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FULLY COMMUTATIVE ELEMENTS AND SPHERICAL

NILPOTENT ORBITS

JACOPO GANDINI

Abstract. Let g be a complex simple Lie algebra, with fixed Borel subalgebra
b ⊂ g and with Weyl group W . Expanding on previous work of Fan and Stem-
bridge in the simply laced case, this note aims to study the fully commutative
elements of W , and their connections with the spherical nilpotent orbits in g.
If g is not of type G2, it is shown that an element w ∈ W is fully commutative
if and only if the subalgebra of b determined by the inversions of w lies in the
closure of a spherical nilpotent orbit. A similar characterization is also given
for the ad-nilpotent ideals of b, which are parametrized by suitable elements
in the affine Weyl group of g thanks to the work of Cellini and Papi.

1. Introduction

Let G be a complex algebraic group, simple and adjoint with Lie algebra g. Let
T ⊂ G be a maximal torus with character lattice X (T ) and Lie algebra t, and let
Φ ⊂ X (T ) be the associated root system, with Weyl group W = NG(T )/T . Let
also B ⊂ G be a Borel subgroup containing T , b ⊂ g the corresponding Lie algebra,
whose nilradical is denoted by n, and ∆ ⊂ Φ the associated base. We denote the
associated set of positive (resp. negative) roots by Φ+ (resp. Φ−). If α ∈ Φ, we
denote by sα ∈ W the corresponding reflection, and by gα ⊂ g the corresponding
root space. If α ∈ ∆, then the reflection sα ∈ W is called simple. If α, β ∈ ∆, then
we denote by m(sα, sβ) the order of the product sαsβ .

Given w ∈ W , recall that

• w is commutative if no reduced expression for w contains a substring of the
shape sαsβsα, where α, β ∈ ∆ satisfy ||α|| 6 ||β||.

• w is fully commutative if no reduced expression for w contains a substring
of the shape sαsβsαsβ . . . of length m(sα, sβ), where sα and sβ are non-
commuting simple reflections.

The sets of the commutative and of the fully commutative elements in W will be
respectively denoted by Wc and Wfc.

Commutative and fully commutative elements were introduced around the same
time respectively by Fan [6] and by Stembridge [19] in the context of Coxeter
groups. It follows from the definition that commutative elements are also fully
commutative. In the simply laced case the two notions are equivalent: indeed in
this case all the roots have the same length, and m(sα, sβ) 6 3 for all α, β ∈ ∆. On
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2 JACOPO GANDINI

the other hand, in the non-simply laced case fully commutative elements need not
to be commutative. Consider for example the root system of type B2, with simple
roots α1, α2 such that ||α1|| > ||α2||: then m(α1, α2) = 4, therefore sα1

sα2
sα1

is
fully commutative but not commutative.

Let G act on g via the adjoint action, denoted by (g, x) 7→ g.x, and recall that
x ∈ g is called nilpotent if ad(x) ∈ End(g) is nilpotent. Following a construction
of Steinberg, every Weyl group element defines a nilpotent orbit in g (that is, the
G-orbit of a nilpotent element in g). In the simply-laced case, a connection between
commutative elements in W and nilpotent orbits in g was pointed out by Fan and
Stembridge [7] in terms of such construction: the (fully) commutative elements
are precisely those elements which correspond to particular nilpotent orbits, called
spherical. The main goal of this note is to extend such a connection to the general
case.

Let w ∈ W , and denote by

Φ(w) = {α ∈ Φ+ | w(α) ∈ Φ−}

the corresponding set of inversions. We can attach to w a T -stable subspace of n
by setting

aw =
⊕

α∈Φ(w)

gα = n ∩ (w−1w0 n)

where w0 ∈ W denotes the longest element.

As pointed out by Fan [6, Section 7] (see also [7] for the case of arbitrary simply
laced Coxeter groups), the commutativity of w is equivalent to the fact that aw is
an abelian subalgebra of n, namely that Φ(w) satisfies the following property:

α, β ∈ Φ(w) =⇒ α+ β 6∈ Φ(w)

More generally, a characterization of the full commutativity of w in terms of the
inversion set Φ(w) was given by Cellini and Papi [4] in the case of arbitrary Coxeter
groups (see also Theorem 2.5, where such characterization will be recalled).

LetN = G.n be the subvariety of nilpotent elements in g. Since aw is irreducible and
since the number of G-orbits in N is finite, there exists a unique G-orbit Ow ⊂ N
which intersects aw in a dense open subset. Notice that, up to multiplication by
w0, the map

ϕ : W −→ N/G w 7−→ Ow

is the Steinberg map St : W −→ N/G of [10, Section 1.8]. Namely, we have

St(w) = Ow0w−1 = Oww0
= ϕ(ww0).

In particular, up to multiplication by w0, the fibers of ϕ are the two-sided Steinberg
cells of W . As a consequence of a result of Steinberg [18, Theorem 3.5], it follows
that St is a surjective map. Therefore ϕ is a surjective map as well.

Recall that a nilpotent G-orbit is called spherical if it contains an open B-orbit.
The sphericality of the orbit of an element x ∈ N is nicely characterized with the
notion of height, defined as

ht(x) = max{n ∈ N | ad(x)n 6= 0}.

Indeed, by a theorem of Panyushev [13, Theorem 3.1] we have the equivalence

G.x is spherical ⇐⇒ ht(x) 6 3
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We will prove the following characterization, which is the first main result of the
paper.

Theorem 1.1. Let w ∈ W .

i) If Φ is simply laced or of type G2, then w ∈ Wc if and only if Ow is
spherical.

ii) If Φ is doubly laced, then w ∈ Wfc if and only if Ow is spherical.

When Φ is simply laced, the previous theorem is due to Fan and Stembridge [7]. It
seems that after that paper the general situation was never explored. The present
note wants to fill such a lack.

As an application of the previous theorem, we get the following corollary (the case
of type G2 is treated on its own).

Corollary 1.2. The subset of the fully commutative elements Wfc ⊂ W is a union
of w0-traslates of two-sided Steinberg cells.

Notice that in general the subset of the commutative elements Wc ⊂ W is not a
union of w0-translates of two-sided Steinberg cells. This is indeed true in simply
laced type because Wc = Wfc, and is true in type G2 as well, but it fails in the
doubly laced case.

Given a subspace a ⊂ n, we will say that a is a spherical subspace if every G-orbit
intersecting a is spherical, namely if ht(x) 6 3 for all x ∈ a. Notice that the
spherical locus

N3 = {x ∈ N | ht(x) 6 3}

is a closed subvariety of N , which is indeed irreducible in all cases (see [14, Section
6.1]). This implies that, if w ∈ W , then aw is a spherical subspace of n if and only
if Ow is a spherical orbit, if and only if G.aw is the closure of a spherical nilpotent
orbit. Therefore Theorem 1.1 characterizes the sphericality of aw in terms of the
commutativity and full commutativity of w.

We will also consider some kind of variation of Theorem 1.1, allowing to characterize
the sphericality of an ad-nilpotent ideal of b in terms of the commutativity and full

commutativity of a suitable element in the affine Weyl group Ŵ .

Following Cellini and Papi [3], we will say that an ideal a ⊂ b is ad-nilpotent if it
is contained in n. Notice that in this case G.a is automatically closed, because a is
B-stable and the map G×B a → g defined by the G-action is proper.

Generalizing Peterson’s classification [12] of the abelian ideals of b, the ad-nilpotent
ideals of b were classified in [3] by attaching to every such an ideal a a suitable

element wa ∈ Ŵ (see Section 2.2, where the construction will be recalled). On
the other hand, the ad-nilpotent spherical ideals (that is, the spherical subspaces
of n which are also ideals in b) were classified by Panyushev and Röhrle [15], [16].
In these papers, they show that an abelian ideal of b is necessarily spherical (and
ad-nilpotent), and that if Φ is simply laced the converse is also true. Moreover,
they classify the maximal ad-nilpotent spherical ideals for all complex simple Lie
algebras.
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The definition of commutative and fully commutative element given in the finite
case go through in the affine case. We will prove the following theorem, which is
the second main result of the paper.

Theorem 1.3. Let a ⊂ b be an ad-nilpotent ideal and let wa ∈ Ŵ be the corre-
sponding element.

i) If Φ is simply laced or of type G2, then a is spherical if and only if wa is
commutative.

ii) If Φ is doubly laced, then a is spherical if and only if wa is fully commutative.

Again, in the simply laced case the previous theorem is well known. Indeed, by the
mentioned results of Panyushev and Röhrle [15] [16], in this case an ad-nilpotent
ideal of b is spherical if and only if it is abelian, and by Peterson’s classification [12]
the abelian ideals a ⊂ b are classified by the corresponding commutative elements

wa ∈ Ŵ . On the other hand, in the non-simply laced case the previous statement
is missing in the literature.

We now discuss the organization of the paper. Sections 2 and 3 deal with the case
not of type G2, whereas the latter is treated separately in Section 4. More precisely,
using the characterization of the fully commutative elements of Cellini and Papi
[4], in Section 2 we will reduce both Theorem 1.1 and Theorem 1.3 to another char-
acterization of the sphericality of a subspace a ⊂ n, which is either defined by the
inversions of a Weyl group element or is an ideal in b (see Theorem 2.3). Section 3
is devoted to the proof of Theorem 2.3.

Acknowledgments. I want to thank Riccardo Biagioli, the conversations with whom
raised my interest in the topic of this paper. As well, I want to thank John Stem-
bridge for useful email exchanges, and the referee for his suggestions.

2. Fully commutative elements and spherical nilpotent orbits

Let Ψ ⊂ Φ+. Recall that Ψ is called closed if every root which is a sum of two
elements in Ψ is also in Ψ, whereas it is called convex if every root which is a linear
combination of two elements in Ψ with positive coefficients is also in Ψ. If both Ψ
and Φ+ rΨ are closed (resp. convex), then Ψ is called biclosed (resp. biconvex ).

Remark 2.1. If Ψ ⊂ Φ+, then the following are equivalent:

i) Ψ = Φ(w) for some w ∈ W ;
ii) Ψ is biconvex;
iii) Ψ is biclosed.

The implication iii) ⇒ i) is well known (see [2, Exercise 16, Chap. VI, §1]), whereas
the other implications are clear. Notice that the equivalence i) ⇔ ii) holds more
generally for the root system of any finitely generated Coxeter group (see [17,
Section 8]), provided Ψ is finite.

Following Panyushev, we will say that Ψ ⊂ Φ+ is a combinatorial ideal if it is closed
under addition of arbitrary positive roots, namely if the following holds

α ∈ Ψ, β ∈ Φ+, α+ β ∈ Φ+ =⇒ α+ β ∈ Ψ
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To any subset Ψ ⊂ Φ+ we attach a T -stable subspace of n, defined as follows

aΨ =
⊕

α∈Ψ

gα.

Keeping the notation used in the introduction, if Ψ = Φ(w) we will also write aw
instead of aΦ(w).

Remark 2.2. Given Ψ ⊂ Φ+, it follows immediately from the definitions that

i) aΨ is a subalgebra of n if and only if Ψ is a closed subset of Φ+,
ii) aΨ is an ideal of b if and only if Ψ is a combinatorial ideal in Φ+.

The formalism of biconvex subsets of roots and combinatorial ideals allows to treat
with the same language the two problems investigated in the paper. When Φ
is not of type G2, both Theorems 1.1 and 1.3 will be easy consequences of the
following theorem, thanks to the characterization of Cellini and Papi [4] of the fully

commutative elements of Ŵ (see Theorem 2.5).

Denote by (., .) the W -invariant scalar product on 〈Φ〉R induced by the Killing form

on g. For α, β ∈ Φ, set as usual 〈α, β〉 = 2(α,β)
(β,β) .

Theorem 2.3. Suppose that Φ is not of type G2, and let Ψ ⊂ Φ+ be either a
combinatorial ideal or a biconvex subset. Then aΨ is a spherical subspace of n if
and only 〈α, β〉 > 0 for all α, β ∈ Ψ.

As for Theorems 1.1 and 1.3, when Φ is simply laced the previous theorem is
well known. The case of biconvex subsets in simply laced type was considered
by Fan and Stembridge [7]. The case of the combinatorial ideals in simply laced
type can also be reduced to [7], thanks to the mentioned result of Panyushev and
Röhrle [15] [16] that an ideal of b is spherical if and only if it is abelian, and that
following Peterson’s classification the abelian ideals of b can be defined in terms of

the inversions of a commutative element in Ŵ (see [12]).

When Ψ ⊂ Φ+ is a combinatorial ideal in non-simply laced type, the previous
statement seems to be missing in the literature; however it is implicit in the classi-
fication of the maximal ad-nilpotent spherical ideals of b of Panyushev and Röhrle
[16]. It is indeed an easy remark to see that, if aΨ is spherical, then 〈α, β〉 > 0
for all α, β ∈ Ψ (see Lemma 3.1). On the other hand, if g is doubly-laced, in or-
der to classify the maximal ad-nilpotent spherical ideals of b, in [16] the authors
first classify the maximal combinatorial ideals Ψ ⊂ Φ+ such that 〈α, β〉 > 0 for all
α, β ∈ Ψ, and then show that the associated ideals are the maximal ad-nilpotent
spherical ideals of b.

The proof of Theorem 2.3 will be given in Section 3. It is basically an extension of
the proof of Fan and Stembridge [7] from the simply laced case to the non-simply
laced case. The lines of the proof are essentially the same, however technical issues
make the proof in the general case definitely more involved (see Lemma 3.4, which
constitutes the technical core of the proof). The case of the combinatorial ideals
can be treated essentially in a uniform way together with the case of the biconvex
subsets, only adding a few extra lines.
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In the following subsections we explain how to deduce Theorems 1.1 and 1.3 from
Theorem 2.3 provided Φ is not of type G2 (see Theorems 2.8 and 2.11, respectively).
The case of type G2 will be discussed on its own in Section 4.

2.1. Fully commutative elements in the affine Weyl group. Let Φ̂ = Φ±Zδ
be the affine root system defined by Φ, where δ denotes the fundamental imaginary

root (see [11]). Let Φ̂+ ⊂ Φ̂ be the positive subsystem containing Φ+ and all the

roots of the shape α+nδ with α ∈ Φ and n > 0, and let ∆̂ ⊃ ∆ be the corresponding

base of Φ̂. We also set Φ̂− = −Φ̂+.

Let Ŵ be the Weyl group of Φ̂. For α ∈ ∆̂ denote by sα ∈ Ŵ the corresponding

simple reflection. Extend the W -invariant scalar product (., .) on 〈Φ〉R to a Ŵ -

invariant symmetric bilinear form on 〈Φ̂〉R, with kernel generated by δ. If α, β ∈

Φ̂r Zδ are real roots, set as usual 〈α, β〉 = 2 (α,β)
(β,β) .

Given w ∈ Ŵ , the set of inversions of w is defined as

Φ̂(w) = {α ∈ Φ̂+ | w(α) ∈ Φ̂−}.

The notion of biconvex subset in Φ̂+ extends verbatim to the affine context, and

still characterizes the inversion sets of elements in Ŵ (see Remark 2.1).

The notions of commutative and fully commutative elements also extend verbatim

to Ŵ . We now recall how these elements are characterized in terms of their sets of
inversions.

The commutative elements were characterized by Fan and Stembridge [7], [20].

Theorem 2.4 ([7, Theorem 2.4], [20, Theorem 5.3]). Let w ∈ Ŵ , then w is com-

mutative if and only if α + β 6∈ Φ̂ for all α, β ∈ Φ̂(w). If moreover Φ is simply

laced, then w is commutative if and only if 〈α, β〉 > 0 for all α, β ∈ Φ̂(w).

The fully commutative elements were characterized by Cellini and Papi [4]. Recall

that a subsystem Ψ ⊂ Φ̂ is parabolic if Ψ = 〈Ψ〉R ∩ Φ̂, namely if Ψ is obtained

by intersecting Φ̂ with a linear subspace of 〈Φ̂〉R. Every parabolic subsystem is

generated by a subset of a suitable base of Φ̂, and conversely. A parabolic positive

subsystem of Φ̂ is a positive system of a parabolic subsystem.

Theorem 2.5 ([4, Theorem 2]). Let w ∈ Ŵ , then w is fully commutative if and

only if Φ̂(w) does not contain any irreducible parabolic positive subsystem of rank
2.

Thus we obtain the following corollary, which generalizes the last statement of
Theorem 2.4.

Corollary 2.6. Suppose that Φ is not of type G2 and let w ∈ Ŵ . Then w is fully

commutative if and only if 〈α, β〉 > 0 for all α, β ∈ Φ̂(w).

Proof. If Φ is of type A1 the claim is easily shown directly, so we assume that Φ has

rank at least 2. Then every parabolic subsystem Ψ ⊂ Φ̂ of rank 2 is of finite type.

If moreover Φ is not of type G2, then the Dynkin diagram of Φ̂ contains at most

double bonds: thus the parabolic subsystems of Φ̂ of rank 2 can only be of type
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A2 or B2. On the other hand, if Ψ is of type A2 or B2, then two non-proportional
elements α, β ∈ Ψ form a base of Ψ if and only if 〈α, β〉 < 0. Therefore the claim
follows from Theorem 2.5. �

Remark 2.7. The statement of Corollary 2.6 fails when Φ is of type G2. Indeed
in this case the fully commutative elements in W are those of length at most 5,
whereas those which satisfy the condition of Corollary 2.6 are those with length at
most 4.

Going back to the case of the finite Weyl group, we get the validity of Theorem 1.1
when Φ is not of type G2.

Theorem 2.8. Suppose that Φ is not of type G2, and let w ∈ W . Then aw is
spherical if and only if w is fully commutative.

Proof. Let w ∈ W , regarded inside Ŵ via the inclusion ∆ ⊂ ∆̂. Then Φ̂(w) = Φ(w),
thus by Corollary 2.6 we have

w ∈ Wfc ⇐⇒ 〈α, β〉 > 0 ∀α, β ∈ Φ(w).

On the other hand Φ(w) ⊂ Φ+ is a biconvex subset, therefore the claim follows
from Theorem 2.3. �

2.2. Fully commutative elements in Ŵ and spherical ideals of b. In order
to explain the case of the spherical ideals, we first need to recall how to attach to

any ad-nilpotent ideal of b an element in Ŵ . The construction is due to Cellini and
Papi [4], and is inspired by Peterson’s classification of the abelian ideals of b (see
[12]).

Given an ad-nilpotent ideal a ⊂ b we denote by Ψa ⊂ Φ+ the corresponding
combinatorial ideal, namely the set of positive roots defined by the equality a = aΨa

.

Set Ψ
(1)
a = Ψa. For all integer k > 1, define inductively

Ψ
(k)
a = (Ψ

(k−1)
a +Ψa) ∩ Φ+.

Since a is an ideal of b, we have Ψ
(k)
a ⊂ Ψa for all k > 0. Define now a set of

positive roots Ψ̂a ⊂ Φ̂+, setting

Ψ̂a =
⋃

k∈N

{kδ − α | α ∈ Ψ
(k)
a }.

This is indeed a finite biconvex set of positive roots, which yields the following
theorem.

Theorem 2.9 ([4, Theorem 2.6]). If a ⊂ b is an ad-nilpotent ideal, then there

exists wa ∈ Ŵ such that Ψ̂a = Φ̂(wa).

If a is abelian, then by definition we have Ψ
(k)
a = ∅ for all k > 1. If instead a is

spherical, then we have Ψ
(k)
a = ∅ for all k > 2 (see [16, Proposition 4.1]).

Remark 2.10. Notice that a is abelian if and only if wa is commutative. Since
〈mδ − α, nδ − β〉 = 〈α, β〉, it holds moreover

〈α, β〉 > 0 ∀α, β ∈ Ψa ⇐⇒ 〈α, β〉 > 0 ∀α, β ∈ Ψ̂a.
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We can now deduce the validity of Theorem 1.3 when Φ is not of type G2.

Theorem 2.11. Suppose that Φ is not of type G2, and let a ⊂ b be an ad-nilpotent
ideal. Then a is spherical if and only if wa is fully commutative.

Proof. By construction we have Φ̂(wa) = Ψ̂a. Thus by Corollary 2.6 together with
Remark 2.10 we get

wa ∈ Ŵfc ⇐⇒ 〈α, β〉 > 0 ∀α, β ∈ Ψa.

On the other hand Ψa ⊂ Φ+ is a combinatorial ideal, therefore the claim follows
from Theorem 2.3. �

3. Proof of Theorem 2.3

Before going into the proof of Theorem 2.3 we fix some further notation. We denote
by θ the highest root in Φ. We also denote by θs the highest short root if Φ is non-
simply laced, and we set θs = θ when Φ is simply laced. For all α ∈ Φ, we fix a
non-zero element eα ∈ gα, and we denote by Uα ⊂ G the root subgroup with Lie
algebra gα. In particular Uα is the image of a one parameter subgroup uα : C → G,
whose action on g is obtained by exponentiating the adjoint action of eα:

uα(ξ).x = x+
∑

k>0

ξk

k!
ad(eα)

k(x).

Finally, if x =
∑

α∈Φ+ cαeα is an element in n, we define the support of x as

supp(x) = {α ∈ Φ+ | cα 6= 0}.

From now on, we will assume throughout this section that Φ is an irreducible root
system not of type G2. The necessity of the condition of Theorem 2.3 is well known
(see e.g. [7], [16]). We recall a proof in the following lemma.

Lemma 3.1. Let α, β ∈ Φ+ be such that 〈α, β〉 < 0. Then the G-orbit of eα + eβ
is not spherical.

Proof. Denote x = eα + eβ and let s ⊂ g be the subalgebra generated by the root
spaces g±α, g±β . Then s is a simple Lie algebra of type A2 or C2, and x is a
principal nilpotent element in s. A direct computation shows that (adx|s)

4 6= 0.

Thus (adx)4 6= 0, and G.x cannot be spherical by Panyushev’s characterization. �

Corollary 3.2. Let Ψ ⊂ Φ+ and suppose that aΨ is a spherical subspace. Then
〈α, β〉 > 0 for all α, β ∈ Ψ.

We now consider the other implication of Theorem 2.3.

If x ∈ aΨ for some Ψ ⊂ Φ+, then (adx)4 breaks into a sum of monomials of the
shape

ad(xγ1
) ad(xγ2

) ad(xγ3
) ad(xγ4

)

with γi ∈ Ψ and xγi
∈ gγi

for every i = 1, 2, 3, 4. In particular, if one of such
monomials is non-zero, there must exist γ1, γ2, γ3, γ4 ∈ Ψ and α, β ∈ Φ ∪ {0} such
that

α = β + γ1 + γ2 + γ3 + γ4.

This leads us to consider similar configurations of roots.
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Remark 3.3. Let γ1, γ2, γ3, γ4 ∈ Φ+ be (not necessarily distinct) such that 〈γi, γj〉 >
0 for all i, j, and let α, β ∈ Φ ∪ {0} be such that

γ1 + γ2 + γ3 + γ4 = α− β.

Notice that α ∈ Φ r {γ1, γ2, γ3, γ4}. If indeed α = 0, then we get a contradiction
because

||β||2 =
4∑

i=1

||γi||
2 + 2

∑

i<j

(γi, γj) >
4∑

i=1

||γi||
2 > 4||θs||

2.

Similarly, if α ∈ {γ1, γ2, γ3, γ4}, then ||β||2 > 3||θs||2, which is absurd because Φ is
not of type G2. Analogously, we also have −β ∈ Φr {γ1, γ2, γ3, γ4}.

Notice also that {γ1, γ2, γ3, γ4} has at least cardinality 2. Indeed every root string
in Φ has length less than 4.

We say that a subset Γ ⊂ Φ is orthogonal if 〈γ, γ′〉 = 0 for all γ, γ′ ∈ Γ with γ 6= γ′.
The following lemma is the technical core of the proof.

Lemma 3.4. Suppose that Φ is not of type G2. Let γ1, γ2, γ3, γ4 ∈ Φ+ be (not nec-
essarily distinct) such that 〈γi, γj〉 > 0 for all i, j, and denote Γ = {γ1, γ2, γ3, γ4}.
Suppose that Γ is not orthogonal, and that

(1) γ1 + γ2 + γ3 + γ4 = α− β

for some α, β ∈ Φ. Then Φ is doubly laced, and α = −β is a long root. Moreover
there is at most one index i0 such that γi0 is a long root, and 〈γi0 , γj〉 = 0 for all
j 6= i0.

Proof. We split the proof into several remarks and claims.

Notice that everything we will prove for α will be true for −β as well, hence for β
with the obvious modifications. Indeed α− β = (−β)− (−α), thus it is enough to
replace α with −β, and β with −α.

Remark 1. For all γ ∈ Γ, it holds 〈α, γ〉 > 0 and 〈β, γ〉 6 0.

We only consider the first statement, the other one is similar. By (1) we have

〈α, γ〉 > 〈β, γ〉+ 〈γ, γ〉 = 〈β, γ〉+ 2.

Thus we conclude because Φ is not of type G2. △

Remark 2. It holds
∑4

i=1〈γi, α〉 6 4, with strict inequality if α is long and α 6= −β.

By (1) we have
4∑

i=1

〈γi, α〉 = 〈α, α〉 − 〈β, α〉 6 2− 〈β, α〉.

Thus we conclude because Φ is not of type G2. △

Claim 3. Φ is doubly laced.

By (1) we have

(2)
||β||2

||θs||2
=

||α||2

||θs||2
+
∑

i<j

||γj ||2

||θs||2
〈γi, γj〉+

4∑

i=1

||γi||2

||θs||2
(1− 〈α, γi〉)
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Then the middle term on the right hand side is positive by the assumption on Γ.
On the other hand α 6∈ Γ by Remark 3.3, therefore if Φ is simply laced the last
term of the equation is also non-negative, yielding ||α|| < ||β||, a contradiction. △

Since Φ is doubly laced, we also get the following formula for the last term appearing
in (2), which will be useful later:

(3)
||γi||2

||θs||2
(1− 〈α, γi〉) =





2 if γi is long and 〈α, γi〉 = 0
1 if γi is short and 〈α, γi〉 = 0
0 if 〈α, γi〉 = 1
−1 if 〈α, γi〉 = 2

Claim 4. Both α and β are long roots.

We show that α is long, the case of β being similar.

Suppose that α is short. Since α 6∈ Γ by Remark 3.3, it follows that 〈α, γi〉 6 1 for
all i, thus all the terms appearing in (2) are non-negative. On the other hand, by
the assumption on Γ, the second term is positive. Therefore ||β|| > ||α||, namely β
is long and ||β||2 = 2||α||2 because Φ is not of type G2. Moreover, we see that the
third term on the right hand side of (2) must be 0, namely it must be 〈α, γi〉 = 1
for all i. Thus 〈γi, α〉 > 1 for all i, hence 〈γi, α〉 = 1 for all i, thanks to Remark 2.
In particular, Γ contains only short roots.

For every i = 1, . . . , 4, it follows from (1) that

〈β, γi〉 = 〈α, γi〉 −
4∑

j=1

〈γj , γi〉 = −1−
∑

j 6=i

〈γj , γi〉 < 0

Since β is long and all the γi are short, it follows that 〈β, γi〉 = −2 for all i. Thus
for every i there is a (unique) j 6= i such that 〈γi, γj〉 6= 0. Summing both over i
and j, it follows that ∑

i<j

〈γi, γj〉 > 2

Thus by (2) it follows that ||β||2 > 3||θs||2, which is absurd because Φ is not of
type G2. △

Remark 5. If γi is long, then 〈γi, γj〉 = 0 for all j 6= i.

Indeed by (1) we have 0 6
∑

j 6=i〈γj , γi〉 = 〈α, γi〉 − 〈β, γi〉 − 2. On the other hand
α,−β 6∈ Γ by Remark 3.3, therefore the latter is non-positive by Remark 1. △

Claim 6. There is at most one index i such that γi is long.

If there are three long roots among the γi, then Γ is necessarily orthogonal by
Remark 5, a contradiction. Suppose that there are exactly two long roots, say γ1
and γ2. Since Γ is not orthogonal, by Remark 5 the short roots γ3 and γ4 must
be different and non-orthogonal: hence it must be 〈γ3, γ4〉 = 1. On the other hand
Φ is doubly laced by Claim 3, and both α and β are long roots by Claim 4. Thus
〈α, γ4〉 and 〈β, γ4〉 are both even integers. But this yields a contradiction with (1),
indeed

〈α, γ4〉 − 〈β, γ4〉 = 〈γ3, γ4〉+ 2 = 3

thanks to Remark 5. △
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Remark 7. There is at most one index i such that 〈α, γi〉 = 0. In particular,∑4
i=1〈γi, α〉 > 3, with equality if and only if such an index exists.

Suppose that 〈α, γ1〉 = 〈α, γ2〉 = 0. Recall that α and β are both long by Claim 4.
Using the assumption on Γ, the equalities (2) and (3) imply that

0 >
4∑

i=1

||γi||2

||θs||2
(1− 〈α, γi〉) > 2 +

4∑

i=3

||γi||2

||θs||2
(1− 〈α, γi〉) > 0,

a contradiction. Since α is long, the last claim follows as well. △

Claim 8. Suppose that
∑4

i=1〈γi, α〉 = 3. Then we can enumerate γ1, γ2, γ3, γ4 in
such a way that

〈α, γ1〉 = 〈γ2, γ1〉 = 〈γ3, γ1〉 = 〈γ4, γ1〉 = 0,

−〈β, γ1〉 = 〈α, γ2〉 = 〈α, γ3〉 = 〈α, γ4〉 = 2

In particular, γ1, γ2, γ3, γ4 are all short roots.

By Remark 7, there is a unique index i such that 〈γi, α〉 = 0. Assume 〈γ1, α〉 = 0.

By Claim 4 both α and β are long. Therefore, by the assumption on Γ, equation
(2) yields

0 >

4∑

i=1

||γi||2

||θs||2
(1− 〈α, γi〉) > 1 +

4∑

i=2

||γi||2

||θs||2
(1− 〈α, γi〉)

By (3), every term in the last sum is greater than or equal to −1. Thus at least
two of its summands are negative, say 〈α, γ2〉 = 〈α, γ3〉 = 2. In particular, being
α 6∈ Γ by Remark 3.3, it follows that γ2 and γ3 are short roots.

On the other hand 〈α, γ1〉 = 0, thus by (1) we get

〈β, γ1〉 = −
∑

i>1

〈γi, γ1〉 = −2−
∑

i>1

〈γi, γ1〉 6 −2

Therefore 〈β, γ1〉 = −2 and 〈γi, γ1〉 = 0 for all i > 1. In particular, being −β 6∈ Γ
by Remark 3.3, it follows that γ1 is also a short root.

It only remains to show that 〈α, γ4〉 = 2. We already know 〈α, γ4〉 > 0, suppose
〈α, γ4〉 = 1. Since α is long, it follows that γ4 is long as well. Thus by Remark 5
we get 〈γi, γ4〉 = 0 for all i < 4. By equation (2) it follows then

〈γ2, γ3〉 = −
4∑

i=1

||γi||2

||θs||2
(1 − 〈α, γi〉),

and computing the right hand side we get 〈γ2, γ3〉 = 1. Thus by (1) we get

〈β, γ3〉 = 〈α, γ3〉 − 〈γ2, γ3〉 − 〈γ3, γ3〉 = −1

On the other hand β is long and γ3 is short, thus 〈β, γ3〉 must be even. This yields
a contradiction, and we conclude that 〈α, γ4〉 = 2. △

Conclusion of the proof. Recall that α is a long root by Claim 4. In order to prove

that β = −α, by Remark 2 it is therefore enough to show that
∑4

i=1〈γi, α〉 = 4.
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Suppose that this is not the case. Then by Remark 7 we have
∑4

i=1〈γi, α〉 = 3.
Thus by Claim 8 equality (2) reduces to

(4) 〈γ2, γ3〉+ 〈γ2, γ4〉+ 〈γ3, γ4〉 = 2

By Claim 8 and equation (1), evaluating 〈β, γi〉 for i > 1 yields the system




〈β, γ2〉+ 〈γ3, γ2〉+ 〈γ4, γ2〉 = 0
〈β, γ3〉+ 〈γ2, γ3〉+ 〈γ4, γ3〉 = 0
〈β, γ4〉+ 〈γ2, γ4〉+ 〈γ3, γ4〉 = 0

Notice that 〈γi, γj〉 = 〈γj , γi〉 for all i, j: indeed the γi all have the same length by
Claim 8. Moreover β is long and all the γi are short, thus 〈β, γi〉 is either 0 or −2
for all i.

If 〈γi, γj〉 = 1 for some i, j, then we get 〈γ2, γ3〉 = 〈γ2, γ4〉 = 〈γ3, γ4〉 = 1, contra-
dicting (4). Thus the pairings 〈γi, γj〉 can only take values 0 or 2. On the other
hand, since all the γi have the same length, 〈γi, γj〉 = 2 if and only if γi = γj . It
follows that Γ is an orthogonal set, a contradiction. �

Example 3.5. Examples of roots as in Lemma 3.4 are the followings.

i) Suppose that Φ is of type Bn, represented in the usual way in terms of
an orthonormal basis ε1, . . . , εn of the vector space 〈Φ〉R. Take as a set of
positive roots

Φ+ = {εi | i = 1, . . . , n} ∪ {εi ± εj | 1 6 i < j 6 n}.

Then we can take γ1 = γ2 = εi and γ3 = γ4 = εj, whenever i 6= j.
ii) Suppose that Φ is of type Cn, represented in the usual way in terms of

an orthonormal basis ε1, . . . , εn of the vector space 〈Φ〉R. Take as a set of
positive roots

Φ+ = {εi ± εj | 1 6 i < j 6 n} ∪ {2εi | i = 1, . . . , n}.

Then we can take γ1 = εi + εj , γ2 = εi − εj , γ3 = εi + εk, γ4 = εi − εk,
whenever i 6= j and i 6= k.

iii) When Φ is of type F4, it is indeed possibile to have a configuration of roots
in the previous lemma with a long root inside Γ. Let α1, α2, α3, α4 be the
simple roots of Φ, enumerated as in [2]. Then we can take

• γ1 = α1,
• γ2 = α1 + 2α2 + 2α3 + α4,
• γ3 = α1 + 2α2 + 3α3 + α4,
• γ4 = α1 + 2α2 + 3α3 + 2α4,
• α = 2α1 + 3α2 + 4α3 + 2α4.

Before proving the second implication of Theorem 2.3, we consider the case of a
subspace aΓ ⊂ n, where Γ either is an orthogonal set of roots, or satisfies the
assumptions of Lemma 3.4.

We first consider the case of an orthogonal set Γ ⊂ Φ+, and show that, if it
occurs inside a biconvex subset or in a combinatorial ideal of Φ+ which satisfies the
condition of Theorem 2.3, then aΓ is a spherical subspace of n.

If Γ ⊂ Φ+, let ΦΓ = 〈Γ〉R ∩ Φ be the parabolic subsystem of Φ generated by Γ.
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Remark 3.6. Subsets of orthogonal roots Γ ⊂ Φ giving rise to non-spherical nilpo-
tent orbits were studied in [8], [9], and classified in [5, Proposition 3.7]. In particular,
if Φ is not of type G2 and G.xΓ is not a spherical orbit, we only have the following
possibilities:

(D4) There are four pairwise distinct roots γ1, γ2, γ3, γ4 in Γ such that

1
2 (γ1 + γ2 + γ3 + γ4) ∈ Φ.

If Γ0 = {γ1, γ2, γ3, γ4}, then ΦΓ0
is a root system of type D4.

(BF4) There are four pairwise distinct long roots γ1, γ2, γ3, γ4 in Γ such that

1
2 (γ1 + γ2) ∈ Φ and 1

2 (γ3 + γ4) ∈ Φ.

If Γ0 = {γ1, γ2, γ3, γ4}, then ΦΓ0
is a root system of type B4 or F4.

(B3) There are two distinct long roots γ1, γ2 and a short root γ3 in Γ such that

1
2 (γ1 + γ2 + 2γ3) ∈ Φ.

If Γ0 = {γ1, γ2, γ3}, then ΦΓ0
is a root system of type B3.

Lemma 3.7. Let Ψ ⊂ Φ+ be either a combinatorial ideal or a biconvex subset, and
suppose that 〈α, β〉 > 0 for all α, β ∈ Ψ. Let Γ ⊂ Ψ be an orthogonal subset, then
aΓ is a spherical subspace of n.

Proof. Arguing by contradiction, we show that if Γ contains a subset Γ0 as in cases
(D4), (BF4), (B3) of Remark 3.6, then Ψ cannot satisfy the assumptions of the
lemma.

(D4) Notice that {γ1,−
1
2 (γ1 + γ2 + γ3 + γ4), γ2, γ3} is a base for ΦΓ0

. Since it is
a root system of type D4, it follows that

ΦΓ0
= {±γ1,±γ2,±γ3,±γ4} ∪ { 1

2 (±γ1 ± γ2 ± γ3 ± γ4)}

Since γ1, γ2, γ3, γ4 are all positive, notice that ΦΓ0
∩ Φ+ must contain at

least three elements of the shape

1
2 (±γ1 ± γ2 ± γ3 ± γ4)

having two coefficients equal to 1 and two coefficients equal to −1. There-
fore, up to reordering the γi’s, we can assume that

β := 1
2 (γ1 + γ2 − γ3 − γ4) β′ := 1

2 (γ1 − γ2 − γ3 + γ4)

are both positive roots. Notice that β, β′ ∈ Φ+ r Ψ by the assumption on
Ψ: indeed 〈β, γ3〉 = 〈β′, γ3〉 = −1. Similarly β + γ3 ∈ Φ+ r Ψ, because
〈β + γ3, γ4〉 = −1. Therefore Ψ cannot be a combinatorial ideal. On the
other hand γ1 = (β + γ3) + β′, therefore Ψ cannot be a biconvex subset
either.

(BF4) Notice that the long roots of a root system of type B4 or F4 form a root
system of type D4. In particular, the set of the long roots Φℓ

Γ0
in ΦΓ0

is a
root system of type D4.

Recall that two roots α, β are called strongly orthogonal if α ± β 6∈ Φ.
The following properties are easily shown:



14 JACOPO GANDINI

i) In types B4 and F4, two orthogonal short roots are never strongly
orthogonal.

ii) In type F4, the half sum of two orthogonal long roots is always a root.
As in case (D4), it follows that

Φℓ
Γ0

= {±γ1,±γ2,±γ3,±γ4} ∪ { 1
2 (±γ1 ± γ2 ± γ3 ± γ4)}

Thus we can conclude as in the previous case.

(B3) Notice that {γ1,−
1
2 (γ1 + γ2 + 2γ3), γ3} is a base for ΦΓ0

. Since it is a root
system of type B3, it follows that

ΦΓ0
= {±γ1,±γ2,±γ3} ∪ { 1

2 (±γ1 ± γ2)} ∪ { 1
2 (±γ1 ± γ2 ± 2γ3)}

Up to switching γ1 and γ2, we can assume that

β = 1
2 (γ1 − γ2)

is a positive root. Notice that β ∈ Φ+ r Ψ, and that β + γ3 ∈ Φ+ r Ψ as
well: indeed 〈β, γ2〉 = 〈β+γ3, γ2〉 = −1. Thus by the assumption Ψ cannot
be a combinatorial ideal. On the other hand, if Ψ is a biconvex subset,
consider the roots

β′ := 1
2 (γ1 + γ2 − 2γ3) β′′ = 1

2 (−γ1 + γ2 + 2γ3).

Notice that either β′ ∈ Φ+ or β′′ ∈ Φ+, and that none of them can be in Ψ
since they assume negative values respectively against γ3 and γ1. On the
other hand γ1 = (β + γ3) + β′ and γ3 = β + β′′, thus the biconvexity of Ψ
is contradicted in both cases. �

We now consider the non-orthogonal cases arising from Lemma 3.4. Let Γ =
{γ1, γ2, γ3, γ4} be a set of positive roots satisfying the hypotheses of Lemma 3.4,
and suppose that Γ is contained in a combinatorial ideal or in a biconvex subset
satisfying the condition of Theorem 2.3. In order to prove that aΓ is spherical, we
first show that Γ does not contain any long root.

Lemma 3.8. Suppose that Φ is doubly laced, and let Ψ ⊂ Φ+ be either a combina-
torial ideal or a biconvex subset such that such that 〈α, β〉 > 0 for all α, β ∈ Ψ. Let
γ1, γ2, γ3, γ4 ∈ Ψ (not necessarily distinct) be such that 1

2 (γ1 + γ2 + γ3 + γ4) ∈ Φ,
and suppose that Γ = {γ1, γ2, γ3, γ4} is not orthogonal. Then Γ does not contain
any long root.

Proof. Denote α = 1
2 (γ1 + γ2 + γ3 + γ4). By Lemma 3.4, we know that α is a long

root not in Γ. Therefore the equality

4 = 〈2α, α〉 =
4∑

i=1

〈γi, α〉

implies that 〈γi, α〉 = 1 for all i.

Suppose that γ1 is a long root. Then Lemma 3.4 shows that γ2, γ3, γ4 are all short
roots, and that 〈γ1, γi〉 = 0 for all i > 1. Since 〈γi, α〉 = 1, for every i = 2, 3, 4 it
follows that 〈α, γi〉 = 2.
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Notice that 〈γi, γj〉 = 1 whenever i, j > 1 and i 6= j. Indeed

4 = 〈2α, γi〉 = 2 +
∑

j∈{2,3,4}r{i}

〈γj , γi〉

for every i = 2, 3, 4. In particular, up to reordering we may assume that γi−γj ∈ Φ+

whenever 2 6 i < j 6 4.

Consider now the roots

β1 = −γ1, β2 = α− 2γ2, β3 = γ2, β4 = −γ3

It follows from the preceding remarks that
(
〈βi, βj〉

)
i,j

is a Cartan matrix of type

F4. Since two short (resp. long) roots in a root system of type B (resp. C) are
always orthogonal, it follows that Φ is itself of type F4, and that {β1, β2, β3, β4} is
a base for Φ. In particular, it follows that

γ2 − γ3 + γ4 = β1 + 2β2 + 4β3 + 2β4

γ2 + γ3 − γ4 = −β1 − 2β2 − 2β3 − 2β4

are both in Φ, hence in Φ+ because γ2 − γ3 and γ3 − γ4 are both positive.

Denote Γ1 = {γ1, γ2 − γ3 + γ4, γ3} and Γ2 = {γ1, γ2 + γ3 − γ4, γ4}. Then Γ1 and
Γ2 are two orthogonal sets of roots as in Case (B3) of Remark 3.6, thus by Lemma
3.7 they cannot occur as subsets of Ψ. It follows that γ2 − γ3 + γ4 ∈ Φ+ r Ψ and
γ2 + γ3 − γ4 ∈ Φ+ rΨ.

It follows that Ψ cannot be a biconvex subset: indeed

2γ2 = (γ2 − γ3 + γ4) + (γ2 + γ3 − γ4),

therefore γ2 6∈ Ψ, a contradiction.

Similarly, it follows that Ψ cannot be a combinatorial ideal either: indeed

γ2 + γ3 − γ4 = γ2 + (γ3 − γ4),

therefore γ2 + γ3 − γ4 ∈ Ψ, a contradiction. �

Let now Ψ ⊂ Φ+ be a combinatorial ideal or a biconvex subset such that 〈γ, γ′〉 > 0
for all γ, γ′ ∈ Ψ. Suppose that γ1, γ2, γ3, γ4 ∈ Ψ satisfy an equality of the shape

γ1 + γ2 + γ3 + γ4 = α− β

for some α, β ∈ Φ ∪ {0}, and denote Γ = {γ1, γ2, γ3, γ4}. Then by Lemma 3.4 and
Lemma 3.8 either Γ is orthogonal, or Φ is doubly laced and Γ does not contain any
long root. If Γ is orthogonal, then aΓ is a spherical subspace of n by Lemma 3.7.
The following lemma shows that aΓ is spherical in the second situation as well.

Lemma 3.9. Suppose that Φ is doubly laced. Let γ1, γ2, γ3, γ4 ∈ Φ+ be (not
necessarily distinct) short roots such that 〈γi, γj〉 > 0 for all i, j. Assume that
Γ = {γ1, γ2, γ3, γ4} is not orthogonal, and that 1

2 (γ1 + γ2 + γ3 + γ4) ∈ Φ. Then, up
to reordering, γ1 + γ2 = γ3 + γ4. Moreover, aΓ is a spherical subspace of n.

Proof. Denote α = 1
2 (γ1 + γ2 + γ3 + γ4). Notice that

∑4
i=1〈γi, α〉 = 〈2α, α〉 = 4.

By Lemma 3.4 it follows that α is a long root, hence 〈γi, α〉 = 1 and 〈α, γi〉 = 2 for



16 JACOPO GANDINI

all i = 1, 2, 3, 4. Notice that

4 = 〈2α, γi〉 = 2 +

4∑

j=2

〈γj , γi〉.

Since 〈γj , γi〉 ∈ {0, 1} for all i 6= j, we see that for every i there is precisely one
index j such that 〈γj , γi〉 = 0.

Up to reordering we may assume that 〈γ1, γ2〉 = 〈γ3, γ4〉 = 0. Notice that α−γ1 ∈ Φ,
and that 〈α−γ1, γ2〉 = 2: thus α−γ1−γ2 ∈ Φ∪{0}. On the other hand α−γ1−γ2
is orthogonal with α, with γ1, and with γ2. Thereofore it must be α− γ1 − γ2 = 0,
namely α = γ1 + γ2 = γ3 + γ4.

We now show that ht(x) = 2 for all x ∈ aΓ, which implies the claim by Panyushev’s
criterion. Since Φ is not of type G2, this is true if x ∈ gα for some α ∈ Γ.

Since 〈γ1, γ2〉 = 〈γ3, γ4〉 = 0, it follows that γ2 − γ1 = sγ1
(α) and γ4 − γ3 = sγ3

(α)
are both in Φ. Thus up to reordering we may assume that γ2 − γ1 and γ4 − γ3 are
both in Φ+. Denote Γ1 = {γ1, γ2} and Γ2 = {γ3, γ4}.

Notice that ht(x) = 2 for all x ∈ aΓ1
. Let indeed xγ1

∈ gγ1
and xγ2

∈ gγ2
be non-

zero, and consider the action of the one parameter subgroup uγ2−γ1
(ξ) on xγ1

+xγ2
.

Being 2γ2 − γ1 6∈ Φ, we can find a value of the parameter ξ0 such that

uγ2−γ1
(ξ0).(xγ1

+ xγ2
) = xγ1

,

hence ht(xγ1
+ xγ2

) = ht(xγ1
) = 2. Similarly, we have ht(x) = 2 for all x ∈ aΓ2

.

Let now x ∈ aΓ, and suppose that x 6∈ aΓ1
and x 6∈ aΓ2

. Since Γ is not orthogonal,
it must be Γ1 6= Γ2. If i ∈ {1, 2, 3, 4}, notice that γi + γ2 − γ1 ∈ Φ if and only if
i = 1: indeed γ2 − γ1 is a long root, orthogonal both with γ3 and γ4. Similarly
γi + γ4 − γ3 ∈ Φ if and only if i = 3. If x ∈ aΓ, it follows that acting with Uγ2−γ1

and Uγ4−γ3
we may assume that supp(x) = {γi, γj} with γi ∈ Γ1 and γj ∈ Γ2.

Write x = xγi
+xγj

with xγi
∈ gγi

and xγj
∈ gγj

. Then 〈γi, γj〉 = 1, and 2γi−γj 6∈
Φ. Therefore, acting with the one parameter subgroup uγi−γj

(ξ), for a particular
value of the parameter ξ0 we get

uγi−γj
(ξ0).(xγi

+ xγj
) = xγj

.

Therefore ht(x) = ht(xγj
) = 2. �

We can now show that the condition in Theorem 2.3 is also sufficient.

Proposition 3.10. Let Ψ ⊂ Φ+ be either a combinatorial ideal or a biconvex
subset, and suppose that 〈α, β〉 > 0 for all α, β ∈ Ψ. Then aΨ is a spherical
subspace.

Proof. Let x ∈ aΨ. Let S ⊂ Ψ be the support of x, and write x =
∑

γ∈S xγ with
xγ ∈ gγ . Then

(5) (adx)4 =
∑

γ1,...,γ4∈S

ad(xγ1
) ad(xγ2

) ad(xγ3
) ad(xγ4

)

If a monomial

ad(xγ1
) ad(xγ2

) ad(xγ3
) ad(xγ4

)
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in the previous sum is non-zero, then there must exist α, β ∈ Φ ∪ {0} such that

α = β + γ1 + γ2 + γ3 + γ4.

Notice that α, β are necessarily in Φ, thanks to Remark 3.3.

If Γ ⊂ S is a subset of cardinality k 6 4, let Full4(Γ) be the set of all surjective
sequences (γ1, γ2, γ3, γ4) of four elements in Γ, and set

pΓ =
∑

(γ1,γ2,γ3,γ4)∈Full4(Γ)

ad(xγ1
) ad(xγ2

) ad(xγ3
) ad(xγ4

)

If α, β ∈ Φ, let P+
4 (S;α, β) be the set of all Γ ⊂ S of cardinality k 6 4 such that

γ1 + γ2 + γ3 + γ4 = α− β

for some sequence (γ1, γ2, γ3, γ4) ∈ Full4(Γ).

Denote P+
4 (S) =

⋃
α,β∈ΦP+

4 (S;α, β). By definition, every non-zero monomial oc-

curring in (5) appears as a summand of pΓ for a unique Γ ∈ P+
4 (S). Therefore

(adx)4 =
∑

Γ∈P+

4
(S)

pΓ

We show that pΓ = 0 for all Γ ∈ P+
4 (S), which implies the statement thanks to

Panyushev’s characterization.

Let Γ ∈ P+
4 (S), and let α, β ∈ Φ with Γ ∈ P+

4 (S;α, β). Then Lemma 3.4 together
with Lemma 3.8 show that either Γ is an orthogonal set of roots, or Φ is doubly
laced, β = −α and Γ does not contain any long root. Moreover, it follows from
Lemma 3.7 and Lemma 3.9 that aΓ is a spherical subspace of n.

If Γ′ ⊆ Γ, set xΓ′ =
∑

γ∈Γ′ xγ . Then

0 = (adxΓ′)4 =
∑

Γ′′⊆Γ′

pΓ′′

Arguing inductively on the cardinality of Γ′, we see that pΓ′ = 0 for all Γ′ ⊆ Γ. �

4. The case of type G2.

We now discuss the validity of Theorem 1.1 and Theorem 1.3 when Φ is of type
G2. In particular, keeping the notation already introduced, we will see that the
following holds.

Proposition 4.1. Suppose that Φ is of type G2.

i) Let w ∈ W . Then aw is spherical if and only if w is a commutative element.

ii) Let a ⊂ b an ad-nilpotent ideal. Then a is spherical if and only if wa ∈ Ŵ
is a commutative element.

Concerning the second statement, it was already pointed out in [16] that in type
G2 an ad-nilpotent ideal a ⊂ b is spherical if and only if it is abelian, which means
that wa is commutative.

Enumerate the base ∆ = {α1, α2} so that ||α1|| < ||α2||, and denote s1 = sα1
and

s2 = sα2
. We also denote by ℓ : W → N the length function defined by ∆, and by
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6 the Bruhat order on W . Let moreover �L denote the left weak order on W (see
[1, Section 3.1]), defined by

v �L w ⇐⇒ Φ(v) ⊆ Φ(w).

For α, β ∈ Φ, let Nα,β be the structure constants of g, defined by the equalities

[eα, eβ ] = Nα,β eα+β if α, β, α + β ∈ Φ.

Since the characteristic of the field is zero, we have Nα,β 6= 0 whenever α+ β ∈ Φ.

Before proving the proposition, we first consider some nilpotent orbits in g which
are not spherical.

Remark 4.2. i) Suppose that α, β ∈ Φ are orthogonal roots, then G.(eα + eβ)
is not spherical. Indeed in this case α and β are strongly orthogonal,
and ht(eα + eβ) = 4 (see e.g. [9]). Thus G.(eα + eβ) is not spherical by
Panyushev’s characterization.

ii) Suppose that α = α1 and β = 2α1 + α2, then G.(eα + eβ) is not spherical.
Denote indeed γ = α1 + α2, then

uγ(ξ).(eα + eβ) = eα + eβ + ξ[eγ , eα + eβ ] +
1
2ξ

2[eγ , [eγ , eα]] =

= eα1
+ (1 +Nγ,α ξ) e2α1+α2

+ 1
2Nγ,β ξ (2 +Nγ,α ξ) e3α1+2α2

By choosing properly the value of the parameter ξ, it follows that

eα1
+ e3α1+2α2

∈ G.(eα + eβ)

On the other hand α1 and 3α1+2α2 are orthogonal, thus the claim follows
by case i).

iii) Suppose that α = α1 + α2 and β = 2α1 + α2, then G.(eα + eβ) is not
spherical. Indeed sα2

(α1 + α2) = α1 and sα2
(2α1 + α2) = 2α1 + α2. Thus

eα1
+ e2α1+α2

∈ G.(eα + eβ), and we conclude thanks to the case ii).

We can now analyze the variuos cases beyond Proposition 4.1.

Proof of Proposition 4.1. Notice that b contains a unique maximal abelian ideal a0,
whose corresponding set of roots is

Ψ0 = {2α1 + α2, 3α1 + α2, 3α1 + 2α2}.

i) We analyze the sphericality of the various subspaces aw with w ∈ W . Notice that
w is fully commutative if and only if ℓ(w) 6 5, whereas it is commutative if and
only if w 6 s2s1s2. In particular, if w is not commutative, then either s1s2s1 �L w
or s1s2s1s2 �L w.

• Suppose that w is commutative, namely w 6 s2s1s2. Then Φ(w) is conju-
gated to a subset of Ψ0, thus aw is a spherical subspace.

• Suppose that s1s2s1 �L w. Then Φ(w) contains both α1 and 2α1+α2. By
Remark 4.2 ii), the element eα1

+ e2α1+α2
does not belong to a spherical

orbit. Therefore aw is not a spherical subspace.
• Suppose that s1s2s1s2 �L w. Then Φ(w) contains both α2 and 2α1 + α2,
which is a pair of orthogonal roots. By Remark 4.2 i), the element eα2

+
e2α1+α2

does not belong to a spherical orbit, thus aw is not a spherical
subspace.
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ii) By the definition of wa, an ad-nilpotent ideal a ⊂ b is abelian if and only if wa

is commutative. Therefore it is enough to show that every ad-nilpotent ideal a ⊂ b

which is not contained in a0 is not spherical. On the other hand, if a 6⊂ a0, then
we necessarily have α1 +α2 ∈ Ψa: thus 2α1 +α2 ∈ Ψa as well, and we conclude by
Remark 4.2 iii). �
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