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DIFFERENTIABILITY OF MONOTONE MAPS
RELATED TO NON QUADRATIC COSTS

CRISTIAN E. GUTIÉRREZ AND ANNAMARIA MONTANARI
MARCH 6, 2025

Abstract. The cost functions considered are c(x, y) = h(x − y), with h ∈ C2 (Rn), homo-
geneous of degree p ≥ 2, with positive definite Hessian in the unit sphere. We consider
monotone maps T with respect to that cost and establish local scale invariant L∞-estimates
of T minus affine functions, which are applied to obtain differentiability properties of T
a.e. It is also shown that these maps are related to maps of bounded deformation, and
further differentiability and Hölder continuity properties are derived.
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1. Introduction

In this paper, we analyze the differentiability properties of monotone maps arising
in optimal transport for cost functions that are not necessarily quadratic. We begin
by proving L∞-estimates for these maps minus affine functions which are then applied
to establish the differentiability of monotone maps using a notion of differentiability
introduced by Calderón and Zygmund in their landmark paper [CZ61]. Specifically, this
notion of differentiability is preserved pointwise by singular integral operators. This leads
us also to a connection between monotone maps and maps of bounded deformation, a
notion originated in elasticity [T83].

C.E.G. was partially supported by NSF grant DMS–1600578, and A. M. was partially supported by a
grant from GNAMPA.
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The cost functions considered here have the form c(x, y) = h(x − y) where h ∈ C2(Rn),
is nonnegative, positively homogeneous of degree p for some p ≥ 2, and satisfies (2.3).
These include the power costs |x− y|p which are singular on the diagonal; in other words,
∂2c
∂x∂y

= 0 when x = y. Such a singularity prevents the application of results available for

non-singular costs, such as those found in [OPRdf]. This work continues our research
from [GM22] and [GM24], which originated from the fundamental work by Goldman and
Otto [GOdf], who developed a variational approach to establish the partial regularity of
optimal maps for quadratic costs. The study of regularity of optimal maps for general
costs has been a subject of important research; see for example, the book [AGS05, Chapter
6], and the papers [MTW05], [TW09], [FK10], and [FDP15]. L∞-estimates for optimal
maps in terms of the Wasserstein metric are established in [BJM].

To introduce the notion of monotonicity, from optimal transport theory, if c(x, y) :
D×D∗ → [0,+∞) is a general cost function, then the optimal map for the Monge problem
is given by T = Nc,φ where φ is c-concave and

Nc,φ(x) =
{
m ∈ D∗ : φ(x) + φc(m) = c(x,m)

}
with φc(m) = infx∈D

(
c(x,m) − φ(x)

)
, see for example [G23, Chapter 6] or [GH09, Sec. 3.2]

for definitions and related results. See also [GvN07] for further results. We say that a
multivalued map T : Rn

→ P(Rn) is h-monotone, or c-monotone, if

(1.1) h (x − ξ) + h
(
y − ζ

)
≤ h (x − ζ) + h

(
y − ξ

)
,

for all x, y ∈ dom(T) and for all ξ ∈ T(x) and ζ ∈ T(y); where dom(T) = {x ∈ Rn : T(x) , ∅}.
It is then clear that the optimal mapNc,φ is h-monotone.

However, in our analysis, we will consider maps T only satisfying (1.1); and that are not
necessarily optimal or cyclically monotone. A challenge with (1.1) is that T is a multivalued
map. However, as proven in [GM24], for the costs considered, h-monotone maps are
single-valued almost everywhere a.e. This result is non-trivial and plays a pivotal role in
the analysis. Consequently, the single-valued property ensures that the inequality (1.1)
holds a.e.

To contextualize our work, we note that [GM22] investigates L∞-estimates for the excess
map Tx − x, where T is an h-monotone map, not necessarily optimal. The current paper
generalizes these estimates to excess maps of the form Tx − Ax − b, where A is any n × n
matrix and b is any n-vector. The proof of the L∞ -estimates in both [GM22] and this paper
begins with the potential theory identity (6.1). However, the general case of Tx − Ax − b
introduces additional challenges and technical complexities. While both proofs employ
a convexity-minimization argument, the general case demands estimates for extra terms
absent when A is the identity.

It is crucial to emphasize that the L∞-estimates we establish apply to any h-monotone
map T, not necessarily optimal. These estimates are scale-invariant, holding for balls BR
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of arbitrary radius, with constants explicitly depending on averages of |Tx −Ax − b| over
BR, as stated in inequality (3.1) and reiterated in (3.14). This scale invariance is essential
for analyzing the differentiability of h-monotone maps (Section 4) and their bounded
deformation and Hölder continuity properties (Section 5). In contrast, the estimate from
the unpublished paper [GK24], Theorem 2, applies only to the unit ball and to optimal
maps.

An outline of the paper is as follows. Section 2 contains equivalent formulations of
h-monotonicity, resembling the notion of standard monotone map, that are needed later.
Section 3 contains our first main result, Theorem 1, concerning estimates of an h-monotone
mapping minus affine functions. Since the Calderón and Zygmund differentiability is
related to approximation by polynomials, the estimates in Section 3 lead to differentiability
properties of h-monotone maps which is the contents of Section 4. Section 5 relates h-
monotone maps with maps of bounded deformation, it shows that if T is an h-monotone
map, then the map Dh(x − Tx) has bounded deformation and from [ACDM97, Theorem
7.4] it is weakly differentiable a.e. As a consequence of the last result and the L∞-estimate
of Theorem 1, it is then proved in Section 5.1 that h-monotone maps exhibit a Hölder
continuity property a.e., Theorem 12. Finally, Section 6 is a brief appendix containing a
result used in the proofs.

2. Preliminaries on h-Monotone maps

In this section we present equivalent formulations of the Definition (1.1) of h-monotonicity
and integral representation formulas that will be needed to prove our results. From (1.1)
and since h ∈ C2 we have

0 ≤ h(y − ξ) − h(y − ζ) − (h(x − ξ) − h(x − ζ))

=

∫ 1

0
〈Dh(y − ζ + s(ζ − ξ)), ζ − ξ〉ds −

∫ 1

0
〈Dh(x − ζ + s(ζ − ξ)), ζ − ξ〉ds

=

∫ 1

0
〈Dh(y − ζ + s(ζ − ξ)) −Dh((x − ζ + s(ζ − ξ)), ζ − ξ〉ds

=

∫ 1

0

∫ 1

0
〈D2h(y − ζ + s(ζ − ξ) + t(x − y))(x − y), (ξ − ζ)〉dt ds

= 〈A(x, y; ξ, ζ)(x − y), ξ − ζ〉, ∀x, y ∈ dom(T), ξ ∈ T(x), ζ ∈ T(y).

Therefore (1.1) is equivalent to

(2.1) 〈A(x, y; ξ, ζ)(x − y), ξ − ζ〉 ≥ 0, ∀x, y ∈ dom(T), ξ ∈ T(x), ζ ∈ T(y)1

1When h(x) = |x|2, this is the well-known notion of monotone map that has been the subject of large
amount of research and applications, see for example the classical and polished presentation by H. Brézis
[B73].
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with

(2.2) A(x, y; ξ, ζ) =

∫ 1

0

∫ 1

0
D2h(y − ζ + s(ζ − ξ) + t(x − y))dt ds.

The matrix A(x, y; ξ, ζ) is clearly symmetric, and satisfies A(x, y; ξ, ζ) = A(y, x; ζ, ξ) by
making the change of variables t = 1 − t′, s = 1 − s′ in the integral. If h is homogenous of
degree p with p ≥ 2, then D2h(z) is positively homogeneous of degree p − 2. We assume
that D2h(x) is positive definite for each x ∈ Sn−1 and since h ∈ C2, then there are positive
constants λ,Λ such that

(2.3) λ |v|2 ≤
〈
D2h(x)v, v

〉
≤ Λ |v|2, ∀x ∈ Sn−1, v ∈ Rn.

If T is h-monotone, then from (1.1) we obviously have h
(
y − Ty

)
−h

(
x − Ty

)
≤ h

(
y − Tx

)
−

h (x − Tx) . Adding h(x − Ay − b) − h(y − Ay − b) to the last inequality, with A any n × n
matrix and b ∈ Rn, yields

h
(
y − Ty

)
− h

(
x − Ty

)
− h(y − Ay − b) + h(x − Ay − b)

≤ h
(
y − Tx

)
− h (x − Tx) − h(y − Ay − b) + h(x − Ay − b)

= h
(
y − Tx

)
− h (x − Tx) − h(y − Ax − b) + h(x − Ax − b)

+ h(y − Ax − b) − h(y − Ay − b) + h(x − Ay − b) − h(x − Ax − b)

by re-writing the right hand side. Therefore, if we set

G(z1, z2, z3) = h(z2 − z3) − h(z1 − z3) − h(z2) + h(z1),

then (1.1) is equivalent to

(2.4) G(x−Ay−b, y−Ay−b,Ty−Ay−b) ≤ G(x−Ax−b, y−Ax−b,Tx−Ax−b)+PA,b(x, y),

where

PA,b(x, y) = h(y − Ax − b) − h(y − Ay − b) + h(x − Ay − b) − h(x − Ax − b).

To establish the desired estimate of Tx − Ax − b in Theorem 1, the idea is to use the
potential theory formula (6.1) with v(x) equals the left hand side of (2.4) on a appropriate
balls and majorize the resulting integrals using (2.4). These integrations are possible due
to the fact that the inequalities above hold a.e. which is a consequence of the fact proved
in [GM24, Theorem 1] that h-monotone maps are single-valued a.e.. Recall the formulas
(2.5)

h(α)−h(β) =

∫ 1

0
Dh

(
β + s(α − β)

)
· (α−β) ds; Dh(a)−Dh(b) =

∫ 1

0
D2h (b + τ(a − b)) (a−b) dτ.
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We can then write the following integral representation formula for the function G:

G(z1, z2, z3) = h(z2 − z3) − h(z1 − z3) − (h(z2) − h(z1))

=

∫ 1

0
Dh (z1 − z3 + s(z2 − z1)) · (z2 − z1) ds −

∫ 1

0
Dh (z1 + s(z2 − z1)) · (z2 − z1) ds

=

∫ 1

0

{∫ 1

0
D2h (z1 + s(z2 − z1) − tz3) (−z3) dt

}
· (z2 − z1) ds

=

∫ 1

0

∫ 1

0

〈
D2h (z1 + s(z2 − z1) − tz3) z3, z1 − z2

〉
ds dt.(2.6)

Similarly, we obtain an integral expression for PA,b(x, y):

PA,b(x, y) =

∫ 1

0

∫ 1

0

〈
D2h

(
x − Ay − b + s(Ay − Ax) + t(y − x)

)
(y − x),Ay − Ax

〉
ds dt.(2.7)

3. L∞-estimates for Tx − Ax − b with T h-monotone

The purpose of this section is to prove the following local and scale invariant L∞-
estimate for h-monotone maps.

Theorem 1. Let p ≥ 2, h ∈ C2(Rn), nonnegative, positively homogeneous of degree p, and
satisfying (2.3). If T ∈ Lp−1

loc (Rn) is h-monotone, A ∈ Rn×n, b ∈ Rn, 0 < β < 1, and u(x) =

Tx − Ax − b, then for each x0 ∈ Rn and R > 0
(3.1)

sup
x∈BβR(x0)

|u(x)| ≤

K1 Rn/(n+p−1) Avp−1 (BR(x0))(p−1)/(n+p−1) if Avp−1 (BR(x0)) ≤ C(n, p, β) R

K2 Avp−1 (BR(x0)) if Avp−1 (BR(x0)) ≥ C(n, p, β) R,

where Avp−1 (BR(x0)) denotes the p − 1 average of |u| over BR(x0)

Avp−1 (BR(x0)) =

(?
BR(x0)

|u(x)|p−1 dx
)1/(p−1)

,

with a constant K1 depending only on n, p, λ,Λ in (2.3), and ‖A‖; and with a constant K2

depending only on the same parameters but also on β.

Proof. Our goal is to estimate the supremum of |u| over a ball by the Lp−1-norm of u over
a slightly larger ball. To do this, the idea is to use the potential theory formula (6.1) and
estimate the integrals by integrating (2.4) in x. The plan of the proof is as follows:

(1) Using (6.1) we can write (3.2);
(2) From (3.3) and Lemma 2, a lower bound for the left hand side of (3.2) is proved in

(3.5);
(3) Using the homogeneity of h and (2.3), we estimate II in (3.2) from above obtaining

(3.7);
(4) next, using now that T is h-monotone, i.e. (2.4), an upper bound for I in (3.2)

follows, inequalities (3.8) and (3.9);
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(5) At this point we combine and balance the inequalities previously obtained for all
terms in (3.2) obtaining the estimate (3.11) for |u| in a ball;

(6) Finally, an estimate of the minimum in (3.12) yields the desired estimate.

Let us set ω =
u(y)
|u(y)|

and r = δ |u(y)|, with δ > 0 to be chosen; u(y) , 0. Applying the

identity (6.1) with v(x) ; G(x − Ay − b, y − Ay − b,u(y)) (a function that is C2 in x since
p ≥ 2) in the ball Br(y) ; Br(y + rω) yields

v(y + rω) = G(y − Ay − b + rω, y − Ay − b,u(y))

=

?
Br(y+rω)

G
(
x − Ay − b, y − Ay − b,u(y)

)
dx

+
n
rn

∫ r

0
ρn−1

∫
|x−y−rω|≤ρ

(
Γ(x − y − rω) − Γ(ρ)

)
∆xG(x − Ay − b, y − Ay − b,u(y)) dx dρ

= I + II.
(3.2)

We first estimate the left hand side of (3.2) from below. From (2.6) write

G(y − Ay − b + rω, y − Ay − b,u(y))

(3.3)

=

∫ 1

0

∫ 1

0

〈
D2h

(
y − Ay − b + rω − s rω − t u(y)

)
u(y), rω

〉
ds dt

= δ

〈∫ 1

0

∫ 1

0
D2h

(
y − Ay − b + (1 − s)δu(y) − tu(y)

)
ds dt u(y),u(y)

〉
since rω = δu(y)

= δ

〈∫ 1

0

∫ 1

0
D2h

(
y − Ay − b + sδu(y) − tu(y)

)
ds dt u(y),u(y)

〉
changing 1 − s by s

= δ

∫ 1

0

∫ 1

0

〈
D2h

(
y − Ay − b + sδu(y) − tu(y)

)
u(y),u(y)

〉
ds dt

≥ δλ|u(y)|2
∫ 1

0

∫ 1

0
|y − Ay − b − (t − sδ)u(y))|p−2 ds dt,

from (2.3) and since D2h is homogeneous of degree p − 2.
The last double integral is estimated in the following lemma.

Lemma 2. Let v1, v2 be vectors in Rn, p ≥ 2, δ > 0, and let

J =

∫ 1

0

∫ 1

0
|v1 − (t − sδ)v2)|p−2 ds dt.

Then there exists Cp, δ0 > 0, both depending only on p, such that

(3.4) J ≥ Cp (max{|v1|, |v2|})p−2 ,

for 0 < δ ≤ δ0.
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Proof. First make the change of variables (σ, τ) = φ(s, t) = (t, t − sδ), that is, (s, t) =

φ−1(σ, τ) =
(
σ−τ
δ , σ

)
, so dsdt = 1

δdσdτ and R = φ([0, 1]2) is the region bounded by the
lines τ = σ, σ = 1, σ = 0 and τ = σ − δ. Hence

J =
1
δ

x

R

|v1 − τ v2|
p−2 dσdτ =

1
δ

∫ 1

0

(∫ σ

σ−δ
|v1 − τ v2|

p−2 dτ
)

dσ.

Suppose first that |v1| ≥ |v2|. If 0 ≤ σ ≤ 1 and σ − δ ≤ τ ≤ σ, then −δ ≤ τ ≤ 1 (0 < δ < 1)

so |τ| ≤ 1, and |v1 − τ v2| ≥ ||v1| − |τ||v2|| = |v1|

∣∣∣∣∣1 − |τ| |v2|

|v1|

∣∣∣∣∣ = |v1|

(
1 − |τ|

|v2|

|v1|

)
≥ |v1| (1 − |τ|).

Hence

J =
1
δ

∫ 1

0

(∫ σ

σ−δ
|v1 − τ v2|

p−2 dτ
)

dσ

≥
|v1|

p−2

δ

∫ δ

0

(∫ σ

σ−δ
(1 − |τ|)p−2 dτ

)
dσ +

|v1|
p−2

δ

∫ 1

δ

(∫ σ

σ−δ
(1 − |τ|)p−2 dτ

)
dσ

=
|v1|

p−2

δ
I +
|v1|

p−2

δ
II

We have

I =

∫ δ

0

(∫ 0

σ−δ
(1 − |τ|)p−2 dτ +

∫ σ

0
(1 − |τ|)p−2 dτ

)
dσ

=

∫ δ

0

(∫ 0

σ−δ
(1 + τ)p−2 dτ +

∫ σ

0
(1 − τ)p−2 dτ

)
dσ

=
2δ

p − 1
−

2
p(p − 1)

+
2(1 − δ)p

p(p − 1)
.

Also

II =

∫ 1

δ

∫ σ

σ−δ
(1 − τ)p−2 dτ dσ =

1
p(p − 1)

−
δp

p(p − 1)
−

(1 − δ)p

p(p − 1)
.

Then

I + II =
2δ

p − 1
+

(1 − δ)p

p(p − 1)
−

1
p(p − 1)

−
δp

p(p − 1)

≥
2δ

p − 1
−

δ
p − 1

−
δp

p(p − 1)
=

δ
p − 1

−
δp

p(p − 1)
.

Hence
1
δ

(I + II) ≥ Cp > 0 for all δ < δ0. We then obtain

J ≥ Cp |v1|
p−2.

Now suppose |v1| ≤ |v2|. Write v1 = αv2 + v⊥2 where v⊥2 ⊥ v2, and by Pythagoras

|v1 − τ v2|
2 = |(α − τ)v2 + v⊥2 |

2 = (α − τ)2
|v2|

2 + |v⊥2 |
2
≥ (α − τ)2

|v2|
2,
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so

J ≥
1
δ
|v2|

p−2
∫ 1

0

(∫ σ

σ−δ
|α − τ|p−2 dτ

)
dσ

=
1
δ
|v2|

p−2
∫ 1

0

(∫ 1

−δ
χ[σ−δ,σ](τ) |α − τ|p−2 dτ

)
dσ

=
1
δ
|v2|

p−2
∫ 1

−δ
|α − τ|p−2

|[0, 1] ∩ [τ, τ + δ]| dτ.

Now

[0, 1] ∩ [τ, τ + δ] =


[0, τ + δ] if −δ ≤ τ ≤ 0

[τ, τ + δ] if 0 ≤ τ ≤ 1 − δ

[τ, 1] if 1 − δ ≤ τ ≤ 1.

Hence ∫ 1

−δ
|α − τ|p−2

|[0, 1] ∩ [τ, τ + δ]| dτ

=

∫ 0

−δ
|α − τ|p−2 (τ + δ) dτ +

∫ 1−δ

0
|α − τ|p−2 δ dτ +

∫ 1

1−δ
|α − τ|p−2 (1 − τ) dτ

≥ δ

∫ 1−δ

0
|α − τ|p−2 dτ ≥ δ

∫ 1/2

0
|α − τ|p−2 dτ, for δ < 1/2.

We have ∫ 1/2

0
|α − τ|p−2 dτ =

∫ α

α−1/2
|s|p−2 ds ≥ Cp > 0 for all α ∈ R.

Therefore combining estimates we get

J ≥ Cp |v2|
p−2.

and the lemma follows. �

Applying Lemma 2 with v1 = y − Ay − b and v2 = u(y) yields from (3.3) that

(3.5) G
(
y − Ay − b + rω, y − Ay − b,u(y)

)
≥ δλCp|u(y)|2g(y)p−2,

for 0 < δ < δ0, where

g(y) := max
{
|y − Ay − b|, |u(y)|

}
.

We now turn to estimate the terms I and II on the right hand side of (3.2). The first goal
is to estimate II proving (3.7). From the definition of G we have

∆xG(x − Ay − b, y − Ay − b,u(y)) = ∆h(x − Ay − b) − ∆h(x − Ay − b − u(y)).

Hence

II =
n
rn

∫ r

0
ρn−1 I(ρ, r, y) dρ
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where

I(ρ, r, y) =

∫
Bρ(y+rω)

(
Γ(x − y − rω) − Γ(ρ)

) (
∆h(x − Ay − b) − ∆h(x − Ay − b − u(y))

)
dx.

Making the change of variables z = x − y − rω we have

I(ρ, r, y) =

∫
|z|≤ρ

(
Γ(z) − Γ(ρ)

) (
∆h(z + y + rω − Ay − b) − ∆h(z + y + rω − Ay − b − u(y))

)
dz.

We have that ∆h is homogenous of degree p − 2 so

∆h(z + y + rω − Ay − b) = |z + y + rω − Ay − b|p−2 ∆h
(

z + y + rω − Ay − b
|z + y + rω − Ay − b|

)
.

Write, with e1 a fixed unit vector in Sn−1,∫
|z|≤ρ

(
Γ(z) − Γ(ρ)

)
∆h(z + y + rω − Ay − b) dz

=

∫
|z|≤ρ

(
Γ(z) − Γ(ρ)

)
|z + y + rω − Ay − b|p−2 ∆h

(
z + y + rω − Ay − b
|z + y + rω − Ay − b|

)
dz

=

∫
|v|≤ρ

(
Γ(v) − Γ(ρ)

)
|Ov + y − Ay − b + r Oe1|

p−2 ∆h
(

Ov + y − Ay − b + r Oe1

|Ov + y − Ay − b + r Oe1|

)
dv, O rotation around 0, Oe1 = ω

=

∫
|v|≤ρ

(
Γ(v) − Γ(ρ)

)
|Ov + Ov′ + r Oe1|

p−2 ∆h
( Ov + Ov′ + r Oe1

|Ov + Ov′ + r Oe1|

)
dv, y − Ay − b = Ov′

=

∫
|v|≤ρ

(
Γ(v) − Γ(ρ)

)
|v + v′ + r e1|

p−2 ∆h
(

O (v + v′ + r e1)
|O (v + v′ + r e1) |

)
dv.

Similarly,∫
|z|≤ρ

(
Γ(z) − Γ(ρ)

)
∆h

(
z + y + rω − Ay − b − u(y)

)
dz

=

∫
|v|≤ρ

(
Γ(v) − Γ(ρ)

)
|v + (r − |u(y)|) e1 + v′|p−2 ∆h

(
O

(
v + (r − |u(y)|) e1 + v′

)
|O

(
v + (r − |u(y)|) e1 + v′

)
|

)
dv,

since ω = u(y)/|u(y)|. Thus

I(ρ, r, y) =

∫
|v|≤ρ

(
Γ(v) − Γ(ρ)

)
(
|v + v′ + r e1|

p−2 ∆h
(

O (v + v′ + r e1)
|O (v + v′ + r e1) |

)
− |v + (r − |u(y)|) e1 + v′|p−2 ∆h

(
O

(
v + (r − |u(y)|) e1 + v′

)
|O

(
v + (r − |u(y)|) e1 + v′

)
|

))
dv.

We also have

II =
n
rn

∫ r

0
ρn−1 I(ρ, r, y) dρ = n

∫ 1

0
tn−1 I(r t, r, y) dt.
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Now making the change of variables v = rζ in the integral I(rt, r, y) and setting v′ = rζ′

yields

I(r t, r, y)

=

∫
|ζ|≤t

(Γ(r ζ) − Γ(r t))(
|rζ + rζ′ + r e1|

p−2 ∆h
(

O (rζ + rζ′ + r e1)
|O (rζ + rζ′ + r e1) |

)
− |rζ + (r − |u(y)|) e1 + rζ′|p−2 ∆h

(
O

(
rζ + (r − |u(y)|) e1 + rζ′

)
|O

(
rζ + (r − |u(y)|) e1 + rζ′

)
|

))
rn dζ

= rp
∫
|ζ|≤t

(Γ(ζ) − Γ(t))(
|ζ + ζ′ + e1|

p−2 ∆h
(

O (ζ + ζ′ + e1)
|O (ζ + ζ′ + e1) |

)
− |ζ + (1 − |u(y)|/r) e1 + ζ′|p−2 ∆h

(
O

(
ζ + (1 − |u(y)|/r) e1 + ζ′

)
|O

(
ζ + (1 − |u(y)|/r) e1 + ζ′

)
|

))
dζ

and since r = δ |u(y)|we get

II = n |u(y)|p δp
∫ 1

0
tn−1

∫
|ζ|≤t

(Γ(ζ) − Γ(t))(
|ζ + ζ′ + e1|

p−2 ∆h
(

O (ζ + ζ′ + e1)
|O (ζ + ζ′ + e1) |

)
− |ζ + (1 − 1/δ) e1 + ζ′|p−2 ∆h

(
O (ζ + (1 − 1/δ) e1 + ζ′)
|O (ζ + (1 − 1/δ) e1 + ζ′) |

))
dζ dt

= n |u(y)|p δF(δ, ζ′),

where

F(δ, ζ′) = δp−1
∫ 1

0
tn−1

∫
|ζ|≤t

(Γ(ζ) − Γ(t)) |ζ + ζ′ + e1|
p−2 ∆h

(
O (ζ + ζ′ + e1)
|O (ζ + ζ′ + e1) |

)
dζ dt

− δ

∫ 1

0
tn−1

∫
|ζ|≤t

(Γ(ζ) − Γ(t)) |δ ζ + (δ − 1) e1 + δ ζ′|p−2 ∆h
(

O (δ ζ + (δ − 1) e1 + δ ζ′)
|O (δ ζ + (δ − 1) e1 + δ ζ′) |

)
dζ dt

= δp−1 F1(δ, ζ′) − δF2(δ, ζ′) = δ
(
δp−2 F1(δ, ζ′) − F2(δ, ζ′)

)
.

We claim that

(3.6) |F(δ, ζ′)| ≤ C(n, p,Λ) δ
(
|y − Ay − b|
|u(y)|

+ 1
)p−2

, δ < 1/2.

In fact, since ∆h is continuous, it is bounded in Sn−1. Also Ov′ = y − Ay − b, v′ = r ζ′,

r = δ |u(y)| and so |ζ′| =
|y − Ay − b|
δ |u(y)|

. Thus

|F1(δ, ζ′)| ≤ C(n, p,Λ) (2 + |ζ′|)p−2
≤ C(n, p,Λ)

(
δ +
|y − Ay − b|
|u(y)|

)p−2

δ2−p.

Also

|F2(δ, ζ′)| ≤ C(n, p,Λ) (2 + δ |ζ′|)p−2
≤ C(n, p,Λ)

(
2 +
|y − Ay − b|
|u(y)|

)p−2
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and then (3.6) follows. This yields the following estimate of II:

|II| ≤ C(n, p,Λ) |u(y)|p δ2
(
|y − Ay − b|
|u(y)|

+ 1
)p−2

≤ C(n, p,Λ) |u(y)|2 δ2 g(y)p−2, for δ < 1/2.(3.7)

We next estimate I in (3.2). Since T is h-monotone, from (2.4)

I =

?
Br(y+rω)

G
(
x − Ay − b, y − Ay − b,u(y)

)
dx

≤

?
Br(y+rω)

G(x − Ax − b, y − Ax − b,u(x)) dx +

?
Br(y+rω)

Pa,b(x, y) dx := I′ + I′′.

Let us estimate I′′. From (2.7), the p − 2 homogeneity of D2h, and Cauchy-Schwarz
inequality it follows that

I′′ =

?
Br(y+rω)

PA,b(x, y) dx

=

?
Br(y+rω)

∫ 1

0

∫ 1

0

〈
D2h

(
y − Ax − b + t(Ax − Ay) + s(x − y)

)
A(x − y), (x − y)

〉
ds dt dx

≤ Λ ‖A‖
?

Br(y+rω)

∫ 1

0

∫ 1

0
|y − Ax − b + t(Ax − Ay) + s(x − y)|p−2

|y − x|2ds dt dx

≤ Λ‖A‖
?

Br(y+rω)

∫ 1

0

∫ 1

0

(
|y − Ay − b| + (‖A‖ + 1) |x − y|

)p−2
|y − x|2ds dt dx

≤ Λ‖A‖ 2p−2
?

Br(y+rω)

(
|y − Ay − b|p−2 + (‖A‖ + 1)p−2

|x − y|p−2
)
|y − x|2 dx

= Λ‖A‖ 2p−2
(
|y − Ay − b|p−2

?
Br(y+rω)

|y − x|2 dx + (‖A‖ + 1)p−2
?

Br(y+rω)
|x − y|p

)
dx.

If x ∈ Br(y + rω), then |x − y| − r ≤ |x − y − rω| ≤ r, that is, |x − y| ≤ 2r and we get

I′′ ≤ Λ‖A‖ 22p−2
(
|y − Ay − b|p−2 r2 + (‖A‖ + 1)p−2rp

)
.(3.8)
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Let us estimate I′. From (2.6) with z1 = x−Ax−b, z2 = y−Ax−b and z3 = u(x) it follows
as in the estimation of I′′ that

I′ =

?
Br(y+rω)

∫ 1

0

∫ 1

0

〈
D2h

(
x − Ax − b − t u(x) + s (y − x)

)
(y − x),−u(x)

〉
ds dt dx

≤ Λ

?
Br(y+rω)

∫ 1

0

∫ 1

0
|x − Ax − b − t u(x) + s (y − x)|p−2

|y − x| |u(x)| ds dt dx

= Λ

?
Br(y+rω)

|y − x| |u(x)|
∫ 1

0

∫ 1

0
|x − Ax − b − t u(x) + s (y − x)|p−2 ds dt dx

≤ Λ 3p−2
?

Br(y+rω)
|y − x| |u(x)|

(
|x − Ax − b|p−2 + |u(x)|p−2 + |y − x|p−2

)
dx

= Λ 3p−2

(?
Br(y+rω)

|y − x| |u(x)| |x − Ax − b|p−2 dx +

?
Br(y+rω)

|y − x| |u(x)|p−1 dx +

?
Br(y+rω)

|u(x)| |y − x|p−1 dx
)
.

Set

A1 =

?
Br(y+rω)

|y − x| |u(x)| |x − Ax − b|p−2 dx

A2 =

?
Br(y+rω)

|y − x| |u(x)|p−1 dx

A3 =

?
Br(y+rω)

|u(x)| |y − x|p−1 dx.

If x ∈ Br(y + rω), then |x − y| ≤ 2r. Since |Ax − Ay| ≤ ‖A‖ |x − y| ≤ 2r‖A‖, we get

A1 ≤ 2 r
?

Br(y+rω)
|u(x)| |x − Ax − b|p−2 dx ≤ 2 r

(
2r(1 + ‖A‖) + |y − Ay − b|

)p−2
?

Br(y+rω)
|u(x)| dx

A2 ≤ 2 r
?

Br(y+rω)
|u(x)|p−1 dx

A3 ≤ (2r)p−1
?

Br(y+rω)
|u(x)| dx.

Consequently,
(3.9)

I′ ≤ CpΛ

(
r
(
r(1 + ‖A‖) + |y − Ay − b|

)p−2
?

Br(y+rω)
|u(x)| dx + r

?
Br(y+rω)

|u(x)|p−1 dx + rp−1
?

Br(y+rω)
|u(x)| dx

)
.

Combining the estimates (3.5), (3.7), (3.9), and (3.8) it follows that

δλCp |u(y)|2g(y)p−2

≤ C(n, p,Λ) |u(y)|2 δ2 g(y)p−2

+ CpΛ

(
r
(
r(1 + ‖A‖) + g(y)

)p−2
?

Br(y+rω)
|u(x)| dx + r

?
Br(y+rω)

|u(x)|p−1 dx + rp−1
?

Br(y+rω)
|u(x)| dx

)
+ Λ‖A‖Cp

(
g(y)p−2 r2 + (‖A‖ + 1)p−2rp

)
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for 0 < δ < 1/2, ω = u(y)/|u(y)|, and r = δ|u(y)|. Dividing the last inequality by δ yields

λCp |u(y)|2 g(y)p−2

≤ C(n, p,Λ) |u(y)|2 δ g(y)p−2

+
CpΛ

δ

(
r
(
r(1 + ‖A‖) + g(y)

)p−2
?

Br(y+rω)
|u(x)| dx + r

?
Br(y+rω)

|u(x)|p−1 dx + rp−1
?

Br(y+rω)
|u(x)| dx

)
+

Λ‖A‖Cp

δ

(
g(y)p−2 r2 + (‖A‖ + 1)p−2rp

)
≤ C(n, p,Λ) |u(y)|2 δ g(y)p−2

+
CpΛ

δ

(
δ|u(y)|

(
δ(1 + ‖A‖)g(y) + g(y)

)p−2
?

Br(y+rω)
|u(x)| dx

+δ|u(y)|
?

Br(y+rω)
|u(x)|p−1 dx + δ|u(y)|(δg(y))p−2

?
Br(y+rω)

|u(x)| dx
)

since |u(y)| ≤ g(y)

+
Λ‖A‖Cp

δ

(
g(y)p−2 δ2

|u(y)|2 + (‖A‖ + 1)p−2δp
|u(y)|p

)
≤ C(n, p,Λ) |u(y)|2 g(y)p−2 δ

+ CpΛ

(
|u(y)| g(y)p−2 (δ(1 + ‖A‖) + 1)p−2

?
Br(y+rω)

|u(x)| dx

+|u(y)|
(

g(y)
|u(y)|

)p−2 ?
Br(y+rω)

|u(x)|p−1 dx + δp−2
|u(y)| g(y)p−2

?
Br(y+rω)

|u(x)| dx


+ Λ‖A‖Cp

(
g(y)p−2 δ |u(y)|2 + (‖A‖ + 1)p−2δp−1

|u(y)|p
)

where we have used g(y)
|u(y)| ≥ 1.

Choosing δ0 = C(n, p, λ,Λ, ‖A‖) > 0 sufficiently small, we then get for all δ ≤ δ0 that

(λ/2) Cp |u(y)|2 g(y)p−2

≤ CpΛ

((δ(1 + ‖A‖) + 1)p−2 + δp−2
)
|u(y)| g(y)p−2

?
Br(y+rω)

|u(x)| dx + |u(y)|
(

g(y)
|u(y)|

)p−2 ?
Br(y+rω)

|u(x)|p−1 dx


+ Λ‖A‖Cp(‖A‖ + 1)p−2δp−1

|u(y)|p.

Multiplying this inequality by
|u(y)|p−3

g(y)p−2 yields

|u(y)|p−1
≤ C(p, λ,Λ, ‖A‖)

(
|u(y)|p−2

?
Br(y+rω)

|u(x)| dx +

?
Br(y+rω)

|u(x)|p−1 dx + δp−2
|u(y)|p−2

?
Br(y+rω)

|u(x)| dx
)

+ C(Λ, p, ‖A‖)
δp−1
|u(y)|p−1

|u(y)|p−2

g(y)p−2

≤ C(p, λ,Λ, ‖A‖)
(
|u(y)|p−2

?
Br(y+rω)

|u(x)| dx +

?
Br(y+rω)

|u(x)|p−1 dx + δp−2
|u(y)|p−2

?
Br(y+rω)

|u(x)| dx
)

+ C(Λ, p, ‖A‖) δp−1
|u(y)|p−1,
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since |u(y)| ≤ g(y). Hence, since p > 1, we can choose δ0 even smaller than before,
depending only on Λ, p and ‖A‖, so that the following estimate holds for 0 < δ < δ0

|u(y)|p−1
≤ C(p, λ,Λ, ‖A‖)

(
|u(y)|p−2

?
Br(y+rω)

|u(x)| dx +

?
Br(y+rω)

|u(x)|p−1 dx + δp−2
|u(y)|p−2

?
Br(y+rω)

|u(x)| dx
)
,

with r = δ |u(y)|. If p = 2 we then get the inequality

|u(y)| ≤ C(p, λ,Λ, ‖A‖)
?

Br(y+rω)
|u(x)| dx.

When p > 2 we write

|u(y)|p−2
?

Br(y+rω)
|u(x)| dx ≤

p − 2
p − 1

(1
ε

)(p−1)/(p−2)
|u(y)|p−1 +

1
p − 1

(
ε

?
Br(y+rω)

|u(x)| dx
)p−1

.

Choosing ε > 0 large so that

C(p, λ,Λ, ‖A‖)
p − 2
p − 1

(1
ε

)(p−1)/(p−2)
≤ 1/2

we then obtain the inequality

|u(y)|p−1
≤ C

(?
Br(y+rω)

|u(x)| dx
)p−1

+

?
Br(y+rω)

|u(x)|p−1 dx + δp−2
|u(y)|p−2

?
Br(y+rω)

|u(x)| dx


≤ C

?
Br(y+rω)

|u(x)|p−1 dx + δp−2
|u(y)|p−2

(?
Br(y+rω)

|u(x)|p−1 dx
)1/(p−1) ,

from Hölder’s inequality, p − 1 ≥ 1. Since r = δ |u(y)|we get

|u(y)|p−1
≤ C

?
Br(y+rω)

|u(x)|p−1 dx + rp−2
(?

Br(y+rω)
|u(x)|p−1 dx

)1/(p−1) .
By Young’s inequality

rp−2
(?

Br(y+rω)
|u(x)|p−1 dx

)1/(p−1)

≤
1

p − 1

(?
Br(y+rω)

|u(x)|p−1 dx
)1/(p−1)p−1

+
p − 2
p − 1

(
rp−2

)(p−1)/(p−2)
,

and so we obtain the estimate

(3.10) |u(y)|p−1
≤ C

(?
Br(y+rω)

|u(x)|p−1 dx + rp−1
)
,

with a constant C depending only on n, p, λ,Λ and ‖A‖ for δ = r
|u(y)| < δ0.

Let us now fix a ball BR(x0), and suppose y ∈ BβR(x0) with 0 < β < 1, R > 0. Then

Br(y + rω) ⊂ BR(x0) for r ≤
1 − β

2
R and so?

Br(y+rω)
|u(x)|p−1 dx ≤

Cn

rn

∫
BR(x0)

|u(x)|p−1 dx.
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Given any 0 < r ≤
1 − β

2
R, let δ =

r
|u(y)|

. If δ ≤ δ0, we then obtain from (3.10)

|u(y)|p−1
≤ C

(
1
rn

∫
BR(x0)

|u(x)|p−1 dx + rp−1
)

:= H(r).(3.11)

If δ ≥ δ0, then

|u(y)| ≤
r
δ0
.

Hence

|u(y)| ≤ max
{
H(r)1/(p−1),

r
δ0

}
:= H̄(r)

for any 0 < r ≤ (1 − β)R/2, y ∈ BβR(x0). This means that

|u(y)| ≤ min
0<r≤(1−β)R/2

H̄(r).

Since (3.11) holds with any constant larger than C, we take C sufficiently large such

that C ≥ 1/δp−1
0 , in this way H(r)1/(p−1)

≥
r
δ0

, and so max
{
H(r)1/(p−1),

r
δ0

}
= H(r)1/(p−1).

Therefore we obtain the estimate

(3.12) |u(y)| ≤ min
0<r≤(1−β)R/2

H(r)1/(p−1) for y ∈ BβR(x0).

Next we estimate the minimum on the right hand side of (3.12). Set

∆ =

∫
BR(x0)

|u(x)|p−1 dx,

so H(r) = C
(
∆ r−n + rp−1

)
. The minimum of H over (0,∞) is attained at

r0 =

(
n ∆

p − 1

)1/(n+p−1)

,

H is decreasing in (0, r0) and increasing in (r0,∞), and

min
[0,∞)

H(r) = H(r0) = C

( n
p − 1

)−n/(n+p−1)

+

(
n

p − 1

)(p−1)/(n+p−1) ∆(p−1)/(n+p−1).

If r0 < (1 − β)R/2, then min0<r≤(1−β)R/2 H(r) = H(r0). On the other hand, if r0 ≥ (1 − β)R/2,

that is, ∆ ≥

(
1 − β

2
R
)n+p−1 p − 1

n
:= ∆0, then we have

min
0<r<(1−β)R/2

H(r) = H
(

1 − β
2

R
)

= C

∆ (
1 − β

2
R
)−n

+

(
1 − β

2
R
)p−1

≤ C
(
∆

(
1 − β

2
R
)−n

+
n

p − 1
∆

(
1 − β

2
R
)−n)

= C
p + n − 1

p − 1

(
1 − β

2
R
)−n

∆ := K2 R−n ∆.
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We then obtain the following estimate valid for all 0 < β < 1 for y ∈ BβR(x0)

(3.13) |u(y)|p−1
≤

K1 ∆(p−1)/(n+p−1) if ∆ ≤ ∆0

K2 R−n ∆ if ∆ ≥ ∆0,

with K1 = C

( n
p − 1

)−n/(n+p−1)

+

(
n

p − 1

)(p−1)/(n+p−1), K2 = C
p + n − 1

p − 1

(
1 − β

2

)−n

, ∆ =

∫
BR(x0) |u(x)|p−1 dx, and

(
1 − β

2
R
)n+p−1 p − 1

n
:= ∆0.

We rewrite the last inequality in the following form
(3.14)

sup
x∈BβR(x0)

|u(x)| ≤


K1 Rn/(n+p−1)

(>
BR(x0) |u(x)|p−1 dx

)1/(n+p−1)
if

(>
BR(x0) |u(x)|p−1 dx

)1/(p−1)
≤ C(n, p, β) R

K2

(>
BR(x0) |u(x)|p−1 dx

)1/(p−1)
if

(>
BR(x0) |u(x)|p−1 dx

)1/(p−1)
≥ C(n, p, β) R,

with u(x) = Tx − Ax − b, p ≥ 2, and with the constant K1 depending only on n, p, λ,Λ and
‖A‖; the constant K2 depends only on the same parameters but also on β. This proves
(3.1), and the proof of Theorem 1 is complete. �

Remark 3. A set E ⊂ Rn
×Rn is c-monotone if

c(x, ξ) + c(y, ζ) ≤ c(x, ζ) + c(y, ξ) ∀(x, ξ), (y, ζ) ∈ E.

The set E gives rise to a c-monotone map as follows. Define Tx = {ξ : (x, ξ) ∈ E}.
The map T : Rn

→ P(Rn) is multivalued with domain dom(T) = {x : Tx , ∅} = {x :
there exists ξ such that (x, ξ) ∈ E}. The map T is clearly c-monotone. If the cost c(x, y) =

h(x − y) with h satisfying the assumptions of Section 2, then T is single valued a.e. from
[GM24, Theorem 1]. Therefore, Theorem 1 yields also estimates for c-monotone sets.

4. Application to the differentiability of h-monotone maps

Following Calderón and Zygmund [CZ61], see also [Zi89, Sect. 3.5], we recall the
notion of differentiability in Lp-sense.

Definition 4. Let 1 ≤ p ≤ ∞, k be a real number ≥ −n/p and f ∈ Lp(Ω), with Ω ⊂ Rn open,
and let x0 ∈ Ω. We say that f ∈ Tk,p(x0)

(
f ∈ tk,p(x0)

)
2 if there exists a polynomial Px0 of degree

2Sometimes we also use of the letter T to denote a vector valued map. The expression T ∈ Tk,p(x0) means
that the map T belongs to the class Tk,p(x0), that is, each component belong to the class.
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strictly less than k
(
Px0 of degree ≤ k

)3 such that(?
Br(x0)

| f (x) − Px0(x)|p dx
)1/p

= O(rk) as r→ 0(?
Br(x0)

| f (x) − Px0(x)|p dx
)1/p

= o(rk) as r→ 0

 ;

when p = ∞ the averages are replaced by ess supx∈Br(x0)| f (x) − Px0(x)| = ‖ f − Px0‖L∞(Br(x0)).

From Theorem 1 we then get the following two corollaries.

Corollary 5. Let T be h-monotone. If T ∈ Lp−1 (Bε(x0)) and there exists a matrix A = Ax0 and a
vector b = bx0 such that(?

BR(x0)
|Tx − Ax − b|p−1 dx

)1/(p−1)

= o(R) as R→ 0,

that is, T ∈ t1,p−1(x0), then T is differentiable in the ordinary sense at x0.

Proof. Let u(x) = Tx − Ax − b, and φ(R) =
(>

BR(x0) |u(x)|p−1 dx
)1/(p−1)

. From the assumption

φ(R)/R→ 0 as R→ 0, and so from (3.14)

sup
BβR(x0)

|u(x)| ≤ K1 Rn/(n+p−1) φ(R)(p−1)/(n+p−1) = C R
(
φ(R)

R

)(p−1)/(n+p−1)

,

that is, T is differentiable at x0. �

Corollary 6. Let T be an h-monotone map in Lp−1
loc (Rn), p ≥ 2, and such that(?

BR(x0)
|Tx − b|p−1 dx

)1/(p−1)

= O (R) as R→ 0

for some vector b = bx0 , i.e, T ∈ T1,p−1(x0) for all x0 in a measurable set E. Then

‖Tx − A(x − x0) − Tx0‖L∞(BR(x0)) = o (R) as R→ 0

for almost all x0 ∈ E and some A = Ax0 ∈ R
n×n, i.e., T ∈ t1,∞(x0) for a.e. x0 ∈ E.

Proof. For each x0 ∈ E there exist constants M(x0) ≥ 0, R0 > 0 and b ∈ Rn such that(?
BR(x0)

|Tx − b|p−1 dx
)1/(p−1)

≤M(x0) R

3If k ≤ 0, Px0 ≡ 0.
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for all 0 < R < R0, i.e., T ∈ T1,p−1(x0). Given 0 < R < R0 we have either
(>

BR(x0) |u(x)|p−1 dx
)1/(p−1)

≤

C(n, p, β) R or
(>

BR(x0) |u(x)|p−1 dx
)1/(p−1)

≥ C(n, p, β) R. In the first case, from (3.14)

sup
BβR(x0)

|Tx − b| ≤ K1 Rn/(n+p−1)
(?

BR(x0)
|Tx − b|p−1 dx

)1/(n+p−1)

≤ C(n, β) R.

In the second case,

sup
BβR(x0)

|Tx − b| ≤ K2

(?
BR(x0)

|Tx − b|p−1 dx
)1/(p−1)

≤ K2 M(x0) R.

This means supBR(x0) |Tx−b| = O(R) as R→ 0 for all x0 ∈ E, i.e., T ∈ T1,∞(x0). By Stepanov’s
theorem [St70, Chap. VIII, Thm. 3, p. 250] this implies that Tx is differentiable for a.e.
x0 ∈ E, i.e., T ∈ t1,∞(x0) for a.e. x0 ∈ E. �

Remark 7. In the particular case that T is the optimal transport map, from [AGS05,
Theorem 6.2.7] T is approximately differentiable.

5. h-monotone maps and bounded deformation

Definition 8. A mapping u : Rn
→ Rn is of bounded deformation, denoted u ∈ BD(Rn), if

u ∈ L1
loc(R

n) and the symmetrized gradient
1
2

∂u
∂x

+

(
∂u
∂x

)t, as a matrix valued distribution, can

be represented by a matrix valued signed Radon measure.

This notion appears in elasticity, see [T83]. It is proved in [GM22, Theorem 4.5] that if T
is a monotone map in the standard sense, i.e., h-monotone with h(x) = |x|2, with T ∈ L1

loc,
then T ∈ BD(Rn) and it is differentiable a.e. (see earlier results by [Mig76] and [AA99]).
For general h-monotone maps we have the following.

Theorem 9. Let T be an h-monotone map with T ∈ Lp−1
loc (Rn) and h satisfying the assumptions

of Theorem 1. Then the map Dh(x − Tx) is of bounded deformation and belongs to t1,1(x0) for a.e.
x0 ∈ Rn.

Proof. Applying the monotonicity with y = x + tξ

0 ≤ h(x + tξ − Tx) − h(x − Tx) + h(x − T(x + tξ)) − h(x + tξ − T(x + tξ)).
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From the estimates in Theorem 1, it follows that the function h(x−Tx) is locally bounded.
Hence multiplying the last inequality by φ ∈ C∞0 (Rn), φ ≥ 0 we get using (2.5)

0 ≤
∫
Rn

[h(x + tξ − Tx) − h(x − Tx)] φ(x) dx +

∫
Rn

[h(z − tξ − Tz) − h(z − Tz)] φ(z − tξ) dz

=

∫
Rn

[∫ 1

0
Dh(x − Tx + stξ) · (tξ) ds

]
φ(x) dx +

∫
Rn

[∫ 1

0
Dh(z − Tz − stξ) · (−tξ) ds

]
φ(z − tξ) dz

=

∫
Rn

∫ 1

0
[Dh(x − Tx + stξ) −Dh(x − Tx − stξ)] · (tξ) dsφ(x) dx

−

∫
Rn

[∫ 1

0
Dh(x − Tx − stξ) · (tξ) ds

] (
φ(x − tξ) − φ(x)

)
dx

=

∫
Rn

∫ 1

0

[∫ 1

0
D2h (x − Tx − stξ + τ(2stξ)) (2stξ) dτ

]
· (tξ) dsφ(x) dx

−

∫
Rn

[∫ 1

0
Dh(x − Tx − stξ) · (tξ) ds

] (
φ(x − tξ) − φ(x)

)
dx

= t2 (2 A − B) ,

with

A =

∫
Rn

∫ 1

0

[∫ 1

0
D2h (x − Tx − stξ + τ(2stξ)) (sξ) dτ

]
· ξ dsφ(x) dx

B =

∫
Rn

[∫ 1

0
Dh(x − Tx − stξ) · ξ ds

]
φ(x − tξ) − φ(x)

t
dx.

We calculate the limits of A,B when t→ 0:∫ 1

0

∫ 1

0
D2h (x − Tx − stξ + τ(2stξ)) s dτ ds

→

∫ 1

0

∫ 1

0
D2h (x − Tx) s dτ ds =

1
2

D2h (x − Tx)

as t → 0 on compact subsets of Rn (Tx is locally bounded), since D2h is uniformly
continuous on compact sets. Hence

A→
1
2

∫
Rn

〈
D2h (x − Tx) ξ, ξ

〉
φ(x) dx.

And also

B→ −
∫
Rn

(Dh(x − Tx) · ξ) ∂ξφ(x) dx.

We then obtain the inequality

(5.1)
∫
Rn

〈
D2h (x − Tx) ξ, ξ

〉
φ(x) dx +

∫
Rn

(Dh(x − Tx) · ξ) ∂ξφ(x) dx ≥ 0
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for all φ ∈ C∞0 , φ ≥ 0, and each unit vector ξ. Now∫
Rn

(Dh(x − Tx) · ξ) ∂ξφ(x) dx = −

n∑
i, j=1

〈
1
2

(
∂hxi(x − Tx)

∂x j
+
∂hx j(x − Tx)

∂xi

)
, φ

〉
ξi ξ j

with derivatives in the sense of distributions, and similarly∫
Rn

〈
D2h (x − Tx) ξ, ξ

〉
φ(x) dx =

n∑
i, j=1

〈
hxix j(x − Tx), φ

〉
ξi ξ j.

Therefore, if ai j is the scalar distribution defined by

(5.2) ai j = hxix j(x − Tx) −
1
2

(
∂hxi(x − Tx)

∂x j
+
∂hx j(x − Tx)

∂xi

)
,

then the matrix valued distribution a =
(
ai j

)
is non negative and so it can be represented

with a matrix-valued Radon measure, see [LH90, Thm. 2.1.7]4.
Since T is locally bounded and h ∈ C2, then matrix D2h(x− Tx) defines a matrix valued

distribution of order zero. Therefore the matrix

1
2

∂Dh(x − Tx)
∂x

+

(
∂Dh(x − Tx)

∂x

)t
can be represented in the sense of distributions with a matrix valued signed Radon
measure, that is, Dh(x − Tx) is of bounded deformation as desired. We can now apply
[ACDM97, Theorem 7.4] (see also [H96]) to conclude that the mapping Dh(x−Tx) ∈ t1,1(x0)
for a.e. x0 ∈ Rn. �

5.1. Hölder continuity of h-monotone maps. The purpose of this section is to show that
h-monotone maps T that are locally in Lp−1 satisfy the Hölder type condition T ∈ T1/(p−1),∞

which is the contents of Theorem 12. This will follow as a consequence of Theorems 9
and 1. We begin with a couple of lemmas.

Lemma 10. Let v1, v2 be vectors in Rn, p ≥ 2, and let

J =

∫ 1

0
|v1 + tv2|

p−2 dt.

Then there exist constants cp,Cp > 0, both depending only on p, such that

(5.3) cp (max{|v1|, |v2|})p−2
≤ J ≤ Cp (max{|v1|, |v2|})p−2 ,

4As usual, a measure is a nonnegative (in the sense needed) σ-additive set function, and a signed measure
is a σ-additive set function that can take positive and negative values.
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Proof. The proof is similar to the proof of Lemma 2. By triangle inequality and the
monotonicity of f (r) = rp−2 for r > 0, we have

J =

∫ 1

0
|v1 + tv2|

p−2 dt ≤
∫ 1

0
(|v1| + t|v2|)p−2 dt ≤ (max{|v1|, |v2|})p−2

∫ 1

0
(1 + t)p−2 dt.

To prove the estimate of J from below, suppose first that |v1| ≥ |v2|. Hence, again by
triangle inequality and the monotonicity f (r) = rp−2 for r > 0,

J =

∫ 1

0
|v1 + t v2|

p−2 dt ≥
∫ 1

0

∣∣∣|v1| − t |v2|
∣∣∣p−2

dt ≥ |v1|
p−2

∫ 1

0
(1 − t)p−2 dt,

obtaining J ≥ Cp |v1|
p−2. Now suppose |v1| ≤ |v2|. Writing v1 = αv2 +v⊥2 with v⊥2 ⊥ v2 yields

|α| = |v1·v2|

|v2|2
≤
|v1| |v2|

|v2|2
≤ 1, and |v1 + t v2|

2 = |(α+ t)v2 + v⊥2 |
2 = (α+ t)2

|v2|
2 + |v⊥2 |

2
≥ (α+ t)2

|v2|
2.

So, making the changing variables α + t = τ we obtain

J ≥ |v2|
p−2

∫ 1

0
|α + t|p−2 dt = |v2|

p−2
∫ α+1

α
|τ|p−2 dτ ≥ |v2|

p−2 min
α∈[−1,1]

(∫ α+1

α
|τ|p−2 dτ

)
= |v2|

p−2
∫ 1/2

−1/2
|τ|p−2 dτ.

Therefore, J ≥ cp |v2|
p−2 and the lemma follows. �

Lemma 11. There are positive constants cp,Cp such that for all a, b ∈ Rn we have

λcp|a − b|p ≤ (Dh(a) −Dh(b)) · (a − b) ≤ ΛCp|a − b|2 max
{
|b|p−2, |a − b|p−2

}
,

and consequently

(5.4) |Dh(a) −Dh(b)| ≥ λcp|a − b|p−1.

Proof. From (2.5), (2.3), and Lemma 10 we have

(Dh(a) −Dh(b)) · (a − b) =

∫ 1

0
〈D2h(b + t(a − b))(a − b), a − b〉 dt

≤ Λ|a − b|2
∫ 1

0
|b + t(a − b)|p−2 dt ≤ ΛCp|a − b|2 max{|b|p−2, |a − b|p−2

},

and similarly the opposite inequality follows.
�

Theorem 12. If T is an h-monotone map with T ∈ Lp−1
loc (Rn) and h satisfying the assumptions of

Theorem 1, then

sup
BR(x0)

|Tx − Tx0| = O(R1/(p−1)) as R→ 0

for almost all x0 ∈ Rn; that is, T ∈ T1/(p−1),∞(x0) for a.e. x0.
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Proof. By Theorem 9 we know that the mapping Dh(x−Tx) ∈ t1,1(x0). Hence Dh(x−Tx) ∈
T1,1(x0) and consequently at each Lebesgue point x0 of the function Dh(x − Tx) it follows
that ?

BR(x0)
|Dh(x − Tx) −Dh(x0 − Tx0)| dx = O (R) as R→ 0,

that is, for a.e. x0 ∈ Rn. The last statement follows because since Dh(x − Tx) ∈ T1,1(x0),
there is a polynomial Px0(x) of degree less than 1, i.e, a constant such that

>
BR(x0) |Dh(x −

Tx) − Px0(x)| dx = O (R). If x0 is a Lebesgue point of Dh(x − Tx), then
>

BR(x0) |Dh(x − Tx) −
Dh(x0 − Tx0)| dx = o(1). Hence?

BR(x0)
|Px0(x) −Dh(x0 − Tx0)| dx

≤

?
BR(x0)

|Dh(x − Tx) −Dh(x0 − Tx0)| dx +

?
BR(x0)

|Px0(x) −Dh(x − Tx)| dx

= o(1) + O(R)

and so Px0(x) −Dh(x0 − Tx0) = 0 and we are done.
Applying triangle inequality and inequality (5.4) with a = Tx−Tx0 and b = x−x0 yields?

BR(x0)
|Tx − Tx0|

p−1 dx ≤
?

BR(x0)
(|Tx − Tx0 − (x − x0)| + |x − x0|)p−1 dx

≤ 2p−1
?

BR(x0)
|Tx − Tx0 − (x − x0)|p−1 dx + 2p−1

?
BR(x0)

|x − x0|
p−1 dx

≤
2p−1

λcp

?
BR(x0)

|Dh(x − Tx) −Dh(x0 − Tx0)| dx + O
(
Rp−1

)
as R→ 0

= O (R) as R→ 0,

at a.e. x0 ∈ Rn, since p ≥ 2. Hence for a.e. x0 there exist constants M(x0) ≥ 0 and R0 > 0
such that (?

BR(x0)
|Tx − Tx0|

p−1 dx
)1/(p−1)

≤M(x0) R1/(p−1)

for all 0 < R < R0. We now apply Theorem 1 to u(x) = Tx − Tx0 with 0 < R < R0. We have

either
(>

BR(x0) |u(x)|p−1 dx
)1/(p−1)

≤ C(n, p, β) R or
(>

BR(x0) |u(x)|p−1 dx
)1/(p−1)

≥ C(n, p, β) R. In

the first case, we get from (3.14)

sup
BβR(x0)

|Tx − Tx0| ≤ K1 Rn/(n+p−1)
(?

BR(x0)
|Tx − Tx0|

p−1 dx
)1/(n+p−1)

≤ C′(n, p, β) R.

In the second case,

sup
BβR(x0)

|Tx − Tx0| ≤ K2

(?
BR(x0)

|Tx − Tx0|
p−1 dx

)1/(p−1)

≤ K2 M(x0) R1/(p−1).

Therefore, supBR(x0) |Tx − Tx0| = O(R1/(p−1)) as R→ 0 for all a.e. x0 ∈ Rn as desired. �
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Remark 13. We demonstrate that the conclusion of Theorem 12 cannot be expected to
hold at all points x0 ∈ Rn. Specifically, let g : R → R be a non decreasing function and
let D denote the set of points of discontinuity of g. It is well known that D is countable
and can be expressed as D = {xk}

∞

k=1, where xk is an increasing sequence. Define the
multivalued map

f (x) =

g(x) when x ∈ ∪∞k=1(xk, xk+1)

[limx→x−k
g(x), limx→x+

k+1
g(x)] when x = xk; k = 1, · · · .

The map f is standard monotone, i.e., (ξ − ζ) (x − y) ≥ 0 for all x, y, with ξ ∈ f (x) and
ζ ∈ f (y). Moreover, f is standard maximal monotone and locally bounded. However, f
does not satisfy the conclusion of Theorem 12 when x0 ∈ D.

To construct an example in higher dimensions, consider the multivalued map T(x1, x2) =(
f (x1), x2

)
. The map T is standard maximal monotone (with h(x) = |x|2), yet the conclusion

of Theorem 12 fails to hold when x0 ∈ D ×R.

6. Appendix

Recall that Γ(x) =
1

nωn(2 − n)
|x|2−n with n > 2, where ωn is the volume of the unit ball

in Rn, and the Green’s representation formula

v(y) =

∫
∂Ω

(
v(x)

∂Γ
∂ν

(x − y) − Γ(x − y)
∂v
∂ν

(x)
)

dσ(x) +

∫
Ω

Γ(x − y) ∆v(x) dx

where ν is the outer unit normal and y ∈ Ω. If Ω = Bρ(y), then
∂Γ
∂ν

(x − y) =
1

nωn
|x − y|1−n

and so the representation formula reads

v(y) =

?
|x−y|=ρ

v(x) dσ(x) − Γ(ρ)
∫
|x−y|=ρ

∂v
∂ν

(x) dσ(x) +

∫
|x−y|≤ρ

Γ(x − y) ∆v(x) dx

=

?
|x−y|=ρ

v(x) dσ(x) +

∫
|x−y|≤ρ

(
Γ(x − y) − Γ(ρ)

)
∆v(x) dx

from the divergence theorem. Multiplying the last identity by ρn−1 and integrating over
0 ≤ ρ ≤ r yields

(6.1) v(y) =

?
|x−y|≤r

v(x) dx +
n
rn

∫ r

0
ρn−1

∫
|x−y|≤ρ

(
Γ(x − y) − Γ(ρ)

)
∆v(x) dx dρ.
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[Zi89] W.P. Ziemer, Weakly Differentiable Functions, Graduate Texts in Mathematics, vol. 120, Springer-

Verlag, 1989.

Department ofMathematics, Temple University, Philadelphia, PA 19122
Email address: cristian.gutierrez@temple.edu

Dipartimento di Matematica, Piazza di Porta San Donato 5, Università di Bologna, 40126 Bologna,
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