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AN INTRODUCTION TO THE NOTION OF NATURAL
PSEUDO-DISTANCE IN TOPOLOGICAL DATA ANALYSIS

PATRIZIO FROSINI

ABSTRACT. The natural pseudo-distance dg associated with a group G of
self-homeomorphisms of a topological space X is a pseudo-metric developed
to compare real valued-functions defined on X, when the equivalence between
functions is expressed by the group G. In this paper we illustrate d¢, its role
in topological data analysis, its main properties and its link with persistent
homology.

INTRODUCTION

In topological data analysis data are frequently expressed by continuous real-
valued (or vector-valued) functions defined on a topological space X, and two such
functions are considered equivalent if they can be obtained from each other by
composition with a suitable self-homeomorphism of X. This happens, e.g., when
we are interested in comparing images with respect to the group of plane isometries,
or ECG traces with respect to the group of translations in time, or temperature
distributions on the earth with respect to rotations around the north pole-south
pole axis. Such functions are called filtering functions. In order two compare this
kind of data a pseudo-distance is available, quantifying the infimum of the cost
of matching two functions ¢1, s by composition with a homeomorphism in the
considered group G, where the cost is defined by the L> norm. According to this
pseudo-metric the measurements o, o g € C°(X,R) are considered equivalent to
each other for every g € GG. In many application this property is important and
useful, since it allows to choose the data equivalence the user is interested in. For the
sake of simplicity, in this survey we will only consider the case of data represented
by real-valued functions. This paper is devoted to illustrate this pseudo-metric,
called the natural pseudo-distance dg associated with the group G. After recalling
the definition of dg (Section 1), we present some theoretical results concerning
the values that dg(¢1,p2) can take, showing that they are strictly related with
the critical values of @1 and @9, provided that these functions are regular enough
(Section 2). Secondly, we observe that while dg represents a clear ground truth in
our setting, it is usually quite difficult to compute, due to the size of the group G to
be examined. Therefore, efficient methods to get information about dg are needed.
The most relevant method to study the natural pseudo-distance is based on its
link with persistent homology and the theory of group equivariant non-expansive
operator. Section 3 is devoted to describe this link and its main consequences. In
Section 4 we conclude the paper by illustrating an open problem concerning dg-.
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Related literature and historical notes. This survey presents the main results
obtained about the natural pseudo-distance in the last three decades. These re-
sults appeared in several papers and are reported here without proof. For every
statement, the paper where the interested reader can find a precise proof is referred.
The concept of natural pseudo-distance appeared for the first time in the paper [14],
where the distance ||[A — B|| between pairs (4, B) of points in a submanifold M
of a Euclidean space was considered as a filtering function and the group G was
chosen to be the group of isometries of M. A different but strictly related distance
between real-valued functions defined on a manifold had already been presented in
[13], referring to the group of similarities of E™.

The description given in this survey is mainly based on the paper [18]. The
reader can find there definitions and proofs concerning the natural pseudo-distance
d¢ associated with a group G, together with its link with persistent homology and
the theory of group equivariant non-expansive operators. The problem of obtaining
lower bounds for diomeo(x) by means of persistent homology in degree 0 (size func-
tions) has been investigated in [19, 8, 6]. Lower bounds for dg obtained by means
of persistent homotopy in the case G = Homeo(X) and via G-invariant persistent
homology in the general case have been presented in [20] and [16], respectively.
A study of dg as a quotient pseudo-metric has been done in the paper [2]. The
proofs of the results concerning the link between the values that dg can take and
the critical values of the filtering functions can be found in [9, 10, 11]. The proof
of the result concerning the possible values of the natural pseudo-distance in the
case X = G = S! can be found in [7]. The results concerning optimal homeo-
morphisms are illustrated in the papers [19, 9, 4, 7]. A survey about the natural
pseudo-distance in the case G = Homeo(X) has appeared in [15].

1. THE DEFINITION OF dg

Let (X,d) and G be a finitely triangulable metric space and a subgroup of the
group Homeo(X) of all homeomorphisms from X to X, respectively. If ¢, po are
two continuous and bounded functions from X to R we can consider the value
infgeq |1 — @2 0 glloo. This value is called the natural pseudo-distance dg (1, p2)
between @1 and @y with respect to the group G. We recall that a pseudo-metric is
just a metric without the property assuring that if two points have a null distance
then they must coincide. We endow C°(X,R) with the L> norm and G with the
distance Dg(g1,92) := maxgzex d(g1(z), g2(z)), so that G becomes a topological
group acting continuously on C°(X,R) by composition on the right. We observe
that the action of G on C°(X,R) is continuous [18].

If G is the trivial group Id, then d¢ is the max-norm distance ||p1 — 2] co-
Moreover, if G; and G2 are subgroups of Homeo(X) and G; C Ga, then

dHomeo(x)(¢1, 92) < da, (¢1,92) < da, (@1, 92) < [lo1 — ¥2leo

for every @1, o € CO(X,R).

The direct computation of dg is usually difficult, due to the size of G. As an
example, if X = R and G is the group of all isometries of R3, a direct computation
of dg would require to evaluate ||p1 — 2 0 g||s for every isometry g : R® — R3.
The reader could think of approximating dg (@1, ¢2) by the value pg(p1,p2) :=
infges |lp1 — w20 9|00, where S is a sufficiently dense subset S of G. Unfortunately,
the use of ug would be impractical for data retrieval for two reasons. First of all,
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in many cases S should be a very large set in order to obtain a good approximation
of dg, so implying a large computational cost. Secondly, S could not be assumed
to be a subgroup of G, even if G is compact (cf. Section 3.1 in [18]). For example,
this happens when G is the group SO(3) of all orientation-preserving isometries of
R3 that take the point (0,0, 0) to itself. As a consequence, the function ug(ip1, ©2)
would not be a pseudo-metric. This would make the use of ug unsuitable for several
applications. In Section 3 we will see that this difficulty can be worked around by
means of persistent homology and the concept of group equivariant non-expansive
operator (Theorem 3.4).

We conclude this section by observing that in many cases we are not interested in
every function in C°(X,R), but in a bounded topological subspace @ of C°(X,R).
This is due to the fact that the choice of each measuring device restricts the set of
functions that can be obtained as data produced by the measurement. From now
on, we will assume that a bounded topological subspace ® of C°(X,R) has been
chosen.

1.1. The role of dg in Topological Data Analysis. The comparison of data is
usually a process depending on an observer. We could indeed say that data compar-
ison consists in the study of the relationship between an observer and the reality
he/she can measure. In this framework, data coincide with measurements. Ob-
servers receive and transform data and are, in some sense, defined by the way they
perform this transformation. It follows that observers can be defined as collections
of suitable operators acting on measurements [17].

According to the dictionary, a “measurement is the assignment of a number to
a characteristic of an object or event, which can be compared with other objects
or events” [23]. This definition implies that measurements (and hence data) can
be seen as functions ¢ associating a real number ¢(x) with each point z of a
set X of characteristics. (This definition admits a natural extension to vector-
valued functions but, for the sake of simplicity, we will treat here only the case
of scalar-valued functions). If we wish to develop a theory that can be applied in
real situations, we need stability with respect to noise. This justifies the use of
topologies on X and on the set @ of possible measurements on X, as illustrated in
the previous section. Furthermore, observers are often endowed with some kind of
equivariance, represented by a suitable group G of homeomorphisms. Therefore we
are interested in models where this equivariance can be represented. For example,
we usually look for pseudo-metrics that do not distinguish between the shapes of
the same object in different spatial positions. The natural pseudo-distance dg has
this property, since it vanishes when the measurements ¢, ¢ o g are considered,
with ¢ € ® and g € G. For this reason, the pseudo-metric dg can be considered
as a ground truth for data comparison in our theoretical setting. This justifies our
interest in its study.

2. THEORETICAL RESULTS ABOUT dg

When the filtering functions are defined on a regular closed manifold, some
results restrict the range of values that can be taken by the natural pseudo-distance
dg.
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Theorem 2.1 ([9]). Assume that M is a closed manifold of class C' and that
©1,02 : M = R are two functions of class C*. Set d := dyomeo(rm) (1, 92). Then
a positive integer k exists for which one of the following properties holds:
(i) k is odd and kd is the distance between a critical value of ¢1 and a critical
value of pa;
(ii) k is even and kd is either the distance between two critical values of p1 or
the distance between two critical values of ws.

Theorem 2.2 ([10]). Assume that S is a closed surface of class C and that o1, @2 :
S — R are two functions of class C'. Set d := ditomeo(s) (01, ¢2). Then a positive
integer k exists for which at least one of the following properties holds:
(i) d is the distance between a critical value of p1 and a critical value of pa;

(ii) d is half the distance between two critical values of ¢1.

(i4i) d is half the distance between two critical values of pa.

(iv) d is one third of the distance between a critical value of ¢1 and a critical

value of ps.

Theorem 2.3 ([11]). Assume that C is a closed curve of class C* and that @1, s :
C — R are two functions of class C*. Set d := dtomeo(c)(¢1,92). Then a positive
integer k exists for which at least one of the following properties holds:

a) d is the distance between a critical value of w1 and a critical value of pa;

b) d is half the distance between two critical values of 1.

c¢) d is half the distance between two critical values of .

The statement in the last theorem is sharp, as shown by the following examples.

Example 2.4. Let us consider the two embeddings of S! into R? represented in
Figure 1. The ordinate y defines two filtering functions ¢, s on S'. In this case
ditomeo(s1) (1, ¥2) = |p1(A) — o(B)|, i.e. it is the distance between a critical value
of 1 and a critical value of ps.

Example 2.5. Let us consider the two embeddings of S! into R? represented in
Figure 2. The ordinate y defines two filtering functions ¢, w2 on S'. In this case
diomeo(st) (91, 92) = 2|@1(A) — @1(B)|, ie. it is half the distance between two
critical values of ;. In Figure 2 a homeomorphism g. : S* — S! is displayed, such
that |1 — @2 0 ge|loo < € (we set go.(D.) = He, g-(C) = G and g.(E.) = F; the

first red arc is taken to the second red arc).

The research concerning the case that G is a proper subgroup of Homeo(M)
is still at its very beginning. As an example of the results concerning this line of
research we cite the following theorem.

Theorem 2.6 ([7]). Let @1, @2 be Morse functions from the Lie group S* to R and
set d = dgi(p1,p2). At least one of the following statements holds:

(1) There exist a critical point 01 for 1 and a critical point 05 for v such that
d=lp1(01) — p2(02)];.

(2) There exist 01,05,01,0, € S such that

C(llz |801(91)d— ©2(62)] Zd\%(?l) - f2(og)|;

o 22(0) = 22(0) and L (01) = 952(02)

o 0y —0,=0; j92; B B

95 (01) - -(01) - (p1(61) = 92(02)) - (1.(01) = 2(82)) < 0.
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b=y

FIGURE 1. In this case the natural pseudo-distance is equal to the
distance between two critical values of the filtering functions.

P=0,=y

FIGURE 2. In this case the natural pseudo-distance is equal to half
the distance between two critical values of the filtering function

©1-

2.1. Optimal homeomorphisms. Assume that ¢1,¢2 : X — R are continuous
functions. Let G be a subgroup of Homeo(X). We say that a homeomorphism
g € G is optimal in G for (1, p2) if |1 — p2 0 glleec = da(¥1,p2). The following
results hold for optimal homeomorphisms.
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Theorem 2.7 ([9]). Assume that M is a C' closed manifold and that @1, ¢ :
M — R are of class CL. If an optimal homeomorphism g € Homeo(M) for (o1, 2)
exists, then duomeo(m)(P1,92) is the distance between a critical value of p1 and a
critical value of ps.

Theorem 2.8 ([4]). If p1,¢2 : S* — R are Morse functions and dromeo(s1) (¢1, P2)
vanishes, then an optimal C?-diffeomorphism exists in Homeo(S1) for (1, p2).

Theorem 2.9 ([7]). The number of optimal homeomorphisms in the Lie group S*
for a pair (p1,02) of Morse functions from S* to R is finite.

3. A LINK BETWEEN de AND PERSISTENT HOMOLOGY

In this section we will show that the natural pseudo-distance d¢g can be studied by
combining persistent homology with the concept of group equivariant non-expansive
operator.

Persistent homology. Persistent homology can be seen as an efficient method to
compute lower bounds and good approximations for the natural pseudo-distance.
We recall here some basic definitions and facts concerning persistent homology. The
interested reader can find a more detailed and formal treatment in [12, 1, 3, 22]. In
plain words, persistent homology is a mathematical theory describing the changes of
the homology groups of the sub-level sets X; = ¢ ~1((—00,t]) varying ¢ in R, where
@ is a real-valued continuous function defined on a topological space X. We can
look at the parameter ¢ as an increasing time, whose change produces the birth and
death of k-dimensional holes in the sub-level set X;. For k = 0,1, 2, the expression
“k-dimensional holes” refers to gaps between connected components, tunnels and
voids, respectively. The distance between the birthdate and deathdate of a hole is
called its persistence. The more persistent is a hole, the more important it is for
data comparison, since holes with small persistence are usually produced by noise.

As happens for homology, persistent homology can be introduced in several dif-
ferent settings. In this paper we will use the definition based on Cech homology

(cf. [5]).
We start from the following definition.

Definition 3.1. Let ¢ : X — R be a continuous function. If u,v € R and
u < v, we can consider the inclusion i of X, into X,. Such an inclusion induces a
homomorphism * : Hy (X,) — Hy (X,) between the homology groups of X, and
X, in degree k. The group PHY (u,v) := i* (Hy, (X)) is called the k-th persistent
homology group with respect to the function ¢ : X — R, computed at the point
(u,v). The rank 71 (p)(u,v) of this group is said the k-th persistent Betti numbers
function with respect to the function ¢ : X — R, computed at the point (u,v).

It can be easily proved that if g € Homeo(X), the groups PHY (u,v), PH? (u,v)
are isomorphic to each other for every (u,v) € R with u < v and every k € Z.

A classical way to describe persistent Betti numbers functions is given by per-
sistence diagrams. The k-th persistence diagram Dgm, (¢) of the function ¢ is
the set of all pairs (bj,d;), where b; and d; are the birthdate and the death-
date of the j-th k-dimensional hole, respectively, with reference to the filtration
X = ¢ }((—o0,t]) varying ¢t in R. When a hole never dies, we set its deathdate
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FIGURE 3. An example of matching between two persistence diagrams.

equal to co. For technical reasons, the points (¢,¢) are added to each persistence di-
agram. Two persistence diagrams Dgm,, (¢1), Dgm,, (p2) can be compared by means
of the bottleneck distance dgn (Dgmy(¢1), Dgm,(p2)). It is defined as the maxi-
mum movement of the points of Dgm (¢71) that is necessary to change Dgm, (1)
into Dgmy, (2), measured with respect to the maximum norm (see Figure 3). If
Cech homology is used, each persistent Betti numbers function ri(¢) is equivalent
to the corresponding persistence diagram Dgm, (). Therefore the bottleneck dis-
tance induces a metric dyatcn On the set of the persistent Betti numbers functions, so
that dmaten (7 (91), 76 (02)) = dpn (Dgmy (1), Dgmy,(¢2)). The interested reader
can find the formal definitions of persistence diagram and bottleneck distance in
[12].

An important property of the metric dpaten iS its stability, as stated in the
following result.

Theorem 3.2. If k is a natural number and ¢1, 2 € C°(X,R), then
dmatch(rk(@l);rk(SpQ)) S dHomeo(X)(‘Plv(p2) S HSDl - @2”00 .

Group equivariant non-expansive operators. Let us consider the set F(®, Q)
of all maps F' from @ to @ that verify the following two properties:
(1) F(pog) = F(p)og for every ¢ € @ and every g € G (i.e. F is equivariant
with respect to G);
(2) |1F(¢1) — F(p2)lloo < llo1 — 2|l for every 1,99 € @ (ie. F is non-
expansive).
Obviously, F(®,G) is not empty, since it contains at least the identity map.
The maps in F(P,G) are called Group Equivariant Non-Expansive Operators
(GENEOs). In F(®, G) we define the metric Depnrpo(F1, F2) = sup,eq | F1(p) —
F3(0)loo-

Persistent homology as a tool to get lower bounds for dg. If F is a
nonempty subset of F(®,G), then for every fixed k we can define the following
pseudo-metric Diﬁch on §:

DIk (01, 2) = SUD e (11 (F (1), 7 (F(2)))
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for every o1, w2 € @, where ri(¢) denotes the k-th persistent Betti numbers function
with respect to the function ¢ : X — R. We will usually omit the index k, when
its value is clear from the context or not influential.

We observe that D\ (p1,p209) = DI (01 09,02) = DI (01, ¢2) for
every ¢1, @2 € ¢ and every g € Homeo(X).

The importance of DY lies in the following two results, showing that it can

match

be used to get information about the natural pseudo-distance dg.

Theorem 3.3 ([18]). If 0 # F C F(®,G), then DL ., < dg.

match —

Theorem 3.4 ([18]). Let us assume that every function in ® is non-negative, the
k-th Betti number of X does not vanish, and @ contains each constant function c
for which a function ¢ € @ exists such that 0 < ¢ < ||¢||oo. Then DTG _ g,

match

As a consequence, the topological and geometrical study of F (@, G) is important

in the research concerning the natural pseudo-distance. Theorem 3.4 allows us to
. . . F(3,G)
approximate dg by approximating D; . " -

Two relevant properties of F(®, G) are expressed by the following results.
Theorem 3.5 ([18]). If @ is compact, then F(P,G) is compact.
Theorem 3.6 ([21]). If @ is convez, then F(P,G) is conver.

4. AN OPEN PROBLEM

Let us consider a closed C! surface S and two C* filtering functions o1, @2 : S —
R. Let Homeo(S) be the group of all self-homeomorphisms of S. We know that
dHomeo(s) (91, ¥2) = Infychomeo(s) |1 — @2 © gllo is the natural pseudo-distance
between ¢1 and ¢y, with respect to the group Homeo(S). As we have previously
seen, it has been proved in [10] that at least one of the following statements holds:

(1) dromeo(s) (1, p2) is the distance between a critical value of ¢; and a critical
value of po;

(2) diomeo(s) (1, p2) is half the distance between two critical values of ¢;

(3) diomeo(s) (1, p2) is half the distance between two critical values of s;

(4) dHomeo(s)(¥1, ¥2) is one third of the distance between a critical value of ¢,
and a critical value of .

Interestingly, no example of two functions ¢1,92 : & — R is known, such that
(4) holds but (1),(2),(3) do not hold. A natural question arises: Can we find
an example of two such functions or prove that such an example cannot exist (so
improving Theorem 5.7 in [10])?
We recall that the usual technique to compute the natural pseudo-distance
dHomeo(s) CONSists in
e finding a lower bound for diomeo(s)(¢1,$2) by computing the bottleneck
distance dpny (Dgmy(¢1), Dgm,(p2)) between the persistence diagrams in
degree k of the functions ¢ and @2 (cf. Theorem 3.2);
e looking for a sequence (g;) in Homeo(S), such that lim;_, ||¢p1—p209illcc =
dpn (Dgmy (1), Dgmy(2)).
If such a sequence (g;) exists, then the definition of natural pseudo-distance
implies that diomeo(s) (1, 2) is equal to dpy (Dgmy (1), Dgmy (v2)).
Unfortunately, at least one of the following statements holds (cf. [8]):
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a) dpy (Dgmy (¢1), Dgmy(p2)) is the distance between a critical value of ¢4
and a critical value of y9;

b) dpn (Dgmy (¢1), Dgmy(p2)) is half the distance between two critical values
of ¢1;

¢) dpn (Dgmy(p1), Dgmy(¢2)) is half the distance between two critical values
of w2.

Therefore, if (1), (2), (3) do not hold for ¢1,2 : § = R, then duomeo(s)(¢1, ¥2)
cannot be equal to dgn (Dgmy, (¢1), Dgmy, (2)). This means that if there exist two
C! functions 1, s : S — R verifying (4) but not (1), (2), (3), then we need new
methods to compute dpomeo(s)(¥1,%2) and to recognize the pair (¢1,p2) as the
right example. As a consequence, the answer to the question asked in this section
is still unknown.
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