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Abstract

In this work, we extend the residual whiteness principle (RWP), originally pro-
posed in [1] for the estimation of the regularization parameter in variational
models for additive white noise corruption, to more general scenarios. More specif-
ically, we address the problem of estimating a certain number of parameters for
imaging inverse problems subject to non-white but whitenable noise corruptions.
The proposed principle is thus referred to as Generalized Whiteness Principle
(GWP), that is formulated as a bilevel optimization problem. To circumvent the
non-smoothness of the variational models typically employed in imaging prob-
lems - the non-smoothness representing a bottleneck in the bilevel set-up - we
propose to adopt a derivative free minimization algorithm for the solution of
the GWP bilevel problem. We refer to this novel solution paradigm as Bilevel
Derivative Free (BDF) approach. Numerical tests highlight the robustness of the
GWP and the significant advantages, in terms of computational cost, of the BDF
framework.

Keywords: variational models, whiteness principle, bilevel optimization, derivative
free methods



1 Introduction

Imaging data represent a pervasive tool for the diffusion of information. In many
research areas, ranging from medical to seismic applications, the available information
is acquired in the form of non-imaging signals that can be manipulated so as to be
recast as an image. For this reason, typically imaging problems are inverse problems,
that can be in general expressed as follows:

Find & such that y = N (A(&)), (1)

where & € R™, y € R™ are vectorized forms of the n; X no target image and m7 X mo
observed image, respectively, with n = nyng, m = mimso, A : R® — R™ is a possibly
nonlinear function modelling the deterministic part of the data measuring process,
and NV : R™ — R™ is a randomic noise operator. Noise corruption is an intrinsic
component of the acquisition process and its nature is strictly related to both the
specific application at hand and to the imaging device employed.

In most practical situations, the imaging inverse problem in (1) turns out to be ill-
posed or, at least, very ill-conditioned, so that estimating & by direct inversion of the
operator A is unfeasible. Variational methods are a celebrated way to overcome such
difficulties, as they amount to replace the original problem with a nearby well-posed
and well-conditioned one and seek an estimate Z of the target by solving the new
problem. More specifically, Z is set as the global minimizer of a functional 7 : R* — R

Z(Ap,AR) € argwrreliﬂgn {T(x; Ap, AR) == F(x; Ap) + R(z; AR)} , (2)

where F : R — R, referred to as data fidelity term, commonly encodes all the
available information on the data acquisition process (e.g., noise statistics), while the
reqularization term informs on the expected properties of the image, i.e. its being
smooth, sparse or textured. In general, the fidelity and regularization terms include
in their definition a certain number of parameters - represented by vectors Ap, AR,
respectively - that are aimed at designing more and more flexible variational models,
capable of successfully addressing the nature of composite noises and images. As a
result, the output reconstruction Z, and its quality, measured in terms of the distance
with respect to a given metric to the target &, are highly dependent on the selection
of such parameters.

In many imaging problems, the corrupting noise is assumed to be Additive White
Gaussian Noise (AWGN), so that (1) can be rewritten as

Find Z such that y = A(€) + e, with e realization of E ~ G(0,,,0°L,),  (3)

with I,,, being the m x m identity matrix and ¢ denoting the noise standard deviation.
One of the reason behind the wide use of the AWGN is the fact that, in general, the
final noise corrupting the acquired data is the result of the contribution of different
sources, and, according to the central limit theorem, it can be approximated with a
Gaussian distribution. Despite the fact that typically the number of sources is not large



enough to justify the application of the central limit theorem, such approximation
works well in practice.

A widely explored instance of the general model in (2) for the solution of (3) in
presence of AWGN is given by

8(u) € arg min {J(@ip) == T A@) —yl}+ R(@)} . (4)

where the regularization and fidelity terms are completely determined up to scalar
parameters incorporated in the global parameter © € Ry - with R+ denoting the set
of positive real numbers - also referred to as reqularization parameter. Note that, in case
of AWGN, after recasting the inverse problems in (3) in Bayesian terms and applying
the Maximum A Posterior (MAP) approach, one naturally has that the fidelity term
takes the quadratic form adopted above. The problem of finding a suitable value for
1 has attracted the attention of researchers since the beginning of inverse problems
theory, and is still subject of investigations. One of the most popular approaches is
the discrepancy principle (DP) [2, 3] which sets p so that the value of the quadratic
data fidelity term in (4) is equal to a prescribed value depending on the number of
pixels and on the noise standard deviation o:

Select p = such that [|[F(p)|2 = vno, with 7(u) = A(Z(p)) — vy, (DP)

7(p) indicating the u-dependent residual image. Recently, it has been proposed another
selection criterion called the residual whiteness principle (RWP) for the case of images
corrupted by AWGN [1, 4]. The idea is to select the p-value yielding a residual image
7(1) which most resembles the realization of a white noise random process. The RWP
not only outperforms the DP but also does not require the knowledge of AWG noise
standard deviation o. According to the definition in [1], the RWP applied to the
selection of the regularization parameter p in model (4) can be formulated as the
following bilevel optimization problem

17 () *?(u)lé}
17 ()12 ’

st. #(u) € arg min {J(@ip) = L]A@) - yl3 + R(@)} |

L€ arg min { W(p) =
fi gH€R>U{ (1)

where * denotes the discrete 2-dimensional correlation operator and the scalar function
W measures whiteness of the y-dependent residual image #(p) by means of its normal-
ized auto-correlation - see [1] for details. It is worth remarking that the selection of u
by means of the (RWP) can be performed relying on the classical bilivel optimization
machinery - see, e.g., [5] - as long as the functional 7, i.e. the regularization term R,
in the lower level problem is differentiable with respect to . In [6] the authors solve
exactly the bilevel problem describing the (RWP) principle when the selected regular-
ization term is a Tikhonov regularizer and a Huber smoothed version of the popular
Total Variation (TV) regularizer [7]. However, it is well-established that non-smooth



regularization terms, such as the classical TV term, are preferable to preserve sud-
den discontinuities or sparsity patterns in the target image. In [1, 4] for a limited but
not restrictive class of regularization terms, referred to as easily-prozimable requlariz-
ers, and for linear forward models, the authors proposed to update the regularization
parameter p along the iterations of the numerical scheme employed for the solution
of (4) so as to satisfy the RWP. This strategy turns out to be particularly efficient,
as the reference variational model has to be solved only once, and, equally important,
has been proven to return p-values that are very close to the one obtained by applying
the RWP in an a posteriori fashion: in other words, the variational model of interest
is solved for different p-values selected on a fine grid and the optimal one, according
to the RWP, is the one corresponding to the whitest residual image 7(1).

The RWP has been extended to the case of Poisson-noise corrupted images, for
which a Kullback-Leibler (KL) fidelity term in the general model (2) is typically con-
sidered. Although Poisson noise does not belong to the class of white noises, it can
be whitened by introducing a suitable transformation [8, 9]; however, for Poisson data
the RWP can only be applied a posteriori, leading to time consuming computations.

As a further extension of the original principle, in [10] the authors applied the
RWP for the estimation of two regularization parameters arising in a variational
model designed for the restoration of piecewise smooth images under the corruption
of AWGN; in such context, the two parameters should be set so as to correctly bal-
ance the penalization on the piecewise constant and on the smooth components of the
image. Also in this case, as in the seminal work [1], the RWP can be applied along the
iterations of the algorithm used for the minimization of the specific model of interest,
making the overall procedure particularly efficient.

Here, we provide a general framework for the selection of unknown parameters in
model (2) by means of the RWP in its bilevel formulation. We discuss a validation
for the well-posedness of the RWP when employed for the selection of more than
one parameter. The proposed approach can be adopted for any application in which
the corrupting noise is non-white but whitenable, i.e. it can be whitened by using
a paradigm similar to the one introduced in [9]. We are going to refer to such new
and general instance of the RWP as Generalized Whiteness Principle (GWP). Unlike
previous works in this direction, the parameters selection is not solved a posteriori
and avoids the significant computational burden yielded by considering two or more
unknown parameters. Instead, we are going to solve the GWP bilevel optimization
problem by means of a derivative-free approach, that makes possible to consider non-
smooth regularization and/or fidelity terms.

The contribution of this work can be thus summarized as follows.

(i) The original RWP is here extended so as to be employed for the estimation of a
general number of parameters (more than one) in presence of whitenable corrupting
noises.

(ii) We validate the idea of extending the RWP for highly parametrized models by
discussing the expected benefits, in terms of existence of optimal paremeters, while
setting up a comparison with different popular selection strategies, such as the DP.

(iii) We propose to circumvent the non-differentiability of the general variational model
of interest by solving the bilevel optimization problem related to the novel instance



of RWP by means of a derivative-free algorithm that, at the same time, avoids the
application of the principle in an a posteriori set-up.

(iv) The performance of the proposed strategy is assessed by testing it on different
imaging problems in presence of different white and whitenable corrupting noise.

2 GWP for whitenable noises

In order to formally define the proposed GWP, first we need to introduce some
notations and some preliminary definitions and propositions.

Deterministic scalars, vectors and matrices are denoted, e.g., by =, « = {x;} and
X = {z;;} , respectively, whereas scalar random variables, random vectors and ran-
dom matrices (also referred to as random fields) are indicated by X, X = {X,} and
X = {X; ;}, respectively. We indicate by E[X] and P x the expected value (or mean) of
random variable X, and the probability (density or mass) function of the (continuous
or discrete) random variable X, respectively.

We denote by 04 and I; the d-dimensional null (column) vector and the identity
matrix of order d, respectively. Finally, || - ||2 denotes the vector Euclidean norm or
the matrix Frobenius norm, depending on the context.

In the following Definitions 1 and 2 we define white and then whitenable random
fields, respectively. Then, in Proposition 1, which recalls well-known results - we give
necessary and sufficient conditions for a random field to be whitenable and also report
the general form of the class of affine whitening transformations. Note that, in the fol-
lowing, the use of Y or Z to indicate random fields is not random, but rather a precise
choice to indicate differently what is white from what is not (but can be made so).

Definition 1 (white random field). A my x my random field Z = {Z, ;}, (i,j) € 1,
is said to be white if

Definition 2 (whitenable random field). A m; x mg random field Y = {Y;,;},
(i,7) €1, is said to be whitenable if there exists a function T, : R™ — R™, called a
whitening transformation of Y, such that

Z :=vec ' [T, (vec[Y])] is a white random field.

Proposition 1. A m; x my random field Y = {Y;;}, (i,j) € 1, is whitenable if
and only if it has finite mean vector py € R™ and non-singular covariance matrix
Yy € R™*™_ Then, any affine function T, : R™ — R™ of the form

1
To(y) =W(y—py), with WIW =351, kR, (5)

is a whitening transformation of Y, with W &€ R™*™ called a whitening matriz of Y.

We are now ready to give the definition of sample normalized auto-correlation as
a prelude for the introduction of the whiteness measure.



Definition 3 (sample normalized auto-correlation). The sample normalized auto-
correlation of amyxmy non-zero matric Z = {z; ;}, (4,7) € 1, is a (2m;—1)x (2my—1)
matriz S (Z) = {si.m (Z)}, (I,m) € L, defined by

1
sim (L) = +—3 Z Zi,j Zitl,j+m - (6)
||Z||2 (i,5)e1

It follows from Definition 3 that, given a non-zero matrix Z = {z; ; }, (¢,j) € I, one
can measure the global amount of normalized auto-correlation between the entries of
Z, that is how far is Z from being the realization of a white random field, via the
following non-negative and scale-invariant scalar measure of whiteness (or, better, of
non-whiteness) ([1, 4, 11]):

W(Z):=IS(Z)ll; = Y (s1m(2)*, (7)

(I,m)eL

with scalars s; ,, (Z) defined in (6).

As proved in [1], when periodic boundary conditions are assumed for the mj x mq
matrix Z, the (2m; — 1) x (2mg — 1) sample normalized auto-correlation matrix S (Z)
defined in (6) presents some symmetries and the whiteness measure W(Z) in (7)
can be computed very efficiently (with O(mlogm) computational complexity, m =
myms) based on the preliminary calculation of the 2D discrete Fourier transform of
Z (implemented by 2D fast Fourier transform). For completeness, in Proposition 2
below we recall the result reported in [1].

Proposition 2. Let Z = {z;;} € R™*™2 be a non-zero matriz and let Z = {%; ;} €
Cmxm2 pe gts 2D discrete Fourier transform. Then, assuming periodic boundary
conditions for Z, the function W in (7) can be written as:

>zl
(i,5) €1

W(Z) = 5 - (®)

~ 2
> Izl

(1,5) €l

The general image measurement model (1) can be written in probabilistic matrix
form as follows:

Y realization of Y | A(Z), T X, (9)
where X is the set of admissible values for the target image &, A(x) € R™M1*m2
is a (deterministic) matrix, representing the image that we would measure in the
absence of any type of noise, Y € R™1*™2 ig the image we actually observe due
to noise - the matrix form of vector y € R™ in (1) - and Y | A(Z) is a m1 X mq



random field, of which Y is a realization, which models the inherently randomic nature
of the measured data due to noise and that we refer to as the image measurement
random field. The conditional probability distribution of Y |A(&), sometimes called
the likelihood, depends solely on A(Z) - that is, on & - and on the characteristics of
noise. To lighten the notations, from now on we indicate by

8
I

V() = YAz, P(Y(z)) == P(Y[A()) ,
py(Z) == py|a) Ey(@) == By |a@)

the x-dependent random field and its probability distribution, mean vector and
covariance matrix, respectively.

The following Definition 4 and Proposition 3 extend Definition 1 and Proposition 1,
respectively, to the more general case of a conditioned, -dependent image measure-
ment random field.

Definition 4 (whitenable image measurement random field). A mj x ms image mea-
surement random field Y (&) of the form in (9) is said to be whitenable if there exists
a parameterized function T,,(-; &) : R™ — R™, called a whitening transformation of
Y(x), such that

for any given & € X, Z(x) :=vec ' [Ty (vec[Y(x)];2)] is a white random field,
or, equivalently,
for any given ® € X, pz(x)=0,, Iz(@) =oz(@)L,, ccR,,.

Proposition 3. A mj xmq image measurement random field Y(&) of the form in (9)
is whitenable if and only if, for any given T € X, it has finite mean vector py (&) € R™
and non-singular covariance matriz Xy (&) € R™*™. Then, any parameterized affine
function Ty, (-;2) : R™ — R™ of the form

_ _ _ . _ 1 -
T, (y;2) = W(@)(y - py(@)), with (W(z))" W(z) = = (Sy(@) ", (10)
is a whitening transformation of Y (&), with W(x) € R™*™ q x-dependent matric
called a whitening matriz of Y(x).

In the following Proposition 4, whose proof is immediate, we formalize a quite
intuitive property of any whitening transformation of a measurement random field
which, however, deserves to be highlighted as it is a founding point of our proposal.

Proposition 4. Let y € R™ be a (vectorized) realization of a my X mg image measure-
ment random field Y (&) and let Ty, ( ;) : R™ — R™ be a whitening transformation
of Y(&). Then, the transformed vector z € R™ defined by

z =T, (y ) j)

is a (vectorized) realization of a white random field.



Let’s now assume that we want to select the vector A of free parameters in a vari-
ational model of the form in (2) for the solution of an imaging inverse problem. Let’s
also assume that, in addition obviously to the knowledge of the measured image y, we
have enough information about the inverse problem to know the mean vector py (&)
and - up to a scaling factor - the covariance matrix Xy, (&) of the associated measure-
ment random field Y (&), so that we can construct an affine whitening transformation
Tw(-;2) of Y(&) according to (10).

Then, if there existed a parameter vector A such that the associated solution Z(\)

of model (2) coincided with the sought target image &, the image Z(A) obtained by
applying the whitening transformation of Y (&) to the measured image y as follows

Z(A) = Ty(y;Z(N)) = Tw(y; @) ,

would clearly be - see Proposition 4 - the (vectorized) realization of a white random
field and, hence, the associated whiteness measure W(2Z(X)) would be small.

Instead, if a parameter vector A leads to a solution Z(A) of (2) that is far from
the target &, then the image Z(A) obtained by applying the whitening transformation
T, (-; &) to y with & replaced by the bad estimate Z(\), not only we have

Z(A) == Tuw(y; (X)) # Tu(y;2) = 2(A),
but we can, with high confidence, expect that Z(A) is far from Z(A) and, more in
general, far from resembling the realization of a white random field.
Interpolating between the two limiting cases just discussed, we formalize the key
idea at the basis of our proposal in the following Conjecture 5.

Conjecture 5. On average, the closer the solution T(X) of variational model (2) is
to the target image &, the greater the resemblance of the transformed measurement

Z(N) = Tu(y; (X))

to the realization of a white random field and, therefore, the lower the value of the
associated whiteness measure function W(Z(X)).

Conjecture 5 naturally leads to the following formalization of the proposed
Generalized Whiteness Principle (GWP):

X € arg yuin {IWON) == WEN) }, with 20N = Tu(wi@V)
* (GWP)
and with  Z(\) € arg mrgiléln {T(x;N) == F(x; Ar) + R(z; AR) },

where W : R™1*™m2 — R is the whiteness measure function defined in (7), calculated
efficiently by (8), and where T, : R™ — R™ is any whitening transformation of the
image measurement random field Y(&) associated to the inverse problem at hand,
e.g. of the affine form in (10).



We higlight that the above (GWP) acts as a generalization of all previously
proposed whiteness-based principles as it can be applied in wider scenarios. In fact:

(i) GWP applies to any whitenable noise model. The (RWP) has been only applied to
additive white Gaussian [1] and generalized Gaussian noises [12], while in [9] an a
posteriori version of the whiteness principle has been proposed for the sole Poisson
noise. In the above novel and general instance of the principle, the noise model does
not need to satisfy any additional hypothesis except that it has to belong to the
large class of whitenable noises.

(iil) GWP applies to any variational model, that is it does not depend on the specific reg-
ularizer or, more importantly, fidelity term employed. In this perspective, it extends
the previous instances of whiteness principle that have been only applied in presence
of Ly [1, 10], L, [12], and KL [9] fidelity terms.

(iii) GWP applies to the estimation of any vector of unknown parameters. More specifi-
cally, it can be employed for the estimation of a generic number of parameters (more
than one) arising either linearly or non-linearly in the variational model. This repre-
sents a significant step forward if compared to the previous versions of the whiteness
principle that have been applied to the selection of one [1, 9] or two parameters [10]
linearly included in the variational model of interest.

3 On the discrepancy and whiteness principles

In this section, we are expanding the comparison between the popular discrepancy
principle and the whiteness principle, highlighting the similarities and the differences
in terms of generalization capabilities.

Although the residual whiteness principle has been originally introduced for the
estimation of the regularization parameter in imaging problems corrupted by AWGN,
n [12] (RWP) has been also applied to the wider class of zero-mean additive white
generalized Gaussian (GG) noises yielding to the following inverse imaging problem

y=A(z) +e, with e realization of E = [Fy,...,E,]", FEi~Gg(0,q,0), (11)

with ¢ € Ry oU{400}, 0 € Rs( being the shape parameter and the standard deviation,
respectively, of the univariate GG distribution whose probability density function is
given by

Ll a (el _
P ) = o e O (g )+ 90 = VUG (12

Notice that notable noise distributions are included in the class of AWGG noises,
such as the Gaussian noise (¢ = 2), the Laplace noise (¢ = 1), and the uniform noise
(g = +00).

Again relying on a Bayesian formulation for the original inverse problem and on
the adoption of MAP, we have that the general variational model for the solution of



(11) reads
#(s) € arg min {||A< - y|g+R<w>}. (13)

Under such assumptions, one can naturally derive an extension of the DP that relies
on the following result.

Proposition 6. Let X be a univariate random variable following a zero-mean gen-
eralized Gaussian distribution with parameters q,0 € Rsq, in short X ~ GG(0,q,0).
Then

1
E(U) = 5(0¢(Q))q7 with U = |X|?,
and function ¢ defined in (12).
Proof. If X ~ GG(0,0,q), we have

PSS S S G . U
Pixi(ll) = 2Px (@) = Z 50705 p( (0¢(Q))q) '

After introducing
U=g(X])=1X7, [X|=¢7"(U)=U"1,
based on the standard rules of transformation for random variables, we have

—1 -1 _ 1 u q—1
Pow) =Pix(o™ () g0 (“>ar<1/q>¢<q>eXp<<a¢<q>>q>“1/ '

B(U) = /Om WPy (u)du /;Oo %m exp (_(ad)?q))q) WMy

After the change of variable w = u/(0¢(q))?, we have

+oo (o q ‘1

I'(1/q) ( / )
(0o@)T/g) 1 .
(1/q) PR CLCLNI

with the first equality in (14) given by the properties of the gamma function. This
completes the proof. O

From Proposition 6, we thus get

E(|E[F) =E (Z Eﬂ) = %(0 ¢(q))" -

i=1

10



Hence, one can obtain the instance of the DP for the selection of p in variational
models of the form (13) for AWGG noise corruptions

Select pu =i such that [|7(u)[§ = %(U ¢(q))?, with 7(p) := A(Z(n))—y, (GDPa)

to which we refer as Generalized DP (GDP). As a further analogy with RWP, it is
immediate to observe that, although (G)DP is expressed in terms of an equality, it
can also be recast as a bilivel optimization problem, as follows

17 ()12 — %(a ()"

} L A = AG@W) — v

1L € arg m]én {
€
e (GDPb)

s.t. Z(p) € arg HGliﬂlgln {/;HA(J:) -yl + R(:c)} .

Nonetheless, unlike (RWP), the above (GDPb) presents an upper loss which is fully
defined as long as the values of the shape of the noise distribution, encoded in the
parameter ¢, and, more importantly, of the noise standard deviation o, are available.

We conclude this section by considering the generalization of the DP for the esti-
mation of a certain amount of parameters A = [AL, AT € R? in general models of
the form (2). When moving from d = 1 to d > 1, the generalized version of RWP
introduced in Section 2, provided that the whiteness function has a unique global
minimizer, is capable of detecting a single d-uple of parameters A. We remark that a
theoretical study of the analytical properties of the whiteness function has not been
provided yet; in other words, there is no theoretical guarantees of the existence of
a unique global minimizer. However, the latter condition has been confirmed by our
extensive numerical tests, both in single- and multi-parameter scenarios - [1, 4, 8-10].

In contrast, the extension of DP to the estimation of multiple parameters returns a
set of optimal parameters belonging to a hypersurface in R? of dimension d—1. In other
words, due to its definition, that ultimately relies on the solution of a d-dimensional
non-linear equation, the DP can not detect a unique vector of parameters A.

We provide an example of such behavior referring to a test case more extensively
discussed in Section 5. The inverse problem of interest is the image restoration task: the
original image & is subject to the action of a blur, modelled by a linear operator, and
is further corrupted by AWGN with standard deviation o. The regularizer employed
for the restoration is the Total Generalized Variation (TGV) [13] coupled to a Ls
fidelity term. The TGV is defined in terms of two parameters: ay € Rs ¢ multiplying
a term that promotes piecewise constant structures in the image, and a; € R+, that
conversely multiplies a term promoting piecewise affine structures - more details on
the model and on the image restoration problem are given in Section 5.1. Our goal
is to estimate an optimal value for A = [ag, a1]T. The TGV-Ly model is run over
a fine 2D grid of different couples of parameters. For each point in the 2D grid, the
corresponding value of the whiteness function is computed and stored. In Figure 1 we
show the contour plot of the whiteness function. The yellow area indicates the couples
of parameters satisfying

17(a0, )3 < mo?,
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Fig. 1: Contour plot of the whiteness surface W («p, ;) empirically computed for
the restoration test case considered. The red point represents the global minimizer of
W (g, 1), which corresponds to the unique parameter pair selected by the proposed
GWP. The shaded yellow region indicates the set of parameter pairs yielding restored
images Z(ag, ;) which satisfy the discrepancy inequality ||7(ao,a1)]|3 < o2m,
whereas the blue points represent three among the infinity of parameter pairs on the
boundary of the yellow region for which the discrepancy equation ||7(cg, a1)||3 = o?m

(i.e., the discrepancy principle) is satisfied.

o denoting the noise standard deviation, and m being the data dimension. The red
point W represents the couple selected by the GWP, while the multiple blue points
D1, D3, D3 correspond to some of the couples satisfying the discrepancy equation.
Each point is labeled with the ISNR and SSIM values achieved by the corresponding
output restorations (see Section 5 for detailed definitions); it is clear that points lying
on the frontier of the discrepancy region can lead to significantly different output
restorations. Figure 2 shows the results, with corresponding close-ups, obtained for
the three blue points Dy (g = 2.34, oy = 2.25), Day (o9 = 2.60, oy = 6.22), D3
(g = 3.11, a3 = 22.29), and for the red point W (o = 3.11, oy = 16.06). Notice
how the left restoration (corresponding to Dj) presents very smooth edges, while in
the third one (corresponding to D3) the staircasing effect starts being visible.

4 Derivative-free bilevel optimization

It is now clear how the classical RWP can be extended so as to deal with general
non-white, yet whitenable, noise corruptions. In this section, we are also discussing a
possible strategy to circumvent the non-differentiability of effective variational models
that can be selected as lower optimization functionals in the bilevel formulation.

In fact, consider the general bilevel optimization problem

in A(Z(A), A
min (Z(A), )

s.t. Z(A) € arg m]iRn D(x; N),
EASING

12



Fig. 2: From left to right: output restorations (top) and close-ups (bottom) obtained
by the TGV-Ly run with couples of parameters (ag, «1) satisfying the 2D version of
the discrepancy principle and the single couple satisfying the generalized whiteness
principle.

where ¢ : R™ x R — R is a smooth function assessing the quality of a vector A
of learnable parameters. Typically, problem (15) is solved by means of first-order
optimization methods requiring the computation of

VAUE(A),A) = VA@(A), A) + VaZ(A) Vo l(Z(X),N)

in order to set-up a gradient-type algorithm. Given the expression of the upper loss
function, the computation of Vx(Z(A), A) and V40(Z(A), A) is in general straightfor-
ward; for what concerns the Jacobian V Z(A), it is typically recovered by assuming
that the gradient of ® at the minimizer is zero - see, e.g., [5]. Clearly, in case of non-
smooth lower optimization problem, the classical bilevel optimization tools can not be
adopted. As an alternative, in [14] the authors introduce a piggyback algorithm for
the solution of (15) in the general case of proper lower semicontinuous functions ®.
The method is based on a first order approximation of the bilievel problem, and its
convergence is guaranteed for convex lower loss functions [15].

Here, we propose to employ a derivative-free algorithm for the minimization
of the original problem (15) when the functional ® is known to be possibly non-
smooth and/or non-convex. Derivative-free (or zeroth-order optimization) strategies
are designed so as to solve a given minimization problem by achieving successive decre-
ments in the cost function. We refer to the overall machinery as Bilevel Derivative
Free Method (BDFM).

Among the wide class of existing strategies - see, e.g., [16] for a comprehensive
review - we focus on methods for constrained optimization. In fact, the learnable
parameter may be subject to box-constraints that can be relaxed if not needed by
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considering, for instance, much larger or much smaller bounds than the actual range
of values spanned by the parameters. In this family of strategies, a very popular
approach is the one proposed by Lucidi and Sciandrone in [17]. The method, for which
a globally convergent result has been proven when considering the minimization of
continuously differentiable functions, is very intuitive and detects a feasible direction
where the objective function is sufficiently decreased by sampling it along the coordi-
nate directions. Once a feasible direction has been detected, a derivative-free linesearch
technique is employed for performing a sufficiently large step along it, so as to fasten
the convergence of the algorithm to a stationary point.

As shown in Section 5, the selected derivative-free algorithm has shown robust
performances; however, we remark that the choice of the specific method may be
tailored on the bilivel problem at hand. Moreover, it is worth remarking that, unlike
the iterative updating startegies proposed in [1, 10], in the BDF scenarios the solving
machinery is completely independent on the algorithm selected for the minimization
of the lower cost functional.

5 Computed examples

In this section, we assess the performance of the GWP introduced in Section 2 for the
selection of multiple parameters in variational models, solved numerically by the BDF
method illustrated in Section 4. The proposed approach is tested on two quite different
imaging inverse problems, namely image restoration and computed tomography (CT)
reconstruction. The noise corruption considered in the image restoration problem is
assumed to be white, which implies that in the transformation defined in (5), the
mean vector can be set as a vector of zeros, while the transform matrix W amounts
to an identity matrix. On the other hand, for the CT reconstruction problem we
are considering a non-white yet whitenable noise corruption; in this case the affine
function in (5) involves a non-zero mean vector and a diagonal transform matrix.
The variational models considered in the two tasks are both characterized by two free
parameters; for the image restoration problem, a non-parametrized fidelity is coupled
to the TGV regularizer which involves in its expression two parameters. For the CT
reconstruction, the TV regularization term is coupled to a fidelity term yielded by the
mixed noise corruption: in this case the couple of free parameters is composed by the
regularization parameter, multiplying the regularization term, and the noise level of
one of the two noises arising in the data generation process. Hence, the two examples
cover a wide spectrum of scenarios in terms of properties of corrupting noises and
nature of unknown parameters.
The aim of the following subsections is twofold.

1. Our primary purpose is to assess the performance of the GWP for the estimation of
multiple parameters, hence the reference variational model will be run for different
couples of parameters selected over a fine 2D grid. The output images correspond-
ing to the minimum of the whiteness surface will be then compared to the ones
maximizing some selected quality metrics.
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2. As a further goal, we aim to show how the BDF is capable of detecting optimal
couples of parameters that are very close to the ones selected by means of the fine
2D grids, while cutting out the computational costs.

In the following experiments, the quality of the output reconstructions is assessed by
means of the Improved Signal to Noise Ratio (ISNR), which is defined below in terms
of the unknown vector of parameters A

ly — 3
ISNR(A) = 1010g10 m,
2

for the restoration task, and via the SNR for the CT reconstruction problem. In both
cases, the Structural Similarity Index Measure (SSIM) [18] is also measured.

All the tests have been performed under Windows 10 in MATLAB R2024a on an
ASUS PC with an Intel Core i7 CPU 6500U @2.50 GHz processor and 8 GB of RAM.

5.1 Image restoration

In this first example, we consider the problem of recovering an estimate Z of a target
image @ starting from an observed blurred and noisy version y of . More specifically,
the general image formation model (1) takes the form

y=A(Z)+e=AZ +e, with e realization of E ~ G(0,5°1,), (16)

where A € R"*" is a linear operator modelling the action of the blur, while the additive
noise image e is a realization of a zero-mean Gaussian random variable with covariance
matrix given by a scaled identity, and hence white. The noise level is encoded in the
scalar standard deviation parameter ¢ € R<.

In this section, the reference model to solve the image restoration problem is the
TGV-Ly variational model, defined as

. . 1
(oo ) € ang in {142 — 9l + TGV (@)}

n n (17)
with TGV(m) = wmigln {OZO Z H(V.’B% — wi||2 + aq Z |(5w)z||2} y
i=1

R
€ i=1

where w; € R?, (Ew) € R**2 and £ is the discrete symmetrized gradient operator;
finally, o, o are positive parameters whose setting is crucial in order to correctly
balance the contribution of the two regularization terms in (17). In fact, as suggested
by the analysis carried out in Section 3, upon the selection of a large value of a1, TGV
behaves as a TV regularizer and promotes piece-wise constant structures. On the other
hand, when «g is too large, the TGV is no longer capable of preserving edges.

Here the GWP is applied for the estimation of g, a;. We recall that, according to
the notations introduced in Section 2, the measurement random field Y (&) of which
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(a) peppers (b) penguin

Fig. 3: Original (left panels) and corrupted (right panels) test images.

the acquired y in (16) is a realization, is a Gaussian random field with
[J,y(iii)ZAiZ, Ey:O‘2In.
Hence, in what follows, (GWP) is applied with

z(ag, a1) = T (y; Z(a0, 1)) = Wy — py (a0, 1)),
with W=1I,, py@(ap,a1))=AZ(ag,a1).

In other words, in these settings, the transformed measurement coincides with the
residual image, and the (GWP) reduces to the original (RWP).

We consider two test images, namely peppers (256x256) and penguin (271x271),
with pixel values normalized in the range [0,1]; the original images have been cor-
rupted by space-invariant Gaussian blur defined by a convolution kernel generated
using the Matlab routine fspecial with parameters band = 5 and sigma = 1. The
band parameter represents the side length (in pixels) of the square support of the
kernel, whereas sigma is the standard deviation (in pixels) of the isotropic bivariate
Gaussian distribution defining the kernel in the continuous setting. According to (16),
the blurred images have been further corrupted by AWGN with standard deviation
o = 0.05. The original and corrupted images are shown in Figure 3.

For the test image peppers, we solve the TGV-Ls model for different values of
(ap, 1) on a fine 2D grid. For the minimization of (17) we employ the alternating
direction method of multipliers (ADMM) [19] algorithm in its 2-blocks version [20].

For each parameter pair, we compute the restored image Z(ag, o) and, then, the
associated value of the whiteness function W (ay, a1). Also, we monitor the ISNR and
the SSIM of each output reconstruction. The contour plot of the two quality metrics
and of the whiteness function are shown in the top panels of Figure 4, while in the
bottom the corresponding surfaces are plotted. The red point in the graphs represent
the couple of parameters minimizing the whiteness surface; the green diamond in the
left (middle) plots indicates the (ag, ay)-value corresponding to the maximum of the
ISNR (SSIM). Although the whiteness selection is not close to the values that allow
to achieve the highest quality metrics, we highlight that the ISNR and SSIM surfaces
seem to be almost flat in the upper part. The ISNR and SSIM values corresponding to
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Fig. 4: Test image peppers. Contour plot (top) and surface (bottom) of the ISNR
(left), SSIM (middle) and whiteness (right) function computed over the (ag, a1)-grid.

| W(@o,a1) | 1SNR(@0,a1) | AISNR | sSIM(@o,a1) | Assiv

peppere | Ongrid | 20205 | 31445 | 1611% | 08023 | 145%
| BOF | 20200 | 31421 |16a7% | osos | 155%
penguin | Ongrid | 20341 | 69547 | 63% | 08796 | 1.28%
| BDF | 20344 | eooas | 7% | ossss | 07%

Table 1: For the two test image, we report the values of the whiteness
function and of the ISNR and SSIM achieved, together with the percentage
differences with respect to the best metrics observed, for the minimization
on the 2D grid and by means of the BDF method.

the GWP selection, the percentage differences with respect to the highest achievable,
and the minimum value of the whiteness function are reported in Table 1. Notice that
the restoration obtained by minimizing the whiteness function seems to be particularly
close to the one with the best SSIM. This behavior is also confirmed by Figure 5,
where we show the restoration corresponding to the maximum ISNR, the maximum
SSIM, and the minimum of the whiteness function computed on the 2D grid.

It is worth remarking that, despite the good results obtained, the computational
times for the generation of the whiteness surface amounts to several hours, hence we
employ the BDF method outlined in Section 4 to speed up the computations. We recall
that in our settings the BDF method relies on the derivative-free minimization algo-
rithm proposed in [17] for the estimation of the optimal parameters (qg, &) according
to the GWP. Our goal is to verify that the parameters detected by the BDF are close,
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Fig. 5: Test image peppers. From left to right, output restoration obtained with
parameters corresponding to the maximum of the ISNR, the maximum of the SSIM,
the minimum of the whiteness function computed over the grid, the minimum of the
whiteness achieved via the BDF method.

if not coincident, to the ones obtained via the computationally-demanding minimiza-
tion on the 2D grid. We require ay, @ to be positive by setting fictitious upper bounds
and imposing ag, a1 > €, € > 0, in the derivative-free minimization method. The line-
search parameters have been manually fixed and the algorithm is run for 20 iterations.
The initial guess is set as (a(()o), ago)) = (2,10).

In the left panel of Figure 13 we show the estimated couples (oz(()k),a(lk)) along
the iterations of the BDF method, and the contour plot of the whiteness function
computed on the grid. Notice that the algorithm can only perform updates along the
horizontal ad vertical direction in the (ayg, a1 )-plane. While the red point indicates the
minimizer of the whiteness function computed on the 2D grid, the blue one represents
the output minimizer of the BDF procedure. The two minimizers, as also highlighted
by the values reported in Table 1 and by the restorations in Figure 5, are very close
to each other. On the right of Figure 13, we finally show the behavior of the upper
loss function in the (GWP) along the iterations of the BDF: the whiteness function
is globally descendent, but it may happen that it remains constant from one iteration
to the other; such cases correspond to the scenarios in which the algorithm does not
identify a direction of sufficient decrease and the step along the current search direction
has to be reduced.

For what concerns the second test image penguin, in Figure 7 we show the contour
plot and the surfaces of the ISNR, SSIM and of the whiteness function for different
couples of parameters (ag, 1) belonging to a fine 2D grid. Notice that, although the
couple selected by the GWP is not close to the ones corresponding to the highest ISNR
and SSIM value, the surfaces are particularly flat in the upper part. In fact, from Table
1 one can notice that the ISNR and SSIM value corresponding to the whiteness selec-
tion are very close, in terms of percentage differences, to the highest values achievable.
This behavior has a visual counterpart in the output restorations corresponding to the
best ISNR, the best SSIM, and the minimum of the whiteness function computed on
the 2D grid, which are shown in Figure 8. Finally, the BDF algorithm for the auto-
matic selection of the parameters is run with initial guess (0460), a(lo)) = (3,5) and is
stopped after 20 iterations. The couples of parameters estimated by the method and
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Fig. 6: Test image peppers. Couples of selected parameters (left) and whiteness loss
function (right) along the iterations of the BDF.

ISNR SSIM Whiteness

Fig. 7: Test image penguin. Contour plot (top) and surface (bottom) of the ISNR
(left), SSIM (middle) and whiteness (right) function computed over the (ag, aq)-grid.

the values of the whiteness loss function along the iterations are plotted in Figure 9.
Again, the output of BDF represented by the blue point in the left plot of Figure 9 is
very close to the minimizer of the whiteness function computed over the 2D grid and
indicated by the red point.

We conclude by remarking that the actual currency in the BDF set-up is the
number of evaluations of the whiteness function W (g, a1 ), that is clearly equal to the
number of calls to the TGV-Ls solver. In both examples, along the BDF method which
in our settings, we recall, includes a linesearch strategy, the TGV-Ly has been solved
approximately 100 times, with a running time per evaluation of about 4 seconds.
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Best ISNR BEST SSIM Whiteness (grid) ~ Whiteness (BDF)

Fig. 8: Test image penguin. From left to right, output restoration obtained with
parameters corresponding to the maximum of the ISNR, the maximum of the SSIM,
the minimum of the whiteness function computed over the grid, the minimum of the

whiteness achieved via the BDF method.
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Fig. 9: Test image penguin. Couples of selected parameters (left) and whiteness loss
function (right) along the iterations of the BDF.

5.2 Computed tomography reconstruction

In this section we consider the image computed tomography reconstruction problem.
In clinical X-ray CT scanners the noise in the data comes from several causes, the
most important of which is the statistical nature of electromagnetic waves modeled as
a Poisson distribution. The second most important cause is the electronic noise, which
is due to the conversion of the detected X-ray photons into an electrical signal and
can be modeled as a Gaussian random variable with mean 1 and variance o2. Since
the mean 1 of background signals can be estimated using blank measurements prior to
each scan, it is common to subtract it from the measured intensity and assume n =0
in the model. Hence, the forward model of interest is given by [21]

y = b+ t, with b realization of B ~ Poiss(A(Z)), A(Z) = [pexp(—Hz) (18)
and ¢ realization of T ~ G(0,0°T,,) .

Notice that in the above expression the general forward model A : R® — R™ is the
composition of the non-linear function g : R™ — R™, g(q) = Ipexp(—q), Iy € Rsg
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being the X-ray emission intensity, and of the discrete Radon transform matrix H €
R™*". Moreover, we remark that B = [By,..., B,|T, with By,..., B,, independent
univariate random variables, and the generic B; following a Poisson distribution with
mean [A(Z)];.

In light of (18), the image measurement random field Y(Z) is a mixed Poisson-
Gaussian random field with

ny(@) = A@), Ty(@) = diag(A() + 0°1,.). (19)

where 1,,, is a m x 1 vector of ones.

As suggested in [21], the mixed Poisson-Gaussian random field can be approxi-
mated by the independent Gaussian random field V= {}7”} with mean vector and
covariance matrix given in (19). In formula

1 (vi — [A(@)):)?

) [
o P <2<[A<oz>1i T az>> (20)

P(Y | A(Z),0)~P(Y | A(®),0 H\/27T

By applying classical Bayesian arguments, and invoking the Maximum A Posteriori
estimation approach - see again [21] for further details - one gets that in a variational
set-up the fidelity term that correctly accounts for the approximation of the mixed
Poisson-Gaussian noise reads

Flz;o0) = —In P(ji | A(a:),a)

Notice that, since & is the target unknown image, A(Z) can not be assumed to
be known, hence in the expression of the likelihood it has been replaced by A(x).
Moreover, in (21), terms not depending on @ have been neglected.

As in [21], the above fidelity term is coupled to the popular Total Variation so as
to give the following non convex TV-Mixed variational model.

~ . - Lo~ [ (i — [A@))° 2
®(u, 0)€ arg min {u; I(V@)illz + 5 ; [ [A(z)]: + o +In([A(z)]; + o )] :
(22)

Notice that the solution depends on two free parameters: the regularization param-
eter p and the standard deviation of the electronic noise o. Therefore, our goal is
to apply the (GWP) for the estimation of those parameters. However, the Gaussian
approximation in (20) of the mixed Poisson-Gaussian noise is not white. After observ-
ing that, by definition, Y (&) and Y(Z) share the same mean vector and covariance
matrix expressed in (19), we have that the (GWP) can be applied after performing
the following transformation on the original data y:

Z(p,0) = Ty(y; 2(p, 0)) = W(Z(1,0))(y — py(@(p1,0)))
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Fig. 10: Original phantom image (left) and observed sinogram (right).

1,
\/A(sﬁ(u, o))+ %1,

with W((p, o)) = diag ( ) , 1y (@(p,0)) = A@(p, 0)),

where the division in the definition of W has to be intended componentwise.

We consider the test images phantom (200 x 200, pixel size = 0.4 mm) shown in
the left panel of Figure 10, with pixel values between 0 and 1. The acquisition process
of the fan beam CT set-up, i.e. the projection operator H, is built using the ASTRA
Toolbox [22] with the following parameters: 180 equally spaced angles of projections
(from 0 to 2m), a detector with 200 pixels (detector pixel size = 1/5 mm), distance
between the source and the center of rotation = 300 mm, distance between the center
of rotation and the detector array = 200 mm. Then, according to (18), we take the
exponential of —HZ and multiply it by a factor Iy = 500. We thus compute the noise-
free data A(x) = Ipe B2 while b is a realization of a Poisson random variable with
mean given by the vector A(&); the noise image t is drawn from a zero-mean Gaussian
distribution with ¢ = 10. Finally, the observation y is obtained by summing b and £,
and is shown in Figure 10 (right).

As in the previous examples, we select a (u, 0)-grid and solve the TV-Mixed model
in (22) for each couple of parameters on the grid. For the numerical solution of the
non-convex and non-smooth TV-Mixed model, we again employed the ADMM - see
[21] for more details on the implementation.

In Figure 11, we show the SNR, SSIM and the whiteness function over the 2D
grid of (u, o) values; the red dot corresponds to the parameters selected by the GWP,
while the green diamonds indicate the maximum of the SNR (left panel) and of the
SSIM (middle panel). Notice that the red dot is close to the ridge of the SNR and
SSIM curves, achieving values that are close to the maximum.

In Table 2, we report the SNR/SSIM values corresponding to the GWP selection
together with the percentage differences with respect to the highest metrics achieved.
Notice that, unlike the previous examples, in this case for one of the two unknown
parameters we have an oracle, that is the noise standard deviation of the corrupting
Gaussian noise is known, hence in the table we also report the o-value estimated by
the GWP, which is very close to the true one (equal to 10). Also the output restoration
is very close to the best one can get with the selected model, as also visually confirmed
by the restorations displayed in Figure 12 and showing the output corresponding to
the best SNR, the best SSIM and the minimum of the whiteness.
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Fig. 11: Test image phantom. Contour plot of the SNR (left), SSIM (middle) and
whiteness (right) function computed over the (u, o)-grid.

| W(ii.5) | SNR(7,5) | ASNR | ssiM@u,5) | assiv | 5
| Ongrid | 20000 | 118107 | 245% | 09970 | 0.002% | 11.4830
phantom
‘ BDF ‘ 2.0010 ‘ 11.7944 ‘2.66% 0.9970 ‘0.012% 11.7501

Table 2: For the test image phantom, we report the values of the whiteness
function and of the SNR and SSIM achieved, together with the percentage
differences with respect to the best metrics observed, for the minimization
on the 2D grid and by means of the BDF method.

Best SNR BEST SSIM Whiteness (grid) ~ Whiteness (BDF)

Fig. 12: Test image phantom. From left to right, output restoration obtained with
parameters corresponding to the maximum of the ISNR, the maximum of the SSIM,
the minimum of the whiteness function computed over the grid, the minimum of the
whiteness achieved via the BDF method.

In this case, running the TV-Mixed for each point on the 2D grid requires several
days; this is mainly ascribed to the fact that the solution of a single TV-mixed requires
about 300 seconds. Hence we adopt the BDF machinery to speed up the computations
of the GWP selection.

The algorithm is applied with fictitious upper bounds and a e-lower bound, € > 0,
accounting for the positivity of the target parameters; the linesearch parameters have
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Fig. 13: Test image phantom. Couples of selected parameters (left) and whiteness loss
function (right) along the iterations of the BDF.

been manually fixed, the algorithm is run for 20 iterations, and the initial point has
been set as (u(9, o) = (35,18). Figure 13 shows the selected couples (u(¥), o(*))
along the iterations over the contour lines of the whiteness function; the red dot rep-
resents the parameter couple selected by the a posteriori approach described before,
while the blue dot indicates the output of BDF. As one can note, the pair of param-
eters obtained with the iterative algorithm converges to the a posterior: one in few
iterations. On the right panel of the same figure we also show the behavior of the
GWP loss function along the iterations. In this case, the number of evaluations of
the whiteness function, i.e. the number of calls to the routine for the solution of the
TV-Mixed model, amounts to approximately 80.

6 Conclusion

In this work, we addressed the problem of estimating suitable values for the parameters
arising in variational models for imaging inverse problems. We introduced a general
version of the residual whiteness principle to which we referred as Generalized White-
ness Principle (GWP). The generalization capabilities of the GWP involve different
aspects: it can be applied for the estimation of a multiple number of parameters, and
it can deal with the corrupting action of non-white, but whitenable noises, upon the
employment of a suitable transformation. Moreover, we proposed a Bilevel Deriva-
tive Free Method (BDFM) which allows to solve the bilivel optimization problem that
defines the GWP also in the cases of non-smooth lower cost functions. Numerical tests
run on different imaging problems for white and non-white noises have assessed the
quality of our proposal in terms of robustness and computational efficiency.
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