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OPTIMAL CONVERGENCE RATES
OF AN ADAPTIVE HYBRID FEM-BEM METHOD
FOR FULL-SPACE LINEAR TRANSMISSION PROBLEMS

GREGOR GANTNER AND MICHELE RUGGERI

Dedicated to Dirk Praetorius on the occasion of his 50th birthday.

ABSTRACT. We consider a hybrid FEM-BEM method to compute approximations of
full-space linear elliptic transmission problems. First, we derive a priori and a posteriori
error estimates. Then, building on the latter, we present an adaptive algorithm and
prove that it converges at optimal rates with respect to the number of mesh elements.
Finally, we provide numerical experiments, demonstrating the practical performance of
the adaptive algorithm.

1. INTRODUCTION

Let Q C R? (d = 2, 3) be a bounded Lipschitz domain with polytopal boundary I" := 9
and outward-pointing unit normal vector n : I' —+ R?. Given f : Q) —+ Rand g,¢ : I’ — R,
we are interested in computing a numerical approximation of the solution pair u : Q2 — R,
u™t Q.= R4\ O — R of the full-space linear elliptic transmission problem

—Au=f in €, (1.1a)
—Au = 0 in Qe (1.1b)
u—u™t=g on I, (1.1c)

On(u —u™") = ¢ on I, (1.1d)
u™(x) = cloglz| + O(|z|™') as |x| — oo, (1.1e)

for some arbitrary ce Rif d=2and c=01if d = 3.

To cope with the unboundedness of the exterior domain Q. well-known approaches
usually referred to as FEM-BEM coupling methods resort to combinations of finite element
approximations of the problem in the interior domain with certain reformulations of the
problem in the exterior domain in terms of boundary integral operators; see, e.g., the
seminal papers [JN80, BM84 [(Cos88|. Such methods usually require the solution of linear
systems in which the system matrix involves blocks of sparse matrices (arising from finite
element approximations in the interior domain) and fully-populated matrices (resulting
from the discretization of nonlocal boundary integral operators).
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In this work, we consider a hybrid FEM-BEM method for full-space linear elliptic trans-
mission problems, which was originally proposed for micromagnetic applications [FK90].
More precisely, the approach was designed to approximate solutions of the special case
of in which f = -V -m, g =0, and ¢ = m - n for a given vector-valued function
m (representing the magnetization of a ferromagnetic material). In this case, the solu-
tion u of models the magnetostatic potential and the resulting magnetostatic field
h = —Vu is an interaction that needs to be computed to simulate the magnetization
dynamics; see, e.g., [BEFT14, [ARB™15, CWET18| [dH23].

One of the reasons for the popularity of this approach in computational physics com-
pared to standard FEM-BEM coupling methods is its simplicity: To compute an approx-
imation of the physically relevant solution in the interior domain, only the solution of two
(sparse) linear FEM systems and the interpolation of one boundary integral operator are
required. However, by construction, it is applicable only to linear transmission problems
for which is the Poisson problem, whereas standard FEM-BEM methods allow for
more general elliptic problems in the interior.

In this work, we perform the rigorous numerical analysis of the hybrid FEM-BEM
method for arbitrary right-hand sides in and arbitrary jump conditions in —
(1.1d))). First, we prove a priori error estimates by verifying a simple Céa-type lemma.
Next, building on [AFK™13|, which thoroughly analyzes adaptive FEM for second-order
elliptic PDEs with inhomogeneous Dirichlet boundary conditions, we derive a reliable and
efficient a posteriori error estimator. Then, we use this to steer an adaptive algorithm of
the standard form

SOLVE — ESTIMATE — MARK — REFINE.

Exploiting again ideas from [AFK™13] and thus of the seminal works [Ste07, [CKNS08] on
rate optimality of adaptive FEM (see also the review article [CFPP14]), we show that the
adaptive algorithm converges at optimal rates with respect to the number of elements. In
our convergence analysis, a crucial role is played by the local inverse estimates for nonlocal
boundary integral operators shown in [FKMP13]| (see also their generalization to curved
boundaries established in [AFET17]), used in these papers to show rate optimality of
adaptive BEM (see also the review article [FFHT15]).

We mention that for usual FEM-BEM coupling methods, involving both FEM and
BEM matrices in the overall linear system, adaptivity has already been investigated in
the pioneering work [CS95]. In [AFFT13]|, reliable error estimators for the three classical
FEM-BEM coupling approaches [JN80, BM84, [Cos88| have been proposed and plain
convergence of corresponding adaptive algorithms has been proved. Optimal convergence
rates have only recently been shown in [Feil7| for piecewise polynomial ansatz functions
enriched with certain bubble functions and in |Fei22] for standard ansatz functions. The
key challenge was the lack of some Pythagoras identity owing to the nonsymmetry of
the couplings. Instead, for our adaptive hybrid FEM-BEM method, we prove a quasi-
orthogonality property similar to the one in [AFK™13].

1.1. Outline. The remainder of this work is organized as follows: In Section [1.2] we
collect some general notation used throughout the paper. In Section [2| we recall the
definition of Sobolev spaces in the interior, the exterior, and on the boundary along
with standard discrete approximation subspaces. We further recall classical boundary
integral operators and provide the weak formulation of the considered problem . In
Section 3] we formulate our hybrid FEM-BEM method and derive corresponding a priori
(Proposition and a posteriori (Proposition error estimates. Building on the

latter, we present in Section 4 an adaptive algorithm (Algorithm and state our main
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result on optimal convergence (Theorem [4.2)). The proof, which relies on the abstract
framework of [CFPP14] and consists of the verification of the azioms of adaptivity for
the error estimator, is presented in Section [5] We conclude the paper in Section [6] with
numerical experiments, demonstrating the practical performance of the method and of
the adaptive algorithm.

1.2. General notation. Throughout and without any ambiguity, | - | denotes the ab-
solute value of scalars, the Euclidean norm of vectors in R™, or the measure of a set in
R™, e.g., the length of an interval or the area of a surface in R?. We write A < B to
abbreviate A < C'B with some generic constant C' > 0 which is clear from the context.
Moreover, A = B abbreviates A < B < A.

2. PRELIMINARIES

2.1. Sobolev spaces. For measurable w C €2 or w C I, we abbreviate the corresponding
L2-norm by ||+ [lo := || | z2(w). Moreover, we abbreviate H!(Q) := {v € H(Q) : (v,1)q =
0}. As usual, let H~1(Q) := H'(Q)* and H-/*(T") := HY*T)* be the dual spaces
of H'(Q) and HY?(T), respectively. We denote by (-,-)q and (-, -)r the corresponding
duality products, and note that they coincide with L2-scalar products if the arguments

are in L?. For open sets w C R\ T, we consider the Sobolev space H (w) := {v:w —
R : vl € H'(«') for all bounded open sets w’ C w}.
We denote by ()| : H'(Q2) — H'?(T) the interior trace operator, which coincides

with the usual restriction v|r for all continuous functions v € C'(€2). Similarly, we denote
by ()|r : HL (Q%%) — H'Y2(T) also the exterior trace operator. If the context permits,

loc
we will omit the explicit notation (-)|r, e.g., we write ||v||z1/2(p) instead of [[v|r || g1/2(r)

for functions v € HY(Q) or v € H} (Q%"). We denote by 0, : {v € H'(Q) : Av €

e loc
H='(Q)} — H~Y2(I') the interior normal derivative, which coincides with the classical

derivative d,v for all smooth functions v € C'(2). Similarly, we denote by 9, : {v €
HL (Q%%) : Av =0} — H~Y2(T") also the exterior normal derivative.

loc

2.2. Integral operators. We denote by G € C*(R?\ {0}) the Newtonian kernel de-
fined, for z € R%\ {0}, by

—=loglz| ifd =2,
Glz) = {gl% e if d=3.
For all sufficiently smooth w : I' — R, we define the double-layer potential of w as
Kuw(zx) = /an(y)a(m —y)w(y)dy for z e R\ T. (2.1)
It is well known that this poiential can be extended to a bounded and linear operator
K : HY*(T') — H} (R?\ T'), and satisfies the Laplace equation
~AK =0 inR\T,
the jump conditions
(Kw)|q — (Kw)|ges ) |r = —w and 9, ((Kw)|q — (Kw)|ges) =0 for all w € HY(T),
and the radiation condition
Kw(zx) = cloglz| + O(jz|™")  as |z| — oo

for some arbitrary ¢ € Rifd = 2 and ¢ = 0if d = 3. We denote by K : HY/?(I') — H'/?(T")

with Kw := ((I? w)|q)|r + w/2 the double-layer operator. For all sufficiently smooth
3



w: I' - R, Kw satisfies the integral representation (2.1)) for almost all € I'. Finally,
we mention that the restriction K : H(I') — HY(T") onto H*(T") is a bounded and linear
operator to H'(T'). For details and proofs, we refer to the monographs [McL00), [Ste08al,
SST1].

2.3. Weak formulation. We recall the weak formulation of (1.1). For the problem

data, we assume that f € H1(Q), g € HY/2(I'), and ¢ € H~/%(I"). The weak formulation
then reads as follows: Find (u,u®™') € HY(Q) x HL_(Q%) with (u —u™*)|p = g such that

loc

(Vu, Vo)g + (Vu™, Vo)ger = (f,0)q + (¢, v)p  for all v € C=(R?).

ext )

It is well known that there exists indeed a unique weak solution (u,u®") to this problem;

see again the monographs [McL00, [Ste08al, [SS11].

2.4. Discrete spaces. We consider triangulations 7, of €, i.e., sets of open d-dimensional
simplices (triangles if d = 2 and tetrahedra if d = 3) forming a partition of 2 in the sense
that Q = Jper, T and TNT" = () for all T # T" € 7,. Throughout, triangulations

7. are assumed to be conforming in the sense that 7 N T is either empty, a common
vertex, a common edge, or a common face (if d = 3) for all ' # T" € 7T,. In particular,
this induces a conforming triangulation 7,|r of I" into (with respect to I') open (d — 1)-
dimensional simplices (line segments if d = 2 and triangles if d = 3). For p € N and
T e 7:, we denote by PP(T') the space of polynomials of degree at most p on 7" and by
PP(T.) := {vn € L*(Q) : v|r € PP(T) for all T € T,} the space of T,-piecewise poly-
nomlals of degree at most p. We consider the space of globally continuous 7,-piecewise
polynomials
SP(T.) == C°(Q)NPP(T.) C H'(Q)

Let J : HY(Q) — SP(T,) denote the corresponding Scott-Zhang projection from [SZ90]
and HQ L*(Q) — Pr- 1(7') the L?(T)- orthogonal projection. Additionally, we set
SP(T.) = {ve € SP(T.) : (e, 1) = 0} and S§(Ts) := {ve € SP(Ts) : va|r = 0}. We define
PP(T| ) and SP(T,|r) with corresponding Scott Zhang projection JI : HY(T') — SP(T.|r)
analogously; see also [SV06]. As the definition of JI' only involves integrals on edges for
d = 2 and faces for d = 3, respectively, it is even well defined and stable on L*(T).
By standard interpolation theory, we also see that JI' is H'/?-stable, where the stability
constant depends only on the boundary I', the shape-regularity of 7,, and the polynomial
degree p. We also mention the identity

(J$)|p = JE(v|p)  for all v € HY(Q). (2.2)
Moreover, we require the L?(I")-orthogonal projection I1L : L2(T") — PP~Y(T,|r).

3. HyBRrRID FEM-BEM METHOD

The hybrid FEM-BEM method relies on the superposition principle, i.e., we consider
some decomposition u = u; 4+ uy in the interior domain 2. We additionally suppose the
compatibility condition

(f,Da+ (o, 1)r =0; (3.1)
see also Remark [3.1] Then, there exists a unique weak solution u; € H}(2) of the
Neumann problem

—Au; = f inQ, (3.2a)
Opuy =¢ onl. (3.2b)
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Define up := u —uy in Q. Then, by construction, (ug, u®")

the full-space transmission problem

is the unique weak solution of

—Auy =0 in Q,
—Au™t =0 in Q™

Uy — U™ =g —uy on I,

On (g — u™*) =0 on I,

u™(x) = cloglx| + O(|z|™) as |z| — co.

Hence, us = (K (u1 — g))|o and u™* = (K (u; — g))|aex; see Section In particular, uy
can be characterized as the solution of the Dirichlet problem

—Auy =0 in €, (3.3a)

ug = (K —1/2)(u; —g) onl. (3.3b)

Given a conforming triangulation 7, and a polynomial degree p, this suggests the
following discretization:

(i) Find uy . € SP(7,) such that

(VUi e, VU)o = (f,ve)q + (¢, ve)r for all vy € SP(Ts). (3.4)
(ii) Find uge € SP(T,) with uge|r = JL (K — 1/2)(u1e — g) such that
(Vuse, Vie)g =0 for all v, € S{(Ts). (3.5)

(ili) Define uq := 1,6 + u2.e € SP(7Ts).
Remark 3.1. Integration by parts for (f,1)q = —(Au, 1)q shows that
(f,Da+ (o, 1>F = <VU7 V1o + (¢ — Onu, Lr = —(0pu™, 1)r.
The compatibility condition can thus always be guaranteed by replacing u®* by u®* —

u™t, where u™* can be chosen as arbitrary function u™* satisfying
— AU = 0 in Q, (3.6a)
(O™, 1)p = —(Bpu™, 1) = (f, 1) + (¢, 1)1, (3.6b)
u™(x) = cloglx| + O(|z|™") as |x| — oo, (3.6¢)

for some EE Rifd=2andc=0if d=3. Then (u,u™*—u™") satisfies the transmission
problem (L.1)) with g replaced by g —u®*|r and ¢ replaced by ¢ — 0, u**. By construction,
the modz’ﬁed problem satisfies the compatibility condition (f, 1)q + (¢ — Opu™*, 1) = 0.
Finally, we note that solutions to can be easily constructed by means of the New-
tonian kernel. To this end, abbreviate C':= (f,1)q + (¢, )1, fix some x € €, and set

>(y) = —-CG(x—1y) foralyeQ™".
This function satisfies (3.6al) and (3.6d)); see, e.g., [McLOO, Lemma 7.13|. To see (3.6b)),
we rewrite

(O u™*, 1) ——C’/@n(y x—y) dy = —CKl(z).

By the representation formula applied to the constant function 1 (see, e.g., [McL00, The-

orem 6.10]), it holds that [?1(:1:) = —1 so that the last term indeed just equals C.
5



Remark 3.2. It is well known that the solution u, of the Neumann problem is
unique up to an additive constant. In our method, to fix the ideas, we impose uniqueness
of uy by requiring that it has zero integral mean. However, we note that this choice is
arbitrary and that the approximation of u is independent of this choice. To see this, let
u € HY(Q) be the unique solution of the Neumann problem (3.2)) obtained by fizing a

different additive constant, i.e., u; = uj+c¢ for some ¢ € R. Then, define tuy := K(u; —g)
and U = Uy + Uy. Since K1 = —1, we infer that

We thus obtain that
U=1U + U =U +C+ U — C= U + Uy = u.

3.1. A priori error estimation. The next proposition shows that the pair u, :=
(u1,e,Uu24) is indeed a quasi-best approximation of w := (uy, us).

Proposition 3.3. There exists Ceen > 0 such that

T e <Ccéa I T Ve . 3.7
lu = telliio) < Coen | min e = vl (3.7)

The constant Cie depends only on the domain ), the shape-regularity of T, and the
polynomial degree p.

Proof. The Poincaré inequality and the fact that u, . is the orthogonal projection of u,
onto the space SP(7,) with respect to the norm ||V (-)|lo show that

@) S IV —ure)llo = U.gg}}(lm IV (ur — va)]|0- (3.8)

Jur — v

For the second term, we require the harmonic lifting operator L : H'/?(I') — H'(f2),
mapping w € H'?(I') to the unique solution Lw € H'() of the Dirichlet problem

—ALw=0 in (), (3.9a)

Lw=w onT. (3.9b)

In particular, we have that us = L(K —1/2)(u;—g). We introduce u$ := L(K —1/2)(u1.o—
g) and apply the triangle inequality to see that

[tz — uzel[m(0) < lluz — u3llme) + lu — tzellmi()-
Stability of L, K, and the trace operator show that
Juz — w3l @) S NK = 1/2)(un — wre)ll ey S llun — wrellm @) (3.10)

Noting that us e is the Galerkin approximation to u$§ with uge|r = JIu$, the quasi-best-
approximation result [AFK™13, Proposition 2.4] and the triangle inequality show that

|us — usell a1y S v.ggy(lm [us — vl 1) < [|ug — us||a1() + U.égy(lm [tz — Vel 1 (0)-

Overall, (3.8)) and (3.10|) conclude the proof.

The remaining estimate

2 = wa ol S | min V(w2 = ve)fo

follows from [AFK™13| Proposition 2.3]. O



From (3.7) and standard approximation theory, it follows for the solution w of (1.1} in
the interior domain that

— Use < di T)? 3.11
o sy S max diam(T) (3.11)
if the decomposition u = u; + us is such that uy, us € HPT(Q).

Remark 3.4. Note that only guarantees that (uy e, uze) is a quasi-best approzima-
tion of (u1,us), and not necessarily that the sum e = Uy e + Uze s a quasi-best approz-
imation of u = uy + us. In particular, the a priori estimate requires reqularity
of both uy and uy. In contrast to this, the standard FEM-BEM couplings [JN80, [Cos88|
provide quasi-best approzimations of the pair (u, Opu®™").

3.2. A posteriori error estimation. Assuming the additional regularities f € L?(Q),
¢ € L*(Q), and g € H'(T), we define for all elements T € T, with mesh-size hy = |T|/?
the error indicators

Mme(T)? = 07|\ (f + Aure) 7 + b l[0nura] [Fraq + hrll¢ = Onurellfrar - (3.12a)
as well as

2e(T)* = I | Az |7 + hr | [Ontze] 1 3rn + hrll(1 = TI) V(K — 1/2)(ure — g)(!l?amg)
3.12

Here, n denotes the outward-pointing unit normal vector n on 0T and [0,(-)] denotes
as usual the normal jump. Note that the final term in (3.12bf) is well-defined, as K :
HYT') — HY(T) (see Section [2.2)) and u;, — g € H'(I'). We also define the combined
indicator
e(T)? := n1,4(T)? + n24(T)*. (3.12¢)
The corresponding error estimators read as
Me=> meT) M= me(T) ni:=> n(T)=ni,+n5.. (3.12d)
TeT, TeT, TeT,

In the following proposition, we show that the combined estimator 7, is indeed reliable
and efficient up to oscillations. We define the local oscillations associated to the right-
hand side f, the Neumann datum ¢, and the Dirichlet datum ¢ by

oscras,e(T)* 1= h (1 =TI fI|7,
oseno(T)* = hrl|(1 = 1) ¢ 3rnr
oscp,e(T)? := hrl|(1 = 1) V(K — 1/2)(ure = 9)ll3ar
for all T' € 7T, as well as the corresponding oscillations

2 2 2 2 2 2
OSCRES.e ‘= E oscrus,e(1)", oscy, = E osene(T), oscp , = E oscp.e(1')".
TeT, TeT, TeTe

Note that
max { OSCRHS,e; OSCN,e, OSCD o } < 7. (3.13)
Proposition 3.5. There exist Cio > 0 and Ceg > 0 such that
Crdtllu — we| i) < 1o < Con([[V(w — wa)||o + 0SCRis,e + 0SCN,e +0SCDe ). (3.14)

The constant Cyq depends only on the domain 2, the shape-reqularity of Ty, the shapes of
the boundary element patches | J{T € Talr : TNI" # 0} for T’ € Te|r, and the polynomial

degree p. Notice that, if T, is obtained from iterative newest vertex bisection of some initial
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conforming triangulation Ty, the number of different patch shapes is uniformly bounded;
see, e.g., |JAFKT13, Proof of Proposition 3.1|. The constant Ceg depends only on the
domain 2, the shape-reqularity of T, and the polynomial degree p.

Proof. Standard arguments readily yield reliability and efficiency for the first term of the
estimator, i.e.,

|ur — UL-HHl(Q) Se S IV (u — UL-)HQ 4 OSCRIIS,e T OSCN e

~Y

see, e.g., [AOL1L Ver13| for details.
For the second term, we recall u$ := L(K — 1/2)(u1o — g) from the proof of Proposi-
tion [3.3] Then, (3.10) as well as reliability for u; show that

|uz — us|lar o) S lur — urellmr@) S Mo

Noting that uy, is the Galerkin approximation to u§ with ug4|r = JI u$, we have that
|u$ — uge |l m1 () S 72, thanks to the reliability estimate from [AFK*13, Proposition 2.4].
Overall this shows the first inequality in (3.14)).

On the other hand, the efficiency estimate from |[AFK™13, Proposition 2.4| shows that

e S IV (ug —uze)llo +0scp .
The triangle inequality further shows that
IV (3 — uza)[[6 < 1V (u2 — uz)lle + [V (uz — u3) o

The second inequality in (3.14)) then follows from (3.10) together with the Poincaré in-
equality. O

4. ADAPTIVE ALGORITHM & OPTIMAL CONVERGENCE

4.1. Adaptive algorithm. Let 7y be some given conforming initial triangulation of €2.
We employ newest vertex bisection [Ste08b| as mesh-refinement strategy and abbreviate
the set of all conforming triangulations that can be reached from 7g by T. For each 7, € T
and marked elements M, C 7T, let 7, := refine(7,, M,) be the coarsest conforming
triangulation, where all T' € T, have been refined, i.e., M, C T,\ T5. We write 7, € T(7.,),
if 7, results from 7, by finitely many steps of refinement. In particular, we have that
T = T(7).

We consider the following standard adaptive algorithm using Dorfler marking.

Algorithm 4.1. Input: Initial conforming triangulation Ty, polynomial degree p, Dérfler
parameter 0 < 6 < 1.
Loop: For each ¢ =0,1,2,..., iterate the following steps (1)—(iv):
(i) SOLVE: Compute the discrete solutions uy, € SP(T;) of and us e € SP(Ty)
of (3.5).
(ii) ESTIMATE: Compute the error indicators n,(T) of for allT € T,.
(iii) MARK: Determine a minimal set of marked elements My C Ty such that

0> m(T)* < > n(T)
TET, TeM,
(iv) REFINE: Generate the refined mesh Toyq := refine(Ty, M,).

Output: Refined meshes Ty, corresponding discrete solutions u, = (u1 e, u2¢), and error

estimators ny for all { € Ny. O
8



4.2. Optimal convergence. For s > 0, we define
Cili(s) :== sup min (N +1)°n, € [0,00] with Ty:={To €T : #7. —#To < N}.

NeNy Te€TN

By definition, C7 (s) < oo implies that the error estimator 7, decays at least with rate

O((#7.)~°) on the optimal meshes 7,. The following main theorem states that each
possible rate s > 0 is indeed realized by Algorithm [4.1]

Theorem 4.2. For arbitrary 0 < 0 < 1, there exist Cy, > 0 and 0 <py,< 1 such that
nfﬂ < Chn,ofinn? for all ¢, 5 € Ny. (4.1)

Moreover, there exists 0 < 6, < 1 such that for all 0 < 6 < 0, and all s > 0, there exists
Copt Copt > 0 with
CoptCape(5) < SUD(#Te = #To + 1) < CoptCap(5)- (4.2)
€No
The constant 0, depends only the domain §2, the initial triangulation Ty, and the used
polynomial degree p, the constants Chyy, puin depend additionally on the Dorfler parameter
6, and the constant Copy depends additionally on s, while copy, depends only on Ty.

Proof. According to [CFPP14, Theorem 4.1|, the theorem follows if we can prove the
so-called axioms of adaptivity for the error estimator, namely stability on nonrefined
elements, stated and verified in Section reduction on refined elements, stated and
verified in Section [5.2] discrete reliability, stated and verified in Section [5.3], and general
quasi-orthogonality, stated and verified in Section [5.4] In particular, we choose the error
measure from [CEPPI14] Section 2.2] as d[Ts; v, w] := ||V (v — w)]|q for all 7, € T and
all v,w € H(Q) x HY(Q). The required mesh-refinement properties from [CEPP14]
Section 2.4| are satisfied according to [CFPP14l Section 2.5] for the considered newest
vertex bisection. O

Remark 4.3. Note that the estimator is equivalent to the total error, i.e.,
Ne ~ ||u — U-HHI(Q) + OSCRHS,e + 0SCN,e + OSCD o,

which is a direct consequence of (3.13)) and (3.14). In particular, Theorem holds

analogously for the total error instead of the estimator.

Instead, [Fei22| proves optimal convergence of a standard adaptive algorithm employing
the Johnson—Nédélec coupling [IN8Q)|, which approzimates (u, Opu®™") rather than (uy,us);
cf. Remark[3.4 More precisely, optimal convergence of an estimator that measures the
discretization error of (u, Op,u™") is shown. It is only known that this estimator is an
upper bound, but not necessarily a lower bound (not even up to oscillations), for this
error.

5. AXIOMS OF ADAPTIVITY

In this section, we state and verify the four axioms of adaptivity from [CEPP14] re-
quired to prove Theorem . We note that [Fei22| verifies these axioms in case of the
Johnson-Nédélec coupling [JN80]. As for the Johnson-Nédélec coupling (and standard
BEM |FEH™15]), the crucial ingredient for the first two axioms, stability and reduc-
tion, are local inverse estimates for (non-local) boundary integral operators |[AFFT17],
and the crucial ingredient for the third axiom, discrete reliability, are properties of the
Scott—Zhang projection. For the proof of discrete reliability, we can particularly em-
ploy [AFK™13|, which treats the numerical approximation of the Poisson model prob-

lem with inhomogeneous Dirichlet boundary conditions discretized via the Scott—Zhang
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projection. We also took inspiration from |[AFK™13| to prove the fourth axiom, gen-
eral quasi-orthogonality. However, [AFK™13| only deals with the projection of fixed
Dirichlet data, whereas the Dirichlet data (K — 1/2)(u1. — g) that are projected onto
SP(T.|r) for the computation of uy.|r change in every step of the adaptive algorithm.
This poses an additional technical challenge. Indeed, |AFK™13| could even prove the
quasi-orthogonality below with €5 = 0. We can only show for some g9 > 0,
from which we then derive the desired general quasi-orthogonality.

For the last axiom, [Fei22] uses a completely different route that covers general uniform
inf-sup stable problems, including the Johnson-Nédélec coupling. The developed abstract
framework is not applicable for the hybrid FEM-BEM method (3.4)-(3.5), as (u1,e,u2.)
does not necessarily correspond to the Galerkin discretization of some inf-sup stable
problem on the continuous level.

5.1. Stability on nonrefined elements. We show stability on nonrefined elements,
i.e., there exists a uniform constant C,, > 0 depending only on the domain 2, the shape-
regularity of the considered triangulations (and thus on 7j), and the used polynomial
degree p such that for all refinements 7, € T(7,) of a conforming triangulation 7, € T, it
holds that

‘( Z 770(T)2> yz < Z n.(T)z)lﬂ’ < Citan | V(U6 — u)||0- (5.1)

TeTeNTo TeTeNTo
The inverse triangle inequality and the inequality (a? + b%)'/2 < a + b for all a,b > 0
give that

1/2

(X w@?) = (X w@?)

TeTeNTo TeTeNTo

< | mer?) = (X ma?)

TeTeNTo TeTeNTo

+‘< > 772,0(T)2>1/2—< ) 7727‘(T)2>

TeTeNTo TeTeNTo

1/2

1/2‘

Standard arguments show stability for the first term, i.e.,

(X 0e@) (X me@?) | £ 19w~ w2
To

TeTeNTo TeTeNTo

see, e.g., [CKNSOg].
For the the second term, we apply the inverse triangle inequality (twice) and the fact
that IIL =1L on T' € 7, N7, to see that

1/2 1/2 9 1/2
(X me@?) = (X ma®?) | =X o) = D)
TeTeNTo TeTeNTo TeTeNTo
< ( D gl A(use = usd)lI7 + hr||[On(uze = use)]IFrag
TeTeNTo

1/2
+ hrll(1 = ) V(K = 1/2) (w0 = wr0)[3rer) -

Since (K —1/2)1 = —1 is constant, we can replace the difference ug, — u94 on the right-
hand side by g, —uge — ¢ with ¢ := [Q| ™" [ (ug0 —uz.4) da. Then, an inverse inequality,
10



a trace inequality, and the Poincaré inequality show for the first two terms that

> WA (ure — u) |15+ hrll[On(u2e — u2.))3ra0 S 11V (20 — 1) I3

TeTeNTo

see, e.g., [CKNSO8| for details. For the second term, we use the fact that that Vp(u; . —

u1e — €) is a polynomial of degree p — 1 on T' € T, N T, stability of IIL, the inverse

inequality [AFET17, Corollary 3.2|, the trace inequality, and the Poincaré inequality to
see that

> bl (1= T VR(K = 1/2)(u10 — ure)[3rar
TeTeNTo

= Y (1= T)VeK (ure = ure = )| 3rar
TeTeNTo

< e = e — el S IV (e — ) 2

Overall, this concludes the proof. O

5.2. Reduction on refined elements. We show reduction on nonrefined elements; i.e.,
there exist a generic contraction constant 0 < p..q < 1 and a uniform constant Cya, > 0
depending only on the domain €2, the shape-regularity of the considered triangulations
(and thus on 7p), and the used polynomial degree p such that for all refinements 7, €
T(7,) of a conforming triangulation 7, € T, it holds that

S (@< pha Y. ne(T) + CL0IV (1o — ua)[[3 (5.2)
T€To\Te TeTe\To

Indeed, for the component u;, this follows from standard arguments as in Section [5.1]
ie.,

Z T]LO(T)Q < p%,red Z 771,0(T)2 + CiredHV(ul,O - ul,')”?] (53)
TeT\Te TeT\To

with constants 0 < pj,eq < 1 and C yeq > 0.
Standard arguments also show for the volume residual and the jump terms in the
definition of the estimator corresponding to the second component (3.12bf) that

> b3l Auso|F 4 hrll[Ontizo] 1570
TeTo\Te

< B D WAz — )+ hrlllOnus llBrng ) + Coaall V(e — w2l
TeTe\To

with constants 0 < pg,eq < 1 and Chea > 0. The triangle and the Young inequality, the

inclusion PP~1(T,|r) € PP~Y(T5|r), and the fact that |J(To \ 7o) = U(Te \ 7o), where
11



hy <27 Yehp for all T' € T\ To and T C T with T € T, \ 7o, show that

> harll(1 =T Ve(K = 1/2)(ure — 9) 3z

T€T\Te
<(1+8) Y hrll(1 = TDVe(K — 1/2)(ure — 9) 3
T€To\Te
+ 1+ > b1 =T V(K = 1/2) (w10 — ure) | 3rar
T€To\Te
< (1+0)27 V4 Z hy||(1 = II)Vr(K — 1/2)(u1.e — ) |377er
T'€Te\To
+(1+67") > (1 =T Vr(K = 1/2)(u10 — ure) | 3rar-
TeTo\Te
The second sum can be bounded as in Section 5.1 by ||V (u10 — u1.4)]|3, and we conclude
the proof by choosing § > 0 sufficiently small. O

5.3. Discrete reliability. We show discrete reliability, i.e., there exist uniform con-
stants Cgrel, Cref > 0 depending only the domain €2, the initial triangulation 7o (or more
precisely on the shape-regularity of the considered triangulations and the patch shapes
on the boundary, see Proposition [3.5)), and the used polynomial degree p such that for
all refinements 7, € T(7,) of a conforming triangulation 7, € T, there exists a set

7: \ 7?3 g Ro7o g 7: with #Ro,o S Cref#(,Y: \ 7;) and
1/2
IV (o — wa)lo < [lue — tallmio) < cdrel( > n.(T)2> . (5.4)
TGR.,O
Standard arguments show the assertion for the first component w4, i.e.,
1/2
Jure = walme S (Y me(D)?) (5.5)
TG’Rl,o#o
for some Te\ To € Rieo C To With #R1e0 S #(Te \ To); see, e.g., [CKNSOS].
For the second component us, we require a discrete version of the harmonic lifting
operator L : HY2(I') — H*(Q) from (3.9): Given w € HY*(T"), let Low € SP(T,) with
(Low)|r = JEw such that

(VLow,Vu,)o =0 for all v, € SH(Ts). (5.6)

From (JSL())|r = JE() (see (2.2)), we conclude that (L, — JPLJ )w € S§(Ts) is the
Galerkin approximation of (LJI — JYLJD)w € HE(Q). The triangle inequality and
stability of the Galerkin approximation (together with Friedrichs’ inequality), of L.J!,
and of JSLJL imply that

| Low|| () < (Lo — JS LI w| 1oy + | IS LIS 0| e
SNLT wll ) + 1S LIS wl gy S Nlwll gz,

ie., L, : HY/2(Q) — HY () is uniformly bounded. In particular, we have by definition
that ug, = Lo(K —1/2)(u1,0 — g). We introduce uj, := Lo(K —1/2)(u1,6 — g) and apply
the triangle inequality to see that

2,0 — Uz el () < [[ugo — u3ollmi@) + U3 — el m1(0)-
12



Noting that us o = Lo(K — 1/2)(uy . — ¢), uniform stability of L., of K, and of the trace
operator yield together with discrete reliability (5.5)) for u; that
g0 = 3 ol (o) S (K —1/2) (w10 — wre)l| ey
S ||U1,o - Ul,o||H1/2(r) S e — UL-HHl(Q)

5( > 771,-(T)>1/2-

TER1,e,0

Moreover, the discrete reliability of [AFK™13, Proposition 6.1] states that

1/2
luge =ty S (Y ma(D)

T€R2,.,O

for some Te \ To € Roeo C To With #Roeo S #(Te \ T5). Taking Reo := RieoUR2e0,
we conclude the proof. O

5.4. General quasi-orthogonality. We show in two steps general quasi-orthogonality,
ie., for all €4, > 0, there exists Cyo = Cqo(eqo) > 0 depending only the domain €2, the
initial triangulation 7y, and the used polynomial degree p such that

O+N
Z IV (wjs1 — u;)[|§ — cqonf < Coomp  for all £, N € Ny. (5.7)
=t

Step 1: In this step, we prove that for arbitrary fixed €4, > 0, there exist 1,62 > 0
with £,C2; + &5 < €40 such that for all j € Ny,

rel

IV (w1 = up)llg < 1V (w0 —uy)llg — (1= )V (w — wjpa) [ + eom; +af — af,y.
(5.8a)

For all j € Ny, the auxiliary terms «a; are nonnegative numbers possibly depending on €,
and g9 with

Q; < Ca<€1, 62)T]j (58b)

for some constant C,(e1,e2) > 0. We split this step into six substeps.

Step 1.1: For the first component u;, Galerkin orthogonality even yields the Pythago-
ras identity

IV (ur 1 = wa )l = 11V (ur = wi )G = 11V (ur = w o) [
Step 1.2: For the second component us, we start with the following elementary identity
IV (u2 = ua ) [ = IV (w2 — uajn + usjr — uz) I3
= IV (uz — g )G + 2(V (w2 — g 1), V(uz i — ua))a + ||V (uz i1 — uag) g

Rearranging this identity, we see that

1V (ug i1 — uz )G = IV (2 — ug ) ||3 — [V (ug — uz 1) I,
—2(V(ug — ugjy1), V(ugji1 — uzj))o- (5.9)

Step 1.3: It remains to estimate the last term on the right-hand side of (5.9). Recall-
ing the discrete lifting operator from (5.6), we set u} ;1= Lj11Jj (K —1/2)(uy; —g) €
SP(Tja) with ugj|r = JiJj (K = 1/2)(ur; — g) = J3 (K = 1/2)(ur; — g). Then,

j
the difference uj ;,, — uy; lies in Sj(7Tj11). Moreover, we note that ug ;1 = Lji (K —

13



1/2)(ur 11 — 9) = LjyaJj (K — 1/2)(u1 j41 — g). For arbitrary e > 0, Galerkin orthog-
onality, the Young inequality, and uniform stability of L;; hence imply for the L*-scalar
product (5.9)) that

2/(V(uz — upj41), V(Uzjt1 — tz))al = 2/(V(uz — uzj41), V(g1 — uh 1))l

< el V(uz = uzg) 13 + &7 IV (wzgn — w501

< e[|V (ua = wa i) [[& + e Cull Ty (B = 1/2)(urn — 9) = T (K = 1/2)(uag — 9312y

for some uniform constant Cy > 0.

Step 1.4: With the triangle and the Young inequalities, stability of the involved
operators, and the fact that u; ; and u, j;; have integral mean zero, we further see for
some uniform Cy > 0 that

171 (K = 1/2) (w1 1 — 9) = I} (K = 1/2)(urj = 9) 3/
< 25 (K = 1/2) 1541 — 9) = T (K = 1/2) (01— 9) 2y
2T (K = 1/2) (ury — g) — TP = 1/2)(ury — )y
= 2T (K = 1/2) (g — w10 smgey + 200 — IO = 1/2)(urg — )
< 20|V (41 — wi )G + 20 (Jjey — er)( —1/2)(u1; — 92 (ry-
Step 1.5: For an equivalent 7T, |p-piecewise constant mesh-size function he on T sat-
isfying C5 thy < helorar < Cshp for some uniform C5 > 0 and all T € T, € T with

OT NT =# (), the proof of [CFPP14] Proposition 11.1] reveals the existence of a uniform
constant C; > 0 such that

Ty = IE = 1/2) (= )20y < CalllB)*(1 = 5 Ve (K — 1/2)(ua,; — )1}
— IR =105, ) V(K — 1/2)(ur; — 9)[1F].

For the second term, we employ the Young inequality —a® < —1/(1 4+ 6)(a +b)* + (1 +
1 /(1 4 6)v? for a,b > 0,5 > 0 in combination with the triangle inequality, local L2-
stability of IT},,, and the fact that (1 —1II}, )V (u1j41 — u1;) = 0 to see that

- ||h;fl< I, )Vr(K — 1/2)(ur; — g)|?

1/2
< — A — T )Fe(K = 1/2) (g — )l
14671
+ 5 A0 = T V(K = 1/2) (g0 — )
s——uh;fm ) V(K = 1/2) (w01 = 9)lIE
14+ 510
g IV K (g — ) 2

Finally, an application of the inverse estimate from [AFE"17, Corollary 3.2] in combina-
tion with the stability of the trace operator and the fact that u; ;11 — u;; has integral
mean zero yields the existence of uniform constants C, Cs > 0 with
R2eK (uy 1 — ui )12 < Cllug oq — g 52 < Cs|V (ur i — ur )|
17545 Ve K (uy 1 — ua )b < Cllug Ul,y||H1/2(p) < Cs[|V(urjn — urg)lo-
14



Step 1.6: Combining Step 1.1-1.5, we see that

IV (ug 1 — w2 ) 1§ < IV (w2 — ug )l — (1 — 1) ||V (ug — uz,541) |3
L) 19— w1~ 90— )2
- 04[%*/2(1 - war( - 1/2><u1,j — 9|}

- A = T Ve~ 1/2) (01— 9) ]}

Recall that ||h;/2(1 — 10} ) Ve (K — 1/2)(ur; — g)|If < Cani; by definition of the estima-
tor (3.12b)). With the auxiliary terms

oz]2- = 251_101{ <C’2 + C’4C'5

+ 25;101{ (02 + 1G5

1407t

IV (= )l

1/2(1 - HF)V (K —1/2)(uy,; — g)H%‘}

1 —|— )
for all j € Ny, we hence arrive at

IV (us 41—z )& < [[V(ug = ug)[I§ — (1= 1) ]|V (w2 — ug j41) ||
1
+ 251_10104 (1 — —)an;j + oz? — a§+1.

1496
Choosing first e; > 0 such that £;C% < 4, and then § > 0 such that £;C% + &2 < g0
with €5 1= 2¢7'C1C5C46/(1 + §), we conclude the proof of (5.8a). The bound
follows directly from reliability of the estimator.
Step 2: In this step, we show that the quasi-orthogonality indeed implies general
quasi-orthogonality . Let €4, > 0 be arbitrary but fixed. We choose ¢;,e2 > 0 with

e1C?%, + e < €40 as in Step 1. Then, it holds that

rel
e |V(w —u;) |3, + (62 — €q0)n; <0 for all j € N.
Together with (5.8]), this shows for all £, N € Ny that

L+N {+N
DIV g =) [f = caonf < DIV (u = wy)f = (1= )|V (u = ugi) I
— i

2 2 2
+ (62 = €qo)); + 0 — ajy,y

{+N

(1= e)[IV(u —uj)ll§ — (1 = e)IV(w — wja) [§ + of — oy

(VAN
(l +

j
(1 =e)IV(u—u)lly = (1 = e)[V(u — wens) g + af — afi v
< (1 =e)IV(u —w)l§ + of.
With reliability and the bound (5.8b]), we conclude the proof. O

6. NUMERICAL EXPERIMENTS

In this section, we present some numerical experiments in two dimensions (d = 2)
for first-order finite elements (p = 1). The aim of our computations is twofold: On the
one hand, we aim to illustrate the reliability and efficiency of the hybrid FEM-BEM
method — to solve the full-space linear elliptic transmission problem . On
the other hand, for the case of singular solutions, we aim to show the superiority of

adaptive mesh refinement (steered by Algorithm over uniform mesh refinement.
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The numerical results presented in this section were obtained with an implementa-
tion based on the MATLAB libraries plafem [FPW1I| (assembly of the finite element
matrices, computation of the error estimates, mesh management and refinement) and
HILBERT [AEFT14] (evaluation of the double-layer operator necessary to realize the
Dirichlet condition in (3.5)). The discrete equations are assembled in the MATLAB
sparse format and solved with the MATLAB backslash operator.

(A) Square domain. (B) L-shaped domain. (C) Z-shaped domain.

FIGURE 6.1. Domains and initial meshes 7.

In the following three sections, we present numerical results for 2 C R? being either
the square domain (—1/4,1/4)?, or the L-shaped domain (—1/4,1/4)?\ [0,1/4)?, or the
Z-shaped domain (—1/4,1/4)? \ conv{(0,0),(1/4,0),(1/4,1/4)}. The domains and the
respective meshes 7y used to initialize Algorithm are depicted in Figure 6.1}

6.1. Square domain. We consider problem posed on the square domain 2 =
(—1/4,1/4)%. The data f, g, and ¢ are chosen in such a way that the exact solution is
given by

1+ T2

22+ 2%

and they satisfy the compatibility condition . Note that the solution w is smooth in
Q.

Starting from an initial mesh 7y made of 16 elements (see Figure , we perform 9
steps of uniform refinement, where in each step each triangle is split into four elements
by three bisections (a so-called bisec(3)-operation). For each mesh 7,, we consider the
corresponding approximation u, generated by the hybrid FEM-BEM method (3.4)—(3.5)
(¢ = 0,...,9). Note that the same sequence of approximations can be obtained by
running 10 steps of Algorithm 4.1 with 6 = 1.

ext (

u(xy, xe) = cos(2mxy) cos(2mxs), u™ (1, 19) =

(A) Ug = U4+ U24. (B) UL 4. (C) U2 4.

FIGURE 6.2. Experiments in Section Plots of the approximation wuy
and of its components u; 4 and ug 4.
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In Figure [6.2] to illustrate the working principle of our hybrid FEM-BEM method,
we show the plot of the fifth approximation us = uy 4 + u24 together with those of its
components u; 4 (the solution of (3.4)) and us 4 (the solution of (3.5))).

T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\HH‘
—0— [lu —well g1(qy
4 ul
m,e
2,0

—0— [lu —well g1(q)
4 ul

T T T T T T 77T
ol ol

T T T T T T 71T

101 g 101
3 g
1072 | h E 1072 | RN E
1073 i Lo el il \JL\L\E\ | 1073 i Lol el il \JL\;\E\ |
10! 102 103 10% 10° 106 10! 102 103 104 10° 10°
Ny Ny
(A) Algorithm 4.1 with 6 = 1. (B) Algorithm {.1{ with § = 1/4.

FIGURE 6.3. Experiments in Section Error ||u — || (o) and error
estimates 7, 1m1 ¢, and 1y, plotted against the total number of degrees of
freedom N,. Comparison of uniform and adaptive mesh refinement.

In Figure we plot the approximation error ||u — w|| 1oy and the error estimates
Ne, M, and 79, against the total number of degrees of freedom N, (i.e., the number

of vertices of the mesh). We see that the error decays with rate (’)(N[l/ %), which is the
optimal rate for first-order finite elements. This is in agreement with the a priori estimate
from Proposition 3.3, Here, the best approximation error decays with optimal rate on
uniform meshes, because the solution is regular. We also see that the total error estimator
n¢ and both its components 7, , and 7y, decay with the same rate, which confirms the
a posteriori estimate established in Proposition [3.5

Next, we run Algorithm H with § = 1/4. In Figure we plot the approximation
error |lu — ug|| g1() and the error estimates 7, 71, and 1y, against the total number of
degrees of freedom N,. The performance of the adaptive approach is comparable to the
one of uniform mesh refinement. This is not surprising, given the smoothness of the exact
solution.

6.2. L-shaped domain. We consider problem (|I1.1) posed on the L-shaped domain
(—1/4,1/4)2\ [0,1/4)%. The data f, g and ¢ are chosen in such a way that the exact
solution is given by

u(wy, x2) = 13 sin(2p/3),

u™ 2y, 19) = %bg [(z1 4+ 1/8)* + (z2 — 1/8)%] — %bg [(z1 —1/8)* + (22 +1/8)%]

where the expression of the solution in the interior domain is written using polar coordi-
nates (i.e., r = /27 + 23 and ¢ € (7/2,2n)). In particular, we note that f = 0, that the
compatibility condition is satisfied, and that the solution exhibits a singularity at
the reentrant corner (0,0).

Starting from an initial mesh 75 made of 12 elements (see Figure , we run Algo-

rithm 4.1 with @ = 1 (uniform mesh refinement) and § = 1/4 (adaptive mesh refinement).
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(A) uig = U114 + U2,14- (B) U1,14- (c) U2,14-

FIGURE 6.4. Experiments in Section Plots of the approximation w4
and of its components u 14 and us 14.

In Figure [6.4], we show the plot of the adaptive approximation w4 together with those
of its components u 14 and ug 14 in the decomposition w1y = w114 + ug14. We see that
all approximations exhibit a singularity at the reentrant corner. From the plot of w4, we
can clearly see the underlying adaptively refined mesh, which is, as expected, strongly
refined where the singularity occurs.

1 [ T T T T T ] I L PR LA B A R B ALL RO UL R AALL B AL
10 S E 10 R, E
100 be o TER E 100 | E

S N > ~ i i

107 E s~ E 1071 = E

oW, ) To~l i r §

1072 F S E 1072 F Mg 3

b llu — uell g =~ P llu — uell g 1

- —— Te B o e b
1073 | —o- N1,e = 1073 pr—a— N1,e =

— N2, E — 2,0 o6, |

T A AR TYT R RSN R N1 N A AR RTEI| MR RATIT N RNIRETIT B vl vl vl vl vl

10! 102 103 104 10° 106 10! 102 103 104 10° 106

Ne Ne
() Algorithm [.1] with 6 = 1. (B) Algorithm [.1] with 8 = 1/4.

FIGURE 6.5. Experiments in Section Error ||u — || g1 (o) and error
estimates 7y, 1m1¢, and 1y, plotted against the total number of degrees of
freedom N,. Comparison of uniform and adaptive mesh refinement.

In Figure for both uniform and adaptive mesh refinements, we plot the error
llu — wel| mi(o) and the error estimates 7y, 71, and 7y, against the total number of de-
grees of freedom N,. For both approaches, the error is overestimated by the total error
estimate and the total error estimate decays with the same rate as the error. However,
the method with adaptive mesh refinement achieves the optimal rate O(N, [1/ ?) observed
in the previous section in the case of a smooth solution, whereas for the method with
uniform mesh refinement we observe the suboptimal rate O(N, [1/ 3).

6.3. Z-shaped domain. We conclude the section by considering problem (|1.1]) posed
on the Z-shaped domain (—1/4,1/4)? \ conv{(0,0),(1/4,0),(1/4,1/4)}. We choose the
data f = 1, g = 0 and ¢ = —7/[8(8 + v/2)], for which an explicit expression of the

exact solution is not available. However, note that they do satisfy the compatibility
18



condition ({3.1)). Starting from an initial mesh 7, made of 14 elements (see Figure |6.1d]),
again we run Algorithm with # =1 and 6 = 1/4.

uuuuu

0 - Y
o1 - <

02 T 02

(A) up = u1,10 + U2,10- (B) U1,10- () U2,10-

FIGURE 6.6. Experiments in Section : Plots of the approximation
and of its components u; ;o and ug 10.

The adaptive approximation u;o and its components u; ;o and us 10 are depicted in Fig-
ure [6.6 We observe that the adaptively refined mesh identifies the geometric singularity
at the reentrant corner.

10-1! g\*_\ LR I L O 111 O 1| R W S R A = 10-1 g\ _\-\mm( U L S 1 WAL ]
i ] ™ |
[ 1 RIS 1
<\\ ,\x\ B [ )

1072 S~ T E 1072 E
B ) f B )
L O(N[ B L i

1073 | s E 1072 ¢ R
F—— e S PR ] >‘>~,\, 1
L m,e AR L 71,0 >y |
| M2, 3 o= 2,0 "’\, R
ol vl il vl vl il Y Y Y Y 1 R W 11 R Wi
10! 102 103 104 100 108 10! 10? 103 104 10° 108

Ny Ny

(A) Algorithm [4.1| with 6 = 1. (B) Algorithm [4.1] with 6 = 1/4.

FIGURE 6.7. Experiments in Section : Error estimates 7y, 171 ¢, and 724
plotted against the total number of degrees of freedom N,. Comparison of
uniform and adaptive mesh refinement.

In Figure [6.7] we show the decay of the error estimates 7, 11,4, and 7, as the total
number of degrees of freedom N, increases. The convergence rate is optimal for adaptive
mesh refinement and suboptimal for uniform mesh refinement.
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