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Abstract
The influence of polymers on entropy generation processes is substantial, particularly in the fields of fluid dynamics and 
rheology. The FENE-P (Finitely Extensible Nonlinear Elastic-Peterlin) model describes the polymer’s dynamics as a result 
of the interaction between the stretching caused by the velocity gradient and the elastic force that restores the polymer to 
its equilibrium position. Models such as FENE-P aid in understanding and predicting polymer flow behaviour allowing for 
the reduction of entropy generation by optimizing system designs. A continuum approach is employed to express the heat 
flux vector and polymer confirmation tensor of the model. The study investigates the complex relationship between polymer 
conformation, flow dynamics, and heat transfer taking into account the thermophoresis (Soret effect) and mass diffusion-
thermal diffusion coupling (Dufour effect) phenomena to optimize processes by reducing entropy. This study illuminates 
polymer’s significance in entropy minimization, improving engineering design methodologies and applications in materials 
science, chemical engineering, and fluid dynamics. As result, the presence of polymers leads to a substantial decrease in the 
total entropy of the system. This understanding provides opportunities for enhancing heat transfer systems, thereby facilitat-
ing the development of more efficient and sustainable technology.

Keywords Entropy generation · Polymers · FENE-P model · Soret and Dufour effects · Bejan number · Numerical solution · 
Similarity solution

Abbreviations
b  Extensibility parameter
Be  Bejan number
Bi  Biot number
Br  Brinkmann number
C  Solute concentration of fluid ( kgm−3)
cp  Specific heat at constant pressure ( m2s−2K−1)
Cw  Solute concentration at wall ( kgm−3)
C∞  Ambient solute concentration of fluid ( kgm−3)
Dm  Mass diffusivity coefficient ( m2s−1)
DT  Thermal diffusion ratio ( m2s−1)

Du  Dufour number
hf  Convective heat transfer ( Wm−2K−1)
k  Thermal conductivity ( Wm−1K−1)
k̃  Mean absorption coefficient
L  Diffusive variable
L̃  Characteristics length (m)
Ng  Entropy generation number
Nr  Thermal radiation parameter
Nur  Reduced Nusselt number
Pr  Prandtl number
Re  Reynolds number
Sc  Shmidth number
Sf   Drag force/skin friction coefficient
Shr  Reduced Sherwood number
Sr  Soret number
T   Dimensional temperature ( K)
Tm  Mean fluid temperature ( K)
Tw  Wall temperature ( K)
T∞  Ambient fluid temperature(K)
U(x)  Stretching velocity ( ms−1
u, v  Velocity components ( ms−1)
uo  Dimensional constant ( L2∕3T−1)
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Wi  Weissenberge number
�1  Temperature difference parameter
�2  Concentration difference parameter
�  Retardation parameter
�  Fluid relaxation time ( s)
�  Dynamic viscosity ( kgm−1s−1)
�  Polymers kinematic viscosity ( m2s−1)
�  Density ( kgm−3)
�  Thermal diffusivity ( m2s−1)
�̃  Stefan-Boltzmann constant

Introduction

Analysing and reducing entropy generation are effective 
approaches for improving or maximizing the thermody-
namic efficiency of engineering systems. The imperative 
to construct and operate efficient systems has consistently 
shown to be a powerful driving force for the technological 
advancement. In light of the evident scarcity of resources in 
the present day, the significance of efficiency and resource 
preservation has grown significantly in recent times. Thus, 
second law of thermodynamics methods for analysing and 
improving engineering systems are popular. Entropy is a 
key metric used in fluid mechanics to analyse irreversible 
mass and heat transport. Irreversibility is the primary factor 
contributing to the rise in entropy. Over the years, several 
numerical and theoretical research have focused on entropy 
generating approaches to anticipate and examine the durabil-
ity of mechanical or electrical components. The usefulness 
of fluid mechanics in engineering and industrial processes 
is crucial for the design and construction of heat transfer 
devices such as coolers and evaporators. Research from 
experimental studies verifies that increased entropy genera-
tion has a detrimental impact on the efficiency of engineer-
ing technology. The crucial function of entropy generation 
in minimizing the need for extra energy sources in a system 
is generally well acknowledged. In order to improve effi-
ciency and performance in a variety of technical and com-
mercial applications, including electrical and motor control, 
switches, temperature sensors for power conversion, and so 
forth, the researcher’s main objective is to decrease entropy 
generation.

In physics, entropy generation is defined as a rise in the 
overall entropy of a system and its surrounding. In simple 
words, it is a measure of a system’s disorder or unpredict-
ability. In this regard, Bejan [1–3] pioneered the concept of 
entropy generation minimization by applying basic thermo-
dynamic laws and heat transfer processes of fluid mechanics. 
It is essential to analyse the factors that contribute to the 
production of entropy in order to advance technology, reduce 
energy waste, and increase efficiency in accordance with the 
fundamental laws of thermodynamics. Indeed, to increase 

the heat transfer nanofluids have been introduced [4–7] to 
take advantage of the Brownian diffusion and thermophore-
sis. The usual nanofluid comprises a single nanoparticle. In 
the past few years, attention on heat transfer in hybrid nano-
fluids and in biofluids has been paid by the scientific litera-
ture due to its proficiency to intensify heat conduction rate 
than the usual nanofluid, and due to the possible interesting 
applications in many technological fields [8–10]. Among 
them, useful applications are in semiconductors, solar cells, 
transistors, tissue engineering, electronic circuits, drug 
delivery, biosensing, integrated circuit baseboards, cosmetic 
fillers, plastics, paint, tape, rubber, grinding belts, catalyst 
carriers, aerospace aircraft, and more. Concerning entropy 
generation, Asad et al. [11] studied the entropy generation in 
a magnetohydrodynamic (MHD) Prandtl fluid. They consid-
ered the Soret and Dufour effects and an unsteady stretched 
surface. Non-linear mixed convection and convective con-
ditions for surface heat and mass transfer were also inves-
tigated. Patel et al. [12] explored the generation of entropy 
in a vertical channel using Casson nanofluid, specifically 
focusing on the Soret and Dofour effects. Khan et al. [13] 
studied the entropic effects of Darcy-Forchheimer MHD 
radiative flow together with Soret and Dufour effects. Sami 
et al. [10] conducted a study on Carreau MHD mathematical 
model to describe the generation of entropy across a curved 
stretched surface, taking into account the Soret and Dufour 
effects. In their investigation, Ibrahim et al. [14] examined 
the generation of entropy in an incompressible, continuous 
bioconvection flow. The research investigation incorporated 
the Soret and Dufour effects, in addition to the impact of the 
magnetic field. The research conducted in [15] examined 
the entropy generation of a tri-hybrid nanofluid flow with 
electromagnetic properties in a porous medium governed by 
Darcy-Forchheimer equations. The flow occurred across a 
stretched sheet under convective conditions. A Reiner-Rivlin 
fluid’s hydrodynamic flow around a stretched cylinder was 
studied by Hayat et al. [16]. The effects of convective condi-
tions, the Soret effect, and the Dufour effect were all taken 
into account in the study. Fluid flow on a heated rotating 
disc employing Bingham plastic fluid was the subject of 
the numerical analysis in the study [17]. Considering the 
effect of entropy generation, the study also highlighted the 
thermo-physical properties and energy dissipation as a result 
of viscous dissipation. For more detail studies on entropy 
generation, the articles [18–23] describe some of the sig-
nificant and noteworthy investigations.

Continuum approaches are frequently used in the practi-
cal application of numerical simulations for turbulent flows 
containing polymer solutions. A time-varying tensor field is 
used to describe the polymer conformation in this technique. 
An example of a tensor field in this case is the polymer con-
formation tensor, which shows the average inertia tensor 
of polymers at certain points and periods in the fluid. We 



13955Entropy optimization of a FENE‑P viscoelastic model: a numerically guided comprehensive…

need to take into consideration the average of a non-linear 
function connected to the end-to-end vector of the polymer 
across temperature fluctuations in order to derive an evolu-
tion equation for the provided conformation tensor from the 
FENE dumbbell model. A mean-field closure approach was 
proposed by Peterlin [24] to tackle this difficulty. Using the 
force value at the mean-squared polymer extension instead 
of averaging the elastic force across temperature changes 
yields the FENE-P model [25]. Within the FENE-P model 
framework, a stress tensor field that depends on the polymer 
conformation tensor characterises the interaction between 
polymers and the flow. Turbulent fluxes in polymer solutions 
may be accurately modelled using this continuum model. 
This procedure requires solving the Navier–Stokes equation 
with an elastic-stress factor and the polymer conformation 
tensor at the same time. Numerical simulations focusing on 
reducing turbulent drag thus make heavy use of the FENE-
P model. Because of the model’s asymptotic behaviour for 
high shear rates, a significant Newtonian viscosity is not 
required to maintain stable fluid behaviour. The model works 
very well for a wide range of shear rates with just one relax-
ing time. This model basically works on the basis of limited 
extensibility. In this model, the polymeric liquid rheologi-
cal constitutive equations also show a polymer chain as a 
dumbbell with two beads linked by a spring. The beads are 
small molecules of different monomers, and the spring is the 
entropic effects on the polymer’s end-to-end vector.

In the literature, the use of polymeric nanofluids to 
enhance the heat transfer has been investigated delving 
deeper into the possible technological applications [26]. 
Concerning the possible flow models, indeed, in the recent 
literature most of the focus in the last 20 years has been 
on the viscoelastic flow properties and heat transfer of the 
FENE-P model. For example Olagunju [27, 28] and Cortell 
[29] have studied the steady two dimensional boundary layer 
flow using the FENE-P constitutive equation. Olagunju [30] 
and Anabtawi and Khuri [31] on the other hand discussed 
the generalized viscoelastic Falkner-Skan flow governed by 
FENE-P model. Airal et al. [32] looked at how the FENE-P 
model behaved when it moved over a magnetically stretched 
surface. Khan et al. looked into how the FENE-P model 
moved and transferred heat when nanoparticles and micro-
organisms were present [33]. Recently, analyses concerning 
how the FENE-P model responded were presented, investi-
gating when it was driven past a Riga plate under strong suc-
tion [34] and when polymers and dust particles were present 
[35]. Further interesting studies on the FENE-P model are 
the publications [36–39] and the references cited therein.

The primary impetus and originality of the present inves-
tigation lie in:

• Exploring the significance of polymers additives as 
entropy generation reducing agents;

• Considering the role of nanofluids altering entropy genera-
tion and reducing irreversibility;

• Utilizing the influences of Soret and Dufour effects as 
entropy minimization strategies;

• Aiming to contribute to the development of efficient 
entropy minimization strategies using the FENE-P model 
in engineering and commercial applications.

In this paper, section "Mathematical formulation" includes the 
mathematical interpretation of the model followed by similar-
ity transformation and quantities of physical interest. Entropy 
generation analysis is covered in section "Entropy generation 
optimization", while method of solution is briefly explained in 
section "Solution method". In section "Numerical comparison 
and code validation" we present code validation and a numeri-
cal comparison of the existing problem with the already pub-
lished results. The last two sections "Results and discussion" 
and "Conclusion" are devoted to the results discussion and key 
findings of the present article.

Mathematical formulation

We suppose a steady and two dimensional FENE-P nanofluid 
flow in the region y ≥ 0 that is being driven by a semi-infinite 
horizontal permeable stretching surface and the stretching 
velocity U(x ) varies non-linearly as shown in Fig. 1. Addi-
tionally, the temperature T and the nanoparticle volume frac-
tion � are constant at the sheet as indicated by Tw and �w . The 
symbols T∞ and �∞ indicate the ambient values of T and � . 
The governing equations that characterize this problem can be 
represented as follows [27, 40]:

(1)∇ ⋅ ũ = 0

x, u

y, 

Concetration BL
Theramal BL
Momentum BL

Nanoparticle

Polymer

u = 0, 

�

� = 0, T = T� �, C = C

u = U(x), = y  =     (      –     ) , C = C/ , – � �T� � Th �T�v vw

Fig. 1  Geometrical representation
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where the stress tensor T̃  represent the contribution of both 
the polymers and solvents terms. In his analysis Olagunju 
[30] derived this relationship in more detail as follows:

Here, we employ the FENE-P model to show how the poly-
meric stress tensor, denoted as Tp , and the contribution from 
the solvent term, denoted as Ts , are correlated according to 
the Newtonian law �sΘ . The symbol Θ represents the rate of 
strain tensor in this context. It is defined as the sum of two 
functions: the transpose of the gradient of ũ and the gradi-
ent of the velocity field ũ . Additionally, the variable �s is 
used to describe the solvent’s viscosity. The suggested model 
represents the polymer as a system of two beads linked by 
a non-linear spring. The mathematical expression for the 
constitutive polymeric stress tensor is as follows:

In this expression, the term (�p∕�)Z−1E represent the mate-
rial’s viscous behaviour under the influence of polymer vis-
cosity ( �p ), the fluid relaxation time ( � ), and the relaxation 
state (Z) when subjected to the impact of deformation E. 
The parameter b represents the ratio between maximum and 
equilibrium spring lengths, showing polymer extensibility. 
In order to fulfil the above equation, the conformation tensor 
E must adhere to specific requirements as follows:

 
where tr E indicates the trace of matrix E , and I repre-

sents the identity matrix. The upper convected derivative 
E(1) may be expressed as:

along with the energy equation:

and the concentration equation:

where ∇u = �u∕�y and ∇qr = �qr∕�y . We can write the sys-
tem of Eqs. (1)-(2) and (7)-(8) in standard notation as fol-
lows, using the assumed conditions and the Boussinesq and 
boundary layer approximations:

(2)�(�̃ ⋅ ∇)�̃ = −∇P + (∇ ⋅ T̃)

(3)T̃ = Ts + Tp = �sΘ + Tp,

(4)Tp =
�p

�
Z−1E − I, Z = 1 −

trE

b
.

(5)(1 − trE)−1E + �E(1) = I,

(6)E(1) =
DE

Dt
− (∇ũ)TE − E∇ũ,

(7)(ũ ⋅ ∇)T = �∇2T −
1

�cp
∇qr +

DmDT

cscp
∇2C,

(8)(ũ ⋅ ∇)C = Dm∇
2C +

DmDT

Tm
∇2T ,

 where Z satisfies

the associated boundary conditions are as:

Here, the velocity components in the x and y directions are 
represented by ũ = (u, v) , � represent density in the kinemat-
ics viscosity expression � = (�s + �p)∕� , the thermal con-
ductivity is represented by � and the retardation parameter 
is given by � = �p∕(�s + �p) . Furthermore, � = 2�2∕(3 + b) , 
and � = b∕(3 + b) where b is the extensibility parameter. 
The solute’s wall concentration is Cw , and C∞ is the solute’s 
concentration away from the sheet. Dm stands for mass dif-
fusivity coefficient, k for thermal conductivity, hf for convec-
tive heat transfer coefficient, Tm for mean fluid temperature, 
DT for thermal diffusion ratio, cs for concentration suscepti-
bility, and cp for specific heat at constant pressure.

At the surface (y = 0) , the conditions shown in Eq. (14) 
pertain to the direct interactions between the fluid and the 
surface. These interactions include the velocity result-
ing from surface movement, the heat flux resulting from 
convective heat transfer, and the concentration of nano-
particles. Away from the surface (when y → ∞ ), the con-
ditions guarantee that the fluid properties revert back to 
their original values, indicating a state where the impact 
of the surface is insignificant. These conditions jointly 
define a practical physical phenomena that is applicable 
to various engineering applications including the move-
ment of fluids, transfer of heat, and transfer of mass.

By considering the Rosseland approximation for radia-
tive heat flux in Eq. (4) in an optically thick fluid utilized 
in [29], we have the simplified radiative heat flux as:

(9)
�u

�x
+

�v

�y
= 0,

(10)u
�u

�x
+ v

�u

�y
= �

�

�y

[
(1 − � + �Z)

�u

�y

]
,

(11)�

(
�u

�y

)2

Z3 + Z − � = 0,

(12)u
�T

�x
+ v

�T

�y
= �

�2T

�y2
−

1

�cp

�qr

�y
+

DmDT

cscp

�2C

�y2
,

(13)u
�C

�x
+ v

�C

�y
= Dm

�2C

�y2
+

DmDT

Tm

�2T

�y2
,

(14)

⎧⎪⎨⎪⎩

u = U(x), v = vw(x),

−k
�T

�y
= hf(Tw − T∞),C = Cw(x) at y = 0,

u → 0, T → T∞,C → C∞ when y → ∞.
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In Eq. (15), the Stefan-Boltzmann constant is represented by 
�̃ and the mean absorption coefficient by k̃ . By expressing 
the term T4 in Eq. (15) as a linear function of temperature, it 
is assumed that temperature differences within the flow can 
be approximated in this manner. Consequently, by expanding 
T4 in a taylor series around the free stream temperature T∞ 
and neglecting higher-order terms, the obtained expression 
is:

We may convert the non-linear system of governing equa-
tions into a set of non-linear similar form by incorporating 
similarity transformations with the help of stream functions 
u = ��∕�y,v = −��∕�x , and the following transformation 
[40, 41]:

Upon employing these transformations, Eq. (9) is identically 
satisfied, and the resulting Eqs. (10) and (11) reduces to:

where the parameter K0 = 2�∕(3 + b) , � = u3
0
�2∕�L̃ = W2

i
Re , 

Wi = u0�∕L̃ , and Re = u0L̃∕� . Here, Wi denotes Weissen-
berg number, i.e. an elasticity measure of the fluid, while the 
Reynolds number is represented by Re , with u0 the dimen-
sional constant and L̃ the characteristic length. Now, com-
puting g′ from Eq. (19) and substituting into Eq. (18) we 
obtain:

Eq. (20) reduces to Newtonian fluid for � = � = 0 . For 
an Oldroyd-B fluid b → ∞ , and from Eq. (19) we have 
g = � = 1 . In other words K0 = 0 and � = 1 , and we get the 
Blasius equation. Now using Eq. (17) and solving for Eqs. 
(13) and (14) we get:

(15)qr = −
4�̃

3k̃

�T4

�y
,

(16)T4 = 4T3
∞
T − 3T4

∞

U(x) =u0x
1∕3, � = y

�
U(x)

�x
, � =

√
U(x)�xf (�),

Z =g(�),

(17)�(�)) =
T − T∞

Tw − T∞
, �(�) =

C − C∞

Cw − C∞

.

(18)(1 − � + �g)f ��� +
(
2

3
f + �g�

)
f �� −

1

3
f �2 = 0,

(19)K0g
3f ��2 + g − � = 0, Z = g,

(20)
(
1 − � + �g −

2�K0f
��2g3

1 + 3K0f
��2g2

)
f ��� +

2

3
ff �� −

1

3
f �2 = 0,

If the mass transfer rate is chosen as vw(x) = −
2

3
s

√
U(x)�

x
 , 

then the modified boundary conditions become:

where s = −vw(x) and negative values of s corresponds to 
blowing while positive values correspond to suction. Here, 

the Dufour number is represented by Du =
DmDTΔC

Cscp�ΔT
 , Soret 

number by Sr = DmDTΔT

Tm�ΔC
 , Schmidt number by Sc = �

Dm

 , 

Prandtl number by Pr = ��cp

�
 , and thermal radiation param-

eter by Nr = 4�̃T3
∞

k̃�
 . Also, Bi = hf

k

√
U(x)�

x

 represents the Biot 

number. Based on industry observation, the primary signifi-
cant parameters of interest are the drag force coefficient, 
reduced Nusselt number, and reduced Sherwood number. 
These measurements may be expressed using the following 
expressions:

where the mass flux qm , heat flux qw , and shear stress flux �w 
at the surface have the following formulas:

Using the similarity transformation and putting Eq. (25) into 
Eq. (24) we have:

Entropy generation optimization

The degree of irreversibility in a system for a particular pro-
cess is expressed by entropy generation. The local entropy 
generation rate LG for a viscous fluid has the following volu-
metric value:

(21)
(
1 +

4

3
Nr

)
��� +

2

3
Prf �� + DuPr��� = 0,

(22)��� +
2

3
f�� + ScSr��� = 0.

(23)

{
f (�) = s, f �(�) = 1, ��(�) = −Bi(1 − �),�(�) = 1 at � = 0,

f �(�) → 0, �(�) → 0,�(�) → 0 when � → ∞.

(24)Cf =
�w

�U2
w

,Nu =
qwx

k(Tw − T∞)
, Sh =

qmx

DB(Cw − C∞)
,

(25)
�(1 − � + �Z)

�u

�y

|||y=0 =�w,−k
(
1 +

16�̃T3
∞

3k̃�

)
�T

�y

|||y=0

=qw,−DB

��

�y

|||y=0 = qm.

(26)

⎧⎪⎨⎪⎩

Sf =
√
RexCf = (1 − � + �g)f ��(0),

Nur =
Nu√
Rex

= −
�
1 +

4

3
Nr

�
��,

Shr =
Sh√
Rex

= −��,
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In the current flow problem involving fluid friction and heat 
transfer, Eq. (27) elucidates the main source of irreversibil-
ity. The specified entropy generation rate, denoted as S̃G , 
provides the optimal levels of entropy generation at which 
the system achieves thermodynamic optimization. The ratio 
of LG to S̃G , also known as the dimensionless entropy gen-
eration number Ng , can be written as follows:

where,

Putting Eq. (27) and Eq. (29) in Eq. (28), we get

where the temperature difference parameter is represented 

by �1 =
ΔT

T∞
 , and �2 =

ΔC

C∞

 , is the concentration difference 

parameter, Br = �U2
w
(x)

�ΔT
 , and L =

RDmΔC

�
 , represents diffusive 

variable. The Bejan number is calculated as follows:

According to Eq. (31), the Bejan number lies between zero 
and one. If Be is much smaller than  0.5 (Be ≪ 0.5) , the irre-
versibility of heat transfer is primarily influenced by the 
entropy generation rate caused by friction irreversibility. 
Conversely, when Be is much larger than  0.5 (Be ≫ 0.5) , 
entropy generation due to irreversible heat transfer prevails 
over irreversible friction. When Be equals 0.5 (Be = 0.5) , the 
irreversibility of heat transmission and friction are equally 
significant.

(27)

LG =
�

T2
∞

(
1 +

16�̃T3
∞

3k̃�

)(
�T

�y

)2

+
�

T∞
(1 − � + �Z)

(
�u

�y

)2

+
RDm

T∞

(
�T

�y

�C

�y

)
+

RDm

C∞

(
�C

�y

)2

.

(28)Ng =
LG

S̃G

(29)S̃G =
�(ΔT)2

T2
∞

(
y

�

)2
.

(30)

Ng =
(
1 +

4Nr

3

)
��2 +

Br

�1
(1 − � + �g)f ��2 +

L

�1
����

+
L�2

2

�2
1

��2.

(31)

Be =

(
1 +

4Nr

3

)
��2

(
1 +

4Nr

3

)
��2 +

Br

�1
(1 − � + �g)f ��2 +

L

�1
���� +

L�2
2

�2
1

��2

Solution method

We numerically solve the updated system (20)-(23) along 
with (30) and (31) using the MATLAB programme bvp6c 
[42], which is based on a finite difference technique. This 
package is an extension of the bvp4c package [43] and has 
a sixth-order accuracy. Throughout the integration inter-
val, this collocation formula produces a solution that is 
accurate up to the sixth order and preserves C1 continuity. 
The bvp6c solver employs the residual control structure of 
bvp4c, with adjustments to enhance the precision of the 
finite difference approximation. This feature guarantees 
a degree of accuracy defined by the user and is equally 
resilient compared to the existing bvp4c method. Further-
more, it attains the necessary precision with a reduced 
number of internal mesh points and assessments. Con-
sequently, the goal of bvp6c is to efficiently handle the 
same class of problems while maintaining the precision 
and resilience of the original bvp4c solver. Throughout the 
whole computation time, the method, like bvp4c, guaran-
tees constant and predefined correctness. To achieve this 
goal, the MIRK6 (mono-implicit Runge–Kutta) method 
[44] is adjusted using the sixth-order interpolant described 
in [45]. Throughout the whole computational interval, 
this procedure represents the solution. The polynomial 
employed in this context satisfies the criteria of colloca-
tion, boundary conditions, and continuity at the endpoints 
of each subinterval. The bvp4c technique may be regarded 
as a collocation method that utilises a piecewise cubic 
polynomial function to precisely depict the data acquired 
via a three-point Lobatto IIIA approximation. Like bvp4c, 
bvp6c operates on the core idea that both error estimates 
and mesh selection are dependent on the residual. In addi-
tion, due to the fact that these solvers specifically handle 
first-order differential equations, we transformed the third 
and second order differential equations into first-order 
differential equations. By using �∞ = 7 , we obtained 
the asymptotic approximations as dictated by boundary 
conditions (23). The criterion for absolute convergence 
was established at 1 × 10−7 . To summarise, the MATLAB 
bvp6c code utilizes a finite difference technique to effi-
ciently and accurately solve complex systems in science 
and engineering. It achieves this by numerically solving 
non-linear coupled equations and boundary conditions. By 
employing this numerical method, we may gain a deeper 
understanding of the dynamics of systems that cannot be 
solved analytically.
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Numerical comparison and code validation

Given the absence of an exact solution [46, 47] for a non-
linearly stretching boundary problem, it is necessary to 
solve the system of equations numerically via iterative 
schemes. To validate and compare the numerical results 
with the data that has previously been published in the 
literature, we employ two different methods. Initially, we 
use the bvp4c and bvp6c Matlab packages to solve the 
problem. In the second phase, we generalize our problem 
by taking into account the limiting cases in the absence of 
a strong suction condition for the numerical results of the 
wall’s velocity gradient and for a large extensibility param-
eter, in which case the problem simplifies to Oldroyd-B 
fluid. When no analytical solution is present, the computed 
solution’s error can be assessed by applying a fixed mesh 
evaluation to the problem and interpolating the numeri-
cal solution results at these points (interpolation errors) 
[42]. Since the solver’s accuracy is the key issue, rather 
than the solution obtained by interpolation of these points, 
the primary attention is on errors at individual locations. 
Based on the data in table 1 it is evident that the sixth-
order solution is significantly more efficient. This may be 
attributed to the significantly lower number of mesh points 
needed to achieve the desired level of accuracy. Addition-
ally, it is possible to make observations on the precision 
of the solvers. The term error here refers to the difference 

between the interpolated outcomes obtained by the two 
solvers. In order to maintain consistency, it is presumed 
that the intended solution is contained within the initial 
dimension of f  . It is to be noted that bvp6c yields similar 
results as bvp4c when a smaller tolerance is used, but it 
computes more precise solutions significantly faster and 
with a substantially reduced number of mesh points. The 
plots in Fig. 2 demonstrate that the solution obtained via 
the bvp6c approach is similar to that obtained through the 
bvp4c method. Furthermore, the graphs shows how the 
mesh points for both approaches have a tendency to gather 
at regions where the solution experiences rapid changes. 
Taking into consideration these factors, we are confidence 
that the numerical technique that we are using is, in fact, 
producing the correct solution. Both approaches provide 
results that are comparable when just a moderate level of 
precision is required; however, when this level of precision 
is raised, bvp6c solves the problem with a significantly less 
number of mesh points in a less amount of time.

In order to compare our results with the previously pub-
lished ones, we make a modification to our problem. We 
examine the general stretching sheet velocity, denoted as 
uw(x) = u0x

N , and follow the same technique as we did for 
the stretching velocity of the form uw(x) = u0x

1∕3 . As a 
consequence, Eq. (20) is simplified to:

Table 1  Comparison between 
the two bvpc solvers

bvp4c solution bvp6c solution

tol time mesh maxres time mesh maxres error

1e−3 0.4835 50 9.099e−4 0.2412 51 1.526e−6 2.450e−3

1e−6 0.1356 116 8.012e−7 0.1265 132 6.604e−9 8.634e−9

1e−7 0.0971 163 9.897e−8 0.0640 147 6.599e−9 3.269e−9

1e−8 0.0814 320 9.172e−9 0.0619 148 2.379e−9 4.571e−10

1e−9 0.1592 614 9.882e−9 0.0948 98 8.174e−10 6.288e−11

1e−10 0.5894 1105 9.940e−11 0.1648 142 7.566e−11 3.596e−12

Fig. 2  The FENE-P solution 
plots generated by bvp4c and 
bvp6c
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The provided numerical results presented in table 2 dem-
onstrates that our findings and the numerical results corre-
late well with the previously reported data in [46, 48].

Results and discussion

Some quantities of physical interest like drag force, Nus-
selt number, and Sherwood number have already discussed 
in detail in the literature [33, 34]. Hence, in this paper we 
mainly focus to analyse the impact of fluid flow parameters, 
such as (0.5 ≤ � ≤ 1.5) , (5 ≤ b ≤ 30) , (� = 0.3) , (Nr = 1) , 
(s = 3) ,  (Pr = 7) ,  (0.1 ≤ Du ≤ 0.3) ,  (0.05 ≤ Sr ≤ 0.3) , 
(3 ≤ Sc ≤ 5) , (2 ≤ Bi ≤ 5) , (3 ≤ Br ≤ 5) , (0.25 ≤ �1 ≤ 0.5) , 
(0.25 ≤ �2 ≤ 0.75) , and (1 ≤ L ≤ 3) , on entropy generation, 
Bejan number, as well as the role of polymers in reduc-
ing entropy. The FENE-P model incorporates the retarda-
tion parameter, which refers to the capacity of the polymer 
chain to unwind and turn back to its equilibrium configu-
ration. An increase in the retardation parameter results in 
a prolonged relaxation of the polymer chains, which sub-
sequently impacts the rheological properties of the fluid 

(32)

(
1 − � + �g −

2�K0f
��2g3

1 + 3K0f
��2g2

)
f ��� + ff �� −

2N

N + 1
f �2 = 0,

and, consequently, the generation of entropy. As the retar-
dation parameter increases, the relaxation of the polymer 
chains is prolonged, resulting in a deceleration of the fluid’s 
response to deformation. As a consequence, the total dissipa-
tive processes and viscous dissipation within the fluid both 
reduces as a result of this behaviour. Entropy generation is 
frequently linked to irreversibility and dissipation; therefore, 
a reduced rate of polymer chain relaxation leads to reduced 
entropy generation, as shown in Fig. 3a. The generation of 
friction-related entropy reduces with the increase in retarda-
tion parameter as shown in Fig. 3b, when the Bejan number 
is below 0.5 . This observation reinforces the significance 
of polymer chain relaxation in determining the irrevers-
ibility of fluid flow and offers legitimacy to the notion that 
fluid motion, and more specifically friction, is the primary 
contributor to entropy generation within the system. The 
extensibility parameter is essential for characterising the 
rheological properties of polymeric fluids. As the exten-
sibility parameter increases, the ability of polymer chains 
to stretch further increases. This has a direct influence on 
the behaviour of the fluid, resulting in more fluid deforma-
tion, improved dissipative processes, and longer relaxation 
periods. These elements contribute to an increased develop-
ment of entropy in the system. Furthermore, when the value 
of b approaches infinity, the model simplifies to Falkner-
Skan model. Bhatnagar et al. [49] present the scenario of 
a viscoelastic effect incorporated into the Newtonian case 
as a correction of higher-order (O(Re)). Consequently, the 
entropy experiences a substantial rise, as shown in Fig. 4a. 
Now, let’s see how an increase in the extensibility results in 
a corresponding increase in the Bejan number. Figure 4b 
demonstrates that when the extensibility parameter expands, 
the dominance of fluid flow irreversibility becomes more 
pronounced. The enhanced extensibility enables more defor-
mation of polymer chains, resulting in an increased irrevers-
ibilities in fluid flow and, subsequently, a rise in the Bejan 
number. A decrease in the Dufour number signifies a reduc-
tion in the relative significance of mass transfer effects in 
comparison to heat transfer effects. Therefore, a reduction 
in the Dufour number indicates a change in the prevailing 

Table 2  Numerical results of the wall’s velocity gradient when s = 0 
and b → ∞

N −f ��(0) in Ref. [46] −f ��(0) in Ref. [48] −f ��(0) in 
current 
paper

0.0 0.6275 0.6283 0.6278
0.2 0.7667 0.7675 0.7671
0.5 0.8894 0.8901 0.8897
1.0 1.0000 1.0005 1.0001
3.0 0.1485 1.1490 1.1487
10.0 1.2348 1.2352 1.2350
20.0 1.2574 1.2578 1.2576

Fig. 3  The impact of retardation 
parameter on Ng and Be 40
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influence of heat transfer compared to mass transfer in the 
system. As a result, entropy generation is predominantly 
driven by irreversibilities in heat transport, and lowering the 
Dufour number reduces total entropy generation in the fluid 
system under consideration, as shown in Fig. 5a. Further-
more, Fig. 5b demonstrates that a reduction in the Dufour 
number strengthens the presence of fluid flow irreversibility. 
The diminished significance of mass transfer corresponds 
to the pre-existing conditions, resulting in an overall reduc-
tion in the Bejan number. The influence of thermal diffusion 
on mass transfer processes increases as the Soret number 
increases. The transition from molecular diffusion to ther-
mal diffusion results in enhanced mass transfer efficiency 
accompanied by diminished irreversibilities. Consequently, 

the total number of entropy generated is decreased, primar-
ily due to the diminished entropy generation associated with 
mass transfer. This phenomenon is shown in Fig. 6a. Simi-
larly, an increase in the Soret number reinforces the domi-
nance of irreversibility in fluid flow, as shown in Fig. 6b. 
Consistent with the pre-existing conditions, the decreased 
entropy generation in mass transfer processes as a result of 
the increased dominance of thermal diffusion causes the 
Bejan number to decrease overall. We will now examine how 
the Schmidt number influences the generation of entropy in 
Fig. 7a. The transition from momentum diffusivity to mass 
diffusivity occurs when the Schmidt number decreases in 
fluid flow. As a consequence, the generation of entropy 
related to friction is reduced, leading to a broad reduction in 

Fig. 4  The impact of extensibil-
ity parameter on Ng and Be 40
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Fig. 5  The impact of Dufour 
number on Ng and Be 40
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Fig. 6  The impact of Soret 
number on Ng and Be 40
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the generation of entropy due to the increased significance of 
irreversibilities in mass transfer. It is noteworthy to mention, 
as shown in Fig. 7b, that while the Bejan number remains 
below 0.5 the reduction in the Schmidt number may enable 
the Bejan number to approach greater values. Nevertheless, 
there continues to be a general tendency towards a decline 
in the irreversibilities of fluid flow and a reduction in the 
Bejan number. The influence of the Biot number, as shown 
in Fig. 8a, will now be examined. It is evident that internal 
heat transmission becomes more efficient in comparison to 
external heat transfer as the Biot number decreases. As a 
consequence, there is a decline in the overall irreversibilities 
of heat transfer and an equivalent reduction in the genera-
tion of entropy linked to heat transfer mechanisms occurring 

within the solid body. Let us now examine how the Biot 
number influences the Bejan number. As shown in Fig. 8b, 
a reduction in the Biot number leads to a corresponding 
enhancement in the efficacy of internal heat transfer taking 
place within the solid. Consequently, this leads to a decrease 
in the overall irreversibilities of heat transfer. Nonetheless, 
this doesn’t affect the dominant role of irreversibility in fluid 
flow as it pertains to the Bejan number, which ultimately 
decreases.         

As shown in Fig. 9a, the significance of viscous dissi-
pation diminishes in comparison to heat conduction as the 
Brinkman number decreases. As a consequence, the over-
all generation of entropy decreases, as the system enhances 
its thermal efficiency through increased reliance on heat 

Fig. 7  The impact of Schmidt 
on Ng and Be
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Fig. 8  The impact of Biot num-
ber on Ng and Be 40
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Fig. 9  The impact of Brink-
mann number on Ng and Be 40
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conduction. In contrast to heat transfer irreversibility, fluid 
flow irreversibility (associated with viscous dissipation) 
becomes less significant as the Brinkman number decreases. 
As shownin Fig. 9b, this shift in the irreversibility balance 
causes the Bejan number to increase overall, indicating that 
heat transfer is becoming more significant, while remaining 
below 0.5 . A higher temperature difference parameter guides 
to a reduction in the entropy rate by promoting more effec-
tive heat transmission, minimizing temperature variations, 
and minimizing viscous dissipation. Figure 10a demon-
strates that this impact aligns with the notion of minimizing 
entropy generation in thermodynamic processes wherever 
possible. As shown in Fig. 10b, as the temperature difference 
parameter increases, so does the intensity of irreversible 

heat transfer, which results in a rise in the Bejan number. 
Nevertheless, the Bejan number remains below 0.5 , suggest-
ing that the irreversibility of fluid flow continues to have 
a significant impact on the overall irreversibility balance. 
When the concentration difference parameter is increased, 
the system encounters a greater concentration gradient, 
resulting in a stronger driving force for mass transfer. As 
shown in Fig. 11a, this enhanced efficacy in mass transfer 
processes contributes to a decline in irreversibilities and, 
consequently, a reduction in entropy generation. The inten-
sity of mass transfer irreversibilities increases as the con-
centration difference parameter increases, resulting in an 
accompanying increase in the Bejan number. As shown in 
Fig. 11b, the Bejan number remains below 0.5 , indicating 

Fig. 10  The impact of tempera-
ture difference parameter on Ng 
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Fig. 11  The impact of concen-
tration difference parameter on 
Ng and Be

30

20

10

0
0 0.5 1 1.5 2

(a)

N
g

2 = 0.25�

2 = 0.50�

2 = 0.75�

2 = 0.25�

2 = 0.50�

2 = 0.75�

�

0.4

0.3

0.2

0.1

0
0 0.5 1 1.5 2

(b)

B
e

�

Fig. 12  The impact of diffusive 
variable on Ng and Be
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that the irreversibility of fluid flow continues to contribute 
considerably to the overall irreversibility balance. As shown 
in Fig. 12a, a reduction in the parameter representing the 
diffusive variable signifies a decrease in the generation of 
entropy that is linked to heat transfer within the system with 
an inverse impact on Bejan number as shown in Fig. 12b.

Conclusions

This study investigated the intricate dynamics that govern 
the generation of entropy in heat transfer systems when 
polymers and nanoparticles are present. We investigated 
the influence of fluid characteristics on entropy reduction, 
namely the retardation and extensibility parameters. The 
FENE-P fluid model provides valuable insights into the 
optimization of thermodynamic processes by manipulat-
ing these parameters. We also observed that polymer con-
centration significantly reduces the overall entropy of the 
system. Regarding the Bejan number, a decrease in the dif-
fusive variable parameter resulted in a higher Bejan number, 
emphasizing the dominance of fluid flow irreversibilities. 
Remarkably, this dominance was attained while observing 
the Bejan number below 0.5 , emphasizing the delicate bal-
ance between heat transmission and fluid flow. The influ-
ence of various fluid parameters, including the Dufour 
number, Soret number, Schmidt number, Biot number, and 
Brinkman number, on the rate of entropy generation was 
also thoroughly examined. These observations shed light 
on our investigation of thermodynamics and fluid dynam-
ics by illuminating the intricate interrelationships that gov-
ern the generation of entropy. This understanding provides 
opportunities for enhancing heat transfer systems, thereby 
facilitating the development of more efficient and sustain-
able technology.

Further investigation into this matter might involve 
exploring alternative models of polymeric fluid in order 
to complete our understanding of the subject. The primary 
emphasis of this paper has been on similar analysis; never-
theless, it is possible to expand the scope of this investiga-
tion to include non-similar analysis.
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