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This work investigates the influence of a generic anomalous diffusion model on mass convection in a fluid-
saturated porous medium, focusing on superdiffusive regimes. A mathematical model is developed, and
stability analyses — both linear and nonlinear — are performed. Results demonstrate that the specific form
of the time function describing anomalous diffusion significantly affects system stability, allowing stability to

persist beyond the classical Rayleigh-Bénard neutral threshold. Furthermore, transient perturbation growth is
observed under certain conditions, followed by eventual decay. The paper systematically examines various
memory functions, including power-law, exponential, and logarithmic forms, highlighting their impact on
the dynamics of disturbances. The findings underscore the importance of anomalous diffusion in modulating
stability and provide new insights into the transient behaviours induced by non-Fickian mass transport.

1. Introduction

Anomalous diffusion, also known as non-Brownian diffusion, refers
to the deviation from the classical Brownian motion observed in various
physical, biological, and chemical systems. Unlike standard diffusion,
where the mean squared displacement (MSD) of particles is directly
proportional to time, anomalous diffusion is characterized by a MSD
that follows a non-linear relationship with time. Anomalous diffusion
arises from various mechanisms such as heterogeneous media, memory
effects, and complex interactions, and it is prevalent in systems like tur-
bulent flows, crowded cellular environments, and disordered materials
such as porous media [1,2]. The first studies on anomalous diffusion
began in 1926 with the work of Richardson [3]. Richardson showed
that the equation proposed by Fick for diffusion is not suitable for
describing diffusion in turbulent currents and introduced a non-Fickian
diffusion equation where the number of neighbours per unit length
varies as a function of the distance between neighbours. The issue of
anomalous diffusion was revisited by Scher and Montroll in 1975 [4]
to investigate dispersive transport of a charge carrier in amorphous
semiconductors. Since then, numerous studies have been carried out
on this topic using different analytical approaches: fractional diffu-
sion; nonlinear diffusion equation and a generalized Langevin equation
(see [2] for more details). In the context of anomalous diffusion, the
assumption of thermodynamic equilibrium at a constant temperature
T may not hold. Consequently, the principle of equipartition of energy

* Corresponding author.
E-mail address: pedro.vayssiere2@unibo.it (P.V. Brandao).

https://doi.org/10.1016/j.icheatmasstransfer.2025.109410

Available online 7 August 2025

needs to be reformulated as

m [[ax]*\ _ @
5<[ 7 >—3h(f/f),

where m is the mass of molecule dissolved in a fluid subjected to
thermal agitation, 2 is a coefficient with the dimension of energy,
h(t/7) is a positive-definite dimensionless memory function and r is

a characteristic time constant. Introducing Y(r) = %%(xz(t)), the

simplest case involves Y (¢) being defined by a power-law of time for
sufficiently large times, i.e. Y(r) = D,rt'~!. This implies that the
variance in the random position of the molecules is given by 62 ~ 2D ;"
and the diffusion coefficient is
2
- %% =Dy, €
where the generalized diffusion coefficient D, has the dimension m?
s~ and r is the anomalous diffusion exponent. This exponent indicates
the nature of the diffusion: if 0 < r < 1, the process is subdiffusive,
implying hindered motion; if r > 1, it is superdiffusive, suggesting
enhanced, often directed, motion; if » = 1 one has standard diffusion.
Henry et al. [5] cite biological media and porous media as possible
environments where subdiffusion of power-law type can be observed,
while he cites turbulence in plasmas and transport in polymers as
phenomena where superdiffusion of the same type can be observed.
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Wu and Berland [6] discussed the physical meaning of time-dependent
diffusion coefficient of power-law type demonstrating that such a model
satisfies the extended diffusion equation.

Martin et al. [7] discussed the anomalous diffusion in bed load
transport showing a good agreement between a power-law model for
the time-dependent diffusion coefficient and experimental results. Some
authors treat the non-Fickian diffusion by considering a nonlinear
viscoelastic constitutive equation for the diffusive flux [8,9]. In their
study, anomalous diffusion of power-law type is considered to be a
possible non-Fickian behaviour for mass transport in polymers. Other
experimental observations regarding anomalous diffusion in different
problems can be found in [10-15].

The analysis of the effect of anomalous diffusion on the onset of
natural convection, and its comparison with results from standard dif-
fusion, has garnered significant attention from the scientific community
due to its wide range of applications. In particular, the influence of
anomalous diffusion of type (1) on instability in both porous and
clear fluids has been examined in [16-18]. Precisely, in [16] the
analysis of the Rayleigh-Bénard instability due to the mass diffusion
in a fluid-saturated horizontal porous layer is considered. Through
linear stability analysis, it has been demonstrated that subdiffusion
(r < 1) causes instability in scenarios where standard diffusion predicts
stability, whereas superdiffusion (r > 1) results in stability for any
value of the mass diffusion Rayleigh number Ra. In [17], the Rayleigh—
Bénard instability in a binary isothermal mixture is investigated. Linear
stability analysis and energy method predict instability in the subdif-
fusive regime and stability for each value of Ra in the superdiffusive
regime. In [18] the thermal convection with anomalous heat diffusion
is analysed. Through the energy method, it is proved that superdiffusion
has a stabilizing effect on thermal conduction solution in the cases of
a Darcy porous material incorporating variable gravity or penetrative
convection effects, in bidisperse porous material and in the case of
thermosolutal convection.

The power-law dependence on time of the mean squared displacement
can be observed in various contexts. However, modern microscopic
techniques allow for the identification of different anomalous stochastic
processes [19].

The effects of a generic memory function A(¢/7) (which may not nec-
essarily vary as a power of time) on the stability of fluid motion
have yet to be explored. In this work, we aim to investigate the
impact of a generic anomalous diffusion law on mass convection in
a fluid saturating a porous medium. For this purpose, we focus here
on the role represented by anomalous diffusivity isolated from other
possible effects that can affect mass convection in a porous medium.
According to [20], other than a power-law behaviour, time-dependent
diffusivity modelling non-Fickian behaviours can follow exponential
and logarithmic behaviour in some cases. These authors demonstrated
that these types of time dependence match well experimental data
and they mention diffusion of water molecules in brain tissues as a
possible biophysical application. We show that, depending on the time
function describing anomalous diffusion, stability can be maintained
even beyond the neutral stability threshold of the Rayleigh-Bénard
problem with standard diffusion. Specifically, there can exist regions
of transient growth in perturbations, with their duration and extent
determined by the control parameters and the shape of the anomalous
diffusion memory function, after which the perturbations decay to zero.
Here we focus on generic anomalous diffusion of superdiffusive type.

The paper is organized as follows. Section 2 is devoted to the
superdiffusion as a mechanism for instability control, by presenting a
case study. Section 3 introduces the mathematical model describing the
flow of a binary mixture saturating a horizontal porous layer with a
generic anomalous mass diffusion. The dimensionless perturbation sys-
tem to the basic state is determined. Section 4 deals with the nonlinear
stability analysis in the energy norm. A sufficient condition guaran-
teeing the stabilizing effect of generic anomalous diffusion, for every
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value of the mass diffusion Rayleigh number, is determined. The linear
stability analysis is performed in Section 5. Under certain conditions, it
is proved that there exists a transient growth of perturbations, before
they asymptotically decay to zero. Different memory functions (power-
law, exponential, logarithmic) are considered in Section 6. Some figures
with the linear dynamics of disturbances are showed in Section 7. The
paper ends with Section 8 containing some concluding remarks.

2. Superdiffusion as a mechanism for instability control

The apparent stabilizing role of superdiffusion on the onset of
convection is extensively discussed in the papers [16-18]. Linear and
nonlinear analyses seem to agree that in an asymptotic sense distur-
bances are always stable in superdiffusive convection. We recall that
when natural convection takes place, an enhancement of heat transfer
is observed, which can be of interest for some applications while
undesirable for some others. In this sense, a good comprehension of
the role of non-standard diffusion processes on convection can be the
key for the development of a framework to control instabilities and
consequently the onset of natural convection.

As a case study, one can envisage a salt gradient solar pond (SGSP).
It is an artificial pond that has the ability to store solar energy due
to its non-convective nature [21,22]. Such an ability is a consequence
of the presence of an imposed stable vertical gradient of salt concen-
tration (detailed information can be found in [22]). Some efforts were
made in the last decades in order to understand better the convection
phenomenon in a SGSP [23,24]. Karim et al. [25] studied the linear sta-
bility of the gradient zone in a solar pond by considering a model based
on clear fluids. In their study, the role of the thermal and concentration
gradients ratio is put in evidence. As pointed out in the theoretical
work by Nield [26], the linear instability threshold of a thermohaline
convection in porous media is given by a combination between the
dimensionless temperature and concentration gradient. The principle
of a SGSP performance is the imposition of a stable salt concentration
gradient in order to counterbalance an unstable thermal gradient and
thus avoid the onset of heat transfer by convection. This means that
there exists an upper limit for the thermal gradient that guarantees
a pure convective state, whose value depends on the gradient of salt
concentration magnitude. Now, if one substitutes the salt with a generic
solute whose diffusion is anomalous of superdiffusive type, it would be
ideally possible to establish a pure conductive state even in the presence
of a very large thermal gradient. It is clear that the operation of a
SGSP has other technological limitations besides the presence or not
of heat transfer by convection. However, the present exercise is meant
to demonstrate the potentiality of a good comprehension of the natural
convection phenomena in the presence of anomalous diffusion.

3. Mathematical model

Since we aim to investigate specifically anomalous diffusivity effects
on mass convection in porous media, we consider an isothermal, in-
compressible, Newtonian fluid saturating a horizontal porous layer of
depth d, subjected only to the gravity force, where a solute diffuses. The
momentum, mass balance and solute transfer equations in a reference
frame R = {O,1,j,k} (k pointing vertically upward), are given by

v=-=Vp+pyga.(C - Cyk,

V-v=0, (2)

<p% +v-VC = @D h(1/7)AC,

=

where v is the seepage velocity, C the solute concentration, p is the
local difference between the pressure and the hydrostatic pressure, ¢
is the time, y is the dynamic viscosity, k is the permeability, p, is
the reference fluid density at the reference concentration C, g = —gk
is the gravity vector, a, is the volumetric expansion coefficient, @ is
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Table 1
Scales employed for the nondimensional formulation.
Quantities Scales
Coordinates d
Time t=d?/®D,
Velocity d/t
Concentration C-C,
Pressure ud?/tk

the porosity and D ; is the generalized diffusion coefficient. To (2), we
append the boundary conditions

v.n=0,onz=0d, C(x,5,0,0)=C,, C(x,y.d,)=C,, C;>C,. (3)

Table 1 schematically shows the scales employed to define the
different dimensionless quantities.
Introducing the transformation

X t vT Cc-C prk
Xpd = > td = o Vaa = s Caa = C-c T (4

where 7 = d?/®D  and the mass diffusion Rayleigh number is defined
as

kpya.g(C, — C,)d
Ra = M 5)
PuD;
The dimensionless model is then written as (by omitting the sub-
script “nd”)

v =—-Vp+ RaCk,
V.v=0, (6)
dwaa—(; +v-VC = h(HAC.

It is important to remark that since A(r) is a dimensionless memory
function, D f has the standard dimensions for a diffusion coefficient,
i.e. m*s~!. For this reason, the definition of the mass diffusion Rayleigh
number adopted here is the standard one. The boundary conditions (3)
become

v-k=0,0onz=0,1, C(x,y,0,t)=0, C(x,y,1,1)=-1. (@)
The basic motion is given by

— — - - 22

v=0, C(z)=-z p=p0—Ra7. 8
Introducing the perturbation fields

u=v-v, II=p-p, r=c-c¢, 9

the non-dimensional perturbation system is given by

u=—VII + Rarlk,

V-u=0, (10)

<Daa—1): +u-VI=w+ h@)ATl,

where u = (4, v, w), under the boundary conditions

w=I=0, onz=0,1. an

4. Stabilizing effect of generic anomalous diffusion

Let us assume that {u,v,w, ', VIT} are periodic in the horizontal
directions of period 27 /a, and 2z /a, along the x and y axes respectively

and denote by V = [0, 2—”] X [0, 2—”] % [0, 1] the periodicity cell, by (-, -)
ay ay

and || - || the L?*(V)—scalar product and norm respectively, i.e.

<f,g>=/vfgdv, 17l = (/V fde>2

International Communications in Heat and Mass Transfer 168 (2025) 109410
Multiplying (10); by u, (10); by I', integrating over V' one obtains

llull® = Ra(T", w),

12
%%urn? +(u- VI, T) = (I',w) + h(t)(T, AT). a2

In view of the boundary conditions, the periodicity of solutions and the
divergence theorem, one has

2u-VI, Ty = (u,VI?) =/ ru-nde—(V-u,I'’y=0 13)
v
and
<F,AF)=/ I'VI -ndo — |VT||> = —||VT|>. a4
v

Then, adding (12),-(12),, one has

@ d

EEIIFII2 = —[lull® + (Ra+ D){I",w) — h@)|IVI||*. (15)
In view of the Poincaré and Cauchy inequalities, one recovers that

@D d (Ra + 1)?

EEIIFII2 < —lul? + ——=TI* + wl|* - h()=*|| T||* a6

Ra+1)?
<|FeE - hmzﬂ] I

Then, one has

d ..o [222h(t) (Ra+1)? )

=\r = <o, 17
dtll II+[ D D - < a7
ie.

d ) 27*H() (Ra+ 1)

= [ A <

dt{llfll CXP[ > o =0 (18)
being H(r) = f; h(r)dr. Hence

Ra+ 1> 272%H(t)

> < ro? ¢ - ) 19
1= < 1r ol eXP{ ) 2 19
Therefore, if

tim 2@ _ o, (20)
t—o00 t

one has that ||I'|| tends to zero for every value of Ra.
From ||u||> = Ra(I",w), by applying the Cauchy inequality, one easily
recovers that

2
Jul < R e Ll @1
2 2

i.e. |[u]|? < Ra?||T'||*> and hence, when ||I'||?> tends to zero, then |u||?
tends to zero too.

Summarizing, when the mass diffusion can be expressed as an arbitrary
positive, integrable function of time, there is stability for every value of
the mass diffusion Rayleigh number if (20) holds, where H'(t) = h(?).

5. Linear stability analysis

Section 4 showed that, depending on the characteristics of the
function A(r), the nonlinear stability in the energy norm is ensured
for every value of Ra. In order to understand better the effect of a
generic anomalous diffusion on the possible transition to instability,
we investigate in this section the linear dynamics of infinitesimal
disturbances when superposed to the basic solution given by Eq. (8).

Getting rid of the pressure field, in view of the periodicity in the
horizontal directions and the boundary conditions, one can write

u = u,(f) sin(nzz)e’ @) = [(1) sin(nrz)e @Y, (22)

with w,(t) = (u),v,(t), w,(r)). Substituting in the linearized version
of (10), algebraic manipulation allows one to arrive at the system of
equations for w,(r) and I}(r)

_ Ra(a? + %)

= , 23
n2a? + a2+ 2" @3)

1
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ar,

(pa—t’ + (27 + & + pHROT, = w,. (24)

After substituting Eq. (23) in Eq. (24), it yields a single equation for
Ft
or,
? + C h()I;, — G, I, =0, (25)
where, C; and C, are positive coefficients given by
¢ = %(n%ﬂ +al+ ), 26

1 Ra(@®+ g%

CG=———.
T onpitra+ 2

27)
The solution of Eq. (25) depends on the function A(¢), and it is given

by

I, = I, et®, (28)

where I, = I'(0) and
t
()= / (€, — € h(©)] dé. (29)
0
5.1. Asymptotic behaviour

The behaviour of I; in the asymptotic limit of + — oo can be deduced
from the behaviour of the function Z(r), which is given by

I(t) = Cyt — C;H (), (30)

where H(t) = /0' h(z)dr. Considering that C; and C, are independent of
time, and are about the same order of magnitude, we can say that if

H(@)

lim — = oo, (3D
=00 t

then

lim I} =0, (32)
t—oo

and the problem is said to be stable from a linear point of view.
5.2. Transient behaviour

We have found a sufficient condition to asymptotic stability from
a linear point of view, which is given by Eq. (31) and depends on the
function A(r). At this point, one could be interested in understanding
the short-time behaviour of the disturbances besides their asymptotic
behaviour. By looking at the time derivative of I}, at t = 0 it is possible
to establish if the disturbances have a monotonic or a non-monotonic
behaviour in time. In fact, if such a derivative is positive, the behaviour
is a non-monotonic one. The time derivative of I at t = 0 is given by
orI,
—|  =c¢, - h), (33)
ot |,
which yields a positive derivative for C, > C;h(0).
5.3. Maximum transient growth

In the case of non-monotonic behaviour, the maximum transient
growth can be determined by evaluating the following equation

Cy = Cihltgay) = O, (34)

where ¢ is the time instant of the maximum transient growth T

gmax max*

6. Different memory functions

In this Section, different memory functions will be considered in
order to understand the linear dynamics of the disturbances both from
an asymptotic and a transient point of view.
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6.1. Power-law

The memory function can be modelled by a power-law function
h(t) = rt™, (35)

where r > 0. Two different behaviours are possible. If r > 1, the process
is said to be superdiffusive, while if r < 1 it is subdiffusive. The case
r =1 yields the classical diffusion. For r < 1,

lim HO =0, (36)

=00 t

meaning that

lim I, = oo, 37)

1—00

which implies that for the subdiffusive case disturbances always grow
in the asymptotic regime. In this case, we are not interested in the
transient behaviour. For r > 1,

lim HO = o0, (38)

>0 t

meaning that

lim I, =0, (39)

=00

which implies that the superdiffusive case is always stable from an
asymptotic point of view. In this case, it could be interesting to un-
derstand the short-time behaviour of the disturbances. For t = 0, we
have h(0) = 0, and then

or,
i G, (40)
which is a positive value. Such a result implies that the linear temporal
dynamics of the disturbances is a non-monotonic one. The disturbance
amplitude grows for small values of # and decays to zero in its asymp-
totic limit. In this case, the maximum transient growth is observed for
=

t = -0
gmax Cl r

(41)

At this instant of time, the disturbance magnitude reaches the value

rtmax = exp (CZIgmax - Clt;mgx) . (42)

6.2. Exponential

Another possible way to model the anomalous diffusion is consid-
ering a memory function of exponential type, which can be defined by

h(ny=e¢'. 43

In this case, we have

fim 29O _ . (44)

t—oo t

which implies

lim I}, = 0. (45)

1—00

In other words, an exponential memory function yields linearly
asymptotically stable disturbances. For 1 = 0, we have h(0) = 1, and
then
Ll e (46)

ot |— 2 v
which means that disturbances time derivative at + = 0 can be either
positive or negative depending on the values of the control parameters
and the disturbance characteristics. Namely, if C, > C,; disturbances
grow at ¢ = 0, otherwise they decay. If a growth is observed for 7 = 0,
the temporal behaviour of the disturbances is non-monotonic, since we
know that lim,_, , I, = 0. In this case, there is an initial transient growth
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of the disturbances, followed by an asymptotic decay. The maximum
transient growth is achieved here at

Lomax = 10g(C2/C1)' (47)

At this instant of time, the disturbance magnitude reaches the value
of

c,\ &
T = <c_?> exp (C; = Gy). (48)

6.3. Logarithmic

If a logarithmic behaviour is the appropriate one to model the
memory function, it can be defined as

h(t) =log(a +1), (49)

with a > 1 being a dimensionless anomalous diffusion parameter for the
logarithmic memory function. It is important to remark here that the
presence of the parameter a in the definition of the logarithmic memory
function has two main reasons: the first one is the necessity of having
a positive definite memory function for all values of 7 > 0; the second
one is the interest in considering a logarithmic function without any
loss of generality, if one considers a priori a constant value for a, as for
instance a = 1, it would imply a less general model. In this case, we
have

fim 29O _ o, (50)

t—co

which implies

lim I, = 0. (51)
For t = 0, we have that A(0) = log(a), and consequently

or,

= C, — C, log(a). (52)
ot =0

In the case a = 1, the transient growth is always observed because
the disturbance time derivative at + = 0 is equal to C,. However, for
a > 1 it depends on the sign of C, — C, log(a). If a = e the transient
growth is observed just for the case C, > C;.

This means that the disturbances start to grow at ¢t = 0 just for some
parametric combinations. In the case of transient growth, the maximum
growth is achieved for

¢ =02/Ci _ ¢, (53)

gmax

Att =t,,,, for the present case, the maximum value reached by the

disturbances after the transient growth is

C, G\ 4 ()
Ipax = €xpla Cp) exp [(exp <C_> - a) (Cl + Cz)] exp <C_> .
1

1

7. Discussion of results

In order to analyse the stabilizing effect of different memory func-
tions used to model the anomalous diffusion behaviour, we focused
both on the transient and on the asymptotic behaviour of the dis-
turbances. In the case of asymptotic decay of the disturbances, it is
imperative to understand their short-time behaviour. In this regime,
it is important to know if the disturbances initially start to grow. If
so, the time necessary to reach their maximum growth is an interesting
additional information. In this section, we compare the behaviour of the
different memory functions for different parametric combinations. For
the sake of simplicity, without any loss of generality, we consider for all
the following results Iy = 1. Results are presented mainly in terms of C;
and C, as well as in terms of the governing parameters of the different
memory functions presented in Section 6. It is important to remark
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that, although the parameters that usually appear in classical stability
studies, as the Rayleigh number and the disturbance wavenumber, are
implicit here, a relationship between all these parameters can be easily
obtained from (26)-(27), namely

1

C-C= "
2 ! D(a? + f? + n?x?)

[Ra(a® + p*) — (@® + f* + n*7%)?].

Then, it turns out that C; = C, defines precisely the linear stability
threshold for the classical Darcy-Bénard problem with standard diffu-
sion, i.e. Ra = (a®>+p%+n*z2)?/(a®+p?). In this sense, C, < C; represents
linear stability as Ra < (a®+p%+n*z2)? /(a*+/?) while C, > C, represents
linear instability as Ra > (a® + % + n?z2)? /(a® + f?).

Figs. 1-3 show the temporal behaviour of the disturbances consider-
ing the case of a power-law memory function, as described by Eq. (35).
All the features related to temporal behaviour of the disturbances dis-
cussed in Section 6.1 are confirmed here. Namely, the asymptotic decay
and the initial transient growth of the disturbances, which confirm
their non-monotonic behaviour. Another interesting information is the
one related to the dimensionless time necessary for the disturbances
to reach their maximum value after the transient growth, before the
asymptotic decay. By looking at Figs. 1-3 it is clear that the time
necessary to reach the maximum transient growth is higher for the
cases with C, > C; (left frames). These figures confirm the result given
by Eq. (41), which states that when C, > C, the time necessary to
reach the maximum growth is higher than in the case ¢; > C,. In
that case, the maximum value reached by the disturbances is higher
as well, and it is given by Eq. (42). It is important to remark that
all these curves are relative to the linear behaviour of disturbances
governed by Eq. (25). According to linear stability theory, unstable
modes grow indefinitely for - co. However, in a real world scenario,
this unlimited growth is not observed because of two main reasons:
when disturbances reach high values, linear stability theory loses its
validity; in general, a linear disturbance growth is followed by a break-
down of the original equilibrium state or a transition between different
states. Mathematically, the explanation is given by the nonlinearities
of the governing equations. When infinitesimal disturbances grow, a
nonlinear interaction between them is responsible to the so-called
nonlinear saturation, which justifies the appearance of different states.
For this reason, it is possible to observe here a disturbance transient
growth of several orders of magnitude, which is completely aligned
with linear stability theory. In an asymptotic regime, energy stability
analysis states that disturbances decay to zero even when a transient
growth is observed. However, to understand the nonlinear scenario in
the short-time regime, direct numerical simulations of the nonlinear
model must be performed, which can be an interesting opportunity for
future developments of the present study.

Fig. 4 shows the temporal disturbances dynamics for the case of an
exponential memory function, as described by Eq. (43). Again, all the
features discussed in Section 6.2 are confirmed. The transient growth
only exists here for C, > C,. In addition, for higher values of C, both
the time necessary for the disturbances to reach their maximum values
and the maximum values of the magnitude increase.

Figs. 5-7 show the linear disturbances dynamics when considering
a logarithmic memory function for different values of the parameter a.
For the logarithmic case, the existence of the transient growth depends
on the control and the anomalous diffusion parameters. For C, > C,
both the maximum value of the disturbances magnitude and the time
necessary to reach it are higher. In the case of C, > C,, increasing C,
yields a smaller 7,,,, but a larger maximum disturbance magnitude.
Increasing the anomalous diffusion parameter a reduces the maximum
transient growth as well as the time necessary to reach it. If a = 1 then
the transient growth is always observed. On the other hand, if a > 1, it
is observed just for C, > C, log(a).
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Fig. 1. Temporal disturbance behaviour for power-law memory function, with r = 1.2.
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Fig. 2. Temporal disturbance behaviour for power-law memory function, with r = 1.4.
r=1.6, C1=1 r=1.6, Co=1
10007 . . . . . . . 1oF ‘ . . . . q
: 0=l ]
800 Ci=2
,,,,, Ci1=3 ]
600 - ——Ci=4
= o ]
400
200 ]
O L L L L L L L L L L
0 2 4 6 8 10 12 14 0 2 4 6 8 10
Fig. 3. Temporal disturbance behaviour for power-law memory function r = 1.6.
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Fig. 5. Temporal disturbance behaviour for logarithmic memory function with a = 1.
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Fig. 6. Temporal disturbance behaviour for logarithmic memory function with a = 2.
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Fig. 7. Temporal disturbance behaviour for logarithmic memory function with a = 3.

8. Conclusions

In this paper, we have investigated the influence of anomalous
mass diffusion on the onset of convection in a porous medium. We
showed that, if different memory functions, that can be used to model
the anomalous diffusion, have similar characteristics, some similar
conclusions can be made despite their specific form. One of the most
important conclusions of the present study, is that for the memory
functions tested here, an asymptotic stability is always observed. How-
ever, for some prescribed parametric combinations and characteristics
of the memory function, a transient growth can take place before the
asymptotic decay of the disturbances.

Precisely, when h(0) = 1 (which is represented here by the exponen-
tial memory function), the existence of a transient growth is strictly
dependent on the sign of the difference C, — C,. Specifically:

1. when G, < Cy, i.e. Ra < (a*+p2+n*7*)? /(¢ +p?), one falls into the
regime of stability for the Darcy-Bénard problem with standard
diffusion;

2. when C, > C|, i.e. Ra > (a* + f? + n*z%)?/(a* + p%), standard
diffusion in the Darcy-Bénard problem leads to instability, while
a generic superdiffusion implies stability and the existence of a
transient growth of perturbations before they revert to zero.

Analytical results show that the greater the anomalous diffusion
(i.e., the faster the asymptotic behaviour of the function h(r)), the
smaller the peak observed in the growth of perturbations during the
transient regime.

The main conclusions of the present study are listed below:

+ Being A(r) the memory function of the diffusion process, if lim,_,
H (t)/t = 0o, an asymptotic stability is observed both from a linear
and a nonlinear point of view, with H(r) being the primitive of
h(t).

+ For all memory functions tested here an asymptotic stability was
observed.

« Disturbances always present a transient growth for the power-law
memory function. Such a transient growth is stronger and longer
for C, > C,. Increasing the parameter r decreases the transient
growth magnitude and reduces the transient growth interval.

« Disturbances can present a transient growth behaviour for the
exponential memory function case just for C, > C,. The case
C, > C, leads always to a monotonic temporal behaviour.
Disturbances present a transient growth for the case of logarith-
mic memory function when C, > C,log(a) in the regime tested
here. Such a transient growth is stronger and longer for C, > C, as
in the case of power-law memory function. If the transient growth
is observed, an increasing a¢ means a decreasing maximum growth
and a decreasing time necessary to reach the maximum.

The present study opens new research directions for what con-
cerns mass convection in a porous medium. As already discussed, the
role of anomalous diffusion as a mechanism for instability control
deserves to be investigated in detail in future developments of the
present research work. Moreover, since our aim here was that to focus
on anomalous diffusion effects on the onset of mass Darcy-Bénard
convection, we modelled this problem by considering a Newtonian
incompressible isothermal fluid saturating a porous medium. However,
it should be interesting to investigate in a next step conjugate effects
of fluid compressibility, non-Newtonian behaviour and the interplay
between temperature and concentration gradients.
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