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GOAL-ORIENTED ADAPTIVITY FOR MULTILEVEL STOCHASTIC
GALERKIN FEM WITH NONLINEAR GOAL FUNCTIONALS

ALEX BESPALOV, DIRK PRAETORIUS, AND MICHELE RUGGERI

ABSTRACT. This paper is concerned with the numerical approximation of quantities of interest
associated with solutions to parametric elliptic partial differential equations (PDEs). The key
novelty of this work is in its focus on the quantities of interest represented by continuously
Gateaux differentiable nonlinear functionals. We consider a class of parametric elliptic PDEs
where the underlying differential operator has affine dependence on a countably infinite num-
ber of uncertain parameters. We design a goal-oriented adaptive algorithm for approximating
nonlinear functionals of solutions to this class of parametric PDEs. In the algorithm, the ap-
proximations of parametric solutions to the primal and dual problems are computed using the
multilevel stochastic Galerkin finite element method (SGFEM) and the adaptive refinement
process is guided by reliable spatial and parametric error indicators that identify the dominant
sources of error. We prove that the proposed algorithm generates multilevel SGFEM approxi-
mations for which the estimates of the error in the goal functional converge to zero. Numerical
experiments for a selection of test problems and nonlinear quantities of interest demonstrate
that the proposed goal-oriented adaptive strategy yields optimal convergence rates (for both the
error estimates and the reference errors in the quantities of interest) with respect to the overall
dimension of the underlying multilevel approximations spaces.

1. INTRODUCTION

Numerical approximation methods and efficient solution strategies for high-dimensional para-
metric partial differential equations (PDEs) have received a significant attention in the last two
decades, particularly in the context of uncertainty quantification; see the review articles [SG11,
GWZ14, CD15]. The focus of the work presented in this paper is on the design and analysis
of adaptive algorithms that generate accurate approximations of, in general, nonlinear quanti-
ties of interest (Qols) derived from solutions to parametric elliptic PDEs. While the classical
Monte Carlo sampling and its more efficient modern variants (such as Quasi-Monte Carlo and
multilevel Monte Carlo) are effective in estimating the moments of solutions, the surrogate ap-
proximations that are functions of the stochastic parameters can be used to estimate a wide
range of Qols derived from solutions. Two variants of surrogate approximations, both based
on spatial discretizations with the finite element method (FEM), have been extensively studied:
stochastic collocation FEMs generate uncoupled discrete problems by sampling the PDE inputs
at deterministically chosen points (typically, the nodes of a sparse grid) and build a multivariate
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interpolant from the sampled discrete solutions; in stochastic Galerkin FEMs, the approxima-
tions are defined via Galerkin projection and represented as finite (sparse) generalized polynomial
chaos (gPC) expansions whose spatial coefficients are computed by solving a single fully coupled
discrete system.

Numerical approximations of Qols derived from solutions to parametric PDEs have been ad-
dressed in a number of works. The multilevel Monte Carlo (MLMC) algorithm for estimating
bounded linear functionals and continuously Fréchet differentiable nonlinear functionals of the
solution has been studied in [CST13] and [TSGU13| for a large class of elliptic PDEs with
random coefficients. In particular, the convergence with optimal rates for MLMC approxima-
tions of nonlinear output functionals has been proved in [TSGU13| using the duality technique
from [GS02]. In the same context of using the MLMC for estimating Qols, an adaptive algo-
rithm based on goal-oriented a posteriori error estimation has been developed in [EMN16]. The
proposed algorithm performs a problem-dependent adaptive refinement of the MLMC mesh hi-
erarchy aiming to control the error in the Qol and thus substantially reducing the complexity of
MLMC computations.

Goal-oriented a posteriori error estimates for generic surrogate approximations of solutions
to parametric PDEs have been proposed in [BPW15] and specifically for stochastic collocation
approximations in [AO10]. In both these works, various goal-oriented adaptive refinement strate-
gies guided by the error estimates are discussed and tested for model PDE problems with inputs
that depend on a finite number of uncertain parameters. In the context of stochastic Galerkin
FEM (SGFEM), the a posteriori error estimation of linear functionals of solutions was addressed
in [MLMO07, BPRR19b| and, for nonlinear problems, in [BDW11]|. In particular, in our previous
work [BPRR19b], we considered a class of parametric elliptic PDEs where the underlying differ-
ential operator had affine dependence on a countably infinite number of uncertain parameters.
We used the duality technique (e.g., from [GS02]) to design a goal-oriented adaptive SGFEM
algorithm for accurate approximation of moments of linear functionals of the solution to this
class of PDE problems. In the algorithm, the solutions to the primal and dual problems were
computed using the SGFEM in its simplest (albeit converging with suboptimal rates) single-level
variant, where all spatial coefficients in the gPC expansion resided in the same finite element
space.

In this paper, we extend the results of [BPRR19b] in three directions. Firstly, we extend the
goal-oriented a posteriori error analysis in [BPRR19b| and the associated adaptive algorithm to
a class of continuously Gateaux differentiable nonlinear goal functionals. Secondly, aiming for
optimal convergence rates, we employ the multilevel variant of SGFEM, where different spatial
gPC-coefficients are allowed to reside in different finite element spaces; see [EGSZ14, CPB19,
BPR21, BPR22|. Finally, we prove the convergence result for the proposed goal-oriented adaptive
algorithm (thus, providing a theoretical guarantee that, given any positive error tolerance, the
algorithm stops after a finite number of iterations). We also demonstrate in a series of numerical
experiments that the proposed goal-oriented adaptive strategy yields optimal convergence rates
(for both the error estimates and the reference errors in nonlinear quantities of interest) with
respect to the overall dimension of the underlying multilevel approximations spaces.

The paper is organized as follows. Section 2 introduces the parametric PDE problem that we
consider in this work along with its weak formulation. In section 3, we follow [BPR21, BPR22|
and recall the main ingredients of the multilevel SGFEM as well as the computable energy
error estimates for multilevel SGFEM approximations. Focusing on a class of nonlinear goal
functionals, section 4 addresses the goal-oriented error estimation as well as the design of the goal-
oriented adaptive algorithm and its convergence analysis. The results of numerical experiments
are reported in section 5.
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2. PROBLEM FORMULATION

Let D C R%, d € {2,3}, be a bounded Lipschitz domain with polytopal boundary 9D, endowed
with the standard Lebesgue measure. With I' := []>~_, [—1, 1] denoting the infinitely-dimensional
hypercube, we consider a probability space (I', B(I'), 7). Here, B(I") is the Borel o-algebra on I'
and 7 is a probability measure, which we assume to be the product of symmetric Borel probability
measures T, on [—1,1], i.e., 7(y) = [[oo_; Tm(ym) for all y = (ym)men € I'. We refer to D and
I' as the physical domain and the parameter domain, respectively.

We aim to approximate a functional value g(u) € R, where w: D xI" — R solves the stationary
diffusion problem

_v(a’(xay)vu(m:}’)):f(wa}’) reD,yel,

1
u(z,y) =0 x€edD,yeTl. (1)

In (1), the differential operators are taken with respect to the spatial variable z € D. We
assume that f € L2(I'; H-!(D)) and that the diffusion coefficient a has affine dependence on the
parameters, i.e., there holds

a(z,y) = ao(x) + Z Ymam(x) forallz € D andy = (Yym)men € ', (2)
m=1

We suppose that the scalar functions a, € L*°(D) in (2) satisfy the following inequalities
(cf. [SG11, section 2.3]):

0< af)nin < ap(z) < af™ < oo for almost all z € D, (3)
1 || -
Ti= e [ fam) <1 and Y lamllze(py < oo (4)
) m=1 L>(D) m=1

Let X := H}(D). We consider the Bochner space V := L2(I';X) and define the following
symmetric bilinear forms on V:

By(u,v) = /F/Dao(x)Vu(x,y) -Vou(z,y)dzdn(y), (5)
B(u,v) := By(u,v) + mz_:l /F /D Ymm (x)Vu(z,y) - Vo(z,y)dzdr(y). (6)

Owing to (2)—(4), the bilinear forms B(-,-) and By(-,-) are continuous and elliptic on V. More-
over, the norms they induce on V, denoted by || - || and || - ||o, respectively, are equivalent in the
sense that

Mollg <lvl? <Allvl§ forallveV, (7)

where the constants A:=1—7and A:=1+7satisfy 0 < A< 1 <A <2
The weak formulation of (1) reads as follows: Find uw € V such that

B(u,v) = F(v) := /F/D flz,y)v(z,y)dzdn(y) forallveV. (8)

The existence of a unique solution u € V to (8) is guaranteed by the Riesz theorem. Throughout
this work, we will refer to (8) as the primal problem.

Since we aim to approximate g(u) ~ g(us) by the functional value attained by an approxima-
tion ue &~ u, we assume that the goal functional g: V — R is continuous. Further assumptions
on g will be specified later.
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3. MULTILEVEL SGFEM DISCRETIZATION

In this section, we introduce the main ingredients of the multilevel SGFEM discretization
employed in our goal-oriented adaptive algorithms. We follow the approach (and the notation)
of [BPR21, BPR22].

3.1. Discretization in the physical domain and mesh refinement. Let 7, be a mesh, i.e.,
a regular finite partition of D C R? into compact nondegenerate simplices (i.e., triangles for
d = 2 and tetrahedra for d = 3). Let N, denote the set of vertices of T,. For mesh refinement,
we employ newest vertex bisection (NVB) [Ste08]. We consider a (coarse) initial mesh 7y and
denote by refine(7p) the set of all meshes obtained from 7y by performing finitely many steps of
NVB refinement. Throughout this work, we assume that all meshes used for the discretization
in the physical domain belong to refine(7p).

For each mesh 7, € refine(7p), we denote by ’7’. its uniform refinement. For d = 2, ’7A’. is
the mesh obtained by decomposing each element of 7T, into four triangles using three successive
bisections. For d = 3, we refer to [EGP20, Figure 3| and the associated discussion therein.
Let A, be the set of vertices of 7o. We denote by N = (.//\7. \ Ne) \ 9D the set of new
interior vertices created by uniform refinement of 7,. For a set of marked vertices Mo C N,‘" ,
let 75 := refine(7,, M,) be the coarsest mesh such that M, C N, i.e., all marked vertices
of Te are vertices of 7. Since NVB is a binary refinement rule, it follows that N, C /\Af. and
(No\Ne)\ 0D = N NANG. In particular, the choices Mo = () and M, = N, lead to the meshes
Te = refine(7,, () and Te = refine(7,, N,), respectively.

With each mesh 7T, € refine(7p), we associate the finite element space

Xe := Sa(Ta) := {ve € X : w47 is affine for all T € T,} € X = H}(D),

consisting of globally continuous and 7,-piecewise affine functions. We denote by {pe¢ : § €
Ne. \ 0D} the basis of X, comprising the so-called hat functions, i.e., for all £ € N, pe¢ € X
satisfies the Kronecker property o ¢(§') = d¢er for all ¢ € N,. Consistent with this notation,
Xe = 8&(’7’.) denotes the finite element space associated with the uniform refinement T of Te,
and {Pe¢: € € N\ 0D} is the corresponding set of hat functions (the basis of X,). There holds
the (Hl-stable) two-level decomposition Xo = X, & span{Pe ¢ : £ € NJ 1.

3.2. Discretization in the parameter domain and parametric enrichment. For all m €
N, let (P)")nen, be the sequence of univariate polynomials which are orthogonal to each other
with respect to my, such that P is a polynomial of degree n € No with || P"[|r2 (~1,1) =1 and
Pyt = 1. Tt is well-known that {PI" : n € Ng} constitutes an orthonormal basis of L2 (—1,1).

Let NON = A{v = (Um)men : Um € Ny for all m € N}. We define the support of v = (V4 )men €
N) as supp(v) := {m € N : v, # 0}. We denote by J := {v € N} : #supp(v) < oo} the set of
all finitely supported elements of NJ'. Note that J is countable. With each v € J, we associate
the multivariate polynomial P, given by

P,(y) = H P (ym) = H P (ym) forallveJandally eT.

meN mesupp(v)

It is well-known that the set {P, : v € J} is an orthonormal basis of L2(I'); see, e.g., [SG11,
Theorem 2.12].

Our discretization in the parameter domain will be based on an index set B,, i.e., a finite
subset of 3. We denote by supp(Be) := U, cp, supp(v) the set of active parameters in JBo. We
denote by 0 = (0,0,...) the zero index and consider the initial index set Py := {0}. Throughout
this work, we assume that all index sets employed for the discretization in the parameter domain
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contain the zero index, i.e., there holds By C P, for each index set Po. Following [BS16|, we
introduce the detail index set

Qe:={p eI\ Pa:pp=vEey,foralveP, and all m =1,..., My, +1}. (9)

Here, My, := # supp(*Be) € Ny is the number of active parameters in *B,, while, for any m € N,
em € J denotes the m-th unit sequence, i.e., (€,,); = Oy for all i € N. A parametric enrichment
of P, is obtained by adding to it some marked indices 9ty C N, i.e., Po := Po U MN,. Clearly,
Po C Po C Po U N, where at least one of the inclusions is strict.

3.3. Multilevel approximation and multilevel refinement. We start by observing that the
Bochner space V = L2(T';X) is isometrically isomorphic to X ® L2(I') and that each function
v € V can be represented in the form

v(z,y) = Z vy(z)P,(y) with unique coefficients v, € X. (10)
ved

A finite-dimensional subspace of V can be obtained by considering functions with a similar
representation, where the infinite sum in (10) is truncated to a finite index set and the coefficients
v, € X are approximated in suitable finite element spaces. To this end, let Pe = [P, (Tor)ves]
be a multilevel structure |[BPR22|, consisting of a finite index set PBo C J and a family of meshes
(Tev)ves, where Tq, € refine(7p) for all v € P,, while T,, = Tg for all v € T\R,.

For two multilevel structures Pe = [P, (Tor)ve3] and Py = [Bo, (Tov)ves], we say that P, is
obtained from P, using one step of multilevel refinement, and we write P, = REFINE(P,,M,), if
the following conditions are satisfied:

e M, = M., (May)vep,] with Mo C Qo and M,, C N for all v € Po;

o ‘Bo = mo U mo;

e for all v € P,, there holds 7o, = refine(7q,, Maey);

e for all v € J\P,, there holds To, = T = To-
Mimicking the notation in subsections 3.1-3.2, we consider the initial multilevel structure Py :=
[Bo, (Tov)ves| consisting of the initial index set Py and such that To, = T for all v € J. We denote
by REFINE(P) the set of all multilevel structures obtained from Py by performing finitely many
steps of multilevel refinement. Throughout this work, we assume that all multilevel structures
employed to construct a finite-dimensional subspace of V belong to REFINE(P).

Given a multilevel structure Py = [P, (Tor )vea], let Xop = 801 (Tey) for all v € P,. We consider

the multilevel approximation space

Ve :i= @ Ve, CV with V,, :=X,, @ span{P,} = span{cp.yéPV s EeNo\ 8D}. (11)
vEPe
Note that dimV, = Zuefn. dim X,,, i.e., V, is a finite-dimensional subspace of V, and that each
function v, € V, can be represented in the form (cf. (10))

Vo(z,y) = Z ver ()P, (y) with unique coefficients ve, € X, .
vEPe
Moreover, by construction, multilevel refinement implies nestedness of the associated multilevel
spaces, i.e., if P, € REFINE(P,) then Vo C V.
For the multilevel approximation space V, associated with any given multilevel structure
Po = [Be, (Tev)ve3], we consider the enriched subspace @. C V defined as

Ve = @ [Xo, @ span{P,}] | @ (@ [Xo ® span{Py}}> : (12)

vEP, VEN,



184

185

186

187

188

P
©0
(=]

191

192

193

194

195

196

197

198

199

200

201
202
203

204

205

206
207
208
209

210

211
212

213

214

215

216

217

218

219

220

Note that Vo, C V, C @. for any P, = REFINE(P,,M,). Moreover, @', corresponds to the
multilevel structure Py = REFINE(Po,Ml,) with M, = [Q., (N})vexp.]-

3.4. Multilevel SGFEM approximation. Given an arbltrary w eV, let we € V, and w, €
V. denote the Galerkin projections of w onto V4 and V., respectively, i.e.,

B(we,ve) = B(w,v,) for all ve € V,, (13a)
B(We,s) = B(w,d,) for all Ty € V,. (13Db)

Existence and uniqueness of both we € Vo and w, € XA’. follow from the Riesz theorem. More-
over, there holds the so-called Galerkin orthogonality

B(w — w,,v,) =0 for all v, € V, (14)
as well as the best approximation property
w—we |l = min w—v.]| (15)

(the same properties clearly hold also for we, with V, replaced by @'.) Furthermore, since

Ve C i\/., there holds

I

lw —we I = w — Do |* + [ ws — @4 |I*. (16)

In particular,
lw—wef <flw—-we| and [Jwe—we| <[lw—w,]. (17)

We define the multilevel SGFEM approximation ue € Vo of the solution u € V to the primal
problem (8) as the Galerkin projection of w onto the multilevel approximation space V,o. Equiv-
alently, ue € Vo can be characterized as the unique solution of the following discrete variational
problem: Find u, € V, such that

B(ue,ve) = F(ve) for all vy € V,. (18)

3.5. A posteriori error estimation. To obtain computable estimates of the energy error
|w — ws || of the Galerkin projection, we follow the approach proposed in [BPR21]|, which
is based on the separate estimation of the error components associated with discretizations in
physical and parameter domains.

Here and in the sequel, for the sake of brevity, we denote the inner product on X = H}(D) by

(w, v)p = [paoVw - Vudz and the induced energy norm by || - ||p := Ha(1)/2V(‘)HL2(D).
The parametric components of the error in the Galerkin approximation w, are estimated using
the hierarchical error indicators

To(w|V) := ||eyjevl|p  for all v € Q,, (19a)
where €,)s, € Xg is the unique solution of
(€wler » V0)D = B(w — w,,v9P,) for all vy € Xo. (19b)
The errors attributable to spatial discretizations are estimated using the two-level error indicators
|B(w — we, Doy P)|
[Pavellp

Overall, we thus consider the a posteriori error estimate

1/2
- ( Z Z To(w|v, €)% + Z T.(wll/)2> ' (21)

vEPe EG/\/’:’; vEQ,

To(w|v, £) 1= for all v € P, and all £ € N}, (20)
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Remark 1. Note that, for a general unknown w € V, the error estimate To(w) is not computable.
However, we shall employ the estimate To(w) only for w € {u, z[u.|}, where u € V is the solution
to the primal problem (8), while z[-] € V denotes the solution to the so-called dual problem
(see, (26) below). For these choices of w, one can evaluate B(w — wa., ) in (19)-(20), so that
To(w) becomes fully computable; e.g., for the primal solution w = w and v € {voP,, Pevc P},
one has B(u — te,v) = F(v) — B(te, ).

It follows from the first inequality in (17) that the error of the Galerkin projection associated
with the enriched multilevel space V. is not larger than the one for the space V,. We say that the
saturation assumption is satisfied, if considering the enriched multilevel space leads to a uniform
strict reduction of the best approximation error, i.e., if there exists a constant 0 < ggat < 1 such
that

J — @ | < ol w — wa |, (22)

We now recall the following main result from [BPR21], which shows the equivalence of the
error estimate 7¢(w) in (21) to the error reduction || we — W ||. This implies that the proposed
error estimator is efficient, i.e., up to a multiplicative constant, it provides a lower bound for the
energy norm of the error, while its reliability (i.e., the upper bound for the error) is equivalent
to the saturation assumption (22).

Theorem 2 (|[BPR21, Theorem 2|). Let d € {2,3} and w € V. For the multilevel structures
P.,P, € REFINE(P)), consider the multilevel approzimation spaces Vo C Vo with the associated
Galerkin solutions we € Vo (solving (13a)) and we € Vo (solving (13b)). Then, there holds

Casi | We = wa || < 7o(w) < Cest [| e — ws . (23)
Furthermore, under the saturation assumption (22), the estimates (23) are equivalent to

(1—gd)'?

Cont lw —we | < 7e(w) < Cest || w —wa |, (24)
(S}

The constant Cesy > 1 in (23)—(24) depends only on Ty, the mean field ag, and the constants
AA >0 in (7). 0

4. GOAL-ORIENTED ADAPTIVE SGFEM WITH NONLINEAR GOAL FUNCTIONAL

In this section, for a class of (possibly nonlinear) goal functionals g: V — R, we develop a
goal-oriented error estimation strategy, design the associated adaptive algorithm with multilevel
SGFEM approximations, and perform its convergence analysis.

4.1. Dual problem and goal-oriented error estimate. Let the goal functional g: V — R
be in C!, in the sense that it is Gateaux differentiable and its Gateaux derivative g’: V — V* is
continuous. Following the approach adopted in [BPRR19b]| for the case of linear goal functionals,
we aim to formulate a dual problem which allows to derive a goal-oriented error estimate.

Let (-, -) pxr denote the duality pairing between V and its dual V*. The fundamental theorem
of calculus proves that

1
g(u) —g(u.) = /0 (9' (e +1 (v —us)), u = Ue) pxr dt =: (g7, (Ue) , w — wa)pxr.  (25)

This identity suggests to consider a dual problem with right-hand side given by g7, (u.) € V*.
However, g}, (ue) depends also on the unknown solution w and thus cannot be used to formulate
a practical dual problem. Observing that formally ||g} (ue) — g'(ue )|y — 0 as ue — u, for a
given w € V (in what follows, w € {u, us}), we consider the following (practical, if w is known)
dual problem: Find z[w] € V such that

B(v, z[w]) = (g'(w) , v)pxr forall v e V. (26)

7
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Later, we will approximate z[w] € V by its Galerkin projection ze[w] € V,, i.e.,
B(ve, ze[w]) = (g’ (w) , ve)pxr for all ve € V,. (27)

Existence and uniqueness of both z[w] € V and z.[w] € V, follow from the Riesz theorem. Note
that

g(u) — g(us) Z (gh(ua) — g'(ua) . u— w)pr + (g (1) , 4~ wa) pur

L (g (u) — g'(ua), w = w)pr + Blu — ua, 2[u))

14
W (g% (wa) — g (1), 1 — wa) pur + Bl — e, 2[10a] — Za[tta)).
We suppose that there exists Cgoa > 0 such that
(g’ (v) — g'(w) , z) pxr| < Cyout v —wlfl 2]|  for all v, w,z € V. (28)
This leads to

1
(gt (1) — g'(ua) , u— wa) prr 2 /0 ([0 (tta + H(w — wa)) — g (wa)], % — wa) pcr dt

(28 1 5 1 9
S Chout | thu —ue 7 dt = 5 Coonr [ — ua ||
In particular, we derive the following estimate of the error in the nonlinear goal functional:

lg(w) = g(ue)| < [lu — e[| z[ue] — zo[ue] || + % Coat | w — ua |I*. (29)

Remark 3. The key assumption (28), and hence the error estimate (29), is valid at least for
linear and quadratic goal functionals. First, for a bounded linear goal functional g € V*, one has
(g'(v), z)pxr = (g, 2)pxr for all v,z € V. Hence, the dual problem in (26) simplifies to the
following: Find z € V such that B(v,z) = (g, v)pxr for allv € V. Furthermore, inequality (28)
is satisfied with Cgoal = 0 and the error estimate (29) reduces to the following (cf. [BPRR19b,
section 1.1]):

g9(u) —g(ues)| < lu —ue ||| 2 = 2o |-

Second, consider the quadratic goal functional g(u) = b(u,w), whereb: VxV — R is a continuous
bilinear form. Then, (g'(v), z)pxr = b(v, 2) + b(2,v), and it follows that

(g'(v) —g'(w), 2)pxr =b(v —w, 2) + b(z,v —w) Vov,w,zeV.
Hence, (28) is satisfied and Cgoa1 > 0 depends only on the continuity constant for b(-,-).
The following lemma will later turn out to be a crucial argument.
Lemma 4. For any w € V, there holds
| ze[w] — zofwe] || < || 2[w] — 2[us] [| < Cyoar [| w — ue |- (30)
Proof. First, it follows from (26)—(27) that
| za[w] = za[ta] I = B(za[w] — za[ua], ze[w]) — B(ze[w] — za[ua], z4[u])
= B(ze[w] — ze[te], z[w]) — B(ze[w] — 24 [us], z[ua])

= B(ze[w] = ze[u], z[w] - z[us]) < || ze[w] — zo[ue] [|[| 2[w] — z[u.] [,
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which proves the first estimate. The second estimate follows from (26) and (28), namely

| 2[w] — z[ua] I = B(z[w] - z[us], z[w]) — B(z[w] — 2[ua], z[u.])

) (g (w) , 2[w] — 2[wa]) pxr — (g (wa) , 2[w] — 2[uwa]) prr
— (g (w) — g'(ua) , 2] — 2e]) £ Coomtl]w — e 1] 2[e0] — 2fusa] [
This concludes the proof. O

To estimate the energy errors appearing on the right-hand side of (29), we consider the error
estimation strategy introduced in section 3.5. In the rest of the paper, unless otherwise specified,
we use the abbreviated notation

te :=Te(u) and (o := To(z[Us)). (31)
The same notation will be used for local contributions to the error estimates, i.e.,

pro(¥) = To(ulv), pre(v,€) 1= To(u|v, &) and (o (v) := Te (2[we]|V), Co(¥,€) = To(2[ue][v,€). (32)

We emphasize that both error estimates in (31), as well as their local contributions, are indeed
computable. Combining the error estimate (29) with the results of Theorem 2 and Lemma 4,
we obtain a reliable a posteriori error estimate of the error in the nonlinear goal functional. We
emphasize that the constant Cy¢ in the following estimate (33) depends only on the saturation
assumption (22) for w = u and w = z[u], while any dependence on z[u,] as used in the definition
of (, is avoided.

Proposition 5. Let d € {2,3}. Suppose the saturation assumption (22) for both the primal
solution w = w to (8) and the (theoretical) dual solution w = z[u]. Then, there holds the
a posteriori goal-oriented error estimate

g(u) — g(ua)| < Crarpra [ + 2], (33)

where Crel > 0 depends only on the constants Cgpa1 > 0 in (28), Cest > 141 (23), and 0 < gsar < 1
in (22).
Proof. Under the saturation assumption (22) for w = u, Theorem 2 proves that

Cest

5 775 Me- 34
(1_q52at>1/2u (39

e —wue | <
Under the saturation assumption (22) for w = z[u|, Theorem 2 proves that

I 2[we] = zo[uo] || < [[2[u] = 2[we] || + [| 2[we] = zo[u] [| + || zo[u] — zeo[ud] |

30

< 200l [l u — ue || + [ z[u] — zo[u] |

24) Cest

< 20 0a. - (] T 9 N1/0 e .
= g 1 ||| u u ||| + (1 o qSQat)l/Q T (Z[U])

Note that the a posteriori error estimate has a seminorm structure and hence
(23) R N
|Te(2[u]) = Go| < To(2[u] — z[te]) < Cest || (Zo[u] — Zo[us]) — (zo[u] — za[ua]) |

R N (30)
< Cest (I Zofu] = Za[ua] [| + | 20 [u] = 2o[ua] ) < 2Cest Coontl| u — ua ||



335 Combining the last two estimates, we derive that

C? C
e [ ° < 20 oa. 1 $ - ) $ [

I2tua) = zafua] | = 200 (14 550 ) lu - uell+ (= 557

(34) Clast C?

< $ 20001 (14— ) e + Co | 35
zz; N (1 - QSa )1/2 |: goal ( " (1 - qs2at)1/2> po t C :| ( )
330 Overall, we thus see that

(29) 3 9

340 lg(u) — g(us)| < 1w — e[| 2[tie] = ze[tra] | + 5 Cooat [ 0 — ua |
341 S u.[u.-ﬁ-c.} + 2 Zu.[,uz-i-@}lﬂ.
342 ~ (] ° °
sa3 This concludes the proof of (33). O

saa 4.2. Adaptive algorithm. Our aim in this section is to extend the adaptive SGFEM algorithm
s from [BPR21] (see Algorithm 7.C therein) to the present goal-oriented setting for parametric
3.6 PDEs. On the one hand, following [BPR21], the enhancement of the approximation space V, for
sz each £ € Ny is steered in Algorithm 6 below by the Dorfler marking criterion [D6r96| performed
s on the joint set of all spatial and parametric error indicators (see steps (iv)—(v)). On the other
se0  hand, in view of the a posteriori error estimate (33), we exploit the ideas proposed in [BIP21|
350 in a much simpler non-parametric setting to ensure that either the primal estimator py or the
351 combined primal-dual estimator (12 + ¢Z)/? tends to zero as £ — oc.

32 Algorithm 6. Input: Py = [Bo, (Tov)ves| with Bo = {0} and To, := To for all v € T, marking
353 parameter 0 < 6 < 1.
ssa Loop: For all £ =0,1,2,..., iterate the following steps:

3

'S

355 (i) Compute the discrete primal solution uy € Vg and the discrete dual solution zg[ug] € Vy
356 associated with Py = [Py, (Toy)ves]-

357 (ii) For all v € Qq, compute the parametric error indicators pe(v), C(v) given by (32)
358 and (19).

350 (iif) For all v € Py and all & € N}, compute the spatial error indicators pe(v,€), (v, €)
360 given by (32) and (20).
361 (iv) Determine the sets M, C Qy and M}, C N} for allv € ‘Bg such that

362 Op; <> > wm O+ > ), (36)
veP, EeM;, vem,

363 where the overall cardinality My := #M, + >
364 M, = [0}, (M), )vep,] satisfying (36).
365 (v) Determine the sets M) C Q, and M}, C N} for all v € Py such that

O[pi+¢2) < > Y e+ GO+ D [me)® + G(w)?]. (37)

ey, #M, is minimal amongst all tuples

vePg EeMy, veMmy
367 where the overall cardinality My := #IMy + > ey, #My,, is minimal amongst all tuples
368 M) = [0, (M},)vep,] satisfying (37).
360 (vi) If My < M}, then choose M := M), and My, := M, for all v € B,. Otherwise choose
370 My =M and My, = M}, for all v € Py.

371 (vil) For all v € Py, let Toy1, = refine(Tp,, My,).

sz (viil) Define Porr =P UMy and Tpp1y, = To for all v € Qpyy.

373 Output: For all £ € Ny, the algorithm returns the multilevel stochastic Galerkin approxima-
374 tions uy, zp € Vy as well as the corresponding error estimates py and Cp. OJ
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We note that Algorithm 6 can be seen as an extension of the goal-oriented adaptive algorithm
from [BPRR19b] to the case of nonlinear goal functionals and multilevel SGFEM approximations.
While the computations of the discrete primal and dual solutions in step (i) of Algorithm 6 can
be carried out in parallel in the case of a linear goal functional g € V* (in this case, the discrete
primal and dual problems are independent of each other), in the nonlinear case they must be
performed sequentially (first the primal problem, then the dual problem), because the right-hand
side of the discrete dual problem, i.e., (27) with w = u,, depends on the discrete primal solution.

4.3. Convergence analysis. The following theorem is the main theoretical result of the present
work. Specifically, we prove that Algorithm 6 drives the goal-oriented error estimates iy [u? +

Cg]l/ % to zero. We emphasize that this result holds independently of the saturation assump-
tion (22).

Theorem 7. Let d € {2,3}. For any choice of the marking parameter 0 < 6 < 1, Algorithm 6

yields a convergent sequence of estimator products, i.e., jip [,u% + Cﬂ 12 oo

The following result is an immediate consequence of Theorem 7 and the goal-oriented error
estimate (33) from Proposition 5.

Corollary 8. Let d € {2,3}. Suppose that the saturation assumption (22) holds for both the
primal solution w =wu and the (theoretical) dual solution w = z[u|. Then, for any choice of the
marking parameter 0 < 8 < 1, Algorithm 6 drives the error in the goal functional to zero, i.e.,

l9(u) — g(ug)| < Crar pie[pif + 7]

The proof of Theorem 7 exploits the ideas from our own work [BPRR19a| on the convergence
of adaptive single-level SGFEM. In the multilevel framework for goal-oriented adaptivity, as con-
sidered in the present work, the analysis needs to account for two distinctive aspects: (i) different
spatial coefficients in the finite gPC-expansion (that represents the SGFEM solution) may reside
in different finite element spaces, and (ii) the structure of the goal-oriented adaptive SGFEM
algorithm is inherently nonlinear (due to the error bound being the product of two error esti-
mates). Therefore, we include full details of analysis where it addresses these two aspects (cf.
Proposition 13 and the proof of Theorem 7 below), while referring to [BPRR19a| for results that
carry over from the single-level SGFEM setting.

The first lemma is an early result from [BV84|, which proves that adaptive algorithms (without
coarsening) always lead to convergence of the discrete solutions.

1/2 ¢
N

Lemma 9 (a priori convergence; see, e.g., [BPRR19a, Lemma 13]). Let V' be a Hilbert space.
Let a:V xV — R be an elliptic and continuous bilinear form. Let F € V* be a bounded linear
functional. For each £ € Ny, let Vo CV be a closed subspace such that Vy; C Vpyq1. Furthermore,
define the limiting space Voo = Jj2q Ve C V. Then, for all £ € Ng U {oo}, there exists a unique
Galerkin solution uy € V; satisfying

a(ug,vp) = F(vg)  for all vy € V.

Moreover, there holds lim ||us — ||y = 0. O
{—o0
We will exploit Lemma 9 for the limiting multilevel space Voo = (Jjo, Ve as well as for

the limiting finite element spaces Xoopy = U2y Xw, v € J, which are well-defined with the
understanding that Xy, = {0} for v € T\ Py.

The next proposition replicates Proposition 10 in [BPRR19a]; it states that the parametric
enrichment satisfying the Dorfler marking criterion along a subsequence guarantees convergence
of the whole sequence of parametric error estimates. The proof is independent of the structure

11
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of the underlying finite element spaces and, therefore, carries over from [BPRR19a| without
changes.

Proposition 10. Let py(v) € {,ug( )y (re(v)? + Co(v)?) 12 } for each v € P, (¢ € Ny). Let
0 < ¥ < 1. Suppose that Algorithm 6 yields a subsequence ({)ken, such that

I )< Y o) (38)

VEng ueimgk
Then, there holds convergence Z pe(v)? o), O
veEQy

To prove a convergence result for the spatial contributions of error estimates, we will use the
following notation: For w C D, we define

B, (v,w) := / / apVu - Vv dz dr(y) + Z / / Ym@m Vu - Vo dx dr(y) for v,w e V.
I''Jw m=17TJw

Note that B,(-,-) is symmetric, bilinear, and positive semidefinite. We denote by [|v . =
Bw(v,v)l/ 2 the corresponding seminorm. The following lemma is an analogue of Lemma 16
in [BPRR19al. Since the result is formulated for individual indices v € By, the proof carries over
from [BPRR19a| without significant modifications.

Lemma 11. Let v € By, £ € N}, and denote by wy, (€) := U{T € To, : £ € T} the associated
vertex patch. Then, the following estimates hold:

pe(v; §) < Cllu =g lluy, (g (39a)

(0,7 + G, € < O (llw—we I, ) + Il 2lee] — zelua] I2,,0))- (390)

Furthermore, let usw € V (resp., zoolur| € V for k € Ny) be the limit of (wg)ren, (resp.,
(ze[uk])een, ) guaranteed by Lemma 9. If $p ¢ € Xooy, then there hold

T[(’U;‘I/, f) = ,u,g(l/, 5) < C’” Uoo — Uy |||weu(f)7 (408‘)
ro(aul, €02 + ozl €7 < O (atoo — w12, ) + | 2ooluss] — 2] 2,0 )- (40D)
The constant C' > 0 in (39) and (40) depends only on ag and 7. O

While Lemma 11 holds for each index v € 9y, its application in the convergence proof for
spatial error estimates in the multilevel setting will require the following elementary lemma, which
formulates a generalized dominated convergence result for sequences. The proof is elementary
and is left to the reader.

Lemma 12. Let (an)nen, (Bn)nen € R with Zn 11Bn] < oo. Let C > 0. For k € Ny, let
(a&k))neN7(5£ Jnen C R with ]an)| < C’|Bn | and alP
Then, the convergence y > | |Bn — Bn )] — 0 as k — oo implies that > 2 |ay| < oo and
Zfbo:l]an—a;k)\%o as k — oo. O
With Lemmas 11 and 12 at hand, we can extend the result established in [BPRR19a, Propo-
sition 11| for single-level SGFEM to the multilevel setting.
Proposition 13. Let 0 < ¢ < 1. Let po(v,§) € {ug(y,f), (pe(v,€)* + Cg(u,f)z)lm} for each
veEP,and € € J\/Z; (¢ € Ng). Suppose that Algorithm 6 yields a subsequence ({x)ren, such that

vy Zpekus Y. D e’ (41)

vePy, e, Zku vEPe, VEMy,u

— an as k — oo, for all n € N.

12
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Then, there holds convergence Z Z pe, (v, £ =0.
veBe, ceNt

4w
Proof. The proof follows the lines of the one of [MSV08, Theorem 2.1|. Therefore, we only sketch
it and highlight how the results of [MSV08| for deterministic problems can be extended to the
parametric setting. The proof is split into six steps.

Step 1. The variational problems (8) and (26), their discretizations, and the proposed adap-
tive algorithm satisfy the general framework described in [MSVO08, section 2]:

e the variational problems (8) and (26) fit into the class of problems considered in [MSV08,
section 2.1J;

e the Galerkin discretizations (18) and (27) satisfy the assumptions in [MSV0S8, equa-
tions (2.6)—(2.8)];

e the spatial NVB refinement considered in the present paper satisfies the assumptions on
the mesh refinement in [MSVO08, equations (2.5) and (2.14)];

e the Dorfler marking criterion (41) implies the weak marking condition in [MSV08, equa-
tion (2.13)];

e finally, Lemma 11 proves the local discrete efficiency estimate in the parametric setting
(cf. [MSV08, equation (2.9b)]). Note that the global reliability of the estimator (see the
lower bound of (24) and [MSVO08, equation (2.9a)]) is not exploited here (and hence,
not needed for the proof of Theorem 7). In particular, the estimates (39) and (40) from
Lemma 11 replace [MSV08, eq. (2.9b)] and [MSVO08, eq. (4.11)], respectively.

Step 2. Let v € Poo := U Pe- Let Toow := UpsoNesi Tov be the set of all elements which
remain unrefined after finitely many steps of refinement, where Ty, = () if v € B,. In the spirit

of [MSV08, eqs. (4.10)], for all £ € Ny, we consider the decomposition Tz, = D%OOdUﬂEadUmeither,
where

TEOV = (T € Toy : Pue € Xooy for all € € NjF NTY,
Thad .= (T € Ty, : T' € Tooy for all T € Ty, with TNT' # 0},

14

meither — 72,/ \ (72%,00(1 U E,b/ad)-

The elements in ’725/00(1 are refined sufficiently many times in order to guarantee (40). The set
ﬂﬁad consists of all elements such that the whole element patch remains unrefined. The remaining
elements are collected in the set meither. Note that 72%00(1 is slightly larger than the corresponding
set G) in [MSV08, eq. (4.10a)], while 7,224 coincides with the corresponding set G,/ in [MSV08,
eq. (4.10b)]. As a consequence, T2 is smaller than the corresponding set G;, in [MSVO08,
eq. (4.10c)].

Step 3. In this step, we consider the two cases of py(v, &) separately. Let pp(v, &) = pe(v, §).
By arguing as in the proof of Proposition 4.1 in [MSV08|, we exploit the uniform shape-regularity
of the mesh 7y, guaranteed by NVB and use Lemma 11 and Lemma 9 to prove that

(40a)
<

S w9 s Y Y Mue—wll,
TETEo €N T TETE " €N T
14
S s —ue? == 0. (42)

Let Dyeither .— | J{T" € Ty, : TNT' # () for some T' € TP}, Since TReither is contained in
the corresponding set G/, in [MSV08, eq. (4.10c)|, arguing as in Step 1 of the proof of Proposi-
tion 4.2 in [MSVO08|, we show that |D}*her| — (0 as £ — oco. Hence, Lemma 11, uniform shape
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regularity, and the fact that the local energy seminorm is absolutely continuous with respect to
the Lebesgue measure, i.e., || v |o — 0 as |w| — 0 for all v € V, lead to

(39a)
Yoo w5 Y Y lu—wll, e
Tenx;either §ENZIOT TeTrlA/elther EGN-‘ZOT
4
R (43)
1/2 (32) 2 o\ 1/2 .
Now, let p@(Vvé-) = (:U’E(V7 5) + G (V é.) ) (Tg(u’I/,é) + Tg(Z[’U,@”V, g) ) . To Verlfy the

analogue of (42) in this case, note that

(40b)
ST [rlulr,©)? + m(zlud[v, €] S oo — e P+ | Zolue] — zelu] |7

d +
TeTE EeNNT

We also note the a priori convergence result || zoo[tUoo] — Z¢[Uoo] || + || Z¢e[too] — ze[we] || — O as
¢ — oo, where the limiting functions %eo, Zoo[Uso] € V are provided by Lemma 9. Therefore, the
triangle inequality and Lemma 4 prove that

I Zoo[wee] = Zelae] [| < [l Zoo[we] = Zoo[thoo] | + [ Zoo [thoo] — 2e[toe] || + || Ze[tboc] — ze[wd] ||
< oo — g || + [l Zoo[t60] — Zelttoo] | 2 0.
Hence, we are led to
S0 Y [, )2 + n(zludly, €2 2 0.
TeTE ! ¢eNNT
Similar observations verify the analogue of (43). Indeed,

(39D)
Yo > [l )’ +ru(zludlv, €] < Nl el Dpner + I 2] = zeftae] [peioner-
TETSeher ¢eNE T

Since || z[ue] — ze[we] || = || 2[tboo] — Zoo[Uo] || and ]Dnelther| — 0 as £ — oo, we have
l
Z Z [Te(ulv, €)% + mo(2[ud]|v, )% =20.
TETr;Clthcr EENZLOT
Thus, for both cases of py(v, &), we have proved that
l
Z Z pf(”) 5)2 + Z Z PE(’% §)2 ﬂ) 0. (44)
TE’DgVOOd EENZLOT Tenrlljeither fENEtmT

Step 4. The aim of this step is to strengthen (44) so that the convergence holds for the
sum over multi-indices v € Py. We will show this for py(v, &) = pe(v, €), with all the arguments

applying to the case of pg(v, &) = (e(v,€)? + Co(v, 5)2)1/2 without changes.
Recall that the index set J is countable so that we can identify each index v € J with a natural
number n € N. For ¢ € Ny, we consider the following sequence:

(@D er = (a)), =( Y Y oweorr Y Wf) R

TEDgVOOd £€N+ T TeTnelther §€N+ nT
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where T, = 0 and, consequently, a,(,z) = 0if v € J\Py. We already know from (44) that

a(f) — 0 =:q, as { — oo, for all v € J. Arguing as in the proof of [BPR21, Lemma 5, Step 2|,

we find that
0<afl< 30 3 w3 mv &) <lenlh =5,
T€Tew ceN T €eN,
where €, € X&, solves
(@, Do) p = B(Wg — ug, 00, P,)  for all Ty, € Xy (45)

Defining V} := Dy, [X@V ® span{Py}] C Vy and ey = ey, oy, We conclude from (45)
and (13b) with w = u that e € V} is the unique solution to

Bo(ey,vy) = B(u — uyp,vy) for all v} € V}.

Since Vi C Vi, for all £ € Ny and since w; — wso as £ — oo, we can argue as in the proof
of [BPRR19a, Lemma 14] to see that Lemma 9 provides e, = >" € P, € V such that

~ ~ ¢
> lEser — b = I el — €f 13 =

ved

where e, = 0 if v € J\Py. In particular, it follows that

D Esewllh = 2 lb] = D [lesullp = el [Ilesow I p + lIeew 1]

veJ veJ
S Z H/e\ooy - é\éuHD [”/e\ooz/HD + Hé\&/HD]
ved

£—00

<2[llef llo + [l 7 o] Il e — €7 lo — 0.

With 3, := ||€sor[|%, we can thus apply Lemma 12 to strengthen the parameter-wise convergence
to

Tl = T el 2,

ved veP,

In explicit terms, this proves that for both cases of py(v, &), the convergence result in (44) can
indeed be strengthened to

E
S(X X ot XX mme?) o (46)
veBe N reTEeod eN i NT TETAher ¢eNHNT
Step 5. To conclude the proof, it remains to consider the sets 72'3“1. If&e My, and T € T,y
with { € T, then T' € Ty, , \ Eiid = 7y mfther. Therefore, it follows from (46) that

Ly
k—>
I Y S Y Y g
vePRe, ge/\/lzu vePy, EeEMy o

In particular, we obtain (cf. [MSV08, eq. (4.17)])

S (1 %0 forall v e Py and all T € TP, (47)
EENG: ,NT
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Arguing as in Steps 2-5 of the proof of Proposition 4.3 in [MSV08|, we use (47) and apply the
Lebesgue dominated convergence theorem to derive that

Z Z Tfk (’u}‘l/, 5)2 ko0 0 for all Ve ;,pe

TETPy! €N, NT

As in Step 4, this parameter-wise convergence can be strengthened to

S Y pwe? = (48)

veRe, TeTa! geN;;VnT

Step 6. Combining (46) and (48), we obtain

> D pu g Z< D O+ D D pp 18P

vePe, LN, veBe, S TeTEN €N T TEeTPs €eNy: ,NT

+ Z Z Peng > k%oo

th +
TeTl]t:e; 1er geNsz
This concludes the proof. O
We are now in a position to prove our main result.

Proof of Theorem 7. The proof is split into five steps.

Step 1. Let (¢} )ren, be the sequence of iterations, where the marking strategy of Algorithm 6
selects My, = M, and My, = M, for all v € Py, (ie., marking with respect to the
primal error estimate ju¢). Let (¢])ren, be the index sequence, where the marking strategy of
Algorithm 6 selects My, =My and My, = My , for all v € Py, (i.e., marking with respect to
2}1/2)

the combined primal-dual error estimate [,u% +¢ . Note that this provides a partitioning of

th ( 2 21/2) into two disjoint sub ( 7 2’1/2> d
e sequence | o [pg + (7] e, into two disjoint subsequences ( i, [,ugk + Cek] ren an

(Wg [,LL?N + CE//] Y 2>k . Without loss of generality (as the following arguments will show), we
k k €Np
can assume that both subsequences are countably infinite.
Step 2. In this step, we show the convergence e, = 0 along the iteration sequence (£)ren,,
where the primal error estimate is employed for marking, i.e.,

HMZS Z Z Me;c(%f)Q‘F Z Me;c(l/)z-

! !
= ceMy vem,

To this end, the sequence (¢})en, is further partitioned into two disjoint subsequences (¢} )keny,
and (0} )ken,, Where

¢ X S (XY mpet ¥ o)

!/ ! U
veRp, oF §eM 0t vep, I §EM ot ueing

« > > Hog- (v, €)? <Z > Hy- %+ Y. Mg;—(V)2>,

veP, - gefvl’,_ veR, - geM’,_ vem’,
bk b v k e v g

respectively. Again, without loss of generality (as the following arguments will show), we assume
that also these two subsequences are countably infinite.
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Step 2a. Along the sequence (f;j)keNo, by definition, it follows that

0> D mprn€P <o <2 > Y ugr(n,6)?,

veP i+ + veP 14 EeM’
£ EGN(ZEV % or

e., there holds the Dorfler marking criterion (41) for spatial discretizations with ¥ = 6/2.
Therefore, Proposition 13 proves that

DD w8 0

vEP 1+ ceN T
o g€ e

and, hence, also ,u2,+ — 0 as k — o0.

Step 2b. Along the sequence

(€
S Py (XY w8t T g 07)

vem’, veR,— §€M’,_ vem’,
b Ck b v e

" )keN,, by definition, it follows that

and, hence,

0 > mg-?<0up- <2 Y pg-(@),

veN - vem’,
k ek

i.e., there holds the Dérfler marking criterion (38) for parametric discretizations with 9 = 6/2.
Therefore, Proposition 10 implies that

Z ,LLZ/ 2 k—o0 LN

VEQ /—
k

and, hence, also ,ug,, — 0 as k — oo.

Step 2c. From €he preceding Steps 2a—2b, we prove that the sequence (u%) keN, can be parti-
tioned into two subsequences (Wjj) ken, and (W;;) keN,, which both converge to zero. According
to basic calculus, this implies that per, — 0 as k — oo.

Step 3. Note that the dual error estimate (y defined in (31) is uniformly bounded, as

(23) (17) (15)
G S Nzeud = zewdd || < [l zlud = ze[wed [| < || 2lud | < || 2[u] = z[wd] || + ]| z[u] |

(30) (15)
< Cgoar | u —we || + | 2[u] | < llwll+ | 2[u]] forall e No.

Consequently, it follows from Step 2 that

]1/2 k—o0

e, [“?L + CEQ;C 0. (49)

Step 4. Note that the roles of the primal and the combined primal-dual error estimates in all
the preceding arguments in Steps 2-3 can be swapped. Hence, it follows that

]1/2 k—o0

Py [M%Z + ngfk/ —0, (50)

where we recall that the combined primal-dual error estimate is employed for marking along the
iteration sequence (H%) keN-
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Step 5. Overall, we obtain that the sequence (W [,u?%—(g]lm)g N can be partitioned into two
€No

subsequences <Mz;€ [Ni "‘Ceﬂlﬂ)

According to basic calculus, this implies that gy [,u% + (eg

and (,u,gg [“%g + Cl?g] 1/2> reNy’ which both converge to zero.
] 1/2

keNg
—0as l — 0. O

Remark 14. Note that standard adaptive SGFEM formally corresponds to the case, where the
iteration sequence ({})) in the proof of Theorem 7 is void. Therefore, the proof of Theorem 7
also establishes plain convergence of the adaptive multilevel SGFEM algorithms from |[BPR21|.
In particular, the analysis of the present work for combined Dérfler marking (as employed in
Algorithm 6) can be used to prove plain convergence of adaptive algorithms with separate Dérfler
marking of spatial and parametric indicators (as done, e.g., in [BPRR19a] ).

5. NUMERICAL RESULTS

In this section, to illustrate the performance of Algorithm 6 and to underpin our theoretical
findings, we present a collection of numerical experiments in 2D. All computations have been
performed using the MATLAB toolbox Stochastic T-IFISS [BRS21, BR22|. Throughout this
section, we consider the parametric model problem (1) introduced in section 2 and assume that
each parameter in y = (ym)men € I' is the image of a uniformly distributed independent mean-
zero random variable, so that dm, (ym) = dym /2.

5.1. Test problems. We consider four different setups for model problem (1) by varying the
physical domain D C R? (square, L-shaped, and slit domains), the right-hand side function f,
and the goal functional g. The diffusion coeflicient is the same for all four setups and is the one
introduced in [EGSZ14, Section 11.1] (and considered in many other works, e.g., [EGSZ15, BS16,
EM16, BR18, BPRR19b, BPR21]|). Specifically, for every x = (x1,22) € D, we set ap(x) := 1
and choose the coefficients a,,(x) in (2) to represent planar Fourier modes of increasing total
order, i.e.,

am(z) == Am ™2 cos(2r 31 (m) 1) cos(2mBa(m) x3) for all m € N,

where 0 < A < 1/¢(2) (here {(-) denotes the Riemann zeta function), 8; and [y are defined as
Bi(m) :=m—k(m)(k(m)+1)/2 and Ba(m) := k(m)— 1(m), respectively, with k(m) := |—1/2+
\/1/4 4+ 2m/| for all m € N. Assumption (3) is satisfied with af'® = a®* = 1. Since 7 = A ((2),
assumption (4) is fulfilled for any choice of 0 < A < 1/¢(2). We set A := 0.9/¢(2) ~ 0.547,
which yields 7 = 0.9.

In each setup, the goal functional features a weight function w € L°°(D) that we use to
introduce local spatial features in the corresponding Qol. For the sake of reproducibility, we
specify the tolerance tol > 0 that we use to stop the algorithm (i.e., we stop the computation

when the goal-oriented error estimate pgy/p7 + 2 is less than tol) as well as the (lower) tolerance

toles > 0 that is used for computing the reference solution w.¢. In all experiments presented
below, we use # = 1/2 in (36)—(37). Let us now describe the problem specifications for each
setup.

o Setup 1: expectation of a weighted L?>-norm. The physical domain is the unit square D =
(0,1)2. The right-hand side function is constant: f = 1 in D. The goal functional is the
expectation of the (squared) weighted L2-norm:

o) = [ [ wla)ule.y) dedn(y)

cf. [BIP21, Section 3.1]. In this experiment, we choose w = xg/|S|, where xs : D — {0,1} is
the characteristic function of the square S = (5/8,7/8) x (9/16,13/16) C D. The initial mesh
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7o is a uniform mesh of 512 right-angled triangles. The tolerances are set to tol = 31077 and
tolef = 1-1077.

o Setup 2: expectation of a nonlinear convection term. The physical domain is the L-shaped
domain D = (—1,1)2\ (—1,0]?. The right-hand side function is constant: f =1 in D. The goal
functional is the expectation of a nonlinear convection term, i.e.,

ou

oW = [ [ v utey) (52 @)+ g y) ) dede(y)

(see [BIP21, Section 3.2]), where w = x7/|T'| and x7 : D — {0, 1} is the characteristic function
of the triangle T' = conv{(1,0),(1,1),(0,1)} N D C D. The initial mesh 7p is a uniform mesh of
384 right-angled triangles. The tolerances are set to tol = 5-107% and tol.ef = 1 - 1076.

o Setup 3: second moment of a linear goal functional. The physical domain is the unit square
domain D = (0,1)2. Inspired by [MS09, Example 7.3|, we choose the right-hand side function f
such that

F(v) = —/ gv(a:,y) dzdr(y) forallv eV,
rJr; 071

where Ty = conv{(0,0),(1/2,0),(0,1/2)} "D C D. In the spirit of [TSGU13, Section 3.4(b)],
the goal functional is given by the (rescaled) second moment of a linear functional. Specifically,
we consider the following goal functional:

gtw =100 [ ([ vt utey dx)Qdﬂy),

where w = xr,/|Ty|. Here, x7, : D — {0,1} is the characteristic function of the triangle
T, = conv{(1,1/2),(1,1),(1/2,1)} N D C D. The initial mesh 7y is a uniform mesh of 512
right-angled triangles, and the tolerances are set to tol = 6 - 1077 and tol,ef = 2-1077.

e Setup 4: wariance of a linear goal functional. Let Ds = (—1,1)2 \ Ts, where Ts =
conv{(0,0), (—=1,0),(—=1,—d)}. In this test case, we aim at performing computations on the
(physical) slit domain (—1,1)%\ ([~1,0] x {0}). The slit domain is not Lipschitz, however, it
is well known that an elliptic problem on this domain can be seen as the limit of the problems
posed on the Lipschitz domain Dgs as 6 — 0. Therefore, we set D = Ds with § = 0.005. The
right-hand side function is constant: f =1 in D. The goal functional is given by the (rescaled)
variance of a linear functional. Specifically, we consider the following goal functional:

gw) = 100Vary | [ w(e)uoy) da] (51)

where the weight function w € L*>°(D) is a mollifier centered at z¢o = (2/5, —1/2) with radius
r = 3/20 (we refer to [BPRR19b, equation (58)] for the specific expression). Thus, the integral
over D in (51) approximates the function value u(zg,y) for each y € I'. The initial mesh 7y
is a uniform mesh of 512 right-angled triangles, and the tolerances are set to tol = 4 - 107° and
toles = 1-1077.

We note that the four nonlinear goal functionals considered in this section satisfy inequal-
ity (28) with Cgoa1 > 0 depending only on [[w||ze(py and the Poincaré constant of the physical
domain D.

5.2. Results. In Figure 1, for all setups, we show the adaptively refined mesh associated with
the zero index at an intermediate step of Algorithm 6. We observe that, in all cases, the meshes
capture the spatial features of the primal and dual solutions; these features are induced by the
geometry of the physical domain as well as by the local features of the chosen right-hand side
function f and goal functional g. The intensity of local mesh refinement reflects the strength of
the singularity; e.g., in the plot for Setup 2 (top-right), the local mesh refinement at the reentrant
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corner of the L-shaped domain is stronger than the one due to the local support of the weight
function w.

Setup 1 (7T15,0) Setup 2 (T14,0)

Setup 3 (713,0) Setup 4 (T14,0)

FIGURE 1. Adaptively refined meshes associated with the zero index at an intermediate step of
Algorithm 6 for all four setups.

In Figure 2, for all setups, we plot the error estimates g4/ ,u? + Ct? (in red) and the reference

errors |g(urer) —g(uy)| (in blue) against the number of DOFs at each iteration of the goal-oriented
adaptive algorithm. We observe that, for all setups, the goal-oriented adaptive algorithm drives
the error estimate to zero, thus confirming the result of Theorem 7. Furthermore, we see that
in each setup, the error estimate provides an upper bound for the reference error, and both
quantities converge to zero with the same rate. Finally, all plots in Figure 2 show that the
decay of both the error estimates and the reference errors with respect to the number of DOFs
is of order N, ! ie., the best possible decay rate achievable by conforming first-order finite
elements. Although the rate optimality property of Algorithm 6 for nonlinear goal functionals
is not currently covered by our theoretical analysis, the results presented in Figure 2 seem to
suggest that this property does hold at least for certain types of nonlinear functionals; see [BIP21|
for first results in the parameter-free setting for the case of a quadratic goal functional.

6. CONCLUDING REMARKS

The design of provably efficient solution strategies for high-dimensional parametric PDEs
is important for reliable uncertainty quantification. Adaptive algorithms are indispensable in
this context, as they provide computationally cost-effective mechanisms for generating accurate
approximations and accelerating convergence. In this paper, we have designed a provably conver-
gent goal-oriented SGFEM-based adaptive algorithm for accurate approximation of quantities of
interest—linear or nonlinear functionals of solutions to elliptic PDEs with inputs depending on
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FIGURE 2. Decay of the error estimates p1/p7 4+ ¢ and the reference errors |g(urer) — g(uy)|
at each iteration of the goal-oriented adaptive algorithm for all four setups.

infinitely many parameters. Our theoretical results and algorithmic developments are valid for
spatial domains in R? and R3. Our numerical results (for two-dimensional spatial domains) show
that employing the multilevel SGFEM for approximating the primal and dual solutions leads to
optimal convergence rates in approximating quantities of interest. In the case of bounded linear
goal functionals and for spatial domains in R?, the rate optimality property can be proved under
an appropriate saturation assumption (see [BPR23]). The extension of this result to nonlinear
goal functionals and three-dimensional domains is non-trivial and will be the subject of future
research.

REFERENCES

[AO10] R. C. Almeida and J. T. Oden. Solution verification, goal-oriented adaptive methods for stochastic
advection—diffusion problems. Comput. Methods Appl. Mech. Engrg., 199(37-40):2472-2486, 2010.

[BDW11] T. Butler, C. Dawson, and T. Wildey. A posteriori error analysis of stochastic differential equations
using polynomial chaos expansions. SIAM J. Sci. Comput., 33(3):1267-1291, 2011.

[BIP21] R. Becker, M. Innerberger, and D. Praetorius. Optimal convergence rates for goal-oriented FEM with
quadratic goal functional. Comp. Meth. Appl. Math., 21:267-288, 2021.

[BPR21] A. Bespalov, D. Praetorius, and M. Ruggeri. Two-level a posteriori error estimation for adaptive
multilevel stochastic Galerkin FEM. SIAM/ASA J. Uncertain. Quantif., 9(3):1184-1216, 2021.

21



750
751
752
753
754

756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806

[BPR22]
[BPR23)
[BPRR19a]

[BPRR19b)

[BPW15]

[BR18]
[BR22|
[BRS21]
[BS16]
[BV84]
[CD15]

[CPB1Y]

[CST13]

[Déro6|
[EGP20]
[EGSZ14]

[EGSZ15|

[EM16]

[EMN16]

[GS02]
[GWZ14]
[MLMO7]
[MS09]
[MSV08)]

[SG11]

A. Bespalov, D. Praetorius, and M. Ruggeri. Convergence and rate optimality of adaptive multilevel
stochastic Galerkin FEM. IMA J. Numer. Anal., 42(3):2190-2213, 2022.

A. Bespalov, D. Praetorius, and M. Ruggeri. Optimal convergence rates for goal-oriented adaptive
multilevel stochastic Galerkin FEM. In preparation, 2023.

A. Bespalov, D. Praetorius, L. Rocchi, and M. Ruggeri. Convergence of adaptive stochastic Galerkin
FEM. SIAM J. Numer. Anal., 57(5):2359-2382, 2019.

A. Bespalov, D. Praetorius, L. Rocchi, and M. Ruggeri. Goal-oriented error estimation and adaptivity
for elliptic PDEs with parametric or uncertain inputs. Comput. Methods Appl. Mech. Engrg., 345:951—
982, 2019.

C. Bryant, S. Prudhomme, and T. Wildey. Error decomposition and adaptivity for response sur-
face approximations from PDEs with parametric uncertainty. SIAM/ASA J. Uncertain. Quantif.,
3(1):1020-1045, 2015.

A. Bespalov and L. Rocchi. Efficient adaptive algorithms for elliptic PDEs with random data.
SIAM/ASA J. Uncertain. Quantif., 6(1):243-272, 2018.

A. Bespalov and L. Rocchi. Stochastic T-IFISS, January 2022. Available online at https://web.mat.
bham.ac.uk/A.Bespalov/software/index.html#stoch_tifiss.

A. Bespalov, L. Rocchi, and D. Silvester. T-IFISS: a toolbox for adaptive FEM computation. Comput.
Math. Appl., 81:373-390, 2021.

A. Bespalov and D. Silvester. Efficient adaptive stochastic Galerkin methods for parametric operator
equations. SIAM J. Sci. Comput., 38(4):A2118-A2140, 2016.

I. Babuska and M. Vogelius. Feedback and adaptive finite element solution of one-dimensional bound-
ary value problems. Numer. Math., 44:75-102, 1984.

A. Cohen and R. DeVore. Approximation of high-dimensional parametric PDEs. Acta Numer., 24:1—
159, 2015.

A. J. Crowder, C. E. Powell, and A. Bespalov. Efficient adaptive multilevel stochastic Galerkin
approximation using implicit a posteriori error estimation. SIAM J. Sci. Comput., 41(3):A1681—
A1705, 2019.

J. Charrier, R. Scheichl, and A. L. Teckentrup. Finite element error analysis of elliptic PDEs with
random coefficients and its application to multilevel Monte Carlo methods. SIAM J. Numer. Anal.,
51(1):322-352, 2013.

W. Déorfler. A convergent adaptive algorithm for Poisson’s equation. SIAM J. Numer. Anal.,
33(3):1106-1124, 1996.

C. Erath, G. Gantner, and D. Praetorius. Optimal convergence behavior of adaptive FEM driven by
simple (h — h/2)-type error estimators. Comput. Math. Appl., 79(3):623-642, 2020.

M. Eigel, C. J. Gittelson, C. Schwab, and E. Zander. Adaptive stochastic Galerkin FEM. Comput.
Methods Appl. Mech. Engrg., 270:247-269, 2014.

M. Eigel, C. J. Gittelson, C. Schwab, and E. Zander. A convergent adaptive stochastic Galerkin finite
element method with quasi-optimal spatial meshes. ESAIM Math. Model. Numer. Anal., 49(5):1367—
1398, 2015.

M. Eigel and C. Merdon. Local equilibration error estimators for guaranteed error control in adap-
tive stochastic higher-order Galerkin finite element methods. STAM/ASA J. Uncertain. Quantif.,
4(1):1372-1397, 2016.

M. Eigel, C. Merdon, and J. Neumann. An adaptive multilevel Monte Carlo method with stochastic
bounds for quantities of interest with uncertain data. STAM/ASA J. Uncertain. Quantif., 4(1):1219-
1245, 2016.

M. B. Giles and E. Siili. Adjoint methods for PDEs: a posteriori error analysis and postprocessing
by duality. Acta Numer., 11:145-236, 2002.

M. D. Gunzburger, C. G. Webster, and G. Zhang. Stochastic finite element methods for partial
differential equations with random input data. Acta Numer., 23:521-650, 5 2014.

L. Mathelin and O. Le Maitre. Dual-based a posteriori error estimate for stochastic finite element
methods. Comm. App. Math. Com. Sc., 2(1):83-115, 2007.

M. S. Mommer and R. Stevenson. A goal-oriented adaptive finite element method with convergence
rates. SIAM J. Numer. Anal., 47:861-886, 2009.

P. Morin, K. G. Siebert, and A. Veeser. A basic convergence result for conforming adaptive finite
elements. Math. Models Methods Appl. Sci., 18(5):707-737, 2008.

C. Schwab and C. J. Gittelson. Sparse tensor discretizations of high-dimensional parametric and
stochastic PDEs. Acta Numer., 20:291-467, 2011.

22


https://web.mat.bham.ac.uk/A.Bespalov/software/index.html#stoch_tifiss
https://web.mat.bham.ac.uk/A.Bespalov/software/index.html#stoch_tifiss
https://web.mat.bham.ac.uk/A.Bespalov/software/index.html#stoch_tifiss

807
808
809
810

811
812
813

814
815
816

817
818
819

[Ste08] R. Stevenson. The completion of locally refined simplicial partitions created by bisection. Math.
Comp., T7(261):227-241, 2008.

[TSGU13] A. L. Teckentrup, R. Scheichl, M. B. Giles, and E. Ullmann. Further analysis of multilevel Monte
Carlo methods for elliptic PDEs with random coefficients. Numer. Math., 125(3):569-600, 2013.

SCHOOL OF MATHEMATICS, UNIVERSITY OF BIRMINGHAM, EDGBASTON, BIRMINGHAM B15 2TT, UNITED
Kinegpom
E-mail address: a.bespalov@bham.ac.uk

INSTITUTE OF ANALYSIS AND SCIENTIFIC COMPUTING, TU WIEN, WIEDNER HAUPTSTRASSE 8—-10, 1040
VIENNA, AUSTRIA
E-mail address: dirk.praetorius@asc.tuwien.ac.at

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF STRATHCLYDE, 26 RICHMOND STREET,
Grascow G1 1XH, UniTep KiNnGDOM
E-mail address: michele.ruggeri@strath.ac.uk

23



	1. Introduction
	2. Problem formulation
	3. Multilevel SGFEM discretization
	3.1. Discretization in the physical domain and mesh refinement
	3.2. Discretization in the parameter domain and parametric enrichment
	3.3. Multilevel approximation and multilevel refinement
	3.4. Multilevel SGFEM approximation
	3.5. blackA posteriori error estimation

	4. Goal-oriented adaptive SGFEM with nonlinear goal functional
	4.1. Dual problem and goal-oriented error estimate
	4.2. Adaptive algorithm
	4.3. blackConvergence analysis

	5. Numerical results
	5.1. Test problems
	5.2. Results

	6. Concluding remarks
	References

