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Stress and deformation induced in layered media by cylindrical1

thermo-poro-elastic sources: an application to Campi Flegrei (Italy)2

Massimo Nespolia, Maria Elina Belardinellia, Maurizio Bonafedea3

aDepartment of Physics and Astronomy, Alma Mater Studiorum, University of Bologna, Bologna, Italy4

Abstract5

In recent literature thermo-poro-elastic (TPE) inclusions are proposed to contribute to deformation and6

stress in volcanic and hydrothermal areas. With respect to previous works, the present study implements7

the modeling improvements requested for a more realistic description of a TPE source and the embedding8

medium. Firstly we propose a numerical method to represent inclusions with an arbitrary geometry. In9

the case of cylindrical-shaped sources, the proposed approach allows us to study the effects of the source10

thickness on both deformation and stress fields. Moreover, we are allowed to consider depth dependent11

pore pressure and temperature changes within the inclusion, as expected during the transient stage of hot12

fluid propagation. Secondly, we take into account elastic stratification of the crust, in order to perform13

unbiased inversion of ground deformation data. The inversion of geodetic data collected during the 1982-8414

unrest episode in the Campi Flegrei caldera (Italy), performed in a layered elastic medium, leads to a lower15

misfit and a deeper deformation source with respect to the one obtained inverting data in a homogeneous16

half-space. Furthermore, the geometry and location of the thermo-poro-elastic inclusion retrieved from the17

inversion in the layered medium leads to a shear stress distribution in good agreement with the relocated18

seismicity observed at Campi Flegrei. Most hypocenters are found to be located near and inside the TPE19

inclusion boundaries, where the greater shear stress is predicted. With respect to previous works we also20

found that vertical gradients of pore pressure and temperature and elastic layering can promote both normal21

and thrust earthquakes within the inclusion.22

Keywords: Temperature, Pore pressure, TPE source thickness, Layered structure, Inversion, Campi23

Flegrei24
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1. Introduction25

The ground deformation in volcanic regions can be ascribed to both hydrothermal fluid circulations and26

inflation/deflation of a magmatic body (e.g. Rinaldi et al., 2010; Macedonio et al., 2014; Lima et al., 2009). In27

the literature there are several representations of deformation sources which consider different geometries and28

arise from conceptually different physical models. Spherical and spheroid magma filled, pressurized cavities29

(e.g. Yang et al., 1988; Mogi, 1958; McTigue, 1987) are well suited to represent magmatic reservoirs (i.e.30

magma chambers) in elastic half-spaces and several works confirm their ability to represent deformations and31

gravity changes in volcanic environments (e.g. Bonafede and Ferrari, 2009; Berrino et al., 1984; McKee et al.,32

1989). Differently, sill-like magma intrusions and dikes can be modeled in terms of tensile dislocations (Okada,33

1992, 1985) or circular cracks (Fialko et al., 2001). In addition to these, there is another kind of physical34

model which attribute the surface deformation to a Thermo-Poro-Elastic (TPE) inclusion (Belardinelli et al.,35

2019; Mantiloni et al., 2020). The deformations induced by the TPE inclusions are due to the mechanical36

effects of both pore pressure and temperature changes of the fluids which pervade a poroelastic region with37

assigned geometry (the TPE inclusion), embedded in an elastic medium (the matrix). With respect to38

the other models, the TPE inclusions are suitable to represent volcanic environments in which there is no39

evidence of a shallow magmatic body, as it is for the nested caldera of Campi Flegrei in Italy (Judenherc40

and Zollo, 2004). In fact, they can justify deformations of the same order of magnitude as other models41

resembling magma chambers, but assuming fluid related thermo-poro-elastic effects. At Campi Flegrei,42

De Siena et al. (2010) evidenced the presence of shallow gas reservoirs. The tomography performed by Calò43

and Tramelli (2018) sustains the existence of a seismic layer which separates the shallow aquifer from the44

deeper part of the caldera. This structure must have an important role in regulating the ascent of fluids from45

the deeper magma chamber to the surface as it can both prevents the ascent of fluids coming from below or46

releases them, owing to a time dependent permeability. Before the occurrence of the unrest phase started47

in 1982 at Campi Flegrei, this structure acted as a barrier to the fluid flow, due to its low permeability.48

During the unrest, the stress increase induced by the deep magmatic source fractured the layer, allowing for49

the fluid diffusion within it (Calò and Tramelli, 2018). The pore pressure increase likely triggered a cascade50

mechanism that led to a strong fracturing of such structure and a consequent increase of its permeability.51

Within this conceptual model, the TPE inclusion both represents the mentioned structure and a source52
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of deformation through its thermo-poro-elastic effects (Figure 1).

Soil uplift

Degassing

magma chamber

S
h

al
lo

w
 a

q
u

if
er

Fumaroles

TPE 

inclusion

x1

x3=z

d

a

h

x2

r

P(R,ϑ, )

φϑ

R

Figure 1: Conceptual model of a disk shaped TPE inclusion (orange) placed above a degassing magma chamber (red). Due
to the injection of hot and pressurized fluids from the parent magma chamber, the TPE inclusion exerts a mechanical effect
on the surrounding medium (e.g. a surface aquifer). The black arrows schematically represent single forces distributed on the
surface of the disk shaped TPE inclusion placed at a depth h, with a thickness d, and a radius a.

53

In literature semi-analytical approaches were proposed to model the effects of TPE inclusions with54

simple geometries. Stress and displacement induced by spherical and spherical-shell TPE inclusions were55

obtained by Belardinelli et al. (2019) in a homogeneous full-space. Despite the simple geometry of the model,56

Belardinelli et al. (2019) found that a spherical shell TPE inclusion can induce significant deviatoric stress by57

reasonable increments of pore pressure and temperature. They also found that a compressive environment58

is generated inside the inclusion, while an extensional environment is generated outside it. Accordingly, this59

kind of source can predict the heterogeneity of focal mechanisms often observed in the seismicity induced by60

volcanic activity (e.g. D’Auria et al., 2011; Ekstrom, 1994). The more recent model by Mantiloni et al. (2020)61

represents thin-disk TPE inclusions embedded in a homogeneous half-space. With respect to TPE inclusions62

with a spherical-shell geometry, a disk-shaped geometry can better represent horizontal and permeable rock63

layers stressed and strained by hot and pressurized volatiles. Furthermore, thanks to the modeling of the64

free surface, Mantiloni et al. (2020) were able to compare their model predictions with surface displacement65

measured during the 1982-1984 unrest episode at the Campi Flegrei caldera (Italy). For this episode, they66

found that a disk-shaped TPE source leads to a lower misfit with the data than spherical pressurized sources67

and circular cracks. In volcanic regions, the effects of other sources of deformation such as faults and dikes68

(e.g. Gudmundsson, 2020) can be expected in addition to the ones due to a TPE inclusion, to which the69

present paper is restricted.70

In this work we aim to further improve the modeling of TPE inclusions by accounting for an arbitrary71
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geometry, non-uniform pore pressure and temperature inside them and the stratication of the elastic embed-72

ding medium. The second improvement is necessary to represent the expected distributions of pore pressure73

and temperature changes realized at a specific state of the transient fluid propagation and temperature74

diffusion within a TPE inclusion, as we will show herein.75

76

2. The model77

The deformation and stress field of the TPE sources can be obtained analytically in a full space (Belar-78

dinelli et al., 2019), while a semi-analytical computation is required in the case of a half-space (Mantiloni79

et al., 2020). The computation is performed according to the Eshelby (1957) approach. For a thermo-poro-80

elastic medium, the constitutive relations giving the strain tensor eij in terms of the stress tensor τij , can81

be written following McTigue (1986) as82

eij =
1

2µ

(
τij −

ν

1 + ν
τkkδij

)
+

1

3H
pδij +

1

3
αsTδij (1)

where, µ is the rigidity, H is the Biot’s constant, αs the thermal expansion coefficient of the solid matrix,83

ν the drained isothermal Poisson’s ratio; T and p are temperature and pore pressure changes from a refer-84

ence equilibrium configuration (in the following we shall assume an isothermal configuration in hydrostatic85

equilibrium). The last two terms in the second member of the previous equation represent the so called86

stress-free strain e∗ij = e0δij (Eshelby, 1957; Aki and Richards, 2002; Backus and Mulcahy, 1976), where87

e0 =
1

3H
p+

1

3
αsT (2)

represents the isotropic strain change that the inclusion (i.e. the region with T 6= 0 and p 6= 0) would undergo88

if extracted from the elastic embedding matrix (e.g. Belardinelli et al., 2019). The quantity e0 linearly89

depends on the pore pressure and temperature changes of the fluids inside the inclusion. Its importance90

stems from the fact that e0 determines the magnitude of all the mechanical effects of the TPE inclusion as91

a deformation source. Accordingly, in the following e0 will be referred as ”TPE inclusion potency”. The92

poroelastic parameter 1/H is related to the drained isothermal bulk modulus of the medium K = 2µ(1+ν)
3(1−2ν)93

and the unjacketed bulk modulus K ′s, through the relation 1/H = 1/K − 1/K ′s.94

In order to keep constant the volume of the inclusion after the occurrence of temperature and pore95

pressure changes, tractions Tk = −3Ke0nk must be applied over its surface, where a discontinuity of tractions96
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[Tk]
+
− = 3Ke0nk arises (Belardinelli et al., 2019; Mantiloni et al., 2020). The continuity of tractions across97

the TPE inclusion surface S is assured (Aki and Richards, 2002) when an equilibrium between the inclusion98

and the embedding medium is reached (assuming drained and isothermal conditions). At this stage the99

displacement produced by the TPE inclusion is expressed as100

ui(x) =

∮
S

Gik(x,x′) [Tk]
+
− dS

′ =

∮
S

3Ke0Gik(x,x′)nk(x′)dS′, (3)

where the Green’s tensor component Gik(x,x′) represents the i− th component of the displacement in x due101

to a single, unitary point force located in x′, with the k− th direction. In the case of single forces placed in102

the interior of a uniform elastic half-space, the Gik components are provided by Mindlin (1936). It is worth103

noting that equation (3), which includes a surface integral, is sufficient to compute displacements in each104

point of the half-space (i.e. both inside and outside the TPE inclusion). Nevertheless, in order to perform105

analytical or semi-analytical integrations, previous authors (Belardinelli et al., 2019; Mantiloni et al., 2020)106

proceeded with an equivalent integration over the volume of the TPE inclusion, VS , which can be obtained107

by applying the Gauss’ theorem to eq. 3,108

ui(x) =

∫
VS

3Ke0
∂Gik
∂x′k

(x,x′)dv(x′) (4)

Once the displacement has been computed, we can compute the strain eij and the stress τij field inside (in)109

and outside (out) the inclusion as110

eij = einij = eoutij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
(5)

111

τij(x) = τ inij = λekkδij + 2µeij − 3Ke0δij , x ∈ VS (6)

112

τij(x) = τoutij = λekkδij + 2µeij , x /∈ VS (7)

113

2.1. Pore pressure and temperature distribution inside the TPE source114

According to the conceptual model of Figure 1, the TPE inclusion potency depends on the temperature115

and pressure variations of hot and pressurized fluids exolved from a deeper reservoir and rising within the116

TPE source region. The TPE inclusion potency, e0 can be treated as an independent term and in this117
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subsection we provide some hint to the depth dependence of both p and T , at a given instant of time, t,118

assuming plausible boundary conditions, following the entrance, at t = 0, of hot and pressurized fluids at119

the bottom (z = h+ d/2) of the TPE inclusion. To describe the space-time evolution of p and T two basic120

equations should be solved with parameters of both fluid and solid phases reported in Table 1. The fluid121

phase has a density ρf , conductivity λf , specific heat cf and viscosity η. The solid matrix has porosity φ,122

density ρs, specific heat cs and thermal conductivity λs. The permeability of the medium is k (see Table 1).123

124

The first basic equation states the energy balance of the system (e.g. Bejan, 1984; Zencher et al., 2006)125

ρc
∂T

∂t
+ ρfcfq · ∇T = λ∇2T − q · ∇p (8)

where q = (k/η)∇p is the fluid discharge rate, while ρc = φρfcf + (1 − φ)ρscs and λ = (1 − φ)λs + φλf126

denote average specific heat per unit volume and average conductivity, respectively. The second equation127

can be derived from the fluid mass conservation (e.g. McTigue, 1986)128 [
∂

∂t
−D∇2

](
τkk +

3

B
p

)
= Dβ1∇2T + β2

∂T

∂t
, β1 = µαs

4

3

1 + ν

1− ν
, β2 = 2µBφ(αf − αs)

(1 + ν)(1 + νu)

3(νu − ν)

(9)

where B is the Skempton parameter describing p = −Bτkk/3 in undrained conditions (e.g., Nespoli et al.,129

2018), νu is the undrained Poisson ratio, αs and αf are thermal expansion coefficients for the solid and fluid130

phase, respectively, and D is the hydraulic diffusivity131

D =
kµ

η

2B2(1 + νu)2(1− ν)

9(1− νu)(νu − ν)

In equation 9 the term multiplied by β1 describes purely thermo-elastic effects, while the term multiplied132

by β2 describes the fluid pressure that would be induced in undrained conditions by the greater (typically)133

Table 1: Material parameters for Berea sandstone saturated with liquid water (Rice and Cleary, 1976). Density ρs, ρf
in [kg/m3], specific heath cs, cf in [J/(kg K)], permeability k in [m2], thermal conductivity λs, λf in [W/(m K)],
rigidity µ in [Pa], thermal expansion αs, αf in [K−1], fluid viscosity η in [Pa s], hydraulic diffusivity D in [m2/s], bulk
modulus of solid Ks ∼ K′s in [Pa]. Porosity φ, Poisson ratios ν, νu and Skempton parameter B are non-dimensional.
The subscripts f and s refer to the fluid phase and to the solid phase of the poro-elastic medium, respectively.

Rock properties (measured)
ρs cs φ k λs µ ν Ks αs

2650 103 0.19 1.9 · 10−13 2.5 6 · 109 0.2 36 · 109 3 · 10−5

Fluid properties TPE properties
ρf cf η λf αf H B νu D

1000 4200 10−3 0.6 5 · 10−4 10.1 · 109 0.62 0.33 1.6
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Table 2: TPE inclusion potency, e0 as function of different p and T values, employing parameters for Berea sandstone
(Table 1).

TPE inclusion potency e0(p, T ) · 10−3

p(·107Pa)
T (K)

0 100 200 300 400 500

0 0.00 1.00 2.00 3.00 4.00 5.00
0.5 0.17 1.17 2.17 3.17 4.17 5.17
1.0 0.33 1.33 2.33 3.33 4.33 5.33
1.5 0.50 1.50 2.50 3.50 4.50 5.50
2.0 0.66 1.66 2.66 3.66 4.66 5.66
2.5 0.83 1.83 2.83 3.83 4.83 5.83
3.0 0.99 1.99 2.99 3.99 4.99 5.99

thermal expansion of the fluid enclosed within pore spaces.134

135

2.1.1. High permeability approximation136

Equations 8 and 9 may be substantially simplified considering a high permeability (1.9 · 10−13 m2,137

Table 1) and low thermal conductivity medium with small thickness d. Permeability values retrieved by138

experimental measurements and drillings at Campi Flegrei ranges from ∼ 10−17 to ∼ 10−13 m2 (Todesco139

et al., 2010), so in this paragraph we assume a permeability value pertinent to an upper bound for Campi140

Flegrei. Volatiles exsolved from a magmatic reservoir are typically released at near-lithostatic pressure and141

at temperatures in the order of 103 K (e.g. Parfitt and Wilson, 2008). Assuming the bottom of the TPE142

inclusion located at a depth z = 3 km, the lithostatic pressure in excess of hydrostatic may be evaluated as143

p ∼ 4 ÷ 5 · 107 Pa. However the fracture toughness of volcanic rocks is generally estimated of the order of144

some MPa. Accordingly, at the bottom of the TPE inclusion, ∆T ∼ 500 K and ∆p ∼ 107 Pa are upper values145

for the increments of temperature and pore pressure. Then, for parameters pertinent to a high permeability146

sandstone saturated with liquid water at 350 K (Table 1), the value of the TPE inclusion potency at its147

bottom is ∆e0 ∼ 0.005 (Table 2). In this case, both the dissipative heat production q · ∇p and thermal148

conduction λ∇2T in the r.h.s. of (8) can be neglected. We assume an initial homogeneous temperature field149

in h − d/2 ≤ z ≤ h + d/2 and q as slowly variable. Imposing T = 0 as initial condition (before exsolved150

fluids start flowing in h− d/2 ≤ z ≤ h+ d/2) and T = ∆T as boundary condition in z = h+ d/2, we obtain151

the simple solution expressed in terms of the vertical coordinate ζ = h+ d/2− z increasing upward (Figure152

2 a):153

T (ζ, t) = ∆T [1−Θ(ζ − VT t)] (10)
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where Θ is the Heaviside’s step function and VT =
ρf cf
ρc q ∼ 5.4 · 10−6 m/s is the speed of the temperature154

front (rising upwards) which reaches the top of the TPE layer ζ = d = 500 m at t = tT = d/VT = 9.3 · 107 s155

(∼ 3 years). Due to the large value of D (for parameters of Table 1), the characteristic diffusion time for156

pore pressure is less than 2 days (tp = d2/D = 5.7 · 104 s, from 9).157

According to Wang (2017), in a poro-elastic context p is mathematically uncoupled from τkk in four158

circumstances: i) steady state; ii) uniaxial strain and constant vertical stress; ii) a highly compressible fluid;159

iv) an irrotational displacement field in an infinite or semi-finite domain without body forces. In order to160

grasp more clearly how the pore pressure evolves according to eq. (9), we may consider the simple 1-D161

(uniaxial strain and constant vertical stress) problem in which only uz 6= 0 and uz depends only on z, as it162

is turns out at least in the proximity of the symmetry axis of the TPE disk. In this case, τxz = τyz = 0,163

according to (6) and from the equilibrium equation (
∂τij
∂xj

= 0), τzz must be constant. Expressing then164

ezz = ekk from (1) in terms of τzz, τkk and e0, one obtains τkk = (1 + ν)/(1 − ν)(τzz − 4µe0). This allows165

rewriting (9) for the pressure field alone in the following form166

(
∂

∂t
−D ∂2

∂ζ2

)
p = Σ

∂T

∂t
with Σ = (β1 + β2)

B(1 + νu)(1− ν)

3(1 + νu)(1− ν)− 6(νu − ν)
, (11)

where only the time derivative of T remains in the thermal source term. It is worth to notice that the terms167

containing τkk in (9), in (11) has been expressed in terms of p and T . This equation may be solved using the168

technique of separation of variables imposing the boundary conditions: p = ∆p in ζ = 0 and p = 0 in ζ = d.169

The parameter Σ describes the pressure increment generated by a sudden unitary increase of temperature; it170

is strictly linked to the thermal expansion of the solid matrix and of the fluid, because cavities become larger171

and fluid expansion is constrained by the cavity volume. The solution of (11), employing the temperature172

field given by (10), shows that the pore pressure field rapidly attains (after a time span tp) a profile with two173

constant gradients below and above the temperature front ζ = VT t; the two gradients are however very close174

to each other employing the mentioned parameter values, so that the flow rate q is nearly constant (Figure175

2 c). It may be mentioned that the slightly greater volumetric flow rate above the temperature front is due176

to the expulsion of expanding heated water previously resident within porous cavities. Figure 2 shows that177

the TPE inclusion potency increases with depth. For ∆T = 500 K the vertical profile of e0 is step-like at178

the temperature front location ζ = VT t (Figure 2a) while for a lower ∆T value e0 tends to gets closer to179

the p profile (Figure 2b). For highly fractured rocks (for which K � Ks), the parameter 1/H (equation 2)180
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Figure 2: (a) Thermal advection front (red line), incremental pore pressure (blue) and TPE potency e0 (black dashed line)
in the TPE layer h − d

2
≤ z ≤ h + d

2
, above a volatile-exsolving magma reservoir in z > h + d

2
(red box) at time t = 1

3
tT .

TPE-source thickness d = 500 m, boundary values: temperature increment ∆T = 500 K, pore pressure increment ∆p = 10 MPa,
∆e0 = ∆p

3H
+ αs∆T

3
= 5.3 × 10−3. (b) Same as in (a) assuming ∆T = 50 K, ∆p = 15 MPa, ∆e0 = 10−3. (c) Evolution of the

pressure front from t = 0 up to t = tT assuming boundary values as in (a). Pore pressure is practically insensitive to the thermal
source in the short time range (t ≤ tp) (black lines) and even when t > tp as far as ∆T is reasonably high (coloured lines).
Only for unrealistically high ∆T the thermal source becomes important, as shown by the dashed line drawn for ∆T = 5000 K
at t = 0.5tT . Triangles denote the position of the thermal front in ζ = VT t for a few values of t/tT . Parameter values from
table 4, pressure diffusion time tp = 5.7 · 104 s, thermal propagation time tT = 9.3 · 107 s.

and the permeability k can be much higher than those reported in Table 2, pertinent to Berea sandstone.181

Consequently, for assigned increases of pore pressure and temperature, also the TPE inclusion potency and182

the temperature front speed might be greater than reported above.183

184

2.2. The fully numerical approach185

Differently from previous works, in the present paper we employ a fully numerical procedure based on186

equation 3 as we will approximate the surface integral with a distribution of single forces over S (Figure 1),187

with a magnitude188

Fn = 3Ke0∆Sn, (12)

where ∆Sn represents the area of a portion of the discretized surface of the TPE inclusion (
∑

∆Sn = S).189

This approach is numerically advantageous with respect to computing the displacement due to a distribution190

of three orthogonal force dipoles (∂Gik∂x′
k

) over the volume of the inclusion VS (equation 4), as the latter191

would require a finer spatial sampling and therefore a greater computation time. An even more important192

advantage is that the present method avoids introducing singularities within the TPE volume and thus allows193

computing displacement, stress and strain in the interior of the TPE volume as smooth functions of position.194
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Our numerical procedure is based on the EDGRN/EDCMP code (Wang et al., 2003) that we modified in195

order to include the representation of single point forces. Thanks to the fully numerical approach, with196

respect to Mantiloni et al. (2020) we are able to i) represent a thick disk (i.e. a cylinder) shaped TPE197

inclusion, as we do not need to impose the analytically convenient assumption of a thin inclusion; ii) take198

into account the vertical heterogeneities of the elastic parameters of the embedding medium. In this way we199

are able to produce a more realistic and versatile representation of the TPE inclusion, that we will apply for200

the inversion of surface deformation data of the 1982-1984 unrest episode at the Campi Flegrei caldera.201

The EDGRN/EDCMP original code is based on numerical Green’s function to compute elastic dis-202

placement and stress field generated by a dislocation in a layered half-space. The software consists in two203

different routines that must be executed separately. The first one, EDGRN, computes the Green’s functions204

for point double-couples and dipoles in a layered half-space using the Hankel transform and the Thomson-205

Haskell propagator algorithm. The second one (EDCMP) computes the convolution integrations of the point206

sources to realize a dislocation with a finite surface. Using cylindrical coordinates, in the point x = (z, r, θ),207

the displacement of the medium can be expressed by Hankel transform following Aki and Richards (2002)208

and Wang et al. (2003)209

u(z, r, θ) =
∑
m

∫∞
0

[Um(z, `)Zm` (r, θ) + Vm(z, `)Rm
` (r, θ) +WM (z, `)Tm

` (r, θ)] `d`, (13)

0 ≤ ` <∞, m = 0, 1, 2

with Um,Vm and Wm wavenumber, Zm` = ezY
m
` (r, θ), Rm

` =
(
er
`
∂
∂r + eθ

`r
∂
∂θ

)
Y m` (r, θ)210

and Tm
` =

(
er
`r

∂
∂θ −

eθ
`
∂
∂r

)
Y m` (r, θ) surface vector harmonics, where the cylindrical surface harmonics,211

Y m` (r, θ), are expressed in terms of the Bessel functions of order m, Jm(`r)212

Y m` (r, θ) = Jm(`r)

cos(mθ)

sin(mθ)

 (14)

Depending on the degree of the harmonics m, the Hankel transforms give the solution for a point inflation213

(m = 0), a single force (m = 0, 1) or a double couple (m = 0, 1, 2). In order to represent a generic dislocation214

source, EDGRN computes three different point source types: CLVD (compensated linear vector dipole), dip-215

slip and strike-slip double couples. Accordingly, we modified the script to obtain Green’s functions also for216

single forces. This was done computing the appropriate Bessel functions, according to Table 3 in Wang et al.217

(2003). The modified EDGRN routine was then set up in order to provide in output the Green functions for218
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horizontal and vertical single forces fx, fy, fz. We also modified the EDCMP routine in order to be able to219

i) read the new Green functions and ii) accept, as input variables, multiple single forces with pre-assigned220

moduli and 3D orientation.221

To model the mechanical effects of the TPE inclusion, we firstly need to generate a suitable distribution222

of both Green functions and single forces (as e.g. in Figure 1). The distribution must be dense enough to223

avoid numerical instabilities but not too dense in order to limit the computation time. Analogously to the224

original version of EDGRN/EDCMP, which allows us to check that the numerical model is correctly set by225

comparing the solution obtained in a homogeneous half-space to the analytical solution in Okada (1992), we226

can compare the results of the modified version of the code to the analytical solutions provided by Mindlin227

(1936). Obviously, for the case of a thin TPE in a homogeneous half-space, we can compare the solution228

also with the one obtained semi-analytically by Mantiloni et al. (2020).229

230

2.3. Modeling a thick TPE231

We firstly study the effects of the thickness of the TPE inclusion. In Figure 3 we report the resulting232

stress field in the median plane (z = h, Figure 1) of three TPE inclusions with different thickness (d=200,233

2000 and 4000 m, Table 3) and fixed radius (a=2000 m). The three configurations correspond to aspect234

ratios d/a=0.1, 1 and 2, thus only the geometry with the smaller thickness can be considered as a thin235

disk (d/a << 1). In this last case (Figure 3 a), the stress field obtained with the numerical computation236

is equivalent to the one computed semi-analytically. This is no more true in the case of a thick disk with237

d/a = 1 (Figure 3 b) as the semi-analytical solution incorrectly leads to a strongly different stress field,238

especially inside the TPE source (r/a < 1). This is due to the fact that in the semi-analytical computation239

the solution is developed using a scalar potential expanded in Legendre Polynomials under the assumption240

of a thin disk (eq. 12 in Mantiloni et al., 2020). Nevertheless, in a homogeneous medium this problem can241

be easily solved by representing the thick TPE disk as a superposition of thin TPE disks (Figure 3 c), as242

guaranteed by the unicity of the solution and the continuity of tractions over the TPE inclusion boundaries.243

The case of a very thick disk instead (d/a=2, Figure 3 d) cannot be easily accomplished in this way, due244

to the superposition of the discontinuities occurring at R =
√
x21 + x22 + (h− z)2 = a generated by each245

sub-disk, which arise from the singular part of the stress tensor (see Mantiloni et al., 2020), even if the246

problem could be partially bypassed considering the analytic continuation (or interpolation) of solutions of247
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each sub-disk. Accordingly, in Figure 3 d, only the results obtained with a distribution of Mindlin’s single248

forces are shown for comparison. This ensures that the distribution of the numerical Green functions has249

been correctly implemented in the numerical code. It is worth to noting that in the case of a very thick TPE250

source, the stress field inside the inclusion is close to an isotropic state (τrr ' τϕϕ ' τzz).251
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Figure 3: Comparison of the stress tensor computed numerically (Num) and semi-analytically (S-An) along the median plane
(z = h = 3000 m) of three TPE inclusions with different thickness d=200 m (a), 2000 m (b) and 4000 m (d), fixed radius a=2000
m and e0 = 1 · 10−3, K = 8 GPa, ν = 0.2. In panel (c) the thick TPE inclusion (d/a=1) is represented as a superposition of 11
thin TPE disks. In panel d the solutions obtained with a distribution of single forces (using the Mindlin, 1936 solutions) are
also shown.

In Figure 4 we show the comparison between the non-vanishing (not equal to zero) displacement com-252

ponents computed using the numerical model and the distribution of Mindlin’s single forces for the three253

different aspect ratios (d/a). The results of both ur and uz components indicate that the magnitude of254

the displacement is strongly dependent on the thickness of the TPE inclusion as a thicker disk produces a255

greater displacement field.256

257
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Table 3: Parameters of the TPE inclusions of Section 2. Depth h =2 km, radius a =2 km and ν=0.2 for all cases.

Case Figure Thickness d (m) e0 · 10−3 K (GPa)
Thin disk 3a 200 1 8
Thick disk 3b 200 1 8
Sliced thick disk 3c 2000 1 8
Very thick disk 3d 4000 1 8
Uniform e0 5a 2000 1 8
Variable e0 5b 2000 1 (0 < z ≤ 2.5 km) 8

2 (2.5 < z ≤ 3.5 km)
3 (z > 3.5 km)

Elastic layering 5c 2000 1 8 (0 < z ≤ 2.5 km)
16 (2.5 < z ≤ 3.5 km)

24 (z > 3.5 km)
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Figure 4: Comparison of displacement components ur (a) and uz (b) computed numerically (Num) and with a distribution of
single forces (using the Mindlin, 1936 solutions) at the surface (z = 0) of three TPE inclusions with different thickness d=200
m (d/a=0.1), 2000 m (d/a=1) and 4000 m (d/a=2), fixed radius a=2000 m and e0 = 1 · 10−3, K = 8 GPa, ν = 0.2.

2.4. Modeling a non-uniform TPE inclusion258

A non-uniform TPE inclusion potency, e0, can derive from depth dependent changes of pore pressure259

p and/or temperature T as shown in section 2.1.1. Inside the TPE inclusion, a gradient of the potency e0260

along depth can be modeled using a superposition of stacked disks.261

The comparison between the stress field generated by a uniform and a variable e0 distribution of a thick262

TPE disk (a = 2000 m, h = 3000 m and d = 2000 m) is reported in Figure 5. The maximum shear263

stress distribution is also shown, to study how the TPE inclusion can induce seismicity. For the uniform264

case (Figure 5 a) we assume e0 = 10−3 , while in Figure 5 b the thick TPE disk is discretized with three265

stacked disks of equal thickness, with depth-increasing e0 (1 · 10−3, 2 · 10−3, 3 · 10−3). With respect to the266

uniform case, the maximum shear stress distribution induced by the TPE disk with variable e0 attains the267

largest value near the bottom of the inclusion, while near the upper boundary the generated shear stress268

is even lower than the one computed in the uniform case. In both cases, according to Frohlich (2001), the269
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TPE sources promote thrust earthquakes in their interior (as found by Mantiloni et al., 2020), nevertheless,270

in the case of a variable potency e0, also normal earthquakes are promoted in the upper part of the TPE disk.271

272

2.5. Modeling a TPE in a layered medium273

According to equation 12, different elastic parameters of the embedding medium involve different mag-274

nitudes of the distributed single forces over the TPE boundaries, as they linearly depend on the incompress-275

ibility K. In the case of a TPE inclusion undergoing uniform changes of p and T , placed between two (or276

more) elastic layers, the proper distribution of single forces can be obtained considering the stack of two (or277

more) disks with equal potency e0 but different K values (Figure 5 c). It is worth noting that due to the278

linear dependence of the single forces magnitude on both e0 and K, the same distribution of single forces279

can be attained also assuming a variable e0 and a uniform K (Figure 5 b) but, due to the elastic layering,280

the two cases are not equivalent (compare Figure 5 b and c).281

282

3. Inversion of the deformation observed at the Campi Flegrei Caldera283

The Caldera of Campi Flegrei, in Italy (Figure 6 a) was characterized by several episodes of volcanic284

activities since the last 47,000 years. In more recent times the Caldera activity has been mostly revealed285

by gas emission, fumaroles and by fast uplift episodes (bradyseism), interspersed with periods of subsidence286

(e.g. De Vivo, 2006; Di Vito et al., 2016; Gaeta et al., 2003). The last episode of major uplift occurred in287

1982-1984 and reached a maximum of 1.8 m (e.g. Trasatti et al., 2011) in the city of Pozzuoli. At that time,288

the surface deformation data were acquired by leveling and electromagnetic distance measurement (EDM)289

with estimated errors generally greater than 1 cm, but still lower than the measured deformation. The290

locations of the EDM points, as well as the magnitude of uplift measured by leveling data in the campaign291

period 1980-1983, are reported in Figure 6 a. During recent years the caldera experienced several mini-uplift292

episodes of a maximum of few cm that could be measured with better precision thanks to more modern293

geodetic techniques, such as Interferometric Synthetic Aperture Radar (InSAR) and GPS (e.g. Pepe et al.,294

2019; Troise et al., 2007). Despite the alternation of phases with greater and lesser volcanic activity, the295

surface deformation pattern of the caldera has remained stable over time and is characterized by a nearly296

symmetrical shape with the center near the city of Pozzuoli. The volcanic unrest was always accompanied by297
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Figure 6: Map of the Campi Flegrei region (a). Blue and red circles respectively indicate the locations of EDM and leveling
benchmarks. Black arrows represent the magnitude of uplift measured during the period June 1980-June 1983. Panel b shows
the crustal model (Vs =

√
µ/ρ, Vp =

√
(λ+ 2µ)/ρ and ρ) used for the inversion in a layered half-space. The relocated seismicity

(Calò and Tramelli, 2018) is shown as white circles both in map (c) and in a vertical cross section N-S oriented (d). Fault
mechanisms, retrieved according to Frohlich (2001) from the seismic catalog of D’Auria et al. (2014), are shown both in map
(e) and in a vertical cross section N-S oriented (f) with green, red and blue dots, representing normal, thrust and strike-slip
mechanisms, respectively. The red circle in panels c and e represents the TPE inclusion boundary retrieved from the geodetic
data inversion, assuming a layered half-space and a variable TPE inclusion potency e0.

seismicity (Belardinelli et al., 2011), that occurs mostly above 3 km of depth (Figure 6) and it is characterized298

by a strong heterogeneity of focal mechanisms (e.g. D’Auria et al., 2014; Mantiloni et al., 2020). The up-299
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to-date relocated seismicity (Calò and Tramelli, 2018) is shown in Figure 6 c and d. As focal mechanisms300

are not available in the Calò and Tramelli (2018) catalog, in Figure 6 e and f, we show the fault solution301

distribution retrieved (Frohlich, 2001) from a different seismic catalog (D’Auria et al., 2014) containing302

different locations and several different events. Hypocenters reported in the catalog by Calò and Tramelli303

(2018) were relocated according to their high resolution tomography and are considered more reliable.304

Several deformation sources have been applied to model the big uplift occurred in 1982-1984, most of305

them are pressurized sources or cracks resembling magma volumes (e.g. Berrino et al., 1984; Amoruso306

et al., 2008; Bonafede et al., 1986; Trasatti et al., 2011), nevertheless several independent studies, based on307

seismic tomography and measured temperature profiles from drillings, exclude the presence of magma in308

the shallowest kilometers of the caldera (e.g. Judenherc and Zollo, 2004; Carlino et al., 2012). Accordingly,309

Mantiloni et al. (2020) proposed that the soil deformation occurring at Campi Flegrei is due to a combination310

of both a disk-shaped TPE inclusion and magmatic input.311

Thanks to the numerical model implemented in the present work, we are able to invert the same geodetic312

data used by Mantiloni et al. (2020) and Trasatti et al. (2011) for a TPE inclusion located in a layered elastic313

half-space. The crustal model (Figure 6 b) is derived from average values of the 3D Vp/Vs tomography shown314

by Chiarabba and Moretti (2006) and Trasatti et al. (2011), which can be fairly approximated by horizontal315

layering. We also invert the data in the case of the homogeneous half-space, for comparison. In this case, the316

poro-elastic parameters of the TPE inclusion and surrounding medium are taken equal to the ones used by317

Mantiloni et al. (2020) (λ=4 GPa, µ= 6 GPa, αs = 3 · 10−5 K−1, H = 10 GPa). The inversion is performed318

by a Monte-Carlo sampling with a direct parameter search. Then, the best model is chosen as the one having319

the greater probability density distribution, PPD, (Sambridge, 1999; Mantiloni et al., 2020; Trasatti et al.,320

2011). Differently from Mantiloni et al. (2020), during the inversion: i) we allow the aspect−ratio d/a of the321

TPE disk to vary, exploring a wider parameter space, ii) we keep the thickness of the TPE inclusion fixed to322

500 m. The latter choice is mainly due to the fact that there is a strong cross-talk between the TPE inclusion323

thickness d and potency e0 being the displacement proportional to both parameters (see Figure 4, equation324

2). Furthermore, to constrain a priori the thickness of the TPE source we take into account an information325

provided by Calò and Tramelli (2018) who found that the 1984 seismicity concentrates within a layer about326

0.5 km thick at 2 km of depth, extending at least from the inland of the city of Pozzuoli to the coast. As327

mentioned in the introduction we interpret such layer as the TPE inclusion. It is worth noting that in the328
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case of the layered medium, the inversion procedure may require to model the case of a TPE disk placed329

between two different elastic layers. The numerical solution of this case is attained considering the stack330

of two disks embedded in two different layers (similarly to Figure 5 c), with equal TPE inclusion potency331

e0 but different K values (which depends on the elastic parameters of the crustal model). The comparison332

between modeled (inverted) and measured deformation is shown in Figure 7, while the resulting parameters333

are reported in Table 4.334

The inversion performed in the layered half-space leads to a deeper TPE inclusion and a lower misfit,335

with respect to the homogeneous model, while the radius is almost the same and the TPE inclusion potency336

e0 parameter does not change. It is worth noting that the order of magnitude of e0 = 10−3 (Table 4)337

can be easily obtained due to T=0 K and p=30 MPa or T=50 K and p=15 MPa (Table 2) if we employ338

values of Table 1. According to arguments presented in Section 2.1 such values of p and T are realistic for339
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Table 4: Parameters and misfit obtained by the inversion of geodetic data in a homogeneous and a layered medium with uniform
e0; and a layered medium with variable e0. The latter inversion was performed keeping fixed the parameters a and h retrieved
from the inversion in a layered medium and computing a second round inversion procedure for 4 different e0 values at different
depth intervals. In all cases αs = 3 · 10−5 K−1, H = 10 GPa. For the homogeneous medium we used λ=4 GPa, µ= 6 GPa,
while for the layered medium the elastic moduli are taken from the crustal model in Figure 6b. The thickness d is fixed to 500
m.

Half-space a (m) h (m) TPE inclusion potency e0 Total misfit (m)
Homogeneous 2525 1425 0.001 2.277
Layered 2550 1825 0.001 1.986
Layered 2550 1825 0.0001 (1.575 < z < 1.7 km) 1.920
(Variable e0) 0.0009 (1.7 < z < 1.825 km)

0.0019 (1.825 < z < 2.0 km)
0.0007 (2.0 < z < 2.075 km)

a TPE inclusion located at a few km depth. The case T=100 K and p=0 Pa (Table 2) can also explain a340

value e0 = 10−3, but it is unlike because temperature changes within the TPE inclusion are driven by fluid341

advection which depends on the pore pressure gradients. The resulting induced maximum shear stress is342

higher inside the TPE inclusion embedded in the homogeneous medium (Figure 8 b), at least above 2 km343

of depth, where the rigidity is low. In both cases, according to the Frohlich triangle (Frohlich, 2001), TPE344

sources promote normal earthquakes above and below them, while thrust mechanisms are favored inside345

them and laterally. Instead, strike-slip earthquakes are favoured in lateral sectors.346

Displacement and stress components computed at the surface and on the median plane of the TPE347

inclusion retrieved by the inversion, in both homogeneous and layered medium are shown in Figure 9. As348

required by the inversion, displacements at the surface are very similar, while in the median plane they349

are slightly different. The stress field, instead, has a lower magnitude in the layered medium both at the350

surface and on the median plane of the TPE inclusion. Interestingly, even if at the surface both τrr and τφφ351

are greater in the homogeneous medium, with respect to those of the layered medium, they decrease more352

rapidly moving away from the center of the TPE source (Figure 9 d).353

Lastly we also study the effects of a depth dependent distribution of the TPE inclusion potency e0.354

Similarly to the common approach followed in the inversion of geodetic data for slip distribution on fault355

planes (where the fault geometry is pre-determined assuming a uniform slip), we proceed as it follow. While356

keeping fixed the parameters retrieved form the inversion in the layered half-space, a and h, we performed357

a second round inversion for 4 different e0 values at different depth intervals (Table 4 and Figure 10). With358

respect to the inversion performed in a layered medium with uniform e0, the inversion with a variable e0359

leads to a slightly lower misfit, suggesting that the best fit of the data can be obtained assuming a low e0360

in the shallowest part of the inclusion. It is worth noting that in case of e0 = 0 in the shallow part of the361
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Figure 8: Maximum shear stress (Pa) induced by the TPE inclusion with uniform TPE inclusion potency found by inversion of
geodetic data in the homogeneous (a) and heterogeneous (b) medium (model parameters reported in Table 4, first and second
row). Black boxes represent the TPE inclusion boundaries. Cyan dashed lines represent the elastic layers. Green contours
separates areas in which different earthquake mechanisms are favored (N=normal, S=strike-slip, T=thrust) in the homogeneous
(c) and heterogeneous (d) medium.

inclusion, a TPE inclusion with a lower thickness can be sufficient to represent the data. We recall that362

according to section 2.1.1 results, e0 = 0 is expected just at the top of the TPE inclusion.363

4. Discussion364

Previous works (Belardinelli et al., 2019; Mantiloni et al., 2020) showed that TPE inclusions, undergoing365

changes of pore pressure and temperature, represent an important kind of deformation sources in volcanic366

environments. With respect to magma-filled pressurized cavities the major advantage of TPE sources is367

that they allow large soil deformations even when the experimental evidences exclude the presence of molten368

magma at shallow depth. In the case of Campi Flegrei, temperature profiles measured by deep drillings are369

incompatible with magma at shallow (< 3 km) depth (Carlino et al., 2012; Trasatti et al., 2011). Another370

great advantage over pressurized sources, that are characterized by isotropic stress inside, is that a strong371

shear stress is generated within the TPE inclusion justifying the presence of earthquakes inside it. In the372

present work we extend the TPE inclusion models in order to: i) account for an arbitrary thickness of the373

inclusion; ii) insert a more realistic description of the embedding medium as a layered elastic half-space.374

20



Displacement - Median Plane (m) Displacement - Surface (m)

Stress - Median Plane (Pa) Stress - Surface (Pa)

r /ar /a

0

0.4

-0.4

0

-1

1

-2

0

1

-1

2

0 0.4 1 1.40 0.4 1 1.4

10
7

10
6

ur  Hom

uz  Hom

ur  Lay

uz  Lay

-0.3

0

 0.3

-0.6

ba

τrr Hom

τφφ  Hom

τzz  Hom

τrr  Lay

τφφ  Lay

τzz  Lay

c d

Figure 9: Displacement of the TPE inclusions retrieved from the inversion in a homogeneous (Hom) and layered (Lay) medium
computed on the median plane z = h (a) and at the surface z = 0 (b). Stress of the TPE inclusions retrieved from the
inversion in a homogeneous (Hom) and layered (Lay) medium computed on the median plane (c) and at the surface (d). Model
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Considering a TPE source with a finite thickness allows reproducing the expected distribution of its effects375

within internal region and extends its applicability to other environments (e.g. geothermal reservoirs, Volpi376

et al., 2018), in which the assumption of a thin inclusion is unrealistic. The introduction of a layered medium377

is also important, especially when inverting geodetic data, since the elastic layering significantly affects the378

results (e.g. Trasatti et al., 2011; Nespoli et al., 2017).379

380

4.1. Modeling thick TPE inclusions381

The model used in the present work is obtained through a modified version of the EDGRN/EDCMP382

code (Wang et al., 2003), suitably adapted to represent deformation and stress induced by a distribution of383

single forces. Results indicate that a thick disk (d/a ≤ 1) inclusion can be modeled as a superposition of384

thin piled-up disks. Accordingly, semi-analytical solutions provided by Mantiloni et al. (2020) can be used385

to represent thick TPE sources, provided that they are discretized with a sufficient high number of sub-disks386
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(Figure 3 b, c). The case of a very thick TPE inclusion (d/a > 1, Figure 3 d) instead, requires a careful387

implementation when using semi-analytical solutions, as discussed in section 1. Our model indicates that388

shear stresses inside the TPE disks are reduced by increasing the inclusion thickness and when the aspect389

ratio is d/a = 2 the stress field is nearly isotropic, resembling magma-filled sources (e.g. Yang et al., 1988;390

Mogi, 1958).391

392

4.2. Variable TPE inclusion potency393

On the basis of results obtained in 2.1, a uniform TPE inclusion potency may represent the case of394

a large change of temperature due to input of hot fluids (αS∆T >> ∆p/H) when the temperature front395

has already reached the top of the inclusion, that is for t ∼ tT (Figure 2a). The condition of a variable396

TPE inclusion potency (e.g. Figure 5b) can be useful to represent depth dependent gradients (Zencher et al.,397

2006; Stefánsson et al., 2011). The latter can be established when fluids rising upward from a deep magmatic398

source enter from the bottom of the TPE disk and progressively flow into the upper part of the inclusion.399

According to section 2.1.1) depth dependent TPE inclusion potency are established i) for large changes400

of temperature before the thermal front reaches the top the inclusion (t < tT , Figure 2a), or ii) when the401

effects of pore pressure changes prevail on the ones due to temperature changes (αS∆T ∼ ∆p/H, Figure 2b).402

403

4.3. Effects of a TPE inclusion at Campi Flegrei404

Different independent studies show that there was heterogeneity of focal mechanisms close to each other405

during 1982-1984 Campi Flegrei unrest (e.g. D’Auria et al., 2014; Zuppetta and Sava, 1991; Orsi et al.,406

1999). This was also envisaged in other volcanic regions (e.g. Ekstrom, 1994; Nettles and Ekstrom, 1998)407

with the unexpected presence of thrust mechanisms. Depth dependent TPE inclusion potency can provide408

a solution to the heterogeneity of focal mechanisms inside the same source of deformation. In fact in the409

case of a depth dependent e0 (Figure 5 b), both thrust and normal earthquakes can be favored, at least in410

the upper part of the TPE disk.411

For the big uplift occurred in 1982-1984 unrest in the caldera of Campi Flegrei, we also invert available412

geodetic data assuming the TPE source located within either a homogeneous or a heterogeneous poroelastic413

half-space. Taking into account vertical heterogeneities is very important to retrieve correct source param-414

eters at Campi Flegrei (e.g. Crescentini and Amoruso, 2007). 3-D crustal models derived from seismic415
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tomography with good enough resolution can even do better (e.g. Manconi et al., 2010), because they allow416

for a more realistic forward modeling of the deformation pattern. Bayesian-type inversions accounting for a417

3-D heterogeneous medium are however very demanding in terms of computation resources and time as they418

ask to use finite elements methods (e.g. Trasatti et al., 2011). The modified EDGRN/EDCMP application419

is restricted to a 1-D crustal structure, but allows for a quick and semi-analytic representation of the elastic420

deformation (Wang et al., 2003). Elastic layering leads to a (400 m) deeper TPE inclusion (Table 3 and421

Figure 8). This behavior was also envisaged by Trasatti et al. (2011) for another kind of deformation source422

and by Nespoli et al. (2017) for a different dataset. Figure 9 shows that even if both inversion solutions423

reproduce a similar displacement, the stress obtained in the case of a layered medium has a lower magnitude.424

The TPE inclusion obtained using the more realistic layered medium is located at 1825 m of depth and it has425

a radius of 2550 m. Both the geometry and location are in good agreement with the seismic layer regulating426

the ascent of fluid flow found by Calò and Tramelli (2018), (Figure 9). The concentration of earthquakes427

around and within the TPE source domain (Figure 10) is a strong evidence of the importance of this kind428

of deformation source in the complex system of the Campi Flegrei caldera. The inversion performed in a429

layered medium leads to an improved agreement with data (Figure 7) with a significantly lower misfit (1.986430

m, Table 3) with respect to the case of a homogeneous medium (2.277 m) and Mantiloni et al. (2020), with431

a misfit of 2.904 m. The misfit is even slightly lower (1.920, Table 4) if a depth dependent distribution of e0432

is assumed inside the inclusion.433

In the 1982-84 unrest episode at Campi Flegrei, the inversion of geodetic data for e0 (Table 4) as a function434

of depth shows that the TPE inclusion potency has a relative maximum near 2 km depth, decreasing sharply435

both below and above. Even if the misfit decrease with respect to the uniform case is relatively small, this436

result is in good agreement with the high permeability solution presented in Section 2.1. The low value of437

TPE inclusion potency retrieved below 2 km can be explained by smaller temperature increments there, with438

respect to initial higher temperature in proximity of the exsolving reservoir. The maximum value of TPE439

inclusion potency is estimated as e0 = 0.002 (Table 4) and is in agreement with acceptable values of ∆p440

and ∆T (Table 2). Nonetheless, in order to explain the uplift of 1.8 m observed in November 1984 a three441

times larger TPE inclusion potency would be necessary, i.e. up to e0 ∼ 0.006. While such a high value is442

consistent with quite large ∆p and ∆T (e.g. ∆p = 30 MPa and ∆T = 500 K), we believe that a significant443

fraction of the observed deformation may be ascribed to the inflation of the underlying magma reservoir.444

23



0 1000 2000 3000 4000

Distance along A-A' (m)

Pa

Measured Leveling (m)

M
o

d
el

ed
 L

ev
el

in
g

 (
m

)

-0.2 0 0.2 0.4 0.6 0.8 1

-0.2

0

0.2

0.4

0.6

0.8

1

M
o
d

el
ed

 E
D

M
 (

m
)

Measured EDM (m)

Misfit=1.920 m

Layered half-space

with variable e0

c

-0.2 0 0.2 0.4 0.6 0.8 1

-0.2

0

0.2

0.4

0.6

0.8

1

0 1000 2000 3000 4000

Distance along A-A' (m)

0

500

1000

1500

2000

2500

3000

3500

4000

D
ep

th
 (

m
)

0

500

1000

1500

2000

2500

3000

3500

4000

D
ep

th
 (

m
)

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
10

7a

d

b

N

N

T

T

S

Favoured faultsMaximum shear stress (Pa)

Figure 10: (a) Maximum shear stress induced by the TPE inclusion embedded in the layered medium (color) plotted together
with the relocated seismicity (Calò and Tramelli, 2018) projected onto the vertical slice A-A’ (Figure 6) within ± 0.5 km. Black
lines represent the TPE inclusion boundaries. (b) Green contours separates areas in which different earthquake mechanisms
are favored (N=normal, S=strike-slip, T=thrust). Plot of modeled (ordinate) and measured (abscissa) EDM (c) and Leveling
(d) data obtained for a TPE inclusion with variable potency e0 (determined from inversion of geodetic data for assumed values
of d, a and h, see Table 4 third row). Orange bars represent measurement errors.

It is worth noting that even for the high permeability case, the thermal advection front needs a time445

t = tT ' 3 yr (see subsection 2.1.1) to reach the top of the TPE inclusion, in intriguing similarity with the446

uplift duration at Campi Flegrei. The geodetic data here inverted reach only June 1983, covering a 1.5 year447

of uplift, that is about half of tT . Then it is reasonable that at June 1983 the thermal advection front had448

not reached the top of the inclusion yet. This is consistent with the fact that e0 distribution obtained by449

inversion of geodetic data resembles the one of a transient configuration 0 < t < tT (Figure 2b).450

5. Conclusions451

The numerical approach used in the present work produces a significant step forward for the modeling452

of the displacement and stress produced by thermo-poro-elastic inclusions. With respect to previous semi-453
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analytical models, our approach allows a greater versatility in the choice of the source geometry and it454

accounts for a greater realism of the elastic medium embedding the inclusion. Thanks to our model we were455

able to study what happens inside the TPE inclusion in the case of non-uniformity of the thermo-poro-elastic456

parameters as derived from a (T , p) propagation model. Starting from these results, future developments457

could be focused on the modeling of dynamic processes that can occur inside and outside the source, as a458

consequence of the movement of hydrothermal fluids. It would be interesting to study how a decrease of459

pore pressure within TPE inclusions could explain the subsidence phases which follow the unrest periods.460

Furthermore, it could be also interesting to study the effect of different geometries of TPE inclusions, since461

the numerical model we have implemented can also represent complex, non symmetrical geometries.462
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