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1. Introduction

In this paper we develop a functional framework for the study of kinetic Fokker-
Planck equations. Specifically, we introduce intrinsic Sobolev spaces suitably related to
a system of Hérmander’s vector fields: our main results are embedding, interpolation and
approximation theorems that are the basic tools in many problems concerning partial
differential equations.
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Let (¢,z) denote a point in R x R and, for fixed d < N, consider the vector fields
Opyy--y0p, and Y :=(Bx,V;)+ 0, (1.1)

where B is a constant N x N matrix and V, = (0, ..., 0z, ). We assume the Hérman-
der’s condition is satisfied:

rank Lie(0yy,...,04,,Y) =N + 1. (1.2)

The classical example we have in mind is the Langevin kinetic model, given by the system
of stochastic differential equations
dVy = dWy,
‘ ‘ (1.3)
dP; = Vidt,

where W is a d-dimensional Brownian motion. Here the processes V' and P represent
the velocity and position of a system of d particles. The forward Kolmogorov (or Fokker-
Planck) operator of (1.3), written in terms of the variables x = (v,p) € R? x R, is in
the form of a sum of squares of the vector fields 0,,,...,dy, plus a drift (or transport
term) Yy, precisely

d

1

52351, —Yo,  Yo:=(0,V,)+8,. (1.4)
=1

In this example, N = 2d and

0q O
o= (100
where I; and 04 denote the d x d identity and null matrices respectively. Operator (1.4)
satisfies the Hormander’s condition, is hypoelliptic and has a Gaussian fundamental
solution that is the transition density of the Markov process (V, P) in (1.3).
The literature on generalized Sobolev spaces for Hormander’s vector fields is vast (see,
for instance, [25], [26], [10], [31], [17]). When dealing with the regularity properties of

PDEs modeled on the vector fields (1.1)-(1.2), as for example the equation in divergence
form

d

> 0, (aij0n,u) — Yu =0, (1.5)

ij=1

it is standard to assign a formal weight to each of the vector fields, that is one for the
directions 0Oy, , ..., 0y, of diffusion and is two for the drift Y; also, consistently with
the structure of the equation, Y should be interpreted as a second order derivative in
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intrinsic sense. As earlier noted in [25] among others, this fact raises a question about
the role of Y in the definition of first order intrinsic Sobolev space WP: indeed, in the
degenerate case d < N, the regularity properties of (1.5) strongly rely on Hormander’s
condition and involve the second order derivative Y in a crucial way. Many remarkable
results have been proven for weak solutions of (1.5), defined as functions w such that Yu
belongs to L?, in addition to the minimal assumptions u, 9,,u, . . ., 9,,u € L? needed to
write the equation (1.5) in the sense of distributions: we refer for instance to [3], [4], [19],
[5], [6], [1] and [9]. In [22] a first L? — L estimate has been proven by using Moser’s
approach; moreover, in [12] a Harnack inequality for kinetic Fokker-Planck equations
with rough coefficients has been proven extending the De Giorgi-Nash-Moser theory.

In Section 2 we introduce intrinsic Sobolev-Slobodeckij spaces for (1.1), denoted by
Wg’p , where at first order (i.e. k = 1) the vector field Y appears as a fractional derivative
of order 1/2: this approach is coherent with the scaling properties of the Hérmander
vector fields and therefore seems suitable for the study of (1.5). In particular, we can
give a natural definition of weak solution u of (1.5) in the Sobolev space Wé’2 without
requiring Yu € L? as it is usually done in the literature: as far as we know, this is the
first result in this direction.

We mention that the use of fractional derivatives makes it difficult to prove embedding
results by means of representation formulas in terms of a parametrix, at least for k =1,
as in [22] or [5]. Indeed, for the proof of our main embedding result, Theorem 1.1, we use
a remarkable method developed by Tartar [28], that is only based on scaling arguments
and a characterization of Lorentz spaces given in Lemma A.5.

In the following statement d denotes the homogeneous dimension of RV *1 induced by
the vector fields (1.1), whose precise definition is given in (2.6): to fix ideas, d = 4d + 2
for the Fokker-Planck operator (1.4).

Theorem 1.1 (W5” embeddings).

i) For 1 <p < d we have

1 1 1
WLP C LOP, <q<ph, — = 1.6
5 < pP<q<p Ty d (1.6)
where LP1 denotes the Lorentz space. In particular, W,;’p C LY forp < q<p¥y
i) for d < p < oo we have
1,p 0’1_%
Wg? CCgx 7 (1.7)
it7) for p=d we have
d

wrdcrrdcrns, g¢g>d (1.8)

Moreover, if u € Wé’d then for every A,é > 0 we have
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_d_
/ M@ gy < 0. (1.9)

|u|>6

The Morrey embedding (1.7) is given in terms of the optimal generalized Holder spaces
Cg’a only recently introduced in [18] together with an intrinsic Taylor formula. Embed-
dings for higher order spaces Wg’p are provided in Theorem 7.1. Remarkably, estimate
(1.9) extends Trudinger’s result [30]. Embedding results for Kolmogorov equations were
also proved in [7] and more recently in [11].

We acknowledge that Tartar himself applied his approach to the Langevin operator
(1.4): according to [28], Appendices IT and ITI, he proved that for a function f = f(¢,z,v)
on R x R? x RY, with f,V,f,Yof := (0; +v-V,)f € LP, one can first prove the “crude”
embedding estimate

[fllg S 1A llp + 1V o fllp + 1Yo £l

for some ¢ > p and then get the embeddings:

. *x . . 1 1 1 .
- in LP ’p1f1<p<3d+1,W1tth57m,
- in L*® if p > 3d + 1;

-in L"if p=3d+ 1, for any p < r < 0.

As a main motivation, our study is a first step in the development of a theory of
generalized Besov spaces for possible applications to stochastic partial differential equa-
tions: we mention that recent results for stochastic kinetic equations were established in
[21] and [32]. Secondly, even for deterministic kinetic equations, our results improve the
known regularity estimates available in the literature by providing the natural functional
framework for weak solutions of kinetic Fokker-Planck equations.

The paper is structured as follows. In Section 2 we state the precise assumptions,
introduce the intrinsic Sobolev and Holder spaces and collect some preliminary result
concerning the geometric structure induced on RY*+! by the vector fields (1.1). In Sec-
tion 3 we prove a first interpolation result, Proposition 3.5, that provides a simplified and
equivalent definition of intrinsic Sobolev quasi-norm. In Section 4 we show an intrinsic
Taylor expansion, Theorem 4.1, for functions in Wg’p which extends the analogous re-
sults for intrinsic Holder spaces proved in [18]. Crucial approximation and interpolation
results, Theorems 5.2 and 5.3, are proven in Section 5. Section 6 contains the proof of our
main result, Theorem 1.1, on the embeddings of th?’p . Eventually, in Section 7 we prove
Theorem 7.1 on the higher order embeddings. For reader’s convenience, in the Appendix
we recall some basic result about interpolation and Lorentz spaces.

In the context of our proofs we will often use the notation A < B, meaning that
A < ¢B for some positive constant ¢ which may depend on the quantities specified in
the corresponding statement.
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2. Preliminaries
2.1. Assumptions

We recall that Hormander’s condition is equivalent to the well-known Kalman rank
condition for controllability of linear systems (cf., for instance, Section 9.5 in [20]); also,
it was shown in [13] that, up to a change of basis, condition (1.2) is equivalent to the
following

Assumption 2.1 (Hérmander’s condition). The matrix B takes the block-form

* ¥ %
By  x * %

B— 0 By * % (2 1)
0 0 B, x

Jj=0

In general, the *-blocks in (2.1) are arbitrary. Our second standing assumption is the
following

Assumption 2.2 (Homogeneity). All the x-blocks in (2.1) are null.

As proven in [13], Assumption 2.2 is equivalent to the fact that the kinetic Fokker-
Planck operator

d
1 2
==y -Y 2.2
H 2 2 0y, (2.2)

is homogeneous of degree two with respect to the family of dilations defined as follows:
first of all, consistently with the block decomposition (2.1) of B, we write € R as the
direct sum x = 2% + ... 4+ 2" where 2zl € RV is defined as

[4] {.Ik if CL;l <k< CL‘,
x), =

di:=) dj, d_y:=0, i=0,...,n
0  otherwise, j;o ! '

Then, we have # (u(Dy)) = A\2(F u)(D)) where

Di(t,z) := (\2t, Dyz), Dyz = Z ALl (2.3)
i=0
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For instance, the Langevin operator (1.4) is homogeneous with respect to the dilation
group Dy (t,v,p) = (A%, \v, \%p) in R24+L,

2.2. Intrinsic Hélder and Sobolev spaces

In this section we recall the definition of intrinsic Holder space as given in [18] and
introduce a notion of intrinsic Sobolev space, naturally associated to the system of vector
fields (1.1).

Let h — e"Xz denote the integral curve of a Lipschitz vector field X starting from
z € RV*! defined as the unique solution of

%thZ:X(thZ), heR,
"X zlp—o = 2.

For the vector fields in (1.1), we have
it ) = (t,x+he;), " ()= (t+h,"Pa),
where e; is the i-th element of the canonical basis of RV.

Definition 2.3. Let mx be a formal weight associated to the vector field X. For a €
10, mx], we say that v € C% if the quasi-norm

|u (thz) — u(z)|

||u||c§ = sup

serVH BTN
heR\{0}
is finite.
Hereafter, we set the formal weight of the vector fields Oy, ,...,05, equal to one and

the formal weight of Y equal to two, which is coherent with the homogeneity of the
Fokker-Planck operator £ with respect to the dilations Dy in (2.3). From [18] we recall
the following

Definition 2.4 (Intrinsic Holder spaces). For a €]0, 1] we define the Holder quasi-norms

d

Il = sup Jul+ 3 e, + e

ey = sup ful + |Vl + oy

where Vg4 := (04, - .., 05,) and inductively, for n > 2,

Jullgno = ]1511\715)1 |u| + HVdU/HCg—l,a + ||Yu||cgfz,a .
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Next we introduce the intrinsic Sobolev spaces. First, as in [17], for any v € LP, with
p = 1, we define the fractional Sobolev-Slobodeckij quasi-norm of order s €]0, 1] along
a Lipschitz vector field X as

—u(z)
[ X,s,p - / dz / |h‘ps+1 dh

N+l |R|<1

Definition 2.5. For p > 1 we set

ultp,B = [[Vaullp + [u]y,1 p,
[ul2.p,5 = |Vauli,p,5 + [[Yullp,
and inductively, for n > 3,
|u|n¢p,B = |vdu|n71,p,B + |Yu|n72,p,B~

Definition 2.6 (Intrinsic Sobolev spaces). For p > 1 we define the Sobolev quasi-norms

ullwzr = llullp + lul1p.5,

lullyzr = llully + [Vaully e + 1Y ullp,
and inductively, for n > 3,
lullwgr = llullp, + [Vaulyn-re + Y ullyn-20.
The following alternative definition of Sobolev quasi-norm is sometimes useful.

Definition 2.7. For n € N and p > 1 we set

Nulllwg» = llullp + [tlnp.5-
Clearly we have || - |lyne > ||| - |[[wn». In Section 3, Proposition 3.5, we prove that
| llwne and ||| - [[wn» are equivalent and therefore define the same functional spaces.

This means that the intermediate orders quasi-norms are not needed to characterize
Wyt

Remark 2.8. Let

=

lu]y,s,p = / dz/ lu(e" 2) —u(z)|pdh

s
N+1 R
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and notice that

Tl=

2
e o= | [ Greemdh

h|>1

[uly,s,p < [u)y,s,p < [U]y,s,p + Cps

Then, if we replace [uly,sp by [u]y,s,p in Definition 2.6, we get equivalent norms.
2.8. Dilation and translation groups

Besides the homogeneity with respect to Dy in (2.3), operator J# in (2.2) has also
the remarkable property of being invariant with respect to the left translations in the
group law

(t)o(s,6) = (t+s,ePr+€), (L) (s€) e RV
Indeed, a simple computation shows that, for any z, ¢ € RV,

Cloez=e"Y(¢loz) (loedmiz =% (¢Tloz), i=1,...,d, (24)

)

where (t,7)~! = (—t, —e"*Bx). Analogously, we have (see, for instance, [23])

DAY (2) = MY (Dyz),  Dae®i(z) =Dz i=di 1., d;
(2.5)
A Dy-homogeneous norm on RV is defined as
It @)l = [t +|2ls, el =Y |all|=Fr,
=0
and
d:=2+) (2k+1)dx (2.6)
k=0

is usually called the homogeneous dimension of RN *! with respect to Djy.
Lemma 2.9 ([16], Proposition 5.1). There exists m = m(B) > 1 such that
Ic o 2lls < m(lChs + 12lm) m~sls < I="Mp <mlzlln =C e RV (27)

Remark 2.10. Since e?¥ z = z 0 (§,0), by (2.7) we have

1—mc

Izl < [’ 2B < m(1+ o)|l2lls, (2.8)
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for any |8]2 < ¢//z||p with ¢ €]0, L

Remark 2.11. The matrix B is nilpotent of degree r 4+ 1. In particular, for any n < r we

have
Ogn,—IXdO OJn—1Xd1 Otin—IXd'r—n O(Zn—lx(grfgr—n)
n
HlBj Od,xds  ** Odpxden  Og x(d—d. .
J=
n+1
B" = | Odyixdo H2Bj o Odyiixd,n Ogysd—do_y) |
j=
=
Odrxdo 0d,«><d1 T H Bj Odrx(Jrfir_n)
j=r—m-+1
where

Bj = Bp,Bn1--- By,
1

J

n

and B™ = 0 for n > r. Thus
r Bj )
P =In+y =¥
=17

is a lower triangular matrix with diagonal (1,...,1) and therefore it has determinant
equal to 1.

Lemma 2.12. For any n € N and u € LP, with p > 1, we have

_d nod
||U(D>\)Hp =\ ||u||p7 |U(D>\)|n,p,B =\"rlu

n,p,B (2.9)

Proof. The first equality follows by a simple change of variable. Next, for i = 1,...,d
we have, by (2.5)

o uD)lp = [ 1su(Dr)Pdz = [ M@ u)(Daz) Pz =

RN+1 RN+1

(by the change of variable 2/ = D)z)

—\P / (0, u) (2)[PA~Yd" = AP0, ul P (2.10)

RN+1

Similarly
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dh
[U(DA)]€/7%,p = / /|7_L (D)\(ehYZ)) — u(D)‘Z)‘pWT%dZ
RN+1 R
2 dh
B / /AM‘“(@M T Dx2) —uDa)P 1 de =
RN+1 R
(by the change of variables (1, 2') = (A%h, Dy2))
/ dh’
_ WY / —d g, _ \p—dj, 1P
v [ [l u e = v )

RN+1 R
(2.10) and (2.11) give the second equality for n = 1. The case n = 2 is analogous and
the general case n > 2 follows by induction. 0O
3. Alternative Sobolev norms and a first interpolation result

3.1. Intrinsic weak derivatives in Wg"

By definition, the quasi-norm |- |, ,, g only controls weak derivatives of order n and n—
1, which are made up of compositions of 0, ..., 0z, and Y for any possible permutation.
We show that actually a function u € W* supports all the weak derivatives of intrinsic
order [, [ < n, and for k € Ny and 3 € N we have

VEQPu e WP 2k + (B)p =1, (3.1)
where
r d;
o =of-oly,  (Bpi=) (2i41) > B (3.2)
i=0 k=1+d;_1

Indeed these derivatives can be recovered by taking appropriate iterated commutators of
the vector fields 0y, . .., 0, and Y: exploiting these commutators, we can also rearrange
the terms appearing in | - |,, »,5 and provide a more explicit characterization which only
make use of the intrinsic derivatives in the form (3.1).

First we recall some preliminary notions from [18], Section 4. By the structure of the

matrix B, for any n = 0,...,7 and v € RY we have
Bwe @V, Vi={all|z RV}, (3.3)
i=n

and B™ = 0 for n > r. In particular, if v € V}j then we have

B"v €V, n=0,...,7.
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Moreover there exist subspaces

Vor €CVor—1 C---C Vo1 CVoo:=W

such that the linear map
Un VO,n — Va, ql}n(v) == B"v (34)

is bijective. For v € V}, we introduce the following iterated commutators

d
XQ()O) = Z Ukaxk,
k=1

and recursively
XM =[xV y]=xVy —yx(Y  peN. (3.5)

Lemma 3.1. Let w € WP, Then, for any i € Ng, 2i +1 < n, and v € Vi we have

Xy e wpmhe, (3.6)
Proof. We use an induction argument on n. If n < 2 there is nothing to prove because
X% is a linear combination of the vector fields Oz, - - -, 0z, and the thesis follows by
definition.

Assume (3.6) is true for some fixed n > 2 and let us prove it for n + 1. We proceed
by induction on ¢. For i = 0, again there is nothing to prove. We assume (3.6) for some
i > 0 such that 2(: + 1) + 1 < n+ 1 and prove it for i + 1. If u € WgH’p then

Xy = XOyu -y X,

Here Yu € WP by definition and therefore X Yu € Wi~ '~ 1y the inductive
hypothesis on n. On the other hand qui)u € Wg+17(2i+1)’p by the inductive hypothesis
on i and therefore Y X{"u € W;H*(%H)*Q’;D by definition. Then (3.6) holds for n + 1,
for any 4, 2¢ + 1 < n + 1, and this concludes the proof. O

Proposition 3.2. Let u € Wg*. Then for any i € N, 2 +1 < n, we have

8$].’U,€Wg_2i_1’p, j= 1+d77,'717~-~7di-
Proof. By induction it is not difficult to prove that

XWp = (B, V), peC™.

v
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Next, since v; in (3.4) is bijective, for every j = 1 +d;_1,...,d; there exists w; € Vp;
such that B'w; = e; € V;. Then f := &)u € Wg_m_l’p is such that

[ roeds = [ w@xee:=- [ w@on,een pecs,

RN+1 RN+1 RN+1

which means that f is the weak derivative d,,u. O

By Proposition 3.2 and the definition of intrinsic Sobolev spaces we eventually infer
the following:

Corollary 3.3. Let u € WP Then, for any k € Ny, 8 € Ng such that 2k+(B)p =1 < n,
we have

VE)Pu e Wit
Corollary 3.4. The following quasi-norms are equivalent:

i) lulnp.B;

ii)

Sul, Y 0y, (3.7)
2k+(5>B:n 2k+([3>)3:n—1
/ 3 [Y*08uly . 5, n=2+1, €N,
2k+(B)p=n—1 (38)
> |Yk83u|1,p73 + HYlqu, n=2l, 1 €N.
2k+<ﬁ>3:n—1

Proof. By induction it is not difficult to check that |ul, , g controls all the LP-norms of
the nth-order derivatives that are compositions of Y and 0,,,...,0,, for any possible
permutation, as well as the fractional quasi-norms of the (n — 1)th-order derivatives.
Then it suffices to note that, by (3.5) we have

n

XOyn = Z (?) ViX(0 o we Vs (3.9)
1=0

then, proceeding as in the proof of Proposition 3.2 to rearrange the derivatives, we get
(3.7).
Moreover, by definition we have

d
oo WU s= Y > 110w, YO ull, + [YF0 uly s, |

2k+(B)p=n—1 2k+(B)p=n—1 \j=1
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and the fractional part of the quasi-norm coincides with (3.7). As for the first term in
the sum we need to distinguish two cases: if n = 2] 4+ 1 for some [ € N, then we get an
equivalence with (3.7) by rearranging the derivatives as in the proof of Proposition 3.2;
indeed, compared to Wg_l’p we have the additional set of Euclidean derivatives 0,
j =14d_1,...,d; which can be recovered from 2?21 9z, Y'u by (3.9), and similarly
for the mixed derivatives. If n = 2] we have the derivatives Y'u that cannot be written
as sums of iterated commutators and thus we get (3.8). O

3.2. Interpolation inequality and equivalence of the norms || - |lyn.» and ||| - [|lyz-»

Proposition 3.5. Let 1 < n<m and p > 1. There exists ¢ = ¢(m, p, B) such that

[ulnp.B < C(eltlmpn +e ™ ull,), uweWg?P, &>0. (3.10)
In particular the norms || - [lywne and || - ||z are equivalent.

Proof. The proof is based on a two-step induction.

Step 1: case n =1 and m = 2. The estimate
HaﬂﬁzuHP S/ ||u||P+ ”811%’“‘”?7 i=1,...,d,

is standard (cf. for instance [2], Chapter 5). On the other hand, by Fubini’s Theorem we
have

dh
[u]i’/)%’p = WT% / JIp(z, h)dz, Tp(2z, h) = u(e" 2) —u(2)|P.

1 RN+1

By the mean value theorem along the vector field Y, for every z € RN+t and h € [-1,1],
h # 0, there exists |h| < |h| such that |J,(z,h)| < [Yu(e"Y 2)[P|h[P: then, by a change of
variable and recalling Remark 2.11,

1

4

gy, < 21Vl [ 11E < v al,
0

Thus we obtain

ul1,p.8 S |ul2p,8 + llullp- (3.11)

The thesis follows by a scaling argument: indeed, applying (3.11) to u(D.-1-), by (2.9)
we get

_d
29,8 € 7 |lulp.

2 ulipn ST u
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Step 2: induction on n,m with m = n + 1. We first prove the preliminary interpolation
inequality:

Yull, S elYuly,1, +& [uly, ue WP, e>0. (3.12)

2P’

We have

u(e¥ 2) —u(z) — Yu(z) = (Yu(e‘wz) — Yu(z)) dd,

o _

and therefore

[Yulb = / u(e¥ z) —u(z) — / (Yu(e‘syz) —Yu(z))ds| dz <

RN+1 0

(by the triangular and Holder inequalities)

< / lu(e¥ z) — u(z)|Pdz + / /|Yu Vo) —Yu(z)|Pdédz =: T, + I,

RN+1 RN+1
where
I — h [Yu(ed 2) — Yu(z)[P 545 dsd 1
S / / 51+h 2s gWulvgy
RN+1 0
and

I < / /|ue 2) — u(e® 2)|Pdddz + / /\u Vo) —u(z)|Pdédz =

RN+1 RN+1

(by the change of variables 2’ = €Yz and §' = § — 1)

0
[ [ —upasar / (e 2) — u(z)Pdddz < [uly, 1 .

RN+1 —1 RN+1

reasoning as for I in the last step. Then (3.12) follows by a scaling argument.

Next we prove that if, for some 7 € N, (3.10) holds with n = n, m = n + 1 then it
also holds with n = 7+ 1 and m = n + 2. By Step 1, (3.8) and (3.12), if n + 1 is even
we have
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A+l
il sS Y. YR ulips + Y ul,

2k+(B)B=n
A+l
<a 3 ((W0 ulap + [y )
2k+(B)p=n

e (IR0l + [V Ty, ) )
< (elulnsops +e Hulngpn) <
(by the inductive hypothesis)
< cielulatop,p + cieae ™ enulng1p, + creoe” e full,.

If n 41 is odd, by (3.8) we derive the same estimate only exploiting Step 1. To conclude

it suffices to take e; = 5=

261 Cc2 :
Step 3: backward induction on n. Let m € N, m > 2, be fixed. We prove that if (3.10)
is true for m and n = n for some n € {2,...,m — 1}, then it is also true for m and

n=n-—1.
By Step 2 we have

—(A—1
o158 S erlulaps +e1 " Vlully S

(by the inductive hypothesis)

__n_ (=
<o (52|u|m,p,3 Loy unp) 7D )

1
Letting now € = €165 and €1 = e™= -1 | we get
S
ula-1,p.8 S €ltlmp.B +e =T ullp,
which concludes the proof. O
4. Taylor expansion in Wg5'P
. B

According to [18], the n-th order B-Taylor polynomial of u around ¢ = (s,§) is for-
mally defined as

_ _ elt=s)
)= > CERE O g, =) eRY,

0<2k+(B) p<n

(4.1)
with (8)p as in (3.2). The main result of this section is the following.
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Theorem 4.1. Let n € Ng and p > 1. There exists ¢ = ¢(n,p, B) such that, for any
uwe Wpth? 0 e we have

lu—Tou(- 0 ¢, )lp < el lulyprin, ¢ €RVFL (4.2)

The proof is based on an induction procedure developed in [18] to derive the Cp®
estimate of the remainder. For completeness, here we give a fairly comprehensive presen-
tation of the main lines, and refer to [18] for the details of the construction. To simplify
the exposition we first split the proof in different steps, corresponding to particular cases
of (4.2).

Lemma 4.2. There exists ¢ = ¢(n,p) such that, for any u € WgH’p NC* and § € R, we
have

[n/2]
u(e™ ) = > k.Y’“unp\ 18" ullyn o, (4.3)

k=0

where [n/2] denotes the integer part of n/2.
Proof. We first check that, for u € W4”, we have

(e ) — ul|,<[8]% [u] 0] < L. (4.4)

Y, 3.

Without loss of generality, we assume &€ (0,1]. Adding and subtracting u(e"Y:) and
integrating on h € [0, 6], we have

Sllu(e®™ ) — ull / (e ) — (e ) |dh + / lue" ) — ull2dh =: I + L.
0

Then we have

ule u\z p I3 1 I3
- | / M W b o,

RN+1

By the change of variable z = €% z, h = h—¢§ and Remark 2.11, the term I; is analogous,
and thus we get (4.4). Similarly, we also see that if u € Wg’p then

lu(e®) = ull ,SIOI1Y wllp S 18] ull 2. (4.5)

More generally, for u € W """ N>, by the mean-value theorem along the vector field
Y, for some § such that |§| < || we have
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§Y & i gtn/2] 2 5Y 2
u(e’ z) — Z EYlu(z) = T/l (Y[n/ lu(e? z) —yt/ ]u(z)> . (4.6)
=0

Now, if n = 2h for some h € N then Y"u € W5": thus (4.3) follows by combining (4.6)
with (4.4) applied to Y"u. Similarly, if n = 2h + 1 for some h € N then (4.3) follows by
combining (4.6) with (4.5) applied to Y"u € WP, O

Lemma 4.3. There exists ¢ = ¢(p, B) such that
lu(- 0 (0,) — ull, < clélpllullyyr,  uweWg", €eRY. (4.7)
Proof. We have the standard inequality
lu(e®®i) —ullp<|é||0z,ully,  i=1,....d. (4.8)

Notice that, for u € Wé’p , we have LP-bounds only on the first d spatial derivatives.
Thus, in order to prove (4.7) we must exploit estimate (4.4) and connect any arbitrary
point z = (t,x) € RN¥*! to 20 (0,£) = (t,x + &) through a chain of integral curves
associated only to the vector fields 0,,,...,0;, and Y.

To do so, we define a sequence of points (2 = (¢, 2(k)))k=0,... » adjusting, at any step
k, the set of variables of the layer V} in (3.3). Following [18], Lemma 4.22 we set

vo = é& 160l = €1,
and
21 =%, 20 = 71()2?50(271) — 90w, V), _ (t,x + 5[0])_
For k=1,...,r let
=L (o) = B (G (8 () @n)))) o = R

where vy, = wg/|wg| and wy, is the unique vector in Vo C Vo such that BFwy =
€M 4 zlF — 2K (k — 1). Importantly, it can be proven by induction that, for any v € Vj

we have
(k) _ _ k (_B)lhl 2|h|+1 -
Yo (B ) = (t, 2 + Sk (d)v), Sk(d)v = (—1) Z T(S ve@\/j.
W

In other words the flow vf)kg only affects the set of variables [k : r]. Moreover,

71@&« (zr—1) = (t,z+&) by construction. Notice also that at any step, d; does not depend
on x and also, the specific choice of wy implies §; < cp|é|p (cf. [18], Lemma 4.22).
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We are ready to prove (4.7): by the Minkowski inequality we have

T

lu(- 0 (0,€)) = ullZ < /|Ma»—w%4ﬂwz=§jmm$g>—wg
k=0p N 4+1 k=0

where we exploited the changes of variables 2’ = z;_1 = 2z;_1(2) in the last step: here we
use the fact that, by Remark 2.11, the Jacobian of the change of variables has determinant
equal to one. Then the proof is completed once we have proved that, for any k,i €
{0,...,7} we have

k
lu(3$%5,) = ully S Sillullwre < 1€lBlIwlye- (4.9)

We proceed by induction on k. The case k = 0 follows from (4.8). Assume now (4.9)

holds for some k € {0,...,r — 1}: as before we have
k+1 k 2
u(r 85D =l Slu(r®s,) = ullp + (€Y ) — ull,

k —§2
) =l + ue™) =l
and the thesis follows from the inductive step and (4.4). O
We are ready to prove Theorem 4.1.

Proof of Theorem 4.1. We prove that, for any n € Ny, ¢ € RN+ and u € Wngl’pﬂCoo,
we have

lu(-0¢) = Thu(,- 0 Ollp< el ¢l lullymsrs. (4.10)
Estimate (4.2) follows from (4.10) since
lu = Tou(- 0 ¢, )lp = llul-0¢™H) = Toul,- 0 ¢l
Now, for z = (t,z),( = (s,&) € RN we write

u(z0¢) — Thu(z,20¢) = u(z0¢) — Thu(e®™ 2,20 )+ Thu(e®™ 2,20 ¢) — Thu(z,z0().

=:F(2,¢) =:F2(2,0)

By definition
Yz = (t+s,e*Br), zo( = (t+s,&+ e Pa).

Hence F}(z, () contains increments that only differ in the spatial variables, while F5(z, {)
contains increments that only differ along Y.
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To estimate Fy(z,{) we first notice that the increments in the Taylor polynomials

appearing in F5(z, () are given by
(esYz)—l o (Z o C) = (075)7 zlo (Z o C) = (815)7

thus we have

skeh
0= Y SE0Es) - (o)

(B)B<n 2k+(B)p<n

B S
- 5—, @) - Y Ttotu)e)

B)5 2k<n—(B) 5

Taking the LP norm in dz and using (4.3) for 8%u € W£_<B>B by Corollary 3.3, we get

B)B
1B Ol S D 1€l 1| ||<9%H = S ICIE ullyess.
(ByB<n
It remains to prove
172G Ol S ICHE lullynio. (4.11)
B

First notice that, by a change of variable we have

IELC Ollp = llul- 0 (0,8)) = Toul:, - 0 (0,8))lp-

The case n = 0 corresponds to Lemma 4.3. Next we assume that (4.11) holds for n = n—1

and prove it for n = n. We have

u(z 0 (0,8)) — Tau(z, Z°(07 )
= (t $+f) ((t,x),(t,x—i—f))
(t T+ 5) ((t LE), (ta T+ 6)) +T’7Lu((t7j)v (t,l’ + 5)) - Tﬁu((t’ .13), (t,l‘ + 5))5

=:F11(2,¢) =:F12(2,()

where Z the point in RN defined by

o Jat if 2i + 1<7,
T = . .
2l 4 €l if 24 + 1>7.

Notice that (z + & — z)? = ¢° for (B)p < nand |z — & —Z|p < [€|p. For z € RN, we
introduce the notation
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J
o [#7] :Zx[k] 0<i<yj<r.
k=1

Then
1 A7,
Tou((t,2), (bo+€) = > —0%u(t,z+E5 )R, (4.12)
(By<n "
Now, since u € WiT"" has weak derivatives of order [%} in any direction of the

increments [i], ¢ < [%], it is not difficult to check, similarly to (4.3) that

||F11('7 C) ||p 5 |f|7§+1 Hu||wg“4’~

On the other hand, by (4.12), we have

B
Fia(z,0) = > %(aﬂu(t,@)—aﬁu(m)).

(BYB<n

Then, taking the LP norm in dz, we have

|£|<BP>B 3 [[Lﬂ]r] 8
1Fia( Ol S D S o 107u(- 0 ) — 9%,

(BYB<n

Now we use the inductive hypothesis on 0%u € W;L_<ﬁ>5+1’p for |B|p = 1, and finally
get

I T :
1Ea(, 0l S 37 =Lt 7 0%l e S EE Tullwgrros

(B)B<n

Remark 4.4. By Theorem 4.1, for any 7 € {(ij_l +1,... ,ch} with 25 + 1 > n we have in
particular

60z, )

[[u(e - u“p S |6‘%||UHW§+LP; = Wg"'lvp.

Then, using Fubini’s Theorem it is straightforward to check that, for any ¢ > 0

_ 1,
[u]azi,;j%fe,ps € 1||u||I/V;S""'l'p7 u € Wg+ i

Together with Corollary 3.3 this gives the expected regularity in any spatial direction,
which is not prescribed a priori by the definition of the spaces. Also, by Corollary 3.3 we
can further infer that, for any k € No, 8 € NV with 25 + 1 > n—2k — (8)p > 0 we have

[Ykaﬂu]am.7 S 571”“”{/{/;*1'?7 u € Wngl,p'

n+1-2k—(B8)p
— 2541 &P
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5. Approximation and interpolation
5.1. Approzimation in Wp'*

Let ¢ be a test function supported on ||z||p < 1 with unitary integral. Following [23],
we define the n-th order approximation for u € W5? as
1 d¢
Un,e(2) := Th_1u(C, 2)p (Deq(C o z)) - e>0, (5.1)

RN+1

where T,,u((, z) is the B-Taylor polynomial in (4.1) and d the homogeneous dimension
of RV*+1, Notice that

e o) G = [ wo-1

RN+t I<lz<1

We also recall the useful Lemma 3.2 from [23] which still holds for functions in Wp*:
indeed, its proof relies only on basic algebraic rules of derivation, namely the Leibniz
formula and the chain rule for compositions with smooth functions.

Lemma 5.1. For any u € W™ and z,¢ € RN*1 we have

Y, T, u(l, 2)

=Th-1(0;u)(¢, 2), n>1,i=1,...,d,
=Th—o(Yu)((, 2), n>=2.

VoWV

Theorem 5.2 (Approzimation). Let n,m € N with n < m. There exist constants ¢ =
¢(n,p,B) and ¢y = ¢(n,m, p, B) such that for any v € W5"* and 0 < & <1 we have

Clt’:‘nHuHWgyp, (52)

coe" " Jullyynr. (5.3)

lw = unellp <
”un,s”W}}”"” <

Proof. We denote by D! any weak derivative of intrinsic order [, that is ®' = Y*9? with
2k + (B)p =1, and let

n - d¢
10u() = [ (Baule,2) = u(@) (@) (D (670 2)
RN+1
We prove the following preliminary estimates for u € W3 N C§°:
1D ull, S e lullwye, (5.4)
[wo,ely,1 p S € Hlullp, (5.5)

(1D,

1
520

p ST Hlullwye. (5.6)



22 A. Pascucci, A. Pesce / Journal of Functional Analysis 286 (2024) 110344

First observe that by (2.4), (2.5) and the change of variable n = D_.-1(¢~! o 2), we have

IDu(z) s = e / (Tn-1u(C, 2) = u(2)) (D'¢) (D=1 (¢ 0 2)) f_g
RN+1
= / (To-1u(z 0 (Den) ™', 2) — u(z)) Dlo(n)dn.
lInllz<1

Then, by Minkowski integral inequality and Theorem 4.1, we get
1Dl < e [ Truto (D))~ ulglote(O)ldc <
lKllz<1
(since || D<Clls = €l[¢llB)
<e? / e ICIE ullfynr 1D (O)1dC S 0P ullf s
IKllis<1

which proves (5.4). By a similar argument, we have

P
_ _ d¢
= [ [ | [ 60D o) —p (Do) G
RN+ |h|<1 RN+1
y dh
URE
p
h dh
= [ ]| ] weo 0 (w0 - pt0)) de| i <
[h|<IRN+1 RN+1
(by Minkowski inequality)
P
< b d dh =1 +1I
< ullp + — Q)] d¢ [hFE 1+ 12
h|>e2  |h|<Le? N+1
By the triangular and Hoélder inequalities we have
P
dh dh _
n<puly [ [ 200 T S Izl / T S <l
[h|>e2 \[¢llz<1 |h|>e2

Next, noting that e?hfy(: =(o(Z%,0), by (2.7) we have
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h h
le=2Y ¢l < <||<||B + ﬂ) <2m

in the integration set of I, and therefore, again by Holder inequality, we have

‘P dh

psl [ [ o0 - e dey << iniglel

|h|<e? RN+1

2P

where the last inequality easily follows by a change of variables, and this proves (5.5).
Lastly, (5.6) requires more attention. We have

[IDy)P | <81+ S,

Yl

where

Sy = / / (To—1u(C ™ 2) — u(eY 2)) x
RN+1 |p[<1 RN+1

P dn
AE

X ((D'9) (D1 (¢ 0 e'2)) = (D) (Dem1(CTH 0 2)) %

522/ /’/Jn(Cvz)leﬁ(Dsfl(Cfloz))g—dp dh

RN+1 [h|<1 RN+1

with

In(C,2) = Tnoqu(C, e z) —u(eY 2) — (Tooqu((, 2) — u(z)) .

The term S; can be controlled as [ug ]y 1 p+ for simplicity here we assume that we can
control the support of the increment of ©'y independently of € on the whole integration
set of h to exploit a Holder inequality (otherwise we can just split the integration set
and proceed as for the terms Iy and Iy of [uo,g]yéw), then we have

Slzg*lp/ /‘/(Tn_lu(ehYzo(Dgg)*l,ehYz)—u(ehyz))x

|h|[SIRN+1 RN+1

X dh
x (Dlp(e¥ () - D'l )dd T
. dh
< [ [ o (007 R ) ~ DO iy S

|hi<1 RA+1

(by Theorem 4.1)
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SE("_””IIUIIZV’V PO, - Sertm 1)’JHUIIWW
On the other hand, we have Sy = S31 + S22 where

» dh
" 4z <

su= [ [ | ] wcost @) (Do ton) G

RN+ |h|<e2 RN+1

(reasoning as above)

dh
P / / 2Tyl o (D)) = wl9'e(Q) " (g s

RN+1 |h[>e2

~ dh
S T ulf e 1D / g S Pl

|h|>e2
and
Sag 1= / / ’ / In(C,2)e” (D) (D=1 (¢ 0 2 ’ |h|1+pdz
RN+1g2<|h|<1 RN+1

To estimate Sss, assume for a moment that n > 3: then by Theorem 4.1 we have

1
Sgp < 7P / ( / ( / |h|p[/|Tn_3yu(zo(DEC)—l,eAhYZ)_
|nl<e®  |Clls<1 RNH1 0
N dh
_yu(ekhyzﬂd)\} dz) Dp(C )|d4) MGas (5.7)
Notice that

o (DeQ)™h =Mz 0 (=Ah,0) 0 (D) = Mz o (M D)

ARY

Then, after the change of variables z = " z and exchanging the order of integration,

the term inside the square brackets in (5.7) is bounded by

dA.

/ IT0osYu(- o (Y D0, ) — Yul2dA < / [ Dgll§ 2V ull, o,

By (2.5) and (2.8), recalling that Ah < €2 and ||¢||p < 1 in the current integration set,
we have

XY D.C||p = |D(e2Y O)||5 = elle* &Y ¢|lp S el + |Clls) <
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Therefore, substituting in (5.7) we find

P

dh

Sap <& |V ull? / / "D [Dp(C)]d¢ it

W;*lp
[hl<e? \[¢lls<1

o dh 1
L (o o T S TPl b,

[h|<e?

The cases n = 1 or n = 2 are easier: it is easy to check that Tou((,e" 2) = Tou(¢, 2) =
u(¢) and Tyu(¢, e"Y 2) = Tyu((, 2), therefore it suffices to use (4.3) and proceed as above.
Collecting the estimates for Sy, So1, S22 we get (5.6).

We are ready to prove (5.2) and (5.3) for u € W5* N C§°, then the general statement
follows by density. Clearly

lu = nellp = 118 Vullp S €™ ullwp»

by (5.4). On the other hand, by (3.7), with some slight abuse of notation, we have
[tnelmp. S 1D tunellp + (O™ tnely 1 - (5.8)
Since DL T,,u(¢, z) = 0 for any i > n we have

Dmun,s(z) = Z / DlzTnflu(Ca Z>©ZL_ZW(DE—1(<_1 © Z))E—§7

i=0p N1

meaning that @™, ™%, ©? may stand for any intrinsic derivative of order m,m — i, i.
Then, using Lemma 5.1 and that

/ Dip(z)dz =0, i>1,
RN+1

we can write

Mnel2) = 2 / (T"—l—i%@ﬂ)*Qiu(@)@;“*”w(Dafl(c*loz>>f—§,

i:ORN+1
and thus

n n
1Dt ellp S D I 0D, S DT D ullyn e S €T ullwye.  (5.9)
=0 =0
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It only remains to estimate [@m_lunﬁs]y’%)p: as before, if m > n+ 1, the test function is
affected by at least one derivative for any non-null term of ®™~!u,, .. Therefore we have

1 %[Iénil,milii)@iu]ﬂﬁéﬂﬂ m>n+ 1
m— < 1=
[® Un,E]Y,%,p ~ Jyn—1 (n—T1,m—1—i) N B
Z [Ig K] U]Y,%,p + [(@ U)O7E]Y,%,p’ m=n-++ 1.
=0

By (5.5) and (5.6), we directly derive

[Qmilun,E]Y

1 ST lullwzr,

and recalling (5.8), (5.9) we finally get (5.3). O
5.2. Interpolation on the degree of smoothness

In this section, we establish an interpolation result. The primary definitions and key
results pertaining to interpolation theory are succinctly summarized in Appendix A.

Theorem 5.3 (Interpolation). For 1 <n<m and 1 < p < oo we have

(LP,W;”’I’)%J CWgP C(LP,W5"P)n . (5.10)

n
m

Proof. The first embedding in (5.10) is a direct consequence of Proposition 3.5. Indeed,
from (3.10) we deduce

lulwyer S ellullwge +e 7 lully, &> 0.

m—n

In particular, taking the optimal ¢ = (||u||p/||u\|wgn,p> " we get

m—n
m

lullwgr S llullyin s lull (5.11)
B

and, by Proposition A.1, estimate (5.11) is equivalent to the embedding (LP, Wén’p)ﬁﬁl C
WP,

The second embedding in (5.10) is a direct consequence of Theorem 5.2. Indeed, by
(5.2) and (5.3), for any € > 0 we have

Kt L2 W) S 4770 (i — e[+t e

wme) ST (" 4t |Jullwn e
Therefore, taking ¢ = tm we get

R u L WET) S Jullwge. O
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6. Proof of Theorem 1.1

The proof of Theorem 1.1 is based on some basic result from interpolation theory,
which we briefly recall in Appendix A for reader’s convenience. As a first step we derive
a “crude” embedding which will serve as a starting point to derive the general result,
through the characterization of Lorentz spaces of Lemma A.5.

Lemma 6.1. For p € [1,00), let u € Wé’p, There exists r = r(p, B) > p, such that

1 1

lullg <l 1l 5. qemwhﬁzd(;—a>. 6.1)

Proof. As in the proof of Theorem 5.3 we start from the decomposition v = u. + (u—u.)
with ue = ue p, as in (5.1) with n =1 and € > 0. By (5.2)

[ —uellp < ellullyre
On the other hand, by Young’s inequality we have
_ _d
luelloo < e~ ullpllo(Der)ll 2, Se™7 llull,, &> 0.
Therefore, for K as in (A.1), we have

d
P

K(tu, L7, L) S (e +te ullyyrr, et >0.

In particular, for e = t3% we get

K(t,u, LP, L) S35 Jull 10, t>0,
that is
1, p(d +p)
WBPQ (LP,LOO)%HNOO:LZJ, T:T > p,

by (A.6). By (A.5), this yields in particular that Wé’p C L9, for any ¢q € [p,r) and
lullg < Nlullp + [ulp,B, u € W};s”p- (6.2)

Finally, by the usual scaling argument, applying (6.2) to u(D,-1(-)), and using (2.9) we
get

lully S 3D ull, + 4G~ D |, p,  uwe WEP, &> 0, (6.3)

and this directly yields (6.1), optimizing on e. O
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Remark 6.2. For 1 < p < d we must have ¢ < p* = ddfp in (6.3) or we would get a

contradiction by letting € tend to 0. This means that the critical exponent p* is optimal
for the embedding (1.6).

Next we use an ingenious approach, devised by Tartar [28], which consists of applying
(6.1) to a suitable non-linear transformation of u. Precisely, we consider ¢y (u) where
(or)rez is an appropriate sequence of functions involving the levels aj := u*(e¥) of
Lemma A.5: for v € R and k € Z we set

0 if v < ager,
er(v) = q Jo| —ags1  if ap1 < o] < ay,
ap — apy1  if |’U| = ag.

We have the following crucial

Lemma 6.3. For p € [1,00), let u € Wé’p. There exists a positive constant ¢ = ¢(p, B)
such that

_k_
er” (ak — apt1) < clee(u)lipB, K EZ, (6.4)
where p* is the critical exponent in (1.6).

Proof. Notice that

(ar — ap11)L(uza) < @e(w) < (ar — 1) Luzap,0)

where 14 denotes the indicator function of the set A. Hence, for any ¢ > 1 we have

Leb(Ju] = ar) 7 (ar — art1) < [lon(u)llq < (ar — arp1)Leb(ful > agqr)s

where Leb(-) represents the Lebesgue measure. By (A.8), which follows by construction
of (ax)rez (also recall definition (A.4) of distribution function), we get

E=1 B4l
e v (ar —ags1) < |lor(u)llg <e @ (ag — agtr) (6.5)

From the first inequality in (6.5) and (6.1) applied to ¢x(u) € W4 with ¢, as in
Lemma 6.1, we infer

k—

1 —
e (ar—ars1) S ller@) % lee @)l , 5 S
(by the second inequality in (6.5))

(k+1)(1—6)

Se 7 (ar—ar) e (@), -
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Equivalently, we have

k(l_1=¢ k—1_ (k+1)(1-6)
05 (0 — aren)? S T (0 — asn)? S lon ()
and this concludes the proof since % — % = 1%’ O

Proof of Theorem 1.1. Using that |} (v)| = 1 for ag41 < |v] < ar and ¢} (v) = 0
elsewhere, it is not difficult to prove that

|ul1p,p < oo ifand only if |px(u)|ip B € P(Z). (6.6)

Thus, combining (6.4) with (6.6), we deduce that epi*(ak — ayy1) € P(Z) for any u €
WEP.
[Case 1 < p < d] A direct application of Lemma A.5 gives the improved Sobolev em-
bedding

WgP CLP P CLP.
In particular Wé’p C L9 for any q € [p,p*] by a standard application of the Young
inequality.

[Case p > d] We have p* < 0 and therefore for any k < 0 we have

% p
P _
ap = E (ar — ary1)
k=—o00
- _ —1
z k b
pk ___pk__
< E (ar — agy1)Per” g e~ =7 < E ag — ag+1)” er < o0
k=—o00 k=—o00 keZ

by (6.4). Being decreasing, (ar)rez is then a bounded sequence and this yields Wé’p -
L>, that is ||ullec < |lullp + |ul1,p,5: by the usual scaling argument we have

1—4d d
lulloo S llullp " lulfy 5 (6.7)

Applying (6.7) to (u(e"?#i-)—u), fori = 1,...,d, using (4.8) and noticing that |u(e"?+:.)—
ulp,B < 2|ul1p B, We get

(€)= ulloo < 1B |00, ully ”\UIl,pB S Pl i=1d

Analogously, applying (6.7) to (u(e”Y-) —u) and using (4.4) we get

d

1(1_d 1-4
lu(e™) = ulloo S 0207y,

d 1(i_d
Dl S IRECT ),

M\»—l
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which proves the Morrey embedding (1.7).

[Case p = d] As in the case p < d, the embeddings (1.8) follow from Lemma A.5. To
get estimate (1.9), it suffices to repeat the argument used by Tartar in [29], Chapter 30:
more precisely, for p = d we have 1/p* = 0 so that ay — a1 € (4(Z) by (6.4)-(6.6);
applying Holder’s inequality we first prove that for every € > 0 there exists a constant
¢ = c(e,u) > 0 such that

_d_
ap "t <elkl+¢, k<O0.

On the set where aj41 < |u| < ai, which has measure less than e**! by (A.8), we have

d _d
a1 -1
6)\|u\ < e)\ak < 6)\(5\k|+c)7 k < O,

_d
and by choosing € < % we deduce that e**l“~" is integrable on any set where |u| > ¢ >

0. O
7. Higher orders embeddings

Embeddings for higher order Sobolev spaces are classically derived by iteration from
the n = 1 case. In our setting, because of the qualitative difference between even and
odd orders of intrinsic spaces (cf. (3.8)) resulting from the two-steps iterative definition,
we need some additional work at least when n = 2, in order to control the Holder
and Sobolev-Slobodeckij quasi-norms involving the vector field Y, in the high and low
summability cases respectively. Our method here is based on the representation of a
Wé’p function by means of the fundamental solution of a linear Kolmogorov operator
with drift matrix B (see (7.8) below), which only allows to derive the embeddings in the
case p > 1. The main result of this section is the following

Theorem 7.1 (W5" embeddings). Let k € N, n € Ny and 1 < p < oo.

1) If kp < d, then
Wn"rkvp C Wnaq < < p* — =
B =Wp PxqxPr =

In particular, W5 C L9 for p < q < pi;
i) if kp>d > (k—1)p, then

d
P

n+k,p k=
Wpg CCp
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7.1. Fundamental solution of Fokker-Planck equations

We recall some preliminary results about the fundamental solution of the Fokker-
Planck operator ¢ in (2.2).

Proposition 7.2. Hérmander’s condition (1.2) is equivalent to the fact that the matriz

t
& = /653(0 1y . Ogx (N-a) )esB*dS
(N—d)xd O(N—d)x(N—d)
0

is positive definite every t > 0. In this case, the fundamental solution of & with pole at
0 s given by

1 — L€ e,x)
e 2\t , t>0
F(t, 1.) _ (2m)N det € (71)
0 t <0.

The fundamental solution with pole at ¢ is the left translation of T' with respect to the
group law, that is T(("1o-).

We recall that d denotes the homogeneous dimension of RV*1 defined in (2.6). Since
G2y = DA%, Dy, (7.2)

the fundamental solution I' is homogeneous of degree —d + 2 with respect to (Dx)x>o-
Similarly 0, T', 0y, 1" for i,j = 1,...,d and YT are homogeneous of degrees —d + 1,
—d and —d respectively.

Later we will exploit the global estimates of the following

Lemma 7.3. For every z € RNt we have
L) S =142 IYTR) S =05 (7.3)

Proof. A local version of (7.3) has been proven in [8] in the general framework of non-
homogeneous Fokker-Planck operators. In our setting we provide a more direct proof.
Let us only consider the second estimate in (7.3) for ¢ > 0: since T = 0 we have

d
YIE) Z rn L < 3 3 (6P 416l ) ). (1

i=1

By (7.1) an (7.2) we have

~ N 1 N
(Dl‘f{lDlx,@) < 172 exp ( ———|D 1x|2> i (7.5)
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On the other hand, for 1 < ¢ < d, again by (7.2) we have

_ A RPN M A
(6 0 = (D5 67 Dyl < PO Dy o, (76)
(gfl
(@l = |6 e < 15 (r.7)

Therefore, using that ||z||p = t%||(1,D%ac)||B =t2(1+ |ﬁ%x\3), by (7.4), (7.5) and
(7.6)-(7.7) we finally get

d g » d » 2 1 S 2
Z|glYT(2)| St2(1+|Dx 1+ Drzl®)exp | ———|Dz|”| S 1.
AV S 0+ Dy elo) (1 1D o) exp (—r D of

~~
vl H

The proof is completed. O
7.2. Proof of Theorem 7.1

We first examine the regularity along the vector field Y in both the high and low
summability case for Wé’p . We recall a theorem for convolution with a homogeneous
kernel proved in [27], Theorem 1, p.119.

Theorem 7.4. For every a €]0,d[ and g € LP(RN*L) with p > 1, the function

L(9)(2) = 99 4
e R/ [Cronge™

is a.e. defined and there exists ¢ = c(p,a) > 0 such that

1 1 «
I < , - =4 .
[1a(9)llq < cllgllp g a
Proposition 7.5. If p > d, then there exists ¢ = ¢(p, B) such that

esssup |u(e®Y z) —u(z)| < c\5|1_% llwllyy2e s ue WP, §eR.
2ERN+1 B

Proof. By the definition of fundamental solution, for u € C§° we have the representation
u(z) = — / (¢ o2)#u(C)dC. (7.8)
RN+1

Since I' is homogeneous of degree —d + 2, by Theorem 7.4 and a density argument we
deduce that (7.8) holds a.e. for any u € Wx? as well. Then we have
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(e 2) — u(z)] < / +
[¢—toz|lB=cy/[8]  [I¢—toz|B<cy/]8]
X [T 0 ¢ 2) — (¢ o 2)|A (O <

(for some &, |§| < ||, dependent on z, ()
< [ BIYTE el F uld
¢ Lozl B =ey/T6]

+ / (F(C71 0e?z)+T(( "o 2)) | A uw(C)]d¢ < Sy + Sa1 + Saz
¢ Yozl z<cy/[8]

by the uniform estimates (7.3), where

si= [ B e
I ozl B=ev/]9]

su= [ 1 el ROl
¢ Yozl 5 <ey/16]

Sw= [ I el A )
lI¢=tozllp<cy/T6]

Choosing ¢ as in (2.8), we have ||[("1 o z||p < [T o e z||p = [|e®Y (¢"' 0 2)||5 on
|6] < c[|[¢1 o 2||g. Then, as in [24], Lemma 2.9, we have
A u(Q)
S =19 / A ¢
2 [cTosl

ek /18]G~ Loz || <k +1/]5]
STV [ s

k=1
- ¢~ ozl sk tty/]6]

(by Holder’s inequality)

1—1
<P[E Y el Leb (16 o 2llm < FHVRT)
k>1
10135 flufly 2?20 S 7R

k>1

where we used that Leb (||(™ o z||z <) < r9Leb (||z]|p < 1). Similarly, we have
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=y / el
21k TSl Yozl s <el—k T P

d-2
k 1
<. (—h> 1 ullp (= TS S 1812 [z > TR,
k=1 4] k>1

For Sp; observe now that by (2.8) on {||[¢(™! o z||p < ¢/]0]} we have [|[(T 0 e 2|5 <

m(1+ ¢)+/|0] = ¢+1/]d], so that
o1 < / 1" 0 €Y 2542 u(O)dc,
[I¢—oedY || p<EV/]6]

and therefore it is analogous to Sa2. The proof is complete. 0O
Proposition 7.6. If p < d, then there exists ¢ = ¢(p, B) such that

Wy g < cllulyzo,  we WE.

Proof. Recall that

. rY _ p*
Wt = (€™ 2) = ulE” hg,.
s39P ‘h|1+%
RN+1 |1

Observe that, since |h| = ||z 1o 2| g = ||(e"Y 2) ~'oz| B, possibly exchanging variables

by 2’ = e"¥ 2 (whose Jacobian has determinant equal to 1), we may assume that we are

integrating on a subset of
{(z,h) € RN s [=1,1] | [u(z)] > [u(e™ 2)]}. (7.9)
Now, by representation (7.8) and Minkowski inequality

W= [ [ ][ @cteevy - r o) uic

RN+1 |p|<1 RN+1

‘P* dh
U

dh
o]

p*

< [ ]| ] recreevs-reton u(Olde | de.

RN+1 \RN+1 \|h|<1

For ¢ as in (2.8), we rewrite the inner integral of the last expression as

dh

P~ _
A1+

+ / (¢ o6 2) — (¢ 02)

hl<ell¢tozlE  cll¢~tozlIB<IRIST

=: 51+ 5.
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Now, for some h’ dependent on h, z, {, with |h’| < |h|, we have

/ w o ox dh
_ h'Y (r—1 P p
= [ T e i
[hl<ell¢= oz 1%
(by (7.3)
' *a dh
= e (¢ o 2) 5 — e
CE

|hI<ell¢ oz

_ —p*(d—1
<S¢ o 2|5 @

using that [|[¢™1 o z||p < ||e"Y (¢! 0 2)||5 in the domain of the last integral.
On the other hand, by (7.9) and (7.3) we have

Sy < 2 PeLosp 2 _
B+
cll¢=tozlB <Rl
_ —p*(d— dh _ —p*(d—1
St oz 7@ e S Poz| Y.
2

cll¢=toz <A

Therefore we have

[uly,1 pe S T (A w))|

P
with I; as in Theorem 7.4 and the thesis follows since #u € LP by assumption. O
We are now in position to prove Theorem 7.1.

Proof of Theorem 7.1. The embeddings of Wé’p follow from Theorem 1.1. Regarding
Wé’p , the statement of the theorem can be rewritten more explicitly as follows:

1) if p > d then

1,1—4
P

WP Cc oy 7 (7.10)

2) if $ <p<d then:
— considering n = k = 1, we have

WEP CWgl,  p<q<pt, <= (7.11)
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— considering n = 0 and k = 2, we have

WP Ccog " (7.12)

However, by (1.7) we have that (7.11) implies (7.12) so that it suffices to prove (7.11);
3) ifp< %, which implies n = 0 and k = 2, we have

WP C LY, p < q < p3, — =

0,1—-4
To prove (7.10), we notice that for p > d we have u, d,,u € Wé’p C Cgz 7 for any
i=1,...,dby (1.7) and [u] ,_a S ||“HW§P by Proposition 7.5.
C

2
Y
To prove (7.11), it suffices to observe that if % < p < d then u,0;,u € Wé’p C L” by
(1.6) and [u]y,

Finally, if p < § then again WP C Wé’p* with p* < d and by (1.6) we get

1o S ||UHW§*P by Proposition 7.6.

* p*d *
WaP C WgP C La=" = [P,

The proof of higher order embeddings is analogous: by induction, it suffices to use
iteratively the previous arguments. O
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Appendix A. Interpolation
We briefly recall some basic tool and notion from interpolation theory: for a compre-
hensive presentation of the subject we refer, for instance, to [14], [29] and [2].
Given two real Banach spaces Z1, Zy, we write Z; = Z5 if Z; and Z5 have the same

elements with equivalent norms; we write Z; C Z, if Z; is continuously embedded in
Zs. The pair (Z1, Zs) is called an interpolation pair if both Z; and Z3 are continuously
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embedded in some Hausdorff topological vector space: in this case, the intersection Z1NZs
and the sum Z; + Z5 endowed with the norms

lullzinz, == max{|lullz,, lullz.},  llullzi42z, == inf  (Juslz, + [Juzllz,),
u1€21,u2€2>
u=ui+usz

are Banach spaces. For any ¢t > 0 and u € Z; + Z5, we set

K(t,u) = K(t,u; Z1,Z3) = inf (JJug ||z, + tl|uzll z,)- (A1)
ulEZth’_QeZZ
U=U]TU2

Any Banach space E such that
Z1NZy CECZy + 2o,

is called an intermediate space. Among these, for 0 < 6 < 1 and 1 < p < 0o, we have the
real interpolation space (Z1,Z3)g,, consisting of u € Z3 + Zy such that

lullop = 11t K (¢, u)l pp < o0 (A.2)

where LY = LY(R~) denotes the LP space with respect to the measure 4t on R+ and

t
L = L.

Proposition A.1 ([15], Prop. 1.20). For an intermediate space E the following conditions
are equivalent:

i) (Z1,Z2)01 C E;
it) there exists a constant ¢ such that

lule <cllullz’luly,,  uweZinZzs.

In the very particular case Zo C Z; (for instance, if Z; is an LP space and Zs is some
intrinsic Sobolev space W), we have

ZiNZy="2Zo,  Zr+Za=21,  K(tu) <min{|ullz,, tlu]z}- (A.3)

Then, since t — K (t,u) is bounded by (A.3), for ||ul|g,, in (A.2) to be finite, what really
matters is only the behavior of K (¢, u) near ¢t = 0.

A.1. Interpolation between LP spaces

The distribution of a measurable function u on RY is defined as

1y (N) = Leb(|u] > A), A >0, (A.4)
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while
w(t) ;== inf{A 2 0| uu () < t}, t>0,

is called the rearranging of u. Distribution and rearranging are decreasing and right
continuous functions. Since

wr(t) > A if and only if P (X)) >t
we have
Leb(u* > X) = Leb (0 < ¢ < py(A)) = Leb(Ju| > A)
i.e. u and u* are equimeasurable and consequently ||u||rr = ||u*||L»-

Definition A.2 (Weak LP spaces). For 1 < p < oo, the weak LP (or Marcinkiewicz) space
is defined as the space of all measurable functions u such that

1
||| L, == sup Apu(X)? < o0
A>0

and L := [,

Clearly LP C LP, and in general the inclusion is strict: for instance, u(z) = |z|~N/? €
L? (R™) but does not belong to any L9. On the other hand

LPNLi CL", 1<p<r<g<oo (A.5)
Definition A.3 (Lorentz spaces). For 1 < p < oo and 1 < ¢ < o0, the Lorentz space LP?

is defined as the set of all measurable functions u such that the following quasi-norm

1
oo

1/p,* qdt E .
lullLp.a == ”tl/pu*(t)HLZ _ (Of(t u*(t)) t) if 1 <q<oo,

sup t1/Pu*(t) if g = oo,
>0

is finite. We also set L°>° = L*°,
By Holder’s inequality LP?* C LP% if q; < g2 and more generally we have
LP =[PP C P9 CLP>® =P, 1<p<qg<oo.

Lorentz spaces have a classical characterization as interpolation of LP spaces (cf. [2],
Corollary 7.27).
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Proposition A.4. For any 1 < p1 < p <py <00 and 1 < g < 0o, we have

1 1 1
L9 = (LP LP2), -=01-0)—+0—,
' p p1 p2
and in particular
P = (L4 0%),_, . (A.6)

Another characterization of Lorentz spaces has been provided by L. Tartar with the
aim of studying improved Sobolev’s embedding theorems.

Lemma A.5 (/29], Lemma 29.4). Given a measurable functionu on RN such that p,,(\) <
oo for any A > 0, we consider a decreasing sequence (ax)rez Ssuch that

u*(e®) <ap <ut(ef-), kelZ. (A7)
Then, for 1 <p < oo and 1 < g < oo, we have
we L7 if and only if  €"/Pay, € 19(Z).
Moreover, if ar, — 0 as k — oo, then
we LM if and only if  €*/P(ap — apy1) € C9(Z).
Notice that from (A.7) it follows that

palar) < e < pular—) < pulansr), k€L (A.8)
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