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STABILITY OF THE MEAN VALUE FORMULA
FOR HARMONIC FUNCTIONS IN LEBESGUE SPACES

GIOVANNI CUPINI, ERMANNO LANCONELLI

ABSTRACT. Let D be an open subset of R™ with finite measure, and let zop € D. We introduce the
p-Gauss gap of D w.r.t. xo to measure how far are the averages over D of the harmonic functions
uw € LP(D) from u(zo). We estimate from below this gap in terms of the ball gap of D w.r.t. o,
i.e., the normalized Lebesgue measure of D\ B, being B the biggest ball centered at x contained in
D. From these stability estimates of the mean value formula for harmonic functions in L”-spaces,
we straightforwardly obtain rigidity properties of the Euclidean balls. We also prove a continuity
result of the p-Gauss gap in the Sobolev space Wl’p/, where p’ is the conjugate exponent of p.

1. INTRODUCTION

Let D be an open subset of R", n > 2, and let B(z, ) be the open Euclidean ball with center
xo and radius r > 0. If B(zp,r) C D, by the Gauss mean value Theorem,

1
w(xg) = ——— u(y) dy, Yu € H(D),
( 0) |B($O7T)|/B(a:0,r) (y) Y ( )

where # (D) denotes the linear space of the harmonic functions in D and | B(xo, r)| stands for the
Lebesgue measure of B(zg,r). By the dominated convergence theorem, it follows that

_¥ u u Zo,T 1 o, T
40) = (o] o B0 Ve HBEo )AL Bl (0

In literature the stability and the rigidity properties of (1.1) have been studied. The question
of rigidity, a sort of an inverse problem for (1.1), is the oldest one treated in literature and is related
to the following question:

if D is an open set with finite Lebesgue measure containing xq, such that the mean integral of
harmonic functions in L' on D equals the value of these functions at o, then is D a ball centered
at xq?

The historical development of this problem, together with a comprehensive collection of re-
sults, is contained in the excellent survey [21] by Netuka and Vesely. Here we only quote a the-
orem by Kuran, who definitely gave a positive answer to the previous question, providing a short
and elegant proof, see [18]. In his paper Kuran introduced a harmonic test function (see (1.5))
which will play a crucial role in the present paper. We also remark that a domain satisfying the
mean value property for any harmonic functions is the simplest instance of a so-called quadrature
domain. Quadrature domains have been extensively studied ever since the 1960’s. A good source
of reference is the survey article [17].
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The other question, very recently introduced in literature, is that of the stability of (1.1):

if the mean integral of every harmonic functions in L' on an open set D is “almost” equal to
the value of these functions at xq in D, then is D “almost” a ball with center xy?

The answer to this question is affirmative and can be found in the recent paper [11] in a joint
collaboration with N. Fusco and X. Zhong.

In the present paper we face the problem of stability for harmonic functions in LP with p €
11, o¢].

Our LP-stability theorems straightforwardly imply rigidity results which, in the case 1 < p <
5, were proved by Goldstein, Haussmann and Rogge in [16, Theorem 3 (B)]. With a direct
proof, modelled on the one of our stability results, we also obtain a rigidity result for test functions
in #(D), in the same spirit of [16, Theorem 1].

We remark that our technique to prove the stability result Theorem 4.1 does not seem suitable
to obtain a similar result for the Gauss gap related to the surface average. An interesting stability
result in this direction has been obtained in dimension n = 2 by Agostiniani and Magnanini in
[1]. We point out that many stability problems in various settings have been investigated. We limit
ourselves to mention the papers [3], [4], [5], [7], [8], [9], [10], [13], [14], [15], [19], [20], [22].

1.1. Stability results. Our stability results are proved in Section 4. To describe them we need to
mathematically formalize the two “almost” appearing in the naive formulation of the problem.

Given an open set D C R™ of finite Lebesgue measure (|D| < o0), we denote HP(D)
the space of the harmonic functions in D that are p-summable in D with respect the Lebesgue
measure, i.e.,

HP(D) := H(D) N LP(D).

In HP(D) we introduce the following norm:

1
HUHZP(D) = (ﬁ’u(iﬁ)p d:E) if p<oo

and

etz ) 2= Nl oo,

1
-d:v::/-dx.
7{3 |D| Jp

We now introduce the p-Gauss mean value gap, that we use to measure how close is the mean
integral of the harmonic functions in L? on the set D to the value of these functions at ¢ in D.

Given an open set D of finite measure, g € D and p € [1, oo], we define the p-Gauss mean
value gap of D w.r.t. xg as

where, as usual,

u(zo) — ][ u(z) dx
Gp(D,x0) :=  sup D (1.2)

weH (D)\{0} lullzo ()

We devote Section 2 to discuss the main properties of this function, in particular we will prove that
the p-Gauss gap is always finite and that the supremum is attained if 1 < p < oo, see Proposition
2.2.
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Taking into account that in the stability problem for the mean value formula the point zg € D
plays a privileged role, to measure how far is D from being a ball centered at xo we will use the

following coefficient:
D\ B
B(D,zo) := DA ’(Dxr,rzo)|7

that we will call the ball gap of D with respect to x.
The stability question is the following:

where 7, = dist(zo, D), (1.3)

fixedp € [1,00] is it truethat  lim  B(D,zo) =02

gp (D,Io)ﬁ)o

If p = 1 the answer to this question is affirmative, since as it is proved in [11],
c(n)B(D,xo) < G1(D,xp). (1.4)

Now, in Section 4 we deal with 1 < p < .

A dichotomy (both regarding the exponent and the regularity of the domain) depending on
the exponent p appears and the threshold exponent is given by 5.

In Theorem 4.1 we consider the case 1 < p < "5 and we prove that

c(n,p)B(D, xo) < Gp(D,z9) VD CR", D openset, |D| < oo.

This estimate, similar to the one obtained for p = 1, is sharp since for ellipsoids centered at
xg the p-Gauss gap can be bounded also from above by the ball gap (see Proposition 4.2). The
strategy of the proof of Theorem 4.1, similar to that successfully used for p = 1, is based on the
use of the test function used by Kuran to prove his rigidity result: given the open D, xg € D
and z € 0D N IB(xo,T4,). Where, as above, r,, is the radius of the greatest ball centered at xg
contained in D, the function considered by Kuran is

hz(x) =1+ |z —E\”_Q‘m_ x e R"\ {z}. (1.5)

We will refer to this function as the Kuran’s function and in Section 3 we list and prove its main
properties, the main one being that hz is in HP(D) for any 1 < p < 5, enabling us to use h;z to
estimate from below the p-Gauss gap.

If -5 < p < oo a stability inequality is given in Theorem 4.3. This result is much more
delicate and requires a deeper analysis to overcome the lack of the right summability property
of hgz. Under a suitable exterior cone condition on D, a bound for G, (D, x¢) of (substantially)
Holder type is proved if p > -5, and one of log-Lipschitz type for p = 5. While our stability
result for p < "5 is sharp, the sharpness of our estimate for p > 5 is still an open problem.

1.2. W? -continuity of the p-Gauss gap. For the 1-Gauss gap in [11] it is proved that C't-
convergence of open sets to a Euclidean ball, for any o €]0, 1], forces the 1-Gauss gap to go to
zero and an example shows that this result is no more true if the C'1*-convergence of open sets is
replaced by the weaker W!-4-convergence for every g > 1.

In Section 5, we prove that W1 -convergence of domains to a Euclidean ball forces the p-
Gauss gap to go to zero if 1 < p < —"5. Here, as usual, p’ denotes the the conjugate exponent
of p; i.e. p’ is the real number such that % + 1% = 1. We refer to Theorem 5.1 for the precise
statement. We point out that the proof of this result relies on a continuity result for the p-Gauss
gap for every real p > 1, see Proposition 5.2. The main tools to prove this proposition are the
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densities with the mean value property defined in [2], see also [12], and the deep LP-estimate for
the gradient of the solutions to the Dirichlet problem on Reifenberg-flat domains, see [6].

1.3. Rigidity results. Section 6 is devoted to the rigidity question. As remarked in [11], the
estimate from below of the 1-Gauss gap with the ball gap, see (1.4), immediately implies Kuran’s
result, i.e.,

if D is an open set in R", |D| < oo, zg € D, and the mean value formula holds true
u(zg) —][ u(z) dx (1.6)
D

for every u € H(D) N LY(D), then D is a ball centered at x.

This implication (stability = rigidity) turns out to be true also for harmonic functions in
LP. Indeed, the stability result Theorem 4.1 implies that if (1.6) holds for every u € HP(D),
1 <p < 25, then D is a ball centered at . This rigidity result, Corollary 6.1, has been proved
in a direct way, in [16].
For p > "5 we looked for a direct proof of a rigidity result, so to avoid the exterior cone
condition assumed in the corresponding stability result, Theorem 4.3. This independent proof

allows to prove the following result:

[Theorem 6.2] Let D be an open set in R"™, |D| < oo, g € D, and assume that (1.6) holds
for everyu € H(D). If D = int D then D is a ball centered at x.

This result is in the spirit of [16, Theorem 1], where a similar rigidity result is proved for
bounded open sets and test functions in #(R"), see Section 6 below for details.
We remark that, since
HD)c () H(D),
1<p<oo
then Theorem 6.2 implies a rigidity result where the class of test functions is H”(D), for -4 <
p < oo.

The plan of the paper is the following: in Sections 2 and 3 we discuss some properties of the
p-Gauss gap and of Kuran’s function, respectively. In Section 4 we state and prove our stability
results, in Section 5 we present the Wl’p/—continuity result for the p-Gauss gap. The last section
is devoted to the rigidity issue.

Acknowledgements: We thank the referee for carefully reading the manuscript, for the valuable
remarks and suggestions. We also thank N. Garofalo and F. Leonetti for useful discussions on the
LP-estimates of the gradient of harmonic functions.

2. THE p-GAUSS GAP

In this section we discuss some properties of the p-Gauss gap defined in (1.2), p € [1, o0].
It is easy to verify that G, (D, x¢) is translation and scale invariant; i.e., for every y € R™ and
for every A > 0,

Gp(D,x0) = Gp(y + D,y + x9) and Gp(AD, Azg) = Gp(D, xp). 2.1

This immediately follows by the translations and dilations invariance of harmonicity and Lebesgue
measure.
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The following lemma is a straightforward consequence of Holder’s inequality.

Lemma 2.1. Given an open set D C R"™ of finite measure and xo € D then for every 1 < p <
q < oo

Dl

o (Ds20) < Gg(Ds20) < Gp(Ds20) < Gi(D,20) S 1+ =,
Goo(D, 70) < Gy(D, 20) < Gp(D, m0) < G1(D, z0) T B(wo, ra0)]

where 15, = dist(zg, D).

Proof. The last inequality is trivial and it also appears in [11]. Let us discuss the other inequalities.
By Holder’s inequality, for every 1 < p < ¢ < oo and every u € Li(D)

1

</D |u(x)’pd$>p = (/D “(9C>\‘1cz:r>é D[ 1,

||u||zp(D) < HuHiq(D)'
Since L4(D) C LP(D) we easily get

GQ(Da 1130) < gP(D7 :EO)'

Let us now prove that Goo (D, xg) < G4(D, x0) if 1 < g < oo. For every u € L>(D)

/D [ul? dz < Jull} )| D] = ] ) 1D,

therefore

that implies
”uHEq(D) < HuHEoo(D)~
Since L>°(D) C LI(D) we get Goo(D, z0) < Gy(D, x0). O
In the following proposition, we prove that if 1 < p < oo then the p-Gauss gap, that is defined

as a supremum, is attained.

Proposition 2.2. Given an open set D C R" of finite measure and ro € D, then for every

p €]1, 09
Gp(D,x0) = u(xg) — fDu(a:) dx

max
UGHP(D)7||“||Ep(D):1
Proof. If G,,(D, xo) = 0 we have nothing to prove.

Assume G, (D, zg) > 0.
Let (u;) be a sequence in H (D), such that

HujHZp(D) =1, (2.2)
and

uj(xo) — fDuj(a:) dz

Since 1 < p < o0, by (2.2) there exists & € LP(D), such that, up to subsequences:

gp(DvTO) = hm
j—00

(uj) weakly converges to @ in LP(D) if 1 < p < oo,

(uj) *x-weakly converges to ¢ in L>(D) if p = oo.
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Moreover, by (2.2) and by the weak lower semicontinuity of the Lebesgue norms,

Ha||zp(D) <1 foreveryl <p < oo. (2.3)

On the other hand, since the Laplacian is a hypoelliptic partial differential operator, we may as-
sume ¢ harmonic in D. Hence u € HP (D).
Let us consider the linear functional F' : HP(D) — R,

F(u) :==u(xg) — f u(z) dz.

D

Since for any open Euclidean ball B centered at xy and contained in D

F(u) = ]{Bu(x) dx — ]{j u(zx) dx Yu € HP (D),

then F' is continuous with respect to the weak convergence, if 1 < p < oo, and with respect to the
x-weak convergence, if p = co. Therefore, for every p €]1, 0]

(o) — ]{3 i(w) do

This implies @ # 0 and, by (2.3),

= [F(@)] = lim |F(u;)| = Gy(D.z0) > 0.

w(xo) — ]é) tdx

lallz

Gp(D,x0) <

Hence, by the very definition of G, (D, zy), see (1.2), we conclude. O

3. THE KURAN’S FUNCTION

Fix zg,a € R", g # a, n > 2.
As in Kuran [18], we define h,, : R" \ {a} — R,

o |lz — mo2 — |z — af?

ho(z) :=14 |zg — "™ 3.1

[z —al"
This function has the following properties:

Lemma 3.1. The following properties of the Kuran’s function (3.1) hold true:
(i) for every x € R"\ {a}

n— 1 - (.%' — CY) j
ho(z) =1+ |zg — "2 [z —a"2 +2;(0¢—$0)j‘x_az ;
(ii) ha € H(R™ \{a}),

(iii) ha(z0) =0,
(iv) ho > 1inR™\ B(xg, |a — x9l),
(V) ho € LY (R™) for every p € [1, -2=].

loc ' m—1
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Proof. The proof of items (iii) and (iv) is trivial. As far as (i), (ii) and (v) are concerned, it is
enough to notice that

|z —zol? — |zo—a* |z —al?+2(z — a,a — x0)
[z —al" - |$—0<|”
—a);
= a’n — +2Z 70471 (32)

and to observe that, up to constants, the last right hand s1de is the sum of the fundamental solution
with pole at « of the Laplace operator (if n > 3, otherwise, if n = 2 of a constant function) and
a linear combination of its first order derivatives. Moreover, by this formulation we immediately
conclude that h,, € L{, (R") for every p € [1, -5].

0
Given an open set D of finite measure, g € D, we denote 7, the radius of the greatest ball

centered at x( contained in D, i.e.
Tz, = dist(zg, D).

If o € D NOB(xg,74,) then the norm in LP(D), 1 < p < -4, of Kuran’s function h,, can
be estimated by a constant only depending on 7, p and | D|.

Proposition 3.2. Consider an open set D C R" of finite measure and xg € D.

For every 1 < p < 1, there exists a constant c(n,p,|D|) only depending on n, p and
such that
lhallzr(py < c(n,p, |D]) Vao € 0D NOB(xo, Tz,)-
To prove this result we will use some integral estimates of the function z — %

z—al”

Lemma 3.3. Consider an open set D C R" of finite measure and xo € D. For every a € R" and
for every q € [0, n[ there exists a positive constant ¢, depending only on n, q and |D)|, such that

1
———dzx < D).
[ e < e D)

Proof. 1t is easy to show that there exists a positive constant ¢, depending only on n and ¢, such

that )
/ ———dx < ¢(n,q).
DNAB(ay) [T — al?

1 1 1
/ < / e / 1 g
DNB(a1) [T — Bla,1) |7 — al B(0,1) |7|?

and the last integral is finite, because ¢ < n, and it is bounded by a positive constant depending
only on n and q.
On the other hand, for every z € D \ B(a, 1), we have that |z — a| > 1, therefore

Indeed,

1
/ ———dz < |D\ B(a,1)|dx < |D|.
D\B(a,1) [T — a

This concludes the proof. g

Thanks to the estimate in Lemma 3.3, we can prove Proposition 3.2.
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Proof of Proposition 3.2. Let a be in 9D N 9B(x, s, ). By (3.2)

— 1 |Oé .%'(]|
h <1+ |zg— a2 +2 .
[ha ()] [0 =l <|:L‘—oz|”2 |z — a|? )

Taking into account that |« — x| = r,, the radius of the greatest inner ball in D centered at x,

then
1
D n
lov — 20| = s < (H> , (3.3)

Wn

where wy, is the Lebesgue measure of the unit ball of R". Therefore

n—2 1
D[\ ™ 1 |D[\ " 2
he(z)| <1+ (121 (=)=
[ha ()] < +<wn |xfa|”*2+ Wn, |z — aln—1

By Lemma 3.3 the conclusion easily follows. U

4. STABILITY RESULTS

In this section we establish stability results for the Gauss mean value formula of harmonic
functions in LP. Precisely, we will estimate the p-Gauss gap with a function depending on the ball
gap, see (1.2) and (1.3) for their definitions.

The first result deals with the case 1 < p < =5. The case p = 1 has been yet considered by
the authors in a joint paper with Fusco and Zhong, see [11].

Theorem 4.1 (1 < p < "5). Let D C R" be an open set of finite Lebesgue measure, xo € D.
If 1 < p < ;25 then there exists a positive constant c, only depending on n and p, such that

cB(D, ) < G,(D, x9). 4.1)

Proof. If p = 1 this result has been proved in [11]. Here we are left to consider the case 1 < p <

n

n—1°
Since the right and left hand sides of (4.1) are translations and dilations invariant, see (2.1),
we may assume o = 0 and |D| = 1.

Let ro = dist(0,0D) and let a be a point in D N 0B(0, o).

Consider the Kuran’s function h, : R" \ {a} — R,

By Lemma 3.1, Proposition 3.2 and taking into account that |D| = 1, we have
Ihallzoo) = Ihallzagp) < en.p),

where c¢(n, p) is a constant only depending on n and p.
Therefore, by Lemma 3.1 (iii),

h0) — | ho(x)da
Gp(D,0) > ‘ hép(m > C(;p) ‘/D he(z) dz| .
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Since B(0,79) € D, by the Gauss mean value Theorem and properties (iii) and (iv) in Lemma
3.1, we have

/ha(x)dx - / ho(z) dz :/ ho(z)dz > |D\ BO 1), (42)
D D\B(0,r0) D\ B(0,70)
So we have proved that
1 1 |D\ B(0,r0)|
G,(D,0) > D\ B(0,rg)| =
D02 oy PN PO D)
Hence, (4.1) follows. [l

The estimate from below of the Gauss mean value gap in Theorem 4.1 is sharp in the following
sense.

Proposition 4.2. Consider the family of ellipsoids

1
D.:={z eR": (ex1)* + a5+ -+ <1}, 56]5,1[.

For every p € [1, 15[ there exist two constants c1(n, p), and cz(n), both independent of e, such
that

D\ B(O,r D\ B(0,r
Cl(n’p)M < Gp(D., mg) < 02(,1)M.
|D| | De|
Proof. By [11], there exists a constant ¢ > 0, independent of ¢, depending only on n, such that
D:.\ B(0,1
G1(De,0) < c(n)w. (4.3)
| De|

Collecting Lemma 2.1, Theorem 4.1, and (4.3), we get the thesis. O

We remark that another common way to measure the distance of a measurable set D C R",
|D| < oo, from a ball is provided by the so called Fraenkel asymmetry, defined as follows:

. . |DAB(z,rp)]
D)= inf ——————=
(D)= I =5

where 7 p is the radius of a ball with the same measure of D and
|DAB(z,rp)| := |D\ B(z,rp)| + |B(z,rp) \ D].

Since |[DAB(zg,rp)| = 2|D\B(zo,rp)| < 2|D\ B(xo, s,)|, the stability estimate (4.1) implies
that

if D is an open set of finite measure and xo € D, then for every 1 < p < 5
c
50[(D) < gp(D7 $0)7
where c is the constant in (4.1).

If we assume the extra condition that the open set D has a suitable exterior cone property, we
can obtain a stability estimate of G, for p > %
Precisely, we say that

K(z,0, R) is a cone exterior to D with vertex at & € 0D
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if there exist 6 € [O, z [ and R > 0 such that
K(z,0,R) :=z+T(X(6,R)), K(z,0,R)N D = {z},

where

S(0.R) = {1, yn-1,4) € BOR) : tan(0) (/1 + -+ 121 < v}
and 7' is a rotation in R™. We will call axis of the cone K the set
{r e K(z,0,R) : x=2+T(0,---,0,t) with ¢ > 0}.
———
n—1

Theorem 4.3 (-5 < p < 00). Let D C R" be an open set of finite measure and xy € D.

Denoted r,,, = dist(xzo, D) assume that there exists T in 0D NOB(xq, 1y, ) vertex of a cone
K(z,0, R) exterior to D.

Then, for every y €0, 1], the following inequalities hold:

If— f 7 <P = oo G,(D, o) > ¢B(D, zo) min{(|D|" % R)", B(D, xo)}%m—l—%)’ 4.4)

n—1

n

ifp= R Gp(D,x0) > cB(D, x0) <log il ) , (4.35)

n—1 min{(|D|~% R)", B(D, z0)}
with constants ¢, k > 0, ¢ depending only on n,p,0,, and r depending only on n and .
The right hand side in (4.5) is to be interpreted as 0 if B(D, x¢) = 0.

We remark that, while our stability result for p < " is sharp, the sharpness of our estimates
(4.4) and (4.5) is still an open problem.

To prove the result above we need some integral estimates for the function z — ——

lz—al*
Lemma 4.4. Let D C R" be an open set, |D| = 1, and 0 € D.
Denoted
ro := dist(0,0D),
assume that there exists
z€0DNOB(0,79g) and K(Z,0,R) cone exteriorto D. 4.6)
For any o on the axis of K(z,0, R), such that
1
o — 2| < 3, A7)
the following estimates hold:
(a) there exists a positive constant c only depending on n, 0 such that
1 1
/ L dr<en,0)log—— (4.8)
plz—al 1z —«af
(b) if ¢ > n then there exists a positive constant c only depending on n, q, 0 such that
1
/ dz < c(n, q,0)[7 — a]", 4.9)
p T —al?

(c) if 0 < q < n then there exists a positive constant ¢ only depending on n, q such that

1
dx < : 4.1
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Proof. Let us define
Po :=sup{r >0 : B(a,r) C K(Z,0,R)}. 4.11)
The definition of « and p,,, together with (4.6), (4.7), (4.11), imply

po = |a — | cos O < dist(a, 0D) < |a — Z| < (4.12)

N —

These inequalities, together with (4.6) and (4.11), imply

1 1 1
p |z —«a D\B(a,1) [T — @ Bla,1)\B(a,pa) 1T —

1 1 1
< |D\ B(a,1)| 4+ nwyplog — < 1+ nw, <log — + log ) .
p o — Z| cos 0

(67

By (4.7) 1

cos 0 lOg

1 1 + nwy, log
1 1
nenlos Cosg = log 2 lao —z|
therefore (4.8) follows.
If ¢ > n, by (4.11) and the first equality in (4.12) we get

1 1
/ dx < / dx = ¢(n,q,0)|z — o9,
p|T—alt R\ B(a,pa) 1T — @[

that is (4.9) holds.
If 0 < g < n we remark that

/ ! dxg/ 1dac—|—/ L dx <1+ c(n,q)
p |z —al? D\B(a,1) |7 — a4 B(a,1) [T — al?

and also (4.10) is proved. g

In the proof of Theorem 4.3 we will also use the following estimate.

Lemma 4.5. For every v,k €]0,1] and ¢, R > 0

min{2!=7c R?, k} g <
2max{27,c} -

Proof. Let us denote

1

min{2!=7¢ RY,k}\ 7

F(v,R = .

(o) o= (M D)
We first consider the case 2! ~7¢ RY < k.

We get

1 1
21=7¢\ 7 21=7¢\ 7 kK \y 11 1
F(v,R,c,k) < <21ﬂ> R< (21“) (552) =30 <5 @13

Let us now prove that F'(y, R, ¢, k) < %. We have

21-7¢ % R
) R

2c

F(v,R,c,k) < <

As far as the first case is concerned, the proof of the claim is concluded.
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Let us consider the remaining case, i.e. K < 2!~7¢ R7.
We have

) 1
K \&y 1 v 1
F(’Yv R,c, “) < (217+“/> < (21+7> < 5

Let us now prove that F'(v, R, ¢, k) < &. By using the assumption,

K\ = 27 7¢ % R
F(’YaRaCa’i)S(%>’YS< c > R:§

The proof is concluded.
We are ready to prove Theorem 4.3.

Proof of Theorem 4.3. 1f | D \ B(zo, rz,)| = 0 there is nothing to prove.

Let us assume | D \ B(zg,7x,)| > 0.

By the translation invariance of the left and right hand sides of (4.4) and (4.5), without loss of

generality we can assume zo = 0. Denoted
ro := dist(0, D),

by assumption there exist

z€0DNoOB(0,r79) and K(z,0,R) cone exterior to D.

Forany a € K(z,0, R),

R
a=z+T(0,---,0,t) witht €]0,—],
—— 2
n—1

we define

po :=sup{r >0 : B(a,r) C K(z,0,R)}.
A trivial computation shows that

Po = | — Z| cosb.

We split the proof into steps.

Step L.
Let us consider the Kuran’s function A, : R™ \ {a} — R,
2 2
_olx]® — |

(4.14)

(4.15)

(4.16)

“4.17)

Since a ¢ D, then h, € H(D) N C(D) (see Lemma 3.1) and h € LP(D), for every p € [1,0].

Let us prove an estimate of the LP-norm of A, in D.
We claim that:

if|D| =1and |a — z| < % there exists a positive constant ¢ depending only on n, p, 0, such

that

c(n, p, 6)
hall7 < ——n
rellzro) = Gz~ a)

(4.18)



STABILITY OF THE MEAN VALUE FORMULA 13

where .
& —al" if 25 <p < o0
o(|7 — al) := 1\ (4.19)
=) e
with the position é = 0.
Let us prove the claim, starting from the case -7 < p < cc.
By Lemma 3.1 (i), (3.3) and taking into account that
I D[\ # 1\"
lof <la—Z|+ 12| <1419 <1+ — =1+(—) , (4.20)
Wn Wn,
we have, if n > 3,
{ tha@do = [ fha(e)? do
D D
< c(n,p) |1+ [ a “.21)
= e p D |x — a‘p(n—2) ‘x — a’p(n—l) r )
and, analogously, if n = 2
1
h Pdx < 1 ——dzx|. 4.22
J e o < ) (14 [ 2 ) @22)

To estimate the right hand sides of (4.21) and (4.22) we use Lemma 4.4.
Collecting (4.21), (4.22), (4.8), (4.9) and (4.10), we easily conclude.

Let us now consider the case p = oc.
We claim that:
if ID| = 1 and |a — Z| < § there exists a positive constant ¢ depending only on n and 0, such

that
¢(n,0)

. 423
7= ol (4.23)

sup |hqa| <
D

Let us prove the claim.
If n > 3, using (4.20) we get

1 n—2 1 n—1
sup |ha| <14 ¢(n)sup < ) + ( )
D D |z —a [z —

<o [+ aran) )

Taking into account (4.12) we get

c(n) c(n, 0)
hal| < <
suplhal < @ oDy T S T ap

and (4.23) is proved.
In analogous way we can prove (4.23) for n = 2.

Step I1.
Let us assume |D| = 1.
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We claim that
for every v €0, 1] there exists ¢(n,~y) > 0 such that

][D ha(z) dz

> B(D,0) —é(n,y)|z — a|” Vo € B(z,1). (4.24)

Define
H(a) := ][DF(CC —a)dr = /DF(:c —a)dr = (I'x xp)(a),

where I is the fundamental solution of the Laplace operator with pole at 0.
By Lemma 3.1 (i), there exist a,,, b,, dimensional constants, such that

]1 ho dv = / hodr =1+ |a|" 2 (a,H(a) — by(VH (), ) ifn>3 (4.25)
D D

and
][ hodr =2 —b,(VH(a),a) ifn=2. (4.26)
D

Let us now suppose n > 3 and split H («) as follows
H(w) :/ F(x—a)da:—i—/ Iz — a)dr =: Hi(a) + Ha(a).
DNB(z,2) D\B(z,2)
The function Hy is in C*°(B(z, 1)) and

[ Hallcr (Bz,1)) < c(n),

where ¢(n) is a positive constant only depending on the dimension n.
On the other hand, by |D| = 1,

IXpB@E2) lLa@mny <1 Vg € [1,00].
Therefore by Calderon-Zygmund’s Theorem the function

a = Hi(a) = (I'* Xpnp(z,2) (@)

is in W2P(B(z,2)) for every p € [1, 00 with W2-norm only depending on n and p.

This information, together with the Sobolev-Morrey’s embedding Theorem and (4.25), im-
plies that

for every v €0, 1] there exists c¢(n,~) > 0 such that

tha(x) da:—][th(m) dx

The same conclusion holds true if n = 2. Indeed,

(VH().0) = 3 i (a)

n r r
:_Zai / 0 (:r—a)da:+/ 0 (x — a)dz
— DNB(3,2) O%i D\B(z.2) O%i

= (o, V(I' % XDmB(az,2))(04)> + (o, V(I XD\B(E,Z))(O‘)):

and then we argue as in the previous case.

<e¢(n,y)|z —al” Vo € B(z,1). (4.27)
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By (4.27) and

15
ID\ B0,
(@) do| 2 PAERIN 107 B0,

see (4.2), we conclude

Step III: The p-Gauss gap estimate for |D| = 1
Let us assume |D| =1
axis of the cone, i.e

a:=z+7T(0,--

For every v €]0, 1] we now choose o = a7, r9) € K(z,0, R). We assume that « is on the
where #(y, 1) is defined as follows

70a E(’Y, TO))a

(4.28)
t(vy,m0) := <min{2a(n’7)R’yv [D\ B(0,70)l}

1
y Y
2 max{(27, o, 1)} > /
where ¢(n, 7y) is the constant in (4.24) and

(4.29)

27
By Lemma 4.5, used with k = |D \ B(0,79)| and ¢ = ¢&(n, )

(4.30)
1 R
o — Z] <min{-, —}
x only depending on ~y such that

We use this to prove that there exists a constant ¢ depending only on n, p, 8, v, and a constant
. n

if < p < oo

n—1

n—1-1
G,(D,0) > ¢ B(D,0)min{R", B(D,0)} 7, 4.31)
_n—1
i n G,(D,0) > ¢B(D,0) (1 r ! 4.32)
ifp= : o .
b= = ’ & min{RY, B(D,0)}
We remark that the ball gap of D with respect to 0 is |D \ B(0,r)|, because we are assuming
|D| = 1.
Since hy € H(D) N LP(D) and h,(0) = 0, then by definition of p-Gauss gap,

]{) ha(z) do

Ihall oo

gp(D7 0) >

Using (4.18) and (4.24) we get

where (see (4.19))

Gp(D,0) = c(n,p,0) (D \ B(0,r0)| — &(n, )|z — o) (|7 — o)

(4.33)
| —al" i
p(lz—al) ==

if 25 <p< oo
n—1
1 T
<10g - ) ifp=-"-

_ n
n—1-°
Let us prove an estimate from below of the right hand side of (4.33)
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By (4.29) and recalling the notation (4.30) we have

) ) 28(n,7) , 1D\ B(0,70)] 1D\ B(0, ro)|
— 7|7 = RY < .
et o = af? = 520 —win Lagn o, PRI < [PAES
Therefore,
D\ B(0
1D\ B(0,70)| — &n,~)|z — al’ > ’\2(’”0)‘ (4.34)
If -=5 < p < oo then
n—1-2
(12 — a]) = min{2'e(n, 7)RY, D\ B(0,ro)[} 7
n—1—

> c(n,p,7) min{ 7, |[D\ B(0,70)[}

This inequality, together with (4.34), implies (4.31).
If p = -2 then

n—1

1 1 2max{27,¢é(n,v)} 1 k(n,7)
log —— = —log ————— < —log — ;
[Z—al v 7 min{277¢(n,7)RY, [D\ B(0, )|} T v 7 min{R7,|D\ B(0,ro)l}
where k(n, ) is a constant only depending on n and . By this inequality, together with (4.34),
we obtain that (4.32) holds.

Step IV: Conclusion.

The inequalities (4.4) and (4.5) have been proved in the previous step under the assumption
|D| = 1, see (4.31) and (4.32). Let us now remove this assumption by using dilations.

Let D be an open set with finite Lebesgue measure and let 0 € D. Define

1

1 \7#
Dy :={\x : x € D}, A= () :
DI

Then |Dy| = 1 and 0 € D). Moreover, if K(z,0, R) is a cone exterior to D with vertex at
T € 0D, then
Ky:={  :2€ K(z,0,R)} = K(A\7,0,\R)
is a cone exterior to D) with vertex at AT € 0D),. Notice that the opening of the cone K is
independent of A\. Then inequalities (4.31) and (4.32) hold true, with the same constants c and k,
by replacing D with D) and R with AR. On the other hand, the p-Gauss gap and the ball gap are
scale invariant, i.e.,
gp()\D,O) :gp(D’O) and B(DA,O) :B(D7O)

Therefore inequalities (4.4) and (4.5) follow. O

Since a convex open set D in R™ of finite Lebesgue measure has a cone exterior to D with
vertex at any point of the boundary, with any height R, then a straightforward corollary of Theorem
4.3 is the following.

Corollary 4.6. Let D C R" be an open convex set of finite measure and xq € D.
Then, for every v €0, 1|, the following inequalities hold:

If% <p<oor Gp(D,x0) > cB(D,:cg)H%("*l*% ,
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n—1

© Gp(D,mo) > e B(D, xo) <logB(DﬁIO)> o (4.35)

with constants ¢, k > 0, ¢ depending only on n,p,0,~, and r depending only on n and .
The right hand side in (4.35) is to be interpreted as 0 if B(D, xo) = 0.

ifp=

n—1

5. WP .CONTINUITY OF THE p-GAUSS GAP

In this section we consider 1 < p < oo, and, as usual, p’ denotes the conjugate exponent of
p, i.e. p’ is the real number such that % + z% =1.

Our main result is that if p €]1, "5 then the WP _convergence of domains, in a sense

specified by Theorem 5.1, to an Euclidean ball forces the p-Gauss gap to go to zero. We refer to
[11] for a related result about the C'>*-convergence of domains.

Theorem 5.1. Consider the ball B(0,2) in R, n > 2, and a function d € C1*(B(0,2)), a €
10, 1. Let

D :={x € B(0,2) : d(z) <1}
be such that

0D ={z € B(0,2) : d(z) =1}
and

B(0,1/2) € D C B(0,3/2). 5.1
Let
de :R" 5 R, do(z) = |z|°

| there exists a positive constant c, only depending on n, p and the
2), such that

Gp(D,0) < cl|d — deuwlm’(B(og)) .

Then for every p €]1,
CY-norm of d in B(0,

This result is a straightforward consequence of the Sobolev-Morrey embedding Theorem and
of the following proposition, that holds true for any p €]1, oo[.

Proposition 5.2. Under the same notation and assumptions on D of Theorem 5.1, let p be a real
number, p €1, 00].

Then there exists a positive constant ¢, only depending on n, p and the C*“-norm of d in
B(0,2), such that

Gp(D,0) <c (Hd - deHWLp/(B(O,Q)) +[ld - deHC(B(O,Q))) : 5.2)

Proof. We give a proof in R", n > 3. The case n = 2 can be handled exactly in the same way.
For the sake of simplicity, we will denote B L Bj and B» the balls in R™ centered at 0 with
radius % 1 and 2, respectively.
Hereafter I' denotes the fundamental solution of the classical Laplace operator with pole at
0, Gp stands for Gp(-,0), the Green function of D with pole at 0 and Gp, : R" — R, is an
extension of the Green function of B with pole at 0, precisely

Gp,(z) =T(x) —T'(1) x e R™ (5.3)
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Let us consider ¢ : [0, oo[— R,

A trivial computation shows that

/000 o(t)dt = 1.

For any open set D, let us define the function wp : D — R by

wp = @(GD)‘VGD‘Q. (54)
It is easy to check that
1 1
— - 5.5
wp, on ~ |B] (5.5)

As proved in [2], see also [12], wp is a density with the mean value property for D at 0; i.e.,
u(0) = / u(z)wp(z) dx Vu € H(D) N L' (D). (5.6)
D
We now turn to the proof, that we split into steps.

Step 1.
LetU, := {u € H(D)NLP(D) : ][ |u(z)|P dz = 1}. Then, by (5.6),
D

/Du(:v) <wD _ u;) do

|
Gp(D.0) < sup lull 2oy || wp — ﬁHLpf(D)

gp(D7 O) = sup
u€lyp

u(0) — ]{)u(x) dz

= sup
u€ly

Hence

1 1 1 1
= [D[?|lwp — EHLP,(D) < [Bsf? ||wp — ﬁ“m/(p)
1 |D[ — |Bi]]
< c(n, I Ll 5.7
= elrm.2) <Hw |B1] I o) B || D] o

where in the last inequality we used the triangle inequality.

Step I1.
In this step we provide an estimate of the last term at the right hand side of (5.7).

We claim that
|D| — | Bl

T < c(np)lld = deflc(sy), (5.8)
| Bi[| D] 7

where ¢(n, p) > 0.
To prove this claim we notice that

1 1
T < T
|B1||D|» |31HB%|”

To conclude, we use estimates proved in [11].
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If |d — dellcpy) > 3
ID] = [B1]| < [Ba| < c(n)|d = dellc(sy,)- (5.9)
As far as the case ||d — de | c(B,) < 1 is concerned, it is proved in [11] that
|ID[ = |B1l] < e(n)lld — dello(s,) (5.10)
for some ¢(n) > 0 depending only on the dimension n, precisely

c(n) = %

By (5.9) and (5.10) we get (5.8).

1+ (2 —1) sup (1 )22
2 n€lo,1]

Step II1.
In this step we estimate the first term at the right hand side of (5.7).
We claim that

1
Wp ~ 15T < c(n,p, |d]|cr.apy)) IT(1) — h||W17p/(D), (5.11)
| 1| LY (D)
where h solves the Dirichlet problem
Ah=0 inD
h=T ondD

and c(n, p, [|[d|c1.(B,)) is a positive constant that only depends on the dimension n, p and on the
CY%-norm of d in Bs.

To prove this, we refer to [11]. Indeed, by using (5.4) and (5.5), it is proved in [11] that the
following inequality holds in D:

1
wp = | < el ldlcramy) ((Go = G| + VGl = [VGil])

where c only depends on the dimension n and on the C'*-norm of d in Bs.
Taking into account that (5.3) implies Gp — G, = I'(1) — h we get
1
lwp — @‘ < e(n, |dllcra(s,) (I0(Q) = k| + [V(R =T (1))]).

and the claim trivially follows.

Step IV.
Collecting (5.7), (5.8) and (5.11) we get
Gy(D,0) < c(n,p, |dllcrasy) (IPQ) = Rl oy + CONd = delleqsy ) - (5.12)
We now prove that

IPL) = Bllygror (o) < e,y ldllona ()l — el (5.13)
This inequality, together with (5.12), will prove (5.2).
To prove (5.13) we first observe that h — I'(1) solves
A(h—T(1) =0 inD
h—T(1) = ®( —T(1)) ondD,
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where ® € C§°(B2) is such that
®=1on90D and ® =0in B:.
2

Now, if z € 9D (i.e. d(x) = 1) we have
®(z)l(x)

®(2)(I(x) (1)) = ()0 (z)(1 —|a|"7?) = W(l — |z[2=2))

L OC) 13y 2ay) — (o) ) o

= 1+‘$|n_2(d (x) = dg(x)) = U(x)(d(2) — de()),
where, for every x € B,

o) = ez @@ a7 ).
Obviously ¥ € Cé’a(Bg) and the function v := h — I'(1) satisfies
Av=0 inD
{ u=1 ondD,

with ¢ = (d — d.)¥. Notice that y» € C1Y(By).
Let us consider v := 1) — u. This function is a weak solution in VVO1 ’2(D) to

Av =div(Vey) inD
v=20 ondD.

Since D is C%%, then D is a (d, R)-Reifenberg flat domain, therefore by [6, Theorem 1.5] v
actually belongs to Wy (D) for any ¢ €]1, 0] and

IVl Lapy < el VYl La(p)

with ¢ independent of v and 1. Therefore, since
[ llwrapy < Sgp(\‘m +[VE)[|d = dellwra(py, (5.14)
2

we obtain
[vllwrapy < c(@IVYlLapy < (DIl (By) ld — dellwra(py-
By definition of v and using (5.14) once again, we conclude that for any ¢ > 1

ullwrapy < lvllwrapy + 1¥lwrap) < c(DI¥lcrpylld = dellwrapy-
By using these inequalities with ¢ = p’ we get (5.13). This concludes the proof.

6. RIGIDITY RESULTS
As a corollary of Theorem 4.1 we get a rigidity result proved in [16].

Corollary 6.1 (Theorem 3 (B), [16]). Let D C R"™ be an open set with finite Lebesgue measure.
Let 1 < p < -25. Suppose that there exists xo € D such that

u(zg) = ]{) u(z) dx Vu € H(D) N LP(D).

Then D is a Euclidean ball centered at xy.
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Proof. By assumption, for every u € H (D) N LP(D), u # 0,

u(xg) — ﬁu(w) dz

=0.
||UHZP(D)
Therefore G,(D,zp) = 0, that implies, by (4.1) in Theorem 4.1, |D \ B(xzg,ry,)| = 0, with
Tz, := dist(zg,dD). Since D is an open set, we conclude that D = B(z, ry,)- O

In [16] it is also proved the following result (see [16, Theorem 1]):

Let D C R™ be an open bounded set such that R™ \ D is connected and D = int D. Suppose
that there exists xq € R" such that

u(xzg) = ][D u(z) dx Vu € H(R").

Then D is a ball centered at x.

Now we prove a related result for open sets D C R" with finite Lebesgue measure and test
functions in (D), where

H(D) :={u e H(Dy) : Dy CR™isanopenset, D C Dy}

Theorem 6.2. Let D C R™ be an open set such that |D| < oo and D = int D. Suppose that there
exists xo € D such that

u(zg) = ][ u(z) dx Vu € H(D). (6.1)
D
Then D is a ball centered at x.
Before proving this result we prove a characterization of the assumption D = int D.

Lemma 6.3. Let D C R"” be an open set. Then the following are equivalent.

(i) D =int D

(i) 0D = 0D.
Proof. That (i) implies (i¢) comes from the following chain of equalities:

oD =D\intD=D\ D =aD.

Let us now prove that (ii) implies (). Since trivially D C int D, we only need to prove

int D C D. By contradiction, assume x € int D, but x ¢ D. Then
r€D\D=0D=0D=D\intD,

a contradiction. U
Proof of Theorem 6.2. By the translation and dilation invariance of harmonicity, we can assume

without loss of generality that 0 € D and that (6.1) holds for zyp = 0 and |D| = 1.
For every a € R™ \ D consider the Kuran’s function h,, : R" \ {a} — R,

o|z? = |af?

[z — o

hao(x) :=1+ |a|™™ z € R"\ {a}.
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Since o ¢ D, then h,, € ’H(ﬁ) (see Lemma 3.1). Therefore, by (6.1) and by taking into account

that 1, (0) = 0, we get
][ ha(z) dz
D

By Step II in the proof of Theorem 4.3, see (4.24), if ro = dist(0,0D) and Z is a point in
0B(0,79) N 9D, then
there exists ¢(n) > 0 such that

0= Vo € R"\ D. (6.2)

][ ha(z)dz| > B(D,0) — &(n)|7 — al}  Va € B(z,1). 63)
D
By (6.2) and (6.3) we have

ID\ B(0,7)| <¢&(n)|z —alz  Vae B(z,1)\D. (6.4)

Notice that, by Lemma 6.3, B(Z, 1)\ D is not empty and there exists a sequence (c;) in B(Z,1)\D
that is convergent to . By applying estimate (6.4) to each «;; and letting j go to oo, we conclude
that

[D\ B(0,70)| = 0.
Since D is an open set, we conclude that D = B(0, o). O
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