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Abstract: In this paper, the optimal control theory is applied to a temperature optimization
problem by coupling finite element and finite volume codes. The optimality system is split
into the state and adjoint system. The direct problem is solved by the widely adopted finite
volume OpenFOAM code and the adjoint-control equation using a variational formulation
of the problem with the in-house finite element FEMuS code. The variational formulation
of the problem is the natural framework for accurately capturing the control correction
while OpenFOAM guarantees the accuracy of the state solution. This coupling is facilitated
through the open-source MED and MEDCoupling libraries of the SALOME platform. The
code coupling is implemented with the MED libraries and additional routines added in the
FEMuS and OpenFOAM codes. We demonstrate the accuracy, robustness, and performance
of the proposed approach with examples targeting different objectives using distributed
and boundary controls in each case.

Keywords: heat equation; optimal control; coupling codes; FVM; FEM

MSC: 49M41

1. Introduction

It is well known that the mathematical modeling of physical phenomena represents
an alternative approach, and it is often advantageous in terms of time and resources
when compared to experimental methods for studying complex systems. These problems,
modeled through PDEs, depend on the input dataset, such as material physical properties,
boundary conditions, and source terms. In many engineering applications, the correct
boundary conditions that suit a target interior solution are found by a try-and-fail approach
with high computational costs. On the other hand, the optimal control approach aims to
determine these parameters by minimizing a cost function that represents some target
condition of the system [1].

The use of optimal control theory requires the introduction of the inverse problem.
The direct solution of the inverse problem, which allows rapid achievement of the goal and
innovative solutions to the problem, can be carried out with the variational formulation
of partial differential equations [2]. With respect to direct simulations, the resolution
of an optimal control problem requires solving the optimality system formed by state,
adjoint, and control coupled systems. In the context of fluid mechanics, optimal control has
been already demonstrated as a valuable tool for reaching desired physical quantities and

Mathematics 2025, 13, 238

https://doi.org/10.3390/math13020238


https://doi.org/10.3390/math13020238
https://doi.org/10.3390/math13020238
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0009-0005-9565-7236
https://orcid.org/0000-0002-0773-2357
https://orcid.org/0000-0002-1985-7309
https://orcid.org/0009-0003-6442-761X
https://orcid.org/0000-0001-8217-9072
https://orcid.org/0000-0002-8233-7904
https://doi.org/10.3390/math13020238
https://www.mdpi.com/article/10.3390/math13020238?type=check_update&version=4

Mathematics 2025, 13, 238

2 of 24

effects [3-6]. A schematic representation of a generic optimal control problem solved with
the adjoint method is reported in Figure 1.

For this reason, several specialized codes in solving specific physics cannot directly
implement the optimality control, although using a well-validated code would greatly
increase the reliability of the optimization. The solution could be to keep this standalone
code for solving the specialized physics and another one for the remaining part of the
optimality system. The validated code, which solves for the state system, takes data
from the control equation. For that reason, the two codes must be coupled. This strategy
avoids the reimplementation of well-known equations representing the state system, while
different codes can be chosen to address the variational formulation arising for the adjoint
and control equations.

State code

State variables

Control parameter Control code

Figure 1. Optimal control problem with adjoint equations.

In this paper, we present a simple temperature optimization, which is achieved by cou-
pling our in-house FEMuS code with the widely adopted OpenFOAM code. This coupling
is facilitated through the open-source MED and MEDCoupling libraries. These codes have
been chosen to better address the different requirements arising from the optimal control
problem. The finite element code FEMuS suits the correct variational formulation of the
optimality system (particularly for the adjoint and control equations). The state equations
can be solved with the widely adopted finite-volume code OpenFOAM, which has been
extensively validated for most fluid mechanics applications. The coupling is performed
using MED libraries and ad hoc routines added in the FEMuS and OpenFOAM codes [7,8].
A similar approach has been achieved considering the preCICE library, which offers the
possibility of coupling different codes addressing multiphysics and multiscale problems.
The interested reader can consult [9-12] and the references therein for further details on
this alternative implementation. Regarding optimal control problems involving different
physics (FSI, turbulence modeling, boundary control with fractional operators, etc.), the
interested reader can consult [13-15] for details on the FEMuS code and [16,17] for the
OpenFOAM code. Considering a similar temperature optimization problem, the interested
reader can also consult [18,19] and the references therein, where a comparison of different
regularization methods for the boundary control problem are presented. In [20], the author
proposes a new method for solving the boundary optimal control problems of the heat
equation, considering a continuous adjoint equation. In this way, they introduced a PDE
describing the spatial and temporal dynamics of the boundary control variable to satisfy the
regularity requirement of the adjoint variable, avoiding ill-conditioned numerical solutions.

We demonstrate the accuracy, robustness, and performance of the proposed approach
with an example targeting different objectives with distributed and boundary control for
each case. In the first case, the control parameter corresponds to a volumetric heat source. In
the latter case, depending on whether the control is located, it may be the wall temperature
(Dirichlet type) or a heat flux (Neumann type). This paper is organized as follows: First,
we describe the optimal control problem with distributed or boundary controls. After that,
we recall the coupling algorithm between the employed CFD codes and the MED library
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as a supervisor. Finally, we present the numerical results obtained with the coupled and
uncoupled algorithm in order to draw some conclusions.

2. Optimal Control Problem

The finite-volume framework, of which OpenFOAM is a prime example, is tradition-
ally well suited for flow applications of any kind. On the other hand, optimal control theory
stems from the finite element framework, and its concepts are naturally evaluated in that
approach. In this section, we introduce the variational formulation of the optimal control
problem to better understand what components are required for the implementation of an
objective-oriented framework, such as the one we display later in this paper. Each type
of control is described considering the final equation system to be solved, and then the
minimization algorithm is enforced using a standard conjugate gradient method.

We recall some standard notation of functional spaces [21]. Let O be a domain () C R”,
with n = 2,3, or its boundary T, or a part of it. Also, let H°(O) be the standard Sobolev
space of order s. Naturally, we have H?(O) = L?(O). We now consider a cost function, or
functional, in the following form:

1 A
F(”/‘P):§||¢_¢0HL2+§H1’IHH5/ (1)

where ¢ is a generic state variable subject to the control, ¢y is the target, u is the control
parameter, and A represents a penalty coefficient. With the latter parameter, the regulariza-
tion term can increase or decrease the penalization by different weights on the functional.
We underline that regularization terms that involve the derivative of the control variable
are not considered in this paper. Naturally, the first term in (1) represents the objective term
or objective functional.

The control is performed on a steady-state temperature distribution without the
convective term. Therefore, considering the gradient operator V and the Laplacian operator
A, the state equation to be satisfied by the temperature T = ¢ is

—aAT=0Q in(Q),
ngd OHFD, (2)
aVT-n=g, only,

where n represents the outward normal unit vector to the considered boundary, « is the
thermal diffusivity, Q the volumetric source term, and g; and g, are the two suitable
functions defined on I'p and I'y, respectively. The boundary o(} is split into two parts,
with Neumann and Dirichlet boundary conditions applied: I'y and I'p. All the constraints
of the problem are expressed in the Lagrangian, which is an auxiliary function defined as

E(Q/ T, Ta) = ]:(Q; T) - <(_D‘AT - Q)/ Ta>L2 ’ (3)

where T is the Lagrangian multiplier or, in this case, the adjoint temperature. Naturally,
we denote by (-, -) the dot product.

For each type of control, the system of equations to be solved is derived, considering
the state, the adjoint, and the control equation.

2.1. Distributed Control

The distributed control parameter is a volumetric heat source Q. Therefore, the
functional is written as

F(Q,T) = %/Q (T—Td)2d0+%/QQ2dQ. 4)
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The Lagrange equation described in (3) can be written explicitly as

1 A
L(Q,T,Ta):i/nd(T—Td)z dQ—i—E/QQZ dQ+/Q(ocAT)Ta dQ+/OQTa 40— .
—/rd(T—gd)Tudl"—/rn(ocVT-n—gn)Tadl".

In differentiating the Lagrangian with respect to the state variable T, we obtain the system
of equations for the adjoint variable T,

L s1(0,1,T,) :/Q (T — T))6TdQ+

aT , ©
+ / (€AST)T, dQ — / (6T)T, dT — / (V4T - n)T, dT,
Q JTy Iy

where the two boundary terms are zero due to boundary conditions on T. Then, we
integrated by parts to isolate the variation 6T

/(zxA(ST)Tu 0 = /(ocV(STm)Tg dr—/ «VT - VT, dQ)
JQ JT Q
- /(sz(ST-n)Ta dF—/a(ST(VTH-n) dr-+ @)
T T

+ [ abT AT, 40,
Q
where, this time, the two boundary terms were zero, respectively, on I'; and I'y

/ («V6T -n)T, dT = [ (aV4T-n)T, dr,
r I,

/a(s:r(vn-n) dF:/ WST(VT, -n) dr,
T

Tn
thus resulting in the boundary condition terms for the adjoint variable. Rewriting (6) with
the above modifications yields the adjoint problem in weak form
oL

oL 5T(Q,T, T,) :/(zxATa)(STd(H— (T—T)oTdQ+ [ T, (wVoT - n) dl+
oT O Q4 Iy

)
- / («V'T, - n)oT dT,
Ty
which must hold for every variation 6T, and it is equivalent to the adjoint problem (9).
%(5 T(Q, T, T,) represents the Fréchet derivative of the Lagrangian computed along the
direction given by the state variable T [22].
Thus, the equation for the adjoint temperature reads

aAT, = —(T - T;)®q, onQ,
T, =0 onTp), &)
aVT, n=0 onTy,

where @, is the Heaviside function that is equal to one only in the target region (). The
adjoint equation is identical to the state formulation since we only consider the Laplacian
operator. The right-hand side term is different from zero only in the target regions, as
indicated by the Heaviside function.

The optimal control problem can be formulated as finding the minimum of the func-
tional (4), the condition for which the variables are considered optimal. We denote the



Mathematics 2025, 13, 238

50f24

optimal solution with an overline; thus, the optimal control Q must satisfy the Euler
equation

L
579Q(QT,Ta) = 0. (10)

Therefore, deriving the functional with respect to the control parameter Q, we obtain the
Euler equation in its weak form

aL
9Q

and thus the optimal control must satisfy the following equation

5Q(Q,T,Tu):/\/OQéQdQ—ir/QTa(SQdQ,

— T,
Q= - (11)
The optimal control parameter Q exactly follows the optimal adjoint temperature T, with
an opposite sign and scaled by the parameter A.

Although the Euler equation provides a definition of the optimal control variable,
it is not sufficient for the numerical solution of the problem since it shows the behavior
of the optimal solution of the optimization problem without any information on how to
reach it. For most of the methods, the knowledge of the functional derivative is sufficient
to calculate the direction for the functional minimization. For this reason, we define the

functional derivative in the Q direction as

;o oL _ /
Fo=MQ+Te,  556Q(QTT) _/QfostQ. (12)

2.2. Neumann and Dirichlet Boundary Controls

For the Dirichlet boundary control, the control parameter is the imposed wall temper-
ature T.. Therefore, the state problem becomes

—aAT = Q in (),
T=ga onTj;,

(13)
T=g;+T. onI,,

aVT-n=gy, only,

where T'. is the controlled boundary. Note that for the Dirichlet boundary case, I'p can be
interpreted as the union of I'; and I'c. The functional is rewritten as

1 AT
F(T.,T) = E/Q (Tde)2dQ+§/r T24T, (14)
d c

where the regularization term is calculated again in L?. Note that, considering the tem-
perature variable T € H'(Q), its boundary value should be theoretically sought in the
fractional space H'/2. On the other hand, since the computation of fractional operators is
not straightforward, we assume to compute the regularization term considering a standard
L?-norm. In this way, we expand the solution space for the control variable, considering
less regularized solutions [23]. Similarly to the distributed control, the adjoint problem is
obtained through the differentiation of the Lagrangian functional

%5T(Tc, T,T,) = / (aAST)T, dQ— | (T — T;)6TdQ — (T,)6T dT—
oT Ja Q T+T. (15)

—/ («V T, -n)éTdT,
I'n
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following the same steps shown for the distributed case. Therefore, we have the system for
the adjoint variable as follows:

aAT; = —(T - T;)®q, onQ),
T,=0 onl;, I, (16)
aVT, - n=0 only.
Lastly, the Lagrangian is rewritten, integrating by part the Laplacian term, as shown in

(7), and it is then differentiated with respect to the control T, in order to obtain the Euler
equation in its weak form

L ST.(T., T, T,) = A/ T,6T.dT — / W8T, VT, - dl (17)
dT, T. Tc
and strong form
. T.
T = o V1o 2l (18)
A
The resulting functional derivative along the direction T, can be defined as
/ oL /
Fr. = AT —aV T, n|r,, ﬁéTC(TC, T,T,) = /Q Fr, 6TcdQ). (19)
c

For the Neumann boundary control, the control parameter is the heat flux H imposed
at the wall. Therefore, the state problem and the functional are redefined as follows.

—aAT=Q inQ,
T=g; onIp,

(20)
aVT-n=g, onlj,
«aVT-n=H onIl,,
where, naturally, we now have I'y = I'; UT.. Therefore, the functional reads as
1 2 A 2
F(H,T)== (T—T))"dQ+ = | H-dT. (21)
2 Joy, 2Jr.

Again, from the Lagrangian, the control system can be derived in a manner fully analogous
to the previous two cases, where the adjoint problem reads

IXATQ = _(T_Td)®0d on Q,
T, =0 onTp), (22)
aVT, n=0 onl; I,

and the optimal control expression results in

Z_ T
H=--" 2
T (23)

and the functional derivative along H is defined as

Fl=AH+T,, %(SH(H,T,TH) :/Qf;,JHdQ. (24)
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2.3. Conjugate Gradient Method and Numerical Solution

To numerically solve the stated problems, we employed the conjugate gradient (CG)
method [24]. This minimization technique belongs to the gradient descentfamily, along
with the more common steepest gradient. These techniques are used for unconstrained
optimization, where the control variable g is sought in the entire control space R"”. The
CG method approximates the optimal control Q through a sequence (Q("),,cx such that,
given a solution Q") at the n-th step, the solution at the following step is calculated using
the following formula:

q"th) = q 4 pmg) (25)

where the direction d( is computed as
A0 =7, +praty, (26)

The parameter (") € R is obtained such that the directions d(™) and d("~1) are conjugate
with respect to the Hessian matrix H, satisfying

(d(">)TH a1 =, 27)

and, where H is constant, i.e., for a quadratic functional, we obtain the following expressions
for B
F1, Hdr
g = 3 : (28)
(d(n—l)) H d(n—l)

In order to make the computation easier, the formula (28) can be rewritten with the Fletcher—

Reeves expression [25]
1, 2

T (29)
| |F:l(n—1) | |2

Bk =
which has been implemented in our numerical algorithm.

In (29), bold symbols were used for scalar variables. Nevertheless, for the conjugate
gradient method, the vectors must be interpreted as numeric vectors, i.e., the collection
of the variable values on the degrees of freedom of the computational grid. Therefore, q
represents the numeric vector that contains this value for each node or a suitable numeric
vector of values based on the specific discretization technique adopted for the system.

The numerical algorithm used for the minimization problem is a gradient algorithm.
Initially, the vectors of the state variable T, the adjoint variable T,, and the control variable
q were initialized along with the functional F and the auxiliary variable g,;;, which
represent the functional derivative at the previous iteration. The descent direction d(?)
is the anti-gradient direction. The convergence theorem of the gradient algorithm can be
found in [26-28].

After that, the time loop starts and the variables T, T,, q, and the functional F are
updated. Naturally, the time loop must be interpreted as an iteration loop since our
system is considered to be stationary. At this point, if the convergence conditions are not
satisfied, the new search direction d is found calculating the current functional gy, and
the parameter . Otherwise, if the convergence is reached, the while loop is terminated,
and the number of iterations and the value of the functional are collected.

Algorithm 1 illustrates only the mathematical aspects of the application since the
coupling algorithm between the codes is shown in the next section. Therefore, this scheme
does not take into account which code solves a specific numerical field, but it does show
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the logical order to find the numerical solution, thus considering the necessary steps of the
minimization procedure.

Algorithm 1 Optimal Control

1: procedure MAIN()

Variable initialization.

2 n<+0
3 q(o) 0
2 TO «T1(q)
5. T T (TO)
6 FO — F(q®, 1)
7 8old < 7::1(0>
8 d< —8u4
Time loop.
9: while not stop do
10: q" )« q 4 p-d
11: T(n+l) — T(q(n+l))
12 T T, (T+D)
13: ]:'(nJrl) V. f(q(n+l)’T(n+l))
14: if convergence then
15: stop
16: end if
17: Zrew .7-':1(,,“)
18: o <gnew/ gnew>
(8old: 8old)
19: 8old < 8new
20: d<+ —guw+p-d
21: n«—n-+1
22: end while

23: end procedure

3. Coupling Algorithm

In this section, we will briefly recall the algorithm for code coupling employed in
this work, where an optimal control problem was implemented considering two different
numerical codes. The codes used in this work are FEMuS [29] and OpenFOAM [30], while
the coupling interface was built to exploit the MEDCoupling library [31]. While the first
two codes were used to manage CFD problems, the MEDCoupling library is a module
of the SALOME platform that is developed by CEA (Commissariat a ’énergie atomique
et aux énergies alternatives) and EDF (Electricité de France) to share data at the memory
level, thus avoiding the use of external files. The interested reader can consult [7] and the
references therein for more details on the use of the library for coupling CFD codes.

Having in mind the mathematical setting of an optimal control problem, as explained
in Section 2, we will briefly recall the coupling procedure between OpenFOAM and FEMuS
in the optimal control context. The main idea presented in this work is to solve the
state equation for the temperature field with OpenFOAM and the adjoint equation and
the control 4 with FEMuS. Data transfer between state and adjoint variables is achieved
through a class interface based on specific MEDCoupling functions. Specifically, following
the equations described in Section 2, the state equation requires the evaluation of the control
parameter g solved by FEMuS. In particular, for a distributed control, q is exchanged as a
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volumetric source for the temperature equation in OpenFOAM, while, for the boundary
control, g is transferred as a boundary condition. For the purpose of this specific paper,
we added the possibility to exchange a normal gradient boundary condition from FEMus
to OpenFOAM, as requested by the Neumann boundary control formulation in (20). A
schematic representation of the coupling algorithm is presented in Figure 2, where Qp and
Qp denote the Dirichlet and Neumann boundaries, respectively.

( A s 2

OpenFOAM FEMuS

MED

N

[ routines

State equation
T

MED

q:

Te
H

1 Control
{ Q on {2

onI'p
on 'y

J

routines

.

[
L

Adjoint equation
Ty

Figure 2. Coupled algorithm diagram.

We remark that, in the coupling between a finite volume and a finite element mesh,
the interpolation between the two computational grids assumes a pivotal role. Therefore,
for the temperature field T solved in OpenFOAM, we exploit a Py — P, interpolation
toward FEMuS, where, with P;, we denote the polynomial of order i-th that approximates a
numerical field. On the other hand, having solved g after the conjugate gradient step, we
applied a P, — Py interpolation from FEMuS to OpenFOAM in order to set the control g as
the volumetric source/boundary condition for T.

In Algorithm 2, we report a schematic overview of the coupling algorithm between
FEMuS and OpenFOAM, including the routines employed. A brief description of each
routine is reported on the right. The interested reader can find details in [7].

The coupling algorithm can also be divided into two main steps. The first collects the
routines useful for the initialization of the interface between the two codes. Then, we have
the iteration loop with the data transfer between the two codes, including the convergence
criterion. Regarding the first block, the information related to both meshes is taken into
account with the routine init_interface (). In fact, a MED mesh copy for each mesh is
built knowing the connectivity map and the coordinate point set (create_mesh()). After
that, MED fields for all relevant variables in the exchange can be built on top of the MED
meshes. Each field is populated by the source code to prepare the transfer to the target
code. This step can be performed considering a cell-/node-wise initialization depending
on the source field type.

The first step of the iteration loop is to solve the state variable T in OpenFOAM and
then extract its values. After that, these values, centered on cells, are interpolated into the
biquadratic finite element mesh of FEMuS (Py — P,) and then stored in the corresponding
data structure of the latter code. With this information, after the functional is evaluated,
a convergence check is performed. Subsequently, the FEMuS code is equipped with all
the information to solve its set of equations, i.e., the adjoint variable T, and the control
g. The finite element solutions of these numerical fields are then interpolated from bi-
quadratic FEM elements to piecewise value (P, — Pp) in order to transfer these data into the
OpenFOAM data structure. Naturally, only the control g is transferred using the routine
set_q_to_0F().
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Algorithm 2 Code Coupling

1: procedure MAIN()
2: Initialization of OpenFOAM and FEMuS structures.

Initialization of both the interfaces for FEMuS and OpenFOAM.

3 function INIT_INTERFACE()
4 Set interface name for reference at the supervisor level.
5 conn < get_mesh_connectivity() > Get interface mesh connectivity
6: coords <— get_mesh_coordinates () > Get coordinates of mesh nodes
7 set_map_CodeFromToMED () > Map mesh nodes <+ MED mesh nodes
8 end function
9: function cREATE_MESH ()
10: insert cells with conn information into the MED mesh structure.
11: setup coords information into the MED mesh structure.
12: creation of MED mesh copy from the mesh of FEMuS/OpenFOAM.
13: end function
14: function INIT_MED_FIELD_ON_NODES/CELLS ()
15: assigns the MED field to the corresponding interface MED mesh.
16: allocate_med_array() > MED array memory allocation
17: init_med_field() > Set MED field values to zero
18: end function

Iteration loop

19: it=0

20: while non stop do

21: Solve system of equations (T) with OpenFOAM.

22: get_T_from_0F() > Extract field T solution from OpenFOAM
23: £ill_med_array() > Write field T solution into MED array
24: update_med_field() > Set MED array values into MED field T
25: interpolation() > Interpolate form Pj to P, field from OF to F
26: set_T_to_FQ) > Set field T solution into FEMuS
27: Evaluate Functional.

28: if convergence then

29: stop

30: end if

31: Solve system of equations (T, q) with FEMuS.

32: get_q_from_F() > Extract field g solution from FEMuS
33: £ill_med_array() > Write field g solution into MED array
34: update_med_field() > Set MED array values into MED field g
35: interpolation() > Interpolate form P, to P field from F to OF
36: set_q_to_0F() > Set field g solution into OpenFOAM
37: it+=1

38: end while

39: end procedure

4. Numerical Results

In this section, we present some numerical results that outline the mathematical
framework and numerical implementation described above. Specifically, we compare
an optimal temperature control problem solved with two strategies. The first approach,
which serves as a benchmark case, shows the results of the uncoupled case, i.e., only the
FEMuS code is employed. The second approach exploits the coupling between FEMuS and
OpenFOAM through the external library MEDCoupling for data transfer, as explained in
Section 3.
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In both cases, we considered a square cavity as the problem domain, where a Poisson
equation, i.e., the transport equation for the temperature field, is treated as the state
equation, and I'p and I'y represent boundaries with Dirichlet and Neumann conditions,
respectively. The problem domain with the boundary conditions is reported in Figure 3. In
particular, the steady-state case with a null convective term was implemented and solved,
leading to a Laplacian term equal to a right-hand side term in the form

AT =Q. (30)
VT -n=g,
INY
X S
[ Q S
~ ~
'y
VT -n=g,

Figure 3. Temperature problem on the cavity.

The source field Q and the boundary conditions are described according to the different
types of optimal control approach in the following sections. The boundary conditions g,
and g, are considered constant in I'p and I'y, respectively. Boundary-type controls, which
involve boundary conditions, are still initialized with g; or g,, so, at each step, we impose,
at the boundary, g, (or g,) plus T (or H), where the control variable is initialized to zero.

The objective functional, which relates the state variable T with the desired tempera-
ture T, remains the same for each type of control. In particular, we have

1 .
F(T) =5 [ IT-T,d0, (31)
d

where () is made up of two square subregions of the domain (). In Figure 4, a schematic
representation of the domain is depicted, where we have Q = [0, L]?, with L = 0.01 m.
In addition, for the target regions, we have ;; = [L/5,2L/5] x [L/5,2L/5] and
Qgu, = [3L/5,4L/5] x [3L/5,4L/5], with targets T;, and/or T, respectively. For each
simulation, we considered T;; = —Tj.

Regarding the controlled regions, for each simulation, the regularization term is
assumed to be solved on Q). Therefore, the considered functional is

1 A
Fam =3 [ IT-T2d0+3 [ |gPdo, 3
@T =3 [, IT-TPda+5 [ g @)
We recall that, in the case of boundary control, the second integral on the right-hand side

of (32) has a meaning only on the controlled portion of the domain, which is a portion of T’;
thus, on the Dirichlet boundaries or on the Neumann ones.
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Figure 4. Domain problem ) with the target regions ()1 and ().

Moreover, for each type of control, the results obtained with the coupled and uncou-
pled algorithms were compared. In particular, we considered the same A and p, and the
same criterion for the convergence. Specifically, considering the average functional of 10
iterations F; at the iteration 7, the convergence is obtained by

| Fi — Fial

7 <e, (33)

where ¢ is set equal to 107°. The average functional F; was used instead of F; to
avoid false exits due to the local plateaus encountered during oscillations in conjugate
gradient descent.

A dimensionless formulation for the optimal control system is proposed to better
show results with different dimensions or physical constants. Thus, the dimensionless
state variable T, the dimensionless adjoint variable T, and the dimensionless control g are
introduced as

o= @
e, * e * * a( ﬁf*gd)
T* — T’ TS = 7(Tref ek g =< TF = T — g0 ;{%d , (34)
STk
where Ty.r = [Ty 1| = |Typ|- Therefore, in our case, T* tends to —1 or 1 inside the controlled

regions () ; and () », respectively. Similarly, the space coordinates x are adimensionalized
via the square domain side L in x* = x/L. In order for the optimal control system to remain
coherent during the transition to these dimensionless variables, the regularization factor A
must also be considered. Specifically, the following dimensionless transformations apply
to the three types of control

Ao Aa?
A:list = 1A /\Bir = L’ A}F\Ieu = I3 (35)

>

In the following results, for the sake of simplicity, parameter A will always be presented with
its dimensional value, i.e., the value used in the simulations. However, its dimensionless
value can be derived using Formula (35), with L = 0.0l m and « = 1.433 - 10_7%2.

As mentioned in Section 3, one of the main issues related to the coupling of different
codes is the interpolation of the numerical fields between two different computational grids.
Therefore, it is important to take into account this aspect when we compare the numerical
results between an uncoupled and a coupled algorithm. If we consider the temperature
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field obtained through the interpolation between the finite volume and the finite element
grid, thus into FEMuS data structures, we should rewrite the functional in the case of the
coupled algorithm. Therefore, when considering the interpolator Z(T) : T(Py) — T(P,),
we have

F@I(T) =3 [, B -Tifaa+ s [ 190, 36

where the control § is obtained from the adjoint equation computed with the interpolated

temperature, i.e.,
AT, = Z(T)—Ty. (37)

It is easy to understand that we have two different effects from the interpolation
routine on the system of equations. The first interpolation directly acts on the functional
since we compute, in the FEM grid, the distance from the target temperature considering
directly the interpolated temperature. The second interpolation, which indirectly arises
from the control 4, is evaluated considering a different equation for the adjoint variable. In
fact, the effect of the interpolation can be seen on the right-hand side of (37), even if the
Laplacian operator on the left-hand side acts as a smoother function; thus, the error coming
from the interpolation is lower. Naturally, we should also consider the interpolation error
coming from the data transfer in the opposite direction, i.e., from FEMuS to OpenFOAM.

Regarding the computational grids employed for the coupling algorithm, we set it to
have the same number of degrees of freedom between the two codes. For this reason, to
clarify the notation when the size of a grid is built with even numbers, e.g., 40 x 40, we
refer to the finite element grid, where these numbers represent the elements’ number 7,;.
As a result, the corresponding FV grid size is represented by odd numbers, such as 81 x 81.
Indeed, we recall that, considering biquadratic elements for finite element grids, its degrees
of freedom are equal to (21, + 1)?> when considering a square domain with a structured
quadrilateral mesh.

4.1. Distributed Control

In this section, we report the numerical results related to the distributed control, with
both numerical methods, i.e., the coupled and uncoupled algorithm. We recall that, for
the distributed case, the control g acts as the volumetric source on the right-hand side
of the temperature equation, i.e.,, Q. Regarding the boundary conditions, we obtained
homogeneous Dirichlet and Neumann boundary conditions on I'p and I'y, respectively.

In Figure 5, the control Q* and the non-dimensional state variable T* are reported,
considering different values of the parameter A from 10? to 10~2. In particular, we show
the variables as a function of the dimensionless length r* = d/L, which corresponds to the
diagonal of the domain (from the lower left corner to the upper right corner), with a value
ranging from 0 to /2. The coordinate r* allows us to evaluate the state and the control
variable in both controlled regions. In the following, we denote, by UC, the uncoupled
results (circular marker), while, with the label C, we denote the coupled code results with a
solid line. The target value T; = %1 is shown with a solid red line.

In Figure 5, we show the different behavior of the control parameter Q with different
values of A and the corresponding effect on the state variable in the controlled regions.
As A decreases, the control Q* becomes less smooth and produces a sharp behavior near
the controlled regions, as expected. In fact, the case with A = 1072 represents the less
regularized solution, with corresponding temperatures in the controlled region very close
to the target value. Otherwise, witha A = 102, the control Q* has a low effect on the state
variable, which cannot reach the target value in the controlled regions.
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—4.758
—14.271
—23.784 -
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67.691 p 1.0001
0.720
40.614
. 13537 L 02407
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r* r*

Figure 5. From (top) to (bottom), control Q (left) and temperature T* (right) for different A = 102,
109,102 as a function of the non-dimensional diagonal r* for a 40 x 40 grid. On the bottom, the case
with a grid 80 x 80 is also reported.

In Figure 6, a surface plot of the non-dimensional temperature and the non-
dimensional control over the whole domain is reported. Specifically, we display only
the case with the lowest A, considering a 40 x 40 finite element grid. The symmetric be-
havior of these variables is shown. Moreover, a sharp trend of Q* was present near the
target regions, where several peaks can be observed. Regarding the temperature field, as
expected, two plateaus were present in the target regions, with opposite values close to 1
and —1.

Table 1 reports the functional value and the number of iterations for the three different
cases previously presented. The table lets us better understand the numerical results
depicted in Figure 5. Indeed, for different A cases, the first column represents the minimum
of the functional, while the second column reports the number of iterations needed to reach
the convergence condition. The first row reports the results for the coupled case, while
the second row represents the uncoupled scenario. We recall that these results refer to a
computational FEM grid with n x n elements and a corresponding 2n + 1 x 2n + 1 grid for
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the FVM to have the same number of degrees of freedom. Regarding min(F), with larger A
values, we obtain a good match for both algorithms, while a larger difference can be noted
for the lowest value of A.

8
1.0 0.0

150
100
50

—50
—100
—150

Figure 6. Dimensionless temperature T* (top) and control Q* (bottom).

Table 1. Minimum of the functional and number of iterations for the different cases of the distributed
control with both algorithms. In the last column, for the lowest A value, the results for the refined

grid are also reported.

A 102 10° 10—2-10—2 (Refined)
min(F) - 10° iter - 1072 min(F) - 107 fiter + 1072 min(F) -10°  njze, - 1073
C 6.97 50.9 1.87 19.9 3.24-3.02 2.1-4.1
ucC 6.91 6 1.83 4 2.96-2.95 2.7-1.2

For A = 1072, we observed some discrepancies between the coupled and uncoupled
results. This phenomenon can be explained by considering the errors introduced during
field interpolation and data transferred from one code to the other. As the optimal state
is approaching, the distance |T — T;| of the state from the desired temperature decreases,
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making the interpolation error on T at first negligible and then increasingly important. This
interpolation error limits the achievement of the real optimum state since we are not able
to obtain a sufficiently accurate control.

The interpolation error can be improved by increasing the number of degrees of
freedom. In fact, as shown in Figure 5 on the right, we also reported the same case of
A = 1072 obtained with a refined grid, with a dashed line for the coupled case and with
square markers for the uncoupled one. For the uncoupled case, small differences can
be noticed because the simulation has already found its optimum, but, in the coupled
approach, improvements can be obtained to stir Q very close to the uncoupled results.
These conclusions can be drawn from Table 1, where the distance between the two minima
decreases considering the refined solution. In addition, the relative errors between the
functional minimum increased by decreasing the value of A, going from 1 to 10%. However,
the latter value corresponding to the lowest A can be improved until around 2% with a
refined grid.

A measure of the quality of the optimization convergence can be obtained using the
Euler expression defined in (11). We recall that uncoupled algorithms must be used when
state and adjoint equations are solved with different solvers. As shown in Figure 7, we
compared the obtained control Q with its analytic optimal expression —T,/A. We can notice
that, for the uncoupled approach, there is a perfect agreement between the two lines, while
some differences are present for the coupled case. As said before, we obtained better results
considering the refined coupled approach at the bottom. Comparing the two approaches,
we recall the previous considerations about the functional minimum. We can, therefore,
assume the accuracy of the uncoupled simulation, which we use as a reference case.

UcC C
164.7219 0 174.9301 .,

: L T,
B A Y 104.814 N -
32,9431 34.699

—32.9461 35417
—08.8351 \/_\/ —105.5331
—164.7241 —175.649
00 02 04 06 08 10 12 14
r* r*
C 80 x 80
189.7771 — 0
]—‘VI
o34\ -
38.049 1
—37.815]
~113.679
—189.543 1

0.0 02 04 06 08 L0 12 14
*
T
Figure 7. Optimal control Q and its analytic expression at the optimum state. Uncoupled case at the

(top left), coupled case at the (top right), and the refined coupled case on the (bottom).
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The number of iterations was different between the two algorithms. Actually, this is
true considering the first two values of A where the coupled case needs more iterations to
satisfy the convergence condition. For example, considering A = 10?, we saw an increase
of almost one order of magnitude for the coupled case. However, this difference decreased
when A decreased sincem for the most controlled case, i.e., A = 1072, the number of
iterations was similar. In the last column, we report, for the lowest A, the results for a
refined case. Refining the grid, we noticed that we reached a lower functional value while
the number of iterations increased.

For the distributed case, we also investigated the influence of the difference between
the degrees of freedom of the two meshes. This comparison aimeed to evaluate the impact
of the MED-interpolating function on the overall behavior of the algorithm, especially for
the shape of the control Q*. Therefore, we considered three different grids of the FVM
code (OpenFOAM) by fixing the FEM computational grid with the same degree of freedom
as the intermediate FVM grid. On the other hand, the same simulations were performed
considering a fixed FVM grid and varying the FEM one. The results rea reported in Figure §,
where F denotes the FEMuS grid and OF the OpenFOAM grid. For these results, we only
considered the case with A = 1072, and the control Q* is reported as a function of the
dimensionless diagonal coordinate #*.

F 40x40

173.586 1 OF 41x41
————————— OF 81x81
104.000 —— OF 161x161
34.4131
—35.1741
—104.7601
—174.3471 \
00 02 04 06 08 1.0 12 14
/',,*
OF 81x81
19()296' :E. F 20x20
--------- F 40x40
114.2251 —— F 80x80
. 381544
—37.9171
—113.9884]
~190.058 1 | |
00 02 04 06 08 10 12 14
,r.*

Figure 8. Control Q for the different combinations of degrees of freedom between the two codes
as a function of r*. The FEM grid (F) and the FVM grid (OF) are fixed on the (top) and (bottom),
respectively.
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From Figure 8, one can see the difference in the control Q* as a function of the
computational grids. The finite volume grid change, as shown on the top, did not seem to
influence the solution of the equation systems. On the bottom, the situation was different
when considering the coarsest FEM grid since, for finer grids, the results were comparable
with the picture on the top. At least for this application, the OpenFOAM grid had much
less influence than the FEMuS grid on the shape of the control. The interpolation error
occurs when the projected field no longer provides a good approximation of the original
one, i.e., when the target grid resolution is not fine enough. This shows that the error occurs
when the temperature field is projected from the Py grid to the P, of the FEMuS grid since
the interpolation control is not sufficiently detailed.

As shown in Table 2, we can confirm the effectiveness of grid refinement in the two
codes: we had a much greater impact on the minimum of the functional by varying the
FEMuS mesh compared to varying the OpenFOAM mesh. Moreover, it is interesting to
note that the minimum number of iterations corresponds to the case where the two meshes
had the same degrees of freedom.

Table 2. The minimum of the functional and the number of iterations for the case A = 10~2 when
varying the grid ratio of the two codes. In the top row, the FEMuS mesh is kept fixed with 40 x 40
resolution and the OpenFOAM mesh is varied. In the bottom row, the opposite situation is reported
using OpenFOAM at 81 x 81 resolution.

OF 41x41 OF 81x81 OF 161 x161
min(F) -10°  #iter - 1073 min(F) -10°  njpe, - 1073 min(F) - 10° iter + 1073
F 40 x 40 3.30 4.4 3.24 2.1 3.22 29
F 20 x 20 F 40 x 40 F 80 x 80
min(F) -10°  #iter - 1073 min(F) -10°  njpe, - 1073 min(F) - 10° iter 1073
OF 81 x 81 4.47 6.2 3.24 2.1 3.04 3.0

4.2. Boundary Control

In this section, we report the boundary control cases for two types of boundary
conditions: Dirichlet and Neumann. The volumetric source of the state equation was
equal to zero, leading to a Poisson equation for T. The boundary conditions separately
correspond to the control g for the Dirichlet and the Neumann case, where the uncontrolled
pair of boundaries stay homogeneous.

4.2.1. Dirichlet Boundary Control

For the Dirichlet boundary control, we also performed a standard grid convergence
test to verify the goodness of the numerical results. As shown in Figure 9, on the left, the
state variable T* in the controlled domain, that is, the control parameter g (1), which is
imposed as a boundary condition, is reported. Since the simulation was symmetric with
respect to the y axes, we reported only one boundary.

A convergence comparison between the coupled and uncoupled cases is shown in
Figure 9. Good grid convergence can be seen for both algorithms, confirming the reliability
of the numerical approach. In fact, the finest grid presents a solution that tends to be
smooth near the boundary of the control region. The boundary of I, near the corner nodes
of the domain, had a singular point.

As shown in Figure 10, the control T} and the state variable T* were reported for
the Dirichlet boundary control for three values of A equal to 1074,107%, and 10 8. The
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notation adopted in the graphs is the same as the distributed case. Since the results were
symmetric to the line x = 0.5, the control was reported only for the left boundary. For the
state variable, a plot was made considering the match with the target region (3 ;.

00 02 04 06 08 10

00 02 04 06 08 10

Figure 9. Grid convergence for the Dirichlet boundary control for A = 107° for the coupled (top)
and uncoupled (bottom) cases. Non-dimensional temperature T; on the left controlled boundary for
three different grid sizes.

We drew similar conclusions to those in the distributed case. Specifically, a good match
with the temperature target value can be obtained with a low value of A, corresponding to
the less regular trend of the control T;. For this case, we had a flat behavior of T* very close
to 1, i.e., the red line, in correspondence with the controlled region () 1. The distance with
the target region was higher considering the case with A = 104, while, with A = 107, the
temperature T* can only intersect T; without reproducing its constant value in the entire
;1 region.

As shown in Table 3, the functional minimum and the number of iterations are reported
for the Dirichlet boundary control. We can observe a better behavior of the coupled code
with respect to the uncoupled case on both the minimum reached and the number of
iterations. In any case, the differences between the two cases were minimal.
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Table 3. The minimum functional and number of iterations for the different cases of the Dirichlet
boundary control with both algorithms for a 40 x 40 grid.

N 104 10— 108
min(F) -10®  #jp - 1072 min(F) -107 4 - 1072 min(F) - 107 iter - 1073
C 7.09 9 6.77 5 1.17 3.4
ucC 7.18 5 6.91 13 1.19 8.3

*

0.280

0.040

—0.200

1.225

0.718

0.211

—0.296

—0.803

—1.310

1.025

0.023

—0.979

—1.981

—2.983

—17.822

—3.985
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 10. From (top) to (bottom), control T} (left) and temperature T* (right) for different A = 1074,
107, and 1078 as a function of the non-dimensional coordinate y*, respectively, on the left wall for
the control (at x* = 0) and in the middle of the target region 1 for the state variable (x* = 0.3) on a
40 x 40 grid.

4.2.2. Neumann Boundary Control

We present now the numerical results obtained with the Neumann boundary control,
following (23). In this case, three values of A were used to test the influence of the control
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H on the state equation. As shown in Figure 11, the numerical results for the Neumann
boundary control are reported with the considered A. Due to symmetry, we report only
one of the two boundaries (the bottom one) for the control H.

The similar comments of the previous cases are also true for the Neumann boundary
control. A good agreement between the state variable and the target temperature can be
obtained only with small values of A since, for higher values of this parameter, the control
H* does not sufficiently influence the temperature T*. This consideration is graphically
represented in Figure 11, where the variables are plotted as a function of the distance
between the red line and the solutions for T*. For low values of A, the major difference is
present near the target region, whereas, for the uncoupled control, H* seems to be more
flat with respect to the coupled result. Once again, we reported the same case of A = 10!
obtained with a refined grid, with a dashed line for the coupled case and square markers
for the uncoupled one. Similarly, as in the distributed case, we can observe that the coupled
and uncoupled results became similar as the grid became finer. On the other hand, these
differences did not influence the state temperature T*, which is in perfect agreement with
the desired value for both algorithms. Small differences can be noticed for x* ~ 0.8 (far
from the target region), where the uncoupled algorithm T* reached a lower value.

As shown in Table 4, the functional minimum value and the number of iterations
for both algorithms are reported. For the lower case of A, which is the last column on
the right, the results on a refined grid were also investigated. In this case, the number
of iterations increased both in the coupled and in the uncoupled codes, decreasing the
value of A. For high values of A, the functional minimum is similar in both algorithms,
while the coupled case presents a higher number of iterations. A slightly different min(F)
can be seen for the lowest value of A. The case with A = 10~! shows the same pattern as
the distributed case above. For the finer grids on the coupled code, we obtained a lower
minimum of the functional with a higher number of iterations, while, in the uncoupled
case, the number of iterations decreased. With refined meshes, the difference between the
values of the functional minimum decreased, confirming the improvement of the results
when considering finer computational grids. This similarity can be justified considering
the fact that both the distributed and Neumann cases shared the same control expression
based on the adjoint temperature. In fact, this behavior was not present in the Dirichlet
control since the gradient of the adjoint temperature was used as the control parameter.

Table 4. The minimum of the functional and number of iterations for the different cases of the
Neumann boundary control with both algorithms for a 40 x 40 grid. In the last column, for the lowest
A value, the results for the refined grid are also reported.

\ 10! 10° 101101 (Refined)
min(F) - 10° Miter » 1073 min(F) - 107 Miter - 1073 min(F) - 107 Titer » 1073
C 1.27 1.1 6.09 5.2 2.24-2.16 19.2-96.4
ucC 1.28 3.8 6.12 18.1 1.99-1.97 39.0-10.5
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Figure 11. From (top) to (bottom), control H* (left) and temperature T* (right) for different A = 101,
109, and 107! as a function of the non-dimensional coordinate x*, respectively, on the lower wall for
H* (at y* = 0) and in the middle of the target region 1 for T* (v* = 0.3) on a 40 x 40 grid. For the
case A = 1071, the results for a 80 x 80 grid are also reported.

5. Conclusions

In this work, an optimal control problem has been presented considering the steady-
state heat equation with a vanishing convective term. Specifically, the minimization prob-
lem was solved with the adjoint equation, while the control parameter was handled with a
standard conjugate gradient technique.

Moreover, we compared the simulation results by also considering a numerical code
coupling between the finite element FEMuS code and the finite volume code OpenFOAM.
In particular, while the state equation was solved in OpenFOAM, the adjoint and the
control were solved in FEMuS. The data transfer was managed by the external library
MEDCoupling, which was able to take the state variable T from OpenFOAM for the FEMuS
adjoint equation. The inverse path was followed by the control variable Q, and it was
obtained from FEMuS and transferred to OpenFOAM as the RHS (distributed control) or
as a boundary condition (boundary control).
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The numerical results obtained with the coupling framework are compared with the
ones resulting from the standalone FEMuS solution. For the three types of control problems,
a good agreement between the numerical solutions of the two algorithms was obtained.
Regarding the interpolation error, some differences can be seen considering low values of A
since, for these cases, the result of the grid interpolation of T affects the control ¢, which is
very sharp.

Extension to other systems of equations, from Navier—Stokes to turbulence modeling,
will be studied in future work, with the purpose of searching boundary data that optimize
the multiphysics problems already validated in open-source codes such as OpenFOAM.
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