D. The goal673

functional is the expectation of a nonlinear convection term, i.e.,674

g(u) =

∫
Γ

∫
D
w(x)u(x,y)

(
∂u

∂x1
(x,y) +

∂u

∂x2
(x,y)

)
dx dπ(y)675

(see [BIP21, Section 3.2]), where w = χT /|T | and χT : D → {0, 1} is the characteristic function676

of the triangle T = conv{(1, 0), (1, 1), (0, 1)} ∩D ⊂ D. The initial mesh T0 is a uniform mesh of677

384 right-angled triangles. The tolerances are set to tol = 5 · 10−6 and tolref = 1 · 10−6.678

• Setup 3: second moment of a linear goal functional. The physical domain is the unit square679

domain D = (0, 1)2. Inspired by [MS09, Example 7.3], we choose the right-hand side function f680

such that681

F (v) = −
∫

Γ

∫
Tf

∂v

∂x1
(x,y) dx dπ(y) for all v ∈ V,682

where Tf = conv{(0, 0), (1/2, 0), (0, 1/2)} ∩ D ⊂ D. In the spirit of [TSGU13, Section 3.4(b)],683

the goal functional is given by the (rescaled) second moment of a linear functional. Specifically,684

we consider the following goal functional:685

g(u) = 100

∫
Γ

(∫
D
w(x)u(x,y) dx

)2

dπ(y),686

where w = χTg/|Tg|. Here, χTg : D → {0, 1} is the characteristic function of the triangle687

Tg = conv{(1, 1/2), (1, 1), (1/2, 1)} ∩ D ⊂ D. The initial mesh T0 is a uniform mesh of 512688

right-angled triangles, and the tolerances are set to tol = 6 · 10−7 and tolref = 2 · 10−7.689

• Setup 4: variance of a linear goal functional. Let Dδ = (−1, 1)2 \ T δ, where Tδ =690

conv{(0, 0), (−1, δ), (−1,−δ)}. In this test case, we aim at performing computations on the691

(physical) slit domain (−1, 1)2 \ ([−1, 0] × {0}). The slit domain is not Lipschitz, however, it692

is well known that an elliptic problem on this domain can be seen as the limit of the problems693

posed on the Lipschitz domain Dδ as δ → 0. Therefore, we set D = Dδ with δ = 0.005. The694

right-hand side function is constant: f ≡ 1 in D. The goal functional is given by the (rescaled)695

variance of a linear functional. Specifically, we consider the following goal functional:696

g(u) = 100Vary
[∫

D
w(x)u(x,y) dx

]
, (51)697

where the weight function w ∈ L∞(D) is a mollifier centered at x0 = (2/5,−1/2) with radius698

r = 3/20 (we refer to [BPRR19b, equation (58)] for the specific expression). Thus, the integral699

over D in (51) approximates the function value u(x0,y) for each y ∈ Γ. The initial mesh T0700

is a uniform mesh of 512 right-angled triangles, and the tolerances are set to tol = 4 · 10−5 and701

tolref = 1 · 10−5.702

We note that the four nonlinear goal functionals considered in this section satisfy inequal-703

ity (28) with Cgoal > 0 depending only on ‖w‖L∞(D) and the Poincaré constant of the physical704

domain D.705

5.2. Results. In Figure 1, for all setups, we show the adaptively refined mesh associated with706

the zero index at an intermediate step of Algorithm 6. We observe that, in all cases, the meshes707

capture the spatial features of the primal and dual solutions; these features are induced by the708

geometry of the physical domain as well as by the local features of the chosen right-hand side709

function f and goal functional g. The intensity of local mesh refinement reflects the strength of710

the singularity; e.g., in the plot for Setup 2 (top-right), the local mesh refinement at the reentrant711
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corner of the L-shaped domain is stronger than the one due to the local support of the weight712

function w.713

Setup 1 (T15,0) Setup 2 (T14,0)

Setup 3 (T13,0) Setup 4 (T14,0)

Figure 1. Adaptively refined meshes associated with the zero index at an intermediate step of
Algorithm 6 for all four setups.

In Figure 2, for all setups, we plot the error estimates µ`
√
µ2
` + ζ2

` (in red) and the reference714

errors |g(uref)−g(u`)| (in blue) against the number of DOFs at each iteration of the goal-oriented715

adaptive algorithm. We observe that, for all setups, the goal-oriented adaptive algorithm drives716

the error estimate to zero, thus confirming the result of Theorem 7. Furthermore, we see that717

in each setup, the error estimate provides an upper bound for the reference error, and both718

quantities converge to zero with the same rate. Finally, all plots in Figure 2 show that the719

decay of both the error estimates and the reference errors with respect to the number of DOFs720

is of order N−1
` , i.e., the best possible decay rate achievable by conforming first-order finite721

elements. Although the rate optimality property of Algorithm 6 for nonlinear goal functionals722

is not currently covered by our theoretical analysis, the results presented in Figure 2 seem to723

suggest that this property does hold at least for certain types of nonlinear functionals; see [BIP21]724

for first results in the parameter-free setting for the case of a quadratic goal functional.725

6. Concluding remarks726

The design of provably efficient solution strategies for high-dimensional parametric PDEs727

is important for reliable uncertainty quantification. Adaptive algorithms are indispensable in728

this context, as they provide computationally cost-effective mechanisms for generating accurate729

approximations and accelerating convergence. In this paper, we have designed a provably conver-730

gent goal-oriented SGFEM-based adaptive algorithm for accurate approximation of quantities of731

interest—linear or nonlinear functionals of solutions to elliptic PDEs with inputs depending on732
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Figure 2. Decay of the error estimates µ`
√
µ2
` + ζ2

` and the reference errors |g(uref) − g(u`)|
at each iteration of the goal-oriented adaptive algorithm for all four setups.

infinitely many parameters. Our theoretical results and algorithmic developments are valid for733

spatial domains in R2 and R3. Our numerical results (for two-dimensional spatial domains) show734

that employing the multilevel SGFEM for approximating the primal and dual solutions leads to735

optimal convergence rates in approximating quantities of interest. In the case of bounded linear736

goal functionals and for spatial domains in R2, the rate optimality property can be proved under737

an appropriate saturation assumption (see [BPR23]). The extension of this result to nonlinear738

goal functionals and three-dimensional domains is non-trivial and will be the subject of future739

research.740
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