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DIFFERENTIABILITY OF MONOTONE MAPS
RELATED TO NON QUADRATIC COSTS

CRISTIAN E. GUTIERREZ AND ANNAMARIA MONTANARI
MARCH 6, 2025

Asstract. The cost functions considered are c(x,y) = h(x — y), with h € C?(R"), homo-
geneous of degree p > 2, with positive definite Hessian in the unit sphere. We consider
monotone maps T with respect to that cost and establish local scale invariant L*-estimates
of T minus affine functions, which are applied to obtain differentiability properties of T
a.e. It is also shown that these maps are related to maps of bounded deformation, and
further differentiability and Holder continuity properties are derived.
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1. INTRODUCTION

In this paper, we analyze the differentiability properties of monotone maps arising
in optimal transport for cost functions that are not necessarily quadratic. We begin
by proving L*-estimates for these maps minus affine functions which are then applied
to establish the differentiability of monotone maps using a notion of differentiability
introduced by Calderén and Zygmund in their landmark paper [CZ61]. Specifically, this
notion of differentiability is preserved pointwise by singular integral operators. This leads
us also to a connection between monotone maps and maps of bounded deformation, a
notion originated in elasticity [183].

C.E.G. was partially supported by NSF grant DMS-1600578, and A. M. was partially supported by a
grant from GNAMPA.
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The cost functions considered here have the form c(x, y) = h(x — y) where h € C*(R"),
is nonnegative, positively homogeneous of degree p for some p > 2, and satisfies (2.3).
ThZese include the power costs |x — y|’ which are singular on the diagonal; in other words,

d“c

Ixdy
non-singular costs, such as those found in [OPRdf]. This work continues our research
from [GM22] and [GM24], which originated from the fundamental work by Goldman and
Otto [GOd{], who developed a variational approach to establish the partial regularity of

= 0 when x = y. Such a singularity prevents the application of results available for

optimal maps for quadratic costs. The study of regularity of optimal maps for general
costs has been a subject of important research; see for example, the book [AGS05, Chapter
6], and the papers [MTWO05], [TW09], [EK10], and [EDP15]. L*-estimates for optimal
maps in terms of the Wasserstein metric are established in [BJM].

To introduce the notion of monotonicity, from optimal transport theory, if c(x,y) :
D x D" — [0, +0) is a general cost function, then the optimal map for the Monge problem
is given by T = Ny where ¢ is c-concave and

Neo(x) = {m € D" : ¢p(x) + ¢°(m) = c(x, m)}

with ¢¢(m) = infyep (c(x, m) — §(x)), see for example [G23, Chapter 6] or [GHO9, Sec. 3.2]
for definitions and related results. See also [GvNO7] for further results. We say that a
multivalued map T : R" — P(IR") is h-monotone, or c-monotone, if

(1.1) hix=&)+h(y—-O)<h(x-0O+h(y-¢&),

forall x,y € dom(T) and for all £ € T(x) and C € T(y); where dom(T) = {x € R" : T(x) # 0}.
It is then clear that the optimal map N, is h-monotone.

However, in our analysis, we will consider maps T only satisfying ; and that are not
necessarily optimal or cyclically monotone. A challenge with is that T is a multivalued
map. However, as proven in [GM24], for the costs considered, h-monotone maps are
single-valued almost everywhere a.e. This result is non-trivial and plays a pivotal role in
the analysis. Consequently, the single-valued property ensures that the inequality
holds a.e.

To contextualize our work, we note that [GM22] investigates L*-estimates for the excess
map Tx — x, where T is an h-monotone map, not necessarily optimal. The current paper
generalizes these estimates to excess maps of the form Tx — Ax — b, where A is any n X n
matrix and b is any n-vector. The proof of the L™ -estimates in both [GM22] and this paper
begins with the potential theory identity (6.I). However, the general case of Tx — Ax — b
introduces additional challenges and technical complexities. While both proofs employ
a convexity-minimization argument, the general case demands estimates for extra terms
absent when A is the identity.

It is crucial to emphasize that the L*-estimates we establish apply to any #-monotone
map T, not necessarily optimal. These estimates are scale-invariant, holding for balls Br
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of arbitrary radius, with constants explicitly depending on averages of |[Tx — Ax — b| over
Bg, as stated in inequality and reiterated in (3.14). This scale invariance is essential
for analyzing the differentiability of h-monotone maps (Section [#) and their bounded
deformation and Hélder continuity properties (Section[5). In contrast, the estimate from
the unpublished paper [GK24], Theorem 2, applies only to the unit ball and to optimal
maps.

An outline of the paper is as follows. Section [2| contains equivalent formulations of
h-monotonicity, resembling the notion of standard monotone map, that are needed later.
Section contains our first main result, Theorem concerning estimates of an i-monotone
mapping minus affine functions. Since the Calderén and Zygmund differentiability is
related to approximation by polynomials, the estimates in Section[3|lead to differentiability
properties of h-monotone maps which is the contents of Section {4} Section [5| relates h-
monotone maps with maps of bounded deformation, it shows that if T is an ~-monotone
map, then the map Dh(x — Tx) has bounded deformation and from [ACDM97, Theorem
7.4] it is weakly differentiable a.e. As a consequence of the last result and the L*-estimate
of Theorem (1} it is then proved in Section 5.1 that #-monotone maps exhibit a Holder
continuity property a.e., Theorem Finally, Section E] is a brief appendix containing a
result used in the proofs.

2. PRELIMINARIES ON I-MONOTONE MAPS

In this section we present equivalent formulations of the Definition (1.1 of ~-monotonicity
and integral representation formulas that will be needed to prove our results. From (1.1)
and since i € C* we have

0<h(y—¢&)—h(y—0) — (h(x = &) = h(x = ()

1 1

_ fo (Dh(y = C+5(C = ), C - E)ds — fo (Dh(x — €+ 5(C = ), C = E)ds
1

- fo (Dh(y — T+ 5(C — ) = Dh((x — T+ 5(C — &), T — E)ds

1 1
- f f (D2h(y — C+5(C— &) + Hx — y))x — y), (€ — Ot ds
0 0
=(Ax, ¥; &, 0 —y), & —0), Vx,y € dom(T), & € T(x), C € T(y).
Therefore is equivalent to

2.1) (AX 1 &0 -y),E~0 =0,  Vx,yedom(T),& e T(x),C € T(yf]

IWhen h(x) = |xP, this is the well-known notion of monotone map that has been the subject of large
amount of research and applications, see for example the classical and polished presentation by H. Brézis
[B73].
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with

1 pl
(2.2) Alx,y;E,0) = f(; f(; Dzh(y —C+5(C— &)+ t(x —y))dtds.

The matrix A(x, y; &, C) is clearly symmetric, and satisfies A(x,y;&,0) = A(y, x;C, &) by
making the change of variables t =1 —t’,s = 1 — 5" in the integral. If /1 is homogenous of
degree p with p > 2, then D?h(z) is positively homogeneous of degree p — 2. We assume
that D?h(x) is positive definite for each x € S"~! and since h € C?, then there are positive
constants A, A such that

(2.3) Awﬁscﬂmmu@sAwﬁ Vx e §"1 v eR",

If T is h-monotone, then from we obviouslyhaveh (y — Ty)-h (x — Ty) <h(y — Tx)—
h(x — Tx). Adding h(x — Ay — b) — h(y — Ay — b) to the last inequality, with A any n X n
matrix and b € R", yields

h(y—Ty) —h(x—Ty) - h(y — Ay - b) + h(x — Ay — b)

<h(y—Tx)—h(x—Tx)—h(y — Ay —b) + h(x — Ay — b)

=h(y—Tx)—h(x—Tx)—h(y — Ax — b) + h(x — Ax - )
+h(y—Ax—-b)-h(y— Ay —-b)+ h(x — Ay —b) — h(x — Ax = b)

by re-writing the right hand side. Therefore, if we set
G(z1,22,23) = Mz — 23) — I(z1 = 23) = hi(z2) + W(z1),
then is equivalent to
(24) G(x=Ay-b,y—Ay-b,Ty—Ay-b) < G(x—Ax—b,y—Ax—b,Tx—=Ax—=b)+Ps,(x, 1),
where
Pap(x,y) = h(y — Ax —b) — h(y — Ay — b) + h(x — Ay — b) — h(x — Ax - b).

To establish the desired estimate of Tx — Ax — b in Theorem [l the idea is to use the
potential theory formula with v(x) equals the left hand side of on a appropriate
balls and majorize the resulting integrals using (2.4). These integrations are possible due
to the fact that the inequalities above hold a.e. which is a consequence of the fact proved

in [GM24, Theorem 1] that s--monotone maps are single-valued a.e.. Recall the formulas
(2.5)

1 1
h(a)—h(B) = f(; Dh (B + s(a — B))-(a—B) ds; Dh(a) — Dh(b) = \[o D?*h (b + 1(a — b)) (a—b) dr.
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We can then write the following integral representation formula for the function G:

G(z1,22,23) = h(z2 — z3) — h(z1 — z3) — (W(z2) — h(z1))

1 1
= j(; Dh(z1 —z3 +s(z0 — z1)) - (2o — z1) ds — jo‘ Dh(z1 + s(zo — z1)) - (zo0 — z1) ds

1 1
= f {f D?h (z1 +5(zo — z1) — t23) (—23) dt} “(zo —z1)ds
0 0

1 Al
(2.6) = f f <D2h (z1 +s(zp — z1) — tz3) 23,21 — zz> dsdt.
0 Jo

Similarly, we obtain an integral expression for P4 ;(x, ):

1 1
(2.7) Pay(x,y) = fo fo (D (x = Ay = b+ s(Ay — Ax) + H(y — 1)) (y — %), Ay — Ax) ds dt.

3. L*®°-ESTIMATES FOR Tx — Ax — b witH T h-MONOTONE

The purpose of this section is to prove the following local and scale invariant L*-
estimate for i-monotone maps.

Theorem 1. Let p > 2, h € C?(R"), nonnegative, positively homogeneous of degree p, and
satisfying 2.3). If T € Lfo:l(lR") is h-monotone, A € R™", b € R", 0 < f < 1, and u(x) =
Tx — Ax — b, then for each xo € R" and R > 0

(3.1)
Ky RM07=D Ag,_y (Br(x)) P~ if Av,_y (Br(x0)) < C(n,p, p)R

sup |u(x)| < )
xeBgr(xo) K Avy-q (Br(x0)) if Avy_1 (Br(x0)) = C(nn,p, f) R,

where Av,_1 (Br(xo)) denotes the p — 1 average of u| over Br(xo)

7

1/(p-1)
Avy,_1 (Br(x0)) = (Ji o )P~ dx)

with a constant Ky depending only on n,p, A, A in (2.3), and ||All; and with a constant K
depending only on the same parameters but also on p.

Proof. Our goal is to estimate the supremum of |u| over a ball by the LP~!-norm of u over
a slightly larger ball. To do this, the idea is to use the potential theory formula and
estimate the integrals by integrating in x. The plan of the proof is as follows:

(1) Using we can write (3.2);

(2) From and Lemma 2, a lower bound for the left hand side of is proved in
@.9);

(3) Using the homogeneity of h and (2.3), we estimate II in from above obtaining
(3.7);

(4) next, using now that T is h-monotone, i.e. (2.4), an upper bound for I in
follows, inequalities and (3.9);
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(5) At this point we combine and balance the inequalities previously obtained for all
terms in obtaining the estimate (3.11) for |u| in a ball;

(6) Finally, an estimate of the minimum in (3.12) yields the desired estimate.

u(y)

u(y)l
identity with v(x) ~ G(x — Ay — b,y — Ay — b,u(y)) (a function that is C? in x since

p = 2) in the ball B,(y) ~ B,(y + r @) yields

Let us set w = and r = 6 [u(y)|, with 6 > 0 to be chosen; u(y) # 0. Applying the

o(y+rw)=Gy—-Ay-b+rw,y—Ay—bu(y))

:Jf G (x— Ay —b,y — Ay —b,u(y)) dx
Br(y+r w)

+ 2 prt f (T(x—y—rw)—T(p)) AxG(x — Ay — b,y — Ay — b, u(y)) dxdp
¥ 0 [x—y—rwl<p

(3.2)
= I+1L

We first estimate the left hand side of from below. From write
(3.3)

Gly—Ay-b+rw,y—Ay—0b,u(y))
1 1
:fo j{; <D2h(y—Ay—b+rw—srw—tu(y))u(y)lm)> ds dt
1l
=5 <f f D?h (y—Ay—b+ (1 —-s)ou(y) — tu(y)) dsdt u(y),u(y)> since rw = du(y)
0 Jo
1 pl
=5 <f f D?*h (y — Ay — b+ sou(y) — tu(y)) dsdt u(y), u(y)> changing 1 —s by s
0 Jo
1 1
= 6](; [} <D2h (y — Ay — b+ sou(y) — tu(y)) u(y),u(y)> ds dt

1 1
> 5lu(y)P? fo fo 1y — Ay —b - (t - sOuy)P 2 ds

from and since D? is homogeneous of degree p — 2.
The last double integral is estimated in the following lemma.

Lemma 2. Let v, vy be vectors in R", p > 2,6 > 0, and let

1 pl
J= f f [o1 — (£ — s6)va)IP~2 ds dt.
0 Jo

Then there exists Cp, 69 > 0, both depending only on p, such that
(34) J 2 Cp (max{fonl, [oal})',
for 0 < 0 < dy.
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Proof. First make the change of variables (0,7) = ¢(s,t) = (t,t — s0), that is, (s,t) =
¢ (o, 1) = (%,0), so dsdt = %d(]d’[ and R = ¢([0,1]?) is the region bounded by the
linest=0,0=1,0 =0and 7t = 0 — 6. Hence

1 1 0
== f [y — TvaP 2 dodt = = f (f lo1 — ToafP 2 dT) do.
6 R 6 0 0'—6

Suppose first that [v1] > [vo]. f0<o<lando-0<7<0,then-6<71<1(0<6<1)

112 = o (1- 'T'H) > for] (1 = [1)).

[o1]

so || <1, and [v1 — T 2| > [[v1] = |7llv2ll = [01]

Hence

1 1( 0 S
]=—f f |Ul—’[02|p dt|do
0 0 -0
) ) 0 -2
et f ( 1-tly? dr)da+ lorl” f ( f 1-tly? dT)
0 0 -0

o2 [o1|P~2
= =5 5 11
We have
( (A =rly” 2 dt + f (1 -|z)P2 dT)da
6
(f 1+ 1)~ 2dT+f (1-1)~ ZdT)da
0
s 2(1-6)
P—l P(P—l) pip-1)
Also
1 g
_ 1 4 (1-06)Y
Il = 1-1)V 2% drdo = - - .
f(s fa_a( ) pp-1) pp-1) pp-1)
Then
26 (1-06) 1 oF
I+1I= + - -
p-1 pp-1) pp-1) pp-1)
20 5 5P 5 5P

p=1 p—1 pp-1 p-1 pp-1
Hence % (I+1II) 2 C, > 0 for all 6 < 69. We then obtain
J>CplorP2.
Now suppose [v1] < [v2]. Write v; = av, + v3 where v; L v, and by Pythagoras
2

01 — T02* = (@ = )v2 + vy = (@ = foal® + oy [ > (a = 7)*[vaf?,
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SO
1 1 0
] > Lo f ( f o — -2 dT) do
o 0 =0
1 1 1
== 0aP 2 f ( f X{o-0,01(7) la = TP~ dT) do
0 -0
1 l
=3 2P | Ja—7lP72][0,1] N [z, T + 5]l d.
-0
Now
[0,T+6] if-6<7<0
[0,1]N[r,t+d0]=[r,7+06] f0<7T<1-5
[7,1] ifl-6<7<1.
Hence
1
f la — 7|P721[0,1] N [z, T + 8]l dt
-0
0 1-6 1
= f la — P72 (t + &) dt + f la — P2 6dt + f la — P72 (1 - 1)dt
-5 0 1-6
1-6 1/2
> 6 f la —tP~2dt > 6 f la — t]P~2 dr, for o < 1/2.
0 0
We have

1/2 4
f oo — TP dr = f sP2ds>C,>0 forallaeR.
0 a-1/2

Therefore combining estimates we get
] > Cplual 2.
and the lemma follows. m]
Applying LemmaQlwith v; = y — Ay — b and v, = u(y) yields from that
(3.5) G(y—Ay—b+rw,y—Ay—Dbu(y) > SAC,lu(y)Pgyy 2,

for 0 < 6 < &g, where
g(y) := max {ly — Ay - bl, lu(w)}.
We now turn to estimate the terms I and II on the right hand side of (3.2). The first goal
is to estimate II proving (3.7). From the definition of G we have

AG(x—Ay—-b,y— Ay —b,u(y)) = Ah(x — Ay = b) — Ah(x — Ay — b — u(y)).

Hence

n (7 _
U=—nf p" " (p,7,y)dp
™ Jo
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where

orr= |y o) =T (s Ay =) = = Ay = b )
Making the change of variables z = x — y — rw we have
I(p,1,y) = (T'(z) =T(p)) (Ah(z+y+rw—Ay—b) —Ah(z+ y +rw — Ay — b —u(y))) dz.

We have that Al is homogenous of degree p — 2 so

—-Ay-b
Ah(z+y+rw_Ay_b)=|Z+]/+7’CU—Ay—b|p_2Ah(Z+y+rw y )‘

lz+y+rw—Ay-b|
Write, with e; a fixed unit vector in "1,

(T'(z) —T(p)) Ah(z+y +rw — Ay —b)dz

lzI<p

= (T(z) = T(p)) Iz + y + rw — Ay — b2 Ah(

lzI<p

z+y+rw—-Ay—-b
dz
|z+y+rw—Ay -1l
Ov+y—Ay—-b+r10e
|Ov+y—Ay —b+rOe]
Ov + Ov’ + rOeyq
|Ov + Ov’ + r Oeq|
O@W+7v +rey)

O +v +rep)|

= f (T(v) =T(p)) |Ov+y—Ay —b+1r0Oe P2 Ah( ) dv, O rotation around 0, Oe; = w
[ol<p

- fu (T(@) = T(p)) |00 + OV’ + r Oey P2 Ah( ) d, y—Ay—b=0v
v|l<p

= f (T@) -T(p)) v+ +ref2 Ah(
[ol<p
Similarly,

f T@z)-T(p)) Ah(z+y+rw—-Ay—b—-u(y)) dz
lzI<p

O+ (r—luy)l)er +7) ) i
0@+ (r=lu(y) e +v)1)

= fu (T(@) = T(p)) lo+ (r = lu(y)) er + 0"~ Ah(
v|<p
since w = u(y)/lu(y)l. Thus

Hp,7,v) = f| T =T
vl<p

O@w+7v +re)
[O@+v +rep)|

o+ oo Owr e o)),

7\p—2
) — o+ (r—fu(yl)er + """ Ah (lO @+ =luyl)e +v)]

We also have

7

1
== | pIp,r,y)dp=n f 7 (rt, 1, y) dt.
0 0

rn
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Now making the change of variables v = rC in the integral I(rt, 7, y) and setting v = r(’
yields

I(rt,1,y)

= T(C)=T(rt)
lcl<t

(|7”C + T’CI + 7’€1|p_2 Ah( O (T’C +rl + 7’61)

[O@C+7rl +rer)|

) — [T+ (r = lu(y)) er + rC' P> Ah( O(C+(r—luhe +r¢) )) " dC

O (rC+ (r—lu(y))er +rT)|
=r T - I(t)

ICl<t
(IC +T 4 e Ah( O+ +a)

OC+CT + e1)l

)_K+G"4MWV”Q+CVZAh(O&+wl_WWW”ﬁ+£U)yK

10(C+ A= lu)l/r)er+T)]

and since r = 0 [u(y)| we get

1
H:nW@W&lﬂW*l;ARQ—Rm

OC+T +ep)
OC+T + el

(m+curawﬂAh(

=nlu(y)ll 6F(6,C),

)—m+«1—1mnn+CW*Ah(O@**1‘1““”+Cﬂ»dcm

0OC+A-1/5)er + ')

where
OC+T + e)
O(C+ T+ e1)]

OOBC+(6-1)e+60)
0@GC+©G-1)er +60)]

1
PQ%C)zé“JLL W”»ﬂl}F@)—FG»|C+C’+eﬂ¢2Ah( )dcm

1

—6t[ #4?[ (r@)—ra»|5c+(5—1nq+5cmF2Ah( dc dt
0 ICl<t

= " F1(5,0) = 5 Fa(6,C) = 6 (P2 F1(5,8) = Fa(5, 1))

We claim that

, ly-Ay-bl Y
(3.6) [F(6, ) < C(n,p, )6 | ——F—— +1 , 0<1/2.
u(y)
In fact, since Al is continuous, it is bounded in §"!. Also Ov’ = y—Ay-b v =rC,
ly - Ay - bl
r=0|u(y) and so |'| = ——————. Thus
ju(yl and so | = s

-2
ly—Ay -8l bl)p 5P,

, r\p—2
IF1(5,0)| < Cln,p, A) 2+ 1)) SQ“”“@* ju(y)

Also

|y—Ay—b|)”‘2

’ /p—2
[F2(6,C')] < C(n,p, A) 2 +61C')) SCW%A%”* u(y)
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and then follows. This yields the following estimate of II:

— _ p-2

ly — Ay - bl +1)
lu(y)l

(3.7) < C(n,p, A) lu(y)? 6* g(y)P2,  ford <1/2.

11| < C(n, p, A) lu(y)F & (

We next estimate I in (3.2)). Since T is h-monotone, from (2.4)

I:JC G(x-Ay—-by—Ay—b,u(y)) dx
B(y+rw)

SJC G(x—Ax—b,y—Ax—b,u(x))dx+JC Pop(x,y)dx =1 +1".
B (y+r w) Bi(y+r w)

11

Let us estimate [”. From (2.7), the p — 2 homogeneity of D?h, and Cauchy-Schwarz

inequality it follows that

I = JC Pyy(x,y)dx
B (y+r w)

1 pl
= Ji,(yww)fo j(: (Dzh (y—Ax—b+tHAx - Ay) +s(x — y)) A(x — y), (x—y)> ds dt dx

1 1
< A||A||JC f f ly — Ax — b+ H(Ax — Ay) + s(x — y)IP 2 |y — x|*ds dt dx
Bi(y+rw) JO 0

1 1
<alalf [y - Ay b QA+ Dk - R - Pdsdr
B (y+rw) JO 0
< AllAf|2r2 f (ly = Ay = b2 + (IAIl + 172 |x = ylP2) ly — 2 dx
Bi(y+r w)

ly — xI* dx + (lAll + 1)~ f

lx — ylp) dx.
B, (y+r w)

= AJlA|| 22 (Iy — Ay - bP~? f
B

H(y+r w)

If x € Bi(y +rw), then |x —y| —r < |x — y — rw| < 7, that is, [x — y| < 2r and we get

(3.8) I” < AJJA|| 272 (ly — Ay — b2 2 + (||Al| + 1)P-2r1’) .
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Let us estimate I’. From (2.6) withz; = x—Ax—b,z, = y—Ax—b and z3 = u(x) it follows
as in the estimation of I’ that

I = JC fl fl <D2h (x—Ax—b—tu(x)+s(y—x)(y—x), —u(x)> ds dt dx
Bi(y+rw) YO 0

1 1
<A f f f = Ax = b = tu(x) +s (y = )2 |y — x ju(x)|ds dt dx
Bi(y+rw) JO 0

1l
=A JC ly — x| |u(x)| f f |x—Ax—b—tu(x)+s(y—x)|p‘2dsdtdx
By (y+rw) 0 0

< A2 f ly = xlu@)] (I = Ax = b2 + ()P 2 + |y — xP?) dx
B, (y+rw)

= A3 (JE ly — x| [u(x)| |x — Ax — b~ dx + ]C ly — x| [u(x)P~* dx + ]C ()| ly — xP~* dx].
B (y+r w) Br(y+r w)

Br(y+r w)
Set

A = J[ ly — x| [u(x)| |x — Ax — b > dx
Bi(y+rw)

Ay = f ly = x| (P dx
Br(y+r w)

A=t il - o
Bi(y+r w)

If x € B/(y + r w), then |x — y| < 2r. Since |[Ax — Ay| < ||Alllx — y| < 27]|All, we get

AL <27 JC lu(x)| |x — Ax — b2 dx < 2r (2r(1 + ||A]]) + ly — Ay — bl)p_2 JC u(x)| dx
Br(y+rw) Br(y+rw)

Ay <2r f lu()P~t dx
B (y+r w)

Az < (2r)P! J[ |u(x)| dx.
B (y+r w)

Consequently,
(3.9)

I' <C,A (r (r(1 + |All) + ly — Ay — By 2 f [u(x)|dx +r f [u()P~t dx + 171 f u(x)| dx).
B, (y+r w) B,(y+rw) B, (y+r w)

Combining the estimates (3.5), (3.7), (3.9), and it follows that
8 A Cp lu(y)Pg(y) ™
< C(n, p, M) (W) & g(yy =

+CpA (r (r(1 + 1A + g(y))" > f [u(x)| dx + 7 J[ lu()P~tdx + P71 JC
B(y+r w) Bi(y+r w) B

r(y+r )

|u(x)| dX)

+ AJAIC, ()2 72 + (IAIl + 1))
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for 0 <6 <1/2, w = u(y)/|lu(y)l, and r = 6|u(y)|. Dividing the last inequality by 6 yields
ACy lu(y)P gy
< C(n, p, N) lu(y)P* 6 g(y)'~>

CpA 2 -1 -1
+ | (r(@ + 1Al + g(v)) lu(x)| dx +r [u(x)[P~ dx + 7 ()| dx
By (y+r w) Bi(y+r w) B (y+r w)

AllAJIC _ _
+ Tp(g(y)p 27+ (Al + 1 2P)

< C(n, p, A) lu(y)l* 6 ()"~

C,A
+ 2 o @0+ 14Dg) + 5y £ o
By (y+r w)
+olu(y)l ()P~ dx + Slu(y)(6g(y)) > J[ lu(x)| dx) since [u(y)| < g(y)
B,(y+r w) Br(y+rw)
N AJA|IC,

= (S 207 )P + (141l + 17726 lu(y)P )
< C(n,p, M) lu(y)P g(y)" 26

+GpA (Iu(y)lg(y)’”‘z S +IA[) + 1y~ Jg( ) |u(x)] dx
(y+rw

g(y) = p—1 p—2 p—2
ol (S5 £ weortac s tuiser? f s
+ ABAIC, (302l + (A1 + 1720 Ju(y)F)

where we have used % > 1.

Choosing 69 = C(n,p, A, A, ||All) > 0 sufficiently small, we then get for all 6 < §¢ that
(A/2) Cy lu(y)P g(yy

<C A[((5(1 + AN + 17772 + 872 u(y)l gy~ JC |u(x)] dx + [u(y) (ﬂ)p_2 JC ()P dx]
! B,(y+rw) [u(y)l B,(y+r @)
+ AIAIC, (1Al + 126" fu(y)P -

u(y)lP—3
gy

lu(m)lP~" < Clp, A, A, AN (Iu(y)l”2 f [ (x)| dx +J[ ()P~ dox + 6772 fu(y)lP > J[ Iu(x)ldx)
B (y+rw) By (y+r w) Bi(y+r w)

& ()P ()P
C(A,p, 1A
+COp AN —— 2

< C(p, A, A A (Iu(y)l”‘2 f (@) dx + f P dx + 62 ju(y)P2 f |u(x>|dx)
B (y+rw) Br(y+r w) Br(y+r w)
+ CA p, IAI & ()P,

Multiplying this inequality by yields




14 C. E. GUTIERREZ AND A. MONTANARI, MARCH 6, 2025
since |u(y)| < g(y). Hence, since p > 1, we can choose 6y even smaller than before,
depending only on A, p and [|A]|, so that the following estimate holds for 0 < 6 < 69

Iu(y)l”_lSC(P,)\,A,IIAII)(IM(y)I”_Z f (@)l dx + f P dx + 62 ju(y)P-2 f |u<x>|dx),
Bi(y+rw) B (y+r w) B.(

Y+r @)

with 7 = 6 |u(y)|. If p = 2 we then get the inequality

()l < C(p, A, A, IAI) Jg ()] dx.

r(y+rw)
1 P
€ lu(x)| dx .
-1 Bi(y+rw)

<1/2

When p > 2 we write

p—2
-1\e

()P f ()| dx < P2
Bi(y+r w)

(1 )<p—1>/<p—2>
p

u(y)lP~" +
/ p
Choosing € > 0 large so that

P2 (1)
C(p/ /\/A/ ” ”)ﬁ (6)

we then obtain the inequality

p—1
()P~ < c(( f lu(x)| dx) + JC )P~ dx + 6772 |u(y)P 2 f lu(x)| dx)
By (y+r w) Br(y+r w) By (y+r w)

1/(p-1)
sc(f P dx + 52 ()2 (f |u<x>|P—1dx) ]
B, (y+rw) By (y+r w)

from Holder’s inequality, p — 1 > 1. Since 7 = 0 [u(y)| we get

1/(p-1)
uy) ' < C [ f ()P~ dx + 7 ( f u()P ! dx) J
B (y+r w) B (y+r w)

By Young’s inequality

1/(p-1) 1/(p-1)\P~1
1 -2 -1)/(p—2
w2 werta) < (o) T )
B/ (y+r w) p- 1 By (y+r w) p-

and so we obtain the estimate

(3.10) lu(y)P <C ( JE lu(x)P~tdx + rP—l),
Bi(y+rw)

—_

with a constant C depending only on n,p, A, A and ||A|| for 6 = W < 0p.

Let us now fix a ball Br(xp), and suppose y € Bgr(xo) with 0 < g <1, R > 0. Then

1—
B/(y + r w) C Br(xp) for r < TﬁR and so

C
JC lu(x)P~tdx < —: f lu(x)P~ dx.
B (y+r w) ™ IBr(x)
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1 —
Givenany 0 <r < TﬁR, let6 = I If 6 < 69, we then obtain from (3.10)

lu(y)l
(3.11) lu(y)P~t < c(ln f ()P~ dx + rP—l) = H(r).
™ IBgr(xo)
If 6 > 8¢, then
u(y)l < —.
<5

Hence
lu(y)l < max {H(r)l/(P‘l), 61} .= H(r)
0

forany 0 <7 < (1 -pB)R/2, y € Bgr(xp). This means that

< i H(r).
lu(y)| S e 2T (r)

Since (3.11) holds with any constant larger than C, we take C sufficiently large such
that C > 1/60™), in this way H()!/¢) > 61 and so max {H(r)l/@—l),éi} — H(p)Ve,
0 0

Therefore we obtain the estimate

12 < in HmHYPD  f B :
(3.12) Iu(y)l_Oqsr(rlu_rﬁl)R/2 () or y € Bgr(xo)

Next we estimate the minimum on the right hand side of (3.12). Set

A:f‘ P dx,
Br(xp)

soH(r)=C (A r+ rp‘l). The minimum of H over (0, ) is attained at

L aA 1/(n+p-1)
0— p_l s

H is decreasing in (0, 79) and increasing in (o, o), and

n \ M) n o \PD/(np1)
min H(r) = H(rg) = C ( ) + ( ) AP-D/(n+p-1).

If ro < (1 = B)R/2, then ming<,<1-p)r/2 H(r) = H(rp). On the other hand, if ro > (1 - f)R/2,

1— ﬁ n+p—1 p- 1
thatis, A > (TR) — := Ay, then we have

. _(1-B ) 1-p \" (1-B V!
0<r e ) = H (TR) =C [A (TR) ¥ (TR) ]

cep (5] et (5

1 (1-8 \™"
prn PR) A= KR A
p-1 2

=C
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We then obtain the following estimate valid for all 0 < < 1 for y € Bgr(xo)

K AP-D/(n+p=1) §f A < Ao

(3.13) (P~ <
Ky R A if A> A,

“nfnp-1) (o-1)/(n+p-1) 11—\
with K; = C|[— [ K, = cP! AT
p-1 p-1 p-1 2

1— ﬁ n+p-1 p— 1
p-1 _ _—=
fBR(XO) (P~ dx, and (—=R — = Ao,
We rewrite the last inequality in the following form
(3.14)
1/(n+p-1 /(p-1

) oD
if (ﬁaR<x0> ()P~ dx) < C(n,p, )R

_ L\
if (J%R(xo) ()P dx) > C(n,p,p)R,

Ki /b= (JCBR(XO) |u(x)|p_1 dx

sup |u(x)| < )1/(p—1>

xeBgr (x0) K> ( J%R o) lu(x)P~t dx

with u(x) = Tx — Ax — b, p > 2, and with the constant K; depending only on n,p, A, A and
IAll; the constant K, depends only on the same parameters but also on . This proves
(8.1), and the proof of Theorem|I]is complete. m]

Remark 3. A set E c R” X R" is c-monotone if

c(x, &) + C(]// 0 <clx, Q)+ C(]// &) Y(x, &), (]// () €E.

The set E gives rise to a c-monotone map as follows. Define Tx = {£ : (x,&) € E}.
The map T : R" — P(R") is multivalued with domain dom(T) = {x : Tx # 0} = {x :
there exists & such that (x, &) € E}. The map T is clearly c-monotone. If the cost c(x, ) =
h(x — y) with h satisfying the assumptions of Section [2} then T is single valued a.e. from
[GM24], Theorem 1]. Therefore, Theoremyields also estimates for c-monotone sets.

4. APPLICATION TO THE DIFFERENTIABILITY OF I-MONOTONE MAPS
Following Calderén and Zygmund [CZ61], see also [Zi89, Sect. 3.5], we recall the

notion of differentiability in LP-sense.

Definition 4. Let 1 < p < oo, k be a real number > —n/p and f € LP(Q), with O C R" open,
and let xo € Q. We say that f € T (xo) ( fe tk'?’(xo)ﬂ if there exists a polynomial Py, of degree

2Sometimes we also use of the letter T to denote a vector valued map. The expression T € T*"(x;) means
that the map T belongs to the class T (x,), that is, each component belong to the class.
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strictly less than k (Px, of degree < kﬂ such that
1/p
( f |f(x) — Py, () dx) =00 asr—0
By (x0)

1/p
((JC [f(x) = Py, ()P dx) = o(rk) asr— 0];
Br(x(])

when p = oo the averages are replaced by ess sup,cp )| f(X) = Pxo () = |lIf = P, llL=(8,(xo))-

From Theorem T|we then get the following two corollaries.

17

Corollary 5. Let T be h-monotone. If T € LP~! (Be(xo)) and there exists a matrix A = Ay, and a

vector b = by, such that

( f |Tx — Ax — bP~ ! dx
Br(x0)

that is, T € t'7=Y(xo), then T is differentiable in the ordinary sense at x.

1/(p-1)
) =0o(R) asR —0,

1/(p-1)
Proof. Let u(x) = Tx — Ax — b, and ¢(R) = ( J%R (x0) lu(x)P~1 dx) . From the assumption

¢(R)/R — 0as R — 0, and so from (3.14)

7

b(R)\ P~V
)

sup [u(x)] < Ky R0 gy(R)e-D/mp-1) = CR (
Bgr(xo)

that is, T is differentiable at xg.

Corollary 6. Let T be an h-monotone map in LZ ;1 (R™), p = 2, and such that

1/(p-1)
(f |Tx—b|P—1dx) =0OR) asR—-0
Br(x0)

for some vector b = by, i.e, T € T""~(xo) for all x in a measurable set E. Then
ITx — A(x = x0) = TxollLo(Bg(xy)) = 0(R) asR — 0
for almost all xo € E and some A = Ay, € R?",ie., T € tlfm(xo)for a.e. xog € E.

Proof. For each x( € E there exist constants M(xg) > 0, Rg > 0 and b € R” such that

1/(p-1)
( f |Tx — bP ! dx) < M(xo)R
Br(xo)

3Ifk <0, P, =0.
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1/(p-1)
|

forall0 < R < Ry, i.e., T € T"?~1(xq). Given0 < R < Rgwehave either (J%R(xo) lu(x)[P~t dx

1/(p-1)
C(n,p,p)R or (J%R(XO) lu(x)P1 dx) > C(n,p, B) R. In the first case, from (3.14)

1/(n+p-1)
sup |Tx — b| < Ky RMP~D ( f |Tx — bP~! dx) < C(n,B)R.
Bgr(xo) Br(xo)

In the second case,

1/(p-1)
sup |Tx —b| < Ky (JC |Tx — P! dx) < Kp M(xg) R.
Bgr(xo) Br(xo)

This means SUPE, (xg) |Tx—b| = O(R)asR — Oforallxg € E,i.e., T € T (xp). By Stepanov’s
theorem [St70, Chap. VIII, Thm. 3, p. 250] this implies that Tx is differentiable for a.e.
xo € E,i.e., T € t4*°(xp) for a.e. xg € E. O

Remark 7. In the particular case that T is the optimal transport map, from [AGSO05,
Theorem 6.2.7] T is approximately differentiable.

5. h-MONOTONE MAPS AND BOUNDED DEFORMATION

Definition 8. A mapping u : R" — R" is of bounded deformation, denoted u € BD(R"), if
1(du (du

1 . .
u € L, (R") and the symmetrized gradient 5 [% + (a

be represented by a matrix valued signed Radon measure.

t
) ], as a matrix valued distribution, can

This notion appears in elasticity, see [I83]. It is proved in [GM22, Theorem 4.5] thatif T
is a monotone map in the standard sense, i.e., hi-monotone with h(x) = Ix]?, with T € L110C,
then T € BD(IR") and it is differentiable a.e. (see earlier results by [Mig76] and [AA99]).
For general h-monotone maps we have the following.

Theorem 9. Let T be an h-monotone map with T € Lfozl(]R”) and h satisfying the assumptions
of Theorem |1} Then the map Dh(x — Tx) is of bounded deformation and belongs to t'1(xo) for a.e.
x0 € R"™.

Proof. Applying the monotonicity with y = x + t&£

0<h(x+t&E—Tx)—h(x —Tx) + h(x — T(x + t&)) — h(x + t& — T(x + t&)).
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From the estimates in Theorem it follows that the function h(x — Tx) is locally bounded.
Hence multiplying the last inequality by ¢ € C3’(R"), ¢ > 0 we get using

0< f [A(x + t& = Tx) — h(x — Tx)] ¢(x)dx + f [h(z —t&—Tz) = h(z — Tz)] Pp(z —t&)dz
1 ) 1
= f [f Dh(x — Tx + st&) - (t&) ds] P(x) dx + f [f Dh(z — Tz — st&) - (—t&) ds| ¢p(z — t&) dz
n 0 R” 0
1
= f f [Dh(x — Tx + st&) — Dh(x — Tx — st&)] - (t&) ds p(x) dx
R Jo
1
- f ” [ fo Dh(x — Tx — st&) - () ds] (px = £) - P(x)) dx
11 ol
= f f [f D?h (x — Tx — st& + T(2st&)) (2stE) dT] - (t&) ds P(x) dx
»Jo LJo

1
- f n [ fo Dh(x — Tx — st&) - () ds] (px — £) - P(x)) dx
=t* (2A-B),

with
1 1
A= f f [ f D?h (x — Tx — st& + 1(25t&)) (s&) d’[] - Eds (x) dx
" J0o 0

1
_ ] 9= 1) — o)
B = fﬂ [fo Dh(x — Tx — st&) éds] dx.

t

We calculate the limits of A, B when t — 0:
1l
f f D?h(x — Tx — st& + T(2st&))sdtds
0o Jo

1 pl
—>f f Dzh(x—Tx)sdes=%Dzh(x—Tx)
0 Jo

as t — 0 on compact subsets of R" (Tx is locally bounded), since D*h is uniformly
continuous on compact sets. Hence

A—> 1 <D2h (x —Tx) &, 5> ¢ (x) dx.
2 Jre
And also
B— - (Dh(x — Tx) - &) dsp(x) dx.
IRVl
We then obtain the inequality

(5.1) fm n (D?h(x=Tx) &, &) p(x)dx + | (Dhlx—Tx)- &) dep(x)dx 2 0

RPZ
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forall p € Cy°, ¢ > 0, and each unit vector &. Now

f (Dh(x = Tx) - &) dsp(x)dx = — z <%( l(;x' ») + (;x‘ X)),<¢>> &i&j
n ] 1

ij=1

with derivatives in the sense of distributions, and similarly

n

f n (D?h(x=Tx) &, &) p)dx = Y (I, (x = T2), @) & ;.

ij=1

Therefore, if a;; is the scalar distribution defined by

1 (0hg(x = Tx)  Jhy;(x — Tx)
(5.2) 4ij = Ty (x = T2) = 5 ( x| om '
then the matrix valued distribution a = (ai j) is non negative and so it can be represented
with a matrix-valued Radon measure, see [LH90, Thm. 2.1.7ﬂ

Since T is locally bounded and & € C?, then matrix D*h(x — Tx) defines a matrix valued
distribution of order zero. Therefore the matrix

1 (&Dh(x ~Ty) | (aDh(x - Tx))t]

2 ox ox

can be represented in the sense of distributions with a matrix valued signed Radon
measure, that is, Dh(x — Tx) is of bounded deformation as desired. We can now apply
[ACDMOY97, Theorem 7.4] (see also [H96]]) to conclude that the mapping Dh(x—Tx) € t!!(xo)
for a.e. xg € R". O

5.1. Holder continuity of i-monotone maps. The purpose of this section is to show that
h-monotone maps T that are locally in LP~! satisfy the Holder type condition T € TY/¢~D-
which is the contents of Theorem This will follow as a consequence of Theorems [9]
and (1} We begin with a couple of lemmas.

Lemma 10. Let vy, v be vectors in R", p > 2, and let

1
J= f [0y + toolP2 dt.
0

Then there exist constants cy, C, > 0, both depending only on p, such that

(5.3) ¢p (max{lo1, [2l))P 2 < T < Cp (max{lol, [val}) 2,

4As usual, a measure is a nonnegative (in the sense needed) g-additive set function, and a signed measure
is a 0-additive set function that can take positive and negative values.
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Proof. The proof is similar to the proof of Lemma By triangle inequality and the
monotonicity of f(r) = =2 for r > 0, we have

1 1 1
T= [ ovtroapar < [ onl+ ol dt < maxtinl )y [ 1y
0 0 0

To prove the estimate of | from below, suppose first that [v1| > |v2]. Hence, again by
triangle inequality and the monotonicity f(r) = =2 for r > 0,

1 1 1
-2 —
]:f |vl+tvz|r’—2dtzf llo1l = t o2l dtzwlv’—zf 1-tP2 dt,
0 0 0

obtaining | > C, [v1 IP=2. Now suppose 01| < |v2|. Writing v = av, +vy withoy 1L v; yields
el < Bkl <1, and oy + 02 = @+ Ho2 + 03 P = (@ + £P0a + o3 P 2 (a + ool
So, making the changing variables a + t = T we obtain

1 a+1 a+1
J > 0,72 la + tP~2dt = |voff 2 I7lP~2d7 > [02/P~2 min |T|P~2 dt
0 a ae[—l,l] a

1/2
~ Joaf2 f P2 de.

1/2

la| =

Therefore, | > ¢, [v2[P~2 and the lemma follows. m]
Lemma 11. There are positive constants c,, C, such that for all a,b € R" we have
Acyla = blP < (Dh(a) - Dh(b)) - (a - b) < ACyla — b max {|bF"2,la — b2},
and consequently
(5.4) IDh(a) — Dh(b)| > Acyla — b .

Proof. From 2.5), (2.3), and Lemma [I0]we have

1
(Dh(a) — Dh(b)) - (a — b) = fo (D?h(b + t(a — b))(a — b),a — by dt

1
< Ala—bP f b+ ta — b)P~*dt < ACyla — b* max{|blP =2, |a — b2},
0

and similarly the opposite inequality follows.
O

Theorem 12. If T is an h-monotone map with T € Lfo ZI(IR”) and h satisfying the assumptions of
Theorem|[T}, then

sup |Tx — Txol = ORY®V) asR -0
Br(xo)

for almost all xo € R"; thatis, T € Tl/(’”‘l)""’(xo)for a.e. xo.
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Proof. By Theorem@we know that the mapping Dh(x — Tx) € t'1(xo). Hence Dh(x — Tx) €
T'1(xp) and consequently at each Lebesgue point x of the function Dh(x — Tx) it follows
that

JC |Dh(x — Tx) — Dh(xg — Txg)ldx =O(R) asR — 0,
Br(xo)

that is, for a.e. xg € R”. The last statement follows because since Dh(x — Tx) € TV (xo),
there is a polynomial Py, (x) of degree less than 1, i.e, a constant such that J%R (x0) |Dh(x —

Tx) — Py,(x)|dx = O (R). If xg is a Lebesgue point of Dh(x — Tx), then J%R x0) |Dh(x — Tx) —
Dh(xg — Txg)|dx = o(1). Hence

f 1P+, () — Dh(xo — Txo)| dx
Br(xp)

< JC |Dh(x — Tx) — Dh(xo — Txo)|dx + JE |Py,(x) = Dh(x — Tx)|dx
Br(xo) Br(xo)

=0(1) + O(R)
and so Py,(x) — Dh(xop — Txp) = 0 and we are done.

Applying triangle inequality and inequality witha = Tx—Txpand b = x—xg yields

f |Tx — TxolP ! dx < JC (ITx — Txo — (x — x0)| + |x — xol)P " dx
BR(X()) BR(XO)

<ort f |Tx — Txo — (x — x0)[P " dx + 2P~ J[ Ix — xo|P~ dx
Br(x0) Br(xo)

< Dh(x — Tx) — Dh(xo — Txo)ldx + O(R"™) asR — 0
Acp IBg(xo)

=0(R) asR—-0,

at a.e. xp € R", since p > 2. Hence for a.e. xp there exist constants M(xp) > 0 and Ry > 0

such that
(JE |Tx — TxolP~* dx
Br(x0)

for all 0 < R < Ro. We now apply TheoremI|to u(x) = Tx — Txo with 0 < R < Ro. We have

‘ VD D
cither (J%R(XO) ()P dx) < C(n,p,p)R or (J%R(XO) ()P dx) > C(n,p,f)R. In
the first case, we get from (3.14)

1/(p-1)
) < M(xo) RY®~D

1/(n+p-1)
sup |Tx — Txo| < Ky RM+P~D ( JC ITx — TxolP ! dx) < C'(n,p,B)R.
Bgr(x0) Br(x0)

In the second case,

)1/(P—1)

sup |[Tx — Txo| < Ky (f [Tx — Txolp—l dx < K> M(xp) RY(p-1)
Br(xo)

Bgr(x0)

Therefore, SUPE, (x,) |Tx — Txol = O(RY#D)as R — 0 for all a.e. xo € R" as desired. m|
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Remark 13. We demonstrate that the conclusion of Theorem (12| cannot be expected to
hold at all points xyp € R". Specifically, let g : R — R be a non decreasing function and
let D denote the set of points of discontinuity of g. It is well known that D is countable

[ee]

and can be expressed as D = {x};?,,

where x; is an increasing sequence. Define the
multivalued map

fx) = {g(x) when x € Uli‘;l(xk, Xit1)

[limx_,x]: g(x), limx_,x;+1 g(x)] whenx=x;k=1,---.

The map f is standard monotone, i.e., (£ —C) (x — y) > 0 for all x, y, with £ € f(x) and
C € f(y). Moreover, f is standard maximal monotone and locally bounded. However, f
does not satisfy the conclusion of Theorem [I2]when xq € D.

To construct an example in higher dimensions, consider the multivalued map T(x1, x2) =
(f(x1), x2). The map T is standard maximal monotone (with /1(x) = [x[?), yet the conclusion
of Theorem [12]fails to hold when xy € D X R.

6. APPENDIX
1
Recall that T'(x) = ————|x[>™" with n > 2, where w,, is the volume of the unit ball

‘ nwy(2 — n) '
in R", and the Green’s representation formula

d
o) = [ (o0 G- -1t 520 ot + [ 166 ) dotwya

1
nwy

r
where v is the outer unit normal and y € Q. If Q = B,(y), then 3—V(x -y) = Ix — y|t"

and so the representation formula reads
Jv
= d - —(x)d - d
o(y) JI€C—yI=p v(x)do(x) — I'(p) fla;—ylzp 3 (x)do(x) + j|;c—y|5p I'(x — y) Av(x) dx
= f v(x)do(x) + f (T'(x —y) —T(p)) Av(x)dx
lx—yl=p x—yl<p

from the divergence theorem. Multiplying the last identity by p"~! and integrating over
0 < p < ryields

(6.1) u(y) = ch—ylﬁr v(x)dx + % jo‘ p”_1 jl:C—yISp (T'(x —y) —T(p)) Av(x)dxdp.
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