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Abstract: This paper investigates two existence theorems for the path-dependent heat equation, which is the
Kolmogorov equation related to the window Brownian motion, considered as a C([-T, 0])-valued process. We
concentrate on two general existence results of its classical solutions related to different classes of terminal
conditions: the first one is given by a cylindrical not necessarily smooth random variable, the second one is
a smooth generic functional.
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1 Introduction

The path-dependent heat equation is a natural extension of the classical heat equation to the path-dependent
world. If the heat equation constitutes the Kolmogorov equation associated with Brownian motion viewed
as a real-valued process, then the path-dependent heat equation is the Kolmogorov equation related to the
Wiener process as C([-T, 0])-valued process, that we will denominate as window Brownian motion. One par-
ticularity of C([-T, 0]) is that it is a (even non-reflexive) Banach space, and for integrator processes taking
values in it, it is not obvious to define a stochastic integral. In the recent past, many works were devoted
to various types of path-dependent PDE under different perspectives (for instance, under the perspective of
viscosity solutions; see e.g. [2, 5, 14]), using generally approaches close to the functional It6 calculus of [9].
A recent contribution in the study of the path-dependent heat equation (in the spirit of Banach space) was
carried on by [10], which considered (not necessarily smooth in time) mild type solutions, involving at the
same time a path-dependent drift; see also references therein for related contributions. The problem of find-
ing classical or smooth solutions has been neglected, especially using the Banach space approach, except for
some particular final conditions; see e.g. [4, 6].

In this paper, we focus on classical solutions of the path-dependent heat equation with two types of
terminal conditions. In reality, this work updates [6, 7], somehow a pioneering (never published) work of the
authors, which formulated similar results in a Hilbert framework.
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Let H: C([-T, 0]) — R be continuous, and let o be a real constant. Even though some results can be
extended to a more general context, we have preferred for clarity to work with ¢ being a constant. See Sec-
tion 4.3 for some results with general o: [0, T] x R — R.

Our path-dependent heat equation can be expressed as

oeu(t, n) + JD;Xu(t, n)d nx) + %Uz(Dzu(t, n), i ®l) =0 for(t,n) € [0, T[ x C([-T, 0]),
1-t,0]

(1.1
u(T,n)=H(n) forn e C([-T,0]).

A function u: [0, T] x C([-T, 0]) — R will be a classical solution of (1.1) if it belongs to
cb2([o, T[ x C([-T, 0)) n C°([0, T] x C([-T, 0)))

in the Fréchet sense and if it verifies (1.1). For any given (¢, ) € [0, T] x C([-T, 0]), DF(t, n) denotes the first-
order Fréchet derivative with respect to 7, Do F(¢, 1) the component of DF(t, ) concentrated on the Dirac zero
defined by DooF(¢, n) := DF(t, n)({0}), and D*F(t, n) denotes the component of DF(t, n) singular to the Dirac
zero component, i.e. the measure defined by D F(t, ) := DF(t, ) — DF(t, n)({0})8o. For every n € C([-T, 0]),
we observe that t — D% F(t, n) is a real-valued function. If, for each (t, n), D* F(t, n) is absolutely continuous
with respect to Lebesgue measure on the reals, D*“F(t, n) denotes its density, and in particular, it holds that
Dy F(t,n) = DF(t, ) dx.

A central object appearing in the path-dependent heat equation PDE (1.1) is the deterministic integrals

denoted by

Dy u(t, n) d n(x),
1-t,0]

where D*u(t, n) is a measure on [-T, 0] and 1 € C([-T, 0]). We will give a sense, for -T < a < b < 0, to the
term f]a, b D~+u(t, x) d n(x) as the deterministic forward integral lim,_,o f]a, . Déxu(t, x)w dx; see Def-
inition 2.2. More generally, let p be a finite Borel measure on [-T, 0] and f a cadlag function; we will give
a sense to the integral f]a’ b u(dx) d”f(x). Whenever f has bounded variation and u is absolutely continu-
ous with respect to the Lebesgue measure, it will coincide with the classical Riemann-Stieltjes integral; see
Proposition 2.3.

As we mentioned, we state two existence theorems of the classical solution of (1.1) under two different
types of terminal condition given by a function H. In Proposition 3.4, we consider as terminal condition
a possibly not smooth function H of a finite numbers of integrals of the type f?T ¢ d™n. The reason of validity
of that result (when o # 0) can be understood through the non-degeneracy feature of Brownian motion.

In Theorem 4.11, we suppose the terminal condition function H to be C3(C([-T, 0])). This result general-
izes an existence result already established in the unpublished monograph [6, Sections 9.8 and 9.9], where
we assumed a Fréchet smooth dependence with respect to L2([-T, 0]).

In this paper, we have only concentrated our efforts on the problem of existence of a solution of (1.1), the
uniqueness constituting a simpler task which can be obtained as an application of a Banach space valued Itd
formula established in [8].

Let W = (W¢)o<t<T be a classical real Brownian motion on some probability space (Q, F, P); (F¢) will
denote its canonical filtration. (W¢(-)) (or simply W(-)) stands for the window Brownian process with values
in C([-T, 0]) defined by W¢(x) := W¢,x; see Definition 2.1.

An application of our two existence results consists in obtaining a Clark—Ocone type formula for a path-
dependent random variable h := H(X7(-)), where X is a finite quadratic variation process with quadratic
variation given by [X]; = 0t, but X not necessarily a semimartingale. A possible example of such process is
given by X = W + B¥, i.e. a Brownian motion plus a fractional Brownian motion of parameter H > % or the
weak k-order Brownian motion of [11].

Let u be the solution of (1.1) provided by Proposition 3.4 or Theorem 4.11. By the It6 formula (see e.g.
[8, Theorem 5.2]), if u verifies some more technical conditions, then

T T
h = u(0, Xo(-)) + JLu(t, Xe(-))dt + JDﬁou(t, Xe(-)d X, (1.2)
0 0
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where £ denotes differential operator for u € C12([0, T[ x C([-T, 0])) defined by

1
Lu(t,n) := ou(t,n) + J D} u(t,n)d n(x) + Eaz(Dzu(t, n), Loy ® 1io})
1-t,0]

for (t, n) € [0, T] x C([-T, 0]). Now, by (1.2),
T
h = u(0, Xo(-)) + jD5°u(t, X(-) d Xe, (1.3)
0

where we remind that fot Y d X is the forward integral via regularization defined first in [15, 16] for X
(resp. Y) a continuous (resp. locally integrable) real process; see also [17] for a survey. Whenever X = W,
the forward real-valued integral equals the classical Itd integral; see [16, Proposition 1.1]. In particular,
if h e D2, it holds that the representation stated in (1.3) coincides with the classical Clark-Ocone for-
mula h = E[h] + IOTIE[D}nhlfﬂ] dWy, i.e. u(0, Wo(-)) = E[h] and D%u(t, Wi(+)) = D{"(h|F¢), D™ denoting the
Malliavin derivative. This follows by the uniqueness of decomposition of square integrable random variables
with respect to the Brownian filtration. We remark that our representation (1.3) can be proved in some cases,
where h ¢ D?; see e.g. Section 3.

The paper is organized as follows. After this introduction, in Section 2, we recall some preliminaries:
basic notions of calculus via regularization in finite and infinite dimension, Fréchet derivatives of functionals
and the important Subsection 2.2 about deterministic calculus via regularization. In Section 3, we show the
existence of a classical solution of the Kolmogorov PDE for a cylindrical H. Finally, in Section 4, we show the
existence for H being general but smooth.

2 Preliminaries

2.1 General notations

Let A and B be two general sets such that A ¢ B; 14: B — {0, 1} will denote the indicator function of the set
A,s0lp(x)=1if x € A, and 14(x) = 0if x ¢ A. Let k € N U {+oo}; C¥(R") indicates the set of all functions
g: R" - R which admits all partial derivatives of order O < p < k and is continuous. If I is a real interval and
g is a function from I x R" to R which belongs to C1»%(I x R"), the symbols 9g(t, x), 0;g(t, x) and al.zjg(t, X)
will denote respectively the partial derivative with respect to variable I, the partial derivative with respect to
the i-th component and the second-order mixed derivative with respect to j-th and i-th component evaluated
in (¢, x) € I x R".

Let a < b be two real numbers; C([a, b]) will denote the Banach linear space of real continuous functions
equipped with the uniform norm denoted by || - | . Let B be a Banach space over the scalar field R. The space
of bounded linear mappings from B to E will be denoted by L(B; E), and we will write L(B) instead of L(B; B).
The topological dual space of B, i.e. L(B; R), will be denoted by B*. If ¢ is a linear functional on B, we shall
denote the value of ¢ at an element b € B either by ¢(b) or (¢, b) or even p-{¢, b)p. Let K be a compact
space; M(K) will denote the dual space C(K)*, i.e. the so-called set of all real-valued finite signed measures
on K. In the article, if not specified, the mention absolutely continuous for a real-valued measure will always
refer to the Lebesgue measure.

Let E, F, G be Banach spaces; we shall denote the space of G-valued bounded bilinear forms on the
product E x F by B(E x F; G) with the norm given by ||¢lls = sup{l¢(e, Nllg : lelle < 15 Iflr < 1}. I G =R,
we simply denote it by B(E x F). We recall that B(B x B) is identified with (B &, B)*; see [12, 18] for more
details.

We recall some notions about differential calculus in Banach spaces; for more details, the reader can
refer to [1]. Let B be a Banach space. A function F: [0, T] x B — R is said to be C1([0, T] x B) (Fréchet),
or C1-2 (Fréchet), if the following three properties are fulfilled: (1) F is once continuously differentiable; the
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partial derivative with respect to t will be denoted by oF : [0, T] x B — R; (2) forany t € [0, T], x — DF(t, x)
is of class C', where DF: [0, T] x B — B* denotes the derivative with respect to the second argument; (3) the
second-order derivative with respect to the second argument D?F: [0, T] x B — B(B x B) is continuous.

If B=C([-T,0]), we remark that DF defined on [0, T] x B takes values in B* = M([-T, 0]). For all
(t,n) € [0, T] x C([-T, 0]), we will denote by D4y F(t, n) the measure such that, for all h € C([-T, 0]),

m(-t,0n{DF(t, n), h)cq-r,01 = DF(t, n)(h) = J h(x) DgxF(t, n).
[-T,0]

Whenever B = E = F = C([-T, 0]), then the space of finite signed Borel measures on [-T, 0]? is included in
the space B(B x B) in the following way:

M(-T,012){Hs M) c((-T,012) = j n(x, y)u(dx, dy) = J n1(x)n2(y)u(dx, dy).
[-T,012 [-T,0]2

We convene that the continuous functions (and real processes) defined on [0, T] or [-T, 0] are extended
by continuity to the real line.

Definition 2.1. Given a real continuous process X = (X¢)¢e[o,17, we will call window process and denote by
X(-) the C([-T, 0])-valued process

X(+) = (Xe(- Deefo,1) = {Xe(x) 1= Xpox; x € [-T, 0], t € [0, T}

X(-) will be understood, sometimes without explicit mention, as C([-T, 0])-valued. In this paper, B will be
often taken to be C([-T, 0]).

We recall now the integration by parts in Wiener space. Let § be the Skorohod integral or the adjoint
operator of Malliavin derivative D™ as defined in [13, Definition 1.3.1]. If u belongs to Dom &, then §(u) is an
element of L2(Q) characterized, for any F € D12, by

T
E[Fé6(u)] = IEU D{"F u; dt]. (2.1)
0

2.2 Deterministic calculus via regularization

Let -T < a < b < 0; we will essentially concentrate on the definite integral on an interval J = ]a, b] and
] = la, b], where a < b are two real numbers. Typically, in our applications, we will considera = -Tora = -t
and b = 0. That integral will be a real number.

We start with a convention. If f: [a, b] — R is a cadlag function, we extend it naturally to two possible

cadlag functions f7 and fj in real line setting

ftb), x>b, fb), x>b,
fix) =1 f(x), xc¢€la,b], and fix) = 1f0), xela,bl,
fla), x<a, o, X< a.

Definition 2.2. Let u be a finite Borel measure on [0, T], u € M([-T, 0]) and f: [a, b] — R a cadlag function.
We define the deterministic forward integralon J = la, b] and on J = [a, b] denoted by

J u(dx) d f(x) (orsimply J ,ud‘f) and J u(dx) d f(x) (orsimply J yd‘f)

la,b] la,b] [a,b] [a,b]

as the limit of

(dx)

Fla,bl.f,e) = fier o -0,

J Mu(d@ and I ([a,b],f €)=
. [a,b]

when € | 0, provided it exists.
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If u is absolutely continuous, we denote by p2¢ the density with respect to the Lebesgue measure. In this
case, we set
j pdf = j w<df, j pdf = J W df. 2.2)
la,b] la,b] la,b] la,b]
The first integral on ]a, b] appears in the path-dependent PDE (1.1); the second one on the closed inter-

val [a, b] is fundamental in Section 3. The proposition below discusses the case when f or u is absolutely
continuous.

Proposition 2.3. Let u(dx) = p?“(x) dx, i.e. u be absolutely continuous with Radon-Nikodym derivative density
denoted by p®°. By default, the bounded variation functions will be considered as cadlag.
(1) Iff has bounded variation, then

J HEX) d flx) = J u*(x-) df(x) (classical Lebesgue-Stieltjes integral).
la,b] la,b]

In particular, whenever u° = 1, j]a p H() df(x) = f(b) - fla).
(2) If the function y®: [a, b] — R is cadlag with bounded variation, then

(@)
j () df(x) = W (b)f(b) - j f00) dpe(x), 2.3)
[a,b] la,b]
(b
b
[ w00 = we o) - @) - [ foo aneeo. (2.4)
la,b] a

Proof. The statements follow directly from the definition. Concerning the case when the integration interval
is [a, b], we remark that our definition is compatible with [3, Definitions 4, 18]; see also [3, Proposition 8].
By [3, Proposition 4], we get item (2) (a). The other items can be established by similar considerations and
are left to the reader. O

3 The existence result for cylindrical terminal condition

The central object of this section is Proposition 3.4 which gives an existence result of the solution of the path-
dependent heat equation (1.1) when the terminal condition H depends on a finite number of integrals, but
it is not necessarily smooth. As we mentioned, here the idea is to exploit the non-degeneracy aspect of the
Brownian motion in the sense that the covariance matrix of every finite-dimensional distribution is invertible.
In this section, the standard deviation parameter o will be supposed to be different from 0. This in opposition
to the case of Section 4 where H is Fréchet smooth, but not necessarily cylindrical; there o is allowed even
to vanish.

We introduce now the functional H. Foralli=1, ..., n,letg;: [0, T] — Rbe C>([0, T]; R).Letf: R — R
be measurable and with linear growth. We consider the functional H: C([-T, 0]) — R defined by

H(n) :f( J p1(u+Tdn,..., J on(u+7T) d‘n(u)>- (3.1
[-T,0] [-T,0]
We recall that, for smooth ¢;, i € {1, ..., n}, the deterministic integral j[_T o] @i(u+T)d n(u) exists point-

wise, according to Definition 2.2. That integral exists since, by (2.3) in Proposition 2.3, we have

T
oi(u+ T) d () = p(TH(O) - j n(s - T) dgy(s). (3.2)
[-T,0] 0



40 —— C.DiGirolamiand F. Russo, About the path-dependent heat equation DE GRUYTER

So, replacing n by the random path eWr(-) in (3.1), we get

h=H(WT(~)>=f(o j o1+ TV d W), ..., 0 j <pn(u+T>d-WT(u)>

[-T,0] [-T,0]
= f( o

_ f(o

We stress that, in the first line of (3.3), the integrands are deterministic forward integrals; those integrals
exist pathwise; however, in the second line of (3.3), there appear stochastic forward integrals. The second
equality is justified because the convergence for every realization w implies of course the convergence in
probability, which characterizes the stochastic forward integral. The latter equality holds because Itd inte-
grals with Brownian motion are also forward integrals; see [16, Proposition 1.1]. On the other hand, for every

T
P W0 | gon(s>d-ws)
0

Ot iy O —

T
(pl(s)dWs,...,UJ(pn(s)dWs) (3.3)
0

ie{l,...,n},since ¢; are of class C?, then Proposition 2.3 and in particular (2.3) gives
t t
[owaw= [ piustdww=pow - w;dgs), (3.4)
0 [-t,0] 0

where the first equality holds by similar reasons as for the first equality in (3.3). The second equality holds
by (2.3).
We formulate the following non-degeneracy assumption.

Assumption 1. For ¢ € [0, T], we denote by Z; the matrix in Myx,(R) defined by
T

(S et jen = ( j :(5)p;(s) ds)

¢ 1<i,j<n
We suppose det(X;) > 0 forall t € [0, TJ.

Remark 3.1. (1) We observe that, by continuity of function t — det(Z;), there is always 7 > 0 such that
det(X;) # O forall t € [0, T|.

(2) It is not restrictive to consider det(Zg) # O since it is always possible to orthogonalize (¢;);=1
L%([0, T]) via a Gram—-Schmidt procedure.

nin

.....

We remember that W is a classical Wiener process equipped with its canonical filtration (F;). We set
h = H(Wr(-)), and we evaluate the conditional expectation E[h|F¢]. It gives

T T
E[h|F] = E[f(ajgm(s)dws, - ojw(s)dws)m]
0

0
t t
= ‘I’(t, OJ p1(s)dWs,..., OJ ©n(s) dWs>
0 0
= ‘{’(t, J pr(u+t)yd oWi(u,..., J on(u+t) d‘th(u))
[-t,0] [-t,0]
= ‘P(t, J pr(u+t)yd aWe(u,..., j QOn(u+t) d‘aWAu)), (3.5)
[-T,0] [-T,0]

where the function ¥: [0, T] x R" — R is defined by
T

T
Y(t,y1,...,¥n) = E[f(m + 0,[ ©1(s)dWs, ..., yn+ UJ%(S) dWs)] (3.6)
t t
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foranyt € [0, T], ¥1,...,Yn € R.Inparticular, ¥(T, y1, ..., ¥n) = f(¥1, ..., ¥Yn). The second equality in (3.5)
holds because, for every 1 <i <n,

t 0
[ pa©raaw, = [ puw+ 0 dowiw
0 —t

for the same reasons as in (3.4). We evaluate expression (3.6) introducing the density function p of the
Gaussian vector

T T
(J(pl(s)dWs,.. J(pn(s)dWs ,
t t

whose covariance matrix equals %;. The function p: [0, T] x R" — R is characterized by

(le e ,Zn)zt_l(21, L ,Zn)*
p(t, z1, .. pPi- ,

) = 1

and function ¥ becomes

Jf(zl,...,2n)p(t,21;y1,...,Z";y">dz“1---dz,, ift € [0, TI,
‘I’(t,)/h--w)/n) = 1Rn (3.7)
f(,Vly---,J’n) lftZT

Remark 3.2. (1) If f is not continuous, we remark that, at time t = T, ¥(T, -) is a function which strictly
depends on the representative of f and not only on its Lebesgue a.e. representative. So ¥, as a class, does
not admit a restrictionto t = T.

(2) The function p is a C3>*°([0, T[ x R") solution of

Op(t,z1, ..., 2n) = =3 Z Pi()pj(DIFP(t, 21, . . ., Zn).
1] 1

Therefore, the function V¥ is C1-2([0, T[ x R") and solves

O0V(t, 21, ..., Zn) = —— Z Pi(t)@j(t)OFV(t, 21, . . ., Zn). (3.8)
i,j=1

We define now a function u: [0, T] x C([-T, 0]) — R by

u(t,n) = ‘I’(t, J @1(s+t)dn(s),..., J On(s+1t) d‘n(s)), (3.9)

[-t,0] [-t,0]

where ¥(t, y1, ..., yYn) is defined by (3.7).
By the fact that, for every i, the functions ¢; are C 2, so in particular with bounded variation, similarly
to (3.2), we can write

t
i(s + B dn(s) = nO)pi(t) - j n(s - O@i(s) ds; (3.10)
[-t,0] 0

see (2.3).
Remark 3.3. By construction, we have u(t, cW¢(-)) = E[h|F¢] and in particular u(0, Wo(-)) = E[h].
We state now the main proposition of this section.

Proposition 3.4. Let H: C([-T, 0]) — R be defined by (3.1) and u: [0, T] x C([-T, 0]) — R by (3.9).
(1) The function u belongs to C*2([0, T[ x C([-T, 0])), and it is a classical solution of (1.1).
(2) Iff is continuous, then we have moreover u € C°([0, T] x C([-T, 0])).
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Proof. We will see that D*u(t, n) is absolutely continuous with density that we will denote x — D3, so (1.1)
simplifies in

1
Lu(t, n) = oeu(t,n) + J DiCu(t,n) d n(x) + EDzu(t, n1)({0,0}) = 0,

w(T, ) =Hp.

We first evaluate the derivative o.u(t, n), for a given (¢, n) € [0, T] x C([-T, 0]):

6tu(t,r]):at‘{1<t, J p1(s+t)d n(s),..., J (pn(s+t)d‘n(s))
[~t,0] [~t,0]
" (ai‘I’<t, j or(s+ ) d (), ..., J <pn(s+t)d‘i1(s)>
i=1 [-£,0] [-£,0]
-(at | ¢i<s+t>dn(s)))
[~t,0]
=at‘1’(t, p1(s+t)d n(s),..., J (pn(s+t)d‘n(s)>
[-£,0] [-£,0]
+ (aqu(t, J p1(s+t)dn(s),..., J <pn(s+t)d‘n(s)>‘li), (3.11)
=1 [-£,0] [-£,0]
where
Ij :=< j ¢i(S+t)dn(S)>.
1-t,0]

Indeed, by usual theorems of Lebesgue integration theory and by Proposition 2.3, (2.3) and (2.4), for every
1 <i < n, we obtain

0
6t( J Pi(s+1) d‘n(S)> = 6z<n(0)<pi(t) - Jn(S)q'Ji(s +1) dS)

[~£,0] Zt

0
- O¢:(0) - n(-0pi(0") - [ ©)pi(s + O ds = I
Zt
In order to evaluate the derivatives of u with respect to 17, we observe that, by (3.9) and (3.10), we get

t t
u(t,n) = ‘If(t, n0)e1(t) - J n(s-tHei(s)ds,...,n0)eq(t) - I n(s —t)gn(s) ds).
0 0

Foreveryt € [0, T], n € C([-T, 0]), the first derivative Du evaluated at (¢, ) is the measure on [-T, O] defined
by
Daxu(t, n) = Du(t, n) dx + D®u(t, n) 8o(dx)

with

D&u(t,n) = - Z(ai\lf(t, J p1(s+t)d n(s),..., J Qn(s+1t) dn(s))) (g0 () Pi(x + 1)),
i=1 [-£,0] [-£,0]

D5°u(t,n)=2(ai‘1’(t, J (s +)d n(s), ..., j (pn(5+t)d_77(5))>'(l)i(t)-

i=1 [=£,0] [-£,0]

As anticipated, we observe that x — D3 u(t, n) has bounded variation.
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Deriving again in a similar way, for every t € [0, T], n € C([-T, 0]), the second-order derivative D?u eval-
uated at (¢, n7) gives

n

D3, ut,n) = z(ai{j\y<t, J P15+ D d(s), ..., J <pn(s+t)d-r1(s)>)

b=t (-£,0] (-£,0]
(@i(O)@;j(t) 8o(dx) So(dy) — @i(t) 1 [-¢,0/(X);(x + t) So(dy)
- @j(t) L—t,01 V) Pi(y + 1) So(dx) + L [—¢,01(X) L{—t,0)(Y)Pi(x + )Py + 1)).  (3.12)
We get

J Dicu(t,n)d‘n(X)=Z<ai‘I’(t, j p1(s+8)dn(s),..., j <Pn(5+t)d‘n(8)>>~1i- (3.13)
1-,0]

=1 [=£,0] [-£,0]

Using (3.8), (3.11), (3.13) and (3.12), we obtain that Lu(t, n7) = 0. Condition u(T, ) = H(n) is trivially verified
by definition. This concludes the proof of point (1).
Point (2) is immediate. O

Remark 3.5. In this section, we have often used the concept of deterministic forward integral on a closed
interval [-t, 0], given in Definition 2.2,

pi(s +t)d n(s), instead of J pi(s +t)d n(s). (3.14)

[-t,0] 1-t,0]

Since Wy = 0, the two integrals are the same when we replace n = W(-), so
| oits+ 0@ n©@hmer = | oits+0d o

[-t,0] 1-t,0]

The choice of the left expression in (3.14), which is compatible with the fact of considering
| Dseue.mane
1-t,0]

in (1.1), is justified since

£ j @i(s + £ d(s)
]1-t,0]
is not differentiable.

4 The existence result for smooth Fréchet terminal condition

4.1 Preliminary considerations

In this section, we will prove an existence theorem for classical solutions of (1.1) under smooth Fréchet
terminal condition. In order to define explicitly the solution of the PDE, we need to introduce two central
objects for this section: the Brownian stochastic flow which is a real-valued stochastic flow denoted by
(X{™)o<s<t<T, xer and the functional Brownian stochastic flow which is a C([-T, 0])-valued stochastic flow
denoted by (Y;"")oss<t<T, nec(-T,0))-

Definition 4.1. Let A :={(s,t) : 0 <s < t < T}and n € C([-T, 0]). We define the flows that will appear in this
section.
(1) We denote by (X} )oss<t<T, xer the real-valued random field defined by

(s, t,X) = X7 = x + o(W¢ = Ws). (4.1)

This will be called Brownian stochastic flow.
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(2) We denote by (Yf’”)oSsgg, nec(-T,01) the C([-T, 0])-valued random field defined by

nx+t-s), xe[-T,s-t],
n(0) + o(W(x) - W), xe[s-t,0].

(s,t,m) = ¥ (x) = { (4.2)

This will be called functional Brownian stochastic flow.

Let H: C([-T, 0]) — R be the functional appearing in equation (1.1) and a path-dependent random variable
h := H(oWr(-)). We define the functional u: [0, T] x C([-T, 0]) —» R by

u(t, n) = E[H(YZM)]. (4.3)

Since aWr(-) = Y27"*) we have

E(h|F,) = E[H(oWr(-))|F¢] = BIHYLY O)F] = u(t, oW, (-)).

For this reason, u defined in (4.3) is a natural candidate to be a solution of (1.1). In Theorem 4.11, we will
show, under smooth regularity of H, that such a u is sufficiently smooth to be a classical solution of the
path-dependent heat equation (1.1).

We dedicate the next two subsections to investigate some properties of YtT’" that we will use in the proof of
the main theorem. Section 4.2 below contains the general results for the flows introduced in Definition 4.1. In
Section 4.3, we will introduce the Markovian stochastic flow for a general ¢: [0, T] x R — IR, which coincides
with the Brownian stochastic flow when o is constant. We will derive some properties for this flow that we
need in the theorem. We recall that, given X and Y two random elements taking values in the same space, we
write X ~ Y if they have the same law. From now on, a realization w € Q will be often fixed.

4.2 Some properties of the Brownian (resp. functional Brownian) flow

First of all, we observe that the functional Brownian stochastic flow is time-homogeneous in law.

Proposition 4.2. Yf’" and Y?_’g have the same law as C([-T, 0])-valued random variables. In particular, for

every x € [T, 0], we have Y"1 (x) ~ Y2(x).

Proof. Tt follows from the two following arguments. For x € [-T, s — t], Y>"(x) and Y""(x) are deterministic
and are equal to n(x + t — s). For x € [s - t, 0], the real-valued processes Yf’”(x) =1n(0) + o(W¢(x) — W) and
Y?jg (x) = n(0) + o(W¢_s(x) — Wp) have the same law by well-known properties of Brownian motion. O

The next proposition concerns the continuity of the field Yf’” with respect to its three variables.
Proposition 4.3. (Y;")o<s<<T, nec(-1,0)) IS @ continuous random field.

Proof. As usual in this section, w € Q is fixed, and @, (resp. @w(w)) is the modulus of continuity of 1 (resp.
the Brownian path W(w)).

Let (s, t,n) be such that 0 <s <t < T, n € C([-T, 0]), and let a sequence (s, tn, 1) be also such that
0<s,<tyh <T,n, € C([-T, 0]) with

Aim (Is = sn| + |t = tal + N = Nnlleo) = O.
We have to show that Y;""" — Y{"" in C([0, T] when n — oo i.e. uniformly. For x € [0, T], we evaluate
e — Y () < (T1(n) + Lo (n) + I3 (n)(x),

where S .
Li(n)(x) = IYI:’"" - Ytn"’nl(X),
L(n)(x) = IYSH’" - Yf’"I(X),
L)) = Y5 - Y| (x).
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By Definition 4.1, it is easy to see that [|I1(n)|co < 17 = Nnlloo + 111(0) — 1(0)| < 27 = Nnlleo- Since I3(n)
behaves similarly to I,(n), we only show that lim,_, I2(n) = 0. Without restriction of generality, we will
suppose that t, < t for any n since the case when the sequence (t,) is greater or equal than ¢ could be treated
analogously. We observe that the following equality holds:

(Y= Y0 = 0+ tg = ) D152, (0) = N(x + £ = 8) L_7,5- (%)

+(1n(0) + oW¢, () = 0Ws) 5,01 (X)
- (n(0) + aW¢(x) — oWs) 1 [s-t,07(x)

= (MO + tn = 8) = N(x + t = 5)) 1,5 (X)
+(n(x +ty —8) = n(0) — aWe(x) + OWs) Lis_t,5-¢,) (%)
+ (Wi, () = OWe(X)) 1 (s-¢,,01(X)- (4.4)

Using (4.4) to evaluate ||I>(n)|«, We obtain
sup |Yi:rl(X) - Yf’"(x)l < sup Mx+typ—s)-nx+t-s)|
Xxe[-T,0] Xe[-T,0]

+ sup [n(x+ty—5s)-n(0)

Xx€[s—t,s—ty]

+ sup  o|Wi(x) - Wil

X€[s—t,s—tn]

+ sup o|W, (x) - W(x)|
x€[-T,0]

< an(|tn —t]) + 200 w(w)(Ith — t|) —— 0.
n—+00

Since n and W(w) are uniformly continuous on the compact set [0, T], both moduli of continuity converge to
zero when t, — tg. O

At this point, we make some simple observations that will be often used in the sequel.

Remark 4.4. (1) There are universal constants Cy, C,, C3 and C4 such that, for every t € [0, T], € > 0 with
t+ € € [0, T], it holds

150 < C1(1 + Inlleo + sup ol Wel),
te[0,T]

t+e,n (4'5)
17 "Moo < C2(1 + IMlleo + 0 sup [W|)
te[0,T]
and
T—t,
1Yy "Moo < C3(1 + INlleo + 0 SUp [Wl). (4.6)
te[0,T]
Further, (4.5) implies that, for any a € [0, 1], t € [0, T], € with t + € € [0, T], it holds
JaY5em + (1 - @ Y5 oy < Co(1 + Inlleo + 0 sUp (W) (4.7)
te[0,T]
(2) Forany a € [0, 1], t € [0, T], it holds
- C([-T,
aVen 4 (1 - ayylre it —>([HO°D Y, (4.8)

tn
In fact, expanding the term YtT”’Y“e, which equals YtT’", we obtain

t+e, t+e,YhN t, t+e, t,
||{XYT 1 + (1 - a)YT tre — YTn"oo = (X||YT T YTn”oo-

The right-hand side converges to zero because of Proposition 4.3.
(3) In the sequel, we will make explicit use of the expression

nx+T-t+e)-nx+T-1), xe[-T,t-T],
(Yt;e’n - YIT’")(X) =4nx+T-t+€)-n0)-oWrx)+oW;, xe[t-T, t-T+e¢l,
oW — 0 Wiye, xe[t-T+¢€,0].
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4.3 About Markovian stochastic flow and functional Markovian stochastic flow

The Brownian (resp. functional Brownian) stochastic flow can be generalized considering o: [0, T] x R — R
Lipschitz with linear growth, i.e. not necessarily constant. We introduce the Markovian flow, and we show
some properties.

Let 0,b: [0, T] x R — R be Lipschitz functions with linear growth. Let, for every s € [0, T[, x € R,
X = X5* be the solution of the SDE

t t
X = x+ J o, X,) dW, + J b(u, X,) du, tels,T].
S S

Letagain A := {(s, t) : 0 < s < t < T}.Itis well known that the real-valued random field (s, ¢, x) — Xf’x defined
over A x R — R admits a continuous modification.

Definition 4.5 (Stochastic flows).
(1) The random field (s, t, x) — X;** will be called Markovian stochastic flow.
(2) We denote by (Yf’rl)()gsStST,rlgC([_T,o]) the random field defined over A x C([-T, 0]) — C([-T, 0]) by

nx+t-s), xel[-T,s-t[,

(s,t,m) = Y7 (%) =
‘ Xf’”(o), xe[s—-t,0].

This will be called functional Markovian stochastic flow.

Remark 4.6. (1) The Brownian flow (Xf’x) introduced in Definition 4.1 is a particular case of the Markovian
flow when o(t, x) = 0, 0 a constant. We could have formulated this chapter in this more general framework,
but for simplicity of exposition, we have restricted us to the case o constant.

(2) The Markovian stochastic flow verifies the flow propertyforO <s<t<r<T,

6X*

X=X . (4.9)

We set
Yf’"(x) _ {n(sxnzg)t—s), xe[-T,s-t], (4.10)
Xy s x e€[s-t,0].

The functional flow (Yf’") coincides of course with (4.2) when (Xf’x) is given by (4.1).
The following lemma shows a “flow property” for the functional flow.
Lemma4.7. Letn € C([-T,0]) forO<s<t<r<T.Then

Yol -yttt (4.11)

Proof. It follows~ from the flow property (4.9) for the Markovian stochastic flow. For fixed w € Q, we inject
ii = Y- into Y57 obtaining

nx+r-s), xe[-T,s-r],
el ) = X510 xels-rt-r], + =¥ (x),
XL - xS0, xet-r0),
which concludes the proof of the lemma. O

We concentrate now on the derivatives of the functional Markovian stochastic flow. Let t € [0, T]|.
By (4.10), we remind that

Y (p) = {nm +T-0), pel-Tt-T],

t,n(0
XTf:)), pelt-T,0].

It is possible to calculate formally the first and second derivatives of YtT’”(p) forp € [-T, 0].
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Remark 4.8. For p € [-T, 0], then
Y (p): C(-T,0]) x Q — R,
DY% (p): C(I-T, 0]) x @ — (C([-T, 0)))* = M([-T; 0O]).
In particular, if f € C([-T, 0]),

M-Ton{DYE (P, Heq-ton = J f(X)DdetT’n(P, w).

[-T,0]
In particular, we have
, 8pr1—t(dxX), e[-T,t-TI,
Dax¥y(p) = { P P (4.12)
50(dx)a;XT+p , pelt-T,0],
and
O, P € [_T,t_ T[s
D}, 4 Y7 (0) =
dyax TP 6 () So(dy)o% X7, pelt-T,0].

Avoiding some technicalities, it is possible to evaluate the first and second derivatives of the functional flow
itself. In the sequel, n will always be a generic element in C([-T, 0]). Let (Xf’x ) be the real stochastic flow as
in (4.1) and the associated functional stochastic flow (Yf’") as in Definition 4.1.

Lemma 4.9. Lett € [O, T|.
(1) The map YtT": C([-T, 0]) x Q@ — C([-T, O]) acting as n — YtT’” is of class C2(C([-T, 0]); C([-T, 0])) a.s.
(2) The derivatives
DYtT": C([-T,0]) x @ — L(C([-T, 0]); C([-T, 0])),
D?Yy': C([-T, 0]) x @ — B(C([-T, 0]) x C([-T, 0]); C([-T, 0]))
are characterized as follows. For f, g € C([-T, 0]), we have

flo+T-t), pel-T,t-T|,

— D XYt’n =
p J ax Y7 (P)f(0) {f(O)d{Xt’n(o) pelt-T,0],

_ T+p 7
1ol (4.13)
O, P € [_Tyt_T[’
t,n
P J DczideYT (P)f(X)g(J’) = { 2 wt,n(0)

[-T,0]2 f(O)g(O)a&'XT_,.p s P € [t - T’ 0]-
In the remark below, we express Lemma 4.9 in the case of the functional Brownian flow.
Remark 4.10. When o(t, x) = o is a constant, by (4.1), the following holds.
(1)

0 X" =1 and 0%X:* =o. (4.14)

(2) By (4.14), the derivatives given by (4.13) for the functional Brownian flow reduce to

flo+T-t), pe[-T,t-T|,

| Daxyy" =
p [ Du¥ie)fo {ﬂo), it

[-T,0]

p= J szydxytr"’(p)f(X)g(y)=0, pe[-T,0l.
(1,012

4.4 The existence result for smooth Fréchet terminal condition

In this section, Theorem 4.11 states the existence result and Fréchet regularity of the solution of the infinite-
dimensional PDE (1.1) when o is constant and H is C3(C([-T, 0])). In particular, we will give conditions on
the function H such that u defined in (4.3) solves the PDE stated on (1.1). Those conditions are reasonable,
but they are however not optimal.
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Theorem 4.11. Let H € C3(C([-T, 0])) such that D?> H has polynomial growth (for instance bounded). Let u be
defined by u(t, n) = IE[H(YtT’")], te[0,T],n e C(-T,0)).
(1) Thenu e C%2([0, T] x C([-T, O])).
(2) Suppose moreover the following for every n € C([-T, 0]):
(i) The measure D4, H(n) is Lebesgue absolutely continuous. We will denote by x — DyH(n) its density,
and we suppose that DH(n) € H'([-T, 0)), i.e. the function x — DyH(n) is in H*([-T, 0]).
(ii) DH has polynomial growth in H'([-T, 0]), i.e. there is p > 1 such that

n = IDHm)lm < const (Inl5 + 1). (4.15)
In particular,

sup ]IDxH(n)I < const (IInll5% + 1) < const ([nlk, + 1).
te[-T,0

(iii) The map
n — DH(n) considered as C([-T, 0]) — H*([-T, 0]) is continuous. (4.16)

Then u € C2([0, T] x C([-T, 0])) and u is a classical solution of (1.1) in C([-T, 0]), i.e. u solves

oeu(t,n) + I D;Xu(t, n)dnx)+ %02<D2u(t, n), Lo ®2) = 0,
1-t,0]
u(T, n) = H(n).

Remark 4.12. Contrarily to the (non-degenerate) situation of Section 3, Theorem 4.11 holds even when
o = 0. In that case, one gets a first-order equation; the regularity on H could be relaxed, but we are not
specifically interested in this refinement.

Remark 4.13. (1) Assumption (4.15) implies in particular that DH has polynomial growth in C([-T, 0]), i.e.
there is p > 1 such that

ne SEU%JO] | DxH()| = IDH(n)llco < const (g + 1). (4.17)
xe[-T,

Indeed, it is well known that H*([-T, 0]) — C([-T, 0]) and for a function f € H* it holds |||, < const ||fllg:.
(2) By a Taylor’s expansion, given for instance by [1, Theorem 5.6.1], the fact that D3 H has polynomial
growth implies that H, DH and D?H have also polynomial growth in C([-T, 0]).
(3) Du(t, n), D?u(t, n) and o;u(t, ) will be explicitly expressed in term of H at (4.21), (4.23) and (4.51).

Proof. By expression (4.3), it is obvious that u(T, n) = H(n).
Proof of (1). Continuity of function u with respect to time t. We consider a sequence
(t,)in [0, T] suchthat ¢, —= to.
By assumption, H € C°(C([-T, 0])). Consequently, by Proposition 4.3,
H(Y;") % H(Yp" ). (4.18)

By Remark 4.13 (1), H has also polynomial growth; therefore, there is p > 1 such that

|H({)| < const(1+ sup [{(x)|P) forall{ e C([-T,O0]).
xe[-T,0]

By (4.6), we observe that

IH(Y2")| < const (1 + [ Y3 L15,)

<const(1+ sup [n(X)IP + o® sup|W¢P).
xe[-T,0] t<T
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By the Lebesgue dominated convergence theorem, the fact that sup,.r|W;|? is integrable and (4.18), it follows
that
u(tn, n) = BIH(Y", )] —— EIH(Y}™ )] = u(to, n).

n—.,oo
First-order Fréchet derivative. We express now the derivatives of u with respect to the derivatives of H. We start
with Du: [0, T] x C([-T, 0]) — M([-T, 0]). Omitting some details, by integration theory for every t € [0, T],
u(t, -) is of class C1(C([-T, 0])). By usual derivation rules for composition, we have

DuH(Y?") = [ DapHYY™) Do)
[-T,0]
and
Daxu(t, n) = E[DaxH(Yy")] = IE[ j DapH(Y7") Day Y%"(p)] : (4.19)
[-T,0]
We compute explicitly (4.19) using expression (4.12). Integrating with respect to p (for a fixed x), we obtain
the following:

Daxu(t, ) = E j deH(Y;’">Dde%”(p>]+1E[ j DapH(Y;’”)DdXY‘T”'m)]

[-T,t-T[ [t-T,0]
=E J deH(YtT"l)c‘Sp+T_t(dx)] +IE[ J deH(YtT’")]So(dx). (4.20)
[-T,t-T[ [¢-T,0]
Consequently,
Daxu(t, n) = D u(t, n) + D%u(t, n) 8o(dx), (4.21)
where
D u(t, n) = E[Dgr_r+eH(YE] 1—g,01 (), (4.22)
and

Dou(t,n) = IE[ j deH(YtT’")].
[t-T,0]
Indeed, the first addend D§ u(t, n) of (4.21), i.e. expression (4.22), comes from (4.20), using the fact that

X

8p+7-t(dX) = 8ax-1+t(dp) and integrating with respect to p. The continuity of (¢, n) — Dgyu(t, n) in (4.21)
can be justified since the functions

[0, T] x C([-T, 0]) > R, (t,n) = D®u(t, n),

[0, T x C([-T, 0]) —» M([-T,0]), (t,n)+— D u(t,n)

are both continuous. The latter fact follows from the fact that H € C1(C([-T, 0])), DH with polynomial growth,
(4.6), (4.5), the fact that, for any given Brownian motion W, sup,.y|Wy| has all moments and finally the
Lebesgue dominated convergence theorem.

Second-order Fréchet derivative. We discuss the second derivative
D?u: [0, T] x C([-T, 0]) - (C([-T, 0]) &, C([-T,0]))" = B(C([-T, 0), C([-T, O))).
For every fixed (t, n7), we get
DFy ayu(t, ) = EIDY, 1,0 g 7 HOYE) Tt,01(0 ® Ti,00(y)]
+ B[Dax-ret(DH(YF"), 11e-1,01)] L(=t,00(X) Bo(dy)
+ E[Ddy—T+t<DH(YtT’n)y Lie-1,01)] A—,0((¥) Bo(dx)
+E[(D2H(Y7"), 1jt-1,0) ® 11-1,01)] Bo(dx) So(dy).

It is possible to show that all the terms in the first and the second derivative are well defined and continuous
using similar techniques used in the first part of the proof. We omit these technicalities for simplicity.
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Remark 4.14. For illustration, if D?H is an absolutely continuous Borel measure on [-T, 0]? with density
D3 ,H = DxDyH, we obtain the following:

Dy ayu(t, 1) = E[Dy 14t Dot HYE] T t,00(X) Li—t,00(y) dx dy

0
+E j Ds DX_THH(Y%%ds] 1¢,01(x) dx 8o (dy)
t-T
-0
+E J Dy—T+tDsH(Y§:n) d5:| I—¢,0((y) dy 60(dx)
t-T
+E j D, Ds, H(Y3") ds; dsz] 8o(dx) 8o(dy). (4.23)

“[t-T,0]2
Proof of (2).

Remark 4.15. Under hypothesis (2), we remark the following.

(1) The right-hand side of (4.22) is absolutely continuous in x. In other words, Ddeu(t, n) = D3u(t, n) dx
and
o, x e [-T, -t[,

; (4.24)
]E[DxfTthH(YTJl)]’ X € [_t’ 0['

D¥u(t, 1) = E[Dy_14eH(YZ] 1_¢,00(x) = {

(2) In particular, by item (ii), x — D,H(n) belongs to H', so it has bounded variation. Therefore, the

deterministic forward integral in (1.1) exists because of Proposition 2.3, and it can be expressed through

(2.4). We will denote by D'H(n) the derivative in x of function x — DyH(1n), where D,H(n) is the density of
the measure D4, H(n) for every fixed 1. Since x — D, H(n) is absolutely continuous then, by (2.2), we have

| Dacrm@yhdneo = | DerHEEH dneo. (4.25)
1-£,0] 1-t,0]
Previous deterministic integral exists because x — D, H(n) has bounded variation, and by Proposition 2.3, it

equals
0

~D_rH(YE"n(~t) + De_rH(YZM)R(0) - I D! ;. H(Y:"n(x) dx.
—t

Derivability with respect to time t. Lett € [0, T], n € C([-T, 0)]. We will show that

2
oeu(t,n) = —IE[ J Dy-ro H(YZT) d n(x) + %(DZH(YtT”’), 1)-1,0®°) |-
1-t,0]
We need to consider € such that t + € € [0, T] and evaluate the limit when € — 0, if it exists, of
u(t+e,n)—ult,n)
€
Without restriction of generality, we will suppose here € > 0; the case € < 0 would bring similar calculations.

t,
The flow property (4.11) gives YtT’” = YtT”’Y'*Wf, which allows to write

(4.26)

u(t, n) = E[H(Y ST, (4.27)
We go on with the evaluation of the limit of (4.26). By (4.27) and by differentiability of H in C([-T, 0]), we
have
tn tn
H(Y?e,n) _ H(Y?'e’y”f) _ (DH(Y;’”), Y;+e,rz _ Y;+€,YH€>
1
+ J(DH(aYtT”"’ +(1— @)Y Yet) - DH(YLM), Yol - yiretity da

0

= j D H(YE(YEN(x) - Y4V () + S(e, £, ), (4.28)
[-T,0]
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where
1
t, t,
S(e, t,m) = J(DH(aYt;e’" +(1— a)YEeTee)y - pH(YET), yiren _ ytreYiy ga.
0
Setting y = Y.L, we need to evaluate

YEel(x) - YiY (x), xe[-T,0].
Then (4.29) gives

nx+T-t-€)-yx+T-t-¢€), xe[-T,t-T+e€l,

Yoot (x) - Yi oY (x) = {
n(0) -y(0) = ~0(Wee(0) + Wy),  xe[t-T+e,0],

because y(0) = YE"(0) = n(0) + 0(W¢(0) — W). Moreover, by (4.10), we have

t+e

nix+T-t), xe[-T,t-TJ,

yx+T-t-¢€)= Yf;l.(x+T—t—e)={
n0)+o(Wrx)-Wy), xelt-T,t-T+¢€].

Finally, we obtain an explicit expression for (4.29); indeed, (4.30) gives

nx+T-t-€)-nix+T-1), xel[-T,t-T],
YO0 - YV () = dn(x+ T—t— €) - n(0) - o(Wr(x) + Wy), xelt—T, t—T+el,
oW = Weie), xe[t-T+eg,0].
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(4.29)

(4.30)

(4.31)

Consequently, using (4.27), (4.28) and (4.31), the quotient (4.26) appears to be the sum of four terms.

t,
u(t+e,m)—ult,n) _ IE[H(Y;“””) - H(Y’T”’Ywne)]
€ €

1
=li(e,t,n) +L(e, t,n) +I3(e, t, ) + ps E[S(e, t, n)],

where r
I(e, tn) =IE[ J DXH(YtT’”)n(XJr T-t-¢€)-n(x+T-1) dx]
_T €
0
-- IE“ D recH(r IO IO dx],
—t
t-T+e
e, t, 1) = E[ J Dy H(yn 10 T =t =€) = n(0) — o(Wr) + Wy dx]
=T ¢
t-T+e
—]E[ j DXH(YtT’")w dx]
T
t-T+e
- [ J DXH(YtT’n)rl(X +T-t-¢€)- ’1(2) = o(Wr(x) + Wie) dX],
=T

>

0
(e, t,n) = IE[ I DXH(Y;’”)M dx]
t-T

and E[S(e, t, n)] is equal to

1 0

t, t,
J IE[ J (D H(aYES 4+ (1 — @)Y Yee) — D H(YE) - (Y51 (x) - YE©Yee (x)) dx | da.
0 -T

(4.32)

(4.33)
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We will prove that
Ii(e, t,m) p— Ii(t,n) := (8, ) + I12(t, n) + I13(¢, ), (4.34)

where .
Li(t,n) = E[D_tH(Y;Mn(-t)],
0

Ina(t,m) = IE“DQ_THH(Y[T’")U(X) dX],

—t
Ii3(t, ) = - E[De_rH(Y7")n(0)].
Admitting (4.34), the additivity and using (4.24) in Remark 4.15, we have

Li(t,n) = - IE[ J Dx—T+tH(YtT’n) di](X)] .
]1-t,0]
It remains to show (4.34). In fact, I1 (¢, t, 1) can be rewritten as sum of the three terms

—t+e

e, 1) = E[ | DX_THH(Y;’%@ dx],

~t

0 ‘ .
Dyse 7o) HYY™ = D, (H(YE!
Iis (e, t, n):E[J x+e-T+tH( T ) x-T+tH( T )

—t

c nx) dx],

€
X-€
Is(e, t,7) = - IE“ D recHVEH 1) dx].

0
We can apply the dominated convergence theorem. Since W, sup,.7|Wy| has all moments, and taking into
account (4.17) in Remark 4.13, we get that I4;(€, t, ) - Li(t,n) fori=1,2,3 holds.

I, (e, t, n) converges to zero when € — 0. Indeed, the Cauchy-Schwarz inequality yields
1 t-T+e
(e, t, > < EJE[ j D H(Yz")? dx]

t-T
t-T+e
1

2 ]E[ J (Mx+T-t-¢€)-n(0)-o(Wr(x) + Wt+e))2 dx|.
T

Again, by usual arguments and again because sup,.r|Wy| has all moments and taking into account (4.17) in
Remark 4.13, it follows that the first integral converges to IE[D;_7H( YtT’”)z] and the second integral to zero.
As third step, we prove that

I(e, t,m) — ~0? E{D?H(YS"), 11,00 ®*)] =2 I3(¢, ). (4.35)

For this, we rewrite I3(e, t, n) using (A.1), i.e. Wepe — Wy = W, and the Skorohod integral to obtain

0 0
Iie, t,n) = —oIE[ D, H(Yh et dx] -2 IE[ | DXH(YtT’”)dx-We]
t-T t-T
0 € €
=-%1E[ DXH(YtT’”)dx-jél/_V,] =-%1E[z-jav_vs], (4.36)
t-T 0 0

where Z := (DH( YtT’”), 1y¢-7,0). Denoting by the deterministic function Y := 1y;_71,0)(x), using Proposition A.4
with n = 1, it follows that Z = (DH( YtT’” ), Y) belongs to D12 and

DRZ = o(D*H(YP"), 131,01 (X) ® 1jp—714£,0/(¥))- (4.37)
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By integration by parts on Wiener space, expression (4.37), Fubini’s theorem with respect to r and y, (4.36)
gives
€ > - €
o m o 2 [,n
I(e, t,n) = 7 E| | D;*Zdr| = e E| | (D°H(Y}"), 11r-T1t,01(X) ® 1ye-1,0)(y)) dr
0 "0

o2 [
=-—E <D2H(YtT’n), L-r4e,00(0) dr® H]t—T,O](Y)>]

Ot v

€

2
1)2-1,01(X) dz ® 1}¢-1,0] (y)> ] (4.38)

--Z g (D2H(M,

[ L ——.

where the latter equality comes replacing z := r + t in the integral.
Observing that

t+e t+e

J Iyz-1,01(x) dz = J Io,x+17(2) dz
t t

L[JrEOdZ:O, x<t-T = x+T<t,
= LHE Lioxsri(2)dz=x~-t, xelt-T,t-T+e] = x+Telt, t+e], (4.39)
ftpreldz:e, xelt-T+e,0] — x+Telt+e,T],

we get
t+e

1 (x
ps J 11,-7,01(X) dz = 1)t-T+¢,0)(X) +
t

)
Iyt T,t-Tre] (x).

The previous expression is bounded by 1. Moreover, it converges pointwise to 1j-1,0j(x) as € | 0. By
Remark 4.13 (1), the fact that D?H has polynomial growth and that, for any given Brownian motion W,
sup,.r|Wy| has all moments and finally the Lebesgue dominated convergence theorem, we conclude that
(4.38) converges to I5(t, ), i.e.

I3(t, 1) = —0? B[(D*H(Y3"), 1)-1,01(X) ® 13-1,0,(0))]-

So the convergence (4.35) is established. )
1
We study now the term 1 E[S(e, t, )] in (4.33). By Lemma 4.7, we get the a.s. equality YtT’” = YtT“’Y“f.
Using (4.31) and the fact that H € C3(C([-T, 0])), (4.33) can be rewritten as the sum of the terms

1 t-T

Aq(e, t, ) = JIE[ J (DXH(tXYtT+E"1 +(1- a)YtT’”) _ DXH(YIT’"))
0 -T
N+ T-t-€)-nx+T-1) dx] da,
€
1 t—-T+e
As(e, t,n) = JIE[ J (DyH(aY5 e + (1 - a)Y2") - DyH(YE™))
0 t-T

Nx+T-t-€)-n0) - oWr(x) + 0Wre
€

dx] da,

As(e, t,n) =As1(e, t,n) + Aza(e, t, 1) + Azz(€, £, ) + Asy(e, t, 1),

where

o2 (We = Wiye)?
As(e, ) = T B[(DPHE), 1 i) 8 Tt - — 2],

€

(We = Wiie)? ] da,

1
As(e t,n) = 07 j E[((D2H(Y{™" + (1= @Y}") - D2HYED), Wericop) - ——
0
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1
Ass(e, t,n) =0 J E[<(DZH(aY;*€”l +(1- @)Y - D2H(YET)),
0

ny+T-t+e)-ny+T-t)
€

Up-tre, 01008 1-1en) ) - (We = Weso)| da

1
Asale, t,m) =0 J IE[<(D2H(aYtT+€"’ + (1 - a)YE) - D2H(YLT)),
0

ny+T-t-€)-n(0)—a(Wr(y) + Wee)
€

(Wi — Weyie) | da.

1)¢-T4e,00(X) ® 1)o7 ¢-Toe] (Y)>

Similarly to I1 (€, t, ), the term A1 (€, t, ) can be decomposed into the sum of terms given below.

—t+e

€
j X— T+[H (XY fren +(1 a)Yt 71) Dx—TthH(Y%rl) (X )
—t

All(e’t’rl):]E[ d d ]

€

o_,,_. o%,d

0 t+e,n t,n t+e,n 60
A D a +(1-a)Y; Dy_r.:H(aY +(1-a
12(€, 8, 1) =]E[ J xre-T+tH(@Y 7 ( )Y7") = Dy-rieH(a Y7 ( )Y
-t

- n(x) dx da]

10
_E IIDX+€ T+tH(Y 1) - Dy T+tH( T T
€
0 -t

n(x) dx da],

D, T+tH aYt+er1+(1 (X)Y n) Dy T+tH(Ytn)n(X €)

m—.o

1
Ass(e, t,n) = - “ dx da ]
0 -

We show now that A11 (€, t, n7) converges to zero. By the Cauchy—-Schwarz inequality, we have

—t+€

2(y _
[Aw(e, t, D) < j yd [

—t

. 1 (-t+€e
The integral ¢ | ,

and (4.8), we have

—t+€
J % [Dy- T+tH(aY+e"+(1 a)Y M) — Dy THH(Y )2 dxda]
Zt

O'—,,_;

n?(x - €) dx converges to n*(~t) by the finite increments theorem. By hypotheses (4.16)

t+e, t, t, a.s.
IDH(aY; " + (1 - ) Y2") = DH(YZ")| g1 (.01 —0. (4.40)
Because of (4.40), it follows that
sup [DyH(aY7 " + (1 - @)Y5") - DH(YEh| = —> 0 forallx e [T, 0]. (4.41)
x€[-T,0]
Then (4.41) implies that
1 —t+e
L D g H(aytren YE) - Dy rae H(YED))? dx da ==
E[ x—T+t (0( T +(1-a)Y; )_ x-T+¢H(Y7 )] X amo-
0 -t

Using (4.17), (4.7), (4.5) and the fact that, given any Brownian motion W, sup,.7|W,| has all moments and
the Lebesgue dominated convergence theorem, it follows that A11 (€, t, n) converges to zero. Using the same
technique, we also obtain that A;5(e, t, n) converges to zero.

We show that A1, (€, t, ) converges to zero. For every fixed continuous function {, we can write

x+e—-T+t

Di-ruuseHQ) - DerueHO = [ DL du.

x—T+t
It follows that A1, (€, t, ) can be rewritten as

I

x—T+t+e
[DLH(aYS o + (1 - a)Y2") - DLH(YEM)n(x) du dx da |.

x-T+t

o=
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Taking the absolute value and considering the fact that |;(x)| < ||7]lco, We obtain

x—T+t+e

IDLH(aY5 M + (1 - a)Y3") - DLH(YS™)| du dx da] 11lloo-

o=

10
Ary(e, t, 1)l < E[”
0 -t

x—T+t

By Fubini’s theorem, it follows

T+t

j IDLH(aY5 e+ (1 - a)Y2") - DLH(YS"M)| du da] 11llso-

|A12(€’ t: n)l < E[
-T

C—

Now, using the Cauchy-Schwarz inequality, we have

~T+t
|A12(e, t, )| < T]E[ J (DL H(aY5 e + (1 - q)YL") - D/ H(YE") du da] 12,
-T

< T]E[ ID'H(aYy e+ (1 - a)Y3") - D’H(Y;’”)Mfzu_m) da] I3

Ot . Ot

Convergence (4.40) implies in particular

t+e,n t,n ! t,ny|12 a.s.
ID'H(aY; "+ (1 - )Y7") = D'H(Y 2|12 101 — 0.
Again using (4.17), (4.7), (4.5) and the fact that, given any Brownian motion W, sup,.7|Wy| has all moments
and the Lebesgue dominated convergence theorem, we have that A,(e, t, 1) converges to zero. This con-
cludes the proof that A1 (e, t, n) converges to zero.

The term A, (e, t, n) also converges to zero. In fact, Cauchy-Schwarz implies that

1 t-T+e

1
|As(e, t,)|* < J - IE[ j (DyH(aY5 o + (1 - @) Y3) - DyH(YE)? dx]
0 t-T
1 t—-T+e
2 ]E[ j (nx+T-t-¢€)-n(0)-oWr(x)+ (7Wt+e)2 dx] da.
t-T

The continuity of DH (see (4.16)), the fact that it has polynomial growth in the sense of Remark 4.13 (1),
(4.7) and the Lebesgue dominated convergence theorem imply that the first expectation converges to zero.
The second expectation converges to zero by the same arguments together with the fact that sup, .| Wy| has
all moments.

We show now that A3 (e, t, 1) converges to

2
T BUD?H(YE, Ty rop)] = Asa(t, ). (4.42)

At this level, we need two technical results.

Wee=Wi)?
€

Lemma 4.16. The random variable B(€) := ( weakly converges in L?(Q) to 1 when € — 0.

Proof. In fact, E[B(€)?] = 3 so that (B(¢)) is bounded in L2(Q). Therefore, there exists a subsequence (e,)
such that (B(ey,)) converges weakly to some square integrable variable By. In order to show that By = 1 and
to conclude the proof of the lemma, it is enough to prove that E[B(¢) - Z] — E[Z] for any r.v. Z of a dense
subset D of L2(Q). We choose D and the rv. Z such that Z = E[Z] + IOT &s dWs, where (&5)se[o, 17 is @ bounded
previsible process. We have

, T
(Were — W) J
€

E[B(e) - Z] = E[B(e)] E[Z] + ]E[
0

gsdws].
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Since E[B(¢)] E[Z] = E[Z], we only need to show that

]E[ (Wt+e - Vvt)2

T
- Igs dWs] —o0. (4.43)
0

Since IOT &s dWy is a Skorohod integral, integration by parts on Wiener space (2.1) implies that the left-hand
side of (4.43) equals

t+e

j £ ds (Wepe - W) |5
t

T
2 1
]E|:E Jé’s(WHe = We) Lt t4¢1(S) ds] = ]E[E
0

this converges to zero since ¢ is bounded. O

Lemma 4.17. Let H be a Hilbert space equipped with a product (-, -). Let (Z,)n and (Y,)n be two sequences
in H such that Z,, converges strongly to Z and Y,, converges weakly to Y. Then (Z,, Y) converges to {Z, Y).

Proof. By the Cauchy-Schwarz inequality, we obtain
(Zn, Yn) =Z, V)| = KZn = Z, Yn) +{Z, Yn = V)| < | Zn = Zllg | YnlE + (Z, Yn - V) P 0

since || Z, — Z| i goes to zero by the strong convergence hypothesis of (Y;), || Vx| is bounded because weakly
convergentand (Z, Y,, — Y) goes to zero by definition of weak convergence of (Y;), and thefactthat Z ¢ H. [

In order to show the convergence of 2431 (€, t, n) = 02 E[Z(€) - ] to 2434 (¢t, ), we use Lemma 4.17
setting the Hilbert space H equal to L?(Q). We only need to show the strong convergence in H of 2(¢) to
2 :=(D?H( YtT’”), 1y¢-1,0) ® 13¢-1,0))- Taking into account 1j;_¢,0) ®* — 1)1_1,0) ®° pointwise and the Lebesgue
dominated convergence theorem, it is not difficult to show now that E[(Z(e) — Z)?] converges to zero, i.e.
the strong convergence in L?(Q). Finally, by an immediate application of Lemma 4.16, the term A3 (€, t, )
expressed in (4.42) converges to "72 E[Z] which equals A31(t, n).

The term As; (€, t, n7) converges to zero. In fact, using 1y;_7+¢,0)2 < 1[¢-1,0)2 and then the Cauchy-Schwarz
inequality, we obtain

(Wt+e*WI)2
€

: Wire — Wy)2
IE[(DZH(aYtTJ“e’" +(1- a)YtT+e,Yf+ne) _ DZH(Y;"I), ﬂ]t—T+e,0]2> . ( t+e€ t) ]
(“’t+e - Wt)z ]

< E[(DZH(anT”’" + (1 - a)YEeYE) - D2H(YE), 1 pop) - -

< \/JE[|<DZH(aY;*€’" +(1- a)Y‘T*e’Yffe) - D2H(YY"), 1yrr012)]*] - V3

0
< \/]E[”DZH(‘XY[TH’H +(1- a)Y;'Jre’YM) - DZH(Y%U)llfc([—T,O])éi)* Mge-1,012012].

The latter term converges to zero because D>H e C°(C([-T, 0])) and D?H has polynomial growth as we have
seen in Remark 4.13 (1).

We show that Ass(e, t, n7) converges to zero. We rewrite Ass(€, t, 1) as 0(As3z(€, t, 1) — As31(€, ¢, 17)),
where

) ny+T-t+e)-nly+T-t)

Assi(e, tn) = E[(DZH(Y;’" :

1je-ee,0/00) ® 1(1.¢_1] (y)>(wt+e - Wt)],

1
t,
Aszz(e, t,n) = JIE[<D2H(aYtT+€”7 +(1- a)yfTerthl),

ny+T-t+e)-nly+T-t)
€

Ni-Tre, 0100 8 g () ) Weee = W0 da.
We will show that both As31 (€, t, n) and A3z (€, t, 1) converge to zero. Denoting

2= (D’H(Y"), ), (4.44)
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where
Y= L-The,000) @ M-, e-y V)M + T =t +€) =y + T - B)],
we rewrite 1
Aszzi(e, t,m) = = E[Z - (Wee — We)].

Using Proposition A.4 and that H € C3(C([-T, 0])), with polynomial growth, we get that Z belongs to D2
and

D™2 = (D> H(YY"Y), 1)y_14,01®Y) + (D*H(YS"), DY)
= 0(DPH(YP"), 1r-14£,0)(2) ® 1je-Tse,01 (0 @ Lo V)N + T~ t+ €) =y + T - )] (4.45)

because DY is zero. Using (4.44), Skorohod integral formulation, integration by parts on Wiener space
(2.1), (4.45) and successively Fubini’s theorem with respect to the variables r and z and then integrating
with respect to r, we obtain

Assi(e, t, 1)

€ €
11E[z,-(w,+€— Wy = llE[Z-We] = lm[z-stv_vu] = 11E“D‘,“zdr]
€ € € 5 € 5

€

SE“WH(Y‘T’"),
0 Myr-74£,01(2) ® Ljt-Tie,00(X) @ Nty (V)M + T =t +€) —n(y + T - 1)]) dr]

g]E[(D3H(YtT"1),
J 13r-T+£,01(2) dr ® 11¢-T4e,00 () @ -1,V (MY + T -t +€) -y + T - t)])]- (4.46)
0

Analyzing the term joe 1},-1+t,0)(2) dr analogously to (4.38) and (4.39), we can establish the convergence
of As31(€, t, ). In fact, the third-order Fréchet derivative of H, denoted by D>H, is a map from C([-T, 0])
to the dual of the triple projective tensor product of C([-T, 0]), i.e. (C([-T, O])®,3,)*. We recall that, given
a general Banach space E equipped with its norm |- |z and x, y, z three elements of E, then the norm of
an elementary element of the tensor product x ® y ® z which belongs to E® is |x|z - Y|z - |zl z. We remark
that the trilinear form (¢, @, ) — (D3H(YtT’”), ¢ ® @ ® P) extends from C([-T, 0]) x C([-T, 0]) x C([-T, 0])
to ¢, @, Y: [-T,0] — R as a Borel bounded map. Indeed, the application is a measure in each component.
Consequently,

(D>H(YE"), Lye-Tre,0/(0) ® T1t,0/ V[N + €) = N(Y)] @ jy-141,01(2)]

< sup (DPH(YS™), @ @ ® )| - @y (€)
1Blco<1, 1 Ploo<L, Plloo<1

_ 3 t,n a.s.
- "D H(YT )”(C([fT,O])@i)* . wrl(e) E’ 0

since @y (¢) is the modulus of continuity of 7. By the polynomial growth of D3H, (4.5), the fact that, for any
given Brownian motion W, sup,.y|W,| has all moments and finally the Lebesgue dominated convergence
theorem, we conclude that (4.46) converges to zero; therefore, As31(€, t, ) converges to zero.

At this point, we should establish the convergence to zero of As3;(€, t, 7). This can be done using, again
as above, integration by parts on Wiener space (2.1). However, there are several technicalities that we have
to omit.

We show finally that A5, (e, t, 1) converges to zero. We rewrite the term A3, (€, t, n7) as

Aszy(e, t,m)
1

- o [ B[{(D?H(@ry " + (- vy - DPHOYY),

O Ny +T-t-€)-n0)-o(Wr(y) + Weee)
€

1y¢-T4e,0)(X) ® 1¢-T,t-Te+e] ()/)> (W= Wee) | da
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as Asu(e,t,n) = 0(Assa(e, t, n) — Azga(€, t, 17)), where
Azsq(e, t, 1)

1
- J]EKDZH(aY;*E’" +(1-a)vih),
ny+T-t-e)-n0) - o(Wr(y) + Were)

TjeTee,0)(0) ® 1 1.¢-Tee] (y>> (W - Wt+e)] da,

e
Asu(e, t,)
- JIIE[<D2H(YtT’”),
ny+T-t-e)- n((;) —o(Wr(y) + Weee) Ty rre.o) () @ ]l]t—T,t—T+€](Y)> (W, - Wt+e)] da
- B[(D?H(Y{,
ny+T-t-e)- n(g) —o(Wr(y) + Weie) T Tee.0]00 ® 1je-1.e-Tre] (y)> (W, - Wm)]-

Firstly, we show that As4, converges to zero. It holds in fact

€
1 1 — 1 —

Asga(e, t,m) = EJE[Z'(Wt - Wee)l = = E[Z - W] = = IE[Z J 5Wr],

0

where
Z == (DXH(YE"), De-Tae,0000) ® [Ny + T — t — €) = 1(0) — GWr(¥) + 0Wesel 1)e-1,e-T4e) (V).

Since D?H has polynomial growth and it is of class C', by Proposition A.4, Z € D2, Then the integration by
parts on Wiener space gives

€
1
Aszga(e, t,m) = EE[JDITHZdr]. (4.47)
0
According to Proposition A.4, equation (A.4) for n = 2 and setting

Y= rre,000)@ Ny +T—t—-€)-n(0) —oWr(y) + oWeie] Lje-1,t-14€1 (V)5

we get the following expression for the Malliavin derivative of Z in the Wiener space associated with (W,),
forre [0, T -t]:
D2 = (D’H(Y7"), Y ® 1jy_141,01(2)) + (D*H(YF"), DI'Y). (4.48)

Replacing (4.48) in (4.47), we get that As4, (€, t, n7) equals a sum of A3421 (€, t, ) and As422(€, t, 7) with

1
Aza(e tm) = - IE[ (D*H(YE"), Y ® Ty 140,01(2)) dr],
(4.49)

1
A3ga(€,t,1) = = IE[ (D*H(Y3™), DY) dr].

Ce———n C—0»

The term As421 (€, t, ) converges to zero. In fact, similarly to the method developed in detail in (4.39), we
have

€
1
Aspi(e, t,n) = = E[J<D3H(Y;’n), Y ® Ljz-1+£,01 (1)) d"]
0

_ % ]E[ <D3H(Y;"l), Ye Je Lo1et.0)(7) dr>]
0
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and .
1 eENn(z+T-1t)
- J 11z-T4t,01(1)) dr < 1.
€ € €—0
0

By polynomial growth of D?H, (4.7), the usual property that, given any Brownian motion W, sup,.y|W| has
all moments, the convergence of Y to zero and through the application of the Lebesgue dominated conver-
gence theorem, we conclude that first term in As421 (€, t, ) converges to zero.

Concerning the term As422 (€, ¢, 1), we firstly need to compute the Malliavin derivative of Y,

DP'Y = Ijt-T4e,00X) ® DY [N(y + T = t — €) = 1(0) = W1 (y) + 0Wesel 1j-1,t-1461 (V)

0 1yt-T4¢,01(X) ® DP* [Wire = Wriy] 1ye-1,¢— 146 (V)

0 1)t-T+¢,0)(0) ® DR [We = Wryy—t] Ije-1,0-74¢) (V)

0 11¢-T+6,01(X) ® NiTay—t,e1(1) - Lje=1,t-T4e1 V), (4.50)

since, by the usual property of the Malliavin derivative, DI,“[WE —WT+y—t] = I{T4y-t,e](r). Now, replacing
(4.50) in (4.49), we have, similarly to the method developed in detail in (4.39),

€ €
Asia(e, t,n)z%IE[(DZH(Y;’”),JD‘,“ydr)] and gJD’,nydrga“(T:y_t) —0.
0 0

Weremark that T +y — t € [0, €] sincey € [t — T, t — T + €]. Again by polynomial growth of D?H, (4.7), by the
usual property that, for the Brownian motion W, sup,.y|W,| has all moments and applying the Lebesgue
dominated convergence theorem, we conclude that the first term in As42,(€, t, 1) converges to zero. Finally,
A3y (€, t, n) converges to zero.
By similar arguments, even though technically a little bit more involved, also As41 (€, t, 1) converges to
zero. This finally proves that
A34(€, t, I'I) : 0.

We are now able to express o:u: [0, T] x C([-T, 0]) — R. For t € [0, T], o¢u(t, ) is given by the conver-
gence of term (4.32) to a sum of three terms different from zero

atu(t) rl) = Il(t! n) + I3(t’ rl) +A31(t’ rl)a

i.e.
2
[0)
deu(t, n>=—1E[ j DX_T+tH(Y‘T"’)d-n<x)+7<D2H(Y‘T’”>, 1-1,0) ®°) |. (4.51)
1-t,0]

The path-dependent heat equation. Taking into account (4.25), the second-order Fréchet derivative (4.23)
and the time derivative (4.51), it finally follows that u solves (1.1). O

A Appendix: Malliavin and Fréchet derivatives

We need some technical results concerning the link between Fréchet and Malliavin derivatives in a separable
Banach space that, for the moment, we set to be equal to R. We need to apply Malliavin calculus related to
the Brownian motion. Let T > O and t € [0, T] be fixed. We recall that

Wy = Wey — Wi, x€[0, T-t]. (A.1)

So the Wiener space will be C([0, T - t]) with variable parameter in [0, T — ¢] and based on W. We consider
the window Brownian element Wr_¢(-) with values in C([-(T - t), 0]), defined as

Wr—t(x) = Weer—e(x) = Wy = Wryy = W, x € [-(T - t), 0].
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LemmaA.1. Let G: C([-(T - t), 0]) — Rof class C* be such that DG has polynomial growth. LetY € ID®. Then
G(oWr_¢(+)) belongs to DY2 and

DMG(oWr((-)Y) =0 J (DayG)(oWr—¢(-))Y + G@Wr((-)) DY, r1€[0,T~t]ae. (A.2)
r-(T-0),0]

Proof. The proof of this result needs some boring technicalities involving the approximation of a continuous
function and its polygonal approximation. Formula (A.2) is stated in a particular case for instance in [13,
Example 1.2.1]. O

A consequence of the previous lemma is the possibility of the differentiating
h=F(Y;"), F:C(-T,0]) - R

of class C! Fréchet. We remark that YtT”l = G,I(O‘WT_[( -)), where Gy : C[-(T - t), 0] — C([-T, 0]) is given by

nx+T-t), xe[-T,t-TJ,
Gy(y) =
no)+y(T-t+x), xelt-T,0].

By Lemma A.1, if Y € D,
D} (hY) =0 J Dgy(F o Gq)(O'WT—t('))y +Fo Gq(GV_Vrft(-))Dg“é, x€[0,T—t]. (A.3)

]x—T+t,0]
Remark A.2. We remark that, forally € C([-T +¢t, 0]), D(F o G;) € M([-T + ¢, 0]).
We have, for { € C([-T + t, 0]),

[ Do ® e Gms) = | DaFGuI).
[t-T,0]
So (A.3) gives, for x € [0, T - t],
DI =0 | (DayPG(oWr-0)Y + (FoGp)aWr_i() DY
1x-T+t,0]

=0 J (DayF)(Y5™Y + F(Y3™) DY,
]x—T+t,0]

At this point, we have proved the following.

Proposition A.3. Let H: C([-T,0]) — R be of class C'-Fréchet with polynomial growth. Let Y € ID®. Then
H(Y;’n)y belongs to D2 and

DMH(YEMY) = o j (Day H)(YEMY + F(YZHDIMY.
1x-T+t,0]

The previous proposition admits a generalization to the case when H: C([-T, 0]) — R is replaced by a func-
tional
C([-T,0]) — (C([-T,0]) & - -- & C([-T, 0])), n=>1.

n times

Typically, an example will be D"H. We recall that

(C(I=T, 0]) &7 - -- & C([-T, 0]))"

n times

can be isomorphically identified with the space of n-multilinear continuous functionals on C([-T, 0]). Propo-
sition A.3 can be generalized as follows.
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Proposition A.4. Let H: C([-T, 0]) — R of class C"*-Fréchet be such that D"*'F has polynomial growth. Let

Y e D(CU0, T — t]) & --- & C((0, T — t])).

n times

Then (D" H( YIT’"), Y) belongs to ID'-2. Moreover, for a.e. r € [0, T — t], we have
D™((D"H(Y;"), ¥)) = (D" H(Y;"), Lr-14e,0 ® Y) + (D"H(Yy"), D™Y). (A.4)
Remark A.5. The function 1),_14¢,0] can be considered as a test function {o. Indeed,

Go > D™TH(YE) (o ® (1@ ¢n)
for fixed {3, ..., {n € C([-T, 0]) is a measure.

Proof. Avoiding to state too abstract results, the proof of Proposition A.4 is based on a generalization of
Lemma A.1 replacing the value space R with the separable Banach space B, setting

B =C([-T,0]) & --- &7 C([-T, 0]). O

Lemma A.6. Let B be a separable Banach space. Let G: C([-T + t, 0]) — B* be of class C1-Fréchet with poly-
nomial growth. Let Y € D (B). Then G(Wr_¢(-))Y € DY2(B) and

Dr(B(GWr1—(-)), VB) = (c(-T.008,B) (DGW1—t(+)), Ljr—T4t,00 ® W c(-r.0n8,8 + (G(Wr—e(+)), D™Y)

Remark A.7. We remark the following.

(1) DG: C([-T +t,0]) — (C([-T, 0]) ®; B)*.
(2) Proposition A.4 will be used forn =1, 2, 3.
(3) DY ¢ B for almost all r.
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