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ABSTRACT

We investigate the impact of basal sliding on the spreading of a viscous Newtonian gravity current (GC) propagating over a slippery
substrate, under the lubrication approximation and assuming laminar flow. The current volume is assumed to vary in time according to a
power-law injection protocol. The basal slip is modeled through a Navier slip condition, introducing a nonzero slip velocity at the base of
the current. This results in an additional contribution to the governing partial differential equation, which in the dimensionless form
depends on a slip number N;. This parameter encapsulates the injection protocol, fluid properties, and slip length and quantifies the relative
importance of basal sliding. A unified theoretical formulation valid for both planar and axisymmetric geometries is derived. Within this
framework, similarity solutions exist only in two asymptotic regimes: a no-slip limit, which recovers classical results from the literature, and
a very-slippery limit, for which new similarity solutions are obtained. The transient regime connecting these limits is resolved using a fully
numerical integration scheme. Comparisons between numerical and asymptotic solutions show that their range of validity depends on
time, geometry, and the values of the injection exponent and slip number. A dimensional case study describing the spreading of a fluid with
a macroscopic slip length illustrates that the presence of a highly slippery substrate strongly influences the current propagation, while for
microscopic slip lengths, basal sliding becomes dynamically relevant primarily for micro-scale GCs. Finally, the role of alternative nondi-
mensionalizations and typical ranges of slip numbers inferred from experimental data are discussed in dedicated appendices.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0320767
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I. INTRODUCTION

Understanding the motion of a fluid that intrudes into another
is essential for modeling a wide range of natural and anthropogenic
processes. When the flow is driven by a density difference between
the intruding and the ambient saturating fluid, i.e., by buoyancy
forces, a gravity current (GC) arises. This framework can be adapted
to study the origin of atmospheric phenomena, such as squalls during
thunderstorms, or to model the evolution of airborne snow ava-
lanches in mountainous regions. Environmental pollution problems,
such as oil spills on the sea surface, are also examples of anthropo-
genic gravity currents propagating over a denser fluid. This wide
range of applications, together with the multiplicity and intrinsic vari-
ability of boundary conditions in natural contexts, continues to stimu-
late extensive research on gravity currents. Recent studies have
applied gravity current theory to investigate the effects of vegetation-
induced drag forces on water propagation in channels with different
geometries,” as well as to assess the impact of surface irregularities

that commonly characterize the substrates over which gravity currents
propagate in natural environments.’

Classical gravity current theory, however, relies on a number of
simplifying assumptions. Gravity currents are typically classified as
viscous when their propagation is governed by a balance between vis-
cous and buoyancy forces, with inertial effects being negligible, or as
inertial when a buoyancy-inertia balance dominates. Lava flows,
mudflows, and currents generated by effluent discharges into rivers or
lakes often evolve in the viscous regime." Furthermore, the flow is
commonly assumed to satisty the lubrication approximation, whereby
the current is modeled as a thin film whose thickness is much smaller
than its horizontal extent. Under this assumption, vertical accelera-
tions are neglected and the pressure field is hydrostatic, while the
ambient fluid is treated as quiescent.” Capillary effects and mixing
between the two fluids are also conventionally neglected. Such
assumptions render the gravity current problem amenable to similar-
ity solutions, which are valid as intermediate asymptotics in a wide
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range of configurations. Examples include viscous gravity currents
spreading in converging fractures or channels with varying cross sec-
tions,” * currents propagating upslope,” and gravity currents advanc-
ing through vegetation-like obstacles.'’ In these studies, the existence
of self-similar solutions relies critically on idealized boundary condi-
tions and simplified flow physics, which facilitate analytical progress
but may not always capture the complexity of natural systems.

Another key assumption commonly adopted in gravity current
modeling is the no-slip boundary condition, namely, the velocity of
the current is assumed to vanish at the liquid-solid interphase. This
assumption is often appropriate in laboratory experiments, where
gravity currents propagate over rigid substrates.'" However, many
natural fluid-mechanical systems do not obey the no-slip condition
and instead exhibit basal sliding. This behavior has been observed, for
example, in many glaciers, for which sliding laws have been proposed
to describe motion induced by the presence of a thin subglacial
till.'>"* Such wall slippage is usually characterized by introducing a
slip length k, which is defined as the distance below the wall at which
the linear extrapolation of the near-wall velocity profile vanishes."”

However, such basal sliding is challenging to reproduce under
laboratory conditions. Among the various approaches developed to
relax the no-slip condition in laboratory experiments, Yan and
Kowal'' proposed a method to generate effective slip by studying the
propagation of a viscous gravity current over a slippery substrate
composed of an array of square cavities saturated with a less viscous
fluid. As the current advances, the shear stress exerted on the underly-
ing fluid induces a recirculating flow within each cavity, giving rise to
a finite slip velocity at the interface between the two fluids. This con-
figuration enabled the emergence of a macroscopic linear sliding law,
which is homogeneous at the large scale. On this basis, the authors
derived similarity solutions for the spreading of a fluid injected at a
constant rate in planar geometry, identifying two asymptotic regimes:
a highly slippery regime and a no-slip regime, which were shown to
govern the dynamics at early and late times, respectively.

In this work, we extend and generalize the theoretical results of
Yan and Kowal'' by investigating the impact of basal sliding on a
gravity current propagating over a flat and rigid surface in both planar
and axisymmetric geometries. The novelty of the present study lies in
the adoption of a unified formulation valid for both geometries,
together with the introduction of a generic power-law injection condi-
tion characterized by a non-negative exponent «, in place of a con-
stant injection rate. Within this framework, a dam-break release
corresponds to o = 0, while constant-flux injection is recovered as
the special case o = 1.

The presence of basal slip is modeled through a linear relation
between slip velocity and shear stress, which is equivalent to adopting
a Navier slip law. Under this condition, the resulting governing equa-
tion does not generally admit similarity solutions. Accordingly, self-
similar solutions are obtained only in the limiting cases of very-
slippery and no-slip conditions, while the intermediate transient
regime is resolved through direct numerical integration of the govern-
ing equation.

We show that the temporal window over which the very-
slippery solution accurately describes the gravity current dynamics
depends sensitively on the problem parameters, and that, for the time
scales relevant to fluid injection and laboratory observations, pro-
nounced effects of basal sliding arise primarily for micro-scale gravity
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currents or for highly slippery substrates, as the one reproduced by
Yan and Kowal.'" Large-scale slip-dominated phenomena, such as
glacier motion, are, therefore, beyond the scope of the present study,
as they would manifest over much longer time scales and involve
additional physical processes, including thermodynamic effects.

The remainder of the paper is organized as follows: In Sec. II, we
present the theoretical formulation of the problem in both dimen-
sional and dimensionless forms. Section I1I develops self-similar solu-
tions for the very-slippery and no-slip regimes. In Sec. IV, the
transient regime is addressed through a fully numerical approach,
and the resulting current profiles are compared with the semi-
analytical solutions. Section V presents a numerical example illustrat-
ing the impact of basal sliding on the propagation of a real fluid.
Finally, Sec. VI summarizes the main findings and provides conclud-
ing remarks.

Il. FORMULATION OF THE PROBLEM

We consider a gravity current propagating over a slippery sub-
strate under the lubrication approximation. Basal sliding induces a
finite slip velocity u; at the base of the current, as depicted in Fig. 1. In
order to treat both planar and axisymmetric configurations within a
unified framework, the coordinate x is used to denote the horizontal
direction in both geometries.

Under the thin-current hypothesis, vertical velocity components
are negligible compared to horizontal ones, and the pressure distribu-
tion within the current is, therefore, hydrostatic, as originally dis-
cussed by Huppert."” The flow is governed by a balance between
buoyancy and viscous forces, while inertial effects are neglected, lead-
ing to the simplified one-dimensional momentum equation

10p &*u
pOx Yoz W
where p ([ML73]) and v ([L*T~!]) are the density and kinematic vis-
cosity of the fluid, respectively, and u = u(x, z, t) is the horizontal
velocity of the current.

To determine the velocity profile of the current, we introduce
the boundary conditions

Ou
u(x,0,t) = ug; e . 0, 2)

Ambient pressure
P =po

Density p

-
-
mp| Kinematic viscosity v
mm) | Volume Or
- — xy(7)
0 u (x,0,1) = ug Slippery subtrate .

FIG. 1. Sketch of a gravity current spreading over a slippery substrate. Basal slid-
ing is represented by a slip velocity us at the base of the gravity current.
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where the classical no-slip assumption u(z = 0) = 0 is replaced by
a finite slip velocity u;, at the base of the gravity current. The second
condition enforces continuity of the shear stress at the top of the
current.”” Integration of Eq. (1) with the boundary conditions (2)
yields

lg

u:———z(2h—z)%+us. (3)

We model basal sliding through a Navier slip condition
T Ou

— k5 @

Us

)
z=0

where k is the slip length, which can be determined experimentally
(see Appendix A for a detailed overview of typical values of k).
Substituting the velocity profile (3) into the local mass balance

equation,
%__ig d " d (5)
o= e 7], )

where d =0 and d =1 correspond to planar and axisymmetric
geometries, respectively, and introducing the slip condition (4) yields

Oh _g1 0 (1 4s0h £ z@)
ot vxdox (3xh 8x+kxh Ox)’ ©

which follows from the expression of the shear stress at the slippery
bottom and from the hydrostatic pressure distribution [see Eq. (2.15)
of Yan and Kowal'']. Equation (6) constitutes the governing partial
differential equation (PDE) for a viscous gravity current with basal
slip, valid for both planar (d = 0) and axisymmetric (d = 1) geome-
tries. In the right-hand side of the equation, the first term within
parentheses corresponds to the classical no-slip contribution and
reduces to Egs. (2.9) and (2.21) of Huppert'” for planar and axisym-
metric geometries, respectively; the second term is an additional con-
tribution arising from the inclusion of basal sliding. Note that Eq. (6)
is derived under the assumption of negligible capillary forces. This
hypothesis is valid whenever the Bond number B = pgl?/c >> 1, as
discussed by Huppert,'® where L is a characteristic length scale of the
current and ¢ is the surface tension. The validity of this condition will
be assessed in further analyses. The other underlying assumption is
that shear stresses dominate over extensional stresses, which is valid
under the thin-film approximation /I < 1 (h/1 is the aspect ratio of
the current with [ being its horizontal extension), as du/dz ~ u/h
and Ou/0x ~ u/l.

To complete the formulation of the problem, we impose global
mass conservation together with a boundary condition at the current
front (x = xy),

XN
(2n)dj xhdx=Qt*  h(xy,t) =0, )
0
where Q has dimensions [L**2T~*] and the exponent o characterizes
the type of injection. In particular, « = 0 represents the release of a
finite volume (dam-break) and o = 1 stands for constant-flux injec-
tion while o = 2 is representative of a linearly increasing flow rate.

To solve this differential problem, we recast it in dimensionless

form by introducing the variables

pubs.aip.org/aip/pof
H=ﬁ; x=2; xy=2, T=i, ®)
X0 X0 X0 to

where the characteristic length and time scales are defined as

AN x+(vli+2) v d+2 1 77(;172)
= — . — _ _ . 9
Xo <(g> Q) i to <(g) Q) %)

These scales are chosen following Lister,'” and the associated velocity
scale is uy = xo/to. Our choice of length scales is in variance with Yan
and Kowal,"" who used the slip length as the vertical scale. The impli-
cations of employing different nondimensionalizations are discussed
in Appendix B. Substituting the characteristic scales defined in Eq. (9)
into Eqs. (6) and (7) yields the following non-dimensional form of the
governing problem

o _ 19 (leH38—H+NXdH2 8—H) (10)
OT  X10X \3 ox 7 ox)’

together with the global mass constraint and front condition

XN
(2n)? J XHAX =T% H(Xy,T)=0. (11)
0

Here,

N=F_% [<Z) aQ:| e (12)
X0 g

is a dimensionless slip number that measures the relative magnitude
of the slip length with respect to the characteristic horizontal length
scale.

The dimensionless problem (10) and (11) is not generally ame-
nable to a similarity solution, due to the additional term arising from
basal slip. Therefore, in Sec. 11, we look for similarity transformations
to solve the problem in two asymptotic regimes. In the no-slip limit,
where the first term in Eq. (10) dominates, the solutions reduce to the
classical results of Huppert."” In the opposite, very-slippery limit,
where the slip-induced contribution prevails, we derive similarity sol-
utions that extend the analysis of Yan and Kowal,'' previously
restricted to two-dimensional spreading under constant-flux injection
(d =0 and o =1). The intermediate transient regime connecting
these two limits is addressed in Sec. IV through direct numerical inte-
gration of the governing partial differential equation using an explicit
time-marching scheme.

lll. SIMILARITY SOLUTIONS

In this section, we solve the differential problem (10) and (11) in
two limiting cases: the absence of basal sliding (A) and the regime in
which slip dominates the gravity current dynamics (B). In both cases,
the governing partial differential equation is reduced to an ordinary
differential equation (ODE) by introducing appropriate similarity
scalings.

A. No-slip limit (H > N,)

We first investigate the regime corresponding to the no-slip
assumption. This asymptotic limit applies when the first term of
Eq. (10) dominates the slip-induced contribution, namely, when
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H? > N,H?, or equivalently H > N, in dimensionless terms. The
validity of this condition depends on the injection protocol, as charac-
terized by the exponent o, and may occur at early or late times during
the evolution of the current. For example, in the case of a finite-volume
release (« = 0), this regime is expected to be representative at early
times, when the current is still relatively thick and has not yet signifi-
cantly flattened during its propagation. More generally, however, the
applicability of the no-slip regime depends not only on the injection
protocol but also on the value of the slip number N;: larger values of N;
enhance the relative importance of basal sliding. The temporal ranges
over which this assumption holds are discussed later and differ from
those reported by Yan and Kowal,'' owing to the different nondimen-
sionalization adopted here, as detailed in Appendix B. Nevertheless,
when expressed in the dimensional form, both nondimensionalization
approaches yield the same condition for the validity of the no-slip limit,
namely, h >> k. To determine similarity solutions to (10) and (11) in
the no-slip limit, we introduce the similarity scalings

¢= X1 H =TS 0(), (13)
where { = &/¢y is the rescaled similarity variable and @ is the shape
function, which is representative of the dimensionless height of the
current. Upon introducing the similarity variables in Eqgs. (10) and
(11) the problem reduces to the following ordinary differential equa-
tion for the shape function @({):

A1 4,5d0 3o+1 d+1d2_((2_d)°‘_1> Ay _
dé{acmdc}+(5+3d>c dc 5—d Fe=0, 14)

together with the normalization condition fixing the current extent
and the boundary condition at the front

3
5+3d

;. @(1) =0. (15)

£y = {(zmd JO Ca(0)dg

For o = 0, the problem admits the following closed form solution

00) = (55 2sg) (- (1)
B (2(5 + 3d)) ‘

As expected, ford = 0 or d = 1, Eq. (14) coincides with Egs. (2.13) or
(2.25) of Huppert,'” respectively, except for the prefactor 1/3 in the
first term between parentheses, which arises from the nondimension-
alization process.

For a # 0, the differential problem (14) and (15) does not admit
an analytical solution and can only be solved numerically. In addition
to the boundary condition ®(1) = 0, a second condition is required
to integrate the ordinary differential equation. This condition is
obtained by approximating the behavior of the shape function near
the current front using a Frobenius expansion. Retaining the leading-
order terms yields

0= (o(250)) 00 g 2R g

17)

which captures the asymptotic behavior of the solution as { — 1.
Defining

pubs.aip.org/aip/pof

13
A= {9(?‘:3;)} , (18)

the corresponding expression for the derivative of the shape function
at the current front is

do
d¢

%(1 -7 (19)

(=1

B. Very-slippery limit (H < N,)

We now consider the opposite asymptotic regime, which arises
when the slip contribution in Eq. (10) dominates the no-slip term, i.e.,
H? < N,H? or equivalently H < N; in dimensionless terms or alter-
natively & < k in dimensional variables. Again, the temporal validity
of this regime depends on both the injection exponent o and the slip
number N; and may, therefore, occur at early or late stages of the flow
evolution: for a finite-volume release (« = 0), the very-slippery limit
is expected to become relevant at long times, as the gravity current
progressively thins during its propagation. In contrast, for o > 1, slip
effects are anticipated to dominate the early stages of gravity current
evolution.

We derive similarity solutions in the very-slippery limit by defin-
ing the following self-similar scalings

E=XT 8  H=N2eTHr (), (20)

where, as before, { = &/&y. Substitution of these scalings into Egs.
(10) and (11) reduces the governing problem to

A | i 4P 2041 d+1d2_((2_d)°‘_l)yd _
dC[((DdC}JF(AH—zd)C & a—aq )-®=0 @

L
2+d

d 1
gy = [(Z“)J do@d:| ;o) =o. (22)

Vv D& 0

For the special case & = 0, the problem admits the analytical solution

__ I Ji_p

As for the no-slip case, solving the ordinary differential equation (21)
requires an additional boundary condition. The latter is obtained by
performing a Frobenius expansion of the shape function ®({) near
the current front. Retaining the leading-order terms yields the follow-
ing approximation

2041\ s 2(o+d)—3
®(§)—<2+d) (1-9Y {Vrm(l—l) , (24)

which describes the local behavior of the solution as { — 1. Defining

20+ 1\ 2
B:(2+d> ’ (25)

the corresponding asymptotic expression for the derivative at the
front is

dd

| o (26)

2

(=1
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1.0 s -5 4 —k=se = : ey

FIG. 2. Shape function @ vs the scaled
similarity variable { for (a) planar geome-
try and (b) axisymmetric geometry.
Dashed and continuous lines correspond
to no-slip and very-slippery regimes,
respectively, and they are obtained
through numerical integration of Egs. (14)
and (21). Black stars and dots are the
graphical representation of the analytical
solutions (16)—(23).

The integration of the ODEs (14) and (21) allows the representa-
tion of the shape function ® for different values of the injection expo-
nent o, as shown in Fig. 2. Analytical solutions (16)-(23) derived for
o = 0 are also reported, showing a perfect overlap with the numerical
integration. Note that the scaling introduced in Eq. (20) makes the
very-slippery shape function independent from the slip number Ni.
Figure 3 shows the average thickness H of the GC under the no-slip
and very-slippery assumptions for different values of o« and Ni.
In plane geometry, the no-slip assumption is valid at early times for
o =0 whereas it becomes the dominant regime at late times for
o = land 2. Moreover, as N; increases, the very-slippery solution
travels farther distances for the same value of T, resulting in a smaller
value of H, as predicted by the second expression of Eq. (20). The
same behavior holds in radial geometry, where H values are lower
than the corresponding planar ones at the same T as the GC spreads

a) b)

over a larger surface. However, note that for « = 1 the average current
height remains constant over time in both asymptotic regimes, in
agreement with Eqs. (13) and (20). Looking at Fig. 3(c), this means
that the very-slippery solution is never able to reproduce the real
propagation of the GC, as H ~ 2 > N, = 0.01. The opposite hap-
pens in Fig. 3(d), where the no-slip solution predicts an average thick-
ness of H ~ 0.8 < 1; thus, the current will evolve in the very-slippery
asymptotic. In general, this is so since similarity solutions describe
only the limiting regimes in which either the no-slip or slip contribu-
tion dominates. To capture the full evolution of the gravity current
when both mechanisms are simultaneously relevant, it is necessary to
resort to numerical methods and directly integrate the governing dif-
ferential problem to resolve the transient regime.

The similarity transformations (13) and (20) predict the front
position to evolve as

1000 . . . 1000 [

H a=0 A H
100 3 100

10
10

1
0.1

0.01 L.~

FIG. 3. Dimensionless current average

0.01 0.001
0.001  0.01 0.1 1 10 100 1000 0.001  0.01

1 10 100 1000 thickness H vs dimensionless time T

under no-slip (continuous lines) and very-
slippery (dashed lines) regimes. Top and

bottom rows refer to plane and radial
coordinates, respectively.

0.01
0.001  0.01

0.1
0.001  0.01 0.1 1 10 100 1000
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3.0 T T T T T 2.0
N, = le— 02
25 N, =1e—01]| 4
N, = le+ 00 15¢
20t N, = 5e + 00| |

Ev 15 P

N, = 5e+00
————— No-slip
En 1.0 \

N, =le—02
N, =1le—01
N, =le+00| ]

FIG. 4. Similarity coefficient at the current
front (X = Xy) for (a) planar geometry
and (b) axisymmetric geometry. Solid
lines show the behavior of &y for different
values of the slip number N, as given by
Eq. (22), while dashed lines correspond
to the classical no-slip value defined by

Eq. (15).

Sot-1

Xy = &y TH, 27)
X}y = &y To, (28)

for the no-slip and very-slippery regimes, respectively. By combining
these expressions with Egs. (15) and (22), one can identify the tempo-
ral ranges over which the very-slippery front propagates farther than
that predicted by the no-slip theory. The two propagation exponents
coincide for oo = 1/2 in planar geometry (d = 0) and for oo = 1 in axi-
symmetric geometry (d = 1). Nevertheless, the comparison also
depends on the magnitude of the prefactors ¢y and &y. Figure 4
shows the dependence of the similarity coefficient at the front on the
injection exponent o and the slip number N;. As N; increases, the
value of &} in the very-slippery limit also increases, in agreement with
the scaling predicted by Eq. (22). We note that the no-slip similarity
coefficient ¢y becomes smaller than the corresponding very-slippery
value i;v when N;=0.3 or N;=0.2, in plane or radial geometry,
respectively. In the planar case, the relative position of the two fronts
is determined by

TS (é—N> for a=1/2, (29)
N

where the very-slippery front propagates farther than the no-slip front
for times satisfying the corresponding inequality. Similarly, in axisym-
metric geometry, the very-slippery front overtakes the no-slip front when

24

1.0

1.5 2.0 25 3.0

As an illustrative example, consider planar geometry with o = 1. In
this case, the very slippery solution predicts a faster front only for
times T < (&y/Ex)™ & 7 x 1078 when N; = 0.01, implying that for
all practical purposes, the no-slip solution always propagates faster.
Conversely, for o = 0, the very-slippery solution would overtake the
no-slip one only at extremely long times, namely, for
T > (&y/¢y)” = 107. These nondimensional time intervals broaden
significantly as the slip number increases. For instance, when N; = 1,
the corresponding thresholds become T < 718 for a =1 and
T > 0.01 for a = 0. The dependence of these crossover times on o
and N is summarized in Fig. 5, where the limiting time Tjy,, at which
the two asymptotic solutions predict the same front position, is plot-
ted as a function of « for different values of the slip number. The fig-
ure highlights that Ny strongly influences the temporal window over
which the very-slippery front propagates ahead of the no-slip one.
Specifically, this regime corresponds to the region below (above) the
Tiim curve for o > 1/2 (a < 1/2) in planar geometry and for o > 1
(o < 1) in axisymmetric geometry.

IV. FULL NUMERICAL RESULTS

This section presents a numerical procedure to solve the partial
differential problem defined by Eqgs. (10) and (11) using an explicit
time-integration scheme. A second-order Runge-Kutta method,
implemented within a predictor—corrector framework, was developed
in MATLAB®. The governing variables are discretized on a uniform
spatial grid, with primary variables defined at grid nodes and spatial
derivatives evaluated at staggered midpoints. For o > 0, the initial
condition for the dimensionless current thickness is prescribed as

No=1le=02 FIG. 5. Similarity front propagation. The
Ny =1e—-01| q q

N, = le 400 curves represent Egs. (29) and (30) for dif-
N, = 5e+00| | ferent values of the slip number N in (a)

planar and (b) axisymmetric geometries,
respectively, and identify the nondimen-
sional time Tji, at which the very-slippery
and no-slip front positions coincide. The
very-slippery solution predicts a farther
front position for T< Ty, when «=1/2 in
planar geometry and o= 1 in axisymmet-
ric geometry.

;O\ ot
Ts (?) for a=1. (30)
N
a) b)
102 ; 103
I N, = le — 02
I N, =1le—01 1020+
1010 | N, =1le+00
I N, =5e+00 1010
|
Tiim  10° 1 | Tiim  10°
| -10
10710+ ' o
: 1020
1020 | 10730
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Xno — X

E
) for AX < X < Xno, (31)
XNo

H(X,0) = H;, (
where Hj, and E are the dimensionless constants, and Xy, denotes
the initial position of the current front.

The boundary condition at the origin is expressed in terms of
the imposed inflow rate as

(2m)? X4H(0, T)U(0, T) = 2 T*"", (32)

which is obtained by differentiating the global mass conservation rela-
tion (11) with respect to T, and the expression of the dimensionless
horizontal velocity U can be easily derived from Egs. (5) and (10). To
ensure the stability and convergence of the explicit scheme, the
parameters H;, and E were selected so that Eq. (31) approximately
satisfies the discretized version of Eq. (32). The other boundary condi-
tion is simply given by imposing the constraint H(Xy, T) = 0 at the
current front. The spatial grid spacing AX and time step AT were also
adjusted according to the values of the injection exponent o and the
slip number N;. In most simulations, we employed AX = 0.05 and an
initial time step of AT = 107,

The integration scheme was first validated against the classical
no-slip solution (14) by imposing the condition Ny = 0 within the
numerical code. Results are presented in Fig. 6, showing the overlap-
ping between the two solutions even for T = 0.1 in the case of a con-
stant fluid injection (¢ = 1), whereas for the dam-break release
(ot = 0), the numerical scheme perfectly reproduces the no-slip solu-
tion from T = 1 onward. Grid sensitivity tests were also performed to
ensure that grid spacing does not affect the convergence of the
numerical scheme to the asymptotic solution.

ARTICLE pubs.aip.org/aip/pof

Figure 7 show the gravity current profiles for an instantaneous
fluid release (« = 0) under low- and high-slip number conditions,
corresponding to N; = 0.001 and N; = 0.1. The results obtained
from the full numerical integration are compared with the similarity
solutions derived in the no-slip and very-slippery asymptotic limits.
For N; = 0.001, the effect of basal sliding is almost negligible, and the
no-slip similarity solution provides an accurate approximation of the
numerical profiles even at long times. This behavior is expected, since
the very-slippery similarity solution relies on the assumption
H < N, which is satisfied only after the current has propagated over
sufficiently large distances and thinned considerably. The opposite
behavior is observed when a more slippery scenario is considered,
namely, for N; = 0.1. In this case, the condition H < N; is satisfied
at earlier times and over shorter propagation distances, so that the
very-slippery similarity solution progressively converges toward
the full numerical profile and provides a more accurate prediction of
the front position than the no-slip solution at long times. In axisym-
metric geometry, the gravity current spreads over an increasing vol-
ume, which promotes faster thinning of the current. As a result, the
very-slippery condition of validity is reached at shorter distances than
in the planar case, and the similarity solution becomes essentially
indistinguishable from the full numerical profile by T = 10°.

Figure 8 present the corresponding results for a constant-flux
injection (o = 1). In this case, the very-slippery similarity solution is
unable to capture the actual dynamics of the gravity current when the
slip number N; is small, whereas the no-slip similarity solution pro-
gressively approaches the full-numerical profile, with a velocity that is
dependent on the N value: the higher the slip number, the larger the
slip contribution; thus, the longer the time needed for the no-slip

No-slip solution
Full-numerical

6.0 FIG. 6. Validation of the full-numerical
X scheme. Blue curves represent the solu-
tion of the no-slip ODE (14) while black
dashed lines result from the direct inte-
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FIG. 7. Comparison between fully numer-
ical solutions and very-slippery and no-
slip similarity solutions for o =0 and
Ns = 0.001; 0.1. Panels (a) and (b) and
(c) and (d) correspond to planar and axi-
symmetric coordinates, respectively.

FIG. 8. Comparison between full numerical
solutions and very-slippery and no-slip simi-
larity solutions for o = 1 and Ns = 0.001;
0.1. Panels (a) and (b) and (c) and (d) corre-
spond to planar and axisymmetric coordi-
nates, respectively.
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regime to become representative of the real spreading of the current.
This behavior also indicates that basal slip plays a significant role pri-
marily when low injection rates or small injection volumes are consid-
ered, unless macroscopic slip lengths are involved, as discussed in
Sec. V. Finally, it is also evident that the gravity current requires lon-
ger times to reach its asymptotic regime in planar geometry than in
axisymmetric geometry, reflecting the enhanced thinning associated
with radial spreading.

V. A DIMENSIONAL EXAMPLE

In Secs. 111 and IV, we compared different solution approaches
and slip regimes using nondimensional variables. Here, we present a
dimensional example illustrating the spreading of a gravity current
which properties are representative of the fluid (golden syrup)
employed by Yan and Kowal'' (see Table I of their work). In their
experiments, they were able to generate a macroscopic slip length on
the order of k ~ 1cm, which is significantly larger than typical
slip lengths that can be found in the literature, as discussed in
Appendix A. Table I summarizes fluid properties, slip characteristics,

ARTICLE pubs.aip.org/aip/pof

and injection conditions we employed to develop our numerical exam-
ple. Such high value of k results in slip numbers larger than unity even
for non-micro injection volumes, which are otherwise needed to spot
observable effects of basal sliding for microscopic values of k.

Figures 9(a) and 9(c) show the propagation of the fluid injected
at a constant rate in planar and axisymmetric geometries. In the pla-
nar case, as expected, the very-slippery similarity solution is represen-
tative of the actual spreading dynamics at small times after injection
starts: as the current propagates, its height increases; thus, the full-
numerical profile gradually detaches from the very-slippery limit.
However, this requires quite a long time due to the high value of the
slip number Nj; thus, the no-slip asymptotic is far away from being
reached after 3 min. The axisymmetric case shows, instead, a perfect
overlapping between the full-numerical solution and the very-slippery
limit, which is expected as the no-slip assumption 4 > k = 1 cm will
never be respected, since in this case the average current height
remains constant over time, as already shown in Fig. 3.

Figures 9(b) and 9(d) show the corresponding profiles for a line-
arly increasing injection of fluid (o = 2). In plane coordinates, the

TABLE I. Injection and slip parameters of a fluid which properties resemble those of Yan and Kowal'" experiments.

Geometry o k (m) p (kgm=?) v (cm?s7t) Q (m*257%) N;
Planar (d = 0) 1 0.01 1430 100 1074 2.14
Planar (d = 0) 2 0.01 1430 200 107 2.21
Axisymmetric (d = 1) 1 0.01 1430 100 1076 1.77
Axisymmetric (d = 1) 2 0.01 1430 200 10°° 1.89
a) h (cm) b) h (cm)
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validity condition for the very-slippery regime & < k is more rapidly
violated during the evolution with respect to the o =1 case, as the
GC height increases much faster for o = 2. Hence, the very-slippery
solution is not representative of the actual propagation of the GC
already after t = 10, and the current approaches the no-slip limit at
a faster rate. In the axisymmetric case, since the injected volume
spreads over a larger surface area, the gravity current front propagates
over shorter distances than in planar geometry; thus, much longer
times are needed to observe an analogous behavior.

These considerations are also highlighted in Fig. 10, which shows
the evolution of the GC front predicted by the three solutions for
o = 2 in both plane and radial coordinates. It is again evident that the
full-numerical profile needs much shorter times to reach the no-slip

a)
500 T . T T —]
F 1000 T T 1
100 & .
B 10 .
= f 1
8 [ 4
1E E
F Full-numerical | 7
r Very-slippery |
r No-slip 7
0.1 | L Ll L I
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300 — T T —
- : : ]
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CARTIS i
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. E ]
1B Full-numerical ||
g — Very-slippery | 3
r No-slip 1
0.3 | L Ll L ol L 1
0.5 1 10 100 400

t(s)

FIG. 10. Current front position for linearly increasing injection (o = 2) of the fluid
described in Table | in (a) planar and (b) axisymmetric gggmetries. Subplots show
the temporal evolution of the Bond number Bo (t) = pgh™ /o, being h = h (t) as
the average thickness of the GC.
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asymptotic in planar geometry with respect to the axisymmetric case.
The plots also show the evolution of the Bond number Bo = pgl?/a
over time, which is computed by taking the average height of the
current,

_ 2
h = xo .WL X?HdX, (33)
as the characteristic length L. The surface tension corresponds to that
of golden syrup, equal to ¢ = 0.08 N/m."” Again, in the planar case,
the condition Bo > 1 becomes rapidly satisfied due to the smaller
area on which the current propagates, assuming values of Bo ~ 100
already after t = 55, whereas larger time horizons are needed in the
axisymmetric case due to the slower increase in the current height.
This justifies the assumption of negligible capillary forces beyond a
time threshold and the description of our flow case as a GC flow
problem. The lubrication theory condition h/I < 1 is also respected,
as the ratio #/xy gradually decreases over time, thus validating the
starting assumption of negligible extensional stresses with respect to
shear stresses. We also note that experiment C of Yan and Kowal,''
which they suspected of potentially relevant contributions of exten-
sional stresses in the very-slippery limit, employed a much more vis-
cous fluid (v = 323.2m?/s) with respect to those we selected for our
numerical simulations, thus confirming that the effect of such stresses
would be negligible within our case.

VI. SUMMARY AND CONCLUSIONS

We investigated the free-surface propagation of a Newtonian
gravity current over a slippery substrate, accounting for basal slip
through a nonzero velocity u; at the base of the current. This velocity
is assumed to obey a linear (Navier) slip law and is proportional to
the slip length k. We derived similarity solutions describing the
spreading of the gravity current in both planar and axisymmetric
geometries under two opposite asymptotic regimes: a no-slip limit
(H > N;) and a very-slippery limit (H < Nj).

In the no-slip regime, the resulting self-similar solutions reduce
to the classical results available in the literature. In contrast, we
obtained new similarity solutions characterizing the propagation of
gravity currents in the very-slippery limit. To bridge these two asymp-
totic behaviors, we developed a fully numerical scheme capable of
resolving the transient regime connecting them. Our theoretical anal-
ysis and numerical results show that the duration of this transitional
regime increases markedly as the slip number N; decreases.

The slip number N; may or may not explicitly appear in the gov-
erning partial differential equation depending on the choice of nondi-
mensionalization scales, as discussed in Appendix B. Within the
nondimensionalization adopted in this work, we showed that decreas-
ing values of N; narrow the temporal interval over which the very-
slippery solution reproduces the full numerical results, regarded as
the most complete representation of the flow since they account for
both no-slip and slip-induced contributions in the governing
equation.

The relevance of the very-slippery regime also depends on the
injection protocol. For an instantaneous release (x = 0), the
gravity current progressively thins as it spreads, so that the condition
H < N; may eventually be approached at sufficiently long times. In
contrast, constant-flux injections (« = 1) or linearly increasing flow
rates (¢ =2) produce gravity currents whose thickness remains
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constant or increases in time, implying that the very-slippery limit
can be relevant only during the early stages of the flow, and only for
sufficiently large values of N;.

However, as discussed in Appendix A, typical values of the slip
length are on the order of tens to hundreds of nanometers. Therefore,
for such fluids, we expect to observe sensible effects of basal sliding
only for micro-scale gravity currents, as low-injection volumes would
result in sufficiently large slip numbers, on the order of N; ~ 0.1,
leading to a substantial modification of the gravity current spreading.

The study of micro-scale gravity currents would involve non-
negligible capillary forces and is left for future studies. Instead, we pre-
sented a dimensional example describing the spreading of a gravity
current with similar features to the one employed in Yan and Kowal''
experiments, considering both constant-flux and linearly increasing
injection in planar and axisymmetric geometries. Their experimental
setup resulted in macroscopic slip lengths, corresponding to values of
N, greater than unity even for non-micro injection volumes. In
dimensional terms, the very-slippery condition here requires
h < k = 1cm, and this inequality can be satisfied only over short
times for constant-flux injection (¢ = 1) and for even smaller inter-
vals for a linearly increasing flow rate (o = 2). However, this is strictly
dependent on the geometry of the problem, since the axisymmetric
case requires the GC to propagate over a larger surface, i.e., higher
times are needed for the transition from the very-slippery to the no-
slip asymptotic solution with respect to the planar case.

We have shown that the presence of basal sliding plays a signifi-
cant role over the time scales typically accessible after injection when
either micro-gravity currents or high slippery substrates are consid-
ered. In contrast, for large-scale gravity currents—such as glaciers—
much longer evolution times would be required for basal sliding to
produce appreciable effects on the propagation dynamics. Such long-
term phenomena are, therefore, beyond the scope of the present
study. Nevertheless, the influence of basal slip on gravity current
dynamics depends sensitively on the fluid properties, the injection
protocol, and the slip length—and thus, on the characteristics of the
substrate over which the current propagates—leading to a wide range
of possible behaviors. This variability suggests that a more compre-
hensive understanding and modeling of basal sliding could further
improve predictions of gravity current propagation.

Future work may proceed along several directions. First, alterna-
tive slip laws—such as higher-order or nonlinear formulations—could
be explored, as the Navier slip condition adopted here represents the
simplest description of basal sliding and more elaborate models may
better capture the underlying physical mechanisms. Second, carefully
designed laboratory experiments are needed to assess the predictive
capability of the proposed theoretical framework and to quantify slip
effects under controlled conditions, despite the inherent challenges
associated with reproducing basal sliding in experimental settings.
Finally, for large-scale slippery substrates, such as subglacial tills
beneath glaciers, additional physical processes should be incorporated
into the model formulation, including thermodynamic effects, and
substantially longer simulation times would be required to capture
the impact of basal sliding on the evolution of the overlying flow.
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APPENDIX A: VALUES OF THE SLIP NUMBER N

The nondimensionalization introduced in Eq. (9) leads to the
governing equation (10) depending explicitly on the slip number
N, defined as follows:

NS:":E[Q(”)“} o (A1)
X0 g

which combines fluid properties (through v/), injection characteris-
tics (through Q and «), geometry (through d), and the slip length k.
The slip number does not explicitly appear when the nondimen-
sionalization proposed by Yan and Kowal'' is adopted, since in
that case the height scale is chosen equal to the slip length. As dis-
cussed in Appendix B, the present definition of N; can be
interpreted as the ratio between their height scale, h{) =k, and the
characteristic length scale adopted here, hy = xq.

The explicit presence of N, in the governing equations modu-
lates the relative importance of the slip-induced contribution with
respect to the classical no-slip term. In this Appendix, we report rep-
resentative values of the slip number computed from literature
measurements of the slip length k for various fluids. These values
are listed in Table II for both planar and axisymmetric nondimen-
sionalizations. The slip lengths reported therein originate from
laboratory experiments in which the substrates are typically coated
with hydrophobic organic compounds, such as trimethylchlorosilane
(TMS), octadecyltrichlorosilane (OTS), or hexadecyltrichlorosilane
(HTS).

Equation (A1) shows that larger values of N; and, thus, stron-
ger relative effects of basal sliding, are obtained for smaller injected
volumes or fluxes, i.e., for micro-scale gravity currents character-
ized by very small values of Q. This explains why the table focuses
on small injection volumes, for which slip effects become poten-
tially observable over the relatively short time scales following
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TABLE II. Estimated ranges of the slip number N for planar (d = 0) and radial (d = 1) geometry based on literature slip-length values.

Fluid Surface v(m?s7!) o (m?s™)  Q k (m) Ni(d=0) N;(d=1) Source
Glycerol (20°C) Glass +OTS  1.12 x 1073 0 107° 20x107 6.32x107% 2.00x 107* Cottin-
1 412 x 107 3.44 x 107* Bizonne et al."’
2 333 x 1070 4.76 x 1074
Mercury (20°C) Quartz+TMS  1.14 x 1077 0 107° 7.0x107° 221x10™° 7.00x 10>  Churaev et al.”’
1 3.09 x 1072 1.20 x 1073
2 1.15x 107! 6.59 x 1073
1-Decane (25°C) Iron 1.22 x 107* 0 107° 42x107% 1.33x107> 4.20x 107> Mehrnia and Pelz”!
1 1.81 x 107 1.26 x 107*
2 2.12x 107 243 x 1074
Hexadecane (25 °C) Glass 3.94 x 107° 0 107° 3.0x107% 949 x10™* 3.00x 107 Cheng and
1 4.07 x 107> 2.12 x 10™* Giordano™
2 8.42 x 1073  6.85 x 107*
Benzene (25 °C) Borosilicate ~ 6.89 x 1077 0 107° 50x10% 1.58x 107 5.00 x 107° Cho et al.”?
+HTS 1 1.21 x 1072 5.46 x 1074
2 3.35x 1072 2.29 x 1073

injection. Finally, we note that increasing the injection exponent o
generally leads to higher values of the slip number.

However, for such fluids, N; rarely exceeds the threshold value
N; ~ 0.1, which can, therefore, be regarded as an upper bound rep-
resentative of a high-slip regime. To generate macroscopic slip
lengths, and therefore, much larger N values, specific laboratory
settings must be arranged, as the one proposed by Yan and
Kowal,'' whose slip length was on the order of k ~ 1cm.

APPENDIX B: AN ALTERNATIVE NON-
DIMENSIONALIZATION

In Sec. II, the governing problem defined by Egs. (6) and (7)
was nondimensionalized using the characteristic length and time
scales introduced in Eq. (9), following the approach of Lister.'”
This choice yields a formulation that is valid for any injection
exponent « > 0 but retains an explicit dependence on the slip
number N; in the nondimensional problems (10) and (11).

An alternative nondimensionalization was proposed by Yan
and Kowal'' for planar geometry (d = 0) and constant-flux injec-
tion (o = 1), in which the slip length is used as the characteristic
vertical scale. Extending their approach to both planar and axisym-
metric geometries and to a generic injection exponent « leads to
the following choices for the characteristic height, length, and time
scales:

—304+1\ T —s—d\ AT
mek o () ) g (8ED
0o =K X = v Q P T\ g -

(B1)
Upon introducing the characteristic scales defined in Eq. (B1) into
Egs. (6) and (7), the governing problem reduces to
OH 1 90
oT  X40X

1 OH OH
—XYH? = + XH? —) B2
s o T %) (B2)

together with the global mass conservation constraint and front
condition

XN
(2m)? J XHdX =T% H(Xy,T)=0. (B3)
0
This alternative nondimensionalization yields a governing equation
that is formally independent of the fluid properties and slip length.
However, its range of validity is restricted by the definition of
the characteristic scales: specifically, the scaling breaks down for
o = 1/2 in planar geometry (d = 0) and for « = 1 in axisymmetric
geometry (d = 1), for which the exponents in Eq. (B1) become
singular.

For values of o such that the alternative nondimensionaliza-
tion is well defined—namely, « # 1/2 in planar geometry and
o # 1 in axisymmetric geometry—it follows directly from Eq. (20)
that similarity solutions of the differential problem (B2) and (B3)
in the very-slippery limit can be obtained by introducing the
scalings

(2-d)o—1

§=XT ¥, H= T + o), (B4)

where { = £/Ey. Substitution of these expressions into the govern-
ing equations yields

4 | pged®| | (224 “d+1d2_(m> dgy —
dé{cq) dé}+(4+2d>é dc g )Se=0 (B9

together with the normalization condition and front boundary con-
dition as follows:

1
by = [(zmdjo CoQ)d T ®(1) =0, (B6)

while the similarity scalings and resulting solution in the no-slip
limit coincide exactly with those obtained using the nondimension-
alization adopted in the main text, since the slip-induced term is
neglected in both formulations.
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The main drawback of this alternative nondimensionalization
lies in the lack of universality of the no-slip and very-slippery similarity
solutions at critical values of the injection exponent o. In particular, for
these values, the characteristic scales become singular, and the corre-
sponding similarity structure must be treated separately.

As an example, consider axisymmetric geometry and
constant-flux injection (o = 1). In this case, the problem must be
reformulated by introducing an arbitrary tlme scale to, from which
the characteristic radial scale is defined as 7y> = Q ¢ and the govern-
ing equations (B2) and (B3) reduce to

—4

OH _ Az 0 ( RH38{{+RH28H>; P
T R OR OR OR vQ
Ry )
2n J RHAR=T. (B8)
0

To solve this differential problem in the no-slip limit, we introduce
the similarity scalings as follows:

- F V- N
E-RTTG H=GC00 D=, @)
which reduce the governing equations to
d |15:3dD| 1:2d0
rz |20 | 2P =, (B10)
ac |3 dC 27 d¢

-3/8
(B11)

~ 1 ~ ~ ~ ~
& = [znj fh ()l
0
The very-slippery limit can be treated by introducing the following
self-similar transformation:
E=RT™ H=&o(0); (=¢&/y, (B12)
which allows Egs. (B7) and (B8) to be recast as

d|-22d®| 1.2d®

RdCC i +2€d£ ) (B13)
1

éN:{zn[ 2o (@)d (B14)

A Frobenius expansion of @ near the current front in the very-
slippery limit yields the following approximate expression:

. 1
(D(C):W

- 1 -
(-0 {1+E(1—C)}. (B15)
Analogously, for planar geometry (d = 0), the critical case
o = 1/2 can be nondimensionalized by introducing the character-

of

is again an arbitrary time scale. With these definitions, the govern-
ing problem (B2) and (B3) can be recast in the following form:

istic length and velocity scales X, = and 1y = % /ty, where

- - —5
OH _ A, 2 < H38H+H281f)~ A= e
oT Pox X 1) vQ?
Xn o B
J Hdx =17 (B17)
0
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To determine similarity solutions to (B16) and (B17) in the no-slip
limit, we introduce the similarity scalings

E=X17 B=&"0Q): 1=¥4. G
which reduce the governing equations to
At [ 514@|  1p40 519
ac |3 d¢ "2 d¢
. -3/5
S| *(5)4 . (520)

The similarity solution in the very-slippery limit is obtained by
introducing the scalings

E=XT H=&O(Q); [=¢&/&, (B21)
which allow Egs. (B16) and (B17) to be recast as

Api S Lz ;9 -0, (B22)
d¢ d¢ 2 dC
. -1/2

o= joé@dz} | #2)

A Frobenius expansion of ® near the current front in the very-
slippery limit yields the approximate expression

S ~ 1 _
00 - 30-0"[i-50-0] e

We note that this alternative nondimensionalization leads to the very-
slippery and no-slip asymptotic regimes being characterized by the
conditions H < 1 and H > 1, respectively. As a consequence, when
expressed in nondimensional variables, the temporal validity of these
regimes is independent of the slip number Nj, in contrast with the for-
mulation adopted in the main text, where N, explicitly controls the
transition between regimes. However, when the solutions are inter-
preted in dimensional terms, both nondimensionalizations yield the
same physical conditions for the applicability of the asymptotic limits,
namely, 1 < k for the very-slippery regime and # > k for the no-slip
regime. These inequalities must, therefore, be satisfied for the semi-
analytical solutions to accurately describe the actual spreading dynam-
ics of the gravity current.
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