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A B S T R A C T

Beveloid gears are spur or helical gears whose outside radius, root radius and shift coefficient vary 
linearly along the face width, but with constant module and base radius. Accordingly, the gear 
outer surface is not a cylinder, but a cone. Beveloid gears mounted with parallel axes and opposite 
cone angles are interesting because they allow backlash control. In this case, the transverse 
sections have the profile of a spur gear, but with different outside radii, root radii and shift co
efficients in each section. Accordingly, the inner and outer contact points and the transverse 
contact ratio are different, and an axial contact ratio can be defined. This paper studies the 
contact stress of beveloid gears with straight teeth and parallel axes, based on the analysis of 
contact segments along the meshing cycle, and the variation of the tooth-pair mesh stiffness and 
load-sharing ratio along the instantaneous contact lines. The analysis is based on minimum elastic 
potential energy and considers teeth undercutting and pointing. Results are validated through 
finite-element analysis of a sample gear pair. The analytical method presented in this work is 
computationally efficient and can be used as a calculation step within an optimization algorithm.

1. Introduction

A beveloid gear, also known as a conical involute gear, is generated from a conical blank with the same cutting tool and generation 
motion used for spur gears, but with a cutting motion parallel to the cone generatrix instead of the gear axis. The result is a gear whose 
transverse sections have the same geometry as a spur gear, with constant module, pressure angle and number of teeth, but whose 
outside radius, root radius, and shift coefficient vary linearly along the face width [1]. One can then have tooth pointing (with high 
profile shift coefficient) towards the bigger cone base, in the extremal transverse section called the heel, or tooth undercutting (with 
low profile shift coefficient) at the opposite end, called the toe. Fig. 1 shows the lateral (a) and frontal (b) views of a straight beveloid 
gear pair with parallel axes, and the isometric view of the pinion (c). Beveloid gears were first studied by Merritt [2] and Beam [3,4], 
and later by Purkiss [5], Pfauter [6], Thomas [7], Szekely [8], Smith [9], Innocenti [10,11] and Mitome [12–14]; in particular, Mitome 
established fundamental methods for the design, production, grinding and dimension control of this gear type. Coupling beveloid gears 
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with opposite cone angles and parallel axes (Fig. 1-a) allows for torsional-backlash control through small relative axial displacements, 
thanks to the tapered tooth thickness. This characteristic makes beveloid gears used in precision gearboxes [15,16].

To assess load-carrying capacity and develop the corresponding stress calculations, an analysis of how the tooth-pair mesh stiffness 
(called single mesh stiffness, SMS) and load distribution vary in the meshing cycle is essential [17–19]. Since each transverse section of 
the beveloid gear pair has a different geometry, the radii of the inner and outer points of contact1 of each section are different as well, 
which influences the contact conditions and load distribution.

Firstly, the start of contact is not simultaneous in all transverse sections. Contact starts at the section with the lowest inner point of 
contact and progressively extends to the section with the highest inner point of contact. A rotation, therefore, occurs between the 
instants at which contact begins in the first and last transverse sections. Similarly, contact ends progressively, from the section with the 
lowest outer point of contact (which may not correspond to the section where contact begins) to the section with the highest outer 
point of contact. This results in an axial contact ratio, similar to helical gears, even for beveloid gears with straight teeth [1,19]. The 
same contact behavior exists for a straight internal beveloid gear pair [20].

Secondly, the length of the contact segment over the tooth surfaces changes during the meshing cycle. In the case of straight teeth, 
the line of contact is parallel to the gear axis, and all its points are at an equal distance from the gear axis [21]. Nevertheless, since not 
all transverse sections are in contact simultaneously, the length of the contact segment increases at the onset of contact and decreases 

Nomenclature

Symbols
b Face width, mm
C Center distance, mm
Ey Elastic modulus, GPa
F Load, N
FT Total normal transmitted load, N
ha0 Dedendum coefficient
KM Single mesh stiffness, N/mm
K∗

Mmax Amplitude of single mesh stiffness per unit face width, N/mm2

m Module, mm
R Load sharing ratio
rb Base radius, mm
rc Contact point radius, mm
rd Root radius, mm
rf Tool tip radius coefficient
ro Outside radius, mm
r∗o Pointing radius, mm
rp Pitch radius, mm
x Rack shift coefficient
Z Number of teeth
ZE Elasticity factor, MPa1/2

z Linear coordinate along the gear axis, mm
αn Rack-cutter pressure angle, rad
α∗

n Pressure angle of the transverse section of the beveloid gear, rad
αʹ

t Operating transverse pressure angle, rad
βc Cone angle, rad
βcr Cone angle for reduced tooth height, rad
εα Transverse contact ratio
σH Contact stress, MPa
ν Poisson’s ratio
ξ Linear coordinate along the contact path

Subscripts
inn Theoretical inner point of contact
out Theoretical outer point of contact
0 Reference transverse section
1 Pinion
2 Wheel

1 For inner (or outer) point of contact, we are referring to the first (or last) contact point for each transverse section.
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as contact ends.
Finally, the SMS per unit face width is not uniform along the instantaneous contact line. Although the point of contact is at the same 

radius for all transverse sections, the dimensions of these sections are different, thus the mesh stiffness is also different. In addition, 
tooth undercutting or pointing (if present) at the extremal transverse sections will also influence the contact-segment length and mesh 
stiffness [22,23].

The above considerations show that the contact geometry of beveloid gears presents a certain complexity. A detailed analysis of the 
instantaneous contact segments and mesh stiffness is required to determine meshing conditions and load distribution [24], which are 
essential for assessing contact and bending stresses, and, consequently, load-carrying capacity. However, analytic methods found in 
the literature for determining the mesh stiffness of beveloid gears [17–19] do not consider tooth undercutting and pointing. Calcu
lation methods based on numerical techniques, specifically those based on the finite element method [20,22–24], are time-consuming 
and have high computational cost, making these methods unsuitable for optimization studies.

An analytical model for determining the contact forces in anti-backlash beveloid gears mounted with parallel axes has been recently 
presented in [25]. This model utilizes the minimum potential energy principle and accounts for axial preload and back-side contact. A 
parametric analysis on the influence of the pressure angle and the cone angle on the contact force is also presented. However, Ref. [25] 
focuses on double-sided contact forces generated by a significant axial force, but it accounts for neither the contact forces generated by 
power transmission between the two gears nor for possible tooth undercutting and pointing.

This paper investigates the contact geometry, mesh stiffness, load sharing, and contact stress of beveloid gears with straight teeth 
and parallel axes. Unlike [25], this paper focuses on load sharing and contact stress caused by the tangential forces induced by power 
transmission, without accounting for axial forces. In addition, the instantaneous contact lines are determined considering tooth un
dercutting and pointing at the pinion toe and heel [1,26]. The mesh stiffness and load sharing ratio are found by applying the minimum 
elastic potential energy method [27–29], whereas the contact stress is found from the Hertz equation [30]. The analytical method 
presented in this work is computationally efficient and can be used as a calculation step within an optimization algorithm. Compared to 
the preliminary conference report presented in [1], this extended version presents three novel contributions: (i) the analysis of the 
contact stress, (ii) a validation of the method by a Finite Element Analysis (FEA) of the loaded tooth contact, and (iii) a study of the 
influence of cone angle and face width on the contact stress.

The manuscript structure is as follows. Section 2 presents the geometry of a beveloid-gear pair and the evolution of the contact line 
along the meshing cycle, considering tooth undercutting and pointing. Section 3 presents the equation for the determination of the 
time-varying meshing stiffness and load-sharing ratio, according to the minimum energy method. Section 4 assesses the contact stress 
along the entire meshing cycle according to Hertz’s theory. Section 5 validates the contact-stress results by FEA. Finally, the Con
clusions section presents a summary of the paper contributions.

Fig. 1. Lateral (a) and frontal (b) views of a pair of straight beveloid gears with parallel axes, and isometric view of the pinion (c).
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2. Geometry and contact map

For a pair of beveloid gears with straight teeth and parallel axes, the outside radii ro1 and ro2, the root radii rd1 and rd2, and the rack 
shift coefficients x1 and x2 at the transverse section defined by the axial coordinate z are: 

ro1/o2 = ro01/o02 ± ztanβc

rd1/d2 = rd01/d02 ± ztanβc

x1/2 = x01/02 ±
z
m

tanβc

(1) 

where m is the module, βc is the cone angle, and subscripts 1 and 2 denote the pinion and the wheel, respectively. The upper sign in Eq. 
(1) corresponds to the pinion, whereas the lower sign corresponds to the wheel. Subscript 0 denotes the values at a reference transverse 
section, which coincides with the middle section for both gears, where z = 0. Clearly: 

−
b
2
≤ z ≤

b
2

(2) 

where b is the face width.
Since module m, pressure angle αn, and tooth numbers Z1 and Z2, are the same for all transverse sections, the pitch radii rp1 and rp2, 

and the base radii rb1 and rb2 are also constant. Consequently, the meshing condition is the same for all transverse sections and does not 
depend on the z-coordinate [27]: 

ξ1 + ξ2 =
Z1 + Z2

2π tanα’
t = λξ (3) 

where αʹ
t is the operating transverse pressure angle, and ξ1 and ξ2 are the profile parameters of the contact points in the pinion and the 

wheel. These dimensionless parameters can be expressed as [27]: 

ξ1/2 =
Z1/2

2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

rc1/c2

rb1/b2

)2

− 1

√

=
Z1/2

2π
ρ1/2

rb1/b2
(4) 

where rc1 and rc2 are the (variable) radii at the contact point, and ρ1/2 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2
c1/c2 − r2

b1/b2

√
is the curvature radius of the transverse 

profile. ξ1 and ξ2 vary linearly along the path of contact, so it is possible to define, along this path, a coordinate ξ that takes the value of 
ξ1 when contact occurs at the corresponding point [27]. Accordingly, the contact ratio εα at each transverse section is given by: 

εα(z) = ξout(z) − ξinn(z) (5) 

where ξout(z) and ξinn(z) are the values that ξ1 (and thus ξ) assumes in the outer and inner points of contact in the section described by z. 
Here, ξout(z) can be computed from Eq. (4), for: 

• rc1 equal to the pinion outside radius ro1 given by Eq. (1), for transverse sections in which pointing does not arise.
• rc1 equal to the pointing radius r∗o1 (see Fig. 2 and Annex I), for pointed transverse sections.

If ξo and ξ∗o denote the parameters corresponding to ro1 and r∗o1, respectively, ξout(z) can be computed as: 

ξout(z) = min
(
ξo(z), ξ∗o(z)

)
(6) 

The inner point of contact will depend on the location of the inner point of the pinion involute profile (denoted by E1) and the point 
which (theoretically) meshes with the outer point of the wheel profile (described by ξ∗inn1). ξ∗inn1 can be computed from Eq. (3) as ξ∗inn1 =

λξ − ξo2, where ξo2 is computed from Eq. (4) for rc2 = ro2. E1 is the intersection point of the involute and root trochoid of the pinion, 
whose profile parameter ξE1 can be computed as in [26]. As seen in Fig. 3, the effective inner point of contact will be the outermost 
between the two mentioned above, and therefore: 

ξinn(z) = max
(
ξE1(z), ξ∗inn1(z)

)
(7) 

Fig. 3 shows an example of both possible cases, ξinn(z) = ξE1(z) (Fig. 3-left) and ξinn(z) = ξ∗inn1(z) (Fig. 3-right), for an undercut pinion 
tooth. For non-undercut teeth only the second case, ξinn(z) = ξ∗inn1(z), is possible, because the first one would result in root interference, 
which is not admissible and therefore not considered in this study.

Fig. 4 shows the plots of the radii ro1, r∗o1, rE1, and r∗inn1 along the tooth face of the pinion of the sample beveloid gear pair described 
in Table 1. The radius r∗inn1 was obtained from ξ∗inn1 and Eq. (4).

As seen in Fig. 3, when ξE1(z) > ξ∗inn1(z), and thus ξinn(z) = ξE1(z), the outer points of the wheel profile, due to undercut, do not have 
a mating profile to mesh with. This phenomenon, referred to as vacuum gearing, is more likely to occur near the pinion toe, since a 
smaller shift coefficient leads to greater undercut, as shown in Fig. 4 for the sample beveloid gear pair of Table 1.

Although undercut reduces tooth root strength and, in the case of vacuum gearing, may result in small values of the contact ratio, it 
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does not prevent the gear pair from operating correctly for power transmission. On the contrary, a pointed tooth is unable to transmit 
load, so it is not acceptable in practice. For instance, AGMA recommends that, for power transmission gears, the tooth thickness at the 
tip should be at least 0.3 times the module [31]. The easiest way to avoid tooth pointing at the sections close to the heel of the pinion2 is 
to reduce the outside radius. This can be done by removing the material outside a cone, having the same axis as the pinion, but with 
cone angle βcr < βc. If, for simplicity, the intersection between this cone and the one defined by the outside radius ro1 is placed at the 
reference transverse section (Fig. 5), Eq. (1) becomes: 

ro1 = ro01 + ztanβc for −
b
2
≤ z ≤ 0

ro1 = ro01 + ztanβcr for 0 ≤ z ≤
b
2

(8) 

Fig. 2. Pointing radius for a generic tooth.

Fig. 3. Inner point of contact in an undercut tooth.

Fig. 4. Limiting radii for the pinion of the sample beveloid gear pair in Table 1.

2 Undercut may arise at the wheel root for gear ratio close to 1. The procedure would be exactly the same.
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The angle βcr is computed from the outside radius at the reference section ro01 and the required outside radius at the heel to ensure 
the required thickness at the tip. An approximate equation to calculate the outside radius for a given tooth tip thickness is presented in 
Annex II. The contact map is the graphical representation in a diagram ξ − z of the contact points existing in each position of the 
meshing cycle. Fig. 6-left shows the contact map for the beveloid gear having the parameters in Table 1. Its borders are the curves of 
ξinn(z) and ξout(z), and the limit values of the axial coordinate z (in this case, zmin = − 15 mm and zmax = 15 mm). At any gear position, 
the contact points of all transverse sections are located at the same distance from the gear axis (equal to rc), and therefore all of them 
have equal ξ. Consequently, the instantaneous contact lines are represented by horizontal lines in the contact map, as shown in Fig. 6- 
left. In addition, the lines corresponding to adjacent tooth-pairs are at a distance of 1 in terms of ξ.

The contact map provides interesting information for contact analysis. The first transverse section to get in contact, which is the 
section with minimum ξinn(z) and may not coincide with the pinion toe, can be immediately determined. The contact ratio of each 
transverse section is represented by the difference between the values of ξout(z) and ξinn(z). The number of tooth pairs in simultaneous 
contact at any meshing position can also be easily obtained from the map.

The presence of vacuum gearing can be observed in the sections close to the smallest base of the pinion cone (pinion toe), from z 
= − 15 mm to z = − 14.2 mm (transverse section designated by A in the figure). Thus, in this interval, the slope of the ξinn curve is 
negative and εα decreases for lower values of z, because the smaller the shift coefficient x, the greater the amount of undercut, and thus 
the greater the value of ξE1 = ξinn (Fig. 3). The tooth meshing starts at the point with the lowest ξinn, which in this case is not at the 
pinion toe, but at transverse section A, where there is no longer vacuum gearing.

From Fig. 6-left, one can also see that pointing arises near the pinion heel, beyond section B. The contact ratio decreases in the 
interval between B and z = zmax, but the reduction is less pronounced than for the toe, and the value of ξout still increases with z.

A tooth pair will begin contact at the point corresponding to the minimum of the ξinn curve, namely, at ξinn(zA), and will end contact 
at the point corresponding to the maximum of the ξout curve, namely at ξout(zmax), as shown in Fig. 6-left. The effective contact ratio of 
the beveloid gear is: 

εα,eff = ξout(zmax) − ξinn(zA) (9) 

which, for the case in Table 1, is equal to 2.423. This means that there are regions along the contact interval where three tooth pairs are 
simultaneously engaged. Fig. 6-left shows an example: tooth pair 0 contacting at ξ = 0.25 (with contact line extended in the interval −
15 mm ≤ z ≤ − 9 mm), tooth pair 1 at ξ = 1.25 (with contact line extended in the interval − 15 mm ≤ z ≤ 15 mm), and tooth pair 2 
at ξ = 2.25 (with contact line extended in the interval 4 mm ≤ z ≤ 15 mm).

To avoid tooth pointing, the outside radius of the heel should be reduced. According to Eq. (II.6), to ensure a tooth thickness at the 

Table 1 
Geometry of an example beveloid gear transmission.

Symbol Units Pinion Wheel

Module m mm 1 1
Pressure angle αn

◦ 20 20
Dedendum mha0 mm 1.25 1.25
Tool tip radius mrf mm 0.25 0.25
Number of teeth Z ​ 18 120
Rack shift coefficient * x0 ​ 0.55 − 0.55
Min. shift coefficient x(zmin) ​ − 0.1049 0.1049
Max. shift coefficient x(zmax) ​ 1.2049 − 1.2049
Outside radius * ro mm 10.55 60.45
Face width b mm 30 30
Center distance C mm 69 69
Cone angle βc

◦ 2.5 2.5
Reduced cone angle βcr

◦ 1.5 2.5

* At the reference transverse section (z = 0).

Fig. 5. Section view of a pinion with reduced tooth height at the heel.
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tip no smaller than 0.3m, the outside radius should be: 

ro1(zmax) ≤ 10.991 mm (10) 

Considering that, from Table 1, the outside radius of the reference transverse section is 10.55 mm, the cone angle at the sections 
with z ≥ 0 should verify: 

βcr ≤ atan
10.991 − 10.55

15
= 1.68∘ (11) 

In the case of Fig. 6-right, a value of βcr = 1.5∘ was chosen. Fig. 6-right shows the contact map of the considered beveloid gear, after 
applying the tooth-height reduction. The curve for ξinn is identical to the one in Fig. 6-left; the curve for ξout is identical for z ≤ 0 and 
different for z > 0. The maximum value of ξout , namely ξout(zmax) decreases, and accordingly the effective contact ratio εα,eff decreases as 
well, from 2.423 to 2.300.

3. Meshing stiffness and load sharing ratio

The meshing stiffness of a straight beveloid gear pair can be computed from the principle of the minimum elastic potential energy, 
following the same procedure described in [25]. However, while [25] focuses on the back-side contact force due to a significant axial 
load, here we consider a different operating condition, in which the tangential load induced by the transmitted power is predominant 
and axial force is negligible. According to [28,29], the SMS dKM of each transverse section, considered as a spur gear having infini
tesimal thickness, can be expressed as: 

dKM(ξ, z) = K∗
Mmax(z)cos(b0(z)(ξ − ξm(z)))dz (12) 

where K∗
Mmax is the maximum SMS per unit face width for each transverse section, and b0 and ξm are auxiliary parameters. ξm is the 

midpoint of the contact interval of the so-called reference spur gear, which is the gear with the same geometry except for the tooth 
addendum (which is equal to the module) and center distance (which should be the nominal one). b0 can be calculated from the contact 
ratio of this reference spur gear and the analytical equation presented in Section 3 of [29]. K∗

Mmax should be computed from the 
equations of the elastic potential energy (including bending potential, compressive potential and shear potential), the contact stiffness, 
and the gear body stiffness, for teeth in contact at ξm (even if ξm does not belong to the actual contact interval), as shown in [28]. All 
these parameters depend on the geometry of the transverse section; therefore, they are functions of z. Fig. 7 shows the plots of K∗

Mmax, 
b0, and ξm as z varies, for the numerical example in Table 1.

When contact occurs at the point having coordinate ξ, the SMS of a specific tooth pair is: 

KM(ξ) =
∫zmax(ξ)

zmin(ξ)

dKM(ξ, z) =
∫zmax(ξ)

zmin(ξ)

K∗
Mmax(z)cos(b0(z)(ξ − ξm(z)))dz (13) 

where zmin(ξ) and zmax(ξ) are the limits of the contact segment at the contact position corresponding to ξ; these limits can be found from 
the curves of ξinn(z) and ξout(z) in Fig. 6. These curves are very close to straight lines, and can be computed from the coordinates of the 
singular points, which, for the case in Table 1 with reduced tooth height, are the following: (zmin,ξinn(zmin)), (zA, ξinn(zA)) and (zmax,

ξinn(zmax)) for ξinn(z), and (zmin,ξout(zmin)), (0, ξout(0)) and (zmax, ξout(zmax)) for ξout(z). The final result is shown in Fig. 8-left.
This curve of SMS is quite different from that of a cylindrical spur gear. Indeed, when a spur pair starts meshing, the contact 

immediately occurs along the complete face width, and the SMS takes a nonzero finite value. In beveloid spur gears, instead, contact 
starts at a single contact point, and the length of the contact segment increases progressively. Accordingly, the SMS curve starts from 
the zero value and, for this reason, it is more similar to that of a helical gear.

Fig. 6. Contact maps of an example beveloid gearing, before (left) and after reducing the tooth height (right). Points A and B represent the limits of 
the vacuum gearing and pointing sections, respectively.
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The load sharing ratio (LSR) R of a given tooth pair is computed as: 

R(ξ) =
KM(ξ)

∑
jKMj(ξ)

(14) 

in which the sum is extended to all the tooth pairs (denoted by index j) that are in simultaneous contact at the meshing position defined 
by ξ; index j = 0 is assigned to the tooth pair under consideration, index j = 1 is assigned to the previous tooth pair in contact, index j 
= − 1 is assigned to the next tooth pair in contact, and so on. Considering that KMj(ξ) = KM(ξ+j) [28], the LSR curve obtained from Eqs. 
(13) and (14) for the case in Table 1 is shown in Fig. 8-right. The maximum LSR is at ξ(Rmax) = 1.352, that is, when the previous tooth 
pair finishes its meshing, because ξmax = 2.352, as seen in Fig. 6-right. This is not a coincidence: when the tooth-pair j = 0 meshes at a 
point around ξ = 1.352, the previous pair (j = 1) meshes around ξ = 2.352, and the next one (j = − 1) around ξ = 0.352. From 
Fig. 8-left, KM(ξ) is quite uniform around ξ = 1.352, it has a positive slope for ξ = 0.352, and a negative (more pronounced) slope for ξ 
= 2.352. Accordingly, the numerator of the fraction at the right-hand side of Eq. (14) is almost constant around ξ = 1.352, while the 
denominator decreases with ξ for ξ < 1.352 and increases for ξ > 1.352 (because beyond ξ = 1.352 the previous tooth-pair is no longer 
in contact). Thus, the LSR increases for ξ < ξmax − 1 and decreases for ξ > ξmax − 1. Consequently, the LSR is maximum at ξ = ξmax − 1, 
namely: 

ξ(Rmax) = ξmax − 1 (15) 

The LSR curve in Fig. 8-right is different from the curves of single tooth contact force presented in [25]. This is because Fig. 8-right 
shows the sharing ratio of the tangential load on a single tooth pair (along the meshing cycle) due to the transmitted power, whereas 
the diagrams in Fig. 19 of [25] correspond to the contact force due to the axial force applied to eliminate backlash. However, both here 
and in [25], the maximum load at a single tooth pair occurs just at the moment in which the previous contacting tooth pair finishes its 
meshing.

4. Contact stress analysis

The LSR given by Eq. (14) is the fraction of the load transmitted by a specific tooth pair at a specific contact position. However, this 
load is not evenly distributed along the contact line, because the meshing stiffness per unit face width changes along z, as seen in Fig. 7- 
left. Also, the contact stress depends on the curvature radii of the meshing profiles at the contact point, which vary with the contact- 
point parameter ξ, as seen in Eq. (4). Accordingly, the contact stress will be different at each contact point (described by z) along the 

Fig. 7. Parameters for the calculation of the single mesh stiffness (SMS).

Fig. 8. SMS (left) and LSR (right) of the beveloid gear pair in Table 1.
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contact line and at each contact position (described by ξ) of the meshing cycle. The contact stress can therefore be expressed as a 
function of ξ and z, and its maximum is found by calculating its maximum value along the instantaneous contact line, for all contact 
lines along a complete meshing cycle.

For beveloid gears, the infinitesimal fraction of the load dR∗ at the transverse section having coordinate z and at meshing position ξ 
is given by: 

dR∗(ξ, z) =
KM(ξ)

∑
jKMj(ξ)

dKM(ξ, z)
KM(ξ)

=
dKM(ξ, z)
∑

jKMj(ξ)
=

dKM(ξ, z)
∑

jKM(ξ + j)
(16) 

where dKM(ξ, z) and KM(ξ) are computed from Eqs. (12) and (13), respectively.
The contact stress σH(ξ, z) at coordinate z on the contact line and at the meshing position ξ can be computed from Hertz’s equation 

[30], which for a tooth contact can be expressed as: 

σH(ξ, z) = ZE

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
dF(ξ, z)

dz
Z1

2π
1
rb1

(
1
ξ
+

1
λξ − ξ

)√

(17) 

where ZE is the ISO elasticity factor [32], λξ is the parameter described in Eq. (3), and the contact load is: 

dF(ξ, z) = dR∗(ξ, z)FT =
dKM(ξ, z)
∑

jKMj(ξ)
FT (18) 

where FT is the total transmitted load along the pressure line. For the example in Table 1 with reduced cone angle at the heel, the 
maximum contact stress of each transverse section along the instantaneous contact line (σH(ξ) = maxzσH(ξ,z)), for all contact positions 
along the meshing cycle of a tooth pair, is shown in Fig. 9 (solid line) for a transmitted load of 9940 N.

The maximum contact stress is very high, around 6050 MPa, and occurs at the beginning of contact, for small values of ξ (close to 
0 at the minimum inner point of contact, as shown in Fig. 6) .3 From Eq. (4), the contact parameter ξ is proportional to the curvature 
radius ρ1 of the pinion transverse profile. From Hertz’s equation, if the curvature radius is close to 0, the contact stress tends to infinity.

The problem of high contact stress is not unusual in beveloid gears with parallel axes. As the contact stress frequently introduces a 
more restrictive design constraint than the tooth root stress, a possible solution may be to reduce the face width. The load per unit 
length will increase (since the length of the contact segment will decrease), but the curvature radius at the outermost transverse 
sections will increase too. In this perspective, a different gearing could be considered, with the same parameters as in Table 1 but with a 
face width 5 mm smaller, thus − 10 mm ≤ z ≤ 15 mm. In this case, we would obtain the contact stress represented by the dashed line 
in Fig. 9, with the maximum contact stress being drastically reduced to 3505 MPa, due to the increase in the curvature radius at the 
outermost sections. This increases the load-carrying capacity by 198 %.

Since reducing the face width decreases the contact stress at the beginning of contact but increases the stress peak in the middle of 
the contact path, an optimal face width may exist that balances the contact stress at both points. Fig. 10-left illustrates how the 
maximum contact stress varies with the face width for the sample beveloid gear described in Table 1, with reduced cone angle at the 
pinion heel (namely, βc = 2.5∘ and βcr = 1.5∘). A local minimum occurs at a face width of 15.75 mm, with a critical contact stress of 
2945 MPa. Fig. 10-right shows the plot of the contact stress along the meshing cycle for this optimal value. As expected, the contact 
stress at the beginning of contact equals the peak in the middle of the meshing cycle (corresponding to the moment in which the 
previous tooth pair finishes its contact).

Another interesting insight from Fig. 10-left is that, while reducing the face width from 30 mm to 25 mm yields a significant 
decrease in contact stress, further reductions from 25 mm to 15 mm result in only modest improvements. Accordingly, if a face width of 
15.75 mm is too small to meet other design criteria, a face width between 20 mm and 25 mm could be considered a quasi-optimal 
solution.

Another possible solution is decreasing the cone angle βc while keeping the same face width. In this case, the root radius at the 
pinion toe is greater, which increases the curvature radius and lowers the contact stress at the toe; moreover, reducing the outside 
radius of the right half of the pinion can be avoided. For example, for a cone angle βc of 1.5◦ and a 30 mm face width, the maximum 
contact stress is 2890 MPa. This increases the load-carrying capacity by 338 % with respect to the initial solution and by 47 % with 
respect to the solution with a smaller face width. For this geometry, there is no undercutting or tooth pointing. The contact map is 
shown in Fig. 11-left: notice that the curve representing ξout is a single straight segment, since the external radius is not reduced. The 
plot of the maximum contact stress along the meshing cycle is reported in Fig. 11-right. The maximum contact stress occurs at the 
beginning of contact, as in the previous cases.

Fig. 12-left shows the evolution of the maximum contact stress as the cone angle βc varies between 1◦ and 5◦, for the sample 
beveloid gear described in Table 1. To prevent tooth pointing (namely, to ensure a tooth thickness at the tip no smaller than 0.3m), a 

3 Since the Hertz equation is not applicable for very small curvature radii, to improve the reproducibility of contact stress calculations, we 
conventionally consider the first point of contact as the first point where the Hertzian contact zone is entirely contained within the pinion profile.
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reduced cone angle βcr at the pinion heel should be computed for each value of βc. For the sake of simplicity and to ensure consistency, 
Fig. 12-left was generated assuming a linear decrease in βcr relative to βc, as shown in Fig. 12-right.4 In this case, no local minimum of 
stress occurs within the examined range of βc. However, the reduction in critical contact stress is modest for βc between 1◦ and 2◦ and 
between 2.5◦ and 5◦, but significantly more pronounced in the interval 2◦÷2.5◦, which provides a useful insight for design purposes.

It can be concluded that contact at points with a small curvature radius leads to high contact stresses and should therefore be 
avoided. The points with minimum curvature radii are located at the pinion toe, corresponding to the beginning of meshing. The 

Fig. 9. Plot of the maximum contact stress along the meshing cycle for a longer (solid line) and shorter (dashed line) face width.

Fig. 10. Evolution of the maximum contact stress with the face width (left) and plot of the maximum contact stress along the meshing cycle for the 
optimal face width, b = 15.75 mm (right).

Fig. 11. Contact map (left) and maximum contact pressure (right) for a beveloid gear with cone angle βc = 1.5◦, no reduction of the cone angle at 
the pinion heel (βc = βcr) and face width b = 30 mm.

4 Notice that, according to Fig. 12-right, a reduced cone angle βcr of 1◦ is used for the case βc = 1.5◦, which is different from the case reported in 
Fig. 11, where βcr = βc = 1.5◦. This explains why the contact-stress peak in Fig. 11-right is slightly smaller than the one reported in Fig. 12-left for βc 
= 1.5◦.
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curvature radius at these points can be increased by reducing the cone angle or the face width, although the optimal reduction will 
depend on the specific case at hand.

5. Validation by finite element analysis (FEA)

In this Section, the analytical model for computing the load sharing ratio, the contact stress, the contact line position and the 
contact map is validated through a FEA performed in ANSYS Workbench. The gearing is the same as in Table 1, except for the cone 
angles, for which βc = βcr = 1.5∘ has been considered for both the pinion and the wheel. The main features of the model are the 
following. 

1. Geometry and material: A beveloid gear profile can be generated by virtually simulating gear manufacturing [33] or by analytically 
calculating the flank surfaces [19,21,23]. We used the beveloid module of the gear software KISSsoft, setting 50 sections along the 
face width and a modeling tolerance of 0.5 μm. Four teeth were isolated on both the pinion and the wheel (Fig. 13-left), since the 
transverse contact ratio is between 2 and 3. The gears are made of structural steel, defined as an isotropic material with elastic 
modulus Ey = 210 GPa and Poisson’s ratio ν = 0.3.

2. Meshing: Using the sweep meshing method, both gears are divided into 130 equally spaced transversal slices. In contact areas and at 
the tooth root, the mesh is refined with elements having a characteristic length of 0.065 mm and having approximately square 
faces. The model has 655,200 Hex8 elements (8-nodes hexahedral) and 8320 Wedge6 elements (6-nodes, prism-shaped) (Fig. 13- 
right).

3. Constraints and boundary conditions: For each gear, the inner cylindrical surface is defined as a rigid reference, linked to the fixed 
gear axis by a rotational joint. The pinion rotates by 50◦, which is the minimum angle such that the two central teeth experience 
contact conditions across the whole range of ξ. A resistant torque of 560 Nm is applied to the wheel, corresponding to a transmitted 
load of 9940 N (as in Section 4).

4. Contact: Contact is assumed to be frictionless, since power losses are not considered in the analytical model.
5. Solver settings: Large deflections are included in the solution and the analysis is repeated for any 2∘ of pinion rotation.

The FEA confirmed the contact map in Fig. 11-left: the contact (Fig. 13) occurs along lines parallel to the gear axis, starting from the 
pinion toe (zmin= − 15) and ending at the heel (zmax = 15). In Fig. 14, the maximum contact stresses provided by the FEA at each 
transversal section along the path of contact are compared to those obtained via the analytical model: the two graphs are very close to 
each other, with an average difference of 5.8 %.

6. Conclusions

This paper studied the contact geometry, meshing stiffness, load sharing and contact stress of beveloid gears with straight teeth and 
parallel axes. In particular, beveloid gears for power transmission with negligible axial load were considered; therefore, contact occurs 
only at one side. The contact map, which is the graphic representation of the contact lines at each meshing position, was introduced, 
providing relevant information about the tooth contact, such as the contact ratio or the point at which the contact starts. Tooth un
dercutting and pointing in the outermost transverse sections of the pinion were also considered. Moreover, a procedure to avoid tooth 
pointing by linearly reducing the tooth height was presented.

From contact geometry, the principle of minimum potential deformation energy was applied to calculate the stiffness of each 
transverse section of the tooth pair; then, integrating along the contact line, the total stiffness was obtained. The result differs from the 
stiffness curve of a cylindric spur gear and it is more similar to that of a cylindrical helical gear. In both cases, tooth contact pro
gressively begins at different transverse sections; however, contact may not start at the extreme transverse section of a beveloid gear if 
undercut is present.

Fig. 12. Variation of the maximum contact stress with the cone angle βc (left), when the pinion heel is modified with a reduced cone angle βcr that 
varies linearly with βc to prevent tooth pointing (right).
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Based on the stiffness curve, the curve of the load distribution coefficient along the contact path was found. This curve has a 
maximum at the contact point corresponding to the end of contact of the previous tooth pair.

Finally, an analysis of contact stress was conducted based on load distribution. At the beginning of contact, the pinion has small 
radii of curvature at contact points; thus, pressure reaches extremely high values, which reduces load-carrying capacity. However, 
small reductions in the face width, removing the initial sections with the smallest curvature radii, can significantly reduce the contact 
stress. An example showed that a 20 % reduction in the face width resulted in a 198 % increase in the load capacity of the transmission. 
A similar effect may be obtained by crowning the surfaces of the pinion teeth, although this may increase the tooth root stress at the 
middle transverse sections of the teeth. Similarly, a reduction in the cone angle, which increases the curvature radius at the points 
where contact begins, also results in lower contact stress and greater load-carrying capacity. A study was conducted on a sample case to 
examine the influence of both parameters, revealing optimal ranges for face width and cone angle that ensure acceptable contact-stress 
levels.

A FEA model produced results consistent with the analytical model, thus confirming the findings obtained from the contact map 
and contact stress analyses.

The proposed analytical model provides accurate results while allowing rapid and straightforward modification of gear parameters, 
unlike time-consuming FEA models, where even minor changes require restarting the analysis from scratch. This flexibility enables 
optimization studies, unfeasible with non-analytical methods, focused on minimizing contact stress by adjusting the cone angle and 
face width, while accounting for other design constraints.

Fig. 13. FEA mechanical model and pinion mesh detail.

Fig. 14. Comparison between the LTCA and the analytical model results.
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Annex I. Approximate computation of the pointing radius

The angular thickness at the tooth tip of a beveloid gear with straight teeth is: 

γo =
π
Z
+

4x
Z

tanα∗
n + 2

(
tanα∗

n − α∗
n
)
− 2(θo − atanθo) (I.1) 

where: 

θo =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

ro

rb

)2

− 1

√

α∗
n = atan(tanαncosβc)

(I.2) 

α∗
n being the pressure angle of the transverse section of the beveloid gear and βc the cone angle. Accordingly, for the pointed teeth the 

angular thickness is null: 

0 =
π
Z
+

4x
Z

tanα∗
n + 2

(
tanα∗

n − α∗
n
)
− 2

(
θ∗

o − atanθ∗
o
)

(I.3) 

Subtracting Eqs. (I.1) and (I.3) term by term yields: 
(
θ∗

o − atanθ∗
o
)
− (θo − atanθo) =

γo

2 (I.4) 

Function f
(
θ∗

0
)
=

(
θ∗

o − atanθ∗
o
)

can be approximated by the first three terms of the Taylor series around θo, which results in: 

f
(
θ∗

0
)
= f(θo) + fʹ(θo)

(
θ∗

o − θo
)
+

1
2
f ʹ́ (θo)

(
θ∗

o − θo
)2

f
(
θ∗

0
)
− f(θo) =

γo

2
=

θ2
0

1 + θ2
0

(
θ∗

o − θo
)
+

1
2

2θo
(
1 + θ2

0
)2

(
θ∗

o − θo
)2

(I.5) 

The last equation can be directly solved, resulting in: 

(
θ∗

o − θo
)
=

1
2
(
1+ θ2

0
)
[

− θo ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

θ2
0 + 2

γo

θo

√ ]

(I.6) 

If the considered value of γo is greater than 0 (the initial tooth is not pointed), θ∗
o should be greater than θo, and therefore 

(
θ∗

o −

θo
)
> 0, so the real solution is given by the “+” sign: 

θ∗
o = θo +

(
1 + θ2

0
)

2

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

θ2
0 + 2

γo

θo

√

− θo

]

(I.7) 

Finally, according to Eq. (I.2), the pointing radius is: 
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r∗o = rb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + θ∗2
o

√

(I.8) 

Annex II: Approximate computation of the outside radius for a specific tip thickness

To ensure a specific tooth thickness at the tip (some standards recommend a minimum thickness of 0.3m [30]), the thickness 
function e(θo) can be developed as a Taylor series around the pointing value θ∗o computed in Annex I and approximated by the first 
three terms.

The tooth thickness at the tip can be expressed as: 

e(θo) = roγo = rb

̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + θ2
0

√

[γb − 2(θo − atanθo)] (II.1) 

where γb is the angular thickness between the involute profiles of both flanks at the base circle: 

γb =
π
Z
+

4x
Z

tanα∗
n + 2

(
tan∗

n − α∗
n
)

(II.2) 

Approximating e(θo) by the first three terms of the Taylor series gives: 

e(θo) = − 2rb
θ∗2

0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + θ∗2
0

√
(
θo − θ∗

0
)
−

1
2

4rb
θ∗

0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + θ∗2
0

√
(
θo − θ∗

0
)2 (II.3) 

which results in: 

θo =
1
2

⎛

⎜
⎝θ∗

0 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

θ∗2
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̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + θ∗2
0

√

θ∗
0

e(θo)

rb

√
√
√
√

⎞

⎟
⎠ (II.4) 

Specifically, in order to meet the minimum tip thickness recommended by the standards [31], the tip point should verify the 
condition: 

θo ≤
1
2

⎛

⎜
⎝θ∗

0 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

θ∗2
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̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + θ∗2
0

√

θ∗
0

0.3m
rb

√
√
√
√

⎞

⎟
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and the outside radius should verify: 

ro ≤ rb

̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + θ2
o

√

(II.6) 

Data availability

Data will be made available on request.
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