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1 Introduction

The top quark physics program at the LHC continues to produce a wealth of experimental
data that can be used to study the fundamental parameters of the Standard Model (SM).
Precise theoretical predictions for the dominant production channels are in high demand
as experimental uncertainties continue to drop, requiring computations at least at next-to-
next-leading order (NNLO) in the strong coupling.

Studies of top quark pair production are by now well underway with NNLO QCD and
NLO electroweak (EW) corrections already being used to compare with experimental data,
see for example refs. [1, 2]. Precise predictions for tt̄+jet production are also in high demand
owing to the high number (around 50%) of tt̄ events that come with an associated jet and
have been studied by both CMS and ATLAS experiments [3–6]. This process has been
available at NLO in QCD (with on-shell top quarks) since 2007 [7] and is now available
via a number of automated tools which offer a full set of decays, EW corrections, parton
shower and off-shell effects [8–12]. It has also been noted that the normalised distributions
for tt̄j are highly sensitive to the top-quark mass [13–16], offering an alternative method for
determining the top-quark mass, which has already been employed by both the CMS [17] and
ATLAS [18] collaboration. Over the last 10 years or so there has been substantial progress in
computational methods for two-to-three scattering amplitudes, where new techniques have
been required to overcome the challenges of both analytic (Feynman integrals and special
functions) and algebraic (kinematic coefficients) complexity. In particular development of
highly optimised integration-by-parts reduction techniques [19–23] and improved analytic
understanding of multi-scale Feynman integrals through their differential equations [24–34]
(DEs) have had a dramatic impact. It has been possible to classify the integrals for processes
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with massless internal propagators and five massless external legs or four massless and
one massive external leg in terms of a basis so-called ‘pentagon functions’ [34–37] (see
also refs. [38–40]). These functions provide a basis for the infrared (IR) and ultraviolet
(UV) subtracted finite remainders which can be evaluated efficiently during phase-space
integration. The rational coefficients multiplying these special functions can be extracted
from numerical tensor integral reduction over finite fields, sidestepping the large intermediate
expressions that appear in traditional approaches [41–47]. This program has resulted in
an impressive number of new results for double virtual QCD corrections to processes with
massless internal particles [48–59], with up to one additional external scale [49–52, 60–62]
and including internal massive propagators [63]. Many of these results have already been
combined with contributions for unresolved radiation to make new precise predictions for
differential cross sections [56, 64–79].

A key ingredient in the development of the pentagon functions approach to solving
Feynman integrals was the possibility of constructing a canonical system of DEs [80] described
by logarithmic one-forms. In this framework, Feynman integrals are typically represented
by polylogarithmic functions, whose analytic properties and numerical evaluation are well
understood. A major challenge in computing processes with massive internal propagators is the
emergence of special functions associated with elliptic curves and higher-genus geometries [81].
In this case a solution along the lines of the pentagon functions is currently not available.
In particular, while canonical DEs can also be constructed in this context, the numerical
evaluation of their solutions remains an open problem. In previous studies, it was shown that
even at leading colour the two-loop integral basis for tt̄+jet production contained elliptic
structures that block the established path to the evaluation of the special functions [82–84].
Nevertheless, it was possible to circumvent the difficulties associated with elliptic structures
by identifying a basis of integrals in which the contributions from elliptic integrals sectors
appear only in the finite remainder. While this basis of integrals does not satisfy canonical
DEs, this approach opened up the possibility of constructing a set of special functions in which
redundancies are reduced enough to enable the analytic extraction of the finite remainder
while also yielding important simplifications in its expression, although some functional
relations may be missed. This (potentially) overcomplete basis of special functions is defined
and evaluated as the solution to a system of DEs which contains only algebraic functions. As
a proof of concept, it was shown in ref. [85] that this method was good enough to enable the
first numerical evaluation of the leading colour two-loop amplitudes in the gluon channel.

In this article we complete the analytic reconstruction of the leading-colour two-loop
helicity amplitudes in all relevant channels using the previously identified special function basis
and finite-field reconstruction techniques. These amplitudes retain the full spin information,
enabling the treatment of top-quark decays. The amplitudes are subsequently inserted into the
colour- and spin-summed double virtual hard function, for which we must include additional
permutations of the Feynman integral topologies. We construct a system of differential
equations for the full set of special functions contributing to the hard function, and present
a new strategy for its numerical integration.

The evaluation of Feynman integrals (or the special functions that they may be written
in terms of) through numerical integration of their differential equations has been a successful
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method in the past, with its first applications in refs. [86, 87]. In this article we present
a modified strategy able to handle new features appearing in the differential equation,
specifically the appearance of square roots as well as the large size of the system, for the
special function basis of the hard function. This strategy to evaluate the hard functions
is implemented in a C++ library such that our results are ready for immediate deployment
in phenomenological studies [88].

Our article is organised as follows: We first detail the colour decomposition into partial
amplitudes, classification of ultraviolet and infrared singularities and definition of the hard
function in section 2. We then describe the computation of the helicity amplitudes using the
four-dimensional projector method and integral reduction over finite fields in section 3. Special
functions and the new evaluation strategy are discussed in section 4. We then present some
benchmark results and cross checks together with the C++ implementation of the amplitudes
in section 5 before reaching our conclusions. Analytic results and the C++ implementation
of the hard functions are included with the ancillary files [89].

2 Partial amplitude decomposition and pole structure

In this section we define our notation and describe the colour structure as well as the ultraviolet
(UV) and infrared (IR) pole structure of the relevant scattering amplitudes. We compute
two-loop QCD corrections to the scattering amplitudes of the following partonic processes:

0 → t̄(p1) + t(p2) + g(p3) + g(p4) + g(p5) , (2.1a)
0 → t̄(p1) + t(p2) + q̄(p3) + q(p4) + g(p5) . (2.1b)

All other partonic channels relevant to tt̄+jet production at hadron colliders can be derived
from the two above by permuting the external momenta.

The external momenta are taken to be outgoing, and satisfy momentum conservation

5∑
i=1

pi = 0 , (2.2)

and on-shell conditions

p2
1 = m2

t , p2
2 = m2

t , p2
3 = 0 , p2

4 = 0 , p2
5 = 0 , (2.3)

where mt is the top-quark mass. The kinematics of the process are described by the following
six scalar invariants,

d⃗ =
(
d12, d23, d34, d45, d15, m2

t

)
, (2.4)

with dij = pi · pj , together with a pseudo-scalar invariant,

tr5 = tr
(
γ5/p1/p2/p3/p4

)
= 4 i εµνρσ pµ

1 pν
2pρ

3pσ
4 , (2.5)

where εµνρσ is the anti-symmetric Levi-Civita pseudo-tensor. We work in the ‘t Hooft-Veltman
(tHV) scheme: the external momenta are kept in four dimensions, while the loop momenta
are treated in d = 4 − 2ϵ dimensions.
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We adopt the leading colour approximation, i.e. we consider only the leading contributions
in the number of colour (Nc) and the number of closed massless fermion loops (nf ). We do not
take into account contributions coming from loops of heavy quarks. In this approximation, the
L-loop bare amplitudes have the following colour decomposition in terms of partial amplitudes:

ℳ(L) (1t̄, 2t, 3g, 4g, 5g) =
√
2 ḡ3

s

[
(4π)ϵe−ϵγE

ᾱs

4π

]L

×
∑

σ∈Z3

(taσ(3)taσ(4)taσ(5)) ī1
i2

𝒜(L)
g (1t̄, 2t, σ(3)g, σ(4)g, σ(5)g) ,

(2.6)

ℳ(L) (1t̄, 2t, 3q̄, 4q, 5g) =
√
2 ḡ3

s

[
(4π)ϵe−ϵγE

ᾱs

4π

]L

×
{

δ ī1
i4

(ta5) ī3
i2

𝒜(L)
q (1t̄, 2t, 3q̄, 4q, 5g)

+ δ ī3
i2

(ta5) ī1
i4

𝒜(L)
q (2t̄, 1t, 4q̄, 3q, 5g)

}
,

(2.7)

for 0 → t̄tggg and 0 → t̄tq̄qg, respectively. Here, ta are the generators of the su(Nc) colour
algebra in the fundamental representation, normalised according to tr(tatb) = δab/2, ḡs

is the bare strong coupling constant with ᾱs = ḡ2
s/(4π), and Z3 is the cyclic group of

permutations of {3, 4, 5}. All partial amplitudes in eqs. (2.6) and (2.7) can be obtained
from 𝒜(L)

g (1t̄, 2t, 3g, 4g, 5g) and 𝒜(L)
q (1t̄, 2t, 3q̄, 4q, 5g) by suitable permutations. We set the

renormalisation scale µR to 1 throughout the computation of the partial amplitudes, and
restore the dependence on it as discussed in appendix B

The partial amplitudes are in turn decomposed according to their Nc and nf contri-
butions, as

𝒜(1)
x = Nc A(1),Nc

x + nf A
(1),nf
x , (2.8a)

𝒜(2)
x = N2

c A(2),N2
c

x + Ncnf A
(2),Ncnf
x + n2

f A
(2),n2

f
x . (2.8b)

Hereinafter, we use x ∈ {g, q} to label generically the 0 → t̄tggg and 0 → t̄tq̄qg partial
amplitudes. The decomposition in eq. (2.8) holds also for the mass-renormalised and fully
renormalised partial amplitudes defined below.

Bare scattering amplitudes for processes involving massive fermions are not gauge
invariant. In order to work with gauge-invariant objects, we first define mass-renormalised am-
plitudes, which satisfy Ward identities, by including the massive-quark mass counterterms, as

𝒜(1)
x;mren = 𝒜(1)

x − δZ(1)
m 𝒜(0)

x;mct , (2.9a)

𝒜(2)
x;mren = 𝒜(2)

x − δZ(2)
m 𝒜(0)

x;mct + (δZ(1)
m )2𝒜(0)

x;2mct − δZ(1)
m 𝒜(1)

x;mct , (2.9b)

where 𝒜(0)
x;mct (𝒜(0)

x;2mct) is the tree-level partial amplitude with a single (double) mass-
counterterm insertion, and 𝒜(1)

x;mct is the one-loop partial amplitude with the insertion of
a single mass counterterm (see also ref. [85] for further details). We then include the UV
counterterms originating from the renormalisation of the top-quark wave function and the
strong coupling constant, which leads to the fully renormalised amplitudes that are both
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gauge invariant and free of UV singularities, as

𝒜(1)
x,ren = 𝒜(1)

x,mren +
(3
2δZ(1)

αs
+ δZ

(1)
t

)
𝒜(0)

x , (2.10a)

𝒜(2)
x,ren = A(2)

x,mren +
(5
2δZ(1)

αs
+ δZ

(1)
t

)
𝒜(1)

x,mren

+
(3
2δZ(2)

αs
+ 5

2δZ(1)
αs

δZ
(1)
t + δZ

(2)
t + 3

8(δZ(1)
αs

)2
)
𝒜(0)

x . (2.10b)

The superscript L in the renormalised partial amplitudes 𝒜(L)
x,ren, and generally for all fully

renormalised quantities henceforth, refers to the order in the renormalised coupling, αs/(4π).
The explicit expressions for δZ

(L)
m , δZ

(L)
t and δZ

(L)
αs in the Feynman gauge are provided

in appendix A.
Once UV singularities are removed, scattering amplitudes are still affected by divergences

of IR origin. We define finite remainder for each partial amplitude by subtracting the
universal IR singularities [90–98] from the fully renormalised partial amplitude 𝒜(L)

x,ren, as

ℱ(0)
x = 𝒜(0)

x , (2.11a)

ℱ(1)
x = 𝒜(1)

x,ren − Z(1)
x A(0)

x , (2.11b)

ℱ(2)
x = 𝒜(2)

x,ren − Z(1)
x 𝒜(1)

x,ren −
[
Z(2)

x −
(
Z(1)

x

)2]𝒜(0)
x , (2.11c)

where the factor Z(i)
x is the coefficient of [αs/(4π)]i in the IR pole operator, Zx. In the MS

renormalisation scheme, Zx is given by [91, 92]

Zx = 1 + αs

4π

(
Γ′

x,0
4ϵ2 + Γx,0

2ϵ

)
,

+
(

αs

4π

)2
[
(Γ′

x,0)2

32ϵ4 +
Γ′

x,0
8ϵ3

(
Γx,0 −

3
2β0

)
+ Γx,0

8ϵ2
(
Γx,0 − 2β0

)
+

Γ′
x,1

16ϵ2 + Γx,1
4ϵ

]
.

(2.12)

The anomalous dimension coefficients Γ′
x,n and Γx,n are given at leading colour by

Γ′
g,n = −3Ncγ

cusp
n ,

Γg,n = −Nc
γcusp

n

2

(
ℒm,23 +ℒm,15 +ℒ34 +ℒ45

)
+ 3γg

n + 2γQ
n ,

(2.13)

for 0 → t̄tggg, and

Γ′
q,n = −2Ncγ

cusp
n ,

Γq,n = −Nc
γcusp

n

2

(
ℒm,23 +ℒm,15 +ℒ45

)
+ γg

n + 2γq
n + 2γQ

n ,
(2.14)

for 0 → t̄tq̄qg. Eqs. (2.13) and (2.14) involve the following logarithms of scalar invariants,1

ℒij = − log
(
−2dij

)
,

ℒm,ij = −1
2 log

(
−2dij

)
+ 1

2 log
(

m2
t

−2dij

)
,

(2.15)

1These logarithms are understood as analytically continued to the s45 channel.
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as well as the coefficients of the αs-expansion of the cusp and collinear anomalous dimensions,

γi (αs) =
∑
n≥0

γi
n

(
αs

4π

)n+1
, (2.16)

with i ∈ {g, q, Q, cusp}. The expressions of the anomalous dimension coefficients are given
in appendix A.

The partial finite remainders ℱ(L) have the same colour decomposition as the bare partial
amplitudes (cf. eqs. (2.6) and (2.7)), except that the bare strong coupling constant is replaced
by its renormalised counterpart (αs = g2

s/(4π)). Therefore, the colour decomposition of the
colour-dressed finite remainder ℛ(L) in terms of the partial ones ℱ(L) is given by

ℛ(L) (1t̄, 2t, 3g, 4g, 5g) =
√
2 g3

s

[
(4π)ϵe−ϵγE

αs

4π

]L

×
∑

σ∈Z3

(taσ(3)taσ(4)taσ(5)) ī1
i2

ℱ(L)
g (1t̄, 2t, σ(3)g, σ(4)g, σ(5)g) ,

(2.17)

for 0 → t̄tggg, and

ℛ(L) (1t̄, 2t, 3q̄, 4q, 5g) =
√
2 g3

s

[
(4π)ϵe−ϵγE

αs

4π

]L

×
{

δ ī1
i4

(ta5) ī3
i2

ℱ(L)
q (1t̄, 2t, 3q̄, 4q, 5g)

+ δ ī3
i2

(ta5) ī1
i4

ℱ(L)
q (2t̄, 1t, 4q̄, 3q, 5g)

}
,

(2.18)

for 0 → t̄tq̄qg. The partial finite reminders are further decomposed according to their Nc

and nf contributions as the bare partial amplitudes (cf. eq. (2.8)):

ℱ(1)
x = Nc F (1),Nc

x + nf F
(1),nf
x , (2.19a)

ℱ(2)
x = N2

c F (2),N2
c

x + Ncnf F
(2),Ncnf
x + n2

f F
(2),n2

f
x . (2.19b)

Finally, we employ the colour-dressed finite remainders to construct the colour- and
polarisation-summed hard function ℋ(L), that will contribute to the cross section. Up to
two loops, the hard function ℋ(L) is defined as

ℋ(0) =
∑

colour

∑
pol.

∣∣ℛ(0)∣∣2 , (2.20a)

ℋ(1) = 2Re
∑

colour

∑
pol.

ℛ(0)∗ℛ(1) , (2.20b)

ℋ(2) = 2Re
∑

colour

∑
pol.

ℛ(0)∗ℛ(2) +
∑

colour

∑
pol.

∣∣ℛ(1)∣∣2 , (2.20c)

where the overline indicates the average over colour and polarisation of initial states. The
computation of the hard functions in eq. (2.20) requires the interference of amplitudes at
different loop orders. At leading colour, the colour-summed interference between L1- and
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L2-loop finite remainders is given in terms of partial finite remainders by∑
colour

[
ℛ(L1) (1t̄, 2t, 3g, 4g, 5g)

]∗
ℛ(L2) (1t̄, 2t, 3g, 4g, 5g)

= 2 g6
s

[
(4π)ϵe−ϵγE

αs

4π

]L1+L2 N4
c

8

×
∑

σ∈Z3

[
ℱ(L1)

g (1t̄, 2t, σ(3)g, σ(4)g, σ(5)g)
]∗
ℱ(L2)

g (1t̄, 2t, σ(3)g, σ(4)g, σ(5)g) ,

(2.21)

for 0 → t̄tggg, while for 0 → t̄tq̄qg we have∑
colour

[
ℛ(L1) (1t̄, 2t, 3q̄, 4q, 5g)

]∗
ℛ(L2) (1t̄, 2t, 3q̄, 4q, 5g)

= 2 g6
s

[
(4π)ϵe−ϵγE

αs

4π

]L1+L2 N3
c

2

×
{[

ℱ(L1)
q (1t̄, 2t, 3q̄, 4q, 5g)

]∗
ℱ(L2)

q (1t̄, 2t, 3q̄, 4q, 5g)

+
[
ℱ(L1)

q (2t̄, 1t, 4q̄, 3q, 5g)
]∗
ℱ(L2)

q (2t̄, 1t, 4q̄, 3q, 5g)
}

.

(2.22)

3 Analytic computation of the helicity amplitudes

In this section we describe in detail the analytic computation of the leading colour 0 → t̄tggg

and 0 → t̄tq̄qg amplitudes up to two-loop order in QCD. We construct a representation of
the amplitudes where the helicities of massless partons are fixed while the massive spinor
dependence is written in terms of form factors. We include the explicit dependence on the
gluon and massless quark helicities hi in the process definitions in eq. (2.1) as

0 → t̄(p1) + t(p2) + g(p3, h3) + g(p4, h4) + g(p5, h5) , (3.1a)
0 → t̄(p1) + t(p2) + q̄(p3, h3) + q(p4, h4) + g(p5, h5) . (3.1b)

The dependence on gluon and quark helicity states is treated within the spinor-helicity
formalism, using the following conventions for massless quark wave functions and gluon
polarisation vectors:

ū(pi,+) = [i| , v(pi,+) = |i] , εµ(pi, pj ,+) = ⟨j|γµ|i]√
2 ⟨ji⟩

,

ū(pi,−) = ⟨i| , v(pi,−) = |i⟩ , εµ(pi, pj ,−) = ⟨i|γµ|j]√
2 [ij]

,

(3.2)

where pi and pj are massless momenta. The second argument in the gluon polarisation
vectors, qi in εµ(pi, qi), is an arbitrary reference momentum such that qi · ε(pi, qi) = 0; we
choose q3 = p4, q4 = p3, q5 = p3 for 0 → t̄tggg, and q5 = p3 for 0 → t̄tq̄qg. The gluon
polarisation vector sum is given by

∑
hi=±

ε(pi, qi, hi)µ ∗ε(pi, qi, hi)ν = −gµν + pµ
i qν

i + qµ
i pν

i

pi · qi
. (3.3)
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We decompose the amplitudes in terms of massive spinor form factors as [99]

𝒜(L)h3h4h5
x =

4∑
i=1

Ψi 𝒢(L)h3h4h5
x;i , (3.4)

where
Ψ1 = m2

t ū(p2)v(p1) ,

Ψ2 = mt ū(p2)/p3v(p1) ,

Ψ3 = mt ū(p2)/p4v(p1) ,

Ψ4 = ū(p2)/p3/p4v(p1) .

(3.5)

The form factors 𝒢(L)h3h4h5
x;i are obtained via

𝒢(L)h3h4h5
x;i =

4∑
j=1

(
Ω−1

)
ij
𝒜̃(L)h3h4h5

x;j , (3.6)

with

Ωij =
∑
pol.

Ψ†
iΨj , (3.7)

𝒜̃(L)h3h4h5
x;i =

∑
pol.

Ψ†
i 𝒜(L)h3h4h5

x , (3.8)

where we sum over all massive spinor polarisations and the 𝒜̃(L)h3h4h5
x;i ’s are referred to as

contracted helicity amplitudes.
In order to compute the contracted helicity amplitude we employ the physical projector

method [100, 101]. Before fixing the helicities of the massless partons, the amplitude can
be decomposed into a set of tensor structures determined by the gluon and massless spinor
polarisations, with the external momenta kept in four dimensions. The tensor decomposition
for 0 → t̄tggg and 0 → t̄tq̄qg are given by

𝒜̃(L)
g;i =

8∑
j=1

𝒯g;j 𝒮(L)
g;ij , (3.9)

𝒜̃(L)
q;i =

4∑
j=1

𝒯q;j 𝒮(L)
q;ij , (3.10)

where
𝒯g;1 = ε(p3, q3) · p1 ε(p4, q4) · p1 ε(p5, q5) · p1 ,

𝒯g;2 = ε(p3, q3) · p1 ε(p4, q4) · p1 ε(p5, q5) · p2 ,

𝒯g;3 = ε(p3, q3) · p1 ε(p4, q4) · p2 ε(p5, q5) · p1 ,

𝒯g;4 = ε(p3, q3) · p2 ε(p4, q4) · p1 ε(p5, q5) · p1 ,

𝒯g;5 = ε(p3, q3) · p1 ε(p4, q4) · p2 ε(p5, q5) · p2 ,

𝒯g;6 = ε(p3, q3) · p2 ε(p4, q4) · p1 ε(p5, q5) · p2 ,

𝒯g;7 = ε(p3, q3) · p2 ε(p4, q4) · p2 ε(p5, q5) · p1 ,

𝒯g;8 = ε(p3, q3) · p2 ε(p4, q4) · p2 ε(p5, q5) · p2 ,

(3.11)
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and

𝒯q;1 = ū(p4)/p1v(p3) ε(p5, q5) · p1 ,

𝒯q;2 = ū(p4)/p1v(p3) ε(p5, q5) · p2 ,

𝒯q;3 = ū(p4)/p2v(p3) ε(p5, q5) · p1 ,

𝒯q;4 = ū(p4)/p2v(p3) ε(p5, q5) · p2 .

(3.12)

In eqs. (3.9) and (3.10), 𝒮(L)
x;ij are the form factors associated with the tensors in eqs. (3.11)

and (3.12). They can be obtained similarly to 𝒢(L)h3h4h5
x;i by means of

𝒮(L)
g;ij =

8∑
k=1

(
∆−1

g

)
jk
𝔄(L)

g;ki , (3.13)

𝒮(L)
q;ij =

4∑
k=1

(
∆−1

q

)
jk
𝔄(L)

q;ki , (3.14)

where

∆x;ij =
∑
pol.

𝒯†
x;i𝒯x;j , (3.15)

𝔄(L)
x;ij =

∑
pol.

𝒯†
x;i 𝒜̃

(L)
x;j =

∑
pol.

𝒯†
x;i Ψ

†
j 𝒜(L)

x , (3.16)

where we sum over all spin polarisations.
In order to compute the contracted helicity amplitude 𝒜̃(L)h3h4h5

x;i , we fix the gluon and
massless quark helicity states in the tensor structures in eqs. (3.9) and (3.10) as follows:

𝒜̃(L)h3h4h5
g;i =

8∑
j=1

𝒯h3h4h5
g;j 𝒮(L)

g;ij , (3.17a)

𝒜̃(L)h3h4h5
q;i =

4∑
j=1

𝒯h3h4h5
q;j 𝒮(L)

q;ij . (3.17b)

The explicit dependence of the tensor structures 𝒯h3h4h5
g;i and 𝒯h3h4h5

q;i on the gluon and
massless quark helicities h3, h4 and h5 is obtained by fixing the helicity of the gluon
polarisation vectors and massless quark wave functions in eqs. (3.11) and (3.12).

Finally, from the knowledge of 𝒜̃(L)h3h4h5
x;i , the contracted helicity finite remainders

ℱ̃(L)h3h4h5
x;i are obtained following eq. (2.11), as

ℱ̃(0)h3h4h5
x;i = 𝒜̃(0)h3h4h5

x;i , (3.18a)

ℱ̃(1)h3h4h5
x;i = 𝒜̃(1)h3h4h5

x;i,ren − Z(1)
x Ã

(0)h3h4h5
x;i , (3.18b)

ℱ̃(2)h3h4h5
x;i = 𝒜̃(2)h3h4h5

x;i,ren − Z(1)
x 𝒜̃(1)h3h4h5

x,ren −
[
Z(2)

x;i −
(
Z(1)

x

)2] 𝒜̃(0)h3h4h5
x;i . (3.18c)

We note that the tensor decompositions of the partial amplitudes in eqs. (3.5), (3.9) and (3.10)
equally apply to the partial finite remainders. Specifically, we compute the following set
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of independent helicity configurations:

0 → t̄tggg : ℱ̃(L)+++
g;j , ℱ̃(L)++−

g;j , ℱ̃(L)+−+
g;j , (3.19a)

0 → t̄tq̄qg : ℱ̃(L)+−+
q;j , ℱ̃(L)+−−

q;j . (3.19b)

The remaining helicity configurations can be obtained by parity conjugation and/or per-
mutation of external momenta. For stable top-quarks in the final state, the interference
between L1- and L2-loop helicity finite remainders required for the hard functions is given
in terms of the contracted helicity finite remainders by

∑
pol.

[
ℱ(L1)h3h4h5

x

]∗
ℱ(L2)h3h4h5

x =
4∑

i,j=1

[
ℱ̃(L1)h3h4h5

x;i

]∗ (
Ω−1

)
ij
ℱ̃(L2)h3h4h5

x;j , (3.20)

where we sum over the massive top polarisations. Our representation for the amplitude makes
the inclusion of top-quark decays within the narrow-width approximation straightforward: the
decay amplitude can be directly attached to the massive spinor structures in eq. (3.5) [102, 103].

We compute analytically the contracted helicity finite remainders ℱ̃(L)h3h4h5
x;i for the

independent helicity configurations with the same framework successfully employed in a
number of two-loop five-point amplitude calculations [52, 60, 61], combining Feynman di-
agrams, four-dimensional projectors, integration-by-part (IBP) reduction, special function
bases and finite-field arithmetic. We construct the loop integrand by generating the Feynman
diagrams for the colour structures contributing to 0 → t̄tggg and 0 → t̄tq̄qg in the leading
colour approximation using Qgraf [104]. The resulting amplitudes are then contracted by
the conjugated tensor structures in eqs. (3.5), (3.11) and (3.12) to obtain the unreduced
contracted amplitude 𝔄(L)

x;ij according to eq. (3.16) by means of in-house Form [105] and
Mathematica scripts to identify the loop integral families, perform the Dirac algebra and
simplify expressions. At this stage, the contracted amplitudes 𝔄(L)

x;ij are written as a linear
combination of scalar Feynman integrals. We subsequently express the scalar integrals present
in the amplitude in terms of the master integrals of refs. [82, 83] by IBP reduction [106–108].
We generate compact systems of IBP relations with NeatIBP package [22] and solve them
numerically over finite fields with FiniteFlow’s sparse linear solver [42, 44]. We then write
the master integrals as polynomials in a set of special functions — denoted cumulatively
by f⃗ — and transcendental constants order by order in ϵ as discussed in section 4. This
enables the analytic subtraction of UV and IR poles according to eq. (2.11). To this end,
we also compute the one-loop amplitudes up to order ϵ2 with the same framework. The
resulting finite remainders are expressed in terms of monomials of special functions and
transcendental constants mk(f⃗ ) as

ℱ̃(L)h3h4h5
x;i =

∑
k

r
(L)h3h4h5
x;i,k mk(f⃗ ) . (3.21)

We obtain the analytic expression of the coefficients r
(L)h3h4h5
x;i,k in eq. (3.21) from numerical

finite-field evaluations. Starting from the unreduced contracted amplitudes 𝔄(L)
x;ij , known

analytically, all subsequent rational operations to derive r
(L)
x;i,k are done numerically with finite-

field arithmetic and concatenated in a dataflow graph within the FiniteFlow framework [42,
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44]; these operations include the solution of the IBP relations, the map of master integrals
onto the special functions, the subtraction of UV/IR poles as well as the matrix operations
required to derive the contracted helicity finite remainders ℱ̃(L)h3h4h5

x;i . In order to enable the
use of finite-field arithmetic in the helicity amplitude computation, we employ the momentum-
twistor parametrisation introduced in [109]. As a result, the coefficients r

(L)
x;i,k in eq. (3.21)

are rational functions of the following momentum-twistor variables,

t⃗ = (s34, t12, t23, t45, t51, x5123) , (3.22)

related to the invariants in eqs. (2.4) and (2.5) as

s34 = 2d34 , t12 = d12 + m2
t

d34
, t23 = d23

d34
, t45 = d45

d34
, t51 = d15

d34
,

x5123 = 4
[
d12d23 − d23d34 + d34d45 − d45d15 + d15d12 + m2

t (d23 + d15)
]
+ tr5

8(d12 + m2
t )(d34 + d45 − d12 − m2

t )
.

(3.23)

For the same reason, we remove all square roots from the definition of the master integrals of
refs. [82, 83], effectively moving them from the coefficients r

(L)
x;i,k — that would otherwise be

algebraic — to the special function monomials mk(f⃗ ) in eq. (3.21). We omit the dependence
of the monomials on the square roots to simplify the notation. Note that s34 is the only
dimensionful variable in our momentum-twistor parametrisation, hence it can be set to 1 to
simplify the computation and reintroduced by dimensional analysis. In order to permute
or conjugate momentum-twistor expressions, it is necessary to eliminate their spinor phases
through division by suitable phase factors. We use the following:

Φ+++
g = [35][34]

⟨35⟩ , Φ++−
g = ⟨5|3|4|5⟩

⟨34⟩2 , Φ+−+
g = ⟨4|5|3|4⟩

⟨35⟩2 , (3.24)

for 0 → t̄tggg and

Φ+−+
q = ⟨34⟩[35]

⟨35⟩ , Φ+−−
q = ⟨45⟩[34]

[45] , (3.25)

for 0 → t̄tq̄qg. We refer to appendix C of ref. [56] for a thorough discussion of how to permute
and conjugate momentum-twistor expressions.

We employ the functional reconstruction strategy proposed in refs. [49, 54] to reconstruct
the analytic expression of the rational coefficients r

(L)h3h4h5
x;i,k in eq. (3.21) from numerical

finite-field evaluations. We collect in table 1 some data regarding the reconstruction to
illustrate the complexity of this computation and the effectiveness of our reconstruction
algorithm. We focus on the most complicated partial finite remainders: those for the process
0 → t̄tggg at order N2

c (ℱ̃(2),N2
c

g;i ). We include simultaneously all the independent helicity
configurations and set s34 to 1. As a proxy for the degree of algebraic complexity, we show
the maximum total polynomial degree of numerators and denominators, that is linked to
how many evaluations are required to complete the reconstruction. To demonstrate the
advantage of expressing master integrals in a special function basis, we first give the degree
data of the mass-renormalised contracted helicity partial amplitudes (see eq. (2.9)) in the
master-integral representation; in this case, the degrees refer to the rational coefficients
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1 2 3 4
master integral coefficients

of mass-renormalised amplitude
(full ϵ dependence)

404/393 398/389 411/402 421/411

special function coefficients
of finite remainder

314/303 305/296 321/312 326/317

linear relations 291/280 287/278 299/293 304/299
denominator matching #1 291/0 287/0 299/0 304/0

partial fraction decomposition
in x5123

44/40 55/51 57/54 58/54

denominator matching #2 44/0 54/0 54/0 56/0
number of sample points

(1 prime field)
137076 89624 161482 179838

Table 1. Maximum total numerator/denominator polynomial degrees of the rational coefficients
appearing in the most complicated 0 → t̄tggg partial mass-renormalised amplitudes and finite
remainders (N2

c -components, see eq. (2.8)). The first row refers to the four components of the massive
spinor decomposition in eq. (3.5). The degree data for the finite remainders are shown at different
stages of the optimisation strategy of refs. [49, 54]. All the independent helicity configurations are
evaluated simultaneously, h⃗ ∈ {+++,++−,+−+}, and s34 = 1. The last row gives the number of
sample points required to complete the functional reconstruction in a prime field.

of the master integrals — rather than the special function monomials — and include the
full dependence on the regulator ϵ. We observe that our special function basis not only
allows for the analytic subtraction of UV and IR poles, but also decreases significantly the
maximum degrees. The subsequent rows give the maximum degrees at various stages of our
reconstruction strategy: searching for and solving linear relations among the coefficients,
matching the denominator factors from the knowledge of potential singularities (derived from
the differential equations for the master integrals, see section 4) [110], and partial fraction
decomposition in one kinematic variable (which we choose to be x5123). We refer the reader
to section 4 of ref. [54] for an in-depth discussion of each optimisation stage employed in the
analytic reconstruction, as listed in the first column of table 1. Finally, we need to reconstruct
analytically the numerators of the coefficients of the univariate partial fraction decomposition;
to this end, we employ FiniteFlow’s built-in reconstruction algorithm and the last row of
table 1 gives the number of required sample points.2 To lift the constants from finite fields to
rational numbers, the numerical evaluation needs to be performed in 2 prime fields for each
sample point; this reflects the complexity of the appearing rational numbers and is in line
with what is observed in other two-loop five-particle amplitude computations. The evaluation

2The coefficients we reconstruct are functions of the momentum-twistor variables (t12, t23, t45, t51) and by
“sample point” we mean a numerical value for this set of variables. Each sample point therefore entails the
evaluation at several values of ϵ and x1523, as required to extract the coefficients of the Laurent expansion
around ϵ = 0 and of the univariate partial fraction decomposition in x1523. See ref. [54] for a thorough
discussion.
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time for each sample point quoted in the last row of table 1 is ≈ 25 minutes (measured
on Intel(R) Xeon(R) Gold 6342 CPU @ 2.80GHz) and the evaluation of all sample points
needed to complete the functional reconstruction of the two-loop leading colour amplitudes
for both 0 → t̄tggg and 0 → t̄tq̄qg took around four months with 𝒪(8) multicore machines
(with 48–64 threads used on each machine, requiring ≈ 200GB of RAM). Thanks to the
univariate partial fraction decomposition performed to optimise the reconstruction, the
resulting analytic expressions are by construction simplified and can be directly implemented
in a C++ library, as discussed in section 5.

4 A full set of special functions and their numerical evaluation

Basis of functions and differential equations. In this section, we extend the representa-
tion of master integrals in terms of special functions constructed in ref. [85] to all crossings
of the external momenta relevant to the cross section. Our guiding principle is to write the
required terms of the Laurent expansion of the MIs around ϵ = 0 as polynomials in a set of
algebraically independent special functions to resolve all redundancies, enabling simplification
and analytic cancellation of UV/IR poles in the amplitudes. The presence of elliptic functions
in a subset of the MIs [83] prevents us from following the established procedure [34–37, 40],
that relies on canonical DEs for the MIs [80]. While canonical DEs are now available also for
the MIs involving elliptic functions [84], the numerical evaluation of their solution remains
an open problem. Therefore, we continue with the hybrid approach proposed in ref. [85].
By working with algebraic, non-canonical DEs, this method isolates the terms of the MIs’
ϵ-expansion that do not satisfy canonical DEs into few (potentially related) functions that
only contribute to the finite part of the two-loop amplitude, while treating the remaining
terms with the established algorithm to obtain algebraically independent functions.

The MI representation of ref. [85] covers only the permutations of the Feynman integral
families that contribute to the helicity partial amplitudes (see figure 2 there), hereby referred
to as the “minimal” set of permutations. Instead, all 12 permutations of the external momenta
that preserve the on-shell conditions in eq. (2.3) contribute to the hard function in eq. (2.20).
The additional permutations can be included in the same formalism straightforwardly with
the algorithm presented in 4 of ref. [85]. The starting point are the DEs for the MIs
obtained in ref. [83] for a single ordering of the external momenta, written in terms of d log
(alias letters) and non-d log one-forms. By permuting these, we obtain DEs for all needed
permutations of the MIs, introducing new square roots, letters and non-d log one-forms.
We choose a spanning basis of ℚ-linearly independent one-forms, preferring those with the
lowest maximal polynomial degrees. The number of independent square roots and one-forms
and a comparison against the subset considered in ref. [85] are given in table 2. We then
used AMFlow [111, 112] (interfaced to LiteRed [113] and FiniteFlow [44]) to evaluate
numerically all MIs with (at least) 60-digit precision in three random points in the physical
s45 channel. Finally, we employed the algorithm of ref. [85] to expand the MIs around ϵ = 0
up to ϵ4 and express the expansion terms as polynomials with constant rational coefficients in

• a set of algebraically independent pure transcendental functions {f
(w)
i (d⃗ )} with tran-

scendental weight w up to 4 (see ref. [80] for the notions of transcendental weight and
pure functions);
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square roots rat. letters alg. letters all letters non-d log one-forms
minimal 9 51 58 109 126

all 26 121 144 265 566
all (up to ϵ4) 26 109 132 241 338

Table 2. Number of independent square roots, letters (split into rational and algebraic) and non-d log
one-forms appearing in the 1- and 2-loop Feynman integrals at leading colour. “Minimal” refers to
the permutations considered in ref. [85]; “all” includes all 12 permutations that preserve the on-shell
conditions in eq. (2.3); “up to ϵ4” means that the MIs are truncated at order ϵ4, thus keeping only
what is relevant to the two-loop amplitudes up to order ϵ0.

weight 0 1 2 3 4 4∗ all

minimal generating set 0 6 8 45 166 12 237
DE basis 1 6 30 151 166 12 366

all generating set 0 11 22 167 699 48 947
DE basis 1 11 80 443 699 48 1282

Table 3. Number of special functions, of each weight and total, in our representation of the MIs
(“generating set”) and in the linear system of first-order DEs (see eq. (4.1)) we use for the numerical
evaluation (“DE basis”). For simplicity, we list 4∗ in the row for the transcendental weight, even
though these functions do not have pure transcendentality. The sets “minimal”/“all” are defined in
table 2. The DE basis includes also monomials of constants of weight 0, 2 and 3 (1, ζ2, ζ3).

• a set of functions {f
(4∗)
i (d⃗ )} that cover the MI expansion terms associated with nested

square roots and elliptic curves, whose DEs are not in canonical form;

• a set of algebraically independent transcendental constants (ζ2 and ζ3).

We call the set of special functions f⃗ ≡ {f
(w)
i , ∀w = 1, . . . , 4, 4∗, ∀ i} generating set. The

number of functions and a comparison against the subset of permutations considered in
ref. [85] are shown in table 3. The special functions in the generating set inherit from the
MIs they are defined from an even or odd parity with respect to flipping the sign of each
square root. Unlike the MIs, instead, the special functions are not homogeneous functions of
the invariants d⃗. This follows by construction from the fact that the MIs have an ϵ-dependent
scaling dimension, and that the special functions are defined from the terms of the ϵ-expanded
MIs. As a result of this and of the fact that we set µ2

R = 1, the finite remainders in eq. (3.21)
do not have a uniform scaling dimension, although the rational coefficients r

(L)h3h4h5
x;i,k do. This

inhomogeneity of the special functions is compensated by logarithms of the renormalisation
scale µR in the full amplitudes and finite remainders, so that the latter are homogeneous in
s34 (the only dimensionful variable in our momentum-twistor parametrisation) and µ2

R as
dictated by dimensional analysis. The dependence of the finite remainders on logarithms
of µR is restored as discussed in appendix B.

While we do not have complete analytic control over the functional relations satisfied by
the MI expansion terms involving nested square roots and elliptic functions, we identified
integer relations among them from their numerical values with the PSLQ algorithm [114],
and used these to reduce the number of functions in the set {f

(4∗)
i }. The resulting relations
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coincide with those derived from the symmetry arguments below. Fixing the ordering of the
external legs to the one considered in ref. [83], there are 6 MIs of family PBB whose expansion
terms at order ϵ4 involve non-d log one-forms: 4 are associated with the elliptic curve (MIs
# 15, 35, 36, 37), and 2 with the nested square roots (MIs # 19 and 20). The polynomial
defining the elliptic curve (eq. (A.6) of ref. [83]) is invariant with respect to swapping two of
the massless momenta; this implies that only 6 out of 12 permutations give different elliptic
curves, leading to 6× 4 functions. We verified that the 6 elliptic curves are not isomorphic to
each other by computing their j-invariants. The nested square roots instead depend on the
full five-particle kinematics (eq. (3.25) of ref. [83]), resulting in 12× 2 functions. Together, we
have 48 functions f

(4∗)
i ’s, defined from suitable permutations of the order-ϵ4 terms of the MIs

# {15, 19, 20, 35, 36, 37} of PBB, whose DEs are not in canonical form and involve non-d log
one-forms. Applying the PSLQ algorithm to numerical values allowed us not only to check
the trivial relations stemming from symmetries but also to exclude the existence of further
non-trivial ℚ-linear relations. We emphasise that the f

(4∗)
i ’s only appear in the MIs at order

ϵ4 (equivalently, at order ϵ0 in the two-loop amplitude), hence missing relations involving
them would not prevent the analytic cancellation of UV/IR poles in the two-loop amplitude.

The generating set of special functions is by construction closed under the 12 relevant
permutations of the external momenta. In other words, any permutation of any f

(w)
i (d⃗ )

can be expressed as a polynomial with constant rational coefficients in the transcendental
constants (ζ2, ζ3) and the generating set of special functions themselves, evaluated at the
same phase-space point d⃗. The explicit relations can be found by expressing f

(w)
i (d⃗ ) in terms

of MI expansion terms, applying the permutation to the MIs, and writing the result back in
the generating set of special functions. As a result, evaluating the generating set of special
functions at a single phase-space point in the s45 channel suffices to evaluate all permutations
of the amplitudes that contribute to the cross section. This allows us to avoid analytic
continuation to other channels, and reduces the number of required evaluations of special
functions by resolving all redundancies among the permutations. We refer to section 2.5
of ref. [56] for a thorough discussion of this approach.

In order to evaluate numerically the special functions, we construct a linear system of
first-order DEs for them, derived from the DEs for the MIs [49]. In general, the derivatives
of a special function contain products of special functions. Therefore, we need to complement
the f

(w)
i ’s by a minimal set of polynomials in the f

(w)
i ’s themselves, ζ2 and ζ3 (including the

constant, 1) in order to close them under derivatives. We follow the procedure outlined in
section 4.2 of ref. [85]. We call the resulting set of 1282 functions DE basis, denote it by
G(d⃗ ), and break it down in table 3. The DEs for G(d⃗ ) have the form

dG(d⃗ ) = M(d⃗ ) · G(d⃗ ) , (4.1)

where d is the total differential in the kinematic variables d⃗. The connection matrix M(d⃗ ) is
given by a linear combination of constant rational matrices Mi and ℚ-linearly independent
differential one-forms ωi(d⃗ ), as

M(d⃗ ) =
∑

i

Mi ωi(d⃗ ) . (4.2)
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Here, the one-forms are a subset of those relevant for the MIs, as we truncate the latter at order
ϵ4; the relevant numbers are given in the last row of table 2. The d log one-forms have the form

ωi(d⃗ ) = d logWi(d⃗ ) , (4.3)

where Wi(d⃗ ) is an algebraic function called a letter in the literature [80], while we write
the non-d log one-forms as

ωj(d⃗ ) =
∑
x∈d⃗

ωj,x(d⃗ ) dx , (4.4)

where ωj,x(d⃗ ) is an algebraic function. We provide explicit the expression of the letters, the
non-d log one-forms, the connection matrix and all MIs in terms of the generating set of
special functions in our ancillary files [89]. Each one-form is either even or odd with respect
to flipping the sign of each square root, and square roots are factored out overall. Note that,
while the DEs in (4.1) satisfy integrability conditions, most of the non-d log one-forms are
not closed; care must thus be taken that all one-forms are parametrised on the same path
when integrating between two endpoints. The system is sparse (M(d⃗ ) has roughly 3% of
non-zero entries) and has the following block structure,

G(d⃗ ) =



f
(4∗)
i

f
(4)
i

weight-3
weight-2

f
(1)
i

1


, M(d⃗ ) =



Y4∗,4∗ 0 Y4∗,3 Y4∗,2 0 0
0 0 X4,3 0 0 0
0 0 0 X3,2 0 0
0 0 0 0 X2,1 0
0 0 0 0 0 X1,0
0 0 0 0 0 0


, (4.5)

where “weight-w” in G(d⃗ ) denotes uniform weight-w polynomials in the special functions and
the transcendental constants, Xw,w−1 in M(d⃗ ) denotes a non-zero block containing only d log
one-forms, while the non-zero blocks Y4∗,w also involve non-d log one-forms. This structure
follows from the fact that the derivatives of pure weight-w functions contain only weight-(w−1)
functions, whereas the functions f

(4∗)
i originate from MIs whose DEs are quadratic in ϵ [83].

The efficiency of the numerical solution of DEs is strongly correlated with the smoothness
of the derivatives of the basis functions. Special functions are an improvement with respect to
MIs because many singularities disappear, as can be seen by comparing the last two rows of
table 2. Furthermore, the connection matrix M(d⃗ ) is substantially more sparse than for a set
of MIs and the system is by construction free of linear redundancies. The same holds also for
the representation of the connection matrix in eq. (4.2), where the basis of one-forms is chosen
to be as simple as possible. These properties reduce the evaluation time of the derivatives
at every step of the numerical solution. We achieve a further substantial speed-up by the
following set of manipulations aimed at reducing the number of floating-point operations.

1. We set m2
t = 1. Unlike MIs and amplitudes, our special functions f

(w)
i are not

homogeneous functions of d⃗ because the renormalisation scale is set to unity. The
functions are evaluated for rescaled kinematics d⃗/m2

t , while the scale dependence is
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restored at the end according to appendix B for the renormalization scale µR/mt. The
correct value of the hard functions (2.20) is obtained by multiplication with 1/m2

t as
dictated by dimensional analysis.

2. We tailor the parametrisation of the kinematics to each one-form ωi(d⃗ ) in eq. (4.2).
We scan over all changes of variables d⃗ → d⃗′ obtained by permuting the momenta
in the definition of the invariants d⃗, and choose the one that yields the smallest
number of multiplications in the factored form of ωi(d⃗′ ). The change of variables
includes the differentials on the right-hand side of eq. (4.4). For instance, we write
ω140 as a function of d⃗′ = σ21453 ◦ d⃗, where the permutation acts on the momenta as
σ21453 ◦ (p1, p2, p3, p4, p5) = (p2, p1, p4, p5, p3). In terms of the original variables, we have
that d⃗′ =

(
d12, d23 − d45 − d15, d45, 1 + d12 − d34 − d45, d23, 1

)
. For ω140, this change of

variables reduces the number of multiplications by ≈ 65%. A similar procedure to change
variables was employed in ref. [52] to simplify the amplitude’s rational coefficients.

3. We decompose into multivariate partial fractions the coefficients of the differentials
in each one-form (ωj,x(d⃗ ) in eq. (4.4)) with MultivariateApart [115] interfaced
to Singular [116] for the computation of Gröbner bases (square roots are factored
overall).

4. We factor each partial fraction, and write all one-forms in terms of a global set of
multiplicatively independent polynomials.

5. We optimise the expression of the polynomials with Mathematica’s function Simplify
to reduce the number of floating-point operations.

This optimisation reduces the connection-matrix file size by about an order of magnitude.

Numerical evaluation of the special functions. At this point, we have an optimised
set of DEs together with high-precision values f⃗0i ≡ f⃗(d⃗0i) at a few random d⃗0i points.
The special functions f⃗ can now be evaluated at any given phase-space point d⃗ by solving
the differential-equation system numerically [86, 87] along a curve γ ≡ {d⃗γ(t)}t∈[0,1], with
d⃗γ(0) = d⃗0i for a chosen i and d⃗γ(1) = d⃗. In principle, the top-quark mass is fixed at mt = 1,
but the methodology is valid for a variable top-quark mass as well. For the numerical solution
of the DEs, we use the Bulirsch-Stoer algorithm (see for example [117]) implemented in the
OdeInt library of Boost [118] as done first for this type of problems in [119, 120]. Let
us now describe the main aspects of our implementation.

1. The DEs are solved for the 947 independent special functions. Hence, the system is
non-linear, while the derivatives of the functions are still given by (4.1), where only the
relevant rows of the connection matrix are kept. There is no reason to solve for all the
1282 functions which include linear combinations of the 947 independent ones, because
the Bulirsch-Stoer algorithm does not profit from a linear system. Unfortunately, we do
not gain anything noticeable in performance, because all the one-forms are still present
in the 947 rows of the connection matrix.
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2. The curve γ is a complex deformation of a curve γR ⊂ ℝ6,

dγ,j(t) = d0i,j +
(
1 + 4(1− t) i δj

)(
dγR,j(t)− d0i,j

)
, j = 1, . . . , 6 . (4.6)

This deformation is necessary, since the connection matrix is singular on subsets of
the phase space to the extent that it is impossible to leave the vicinity of d⃗0i using
finite-precision numerics despite the smoothness of the special functions. We only
deform the positive invariants d12, d23 and d45. This choice is based on the physicist’s
prejudice that positive invariants include an infinitesimal imaginary part. In the present
case, no imaginary parts are required for the correctness of the results as the curve
γR is chosen to lie in the physical phase space above threshold. The imaginary parts
are only used to achieve numerical stability. Hence, any of the invariants could have
been deformed. The values of the parameters δj should neither be excessively large
nor excessively small. We set the deformation parameters by default to 0.1, 0.15 and
0.2 for the three invariants respectively. It turns out that the values should be chosen
all different, otherwise the solver hits numerical instabilities for some quite ordinary
phase-space points.

3. The curve γR is chosen to be a straight line,

d⃗γR(t) = d⃗0i + t
(
d⃗ − d⃗0i

)
, (4.7)

if it is entirely contained in the physical phase space. In principle, this requirement
could be relaxed with additional care to end up on the correct Riemann sheet of the
special functions at t = 1. We avoid the pitfalls of analytic continuation by switching
to a different curve if necessary. This curve is linearly parameterised by t in d12, d45,
m2

t , the cosine of the gluon scattering angle in the center-of-mass frame, as well as the
cosines of the polar and azimuthal angle of the top quark in the rest frame of the tt̄

pair. This curve is obviously longer than a straight line. We have also used it for points
which can be reached by a straight line, but the computational time is worsened at
the level of a few percent on average. It should be pointed out, however, that it is not
the length of the curve that is a reliable indicator for the efficiency of the numerical
integration. Rather, it is the behaviour of the special functions along the integration
curve in the complex space that impacts the number of evolution steps and hence also
the total integration time. It seems that an optimal curve cannot be determined a
priori. Nevertheless, the performance achieved is satisfactory, and we have not studied
any other curves.

4. The DEs contain square roots while some of the special functions are odd with respect
to a change of the branch of a single square root. The choice of branch of each square
root is arbitrary and does not affect the amplitude, but must be handled consistently.
We choose the standard principal branch, adopted by the standard system libraries,
i.e. square roots are either real positive or have positive imaginary part. The square
roots remain on the same branch along γR. The complex curve γ, however, is defined
without guarantee to remain on a single branch of all the square roots. For this reason,
we have implemented the following algorithm that yields smooth square roots along
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the integration curve. Before calling the DE solver, the software determines brackets,
[ta, tb] ⊂ [0, 1], for the integration variable t, that contain a single branch-cut crossing
for some square root. During integration, the software verifies whether the integration
variable t is within a bracket. If this is the case, it uses the signs of the imaginary part
of the relevant square root at the ends of the bracket and at t to determine the correct
branch, which might result in a sign change of the square root. After integration, the
sign of an odd function is changed if the relevant square root crosses the branch cut
an odd number of times. In order to determine the brackets, the integration curve
is divided into a number of points (1000 by default) uniformly in t, and a search is
performed for pairs of points for which the real part of the argument of a square root
is negative while the imaginary part changes sign. Due to the finite graining of the
division, branch-cut crossings might be missed. In order to guarantee correctness of the
values of f⃗ , the smoothness of the square roots is analysed after integration, which is
made possible by storing the values of the square roots for each sampled t. In particular,
the software searches for sign changes of the imaginary part of the square roots which
do not agree with expected values obtained by interpolation. This check cannot be
done on the fly, because t is not necessarily increased with each call. If it is discovered
that some square root is not smooth, the complete procedure is restarted with 10
times more sampling points for the bracket search. Notice that the search for brackets
is substantially cheaper than a search for actual branch-cut crossings. Furthermore,
the procedure can be generalised to nested square roots and even arbitrary analytic
functions.

We should point out that the original differential-equation system for the master
integrals derived directly from integration-by-parts identities does not contain square
roots. We have compared the timings for the solution of a set of DEs without square
roots for the 237 special functions that do not take into account permutations. The
solution was about 20% slower than for the corresponding system with square roots.

5. The Bulirsch-Stoer algorithm requires local error estimates in order to determine the
size of the evolution step. The Boost library provides a default error checker, which
uses error estimates for each special function to determine a total error, which can
be a combination of absolute and relative errors and can even take into account the
size of the derivatives of the special functions. We are, however, not interested in a
precise determination of the special functions, but rather in a precise determination of
the amplitude. In order to achieve a predefined precision, we have modified the error
checker as follows. The normalised amplitude for gs = 1 derived from (2.20),

𝒬 ≡ 1
(4π)4

2
∑

colour

∑
pol.

ℛ(0)∗ℛ(2)

∑
colour

∑
pol.

∣∣ℛ(0)
∣∣2 , (4.8)

is computed as a vector of 3380 coefficients of monomials in the special functions. For
given estimated values f⃗(t) and errors ∆f⃗(t), we set the error estimate of the normalised
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amplitude to be

∆𝒬(t) =
[ 947∑

i=1

∣∣∣∂Q

∂fi

∣∣∣2
f⃗=f⃗(t)

∣∣∆fi(t)
∣∣2]1/2

. (4.9)

It turns out that 24 weight-4 non-elliptic special functions do not contribute to the
gg → tt̄g amplitude. For simplicity of implementation, we nevertheless still evaluate the
complete set which is needed for the amplitudes with light quarks on external lines. The
irrelevant functions simply do not contribute to the error estimate. We observe that
requesting a given precision for ∆𝒬(t) (4.9) yields a result for Q(t = 1) (see next point)
with an error of the same order. The Bulirsch-Stoer algorithm is thus very robust in
the sense that local and global precision are nearly the same. As far as implementation
is concerned, we had to modify the Boost code, because, contrary to other DE solvers
in the same library, the error checker is hardcoded. Fortunately, such a modification is
allowed by the copyright.

6. The error of the amplitude is determined by performing the integration starting from
two different d⃗0i points and comparing the results. The initial points are chosen at
random, and we observe that one of them always requires noticeably more evaluation
steps. Nevertheless, since the overall performance is satisfactory, we have not tried to
optimise the choice of the initial points w.r.t. the endpoint of the integration. In practice,
double precision is sufficient for about 10 digits precision at most phase-space points. If
required, the integrals can be evaluated with quadruple or even higher precision. The
limiting factor is the precision of the initial values, which are currently provided with
60 digits.

The performance of the numerical integration is illustrated in table 4.
Before closing this section, let us comment of the recent publication [122], which contains

a reappraisal of the numerical solution of DEs for high multiplicity problems. The authors
take two two-loop integral families from the leading colour gg → tt̄g amplitude as one of their
examples. They achieve a similar performance to ours, if we restrict our system to the same
integral set. Although the Bulirsch-Stoer algorithm from Boost is used in both cases, there
are important differences between our approach and the approach presented in ref. [122].
In particular, a linear system of DEs is integrated one variable at a time along a complex
curve in ref. [122] just as in ref. [120]. Furthermore, the integration curve for each variable is
chosen so that the square roots remain on the same branch, which is achieved by factorising
the arguments of the square roots into irreducible polynomials. The publication provides a
strategy to optimise the length of the integration curve made of multiple segments. Error
control is based on the standard error checker, and the authors discuss how to estimate the
total error after integration along all of the segments. While integration along one smooth
curve, as we do, has a certain elegance to it, there is one potential advantage to integrating
in each variable separately. Indeed, the connection matrix can be precomputed as a function
of just one single variable with the remaining variables replaced by their numerical values.
The evaluation time of the connection matrix is then vastly reduced and the numerical
stability improved. At the present moment, it is not possible to judge which strategy is
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float type
boundary

requested
|∆Q|

achieved
|∆Q|

maximal
|∆fi/fi|

number
of steps

number
of calls

call
time time

double
d⃗01

10−10 8.2× 10−10 1.4× 10−6 17 716 0.77 ms 0.56 s

double
d⃗02

10−10 8.2× 10−10 1.4× 10−6 28 1184 0.73 ms 0.89 s

dd_real
d⃗01

10−10 7.7× 10−11 1.3× 10−6 16 709 9.3 ms 6.7 s

dd_real
d⃗02

10−10 7.7× 10−11 1.3× 10−6 27 1166 9.3 ms 11 s

dd_real
d⃗01

10−20 3.8× 10−21 1.2× 10−16 42 3002 9.0 ms 27 s

dd_real
d⃗02

10−20 3.8× 10−21 1.2× 10−16 68 4873 9.0 ms 44 s

Table 4. Performance benchmarks for the numerical integration of DEs on SUSE Linux Enterprise 15,
Intel(R) Core(TM) i9-10980XE CPU @ 3.00GHz, software compiled with g++-13 -O2. The numbers
are averages over 100 points corresponding to unweighted Born events in the gg → tt̄g channel.
Achieved |∆Q| and maximal |∆fi/fi| have been determined by comparing the results obtained starting
from two different points d⃗01 and d⃗02. The floating-point types used are either the standard double or
dd_real from the QD library [121]. Number of calls and call time refer to calls to the function that
evaluates the connection matrix. The achieved |∆Q| in the first two rows is dominated by a single
point that only has 7.0× 10−8 precision.

better in general. This will be an interesting question once more variables are involved in
a higher-multiplicity problem.

5 Results

The analytic expression of the rational coefficients discussed in section 3 and the evaluation
strategy of the special functions presented in section 4 allow us to assemble an efficient
implementation of the two-loop leading colour pp → tt̄j amplitude that is suitable for direct
phenomenological applications. In our ancillary files [89], we provide the analytic expression
of the contracted helicity finite remainders F̃

(L)h3h4h5
x;i and scripts to evaluate numerically

the mass-renormalised contracted helicity amplitudes Ã
(L)h3h4h5
mren,x;i and hard functions ℋ(L) in

Wolfram’s Mathematica format, as well as a C++ library for fast numerical evaluation.

Checks. We have validated our results as follows:

• The analytic pole cancellation necessary to derive the finite remainders proves that our
results are consistent with the universal structure of UV/IR singularities (see section 2).

• We have checked the dependence of the finite remainders on the renormalisation scale
(µR), as provided in appendix B, by comparing the numerical values of the finite
remainders at a random phase-space point p⃗ with µR = Q0 ̸= 1 against an evaluation
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at the rescaled phase-space point p⃗/Q0 with µR = 1, and verifying that the ratio of the
two results is as prescribed by dimensional analysis.

• We have reproduced the numerical benchmarks provided in ref. [85] for 0 → t̄tggg. To
this end, we translated the massive spinor structures in eq. (3.5) into the notation of
refs. [85, 109] to link the contracted helicity amplitudes derived in this work to the
helicity subamplitudes A(L),[i] in eq. (3.4) of ref. [85].

• We cross checked the one-loop amplitude (up to 𝒪(ϵ2)) required for the two-loop UV and
IR counterterms against ref. [123]. We note the full-colour one-loop pp → tt̄j amplitudes
derived in ref. [123] have been thoroughly cross checked against OpenLoops [124] up to
𝒪(ϵ0). The comparison against the leading colour one-loop amplitudes derived in this
paper is achieved by removing the sub-leading colour contributions in the full-colour
amplitude of ref. [123].

Benchmarks. We will now provide benchmark numerical values for the hard functions
defined in eq. (2.20). We give numerical results for all scattering channels relevant for the tt̄j

production with stable top quarks; these include those from the 0 → t̄tggg partonic process,

gg → t̄tg : g(−p4) + g(−p5) → t̄(p1) + t(p2) + g(p3) , (5.1)

and those from 0 → t̄tq̄qg,

qq̄ → t̄tg : q(−p4) + q̄(−p5) → t̄(p1) + t(p2) + g(p3) ,

q̄q → t̄tg : q̄(−p4) + q(−p5) → t̄(p1) + t(p2) + g(p3) ,

qg → t̄tq : q(−p4) + g(−p5) → t̄(p1) + t(p2) + q(p3) ,

gq → t̄tq : g(−p4) + q(−p5) → t̄(p1) + t(p2) + q(p3) ,

q̄g → t̄tq̄ : q̄(−p4) + g(−p5) → t̄(p1) + t(p2) + q̄(p3) ,

gq̄ → t̄tq̄ : g(−p4) + q̄(−p5) → t̄(p1) + t(p2) + q̄(p3) .

(5.2)

In table 5 we present the numerical values of the hard functions evaluated at a random physical
phase-space point in the s45 channel. We choose the same benchmark point as in ref. [83]:

d12 = 4602
57095 GeV2 , d23 = 217

8151 GeV2 , d34 = − 8513
67193 GeV2 ,

d45 = 7
22 GeV2 , d15 = −14291

77626 GeV2 , m2
t = 1701

90164 GeV2 .
(5.3)

The strong coupling constant and the renormalisation scale are chosen to be

αs = 1 , µR = 17GeV . (5.4)

Numerical results for the mass-renormalised contracted helicity amplitude are provided
in the ancillary files for the independent colour structures ((ta3ta4ta5) ī1

i2
for 0 → t̄tggg and

δ ī1
i4

(ta5) ī3
i2

for 0 → t̄tq̄qg), independent helicity configurations (cf. eq. (3.19)) and unpermuted
scattering channels (gg → t̄tg and q̄g → t̄tq̄) with µR = 1GeV.
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0 → t̄tggg ℋ(0) [GeV−2] ℋ(1)/ℋ(0) ℋ(2)/ℋ(0)

gg → t̄tg 268350.649723 −26.4682819001 322.779928392

0 → t̄tq̄qg ℋ(0) [GeV−2] ℋ(1)/ℋ(0) ℋ(2)/ℋ(0)

qq̄ → t̄tg 84846.1219815 −12.2457197210 77.1742474127

q̄q → t̄tg 39186.3029738 −15.0696085114 109.314968526

qg → t̄tq 63115.3293016 −7.62559522058 50.4934637358

gq → t̄tq 88243.7106496 −11.5275362050 80.4225454869

q̄g → t̄tq̄ 30252.0699036 −11.5393226140 79.2838889381

gq̄ → t̄tq̄ 44510.2654758 −9.21990859071 58.9236118458

Table 5. Benchmark numerical results for the pp → tt̄j hard functions (defined in eq. (2.20)) in the
leading colour approximation at the physical point and parameters given in eqs. (5.3) and (5.4).

C++ implementation. In addition to the analytical expressions, a numerical implementa-
tion of the squared matrix elements is provided [89]. Besides example programs described
below, the C++ package consists of two parts: the implementation of the differential equation
solver for the special functions as described in section 4 and a code that evaluates the
rational coefficients and assembly of the squared matrix elements as defined in eq. (2.20).
The code requires a specification of the partonic channel, a set of four momenta {pi}i=1,5,
the top-quark mass mt, and the renormalisation scale µR as input (the couplings are set
to gs = 1 or equivalently αs = 1/(4π)).

The evaluation proceeds as follows to leverage the error-control strategy outlined in sec-
tion 4. First, the input momenta and renormalisation scale are rescaled by mt. Then the
3484 rational coefficients in front of the special functions are evaluated (this includes all
required permutations as well as the purely rational, ζ2 and ζ3 terms which increases the
number of elements with respect to eq. (4.8)). The coefficients are implemented as sparse
matrices and analytic expressions, which are loaded and parsed at runtime. The polynomial
expressions are stored in a custom text format that represents a Horner form. The coefficients
are then used as weights for the numerical solution of the special functions as described
in section 4 and to perform the error control on the squared matrix element level. If the
test on the numerical precision of the special functions is successful, we evaluate the 3484
special function monomials (mk(f⃗) in eq. (3.21), including ζ2 and ζ3) — not required for the
accuracy test in eq. (4.9) — and combine them with the rational coefficients to obtain the
helicity amplitudes. The µR-depending parts are restored using the equation in appendix B
for µ′

R = µR/mt and the squared matrix elements are assembled by performing the colour
and helicity sums. After restoring the overall mt rescaling of the amplitudes, the results
for the hard functions in eq. (2.20) are returned.

The code uses higher floating-point precision through the QD package [121]. In particular,
the evaluation of the rational functions proved numerically challenging, to the extent that
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Channel Functions [s] Coefficents [s] Assembly [s] total [s]
gg → t̄tg 2.69 30.90 1.58 35.17
q̄g → t̄tq̄ 2.16 9.40 0.18 11.74
qg → t̄tq 2.50 9.62 0.21 12.33
qq̄ → t̄tg 2.12 9.30 0.18 11.60

Table 6. Evaluation times in seconds for the different channels including a break down into different
stages. The numbers have been obtained with on Ubuntu 22.04, with a 12th Gen Intel(R) Core(TM)
i5-1240P processor, and compilation with gcc-11 -O2. The difference in timing for the special
functions in comparison with table 4 is due to the evaluation for two boundary points and a different
CPU. A substantial variance with respect to the used CPU and compilation options has been observed
and should be kept in mind when comparing to these numbers, implying that they are for indicative
purposes only.

evaluation using standard double floating-point numbers is not sufficiently stable to yield
meaningful values of the squared two-loop hard functions. For that reason, the default is to
use the dd_real type for the rational coefficients and double for the special functions. A
checked evaluation of the amplitude using a rescaling test is also provided.

The package has been tested to reproduce the number in table 5 (this test can be repeated
using the validate program provided) and has been used to successfully evaluate about 90k
physical top-quark pair plus jet phase-space points at the 13 TeV LHC. The average evaluation
times broken down into coefficients, special functions, and assembly, are shown in table 6.
Most of the time is spent evaluating the rational functions and their permutations: about
30 seconds for the gg channel and 10 seconds for the qg and qq̄ channels. The evaluation of
the special functions for two boundary points and the assembly takes about 3–4 seconds in
total. The test can be repeated using the performance program.

The numerical stability of the hard function has been tested on a set of phase-space
points by using the implemented scaling test and a comparisons between evaluations using
dd_real and qd_real floating-point types for the rational coefficients. For the scaling test,
all momenta, the top-quark mass and the renormalisation scale have been multiplied by a
factor f (here f = 10) and the resulting amplitude multiplied with the expected energy
scaling (f2). The number of agreeing digits between the original and scaled amplitude is
shown in figure 1 for both floating point types. Additionally, the numerical stability has
been gauged by comparing the results for dd_real and qd_real floating-point types directly.
The good agreement between the scaling test for dd_real and the comparison to the more
stable qd_real evaluations for unstable phase space points (i.e. below approximately 5 correct
digits) indicates the reliability of the scaling test and error control on the special functions as
outlined in section 4. To achieve 5-digit accuracy on the two-loop hard function, we needed
about 4% to be evaluated with qd_real precision.

Finally, we give some technical remarks on the usage of the provided package. The
memory load can be quite high, driven by the rational coefficients, and at least 16 GB of
RAM is recommended. The first evaluation during runtime takes substantially (3–4 times)
longer than the given average, since the analytic expressions need to be read and interpreted;
afterwards, they are in memory, and the quoted evaluation times can be achieved. We only
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Figure 1. Estimated number of correct digits of the two-loop hard function for evaluations with
dd_real, in blue, and qd_real, in green, floating point precision for the rational coefficients. The
number of correct digits is estimated through a scaling test. A comparison to the relative difference
between dd_real and qd_real evaluations is shown in orange. The special functions are evaluated in
double precision in both cases.

implement four of the channels (gg → t̄tg, q̄g → t̄tq̄, qg → t̄tq, and qq̄ → t̄tg) explicitly
since all others can be obtained by permuting the input momenta. A program to directly
evaluate the special functions, dubbed integrate, is provided. More details on the usage of
the provided libraries and programs can be found in the software documentation.

6 Conclusions

In this article we have completed the computation of the two-loop double virtual QCD
corrections to the process pp → tt̄j in the leading colour approximation. This provides the
final ingredient required for the production of differential cross section predictions at NNLO
in QCD, in the aforementioned approximation, necessary to keep theoretical uncertainties
inline with current experiments. Modern techniques were essential to overcome bottlenecks at
many stages of the computation owing to the considerable analytic and algebraic complexity.
Using four-dimensional projectors, we reconstructed analytic forms for the two-loop helicity
finite remainders from finite field evaluations. The use of univariate partial fractioning in the
momentum-twistor variables was essential to reduce the polynomial degrees to a manageable
level. Another substantial challenge is the appearance of elliptic structures in the master
integrals and their impact on the computation. In particular, the numerical evaluation of
these functions in a phenomenologically viable way remains an open problem. We addressed
this issue by constructing a (possibly) over-complete basis of special functions that satisfy
DEs involving only algebraic functions [85]. Furthermore, we presented a new method for
the numerical solution of the differential equations for the special functions making use
of the Bulirsch-Stoer algorithm that shows promising performance in terms of both speed
and numerical stability also in view of general applications to other complicated Feynman
integrals. We implemented the evaluation of both the special functions and their rational
coefficients in the amplitudes into a C++ library suitable for phenomenological studies [88].
We note that the representation of the finite remainders presented here can also be used to
include top quark decays in the narrow width approximation.
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The final results do raise some open questions. In our implementation we see that the
size of the rational coefficients and large cancellations between terms in the hard function are
the bottleneck in the computation and often require quadruple precision numerics. It would
certainly be beneficial to explore possibilities to reduce this cost in future implementations,
in particular when looking at direct comparison with experimental data and the extraction
of SM parameters, which put additional strain on Monte Carlo simulations. In fact, recent
presentations of the two-loop amplitudes for pp → 3j [58, 59] and pp → V jj [62], building
on the approach proposed in ref. [125], show that such optimisations are not without hope.
Applications of this procedure with massive fermions have also been possible at one-loop [126].
There have even been proposals that Machine Learning algorithms could be used to simplify
spinor-helicity expressions [127], although there would need to be further developments before
applications to the expressions derived here could be attempted. Lifting the leading colour
approximation is desirable, indeed all other contributions at NNLO are known at full colour,
but will introduce another level of complexity which will require new ideas to overcome.
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A Renormalisation factors and anomalous dimensions

In this appendix we list the renormalisation constants entering the subtraction of UV
singularities according to eqs. (2.9) and (2.10). Their expansion in the strong coupling
constant is

ᾱs = αs

{
1 +

(
αs

4π

)
δZ(1)

αs
+
(

αs

4π

)2
δZ(2)

αs

}
+ 𝒪

(
α4

s

)
, (A.1)

Zm = 1 +
(

ᾱs

4π

)
δZ(1)

m +
(

ᾱs

4π

)2
δZ(2)

m + 𝒪
(
ᾱ3

s

)
, (A.2)

Zt = 1 +
(

ᾱs

4π

)
δZ

(1)
t +

(
ᾱs

4π

)2
δZ

(2)
t + 𝒪

(
ᾱ3

s

)
, (A.3)

where ᾱs and αs are the bare and renormalised coupling constants, respectively. The mass-
renormalisation counterterms are provided in the integral representation to allow for the
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direct computation of the mass-renormalised amplitude in our finite-field framework. In the
tHV scheme, keeping only terms contributing at leading colour, they are given by [128]

δZ(1)
m = Nc

(1− ϵ)(3− 2ϵ)
2(1− 2ϵ)m2

t

I1 , (A.4)

δZ(2)
m = N2

c

{
− (1− ϵ)2(3− 4ϵ2)

4(1− 2ϵ)2m4
t

I2 +
(1− ϵ)(−7 + 8ϵ + 12ϵ2 − 16ϵ3)

4(1− 2ϵ)(1− 4ϵ)m2
t

I3

}
+ Ncnf

(1− ϵ)(1− 2ϵ)
(1− 4ϵ)m2

t

I3 . (A.5)

The integrals Ii are defined by

I1 = eϵγE

∫ ddk1
iπd/2

1
k2

1 − m2
t

, (A.6)

I2 = e2ϵγE

∫ ddk1
iπd/2

ddk2
iπd/2

1
(k2

1 − m2
t )(k2

2 − m2
t )

, (A.7)

I3 = e2ϵγE

∫ ddk1
iπd/2

ddk2
iπd/2

1
(k2

1 − m2
t )k2

2(k1 + k2 + p)2 , (A.8)

with p2 = m2
t . The one- and two-loop strong coupling renormalisation constants are

δZ(1)
αs

= −β0
ϵ

, (A.9)

δZ(2)
αs

= β2
0

ϵ2 − β1
2ϵ

, (A.10)

while those for the top-quark wave function, derived in the Feynman gauge, are [129]

δZ
(1)
t = eϵγEΓ(1 + ϵ)

(m2
t )ϵ

CF

(
−3

ϵ
− 4

1− 2ϵ

)
, (A.11)

δZ
(2)
t = e2ϵγEΓ2(1 + ϵ)

(m2
t )2ϵ

{
C2

F

( 9
2ϵ2 + 51

4ϵ
+ 433

8 − 24ζ3 + 96ζ2 log(2)− 78ζ2

)
+ CF CA

(
− 11

2ϵ2 − 101
4ϵ

− 803
8 + 12ζ3 − 48ζ2 log(2) + 30ζ2

)
(A.12)

+ CF TF nf

( 2
ϵ2 + 9

ϵ
+ 8ζ2 +

59
2

)}
.

The beta-function coefficients are

β0 = 11
3 CA − 4

3TF nf , (A.13)

β1 = 34
3 C2

A − 20
3 CATF nf + 4CF TF nf , (A.14)

with
CA = Nc , CF = Nc

2 , TF = 1
2 . (A.15)

We note that a prefactor of (4π)Lϵe−LϵγE (where L is the loop order) has been removed from
the renormalisation constants δZ

(L)
m , δZ

(L)
αs and δZ

(L)
t such that they match the prefactor

convention of the L-loop amplitude specified in eqs. (2.6) and (2.7). We also provide
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the anomalous dimensions required for the subtraction of IR singularities as specified in
eqs. (2.13), (2.14) and (2.16) [92, 93]:

γcusp
0 = 4 , (A.16)

γcusp
1 =

(
268
9 − 4π2

3

)
CA − 80

9 TF nf , (A.17)

γg
0 = −β0 , (A.18)

γg
1 = C2

A

(
−692

27 + 11
18π2 + 2ζ3

)
+ CATF nf

(
256
27 − 2π2

9

)
+ 4CF TF nf , (A.19)

γq
0 = −3CF , (A.20)

γq
1 = C2

F

(
−3
2 + 2π2 − 24ζ3

)
+ CF CA

(
−961

54 − 11π2

6 + 26ζ3

)

+ CF TF nf

(
130
27 + 2π2

3

)
, (A.21)

γQ
0 = −2CF , (A.22)

γQ
1 = CF CA

(
2π2

3 − 98
9 − 4ζ3

)
+ 40

9 CF TF nf . (A.23)

B Scale dependence of the finite remainders

We derived analytic expressions for the one- and two-loop leading colour finite remainders
for 0 → t̄tggg and 0 → t̄tq̄qg with the renormalisation scale (µR) set to 1. In this appendix
we provide explicit formulae to restore their dependence on µR. We define the µR-restoring
term δF

(L),i
x for the term F

(L),i
x of the partial finite remainder ℱ(L)

x defined in eq. (2.19) as

F (L),i
x (µ2

R) = F (L),i
x (µ2

R = 1) + δF (L),i
x (µ2

R) . (B.1)

For 0 → t̄tggg, the µR-restoring terms are given by

δF (1),Nc
g (µ2

R) = F (0)
g

{
log(µ2

R)
(
− 1 + g1

)
− 3

2 log2(µ2
R)
}

, (B.2)

δF
(1),nf
g (µ2

R) = 0 , (B.3)

δF (2),N2
c

g (µ2
R) = F (1),Nc

g (µ2
R = 1)

{
log(µ2

R)
(8
3 + g1

)
− 3

2 log2(µ2
R)
}

+ F (0)
g

{
log(µ2

R)
[
− 242

9 + 67g1
9 +

(15
2 − 2g1

)
ζ2 + ζ3

]
(B.4)

+ log2(µ2
R)
(
− 25

2 + 5g1
6 + g2

1
2 + 3ζ2

)
+ log3(µ2

R)
(
− 1

3 − 3g1
2

)
+ 9

8 log4(µ2
R)
}

,
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δF
(2),Ncnf
g (µ2

R) = −2
3F (1),Nc

g (µ2
R = 1) log(µ2

R)

+ F
(1),nf
g (µ2

R = 1)
{
log(µ2

R)
(8
3 + g1

)
− 3

2 log2(µ2
R)
}

(B.5)

+ F (0)
g

{
log(µ2

R)
(29

9 − 10g1
9 − ζ2

)
+ log2(µ2

R)
(
2− g1

3

)
+ 1

3 log3(µ2
R)
}

,

δF
(2),n2

f
g (µ2

R) = −2
3F

(1),nf
g (µ2

R = 1) log(µ2
R) , (B.6)

while for 0 → t̄tq̄qg they read

δF (1),Nc
q (µ2

R) = F (0)
q

{
log(µ2

R)
(7
6 + g2

)
− log2(µ2

R)
}

, (B.7)

δF
(1),nf
q (µ2

R) = −2
3F (0)

q log(µ2
R) , (B.8)

δF (2),N2
c

q (µ2
R) = F (1),Nc

q (µ2
R = 1)

{
log(µ2

R)
(29

6 + g2

)
− log2(µ2

R)
}

+ F (0)
q

{
log(µ2

R)
[
− 2275

216 +
(67

9 − 2ζ2

)
g2 +

4
3ζ2 + 6ζ3

]
(B.9)

+ log2(µ2
R)
(
− 37

8 + 3g2 +
g2

2
2 + 2ζ2

)
+ log3(µ2

R)
(
− 43

18 − g2

)
+ 1

2 log4(µ2
R)
}

,

δF
(2),Ncnf
q (µ2

R) = −4
3F (1),Nc

q (µ2
R = 1) log(µ2

R)

+ F
(1),nf
q (µ2

R = 1)
{
log(µ2

R)
(29

6 + g2

)
− log2(µ2

R)
}

(B.10)

+ F (0)
q

{
log(µ2

R)
(
− 71

54 − 10g2
9 + 2

3ζ2

)
+ log2(µ2

R)
(
− 23

18 − g2

)
+ 8

9 log3(µ2
R)
}

,

δF
(2),n2

f
q (µ2

R) = −4
3F

(1),nf
q (µ2

R = 1) log(µ2
R) +

4
9F (0)

q log2(µ2
R) . (B.11)

Here, g1 and g2 are shorthands for the following linear combinations of weight-1 special
functions,

g1 = −f
(1)
1 + f

(1)
3 + f

(1)
4 + f

(1)
5 + f

(1)
6 , (B.12)

g2 = −f
(1)
1 + f

(1)
3 + f

(1)
5 + f

(1)
6 , (B.13)

where we omit the argument d⃗. These functions can be expressed in terms of logarithms
of d⃗ as in eq. (4.10) of ref. [85].
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C Contracted helicity finite remainders under external momentum
permutations

The computation of the colour dressed finite remainders entering the hard functions requires
the evaluation of the partial finite remainders ℱ(L)

x for different permutations of the external
momenta according to eqs. (2.17) and (2.18). For a convenient bookkeeping when building
the hard functions, we choose to use the same massive spinor structure in the decomposition
of the partial amplitudes in eq. (3.4) (which holds similarly for the partial finite remainders)
for all permutations, i.e. we keep the external momenta fixed in Ψi and Ωij . Dropping the
helicity (h3h4h5) and x indices for better readability, the partial finite remainder ℱ(L) for an
ordering of the external momenta ϑ′ related to ϑ = (12345) by a permutation σ is given by

ℱ(L)(ϑ′) =
4∑

i=1
Ψi(ϑ)𝒢(L)

i (ϑ′) , (C.1)

where

𝒢(L)
i (ϑ′) =

4∑
j=1

(
Ω−1(ϑ)

)
ij

∑
pol.

Ψ†
i (ϑ)ℱ(L)(ϑ′) . (C.2)

We evaluate 𝒢(L)
i (ϑ′) from the contracted helicity finite remainders ℱ̃(L)

i (ϑ′), that in turn
we evaluate by permuting the external momenta in the analytic expression we computed
for ℱ̃(L)

i (ϑ). To this end, we note that the contracted helicity finite remainder ℱ̃(L)
i for

the ordering ϑ′ corresponds to

ℱ̃(L)
i (ϑ′) =

∑
pol.

Ψ†
i (ϑ

′)ℱ(L)(ϑ′) , (C.3)

with a mismatch in the argument of Ψ†
i with respect to eq. (C.2). Therefore, in order to

evaluate 𝒢(L)
i (ϑ′), we need to rewrite

∑
pol. Ψ

†
i (ϑ)ℱ(L)(ϑ′) in eq. (C.2) in terms of ℱ̃(L)

i (ϑ′).
Below we provide these relations for all the external momentum orderings ϑ′ needed to
build the hard functions:

• ϑ′
1 = (12354)

∑
pol.

Ψ†
1(ϑ)ℱ(L)(ϑ′

1) = ℱ̃(L)
1 (ϑ′

1) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

1) = ℱ̃(L)
2 (ϑ′

1) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

1) = −ℱ̃(L)
2 (ϑ′

1)− ℱ̃(L)
3 (ϑ′

1) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

1) = −2d12
m2

t

ℱ̃(L)
1 (ϑ′

1) + 2ℱ̃(L)
2 (ϑ′

1)− ℱ̃(L)
4 (ϑ′

1) .

(C.4)
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• ϑ′
2 = (12435) ∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
2) = ℱ̃(L)

1 (ϑ′
2) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

2) = ℱ̃(L)
3 (ϑ′

2) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

2) = ℱ̃(L)
2 (ϑ′

2) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

2) =
2d34
m2

t

ℱ̃(L)
1 (ϑ′

2)− ℱ̃(L)
4 (ϑ′

2) .

(C.5)

• ϑ′
3 = (12453)∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
3) = ℱ̃(L)

1 (ϑ′
3) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

3) = −ℱ̃(L)
2 (ϑ′

3)− ℱ̃(L)
3 (ϑ′

3) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

3) = ℱ̃(L)
2 (ϑ′

3) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

3) =
2(d15 − d23)

m2
t

ℱ̃(L)
1 (ϑ′

3)− 2ℱ̃(L)
2 (ϑ′

3) + ℱ̃(L)
4 (ϑ′

3) .

(C.6)

• ϑ′
4 = (12534)∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
4) = ℱ̃(L)

1 (ϑ′
4) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

4) = ℱ̃(L)
3 (ϑ′

4) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

4) = −ℱ̃(L)
2 (ϑ′

4)− ℱ̃(L)
3 (ϑ′

4) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

4) =
2(d34 + d45 − d12 − d23 − m2

t )
m2

t

ℱ̃(L)
1 (ϑ′

4)

+ 2ℱ̃(L)
3 (ϑ′

4) + ℱ̃(L)
4 (ϑ′

4) .

(C.7)

• ϑ′
5 = (12543)∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
5) = ℱ̃(L)

1 (ϑ′
5) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

5) = −ℱ̃(L)
2 (ϑ′

5)− ℱ̃(L)
3 (ϑ′

5) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

5) = ℱ̃(L)
3 (ϑ′

5) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

5) =
2(d15 − d23 + d45)

m2
t

ℱ̃(L)
1 (ϑ′

5)− 2ℱ̃(L)
3 (ϑ′

5)− ℱ̃(L)
4 (ϑ′

5) .

(C.8)
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• ϑ′
6 = (21345) ∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
6) = ℱ̃(L)

1 (ϑ′
6) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

6) = −ℱ̃(L)
2 (ϑ′

6) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

6) = −ℱ̃(L)
3 (ϑ′

6) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

6) =
2d34
m2

t

ℱ̃(L)
1 (ϑ′

6)− ℱ̃(L)
4 (ϑ′

6) .

(C.9)

• ϑ′
7 = (21354)∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
7) = ℱ̃(L)

1 (ϑ′
7) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

7) = −ℱ̃(L)
2 (ϑ′

7) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

7) = ℱ̃(L)
2 (ϑ′

7) + ℱ̃(L)
3 (ϑ′

7) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

7) =
2(−d12 − d23 + d34 + d45 − m2

t )
m2

t

ℱ̃(L)
1 (ϑ′

7)

− 2ℱ̃(L)
2 (ϑ′

7) + ℱ̃(L)
4 (ϑ′

7) .

(C.10)

• ϑ′
8 = (21435) ∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
8) = ℱ̃(L)

1 (ϑ′
8) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

8) = −ℱ̃(L)
3 (ϑ′

8) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

8) = −ℱ̃(L)
2 (ϑ′

8) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

8) = ℱ̃(L)
4 (ϑ′

8) .

(C.11)

• ϑ′
9 = (21453)∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
9) = ℱ̃(L)

1 (ϑ′
9) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

9) = ℱ̃(L)
2 (ϑ′

9) + ℱ̃(L)
3 (ϑ′

9) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

9) = −ℱ̃(L)
2 (ϑ′

9) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

9) =
2(d15 − d23 + d45)

m2
t

ℱ̃(L)
1 (ϑ′

9) + 2ℱ̃(L)
2 (ϑ′

9)− ℱ̃(L)
4 (ϑ′

9) .

(C.12)
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• ϑ′
10 = (21534)∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
10) = ℱ̃(L)

1 (ϑ′
10) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

10) = −ℱ̃(L)
3 (ϑ′

10) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

10) = ℱ̃(L)
2 (ϑ′

10) + ℱ̃(L)
3 (ϑ′

10) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

10) = −2d23
m2

t

ℱ̃(L)
1 (ϑ′

10)− 2ℱ̃(L)
3 (ϑ′

10)− ℱ̃(L)
4 (ϑ′

10) .

(C.13)

• ϑ′
11 = (21543)∑

pol.
Ψ†

1(ϑ)ℱ(L)(ϑ′
11) = ℱ̃(L)

1 (ϑ′
11) ,

∑
pol.

Ψ†
2(ϑ)ℱ(L)(ϑ′

11) = ℱ̃(L)
2 (ϑ′

11) + ℱ̃(L)
3 (ϑ′

11) ,

∑
pol.

Ψ†
3(ϑ)ℱ(L)(ϑ′

11) = −ℱ̃(L)
3 (ϑ′

11) ,

∑
pol.

Ψ†
4(ϑ)ℱ(L)(ϑ′

11) =
2(d15 − d23)

m2
t

ℱ̃(L)
1 (ϑ′

11) + 2ℱ̃(L)
3 (ϑ′

11) + ℱ̃(L)
4 (ϑ′

11) .
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