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Notion of Quadratic Variation in Banach spaces

Cristina Di Girolami ∗.

Abstract
This paper introduces the notion of global quadratic variation which is based on a weaker notion than

the usual tensor topology appearing in the literature of stochastic processes in Banach separable spaces. It
is based on convergence in the weak-star topology of approximating sequences. This calculus pursues in
the infinite dimensional space the stochastic calculus via regularization introduced by Russo and Vallois for
real valued processes and developed in Banach space by Di Girolami and Russo. This paper in particular
focuses on the relation with classical calculus in order to compare our global quadratic variation with the
classical existing notions of quadratic variations in the literature.

[2020 Math Subject Classification:] 60G07; 60G48; 60H05

Key words and phrases Quadratic variation; covariation; infinite dimensional analysis; stochastic
processes in Banach spaces.

1 Introduction

This article investigates a generalization of the notion of quadratic variation for B-valued stochastic
processes whenever B is a general separable Banach space. The notion of covariation and quadratic variation
is central in stochastic calculus related to real semimartingales. For instance Itô’s formula includes some
terms involving that tool. Given two R-valued stochastic processes X and Y , the real valued covariation
[X,Y ] is defined in general by following uniform convergence in probability (ucp)

[X,Y ]t := lim
|Π|→0

n−1∑
i=0

(Xti+1∧t −Xti∧t)(Yti+1∧t − Yti∧t), t ∈ [0, T ],

where Π is an element of a sequence (Πm) of subdivisions of [0, T ] of the type Π = {0 = t0 < t1 < · · · <
tn(m) = T}, such that its mesh |Πm| := sup0≤i≤n(m)−1(ti+1 − ti) converges to 0 when m→∞. We follow
the parallel approach via regularization, see [1, 2]. We define [X,Y ] as

[X,Y ]t := lim
ε→0+

C̄(ε,X, Y )(t), where C̄(ε,X, Y )(t) =

∫ t

0

(
X(s+ε)∧t −Xs

)(
Y(s+ε)∧t − Ys

)
ε

ds, t ∈ [0, T ].
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Since in this paper we will restrict to the case when the processes are continuous, we can substitute
C̄(ε,X, Y ) with

C(ε,X, Y )(t) =

∫ t

0

(
Xs+ε −Xs

)(
Ys+ε − Ys

)
ε

ds, t ∈ [0, T ].

The covariation is a bilinear and symmetric operation. If X = Y , then [X,X], denoted simply by [X], is
called quadratic variation of X. If [X] = 0, then X is said to be a zero quadratic variation process. We
recall that whenever X and Y are semimartingales, [X,Y ] coincide with the classical covariation 〈X,Y 〉 in
the sense of [3, 4], see Corollary 2 in [2] and Proposition 2.1 of [1].
The definition of quadratic variation has been generalized for a Rn-valued process X = (X1, . . . , Xn). In
this case the concept of quadratic variation cannot be summarized to a single real-valued process but we
have to take into account the square matrix valued matrix in Mn(R) of mutual covariations defined by
[X>, X] = ([Xi, Xj ])1≤i,j≤n.

Let B be a separable Banach space and X a B-valued (continuous) process, there are two classical
notions of quadratic variation introduced by [5] and [6]. The first one whenever X is Hilbert valued and
belongs to the class of π-processes, which are not so far from the class of semimartingales, the second one
whenever X is a Banach valued process. For those processes [5] and [6] introduce the scalar quadratic
variation ([5] uses the terminology of real quadratic variation, which for us is less appropriate) and the
tensor quadratic variation. The scalar one is characterized as a limit of discretization sums via stopping
times; the tensor quadratic variation is related to expressions of the type

Xt ⊗2 −X0 ⊗2 −
∫

]0,t]

(Xs− ⊗ dXs + dXs ⊗Xs−),

where previous integrals are of Itô type. On the other hand, in the specific case when B is a separable
Hilbert space, [7] introduces a slight different notion of quadratic variation.

Let X be a B-valued stochastic process, under the inspiration of [5] and [6], we introduce our notion of
scalar and tensor quadratic variation of X. Our definitions are analogous of the mentioned concept but in
the language of regularizations and, a priori, for any B-valued stochastic process.

Definition 1.1. Let X be a B-valued continuous process.

1. The scalar quadratic variation of X, indeed denoted by [X]R, is the continuous R-valued process
such that, for every t ∈ [0, T ],

[X]R,εt =

∫ t

0

‖Xs+ε −Xs‖2B
ε

ds,

converges to [X]R in probability when ε goes to 0.
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2. The tensor quadratic variation of X, indeed denoted by [X]⊗, is the (B⊗̂πB)-valued process
such that the sequence of Bochner integrals

[X]⊗,ε· =

∫ ·
0

(Xs+ε −Xs)⊗2

ε
ds, (1.1)

converges to [X]⊗ ucp for ε going to 0 with respect to the (strong) projective tensor topology.

Integrals in (1.1) are well defined in the Bochner sense as (B⊗̂πB)-valued integral processes since

1

ε

∫ ·
0

∥∥(Xs+ε −Xs)⊗2
∥∥
B⊗̂πB

ds =

∫ ·
0

‖Xs+ε −Xs‖2B
ε

ds < +∞ a.s.

As we will see in the sequel, the tensor quadratic variation is the natural generalization of the matrix
[X>, X] of the mutual covariations. We stress on the fact that the tensor quadratic variation is the natural
object intervening in the second order term in the Itô formula involving an integral of bounded variation
expanding F (X) for some C2-Fréchet function F . It is quite easy to show that whenever X admits both
scalar and tensor quadratic variation then [X]⊗ is a (B⊗̂πB)-valued bounded variation process. In fact
that limit has bounded variation since the variation of tensor quadratic variation is dominated by the
variation of scalar quadratic variation which is clearly of bounded variation being an increasing process.

In this paper we focus on a the notion of global quadratic variation of X. which is a weaker concept
than the tensor quadratic variation. The global quadratic variation of X is based morally 1 on convergence
of the approximating sequence (1.1) in the weak-star topology. That notion constitutes a significant
particular case of what we called χ-quadratic variation, that was introduced and investigated in earlier
works, see e.g. [8, 9, 10, 11, 12, 13, 14] and in the unpublished work [15]. The denomination χ refers to a
suitable topological subspace χ of the dual of the projective tensor product B⊗̂πB. Whenever it exists,
the χ-quadratic variation denoted by [̃X] is a χ∗-valued bounded variation process. In that case Itô’s
formulae only hold for functions F whose second order Fréchet derivative belongs to χ. In the special
case χ = (B⊗̂πB)∗, we call it global quadratic variation of X and [̃X] takes values in (B⊗̂πB)∗∗ via a
weak-star convergence.

Concept of χ-quadratic variation is justified by the fact that the existence of the tensor quadratic
variations is often not verified. For instance the C([−T, 0])-valued window process 2 W (·) associated
to a Brownian motion W has neither scalar quadratic variation nor tensor, see Proposition 4.7 in [10].
Nevertheless for several χ, the χ-quadratic variation of window processes X(·) associated to any continuous
finite quadratic variation process X exists and it has been explicitly given. So the χ-quadratic variation
generalizes the concept of tensor quadratic variation at two levels.

1. Terms in (1.1) take values in the Banach space B⊗̂πB, they will need to be injected in the bidual (B⊗̂πB)∗∗.
2. Let (Xt)0≤t≤T be a real continuous process prolongated by continuity. Process (Xt(·))t∈[0,T ] = {Xt(x) := Xt+x;x ∈

[−T, 0], t ∈ [0, T ]} denoted simply by X(·) is the so-called window process associated to X and it is naturally C([−T, 0])-valued.
It can be also considered as a L2([−T, 0])-valued process.
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1. First it replace the (strong) convergence in (1.1) with a weak-star topology type convergence.

2. Secondly the choice of a suitable subspace χ of (B⊗̂πB)∗ gives a further degree of freedom.

We mention below some examples of spaces χ.

• Let B = H be a separable Hilbert space and A is the generator of a C0 semigroup on H then
χ = D(A∗)⊗̂πD(A∗) is a suitable subspace. See [13], Section 3. This concerns H-valued process.
In general a mild solution of an evolution problem has no tensor quadratic variation but only a
χ-quadratic variation.

• If B = L2([−T, 0]), an example of χ is L2([−T, 0]2).

• If B = C([−T, 0]) 3 a typical χ-space is
• the space of signed measuresM([−T, 0]2).
We can consider other examples of χ which are Hilbert spaces:
• L2([−T, 0]2),
• the space of signed measure which are multiple of Dirac measures concentrated in (0, 0),
• L2([−T, 0]2)

⊕
L2([−T, 0])⊗̂hD0

⊕
D0⊗̂hL2([−T, 0])

⊕
D(0,0), where D(0,0) (resp. D0) denotes the

spaces of signed measure which are multiple of Dirac measures concentrated in (0, 0) (resp. 0) and
⊗̂h denotes Hilbert tensor product, see Appendix A.

Let consider the naturally C([−T, 0])-valued window processes. Even if the window Brownian motion W (·)
does not admit a global quadratic variation, not even aM([−T, 0]2)-quadratic variation, every window
process X(·) associated to a finite quadratic variation process X admits a χ-quadratic variation for the
mentioned Hilbert spaces χ which can have been explicitly given in Proposition 4.7, 4.8 and Corollary 4.9
in [10]. We remind that the class of finite quadratic variation process is very rich. It contains for instance
semimartingale, i.e. processes with decomposition local martingale plus a bounded variation process;
Dirichlet processes, i.e. processes with decomposition local martingale plus a zero quadratic variation
process; weak Dirichlet processes 4, i.e. process with decomposition local martingale plus a process such
that the covariation with any local martingale is zero; bifractional Brownian motion with parameters H
in ]0, 1[ and K in ]0, 1] such that HK ≥ 1/2. A rich list of other χ subspaces and explicit evaluations of
χ-quadratic variation are stated in [10, Section 4] and in [15, Chapter 5]. Another interesting example of
C[0, T ]-valued stochastic process is given by Brownian sheet, see [16, Chapter 1] for a detailed presentation.
Let 0 ≤ s, t ≤ T and Wt,s be a Brownian sheet. Considering t as a parameter, then the process Bt := Wt,·

takes values in the infinite dimensional space C([0, T ]) (or even L2([0, T ])). In a paper under preparation

3. I remind that, whenever B is a separable Banach space, (B⊗̂πB)∗ coincides with the space bilinear continuous functionals
on B. See Appendix A.

4. In general a weak Dirichlet processes D does not have finite quadratic variation, but let D = M +A where M is the
local martingale, and A such that [A,N ] = 0 for any continuous local martingale N , then if A has finite quadratic variation
then also D and it holds [D] = [M ] + [A]. For instance Dt = Wt +Wt/2. This is also an example of weak Dirichlet with finite
quadratic variation but which it is not a Dirichlet process

4

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

For
 Peer

 R
ev

iew



Page 5 of 32

[17] with Prof. Russo Francesco, we show that the Bt admits a scalar, global quadratic variation and
M([0, T ]2)-quadratic variation explicitly given but we couldn’t show the existence of tensor quadratic
variation. So we conjecture that Bt could be an interesting example of Banach process admitting global
quadratic variation but not the tensor one.

In [11] an Itô formula and stability results for processes admitting this kind of quadratic variation are
presented. Moreover in that paper particular interest was devoted to the case when B is the space of real
continuous functions defined on [−T, 0] and the process is the window process. [18] shows as applications of
the infinite dimensional Itô formula that it is possible to represent a large class of path-dependent random
variable h as a real number plus a real forward integral. This representation result for h makes use of a
functional solving an infinite dimensional partial differential equation and this decomposition generalizes,
in some cases, the Clark-Ocone formula which is true when X is the standard Brownian motion W .

This paper makes more clear how the global quadratic variation extends at least three classical existing
notions of quadratic variation in the literature. The paper is organized as follows. Section 2 contains
general notations, in Section 3 we recall the definition of the χ-quadratic variation with principal results
related to global quadratic variation. The main Section 4 proves that if any classical notion of quadratic
notion of a Banach valued X exists, then X admits a global quadratic variation which coincides with the
classical one in a sense that will be detailed. Moreover in all those cases the global quadratic variation take
values in B⊗̂πB even if, a priori, in infinite dimensional case, the global quadratic variation is supposed to
take values in general in B⊗̂πB∗∗ which strictly contains B⊗̂πB 5. Obviously, in the finite dimensional
case, we do not have any difference, since all topologies are equivalent. Despite the facility of this case, we
consider that it is pedagogic and relevant in order to plunge into the tensor product topology. Subsection
4.1 treats the quadratic variation for a Rn-valued process defined by [19]. This notion generalizes the
notion of quadratic variation of multi-dimensional semimartingales via regularization. The quadratic
variation defined there is a Mn×n(R)-valued process denoted by [X>, X], see Definition 4.1; that matrix is
constituted by all the mutual covariations of vector X. Subsection 4.2 treats the quadratic variation for a
martingale X with values in a space separable Hilbert space H defined by Da Prato-Zabczyk in [7]. X
admits a quadratic variation in the sense of Da Prato-Zabczyk denoted by [X]dz. [X]dz is a L1(H)-valued
process, i.e. a nuclear operator on the space H. The third subsection 4.3 concerns processes X with values
in a general Banach space B and admitting a tensor quadratic variation in the sense of Dinculeanu denoted
by [X]⊗, see Definition 1.1. For each one of these cases we will show that if the B-valued process X admits
a quadratic variation [X>, X] (respectively [X]dz or [X]⊗) then X admits a global quadratic variation [̃X]

with B = Rn (respectively B = H separable Hilbert space and B general Banach space). Moreover, the
global quadratic variation and each one of classical quadratic variation concept will be essentially identified.

5. Morally since classical requires strong topology convergence.
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Proposition 4.3 shows an equivalence between Mn×n(R) and (Rn⊗Rn) which allows us to identify [X>, X]

and [̃X]. Let B = H be a separable Hilbert space, Proposition 4.12 establishes a correspondence between
the set of nuclear operators L1(H) and the projective tensor product (H⊗̂πH) and [X]dz will be identified
to [̃X]. Finally for X taking values in a general Banach space B, Proposition 3.7 identifies [X]⊗ and [X],
and Proposition 4.16 compares with the notion in Dinculeanu [6, Chapter 6] for B-valued semilocally
summable process, notion recalled in Definition 4.14.

2 Notations

Triple (Ω,F ,P) will denote a fixed probability space equipped with a given filtration F = (Ft)t≥0

fulfilling the usual conditions. Let a < b be two real numbers, C([a, b]) will denote the Banach linear space
of real continuous functions equipped with the uniform norm denoted by ‖ · ‖∞. Letter B (respectively H)
will denote a separable Banach (respectively Hilbert) space over the scalar field R. The space of bounded
linear mappings from B to B will be denoted by L(B;B) or simply by L(B;B). The topological dual
space of B, i.e. L(B;R), will be denoted simply by B∗. The symbol 〈·, ·〉 will denote always some type of
duality that will change depending on the context. If φ is a linear functional on B, we shall denote the
value of φ at an element b ∈ B either by φ(b) or 〈φ, b〉 or even B∗〈φ, b〉B. We recall the definition of the
weak star topology: it is a topology defined on dual spaces as follows. Let B be a normed space, a sequence
of B∗-valued elements (φn)n∈N converges weak star to φ ∈ B∗, denoted by symbols φn w∗

−−−−−−→
n−→+∞

φ, if

B∗〈φn, b〉B −−−−−−→
n−→+∞ B∗〈φ, b〉B for every b ∈ B. By definition, the weak star topology is weaker than the

norm topology on B∗. An important fact about the weak star topology is the Banach-Alaoglu theorem, see
Theorem 3.15 in [20]: if B is normed, then the unit ball in B∗ is weak star compact; more generally, the
polar in B∗ of a neighborhood of 0 in B is weak star compact, see Section 5 in [21, Section V, Subsection
4, page 424, Theorem 2]. Given a Banach space B and its topological bidual space B∗∗ the application
J : B → B∗∗ will denote the natural injection between a Banach space and its bidual. J is an injective
linear mapping, though it is not surjective unless B is reflexive. J is an isometry with respect to the
topology defined by the norm in B, the so-called strong topology, and J(B) which is weak star dense in
B∗∗, see [20, Chapter 4.5]. The weak star topology on B∗ is the weak topology induced by the image
of J : J(B) ⊂ B∗∗. For more informations about Banach spaces topologies, see [22, 23]. Let E,F,G
be Banach spaces; we shall denote the space of G-valued bounded bilinear forms on the product E × F
by B(E × F ;G) with the norm given by ‖φ‖B = sup{‖φ(e, f)‖G : ‖e‖E ≤ 1; ‖f‖F ≤ 1}. Our principal
references about functional analysis are [21, 24, 25, 22, 23]. The space of R-valued bounded bilinear forms
on the product B × B can be identified with the dual of the tensor product B⊗̂πB equipped with the
projective norm. We observe that B⊗̂πB could fail to be an Hilbert space even if B is Hilbert, it is not
even necessarily a reflexive space. For deeper notions of tensor products we refer to Appendix A.
The capital letters X,Y will generally denote stochastic continuous processes indexed by the time variable
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t ∈ [0, T ] with T > 0. A B-valued stochastic process X is a map X : Ω× [0, T ]→ B which will be always
supposed to be measurable w.r.t. the product sigma-algebra. All the processes indexed by [0, T ] will
be naturally prolongated by continuity setting Xt = X0 for t ≤ 0 and Xt = XT for t ≥ T (respectively
Xt = X0 for t ≤ 0). A sequence of continuous B-valued processes indexed by [0, T ], (Xn)n∈N will be
said to converge ucp (uniformly convergence in probability) to a process X if sup0≤t≤T ‖Xn −X‖B
converges to zero in probability when n→∞. The space C([0, T ]) will denote the linear space of continuous
real processes equipped with the ucp topology and the metric d(X,Y ) = E

[
supt∈[0,T ] |Xt − Yt| ∧ 1

]
. The

space C([0, T ]) is not a Banach space but equipped with this metric is a Fréchet space (or F -space shortly)
see Definition II.1.10 in [21]. For more details about F -spaces and their properties see section II.1 in [21].

3 Notion of global and χ-quadratic variation and related results

In this subsection, we remind the definition of global quadratic variation after a brief recall of the
definition of the χ-quadratic variation for a B-valued stochastic process X. We remind that C([0, T ])

denotes the space of continuous processes equipped with the ucp topology.
A Chi-subspace of (B⊗̂πB)∗ is a closed linear subspace χ of (B⊗̂πB)∗, endowed with its own norm, such
that ‖ · ‖χ ≥ ‖ · ‖(B⊗̂πB)∗ . Let X be a B-valued stochastic process and ε > 0. We denote by [X,X]ε, or
simply by [X]ε, the following application

[X]ε : χ −→ C([0, T ]) defined by φ 7→

(∫ t

0
χ〈φ,

J
(
(Xs+ε −Xs)⊗2

)
ε

〉χ∗ ds

)
t∈[0,T ]

(3.1)

where J denotes the canonical injection between the space B⊗̂πB and its bidual.
It is possible to associate another application with application [X]ε, denoted by [̃X,X]

ε

, or simply by [̃X]ε,
defined by

[̃X]
ε
(ω, ·) : [0, T ] −→ χ∗ given by t 7→

(
φ 7→

∫ t

0
χ〈φ,

J
(
(Xs+ε −Xs)⊗2

)
ε

〉χ∗ ds

)
.

Remark 3.1.

1. We recall that χ ⊂ (B⊗̂πB)∗ implies (B⊗̂πB)∗∗ ⊂ χ∗.

2. As indicated χ〈·, ·〉χ∗ denotes the duality between the space χ and its dual χ∗ in fact by assumption,
φ is an element of χ and element J

(
(Xs+ε −Xs)⊗2

)
naturally belongs to (B⊗̂πB)∗∗ ⊂ χ∗.

3. With a slight abuse of notation, in the sequel application J will be omitted. The tensor product
(Xs+ε −Xs)⊗2 has to be considered as the element J

(
(Xs+ε −Xs)⊗2

)
which belongs to χ∗.

Definition 3.2. Let χ be a Chi-subspace of (B⊗̂πB)∗ and X a B-valued stochastic process. We say that
X admits a χ-quadratic variation if the following assumptions are fulfilled.
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H1 For all (εn) ↓ 0 it exists a subsequence (εnk) such that

sup
k

∫ T

0

sup
‖φ‖χ≤1

∣∣∣∣∣χ〈φ, (Xs+εnk
−Xs)⊗2

εnk
〉χ∗

∣∣∣∣∣ ds = sup
k

1

εnk

∫ T

0

∥∥∥(Xs+εnk
−Xs)⊗2

∥∥∥
χ∗
ds < +∞ a.s.

H2 (i) It exists an application χ −→ C([0, T ]), denoted by [X,X] or simply by [X], such that

[X]ε(φ)
ucp−−−−→

ε−→0+

[X](φ) for every φ ∈ χ . (3.2)

(ii) There is a measurable process [̃X,X] : Ω× [0, T ] −→ χ∗ , also denoted by [̃X], such that
— for almost all ω ∈ Ω, [̃X](ω, ·) is a (cadlag) bounded variation process.
— [̃X](·, t)(φ) = [X](φ)(·, t) a.s. for all φ ∈ χ.

Whenever X admits a χ-quadratic variation, we will call χ-quadratic variation of X the χ∗-valued
process ([̃X])0≤t≤T defined for every ω ∈ Ω and t ∈ [0, T ] by φ 7→ [̃X](ω, t)(φ) = [X](φ)(ω, t). Sometimes,
with a slight abuse of notation, even [X] will be called χ-quadratic variation and it will be confused with
[̃X].

Remark 3.3.

1. For every fixed φ ∈ χ, the processes [̃X](·, t)(φ) and [X](φ)(·, t) are indistinguishable. In particular
the χ∗-valued process [̃X] is weakly star continuous, i.e. [̃X](φ) is continuous for every fixed φ.

2. In fact the existence of [̃X] guarantees that [X] admits a proper version which allows to consider it
as pathwise integral.

3. The quadratic variation [̃X] will be the object intervening in the second order term of the Itô formula
expanding F (X) for some C2-Fréchet function F .

4. In Corollaries 3.25 and 3.26 in [10] that, when χ is separable (the most of cases) Condition H2 can
be relaxed in a significant way. For instance convergence (3.2) can be verified only in probability on
a dense subspace of χ and H2(ii) is automatically verified.

Remark 3.4. On the contrary, let Let χ1 χ2 be two subspaces χ1 ⊂ χ2 ⊂ (B⊗̂πB)∗ such that χ1 is a
Chi-subspace of χ2 and χ2 is a Chi-subspace of (B⊗̂πB)∗. It may happens that a B-valued process X does
not admit a (B⊗̂πB)∗-quadratic variation or not even a χ2-quadratic variation but it admits a χ1-quadratic
variation. For this reason the fact to introduce a subspace of (B⊗̂πB)∗ gives much more opportunities of
calculus. For example that the C([−τ, 0])-valued window Brownian motion admits a χ2-quadratic variation
but it does not have aM([−τ, 0]2)-quadratic variation. This has been studied in details in [10]

Definition 3.5. We say that a continuous B-valued process X admits global quadratic variation if it
admits a χ-quadratic variation with χ = (B⊗̂πB)∗.
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Remark 3.6. We observe some interesting features in the case χ = (B⊗̂πB)∗.

1. The natural convergence topology is the weak star convergence in the space (B⊗̂πB)∗∗ for elements
[̃X]

ε
. In fact, at least when χ is separable, for any t ∈ [0, T ], it exists a null subset N of Ω such and

a sequence (εn) such that

[̃X]
εn

(ω, t)
w∗

−−−→
ε−→0

[̃X](ω, t)

weak star, see Lemma A.1 in [10].

2. [̃X] takes values “a priori” in (B⊗̂πB)∗∗, since J(B⊗̂πB) is weak star dense in (B⊗̂πB)∗∗.

3. The weak star convergence is weaker then the strong convergence in B⊗̂πB, i.e. the convergence
with respect to the topology defined by the norm. A strong convergence of (1.1) is required for
example in the definition of a tensor quadratic variation, or in the definition of quadratic variation for
an Rn-valued process, see Definition 4.1. In a finite dimensional spaces all topologies are equivalent.
If the Banach space B⊗̂πB is not reflexive, then (B⊗̂πB)∗∗ strictly contains B⊗̂πB.

4. In general B⊗̂πB is not reflexive even if B is an Hilbert space, see Remark A.2.3.

Proposition 3.7. Let X be a B-valued process admitting a scalar and tensor quadratic variation then X
admits a global quadratic variation. In particular the global quadratic variation takes valued in B⊗̂πB
and [̃X] = [X]⊗ a.s.

Remark 3.8. The hypothesis of existence of the scalar quadratic variation can be relaxed requiring that
for all subsequences (εn) it exists a subsubsequence (εnk) such that

sup
k

∫ t

0

‖Xs+εnk
−Xs‖2B

εnk
ds < +∞ a.s.

Proof. We set χ = (B⊗̂πB)∗. We observe that the existence of [X]R implies the validity of Condition H1.
Recalling definition of [X]ε at (3.1) and the definition of injection J we observe that

[X]ε(φ)(·, t) =

∫ t

0
(B⊗̂πB)∗〈φ,

J
(
(Xs+ε −Xs)⊗2

)
ε

〉(B⊗̂πB)∗∗ ds =

∫ t

0
(B⊗̂πB)∗〈φ,

(Xs+ε −Xs)⊗2

ε
〉B⊗̂πB ds .

(3.3)

Since Bochner inegrability implies Pettis integrability, for details see [6] and [26], we also have that for
every φ ∈ (B⊗̂πB)∗,

(B⊗̂πB)∗〈φ, [X]⊗,εt 〉B⊗̂πB =

∫ t

0
(B⊗̂πB)∗〈φ,

(Xs+ε −Xs)⊗2

ε
〉B⊗̂πB ds . (3.4)

(3.3) and (3.4) imply that

[X]ε(φ)(·, t) = (B⊗̂πB)∗〈φ, [X]⊗,εt 〉B⊗̂πB a.s. (3.5)
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We go on now with the proof of Condition H2. We will show that

sup
t≤T

∣∣∣[X]ε(φ)(·, t)− (B⊗̂πB)∗〈φ, [X]⊗t 〉B⊗̂πB
∣∣∣ P−−−→
ε−→0

0 . (3.6)

Developing the left-hand side of (3.6) and using (3.5), we obtain

sup
t≤T

∣∣∣[X]ε(φ)(·, t)− (B⊗̂πB)∗〈φ, [X]⊗t 〉B⊗̂πB
∣∣∣ = sup

t≤T

∣∣∣(B⊗̂πB)∗〈φ, [X]⊗,εt − [X]⊗t 〉B⊗̂πB
∣∣∣

≤ ‖φ‖(B⊗̂πB)∗ sup
t≤T

∥∥[X]⊗,εt − [X]⊗t
∥∥
B⊗̂πB

,

where the last quantity converges to zero in probability by definition of tensor quadratic variation, see
Introduction. This implies (3.6). The tensor quadratic variation has bounded variation because of
existence of scalar quadratic variation, see Introduction. In particular H2(ii) is also verified taking simply
[̃X] = [X]⊗.

The following is a particular case of Lemma 3.19 in [10].

Remark 3.9. Let X be a B-valued stochastic process. Suppose that 1
ε

∫ T
0
‖(Xs+ε−Xs)⊗2‖χ∗ ds converges

to 0 in probability when ε→ 0.

1. Then X admits a zero χ-quadratic variation.

2. If χ = (B⊗̂πB)∗ then X admits a zero scalar and tensor quadratic variation.

4 Link with other quadratic variation notions in the literature

This section is devoted to compare the global quadratic variation with other classical definitions of
quadratic variation for a B-valued process X.

4.1 The quadratic variation for a finite dimensional valued process

We begin this section recalling some notions about the finite dimensional case B = Rn and the quadratic
variation in the sense of [19]. The duality between tensor product Rn ⊗ Rm and its dual will be given by
the trace of an operator (matrix). The second order term in Itô’s formula involving quadratic variation is
linked, as usual for Itô’s calculus, to the integral of a trace.
We first remind some notions about tensor products of finite dimensional spaces and integrals as well
as covariations in a multidimensional setting. The algebraic tensor product Rn ⊗ Rm is complete with
respect to every possible norm α, in particular with respect to any reasonnable one; so it coincides with
Rn ⊗α Rm. Therefore it is a Hilbert (and reflexive) space with finite dimension n×m. It exists a canonical
identification between Rn ⊗ Rm (respectively its dual space (Rn ⊗ Rm)∗) and the space of real matrix of
dimension n×m, Mn×m(R) (respectively the space Mm×n(R)).
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Let (ei)1≤i≤n, (fj)1≤j≤m be the canonical basis for Rn and Rm. Every element u ∈ Rn ⊗ Rm of the form
u =

∑
1≤i≤n;1≤j≤m ui,j ei ⊗ ej is associated to a unique matrix U = (ui,j)1≤i≤n,1≤j≤m, U ∈ Mn×m(R).

Conversely given a matrix U ∈ Mn×m(R) of the form U = (Ui,j)1≤i≤n,1≤j≤m, it is associated to a
unique element u ∈ Rn ⊗ Rm of the form u =

∑
1≤i≤n;1≤j≤m Ui,j ei ⊗ ej . Concerning the dual space,

we recall, from the preliminaries, that (Rn ⊗ Rm)∗ ∼= L(Rn;L(Rm)) which is naturally identified with
Mm×n(R). So a matrix T ∈ Mm×n(R) of the form T = (Ti,j)1≤i≤m,1≤j≤n is associated with the linear
form t : Rn ⊗ Rm −→ R such that t(x⊗ y) = Rm〈Tx , y〉Rm .
For a general matrix A = (Ai,j)i∈I,j∈J , A·,j (Ai,· respectively) will denote the j-th column of the matrix A
(the i-th row of the matrix A respectively).
In this subsection it will be showed that the quadratic variation in the sense of [19, 27, 28], whenever it
exists, i.e. when X has all its mutual covariations, coincides with the global quadratic variation. Moreover
we will show that the duality pairing between an element t ∈ (Rn ⊗π Rm)∗ (or simply (Rn ⊗Rm)∗) and an
element u ∈ (Rn ⊗π Rm) (or simply (Rn ⊗ Rm), denoted by t(u) or even by 〈t, u〉, coincides with the trace
Tr(TU) of the matrix TU , whenever U is the Mn×m(R) matrix associated with u and T is the Mm×n(R)

matrix associated with t. For this task we express integrals and covariations in a multidimensional setting.
If Y is a n×m matrix of continuous processes (Y i,j)1≤i≤n,1≤j≤m, and A is am×d matrix (Aj,k)1≤j≤m,1≤k≤d

then [Y,A]t is the n× d matrix constituted by the following ucp limit (if it exists)

1

ε

∫ t

0

(Ys+ε − Ys)(As+ε −As)ds .

Definition 4.1. Let X = (X1, · · · , Xn) be an Rn-valued process and Y = (Y 1, · · · , Y m) be an Rm-valued
process such that (X,Y ) (resp. X) has all its mutual covariations. The matrix in Mn×m(R) (resp.
Mn×n(R)) denoted by [X>, Y ] (resp. [X>, X]), and defined by

(
[X>, Y ]

)
1≤i≤n;1≤j≤m = [Xi, Y j ] (resp.(

[X>, X]
)

1≤i,j≤n = [Xi, Xj ]) is called the covariation of X and Y (resp. quadratic variation of X).

Proposition 4.2. Let u (resp. t) be element of (Rn ⊗Rm) (resp. in (Rn ⊗Rm)∗) and U (resp. T ) be the
corresponding matrix in Mn×m(R) (resp. in Mm×n(R)). Then

Tr(TU) = 〈t, u〉 = t(u) =
∑

1≤i≤n,1≤j≤m

Ui,jTj,i (4.1)

Proof. Let (fj)1≤j≤m be the canonical basis for Rm. The left-hand side in (4.1) equals

Tr(TU) =
m∑
j=1

〈TU(fj), fj〉Rm =
m∑
j=1

〈T (U·,j), fj〉Rm =
m∑
j=1

〈U·,j , T ∗(fj)〉Rn =

=
m∑
j=1

〈U·,j , Tj,·〉Rn =
m∑
j=1

n∑
i=1

Ui,jTj,i (4.2)

because it is well-known that the adjoint of a matrix coincides with its transposed so T ∗(fj) = Tj,·.
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Concerning the right-hand side of (4.1) we have

〈t, u〉 = t(u) = t

 ∑
1≤i≤n,1≤j≤m

Ui,jei ⊗ fj

 =
∑

1≤i≤n,1≤j≤m

Ui,jt (ei ⊗ fj) =

=
∑

1≤i≤n,1≤j≤m

Ui,j〈T (ei), fj〉Rm =
∑

1≤i≤n,1≤j≤m

Ui,j〈T·,i, fj〉Rm =
m∑
j=1

n∑
i=1

Ui,jTj,i .

The proof is now concluded.

Proposition 4.3. Let X = (X1, · · · , Xn) be an Rn-valued process.

1. The following properties are equivalent.

(a) X has all its mutual covariations 6.

(b) X admits a scalar and tensor quadratic variation in the sense of Definition 1.1.

(c) X admits a global quadratic variations.

2. If one of the three previous properties holds, the following statements are valid.

(a) The tensor quadratic variation [X]⊗ coincides with the element in the tensor product associated
to the matrix [X>, X].

(b) The scalar quadratic variation [X]R coincides with [X,X>].

(c) [̃X](·, t) = [X]⊗t .

(d) Let Y be an Mn×n(R)-valued continuous process and Y ⊗ be the element in the tensor product
associated to Y . Then, setting B = Rn,∫ t

0

Tr (Y (·, s) · d[X∗, X]s) =

∫ t

0
(B⊗̂πB)∗〈Y

⊗(·, s), d[̃X]s〉B⊗̂πB . (4.3)

Proof. We observe that item 2.(a) is a consequence of the natural identification between a matrix and
tensor product. The proof of item 2.(b) and item 2.(c) naturally appear as side-effect of item 1’s proof. So
we go on with the proof of the equivalences stated by item 1.

1.(a)⇒(b). In order to show the existence of the scalar quadratic variation we need to show the ucp convergence
of following sequence∫ ·

0

‖Xs+ε −Xs‖2Rn
ε

ds =
n∑
i=1

∫ ·
0

(
Xi
s+ε −Xi

s

)2
ε

ds . (4.4)

By hypothesis X has all its mutual covariations, so in particular every term in the sum converges
ucp to [Xi, Xi]. Consequently (4.4) converges to

∑n
i=1[Xi] = [X,X>] = [X]R, which gives the

6. One says that X admits all has all its mutual covariations whenever the square matrix
(
[Xi;Xj ]

)
i;j=1,...,n

exists.
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real quadratic variation. This also establishes item 2.(b). By identification between Rn ⊗ Rn and
Mn×n(R) we have the following∫ ·

0

(Xs+ε −Xs)⊗2

ε
ds =

∫ ·
0

(Xs+ε −Xs)
>

(Xs+ε −Xs)

ε
ds . (4.5)

In order to show the existence of the tensor quadratic variation we only need to show the ucp
convergence of the right-hand side of (4.5) which is a matrix valued sequence with component
1 ≤ i, j,≤ n equals to∫ ·

0

(Xi
s+ε −Xi

s)(X
j
s+ε −Xj

s )

ε
ds. (4.6)

(4.6) converges by hypothesis and this forces the convergence of (4.5) because the convergence in
Mn×n(R) is equivalent to the convergence of every component.

1.(b)⇒(c). This is a consequence of Proposition 3.7. In particular we also get [̃X] = [X]⊗ a.s. which also shows
item 2.(c).

1.(c)⇒(a). Let (e∗i ⊗ e∗j ) be the canonical basis of (Rn ⊗ Rn)∗. By Condition H2 i), (3.2) holds true for every
fixed φ in (Rn ⊗ Rn)∗, in particular setting φ = e∗i ⊗ e∗j for all 1 ≤ i, j ≤ n. Consequently∫ ·

0

(Xi
s+ε −Xi

s)(X
j
s+ε −Xj

s )

ε
ds = [X]ε(e∗i ⊗ e∗j )

converges ucp and X has all its mutual covariations.

It remains to show identity (4.3) in item 2.(d) for fixed ω ∈ Ω. By (4.2) and the classical characterization
of traces for matrices, the left-hand side of (4.3) can be developed as a finite sum of well defined Lebesgue-
Stieltjes integrals. Therefore∫ t

0

Tr
(
Y (·, s) · d[X>, X]s

)
=

n∑
i,j=1

∫ t

0

Yi,j(·, s)d[Xj , Xi]s

which, by Proposition 4.2 and the canonical identification of the duality in a finite tensor product, equals∫ t

0
(B⊗̂πB)∗〈Y

⊗(·, s), d[̃X]s〉B⊗̂πB

and the result follows.

Corollary 4.4. Let S be a an (Ft)-semimartingale with values in Rn. Then S admits a global quadratic
variation.

Proof. According to the fact that among two (Ft)-semimartingales S1 and S2, the covariation [S1, S2]

coincides with the classical bracket 〈S1, S2〉 in the sense of [3, 4], see Corollary 2 in [2], then S admits all
its mutual covariations [S>, S]. The result follows using Proposition 4.3.
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4.2 The quadratic variation for a separable Hilbert valued process

Let X be a process with values in a separable Hilbert space B = H. In this section, we study the
relationship between the global quadratic variation and the quadratic variation in the sense of Da Prato-
Zabczyk denoted by [X]dz. Clearly the main reference about the Da Prato-Zabczyk stochastic integral is
their monograph [7]. In order to have a self-contained article, Appendix B recall notions on nuclear and
Hilbert-Schmidt operators and approximation property and Appendix C treats notations and necessary
reminds about the Da Prato-Zabczyk.
Let H and F be two separable Hilbert spaces with complete orthonormal basis {ei}i∈I and {fj}j∈J , I and
J countable sets. Let also H∗ be the topological dual space of H with canonical complete orthonormal basis
{e∗i }i∈I defined by (e∗i )(ej) = δi,j , where δi,j denotes the Kronecker’s delta. [X]dz is a stochastic process
with values in the space of nuclear operators L1(H). In (B.1) it is established the important correspondence
that will be crucial in this subsection between some classes of operators (as Hilbert-Schmidt operators,
nuclear operators and trace class operators) and tensor products. Propositions 4.5 and 4.6 identify the
space of nuclear operator L1(H) with the space H⊗̂πH. We show that, whenever X admits a quadratic
variation [X]dz in L1(H), then it admits a global quadratic variation denoted by [̃X]. Moreover [̃X] will be
exactly the element in H⊗̂πH associated to the nuclear operator valued quadratic variation [X]dz. This
identification will be made step by step following the construction of a stochastic integral made in [7]. In
this section capital letters will denote operators and small letters will denote tensor products.

In the proposition below we show that if we consider an element a ∈
(
H⊗̂πH

)∗ with its correspondent
operator A ∈ L(H;H∗) and b ∈ H⊗̂πH with its correspondent operator B ∈ L1(H∗;H) then the duality in
the projective tensor product space corresponds to the trace of the product AB. This fact is useful in the
Itô’s formula in order to develop F (X) for a functional F belonging to C2(H). In fact in [15] the second
order derivative D2F belongs to

(
H⊗̂πH

)∗ and the quadratic variation [̃X] belongs to H⊗̂πH. Conversely
in the language of Da Prato-Zabczyk, the duality pairing between (H⊗̂πH)∗ and H⊗̂πH corresponds to
the trace of the corresponding operators.

Proposition 4.5. Let a ∈
(
H⊗̂πH

)∗ and the associated A ∈ L(H;H∗) such that and 〈a, x ⊗ y〉 =

H∗〈A(x), y〉H . Let b ∈ H⊗̂πH of the form b =
∑∞
j=1 cj ⊗ dj and the associated B ∈ L1(H∗;H) such that

B(h∗) =
∑∞
j=1〈cj , h∗〉dj for every h∗ ∈ H∗.

Then BA ∈ L1(H;H) and Tr(BA) = (H⊗̂πH)∗〈a, b〉H⊗̂πH .

Proof. BA ∈ L1(H;H) because of considerations at the beginning of Appendix B. We will show the result
for b = x⊗ y and the associated B ∈ L1(H∗;H) such that B(h∗) =H 〈x, h∗〉H∗y for every h∗ ∈ H∗. We
have

Tr(BA) =
∑
n

〈BAen, en〉 =
∑
n

〈H〈x,Aen〉H∗y, en〉
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because BA(en) = B(Aen) and A(en) ∈ H∗. The equality H〈x,A(en)〉H∗ = 〈a, en ⊗ x〉 implies

Tr(BA) =
∑
n

〈A(en), x〉〈y, en〉 =
∑
n

〈a, en ⊗ x〉〈y, en〉 =
∑
n,m

〈x, em〉〈a, en ⊗ x〉〈y, en〉

because x =
∑
m〈x, em〉em. On the other hand

〈a, b〉 = 〈a, x⊗ y〉 = 〈a,
∑
n

〈x, en〉en ⊗
∑
m

〈y, em〉em〉 =
∑
n,m

〈x, em〉〈a, en ⊗ x〉〈y, en〉 .

So the result follows for b = x⊗ y. Since a and A are linear and continuous, the result is extended to all
b ∈ H⊗̂πH by density.

In order to make the link with Da Prato-Zabczyk framework, previous proposition has to be read
identifying H and H∗ through Riesz’s representation theorem.

Proposition 4.6. Let φ : H → H∗ be that Riesz’s isomorphism

1. We identify L(H;H∗) with L(H) in the following way: to A ∈ L(H;H∗) we associate Ã ∈ L(H) by
Ã(h) := φ−1(A(h)) for every h ∈ H.

2. We identify L1(H∗;H) with L1(H) in the following way: to B ∈ L1(H∗;H) we associate B̃ ∈ L1(H)

by B̃(h) := B(φ(h)) for every h ∈ H.

3. If a is the element in
(
H⊗̂πH

)∗ associated to A and b is the element in H⊗̂πH associated to B, we
also have Tr(B̃Ã) = Tr(BA) = (H⊗̂πH)∗〈a, b〉H⊗̂πH .

Proof. By definitions of Ã and B̃ given in items 1. and 2. we obtain

Tr(B̃Ã) =
∑
n

〈B̃Ãen, en〉 =
∑
n

〈B̃φ−1Aen, en〉 =
∑
n

〈Bφφ−1Aen, en〉 =
∑
n

〈BAen, en〉 = Tr(BA) .

so the equality in item 3. follows. This concludes the proof.

In the sequel we will identify H⊗̂πH and L1(H). We remind that (H⊗̂hH) (resp. (H⊗̂hH)∗) is an
Hilbert separable space with canonical basis (ei ⊗ ej)i,j∈N (resp. {(ei ⊗ ej)∗}i,j∈N).

Corollary 4.7. For every i, j ∈ N, let (ei ⊗ ej)∗ be an element of the basis (H⊗̂hH)∗. Then (ei ⊗ ej)∗ =

e∗i ⊗ e∗j .

Proof. By definition it holds 〈(ei ⊗ ej)∗, em ⊗ en〉 = δi,m δj,n. On the other hand the element e∗i ⊗ e∗j
belongs to the dual space (H⊗̂hH)∗ and by properties of Hilbert tensor product it holds 〈e∗i ⊗e∗j , em⊗en〉 =

〈e∗i , em〉 〈e∗j , en〉 = δi,m δj,n. Then {e∗i ⊗ e∗j}i,j∈N is the canonical basis for (H⊗̂hH)∗.
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4.2.1 The case of a Q-Brownian motion, Q being a trace class operator

Let W be a Q-Brownian motion, where Q is a trace class operator in H. We will show that W admits a
global quadratic variation [W ] that we can identify with [W ]dz. The Da Prato-Zabczyk quadratic variation
of a Q-Wiener process on H with Tr(Q) < +∞ is given by the deterministic process [W ]dzt = tQ where Q
is a nuclear operator in L1(H). Moreover, for every a, b ∈ H, then process 〈Wt, a〉〈Wt, b〉 − 〈tQa, b〉 is a
real valued martingale. By bilinearity of the scalar product it is enough to show the result for a = b, i.e.
that that 〈Wt, a〉2 − 〈t Qa, a〉 is a real valued martingale.

Proposition 4.8. Let Q ∈ L1(H) and W be a Q-Brownian motion. Then W admits a scalar quadratic
variation [W ]Rt = t T r(Q).

Proof. Taking into account Lemma 3.1 from [29] 7, it is enough show∫ t

0

‖Ws+ε −Ws‖2H
ε

ds
L2(Ω)−−−−→ t T r(Q) . (4.7)

The expectation of the left-hand side of (4.7) gives

E

(∫ t

0

‖Ws+ε −Ws‖2H
ε

ds

)
=

∫ t

0

E
(∑∞

i=1〈Ws+ε −Ws, ei〉2
)

ε
ds =

∫ t

0

∑∞
i=1 E

(
〈Ws+ε −Ws, ei〉2

)
ε

ds =

=

∫ t

0

∑∞
i=1 ε〈Qei, ei〉

ε
ds = t T r(Q).

We show now that the the variance of the left-hand side of (4.7) converges to 0. In fact

V ar

[∫ t

0

‖Ws+ε −Ws‖2H
ε

ds

]
= E

[∫ t

0

(
‖Ws+ε −Ws‖2H

ε
− Tr(Q)

)
ds

]2

=

=
2

ε2

∫ t

0

∫ s1

(s1−ε)+
Cov

[
‖Ws1+ε −Ws1‖

2
, ‖Ws2+ε −Ws2‖

2
]
ds2 ds1 =

=
2

ε2

∫ t

0

∫ s1

(s1−ε)+

∞∑
i,j=1

Cov
[
〈Ws1+ε −Ws1 , ei〉2, 〈Ws2+ε −Ws2 , ej〉2

]
ds2 ds1 =

= 4‖Q‖22εt −−−→
ε→0

0

since

Cov
[
〈Ws1+ε −Ws1 , ei〉2, 〈Ws2+ε −Ws2 , ej〉2

]
= 2(Cov [〈Ws1+ε −Ws1 , ei〉, 〈Ws2+ε −Ws2 , ej〉])2

7. The mentioned lemma states that a sequence of continuous increasing processes converging at each time in probability
to a continuous process, converges ucp.
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and this equals 2(s2 + ε− s1)2〈Qei, ej〉2 by Proposition C.2. We recall that Q ∈ L1(H) implies Q ∈ L2(H)

and in particular the Hilbert-Schmidt norm equals to
∑∞
i,j=1〈Qei, ej〉2 = ‖Q‖22.

This allows to conclude that W admits a scalar quadratic variation and [W ]Rt = t T r(Q).

Corollary 4.9. LetW be a Q-Brownian motion. Let Q ∈ L1(H) and q be the element in H⊗̂πH associated
to Q. Let Let Φ ∈ L(H) and φ be the element in (H⊗̂πH)∗ associated to Φ. Then

1. W admits a global quadratic quadratic variation [̃W ](·, t) = tq a.s.

2. For every t ∈ [0, T ], [̃W ](·, t)(φ) = [W ](φ)(t) = tH⊗̂πH〈q, φ〉(H⊗̂πH)∗ = t T r(QΦ).

Proof. We remind Definitions 3.2, 3.5 and the fact that the existence of [X]R implies the validity of
Condition H1. Item 1. follows easily by Proposition 4.8 and Proposition 4.7 in [12]. In order prove
Condition H2, we only prove convergence in probability of (3.2) for every fixed t ∈ [0, T ]. We show
L2(Ω)-convergence for every fixed φ ∈ (H⊗̂πH)∗, i.e.

1

ε

∫ t

0

〈φ, (Ws+ε −Ws)⊗2〉ds L2(Ω)−−−−→ t Tr(QΦ) = t〈q, φ〉 . (4.8)

which also implies that the global quadratic variation is the H⊗̂πH-valued deterministic process tq.
In order to establish the convergence in (4.8), we first evaluate the expectation of the left-hand side of (4.8):

E
[

1

ε

∫ t

0

〈φ, (Ws+ε −Ws)⊗2〉ds
]

=
1

ε

∫ t

0

E [φ(Ws+ε −Ws,Ws+ε −Ws)ds] =

=
1

ε

∫ t

0

E

 ∞∑
i,j=1

φ(ei, ej)〈Ws+ε −Ws, ei〉 〈Ws+ε −Ws, ej〉ds

 =

=
1

ε

∫ t

0

∞∑
i,j=1

φ(ei, ej)E [〈Ws+ε −Ws, ei〉 〈Ws+ε −Ws, ej〉] ds . (4.9)

Again by Proposition C.2 we obtain that E [〈Ws+ε −Ws, ei〉 〈Ws+ε −Ws, ej〉] = ε〈Qei, ej〉 and by Proposi-
tion 4.5 and usual properties of nuclear operators it is easy to verify that

∞∑
i,j=1

〈φ, ei ⊗ ej〉〈Qei, ej〉 = 〈φ, q〉 = Tr(QΦ) . (4.10)

Therefore (4.9) equals t〈φ, q〉 = t T r(QΦ).
In order to conclude to the validity of the L2(Ω)-convergence in (4.8), we show that the variance of its
left-hand side converges to zero. In fact

V ar

[
1

ε

∫ t

0

〈φ, (Ws+ε −Ws)⊗2〉ds
]

=
1

ε2

∫ t

0

∫ t

0

Cov
[
〈φ, (Ws1+ε −Ws1)⊗2〉, 〈φ, (Ws2+ε −Ws2)⊗2〉

]
ds1 ds2 =

= I1(ε) + I2(ε)
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(4.11)

where

I1(ε) =
2

ε2

∫ t

0

∫ s1

(s1−ε)+
Cov

[
〈φ, (Ws1+ε −Ws1)⊗2〉, 〈φ, (Ws2+ε −Ws2)⊗2〉

]
ds2 ds1

I2(ε) =
2

ε2

∫ t

0

∫ s1−ε

0

Cov
[
〈φ, (Ws1+ε −Ws1)⊗2〉, 〈φ, (Ws2+ε −Ws2)⊗2〉

]
ds2 ds1 = 0 .

Consequently Cauchy-Schwarz implies that (4.11) is bounded by

2

ε2

∫ t

0

√
V ar [〈φ, (Ws1+ε −Ws1)⊗2〉]

∫ s1

(s1−ε)+

√
V ar [〈φ, (Ws2+ε −Ws2)⊗2〉]ds2 ds1 . (4.12)

On the other hand, for any s ∈ [0, T ], V ar
[
〈φ, (Ws+ε −Ws)⊗2〉

]
equals

∞∑
i,j,n,m=1

φ(ei, ej)φ(en, em)Cov [〈Ws+ε −Ws, ei〉〈Ws+ε −Ws, ej〉 , 〈Ws+ε −Ws, en〉〈Ws+ε −Ws, em〉] .

(4.13)

Using Proposition C.2 we obtain that

V ar [〈Ws+ε −Ws, ei〉〈Ws+ε −Ws, ej〉] = 2ε2〈Qei, ej〉2

V ar [〈Ws+ε −Ws, en〉〈Ws+ε −Ws, em〉] = 2ε2〈Qen, em〉2 .

Again by Cauchy-Schwarz inequality with respect to the covariance in (4.13) and by (4.10) we deduce that

V ar
[
〈φ, (Ws+ε −Ws)⊗2〉

]
≤ 2ε2

 ∞∑
i,j=1

φ(ei, ej)〈Qei, ej〉

2

= 2 ε2 [Tr(QΦ)]
2
.

This implies that

(4.12) ≤ 4 ε t [Tr(QΦ)]
2 −−−→
ε−→0

0 .

This concludes the proof.

Remark 4.10.

1. It is possible to show that (4.14) converges according to the (Hilbert) norm H⊗̂hH. In fact, using
the bilinearity of the inner product and Proposition C.2 like in the proof of Proposition 4.8, we can
indeed show that

lim
ε→0

E

(
‖
∫ t

0

1

ε
(Ws+ε −Ws)⊗2 ds‖2

H⊗̂hH

)
= 0.
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2. The question wether the Q-Wiener process W admits a tensor quadratic variation is beyond our
capabilities. We do not know how to prove (or disprove) that for fixed t ∈ [0, T ],

lim
ε→0

1

ε

∫ t

0

(Ws+ε −Ws)⊗2 ds (4.14)

exists in the (strong) norm of H⊗̂πH. If it exists, by Item 1. of Corollary 4.9 that limit has to be
equal to tq.

Proposition 4.11. Let H be a separable Hilbert space. Let Q ∈ L1(H) with associated q ∈ H⊗̂πH and
W be a Q-Brownian motion. Then for every continuous measurable process z : Ω× [0, T ] −→ (H⊗̂πH)∗

with associated operator (random) Z = {Zt(ω) ∈ L(H)}, for every t ∈ [0, T ], it holds∫ t

0

〈zs, d[̃W ]s〉 =

∫ t

0

Tr(Zs · d[W ]dzs ) =

∫ t

0

Tr(Zs ·Q)ds =

∫ t

0

〈zs, q〉ds .

Proof. The result follows by definition of Bochner Lebesgue-Stieltjes integral. The equality is shown taking
firstly z and Z elementary processes and then applying Proposition 4.8.

4.2.2 The case of a stochastic integral with respect to a Q Brownian motion

Let Φ be in N 2
W (0, T ;L2(H0;F )) and M be the Brownian martingale defined by M :=

∫ t
0

Φs · dW dz
s .

M is a continuous square integrable martingale with values in F , i.e. M2
T (F )-valued process , and we

recall from Section C that the quadratic variation in the sense of Da Prato-Zabczyk is the L1(F )-valued
process of the form

[M ]dz =

∫ ·
0

(ΦsQ
1/2)(ΦsQ

1/2)∗ds t ∈ [0, T ].

We note that (ΦsQ
1/2) and (ΦsQ

1/2)∗, s ∈ [0, T ] are respectively L2(H;F ) and L2(F ;H)-valued processes,
so that the process (ΦsQ

1/2)(ΦsQ
1/2)∗, s ∈ [0, T ] is an L1(F )-valued process.

Propositions 4.8 and 4.11 admit an extension to the case whenever the Q-Wiener process is replaced by
a Brownian martingale. The proof is completely similar to the Q-Brownian motion, so we omit it.

Proposition 4.12. According to the notations above we have the following.

1. M admits a global quadratic variation.

2. For every continuous process z : Ω × [0, T ] −→ (H⊗̂πH)∗ with associated (random) operator
Z = (Zs) with values in L(H) it holds∫ t

0

〈zs, d[̃M ]s〉 =

∫ t

0

Tr(Zs · d[M ]dzs ) =

∫ t

0

Tr(Zs · (ΦsQ1/2)(ΦsQ
1/2)∗)ds .

for every t ∈ [0, T ].

Remark 4.13. In fact the proposition above and Ito’s formula in [10, Theorem 5.2] provide a new proof
of Ito’s formula stated in [7, Theorem 4.17] whenever M is an Hilbert valued process.
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4.3 The quadratic variation for a Banach valued process

Let X be a continuous process with values in a separable Banach space B. In this subsection we
establish the link between Dinculeanu’s quadratic variation and global quadratic variation. The class of
semilocally summable processes constitutes a suitable class of integrator processes which generalizes the
class of B-valued semimartingale. Such a process X is the sum of two processes M + V , where M is a
B-valued continuous process, locally p-summable for some p ≥ 1, V is a continuous adapted process with
finite variation and some couple of spaces (F,G). We refer mainly to [6] where the author introduces the
semilocally summable processes in [6, Chapter 4, Subsection G, page 242] recalled in next definition.

Definition 4.14. A cadlag, adapted process X : R+ × Ω → B ⊂ L(F,G) is said to be semilocally
p-summable relative to (F,G), if it is of the form X = M + V , where M is an B-valued process, locally
p-summable relative to (F,G) and V is an B-valued, cadlag, adapted process with finite variation.
An F -valued, predictable process H is said to be locally integrable with respect to a semilocally p-summable
process X = M + V , if both stochastic integrals H ·M and H · V are defined. In this case the stochastic
integral H ·X is defined by the equality

H ·X = H ·M +H · V.

Remark 4.15. 1. By choosing a suitable stopping time, we will be able to suppose M and V to be
bounded.

2. In this article, F = B and G = B⊗̂πB, see [6, Chapter 6, Subsection B, page 296] at least for
integral

∫ t
0
Ys ⊗ dXs.

3. B is required to be continuously embedded into L(F,G) = L(B,B⊗̂πB). Indeed to b ∈ B, we can
associate the map f 7→ b⊗ g ∈ L(B,B⊗̂πB).

4. Caglad bounded predictable processes are good integrands for a summable integrator X. Summable
processes were defined in [6, Chapter 2, Subsection C, page 126]. See [6, Chapter 2, Subsection
A,B, page 134] for the class of good integrands denoted by FF,G(X). By those sections it is possible
to show that FF,G(X) includes bounded predictable processes. Since X is B-valued it is also
L(F,G)-valued.

Proposition 4.16. Suppose thatX : R+×Ω −→ B is semilocally summable with respect to B(x, y) = x⊗y
and B′(x, y) = y ⊗ x. Then X admits a tensor quadratic variation.

Proof. By localisation it is enough to suppose X bounded. We need to evaluate the limit for ε going to
zero of

1

ε

∫ t

0

(Xs+ε −Xs)⊗2 ds = I1(t, ε)− I2(t, ε)− I3(t, ε)
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where

I1(t, ε) =
1

ε

∫ t

0

(Xs+ε ⊗Xs+ε −Xs ⊗Xs) ds ,

I2(t, ε) =
1

ε

∫ t

0

Xs ⊗ (Xs+ε −Xs) ds ,

I3(t, ε) =
1

ε

∫ t

0

(Xs+ε −Xs)⊗Xsds .

By telescoping argument it is clear that

I1(t, ε) −→ Xt ⊗Xt −X0 ⊗X0

uniformy a.s.
Concerning I2(t, ε) and I3(t, ε) we need to show

I2(t, ε) −−−→
ε−→0

∫ t

0

Xs ⊗ dXs and I3(t, ε) −−−→
ε−→0

∫ t

0

dXs ⊗Xs (4.15)

we only discuss the first convergence in (4.15), since the second one can be done similarly. I2(t, ε) can be
decomposed into I21(t, ε) + I22(t, ε) with

I21(t, ε) =
1

ε

∫ t

0

Xs ⊗ (Vs+ε − Vs) ds ,

I22(t, ε) =
1

ε

∫ t

0

Xs ⊗ (Ms+ε −Ms) ds

where Xs = Vs +Ms.
The treatment of the convergence of I21(t, ε) follows by similar arguments as for real valued processes and
Fubini Theorem:

I21(t, ε) =
1

ε

∫ t

0

Xs ⊗
(∫ s+ε

s

dVu

)
ds =

1

ε

∫ t

0

(∫ s+ε

s

Xs ⊗ dVu
)
ds

where
∫ s+ε
s

Xs ⊗ dVu is well defined since [6, Chapter 4, Subsection 19]. By Fubini’s type arguments this
gives ∫ t

0

Xε
s ⊗ dVu with Xε

s =
1

ε

∫ s∧t

s−ε
Xs , (4.16)

up to some neglectable terms which converges ucp to zero.
Since Xε −−−→

ε−→0
X uniformly a.s., Lebesgue dominated convergence theorem shows that integral (4.16)

goes to
∫ t

0
Xs ⊗ dVs uniformly a.s.

It remains to discuss the term I22(t, ε). I22(t, ε) gives

1

ε

∫ t

0

(
Xs ⊗

∫ s+ε

s

dMu

)
ds =

1

ε

∫ t

0

(∫ s+ε

s

Xs ⊗ dMu

)
ds.
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By Fubini’s type arguments we get, up to some neglectable terms converging ucp to zero, we get

I22(t, ε) =

∫ t

0

Xε
u ⊗ dMu where Xε

u =
1

ε

∫ u

u−ε
Xsds

Process Xε
u is continuous and adapted, so predictable. Finally

I22(t, ε) −−−→
ε−→0

∫ t

0

Xu ⊗ dMu,

which implies (4.15), i.e. I2(t, ε) −−−→
ε−→0

∫ t
0
Xs ⊗ dXs.

References

[1] Francesco Russo and Pierre Vallois. The generalized covariation process and Itô formula. Stochastic
Process. Appl., 59(1):81–104, 1995.

[2] Francesco Russo and Pierre Vallois. Elements of stochastic calculus via regularization. In Séminaire
de Probabilités XL, volume 1899 of Lecture Notes in Math., pages 147–185. Springer, Berlin, 2007.

[3] Jean Jacod. Calcul stochastique et problèmes de martingales, volume 714 of Lecture Notes in Mathe-
matics. Springer, Berlin, 1979.

[4] Philip E. Protter. Stochastic integration and differential equations, volume 21 of Applications of
Mathematics (New York). Springer-Verlag, Berlin, second edition, 2004. Stochastic Modelling and
Applied Probability.

[5] Michel. Métivier and J Pellaumail. Stochastic integration. Probability and Mathematical Statistics.
Academic Press, New York, 1980.

[6] Nicolae Dinculeanu. Vector integration and stochastic integration in Banach spaces. Pure and Applied
Mathematics (New York). Wiley-Interscience, New York, 2000.

[7] Giuseppe Da Prato and Jerzy Zabczyk. Stochastic equations in infinite dimensions, volume 44 of
Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 1992.

[8] Cristina Di Girolami and Francesco Russo. Clark-Ocone type formula for non-semimartingales with
finite quadratic variation. C. R. Math. Acad. Sci. Paris, 349(3-4):209–214, 2011.

[9] Cristina Girolami, Giorgio Fabbri, and Francesco Russo. The covariation for Banach space valued
processes and applications. Metrika, 77(1):51–104, 2014.

[10] Cristina Di Girolami and Francesco Russo. Generalized covariation for Banach space valued processes,
Itô formula and applications. Osaka Journal of Mathematics, 51:729–783, 2014.

[11] Cristina Di Girolami and Francesco Russo. Generalized covariation and extended Fukushima decom-
position for Banach space-valued processes. Applications to windows of Dirichlet processes. Infinite
Dimensional Analysis, Quantum Probability and Related Topics, 15(2):1250007, 50, 2012.

22

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

For
 Peer

 R
ev

iew



Page 23 of 32

[12] Cristina Di Girolami, Giorgio Fabbri, and Francesco Russo. The covariation for Banach space valued
processes and applications. Metrika, 77(1):51–104, 2014.

[13] Giorgio Fabbri and Francesco Russo. Infinite dimensional weak Dirichlet processes and convolution
type processes. Stochastic Process. Appl., 127(1):325–357, 2017.

[14] Andrea Cosso, Cristina Di Girolami, and Francesco Russo. Calculus via regularizations in Banach
spaces and Kolmogorov-type path-dependent equations. In Probability on algebraic and geometric
structures, volume 668 of Contemp. Math., pages 43–65. Amer. Math. Soc., Providence, RI, 2016.

[15] Cristina Di Girolami and Francesco Russo. Infinite dimensional stochastic calculus via regularization and
applications. Preprint HAL-INRIA, http://hal.archives-ouvertes.fr/inria-00473947/fr/(Unpublished),
2010.

[16] J. Walsh. An introduction to stochastic partial differential equations. In École d’Été de Probabilités
de Saint Flour XIV-1984, volume 1180 of Lecture Notes in Math., pages 265–439. Springer, 1986.

[17] Cristina Di Girolami and Francesco Russo. Brownian sheet and quadratic variation. Under preparation,
2024.

[18] Cristina Di Girolami and Francesco Russo. A general Clark-Ocone formula for finite quadratic variation
processes. Under preparation, 2024.

[19] Mohammed Errami and Francesco Russo. n-covariation, generalized Dirichlet processes and calculus
with respect to finite cubic variation processes. Stochastic Process. Appl., 104(2):259–299, 2003.

[20] Walter Rudin. Functional analysis. McGraw-Hill Series in Higher Mathematics. New York etc.:
McGraw-Hill Book Comp. XIII, 397 p. , 1973.

[21] Nelson Dunford and Jacob T. Schwartz. Linear operators. Part I. Wiley Classics Library. John Wiley
& Sons Inc., New York, 1988. General theory. With the assistance of William G. Bade and Robert G.
Bartle. Reprint of the 1958 original. A Wiley-Interscience Publication.

[22] Haïm Brezis. Analyse fonctionnelle. Collection Mathématiques Appliquées pour la Maîtrise. [Collection
of Applied Mathematics for the Master’s Degree]. Masson, Paris, 1983. Théorie et applications.

[23] Kōsaku Yosida. Functional analysis. Classics in Mathematics. Springer-Verlag, Berlin, 1995. Reprint
of the sixth (1980) edition.

[24] Nelson Dunford and Jacob T. Schwartz. Linear operators. Part II. Wiley Classics Library. John
Wiley & Sons Inc., New York, 1988. Spectral theory. Selfadjoint operators in Hilbert space. With the
assistance of William G. Bade and Robert G. Bartle. Reprint of the 1963 original. A Wiley-Interscience
Publication.

[25] Nelson Dunford and Jacob T. Schwartz. Linear operators. Part III. Wiley Classics Library. John
Wiley & Sons Inc., New York, 1988. Spectral operators. With the assistance of William G. Bade and
Robert G. Bartle. Reprint of the 1971 original. A Wiley-Interscience Publication.

23

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

For
 Peer

 R
ev

iew



Page 24 of 32

[26] Joseph Diestel and John Jerry Uhl. Vector measures. American Mathematical Society, Providence,
R.I., 1977. With a foreword by B. J. Pettis, Mathematical Surveys, No. 15.

[27] Francesco Russo and Pierre Vallois. Forward, backward and symmetric stochastic integration. Probab.
Theory Related Fields, 97(3):403–421, 1993.

[28] Fausto Gozzi and Francesco Russo. Weak Dirichlet processes with a stochastic control perspective.
Stochastic Processes and their Applications, 116(11):1563 – 1583, 2006.

[29] Francesco Russo and Pierre Vallois. Stochastic calculus with respect to continuous finite quadratic
variation processes. Stochastics Stochastics Rep., 70(1-2):1–40, 2000.

[30] Raymond A. Ryan. Introduction to tensor products of Banach spaces. Springer Monographs in
Mathematics. Springer-Verlag London Ltd., London, 2002.

[31] François Trèves. Topological vector spaces, distributions and kernels. Academic Press, New York, 1967.

[32] Jacques Neveu. Processus aléatoires gaussiens. Séminaire de Mathématiques Supérieures, No. 34 (Été,
1968). Les Presses de l’Université de Montréal, Montreal, Que., 1968.

[33] Albrecht Pietsch. History of Banach spaces and linear operators. Basel: Birkhäuser, 2007.

24

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

For
 Peer

 R
ev

iew



Page 25 of 32

A Tensor product of Banach spaces

This appendix contains basic concepts and results about tensor products of two Banach spaces E and
F . For details and a more complete description of these arguments, the reader may refer to [30, 26, 31],
the case with E and F Hilbert spaces being particularly exhaustive in [32]. If E and F are Banach spaces,
the vector space E ⊗ F will denote the algebraic tensor product. The typical description of an element
u ∈ E ⊗ F is u =

∑n
i=1 λi ei ⊗ fi where n is a natural number, λi ∈ R, ei ∈ E and fi ∈ F . We observe

that we can consider the mapping (e, f) 7→ e⊗ f as a sort of multiplication on E × F with values in the
vector space E ⊗ F . This product is itself bilinear, so in particular the representation of u is not unique.
The general element u can always be rewritten in the form u =

∑n
i=1 xi ⊗ yi where xi ∈ E, yi ∈ F . We

say that a norm, α, on E ⊗ F is a reasonable crossnorm if α(e ⊗ f) ≤ ‖e‖E ‖f‖F for every e ∈ E

and f ∈ F and if for every φ ∈ E∗ and ψ ∈ F ∗, the linear functional φ ⊗ ψ on E ⊗ F is bounded and
‖φ⊗ ψ‖ := {sup |φ⊗ ψ(u)|; u ∈ E ⊗ F ;α(u) ≤ 1} ≤ ‖φ‖E∗ ‖ψ‖F∗ . We can define two different norms in
the vector space E ⊗ F : the so-called called projective norm, denoted by π and defined by

π(u) = inf

{
n∑
i=1

‖xi‖ ‖yi‖ : u =
n∑
i=1

xi ⊗ yi

}

and the so-called injective norm, denoted by ε, defined by

ε(u) = sup

{∣∣∣∣∣
n∑
i=1

φ(xi)ψ(yi)

∣∣∣∣∣ : φ ∈ E∗, ‖φ‖E∗ ≤ 1;ψ ∈ F ∗, ‖ψ‖F∗ ≤ 1

}
.

Those norms are reasonable and it holds that α is a reasonable crossnorm if and only if

ε(u) ≤ α(u) ≤ π(u) (A.1)

for every u ∈ E ⊗ F , i.e. the projective one is the largest one and ε is the smallest one. Moreover for every
reasonable crossnorm in E⊗F we have α(e⊗f) = ‖e‖ ‖f‖ and ‖φ⊗ψ‖ = ‖φ‖ ‖ψ‖. We will work principally
with the projective norm π and a particular reasonable norm denoted by h, so-calledHilbert tensor norm.
That reasonable norm h is called Hilbert norm because, whenever E and F are Hilbert spaces then h derives
from a scalar product E⊗F 〈·, ·〉E⊗F on E ⊗ F verifying E⊗F 〈e1 ⊗ f1, e2 ⊗ f2〉E⊗F = E〈e1, e2〉E F 〈f1, f2〉F .
Given a reasonable crossnorm α, we denote by E ⊗α F the tensor product vector space E ⊗ F endowed
with the norm α. Unless the spaces E and F are finite dimensional, this space is not complete. We denote
its completion by E⊗̂αF . The Banach space E⊗̂αF will be referred to as the α tensor product of the
Banach spaces E and F . If E and F are Hilbert spaces the Hilbert tensor product E⊗̂hF is a Hilbert space.
We recall an important statement in the case of Hilbert spaces from chapter 6 in [32]. If (Ω1,F1, µ1) and
(Ω2,F2, µ2) are two measure spaces, then L2(Ω1,F1, µ1)⊗̂hL2(Ω2,F2, µ2) ∼= L2(Ω1 ×Ω2,F1 ⊗F2, µ1 ⊗ µ2).
The symbols E⊗̂2

α, e⊗2 and e⊗2
α will denote respectively the Banach space E⊗̂αE, the elementary element

e⊗ e of the algebraic tensor product E ⊗ F and e⊗ e in the Banach space E⊗̂αE. An important role in
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the paper will be played by topological duals of tensor product spaces denoted, as usual for a dual space
of a Banach space, by (E⊗̂αF )∗ equipped with the operator norm, denoted by α∗; so, if T ∈ (E⊗̂αF )∗,
α∗(T ) = supα(u)≤1 |T (u)|. By (A.1) we deduce following relation between the tensor dual norms:

ε∗(u) ≥ α∗(u) ≥ π∗(u).

We spend now some words on two special cases.
We have an isometric isomorphism between the Banach space of G-valued bounded bilinear operators
(forms in the case G = R) on the product E × F , denoted by B(E × F ;G), and the Banach space of
G-valued bounded linear operators on E⊗̂πF .
If T̃ : E×F → G is a continuous bilinear mapping, it exists a unique bounded linear operator T : E⊗̂F → G

satisfying (E⊗̂πF )∗〈T, e ⊗ f〉E⊗̂πF = T (e ⊗ f) = T̃ (e, f) for every e ∈ E, f ∈ F . We observe moreover
that it exists a canonical identification between B(E × F ;G) and L(E;L(F ;G)) which identifies T̃ with
T̄ : E → L(F ;G) by T̃ (e, f) = T̄ (e)(f). Thus we have a chain of canonical identifications L(E⊗̂πF ;G) ∼=
B(E × F ;G) ∼= L(E;L(F ;G)). If we take G to be the scalar field R, we obtain an isometric isomorphism
between the dual space of the projective tensor product equipped with the norm π∗ with the space of
bounded bilinear forms equipped with the usual norm:

(E⊗̂πF )∗ ∼= B(E × F ) ∼= L(E;F ∗) (A.2)

With this identification, the action of a bounded bilinear form T as a bounded linear functional on E⊗̂πF
is given by

(E⊗̂πF )∗〈T,
n∑
i=1

xi ⊗ yi〉E⊗̂πF = T

(
n∑
i=1

xi ⊗ yi

)
=

n∑
i=1

T̃ (xi, yi) =

n∑
i=1

T̄ (xi)(yi).

It holds π∗(T ) = ‖T̃‖B where ‖ · ‖B was defined in Section 2. In the sequel that identification will be often
used without explicit mention.
The importance of tensor product spaces and their duals is justified first of all from identification (A.2). In
fact the second order derivative of a real function defined on a Banach space E belongs to B(E × E).

We go on with properties of tensor products topologies. There is a of course a chain relation of inclusions
between the following Banach tensor products. In particular we have

E⊗̂πF ⊂ E⊗̂αF ⊂ E⊗̂εF densely and continuously.

For their dual spaces it follows that

(E⊗̂εF )∗ ⊂ (E⊗̂αF )∗ ⊂ (E⊗̂πF )∗ continuously (but not necessarily densely).

A comment a well-known functional analytical result, see Remark 1, after Theorem V.5 in [22].
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Theorem A.1. Let H be a Hilbert space equipped with its scalar product 〈 , 〉 and associated norm
‖ · ‖H . Let V be a reflexive Banach space equipped with its norm ‖ · ‖V such that V ⊂ H continuously, i.e.
‖ · ‖H ≤ ‖ · ‖V .
Then,

V ⊂ H ∼= H∗ ⊂ V ∗

densely and continuously.

Remark A.2. 1. It happens in some literature that previous statement appears without the assump-
tion on V to be reflexive.

2. The statement of Theorem A.1, is wrong without that reflexivity assumptions as the next item will
confirm.

3. Let E and F be two Hilbert spaces. Then the statement of Theorem A.1 cannot be true for instance
with H = E⊗̂hF and V = E⊗̂πF . As a consequence E⊗̂πF cannot be reflexive.

4. On the other hand, in general, the projective tensor product of (even reflexive) tensor products is not
reflexive. Consider for instance E = Lp([0, T ]) and F = Lq([0, T ]), p, q ∈ [1,+∞] being conjugate.
[30] at Section 4.2 proves that E⊗̂πF contains a complemented isomorphic copy of `1 and so it can
not be reflexive.

Remark A.3. Summarizing, if E and F are Hilbert spaces following triple continuously inclusion holds.
The first-one holds even densely.

E⊗̂πF ⊂ E⊗̂hF ∼= (E⊗̂hF )∗ ⊂ (E⊗̂πF )∗

We state a useful result involving Hilbert tensor product and Hilbert direct sum norm.

Proposition A.4. Let X and Y1, Y2 be Hilbert spaces such that Y1 ∩ Y2 = {0}. We consider Y = Y1 ⊕ Y2

equipped with the Hilbert direct norm. Then X⊗̂hY = (X⊗̂hY1)⊕ (X⊗̂hY2).

Proof. Since X ⊗ Yi ⊂ X ⊗ Y , i = 1, 2 we can write X ⊗h Yi ⊂ X ⊗h Y and so

(X⊗̂hY1)⊕ (X⊗̂hY2) ⊂ X⊗̂hY (A.3)

Since we handle with Hilbert norms, it is easy to show that the norm topology of X⊗̂hY1 and X⊗̂hY2 is
the same that the one induced by X⊗̂hY .
It remains to show the converse inclusion of (A.3). This follows because X ⊗ Y ⊂ X⊗̂hY1 ⊕X⊗̂hY1.

We recall now some interesting results about tensor product topologies whenever E = F = H with H
separable Hilbert space. Those results involves Hilbert-Schmidt and Nuclear operators. The connection
between those classes of operators and tensor product topologies will be deeply investigated in Section B.
We need a preliminary result.
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Proposition A.5. Let H be a separable Hilbert space and T̄ ∈ L(H;H∗) defined by

T̄ : H −→ H∗ g 7→ T̄ (g) = 〈g, ·〉H (A.4)

Then T̄ /∈ L2
(
H;H∗

)
where L2

(
H;H∗

)
is the space of Hilbert-Schmidt operators from H to H∗.

Proof. Let (ei) be an orthonormal basis of H. By Riesz identification we have
∞∑
i=1

∥∥T̄ (ei)
∥∥2

H∗ =

∞∑
i=1

‖ei‖2H = +∞

so T̄ is not Hilbert-Schmidt.

Corollary A.6. Let H be a separable Hilbert space. Then (H⊗̂hH)∗ is properly included in (H⊗̂πH)∗.

Proof. As we have seen at (A.2), (H⊗̂πH)∗ can be identified with B(H,H) ∼= L(H;H∗). On the other
hand (H⊗̂hH)∗ can be identified with the Hilbert-Schmidt operators from H to H∗, denoted by L2(H;H∗),
see Section B. It is well known that L2(H;H∗) is properly included in L(H;H∗).
A second, more direct argument, is the following. Let T ∈ B(H,H) defined by

T : H ×H −→ R (g, h) 7→ T (g, h) = 〈g, h〉H .

The element T̄ ∈ L(H;H∗) canonically associated with T in B(H,H) equals (A.4). By Proposition A.5,
T̄ /∈ L2(H;H∗) and the result follows.

B Nuclear and Hilbert-Schmidt operators, approximation prop-

erty

This appendix treats Nuclear and Hilbert-Schmidt operators, approximation property, for more details
about this part the reader may refer to Appendix C in [7], Chapter 6 in [32], Chapter 4 in [30] and
monograph [33].
Let E and G be Banach spaces, E∗ and G∗ denote their duals and L(E;G) denote the Banach space of
all linear bounded operators from E into G endowed with the usual operator norm, simply denoted by
‖ · ‖. An element T ∈ L(E;G) is said to be a nuclear operator if there exist two sequences (aj) ∈ G
and (φj) ∈ E∗ such that

∑∞
j=1 ‖aj‖ ‖φj‖ <∞ and T has the representation Tx =

∑∞
j=1 aj φj(x) for every

x ∈ E. The space of all nuclear operators from E to G, endowed with the norm

‖T‖1 = inf


∞∑
j=1

‖aj‖ ‖φj‖ : Tx =
∞∑
j=1

aj φj(x)


is a Banach space and will be denoted by L1(E;G).
It is well-known that if T ∈ L1(E;G) then its adjoint T ∗ ∈ L1(G∗;E∗), furthermore ‖T ∗‖1 ≤ ‖T‖1 and if
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S ∈ L(F ;E) and T ∈ L1(E;G) then TS ∈ L1(F ;G) and ‖TS‖1 ≤ ‖T‖1 ‖S‖.
If H is a separable Hilbert space, T ∈ L1(H;H) then the trace of T , defined by Tr(T ) =

∑
∈I〈T (ei), ei〉

is a well-defined number independent of the choice of the orthonormal basis {ei}i∈I and |Tr(T )| ≤ ‖T‖1.
Moreover a nonnegative operator T ∈ L(H;H) (non-negativity means 〈T (f), f〉 ≥ 0 for any f ∈ H) is
nuclear if and only if for an orthonormal basis {ei; i ∈ I} on H we have

∑∞
i=1〈T (ei), ei〉 <∞; in this case,

we have Tr(T ) = ‖T‖1. L1(H) will also be a shortened symbol for L1(H;H).

An element T ∈ L(H;F ) is said to be a Hilbert-Schmidt operator if
∑
i∈I ‖T (ei)‖2F < ∞. This

definition is independent of the choice of the basis. The space of all Hilbert-Schmidt operators from H to
F equipped with the norm

‖T‖2 =

(∑
i∈I
‖T (ei)‖2F

)1/2

is a separable Hilbert space with scalar product 〈S, T 〉 =
∑
i∈I〈S(ej), T (ej)〉. It is easy to show that if

T ∈ L2(H;F ) then its adjoint operator T ∗ ∈ L2(F ∗;H∗) and ‖T ∗‖2 = ‖T‖2. In fact
∑
i∈I ‖T (ei)‖2F =∑

i∈I
∑
j∈J〈T (ei), fj〉2 =

∑
i∈I
∑
j∈J〈ei, T ∗(fj)〉2 =

∑
j∈J ‖T ∗(fj)‖2H∗ . Similarly as for L1(H), L2(H) will

stand for L2(H;H). Given two separable Hilbert spaces H, F , a linear operator T is nuclear, i.e. belongs to
L1(H;F ), if and only if it exists a third Hilbert space G and a factorization T = UV such that U ∈ L2(G;F )

and V ∈ L2(H;G); in this case, ‖T‖1 = inf {‖U‖2 ‖V ‖2} over all the possible factorizations of the operator
T . Let T ∈ L1(H;F ) be a nuclear operator among separable Hilbert spaces. According to the definition of
nuclear operator there exists two sequences (h∗j ) ∈ H∗ and (fj) ∈ F such that

∑∞
j=1 ‖h∗j‖ ‖fj‖ <∞ and

T has the representation Tx =
∑∞
j=1 h

∗
j fj(x) for every x ∈ H. We denote by t the element t ∈ H∗⊗̂πF

defined by t =
∑∞
j=1 h

∗
j ⊗ fj . The tensor element t will be called the nuclear representation of the

nuclear operator T .

We aim at characterizing tensor products of two Hilbert spaces in terms of classes of operators. For a
complete presentation of tensor products of two Hilbert spaces the reader may refer to chapter six of [32].
To this extent, the main point concerns the identification of the Hilbert tensor product H⊗̂hF with the
space of Hilbert-Schmidt operators L2(H;F ∗) and the identification of the projective tensor product Banach
space H⊗̂πF , which is a subspace of H⊗̂hF , with the space of nuclear operator L1(H,F ∗), which is a
subspace of L2(H;F ∗). In particular when H = F using the identification of the Riesz’s representation
theorem we will have H⊗̂hH ∼= L2(H;H∗) ∼= L2(H) and H⊗̂πH ∼= L1(H;H∗) ∼= L1(H). (We will see that
the identification above is true in a more general case, i.e. every time that H has approximation property).

If {ei}i∈I and {fj}j∈J are respectively orthonormal basis of H and F , then {ei⊗ fj ; (i, j) ∈ I×J} is an
orthonormal basis for H⊗̂hF . Since I×J is countable then also H⊗̂hF is a separable Hilbert space equipped
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with the Hilbert tensor norm h(·), see Section A. This means that a general u ∈ H⊗̂hF has a representation
u =

∑
i∈I,J∈J ui,j ei ⊗ fj with

∑
i∈I,j∈J |ui,j |2 <∞ and in particular we have h(u)2 =

∑
i∈I,j∈J |ui,j |2.

The isomorphism between H⊗̂hF and L2(H;F ∗) is identified as follows. To every u ∈ H⊗̂hF corre-
sponds a unique Hilbert-Schmidt operator U ∈ L2(H;F ∗) such that F∗〈U(h), f〉F = 〈h ⊗ f, u〉H⊗̂hF for
all h ∈ H and f ∈ F . Moreover it holds ‖U‖22 = ‖u‖2

H⊗̂hF
= h(u)2 < ∞ for every orthonormal basis

{ei}i∈I of H. Conversely every Hilbert-Schmidt operator V ∈ L2(H;F ∗) is associated with an element
v ∈ H⊗̂hF . If H = F the element u ∈ H⊗̂hH is symmetric, i.e. 〈h⊗ g, u〉 = 〈g ⊗ h, u〉, if and only if the
associated operator U is selfadjoint. We remark that this characterization coincides with the definition of
Hilbert-Schmidt operators given by Neveu in [32]. H⊗̂hF can also be identified with L2(F ;H∗) via the
association u 7→ U∗, where U∗ is the adjoint of U . We remind that ‖U∗‖2 = ‖U‖2.

The range of previous identifications u 7→ U restricted to H⊗̂πF coincides with L1(H;F ∗). This
provides an isomorphism of Banach spaces, i.e. in particular π(u) = ‖u‖H⊗̂πF = ‖U‖1. H⊗̂πF is in fact
the subset of H⊗̂hF such that if u =

∑
I×J ui,jei ⊗ fj it holds π(u) =

∑
i∈I,j∈J |ui,j | < +∞.

In the particular case when H = F , the element Trace is by definition the unique element of (H⊗̂πH)∗

verifying h ⊗ g −→ 〈h, g〉. By continuity and bilinearity, Trace is extended to all H⊗̂πH and is still
denoted by the same symbol. For an element u ∈ H⊗̂πH with representation u =

∑
m hm ⊗ fm it holds

Trace(u) =
∑
m〈hm, fm〉H and Trace(u) ≤ π(u). We observe that Trace(u) = Tr(U).

Let u ∈ H⊗̂hF of the form u =
∑
i,j uijei ⊗ fj . We summarize previous considerations through the

following table. The equivalents between the second and third column is given through Riesz’s isometry
between F and F ∗.

H⊗̂hF ∼= L2(H;F ∗) ∼= L2(H;F )

‖u‖2
H⊗̂hF

=
∑
i,j u

2
ij = h(u)2 = ‖U‖22 = ‖Ũ‖2

∪ ∪ ∪
H⊗̂πF ∼= L1(H;F ∗) ∼= L1(H;F )

‖u‖H⊗̂πF =
∑
i,j |ui,j | = π(u) = ‖U‖N = ‖U‖1 = ‖Ũ‖1

If H = F we can define the trace

H⊗̂πH ∼= L1(H;H∗) ∼= L1(H)

Tr(u) =
∑
i,i ui,i Tr(Ũ) =

∑
i〈Ũ(ei), ei〉H

(B.1)

We introduce now the concept of approximation property of the theory of tensor product of Banach spaces.
approximation property in a general Banach space has some important consequences in tensor products
theory. For more details the reader can refer to chapter 4 in [30]. Definition 4.1 on [30] says the following.
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Definition B.1. A Banach space X is said to have the approximation property if, for every Banach
space Y , every bounded linear operator T : X −→ Y , every compact subset K of X and every ε > 0, there
exists a finite rank operator S : X −→ Y such that ‖Tx− Sx‖ ≤ ε for every x ∈ K.

If X is an (infinite dimensional) Banach space with the approximation property it is possible to
approximate any bounded linear mapping T : X → Y on each compact subset K of X with a finite rank
operator for every Banach space Y .

Remark B.2. The following statements hold.

1. Every Banach space having a Schauder basis (for example a separable Hilbert space) has the
approximation property.

2. If X∗ has approximation property so does X.

3. Some examples of spaces with this property are Lp(µ) with p ∈ [1,∞), c0, lp, C(K)∗ = M(K),
C(K), (L∞(µ))∗, L∞(µ) for a given σ-finite measure.

4. If X∗ or Y has approximation property then X∗⊗̂πY = L1(X;Y ), see Proposition 4.9 in [30]. If
t ∈ X∗⊗̂πY with a nuclear representation t =

∑∞
m=1 φm ⊗ ym we can associate a nuclear operator

T : X → Y such that by T (x) =
∑∞
m=1 φm(x)ym for every x ∈ X. If X = Y = H with H separable

Hilbert space, T ∈ H∗⊗̂πH, with the trace operator characterized by Tr(T ) :=
∑∞
m=1 φm(ym) and

H∗∗⊗̂πH = H⊗̂πH = L1(H∗;H).

C Q-Wiener process

Let H and F be separable Hilbert spaces and L1(H;F ) (resp. L2(H;F )) be the separable Banach
(resp. Hilbert) space of nuclear or trace class (resp. Hilbert-Schmidt) operators from H to F . If H = F

we simply denote L1(H) (resp. L2(H)). Let Q be a symmetric non negative operator in L(H). We will
consider firstly the case whenever Q is a trace class operator in H, i.e. Q ∈ L1(H). We assume that there
exists a complete orthonormal system {ei} in H, and a bounded sequence of nonnegative real numbers λi
such that Qei = λiei, for i = 1, 2, . . ..

A random element Z : Ω→ H is said to be integrable (resp. square integrable) if E [‖Z‖H ] <∞. (resp.
E
[
‖Z‖2H

]
<∞). If Z is integrable, it is possible to define its H-valued expectation E[Z] in the sense that

E [H〈Z, h〉H ] = H〈E[Z], h〉H . Given two square integrable (H-valued) random elements Z1, Z2 : Ω → H,
we denote by Cov(Z1, Z2) the map in L1(H) defined by

Cov(Z1, Z2) (h) = E [(Z1 − E[Z1])H〈Z2 − E[Z2] , h〉H ] ∀ h ∈ H .

Let (Ft)t∈[0,T ] be a filtration fulfilling the usual conditions; it will be often implicit in this chapter.
M2

T (H) will denote the space of all H-valued continuous square integrable martingales M . That space
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equipped with the norm defined by ‖M‖2M2
T (H)

= E
[
‖MT ‖2H

]
is a Hilbert space. For a precise definition of

H-valued martingale (resp. local) martingale, the reader may consult Section 3.4 of [7]. If M is a local
martingale, we recall the notion of quadratic variation given in [7, Proposition 3.2]. That notion will be
denoted by [M ]dz. This notion of quadratic variation is the subject of Subsection 4.2.
An L1(H)-valued process V is said to be increasing if, for all a ∈ H, 〈Vt a , a〉 ≥ 0 and if 〈Vt a , a〉 ≤ 〈Vs a , a〉
for all 0 ≤ t ≤ s ≤ T . The quadratic variation in the sense of Da Prato-Zabczyk of a local martingale
M is a L1(H)-valued continuous, adapted and increasing process V such that V0 = 0 and for arbitrary
a, b ∈ H the process 〈Mt, a〉〈Mt, b〉 − 〈Vta, b〉, t ∈ [0, T ], is an (Ft)-martingale. This L1(H)-valued process
is uniquely determined and will be denoted by [M ]dz. It can be expressed also using the covariations by
vt =

∑∞
i,j=1[〈Mt, ei〉, 〈Mt, ej〉]ei ⊗ ej .

Definition C.1. An H-valued stochastic process (Wt)t≥0 is called a Q-Wiener process on H (or
Q-Brownian motion) if

(i) W (0) = 0 .
(ii) W has continuous trajectories.
(iii) W has independent increments.
(iv) The random element W (t)−W (s) is Gaussian for t ≥ s ≥ 0 with zero expectation and

Cov(W (t)−W (s),W (t)−W (s)) = (t− s)Q.

Proposition C.2. Assume thatW is aQ-Brownian motion withQ ∈ L1(H). Then for all h1, h2, h3, h4 ∈ H
and for all t1, t2, t3, t4 ≥ 0 the following statements hold.

1. E [〈Wt1 , h1〉] = 0.

2. E [〈Wt1 , h1〉〈Wt2 , h2〉] = t1 ∧ t2〈Qh1, h2〉.

3. E [〈Wt1 , h1〉〈Wt2 , h2〉〈Wt3 , h3〉] = 0.

4. E [〈Wt1 , h1〉〈Wt2 , h2〉〈Wt3 , h3〉〈Wt4 , h4〉] =

= (t1 ∧ t2 ∧ t3 ∧ t4)
(
〈Qh1, h2〉 〈Qh3, h4〉+ 〈Qh1, h4〉 〈Qh2, h3〉+ 〈Qh1, h3〉 〈Qh2, h4〉

)
.

Proof. All the statements are easy to verify using the fact that 〈Wt, h〉 is a centered real Gaussian random
variable for all h ∈ H and E[〈Wt, h1〉〈Wt, h2〉] = t〈Qh1, h2〉 for all t ≥ 0 and h1, h2 ∈ H.
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